Bergmann tau-function on Hurwitz spaces and its applications

A. Kokotov^∗ and D. Korotkin^†

November 4, 2003

Max-Planck Institute of Mathematics Vivatsgasse 7, D-53111 Bonn, Germany

Abstract. The main result of this work is a computation of the Bergmann tau-function on Hurwitz spaces in any genus. This allowes to get an explicit formula for the G-function of Frobenius manifolds associated to arbitrary Hurwitz spaces, get a new expression for the determinant of the Laplace operator in the Poincaré metric on Riemann surfaces of arbitrary genus, and compute the Jimbo- Miwa tau-function of an arbitrary Riemann-Hilbert problem with quasi-permutation monodromies.

1 Introduction

The Hurwitz space H_{g,N} is the space of equivalence classes of pairs (L, π), where L is a compact Riemann surface of genus g and π is a meromorphic function of degree N. The Hurwitz space is stratified according to multiplicities of poles and critical points of function π (see [19, 9]); in this paper we shall mainly work within the generic stratum H_{g,N} (1, . . . , 1), for which all critical points and poles of function π are simple. Denote the critical points of function π by P_1, . . . P_M (M = 2N +2g−2 according to the Riemann-Hurwitz formula); the critical values λ_m = π(P_m) can be used as (local) coordinates on H_{g,N} (1, . . . , 1). The function π defines a realization of the Riemann surface L as an N-sheeted branched covering of CP^1 with ramification points P_1, . . . , P_M and branch points λ_m = π(P_m); enumerate the points at infinity of the branched covering in some order and denote them by ∞_1, . . . , ∞_N . In a neighbourhood of the ramification point P_m the local coordinate is chosen to be x_m(P ) = � π(P ) − λ_m, m = 1, . . . , M; in a neighbourhood of any point ∞_n the local parameter is x_{M+n}(P ) = 1/π(P ), n = 1, . . . , N.

Fix a canonical basis of cycles (a_α, b_α) on L and introduce the prime-form E(P, Q) on L and Bergmann bidifferential B(P, Q) = d_P d_Q ln E(P, Q) (a symmetric bimeromorphic differential with zero a-periods). The Bergmann bidifferential has the second order pole as Q → P with the following local behaviour: B(P, Q)/{dx(P )dx(Q)} = (x(P )−x(Q))^{−2} +^1_6 S_B(x(P ))+o(1), where x(P ) is a local coordinate; S_B(x(P )) is the Bergmann projective connection.

We define the Bergmann τ-function τ(λ_1, . . . , λ_M ) locally by the system of equations ∂ ∂λ_m ln τ = − 1 12 S_B(x_m)|_{xm=0} , m = 1, . . . , M ; (1.1)

∗e-mail: alexey@mathstat.concordia.ca †e-mail: korotkin@mathstat.concordia.ca; on leave of absence from Department of Mathematics and Statistics, Concordia University 7141 Sherbrooke West, Montreal H4B 1R6, Quebec, Canada

compatibility of this system is a simple corollary of the Rauch variational formulas [14]. In global terms, τ is a horizontal holomorphic section of the flat holomorphic line bundle T_B (see [14]) over the space ^H_{g,N} (1, . . . , 1), which covers H_{g,N} (1, . . . , 1), and consists of pairs (weakly marked Riemann surface L; meromorphic function π with simple poles and critical points). This covering space appears due to dependence of the Bergmann bidifferential (and, therefore, the Bergmann projective connection) on the choice of homology basis on L.

Definition (1.1) was motivated by appearance of the function τ as a part of the isomonodromic Jimbo-Miwa tau-function corresponding to Riemann-Hilbert problems with quasi-permutation monodromy matrices [16]. Later it turned out [15] that this object also coincides with another isomonodromic tau-function, the one which was intruduced by Dubrovin [2] in connection with semisimple Frobenius manifolds associated to Hurwitz spaces. Therefore, according to theorem by Dubrovin and Zhang [4], up to a simple additional term, τ coincides with G-function (solution of Getzler’s equation, which has the field theoretic meaning of genus one free energy of Dijkgraaf and Witten) of this class of Frobenius manifolds. In [14] it was also revealed the role of the function τ in the problem of holomorphic factorization of the determinant of the Laplacian on Riemann surfaces: namely, up to a factor involving an appropriate regularized Dirichlet integral and matrix of b-periods of a Riemann surface, the determinant of Laplace operator (in the Poincaré metric) acting in the trivial line bundle over Riemann surface is given by |τ|^2.

For N = 2 and arbitrary g the Riemann surface L is hyperelliptic, and can be given by equation w^2 =

�_{2g+2} m=1 (λ−λ_m). In this case τ = detA

�_M

m≠n(λm −λn)

1/4 [12], where A is the matrix of a-periods of non-normalized holomorphic differentials λ^{α−1}dλ/w , α = 1, . . . , g. This expression coincides with Zamolodchikov’s partition function of Ashkin-Teller model [25]; from heuristic conformal field theory point of view this espression has the interpretation of the determinant of Cauchy-Riemann operator acting in the trivial line bundle [13].

In other simple case, when g = 0, 1 and N is arbitrary,the function τ was found in [14]; this result allowed to compute the G-function of Frobenius manifold related to the extended affine Weyl group W̃ (A_{N−1}) (originally found in [21]) and the G-function of Frobenius manifold related to the Jacobi group J(A_{N−1}) (conjectured in [21]).

The goal of this paper is to compute the Bergmann tau-function τ on arbitrary Hurwitz space H_{g,N} (1, . . . , 1), and discuss the applications of this result in the contexts mentioned above.

