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THE ENERGY OF HARHONIC MAPS OBTAINED BY THE THISTOR CONSTRUCTION

H. A. GUEST

Harmonie maps may be viewed as the eritical points of the energy

funetional. It is natural to ask, then, whether these eritieal points

have some geometrieal deseription, what eritieal valuesare possible,

and whether there exist Horse-theoretie results coneerning the eohomology

of the eritieal sets. He present some preliminary calculations which

answer these questions 10 a simple ease: the maps will be the inelusions

of the orbits of points X 1n eomplex projective spaee, under the linear

action of same compaet Lie group G.

In ehapter I we deseribe the harmonie maps 1n terms of the weights

of the representation of G involved, using the fact that the energy

funetional here is essentially the "norm squared of the moment mapll. The

Norse-theoretic results obtained by F. Kirwan (see [Ki]) thus earry over

to the energy funetional. In ehapter 11 we discuss the harmonieity

condition in terms of results in the literature (i.e. [BS,BW,ES,EW])

which give a "twistor construetion" of harmonie maps from aRiemann

surfaee to eompact symmetrie spaces. We give an example (following [EW])
where the energy af a harmonie map (i.e.· the critical value) has

topologieal significance. This is extended to the case cf an
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arbitrary harmonie map of the type under eonsideration in chapter 111.

lt will be apparent to the reader that these results generalize

to linear actions on other homogeneous spaces. In fact it is also

possible to say something about maps which are not the inclusions of

orbits of such an action; the "homogeneous casc" discussed here can be

regarded as a formalism in which the derivatives ajaz J aja~ have

been replaced by the actions of elements e ,
0.

e of the Lie algebra.
-0.



CHAPTER I

~10NIC ORBITS OF A PROJECTIVE REPRESENTATION

Let G be a compact simple Lie group, and let e: G~SU 1 ben+
a hornamorphism. Thus, G acts on (0+1 , unitarily with respect to the

standard Hermitian form « , » , via the representation e. In this

chapter we study properties of the orbits of the induced action of G

on cpo °If [v] E. Cp
n

lS the line through v c. Q:n+1 , the orbit G. [vJ
is the image of the map

f
v

G -?- 4:1'll f (g) = [0 (g) v]
v

With respect to a standard Kähler metric h on and the metric

<, ,> on G giyen by minus the Ki 11 ing fo rm, t he -ene rgy

is easily calculated. Recal1 that

E(f )
v

of f
V

=

=

jdf 1
2

v
~.Je have

If e
1

, ... ,e lS an
m 2

L (C) ::. T G, then Icl f I
e v

,