Consider the divisor D of the differential dπ: D =

�_{M+N}

k=1 d_kD_k, where D_m = P_m , d_m = 1 for m = 1, . . . , M and D_{M+n} = ∞_n , d_{M+n} = −2 for n = 1, . . . , N. Here and below, if the argument of a differential coincides with a point D_k of divisor D, we evaluate this differential at this point with respect to local parameter x_k. In particular, for the prime form we shall use the following conventions:

E(D_k, D_l) := E(P, Q) � dx_k(P ) � dx_l(Q)|_{P =Dk, Q=Dl} , (1.2)

for k, l = 1, . . . , M + N. The next notation correspond to prime-forms, evaluated at points of divisor D with respect to only one argument:

E(P, D_k) := E(P, Q) � dx_k(Q)|_{Q=Dk} , (1.3)

k = 1, . . . , M + N; in contrast to E(D_k, D_l), which are just scalars, E(P, D_k) are −1/2-forms with respect to P .

Denote by v_1, . . . , v_g the normalized ( � a_α vβ = δαβ ) holomorphic differentials on L; Bαβ = � b_α vβ

is the corresponding matrix of b-periods; Θ(z|B) is the theta-function. Let us dissect the Riemann surface L along its basic cycles to get its fundamental polygon L̂; choose some initial point P ∈ L̂ and introduce the corresponding vector of Riemann constants K^P and the Abel map A_α(Q) =

�_Q P v_α, computed along path which does not intersect ∂L̂. Since the vectors A(D) and −2K^P define the same point on the Jacobian J(L), we can introduce two integer vectors r and s such that

A(D) + 2K^P + Br + s = 0 (1.4)

The following theorem, together with its applications, is the main result of this paper

Theorem 1 The Bergmann tau-fuction (1.1) of Hurwitz space H_{g,N} (1, . . . , 1) is given by the following expression:

τ = F^{2/3}

M+N�

k,l=1 k<l

[E(D_k, D_l)]^{dk dl6} (1.5)

where the quantity F defined by F = [dπ(P )]^{g−1}2 e^{− πi}2^{⟨r,KP ⟩} W (P )

�_{M+N} � k=1 [E(P, D_k)]^{(1−g)dk2}

�_g � α_1,...,α_g =1

∂^gΘ(K^P ) ∂z_{α1} . . . ∂z_{αg} v_{α1} (P ) . . . v_{αg} (P ) (1.6)

is independent of the point P ∈ L. Here Θ is the theta-function of L; integer vector r is defined by (1.4); ⟨ , ⟩ is the scalar product in C^g, (⟨x, y⟩ =

�_g α=1 x_αy_a);

W (P ) := det_{1≤α,β≤g}||v^{(α−1)}_β (P )|| (1.7)

denotes the Wronskian determinant of holomorphic differentials at the point P .

The proof of this theorem is contained in Section 2 and is rather indirect; the first main ingredient of the proof is a variational formula for the part of expression F which depends only on the moduli of Riemann surface L ([8], p.58); we notice that F is a natural generalization of genus 1 expression Θ^′(^{B+1}_2 ) (which is equal to η^3(B)e^{−πB/4}, where η is the Dedekind eta-function) to higher genus.

The second main ingredient of the proof is the technique of variation and holomorphic factorization of a Dirichlet integral on L.

Without any modification the same formula gives the Bergmann tau-function on an arbitrary stratum of Hurwitz space (when divisor D of differential dπ has an arbitrary allowed (i.e. such that � d_k = 2g − 2) set of multiplicities d_k).

In section 3 we discuss applications of formula (1.5). First, we show how it allows to compute the G-function of Frobenius manifolds corresponding to Hurwitz spaces, proving that

G = − 1 2 ln τ − 1 48 M� m=1 ln Res_{Pm} φ^2 dλ , (1.8)

where φ is a primary differential defing the Frobenius manifold, and τ is the Bergmann tau-function (1.5). Second, the formula (1.5) is used to get a new expression (valid up to a constant independent of moduli of the Riemann surface) for the determinant of the Laplacian on Riemann surface L in Poincaré metric.

Finally, we apply the formula (1.5) to computation of the isomonodromic tau-function of an arbitrary Riemann-Hilbert problem with quasi-permutation monodromy matrices [16].

2 Proof of the main theorem

We start from introducing some useful objects on the Riemann surface L [7, 8]. For any two points P, Q ∈ L̂ we define

s(P, Q) := exp � − g� α=1 � a_α

v_α(R) ln

E(R, P ) E(R, Q) � (2.1)

This object is a non-vanishing holomorphic g/2-differential on L̂ with respect to P and non-vanishing holomorphic −g/2-differential with respect to Q. Under tracing along the cycles a_α and b_α it gains the multipliers 1 and exp[(g − 1)πiB_{αα} + 2πiK^P_α ] with respect to P and the multipliers 1 and exp[(1 − g)πiB_{αα} − 2πiK^Q_α ] with respect to Q.

As in the case of prime form, if one of the arguments coincides with a point of D, we evaluate s in the corresponding local parameter:

s(D_k, Q) := s(P, Q)(dx_k(P ))^{−g/2}|_{P =Dk} (2.2)

where k = 1, . . . , M + N. For arbitrary two points P, Q ∉ D we introduce the following notation:

σ(P, Q) := s(P, Q)(dπ(P ))^{−g/2} (dπ(Q))^{g/2} (2.3)

Let us fix two points P_0, Q_0 ∈ L (for convenience in the sequel we assume that these points do not coincide with points of D), and introduce another object which plays an important role below, the following holomorphic 1-differential on L̂:

ω(P ) = s^2(P, Q_0)E(P, P_0)^{2g−2}(dπ(Q_0))^g(dπ(P_0))^{g−1} ; (2.4)

in agreement with the previous notations, ω(D_k) :=^{ω(P )}_{dxk(P )} |_{P =Dk} . The differential ω(P ) has multipliers 1 and exp(4πiK^{P0}_α ) along the basic cycles a_α and b_α respectively. The only zero of the 1-form ω on L̂ is P_0; its multiplicity equals 2g − 2.

Consider the following Schwarzian derivative (which depends on the chosen point P_0, but is obviously independent of the point Q_0 from (2.4))

S^{P0}_{F ay}(x(P )) :=

�_P ω(P ), x(P ) � , (2.5)

where x(P ) is a local coordinate on L; S^{P0}_{F ay} is a projective connection (see e.g. [22]) on L; this object was introduced and exploited by Fay [8] in a different form (and without mentioning that it is a projective connection).

Now we turn to a local analytic consideration; with a slight abuse of terminology we denote the branched covering of the Riemann sphere defined by the function π on the Riemann surface L by the same letter L; the coordinate on the covered Riemann sphere will be denoted by λ. In this local treatment the zeros and poles of the differential dπ(P ) are handled differently (although they enter almost uniformly in the final result (1.5). The zeros of dπ are the ramification point of the branched covering L; the local parameter in a neighbourhood of P_m is x_m = √ λ − λ_m, according to the notations from introduction. For the local parameter near the point at infinity ∞_n in this section we shall use notation ζ_n := 1/λ, which is the same as the parameter x_{M+n} from the introduction.

2.1 Dirichlet integral: variational formulas and holomorphic factorization 2.1.1 Definition of regularized Dirichlet integral

Let us cut the branched covering L into N sheets by a family of contours connecting ramification points P_m; in addition, we dissect it along all a-cycles. On each sheet of the covering L dissected in this way we can define a real-valued function

φ(P ) = ln � � � ω(P ) dπ(P ) � � � 2 (2.6)

The difference of values of function φ on different sides of cycle a_α equals 4πi(K^P_α − K^P_α ). Function φ is singular at all points of divisor D i.e. ramification points P_1, . . . , P_M and points at infinity ∞_1, . . . , ∞_N of the branch covering L. The derivative ∂_λφ (where λ = π(P )) is holomorphic outside of the singularities of the function φ and does not change under tracing along the a-cycles.

Lemma 1 Projective connection (2.5) is related to function φ (2.6) everywhere outside of the divisor D as follows: S^{P0}_{F ay}(λ) = φ_{λλ} − 1 2 φ^2_λ (2.7)

The proof of this lemma is a simple standard computation.

In terms of the function φ we define M functions φ^{int}(x_m), which are analytic in corresponding neighborhoods of the ramification points P_m, as follows:

e^{φint(xm)}|dx_m|^2 = e^{φ(P )}|dλ|^2 ; (2.8)

in analogy to (2.7) we get S^{P0}_{F ay}(x_m) = φ^{int}_{xmxm} −^1_2 (φ^{int}_{xm} )^2.

Similarly, in a neighborhood of any point at infinity ∞_n we define the function φ^∞(ζ_n) of the local parameter ζ_n by the equality e^{φ∞} |dζ_n|^2 = e^φ|dλ|^2. The projective connection S^{P0}_{F ay} in the parameter ζ_n coincides with φ^∞_{ζnζn} −^1_2 (φ^∞_{ζn} )^2.

Using the interplay between the functions φ, φ^{int} and φ^∞, we find the following asymptotics near the ramification points P_m and the poles ∞_n:

|φ_λ(P )|^2 = 1 4 |λ − λ_m|^{−2} + O(|λ − λ_m|^{−3/2}) as P → P_m (2.9) and |φ_λ(P )|^2 = 4|λ|^{−2} + O(|λ|^{−3}) as P → ∞_n . (2.10) At the zero P_0 of the differential ω one gets

|φ_λ(P )|^2 = 4(g − 1)^2|λ − λ_0|^{−2} + O(|λ − λ_0|^{−1}) as P → P_0. (2.11)

where λ_0 := π(P_0).

These asymptotics enable us to introduce the following regularized Dirichlet integral D = 1 π reg � L |φ_λ|^2 ^dλ = 1 π lim_{ρ→0} � I_ρ + π(M + 8N + 8(g − 1)^2) ln ρ � , (2.12) where ^dλ = |dλ ∧ dλ̄|/2 and

I_ρ = N� n=1 � L^{(n)}_ρ

|φ_λ|^2 ^dλ . (2.13)

Here L^{(n)}_ρ is the subdomain of the n-th sheet of covering L obtained by cutting off the (small) discs of radius ρ centered at the ramification points and (if applicable) P_0 from the (large) disc {λ ∈ L^{(n)} : |λ| < 1/ρ}.

2.1.2 Holomorphic factorization of Dirichlet integral

The following theorem shows how to compute the Dirichlet integral (2.12) in terms of the local data at the points of divisor D and points P_0 and Q_0.

Theorem 2 The regularized Dirichlet integral admits the following representation:

D = ln � � � σ^{4−4g}(P_0, Q_0)

�_M

m=1 ω(P_m) �_N n=1 ω^2(∞_n) exp � 4πi⟨r, K^{P0} ⟩ � � � � 2 + 2M ln 2, (2.14)

where vector r has integer components given by

2πr_α := Var|_{aα} � Arg ω(P ) dπ(P ) � . (2.15)

Proof. Applying the Stokes theorem, we get

I_ρ = 1 2i �_M � m=1 � P_m + N� n=1 � ∞_n + � P_0 + g� α=1 � a^+_α ∪a^−_α � φ_λφ dλ, (2.16)

Here � P_m and � P_0 are integrals over clock-wise oriented circles of radius ρ around the points Pm and

P_0 (it should be noted that each of the points P_m belongs to two sheets simultaneously and, therefore, the integration in � P_m goes over two circles). The � ∞_n denotes the integral over the counterclock-wise

oriented circle of radius 1/ρ on the n-th sheet; a^+_α and a^−_α are different shores of the cycle a_α with the opposite orientation. One has the equality 1 2i � a^+_α ∪a^−_α

φ_λφ dλ = πr_α ln | exp 4πiK^{P0}_α |^2 . (2.17)

We note that φ_λ = ∂_λ ln(ω(P )/dπ(P )), where the function ω(P )/dπ(P ) is single-valued on the cycle a_α; since the a-cycles are assumed not to contain the point P_0, function ω(P )/dπ(P ) does not vanish on a_α.

We have also 1 2i � P_m = 1 2i � |x_m|= √ ρ � φ^{int}_{xm} 1 2x_m − 1 2x^2_m � {φ^{int} − 2 ln |x_m| − 2 ln 2}2x_m dx_m =

= πφ^{int}(x_m)|_{xm=0} + 2π ln 2 − π ln ρ + o(1), (2.18) 1 2i � ∞_n = 1 2i � |λ|=1/ρ � −φ^∞_{ζn} λ^{−2} − 2 λ � {φ^∞ − 4 ln |λ|} dλ =

= −2πφ^∞(ζ_n)|_{ζn=0} − 8π ln ρ + o(1), (2.19) and 1 2i � P_0 = 1 2i � |λ−λ_0|=ρ

ln |σ^2(P_0, Q_0)(λ − λ_0)^{2g−2}{1 + O(λ − λ_0)}|^2× × � 2g − 2 λ − λ_0

+ O(1) � dλ = −π ln |σ^{4g−4}(P_0, Q_0)|^2 − 8π(g − 1)^2 ln ρ + o(1), (2.20) as ρ → 0. These asymptotics together with (2.12) and (2.17) imply (2.14). □

2.1.3 Variational formulas for Dirichlet integral ¿From now on we assume that the projections π(P_0) and π(Q_0) of the points P_0 and Q_0 from (2.4) are independent of {λ_m}.

Theorem 3 The variation of the regularized Dirichlet integral D (2.12), (2.14) with respect to branch points λ_m is given by values of projective connection (2.5) at the ramification points P_m i.e. ∂D ∂λ_m

= S^{P0}_{F ay}(x_m(P ))|_{P =Pm} , m = 1, . . . , M . (2.21)

We start from the following Lemma 2 On every sheet of the covering L, dissected in addition along all a and b-cycles, the derivatives of function φ(P ) with respect to λ and λ_m are related as follows: φ_{λm} + F_mφ_λ + (F_m)_λ = 0 , m = 1, . . . , M, (2.22) where functions F_m(P ) are defined on the dissected covering L as follows:

F_m(P ) = −

U(P )_{λm} U(P )_λ , and U(P ) =

�_P

P_0 ω. Near ramification points and points at infinity the functions Fm have the following

asymptotics:

F_m(P ) = O(|λ|^2) , as P → ∞_n , F_m(P ) = δ_{lm} + o(1) , as P → P_l , where δ_{lm} is the Kronecker symbol.

The proof of relation (2.22) can be obtained by direct differentiation (one needs to use the fact that the map U depends on {λ_m} holomorphically). The proof of the asymptotical behaviour of the functions F_m essentially repeats Lemma 5 from [14].

Considering the exact differentials d((F_m)_λφ), d(F_mφ_λφ), d(F_mφ_λ) and making use of (2.22), we get the following Corollary 1 The following two 1-forms are exact:

{(φ_λφ)_{λm} dλ} − {F_m|φ_λ|^2dλ̄ + (F_m)_λφ¯_λdλ̄ } , (2.23) and {F_m|φ_λ|^2dλ̄ − (F_m)_λφ_λdλ + (F_m)_λφ¯_λdλ̄} − {F_m(2φ_{λλ} − φ^2_λ)dλ + φφ_{λλm} dλ} . (2.24)

Proof of theorem 3 (the idea of such a proof, including lemma 2 initially goes to [23]). By (2.16) we get

∂I_ρ ∂λ_m = 1 2i � � � � P_m

(φ_λφ)_{λm} + (φ_λφ)_λ dλ + � � � l≠m � P_l + N� n=1 � ∞_n + � P_0 � � (φ_λφ)_{λm} dλ � � � +

+ 1 2i g� α=1 � a^+_α ∪a^−_α

(φ_λφ)_{λm} dλ . (2.25)

(One may assume that the projections of basic cycles π(a_α) are independent of {λ_m}.)

Using the holomorphy of (F_m)_λφ_λ and the relation (φ_λφ)_λ dλ = d(φ_λφ) − φ_λφ¯_λdλ̄, we rewrite the r. h. s. of (2.25) as 1 2i � − � P_m

|φ_λ|^2dλ̄ +

�_M � l=1 � P_l + N� n=1 � ∞_n + � P_0 � {F_m|φ_λ|^2 − (F_m)_λφ_λ dλ + (F_m)_λφ¯_λ dλ̄}−

− g� α=1 � a^+_α ∪a^−_α + � b^+_α ∪b^−_α � (F_m)_λφ_λ dλ + g� α=1 � a^+_α ∪a^−_α

(φ_λφ)_{λm} dλ � . (2.26)

By means of the asymptotical expansions of the integrands at the ramification points and points ∞_n (the asymptotics from Lemma 2 play here a central role; cf. the proof of Theorem 4 in [14]) one gets the relation 1 2i �_M � l=1 � P_l + N� n=1 � ∞_n � {F_m|φ_λ|^2dλ̄ − (F_m)_λφ_λdλ + (F_m)_λφ¯_λ dλ̄} =

= 1 2i � P_m

|φ_λ|^2 dλ̄ − 3π 4 M� l=1 d^2F_m (dx_l)^2 � �_{xl=0} + o(1) (2.27)

as ρ → 0.

By (2.24) we have 1 2 � P_0

F_m|φ_λ|^2dλ̄ − (F_m)_λφ_λdλ + (F_m)_λφ¯_λ dλ̄ = 1 2i � P_0

F_m(2φ_{λλ} − (φ_λ)^2)dλ + o(1). (2.28)

The Cauchy theorem, the asymptotical expansions at P_l and ∞_n and relation (2.7) imply that 0 = 1 2i �_M � l=1 � P_l + N� n=1 � ∞_n + � P_0 + g� α=1 � a^+_α ∪a^−_α + � b^+_α ∪b^−_α � F_m(2φ_{λλ} − (φ_λ)^2) dλ =

= 3π 4 M� l=1 d^2F_m (dx_l)^2 � � x_l=0

+ πS^{P0}_{F ay}(x_m) � � x_m=0 + � P_0 + g� α=1 � a^+_α ∪a^−_α + � b^+_α ∪b^−_α � F_m(2φ_{λλ} − (φ_λ)^2) dλ + o(1)

(2.29) (cf. [14], Lemma 6). Observe that � a^+_α ∪a^−_α

(φ_λφ)_{λm} dλ = � a^+_α ∪a^−_α

[(2φ_{λλ} − (φ_λ)^2)F_m + (F_m)_λφ_λ] dλ due to (2.24) and an obvious equality � a^+_α ∪a^−_α

φφ_{λλm} dλ = 0.

Similarly, �

b^+_α ∪b^−_α

[(2φ_{λλ} − (φ_λ)^2)F_m + (F_m)_λφ_λ] dλ = 0,

due to the equality ∂ ∂λ_m � b^+_α ∪b^−_α

φ_λφ dλ = 0.

To finish the proof it remains to collect together equations (2.25)-(2.29), and make use of the fact that all o(1) in the above equalities are uniform with respect to (λ_1, . . . , λ_M ) belonging to a compact neighborhood of the initial point (λ^0_1, . . . , λ^0_M ). □

2.2 Bergmann tau-function and Fay’s variational formula Let us introduce the following g(1 − g)/2-differential on L̂ which has multipliers 1 and exp{−πi(g − 1)^2B_{αα} − 2πi(g − 1)K^P_α } along basic cycles a_α and b_α, respectively:

C(P ) = 1 W [v_1, . . . , v_g](P ) g� α_1,...,α_g =1

∂^gΘ(K^P ) ∂z_{α1} . . . ∂z_{αg} v_{α1} . . . v_{αg} (P ) , (2.30)

where W (P ) is the Wronskian (1.7) from the introduction. The differential C is an essential ingredient of Mumford measure on the moduli space of Riemann surfaces of given genus [8]. Multiplicative differential s (2.1) is expressed in terms of C as follows [8]:

s(P, Q) = � C(P ) C(Q)

�_{1/(1−g)} (2.31)

Dependence of the differential C on moduli of the Riemann surface L is given by the following lemma, which is a slight reformulation of the variational formula given by Fay ([8], p.58): Lemma 3 The infinitesimal variation of the differential C under the variation of the conformal structure of the Riemann surface defined by a Beltrami differential μ is given by the following expression:

δ_μ ln C(P_0) = − 1 8πi � L μ � S_B − S^{P0}_{F ay} � , (2.32)

where S_B is the Bergmann projective connection; S^{P0}_{F ay} is the projective connection (2.5); S_B − S^{P0}_{F ay} is a quadratic differential on L.

Substituting in (2.32) the Beltrami differential

μ_m = − 1 2ϵ^2

1_{{|xm|≤ϵ}} dx̄_m dx_m (which coincides with the Schiffer variation, describing the variation of the conformal structure under the infinitesimal shift of λ_m; see, e. g., [14]), we get the equality

∂_{λm} ln C(P_0) = � S_B (x_m(P )) − S^{P0}_{F ay}(x_m(P )) � �_{P =Pm} . (2.33)

Now we are in position to formulate the following

Theorem 4 The Bergmann tau-function is given by the following expression, which is independent of the choice of the points P_0 and Q_0:

τ^{−6} =

{s(P_0, Q_0)}^{2−2g}e^{2πi⟨r,KP0 ⟩} C^4(P_0)(dπ(P_0))^{g−1}

M+N� k=1 {s(D_k, Q_0)}^{dk} {E(D_k, P_0)}^{(g−1)dk} , (2.34)

where the integer vector r is defined as follows:

A(D) + 2K^{P0} + Br + s = 0 ; (2.35)

the initial point of the Abel map coincides with P_0 and all the paths are chosen inside the same fundamental polygon L̂.

Proof. Expression (2.34) is an immediate corollary of theorems 2, 3 and formula (2.33). The only thing one needs to check is the coincidence of the vector r defined by formula (2.15) with the vector r defined by (2.35). This coincidence is easy to prove for g ≥ 2. Namely, we know that (2.34), where the components of the vector r are given by (2.15), gives the Bergmann tau-function (1.1). Therefore, as P_0 encircles the basic b-cycle, the tau-function can only gain a {λ_m}-independent factor. Computing the monodromy of expression (2.34) along cycle b_α, we see that this implies (2.35) unless g − 1 ≠ 0. For g = 1 relation (2.34) follows from the formula for the Bergmann tau-function which was found in [14].

Now, since (2.35) is proved, we can show that expression (2.34) is independent of P_0 and Q_0. Simple counting of tensor weight shows that expression (2.34) is a 0-differential with respect to each argument P_0 and Q_0, which is, moreover, free of singularities. Due to relation (2.35) and multiplicative properties of the differentials C and s we can also check that it is single-valued on L with respect to each of these arguments, and, therefore, is independent of both of them. � To transform expression (2.34) further to the form (1.5) we shall use the following

Lemma 4 For any two points P, Q ∈ L the function s(P, Q) can be written as follows in terms of prime-forms:

s^2(P, Q) = dπ(P ) dπ(Q)

M+N� k=1 � E(D_k, Q) E(D_k, P )

�_{dk} (2.36)

Proof. Consider the expression

(dπ(P ))^{1−g} C^{−2}(P )

M+N� k=1 E^{dk (g−1)}(D_k, P ) . (2.37)

Summing up the tensor weights of all ingredients of this expression, we see that this is a 0-differential with respect to P . Moreover, it is single-valued under tracing along all the basic cycles (this can be easily checked using multiplicative properties of the prime-forms and C(P )), and does not have either zeros or poles on L (the poles and zeros induced by the prime-forms are canceled by the poles and zeros of dπ(P )). Therefore, expression (2.37) is independent of the point P . Taking its ratio at arbitrary two points P and Q and using expression (2.31) of s(P, Q) in terms of ratio of the differential C(P ) at these two points, we get (2.36). �

Now, choosing in formula (2.34) P_0 = Q_0 and expressing s(D_k, P_0) in terms of the prime-forms using (2.36), we get expression (1.5) for the Bergmann tau-function stated in the introduction.

2.2.1 Genus 1 case

The differential C(P ) in elliptic case does not depend on P ([8], p.21):

C = η^3(B)e^{−πiB/4} ,

where η(B) is the Dedekind eta-function. The differential s(P, Q) is given by

s(P, Q) = exp � πi �_P Q v � � v(P ) � v(Q)

(2.38)

Substituting these expressions to (2.34) and taking into account (2.35), we get the following expression:

τ = η^2(B)

M+N� k=1 {v(D_k)}^{−dk /12} , (2.39)

where according to our usual conventions v(D_k) := v(P )/dx_k (P )|_{P =Dk} , k = 1, . . . , M + N. This formula was independently proved in [14]; this confirmes correctness of the choice of integer r in (2.34) for g = 1.

2.3 Tau-function for an arbitrary stratum of Hurwitz space

Here we briefly consider the general case, when the critical points and poles of function π(P ) have arbitrary multiplicities. Such Bergmann tau-function arises in the problem of computation of isomonodromic tau-function corresponding to Riemann-Hilbert problem with arbitrary permutation monodromies [16] (in this case multiplicities of the critical points are arbitrary) and in the theory of semisimple Frobenius manifolds related to Hurwitz spaces ([2, 15]) (in this case the multiplicities of poles of π(P ) can be arbitrary). As before, denote the branch points of the branched covering L by P_1, . . . , P_M and assume that they have multiplicities d_1, . . . , d_M ; the orders of the poles ∞_1, . . . , ∞_L of π we denote by d_{M+1} − 1, . . . , d_{M+L} − 1, respectively. One has N =

�_L s=1 d_{M+s}. Then divisor D := (dπ) can be formally written in the same form as before: D = M+L� k=1 d_kD_k (2.40)

where D_m := P_m, m = 1, . . . , M and D_{M+s} = ∞_s, s = 1, . . . , L. The genus of the Riemann surface L is given in this case by the formula: g = 1 2 M� m=1 d_m − L� s=1 d_{M+s} + 1 (2.41)

The definition (1.1) generalizes as follows: ∂ ∂λ_m ln τ = − 1 6(d_m − 1)!(d_m + 1) � d dx_m(P )

�_{dm−1} S_B (x_m(P )) � �_{Pm=P} , m = 1, . . . , M . (2.42)

Compatibility of the system (2.42) follows from Schlesinger equations [16]; it was checked directly in [14] using Rauch variational formulas. By using the same technique as in the case of simple branch points and infinities one can verify that the formula (1.5) stated in the introduction remains valid in the general case after substitution of corresponding multiplicities d_k and genus g. We don’t present the proof here since it does not contain any new essential ideas in comparison with the case of simple poles and zeros.

3 Applications of the Bergmann tau-function

3.1 G-function of Frobenius manifolds

Fix a stratum H_{g,N} (k_1, . . . , k_L) of Hurwitz space, for which all the critical points of function π(P ) are simple, but infinities have arbitrary multiplicities k_1, . . . , k_L (for simple infinities all k_s = 1). Then the divisor D (2.40) of the differential dπ looks as follows:

D_{F rob} = M� m=1 P_m − L� s=1 (k_s + 1)∞_s (3.1)

i.e. d_m = 1 for m = 1, . . . , M and d_{M+n} = k_n + 1 for n = 1, . . . , L. The structures of Frobenius manifold on any Hurwitz space of this type were introduced by Dubrovin [2]. We refer to [2] or [17] for definition of all ingredients (Frobenius algebra, prepotential, canonical and flat coordinates, Darboux-Egoroff metrics, G-function) of this construction. Here we shall only discuss the G-function (genus one free energy of Dijkgraaf and Witten), which gives a solution of Getzler equation (for classes of Frobenius manifolds related to quantum cohomologies the G-function is the generating function of elliptic Gromov-Witten invariants).

Recall that each Frobenius structure on the Hurwitz space corresponds to a so-called primary differential φ on the covering L. The arising Frobenius manifold will be denoted by M_φ. In [4, 5, 10] it was found the following expression for the G-function of an semisimple arbitrary Frobenius manifold:

G = ln � τ_I J^124 � . (3.2)

where τ_I is the isomonodromic tau-function associated to an arbitrary semisimple Frobenius manifold; J is the Jacobian of the transformation from the flat to the canonical coordinates. In [15] it was further proved that for Frobenius structures on Hurwitz spaces one has τ_I = τ^{−1/2}, where τ is the Bergmann tau-function (1.1). Using the known expression of Jacobian J in terms of diagonal coefficients of Darboux-Egoroff metric (see, e. g., [10]), we get the following

Theorem 5 The G-function of the Frobenius manifold M_φ can be expressed as follows

G = − 1 2 ln τ − 1 48 M� m=1 ln Res_{Pm} φ^2 dλ , (3.3)

where τ is the Bergmann tau-function on the Hurwitz space H_{g,N} (k_1, . . . , k_L) given by (1.5), with the divisor D given by (3.1).

3.2 Determinant of Laplacian in Poincaré metric

Here we consider an application of the Bergmann tau-function to computation of the determinants of Laplacians on Riemann surface in the Poincaré metric (in the trivial line bundle); such determinants are defined in terms of the corresponding ζ-functions as follows: detΔ := exp{−ζ^′_Δ(0)}. For elliptic case and the flat metric |v|^2 (where v is holomorphic normalized differential) this determinant is given by the classical Kronecker formula (see [20]). Such explicit formula is absent for g > 1 for Poincaré metric, although variational formulas for detΔ with respect to the moduli of the Riemann surface are well-known (see, e. g., [24], or [8] (formulae (5.4) and (4.58))). Namely, the variation of the determinant under the variation of conformal structure given by a Beltrami differential μ looks as follows: δ_μ � detΔ detℑB � = − 1 12πi � L (S_B − S_{F uchs})μ (3.4)

where S_B is the Bergmann projective connection, and S_{F uchs} is the Fuchsian projective connection on L. Using these variational formulas, in [14] it was obtained a formula which expresses detΔ in terms of the Bergmann tau-function. To formulate the theorem which combines this result with formula (1.5) we need to introduce a few new objects.

Let all the critical points and poles of the function π be simple (this is sufficient for computation of detΔ since on any Riemann surface we can find a meromorphic function with these properties). For g > 1 the Riemann surface L is biholomorphically equivalent to the quotient space H/Γ, where H = {z ∈ C : ℑz > 0}; Γ is a strictly hyperbolic Fuchsian group. Denote by π_F : H → L the natural projection. Let x be a local parameter on L. Introduce the standard metric of the constant curvature −1 on L:

e^χ|dx|^2 =

|dz|^2 |ℑz|^2

, (3.5)

where z ∈ H, π_F (z) = P , x = x(P ).

In complete analogy to constructions of Sec. 2.1.1, introduce the real-valued functions χ(λ), χ^{int}(x_m), m = 1, . . . , M and χ^∞_k (ζ_n), n = 1, . . . , N by specifying the local parameter x = λ, x = x_m and x = ζ_n (in a neighborhood of the point at infinity of the n-th sheet) in (3.5) respectively.

Consider domains L^{(n)}_ρ of L as in the integrals (2.13). (Recall that the domain L^{(n)}_ρ is obtained from the n-th sheet of L by deleting small discs around ramification points belonging to this sheet, and the disc around infinity.)

Define the regularized Dirichlet integral analogous to (2.12):

D_F := 1 π lim_{ρ→0}

�_N � n=1 � L^{(n)}_ρ

|∂_λχ|^2 ^dλ + (8N + M)π ln ρ � . (3.6)

Define the function S_F by

S_F (λ_1, . . . , λ_M ) = 1 12 D_F + 2 3 M� m=1 χ^{int}(x_m) � � x_m=0 − 2 3 N� n=1 χ^∞_n (ζ_n) � � ζ_n=0

; (3.7)

Now we are in a position to formulate the following

Theorem 6 Consider the Hurwitz space H_{g,N} (1, . . . , 1). Let the pair (L, π) belong to H_{g,N} (1, . . . , 1). Then the determinant of the Laplace operator on L (acting in the trivial line bundle) in Poincaré metric is given by the following expression:

det Δ = c_{g,N} det ℑB e^{SF} |τ|^2. (3.8)

where c_{g,N} is a constant independent of the point (L, π) ∈ H_{g,N} (1, . . . , 1); B is the matrix of b-periods on L; τ is the Bergmann tau-function (1.5).

3.3 Riemann-Hilbert problems with quasi-permutation monodromies and isomonodromic tau-function

The Riemann-Hilbert problem of construction of GL(N)-valued function on the universal covering of puctured Riemann sphere CP^1 \ {λ_1, . . . , λ_M } with prescribed monodromy representation in general case (for an arbitrary representation) can not be solved in terms of known special functions. For an arbitrary quasi-permutation monodromy group (i.e. such that each monodromy matrix has exactly one non-vanishing entry in each of its columns and each of its raws) the RH problem was solved in [16] outside of a divisor in the space of monodromy data (the so-called Malgrange divisor, or the divisor of zeros of the Jimbo-Miwa tau-function) following previous works [12, 1], where the 2 × 2 case was solved. One usually requires that the solution Ψ of the Riemann-Hilbert problem is normalized to I at some point λ_0 ∈ CP^1, which does not coincide with singularities {λ_m}; we shall denote such normalized solution by Ψ(λ, λ_0).

Theorem 7 [16] Let the set of the monodromy data lies outside of the Malgrange divisor. Then the solution Ψ(λ, λ_0) of an arbitrary Riemann-Hilbert problem with quasi-permutation monodromy representation is given by the analytical continuation on universal covering of the punctured sphere of the following expression defined in a neighbourhood of the normalization point (all objects in this formula correspond to the N-sheeted branched covering L, associated with the quasi-permutation monodromy representation):

Ψ_{kj}(λ_0, λ) = λ − λ_0 √ dλdλ_0 Θ �_{pq}� � A(λ^{(j)}) − A(λ^{(k)}_0 ) + Ω � Θ �_{pq}�

(Ω)E(λ^{(j)}, λ^{(k)}_0 ) M� m=1 N� l=1 � E(λ^{(j)}, λ^{(l)}_m ) E(λ^{(k)}_0 , λ^{(l)}_m )

�_r^{(l)}_m

(3.9)

where

Ω := M� m=1 N� j=1 r^{(j)}_m A(λ^{(j)}_m ) ; (3.10)

λ^{(k)} denotes the point of L which belongs to the kth sheet and has projection λ on CP^1; p, q ∈ C^g are constant vectors; r^{(k)}_m are constants assigned to all points from π^{−1}(λ_m) (if two points from π^{−1}(λ_m) coincide, the constants r^{(k)}_m are assumed to coincide, too). The logarithms of the matrix elements of monodromy matrices are linear functions of the constants p, q and r^{(k)}_m . The Malgrange divisor is defined by the equation Θ

�_{pq}�

(Ω) = 0.

If the elements of monodromy matrices (or, equivalently, the constants p, q and r^{(k)}_m ) are independent of positions of singularities {λ_m}, function Ψ defines a solution of the Schlesinger system, together with isomonodromic tau-function of Jimbo-Miwa [11], defined as follows: ∂ ∂λ_m ln τ_{JM} = 1 2 res|_{λ=λm} tr � Ψ_λΨ^{−1}

�_2 (3.11)

In [16] it was proved the following

Theorem 8 The Jimbo-Miwa tau-function corresponding to solution (3.9) of the Riemann-Hilbert problem, is given by the following formula:

τ_{JM} = τ^{−1/2} M� m,l=1

(λ_m − λ_l)^{rml} Θ

�_p q � (Ω|B) (3.12) where τ is the Bergmann tau-function defined by (1.1);

r_{mn} = N� k=1 r^{(k)}_m r^{(k)}_n .

This theorem, together with expression (1.5) proved in this paper, gives the explicit formula for Jimbo-Miwa tau-function corresponding to general Riemann-Hilber problem with quasi-permutation monodromies. We notice that for monodromy groups corresponding to hyperlliptic curves this taufunction was found in [12]; for Z_N curves with N > 2 it was computed in [6].

Acknowledgments We are grateful to Max-Planck-Institut für Mathematik for the support and hospitality during the completion of this paper.

References

[1] Deift, P., Its, A., Kapaev, A., Zhou, X., On the algebro-geometric integration of the Schlesinger equation, Comm. Math. Phys., 203 (1999), N3, 613-633

[2] Dubrovin B., Geometry of 2D topological field theories, Lect. Notes Math., vol. 1620, Springer- Verlag, Berlin, 1996, 120–348

[3] Dubrovin B., Zhang Y., Extended affine Weyl groups and Frobenius manifolds, Comp. Math., 111 (1998) 167-219

[4] Dubrovin B., Zhang Y., Bihamiltonian hierarchies in 2D topological field theory at one-loop approximation, Commun. Math. Phys., 198 (1998), 311-361

[5] Dubrovin B., Zhang Y., Frobenius manifolds and Virasoro constraints, Selecta Math. (N. S.) 5 (1999), 423–466

[6] Enolskii, V., Grava, T., Singular Z_N curves, Riemann-Hilbert problem and modular solutions of the Schlesinger equation, math-ph/0306050

[7] Fay, John D., Theta-functions on Riemann surfaces, Lect.Notes in Math., 352, Springer (1973)

[8] Fay, John D., Kernel functions, analytic torsion, and moduli spaces, Memoirs of the AMS (464), 1992

[9] Fulton, W., Hurwitz schemes and irreducibility of moduli of algebraic curves, Ann. of Math., 90 (1969), 542-575

[10] Getzler E., The jet-space of a Frobenius manifold and higher-genus Gromov-Witten invariants, arXiv: math.AG/0211338

[11] Jimbo, M, Miwa, T., Ueno, K., Monodromy preserving deformation of linear ordinary differential equations with rational coefficients I, Physica 2D (1981), 306-352

[12] Kitaev A., Korotkin D., On solutions of the Schlesinger equations in terms of Theta-functions., Internat. Math. Res. Notices, 1998, N 17, 877-905

[13] Knizhnik, V., Multiloop amplitudes in the theory of quantum strings and complex geometry.

Soviet Phys. Uspekhi, 32 (1989), N 11, 945-971

[14] Kokotov A., Korotkin D., Tau-functions on Hurwitz spaces, to be published in “Mathematical Physics, Analysis and Geometry”; math-ph/0202034

[15] Kokotov A., Korotkin D., On G-function of Frobenius manifolds related to Hurwitz spaces, to be published in “Internat. Math. Res. Notices”, 2004, N 5; math-ph/0306053

[16] Korotkin D., Solution of matrix Riemann-Hilbert problems with quasi-permutation monodromy matrices, archive math-ph/0306061

[17] Manin Yu. I., Frobenius manifolds, quantum cohomology, and moduli spaces, AMS, 1999

[18] Natanzon S., Hurwitz spaces, in “Topics on Riemann surfaces and Fuchsian groups”, Madrid, 1998, London Math. Soc. Lecture Note Ser., 287, 165-177

[19] Natanzon S., Turaev V., A compactification of the Hurwitz space., Topology 38 (1999), N 4, 889-914

[20] Sarnak, P., Some applications of modular forms., Cambridge Tracts in Mathematics, 99, Cambridge, 1990

[21] Strachan I. A. B., Symmetries and solutions of Getzler’s equation for Coxeter and extended affine Weyl Frobenius manifold, Intern. Math. Research Notices (2003) No 19, 1035-1051 (2003)

[22] Tyurin, A.N., Periods of quadratic differentials (Russian), Uspekhi Mat. Nauk (33) , no. 6(204), 149-195 (1978)

[23] Zograf, P., Takhtajan, L., On the Liouville equation, accessory parameters and the geometry of Teichmüller space for Riemann surfaces of genus 0. (Russian) Mat. Sb. (N.S.) 132 (174) (1987), N 2, 147-166

[24] Zograf, P., Takhtajan, L., A local index theorem for families of ¯∂-operators on Riemann surfaces (Russian) Uspekhi Mat. Nauk 42 (1987), N6(258), 133-150

[25] Zamolodchikov, Al., Conformal scalar field on the hyperelliptic curve and critical Ashkin-Teller multipoint correlation functions, Nucl. Phys. B285 (1986), 481-503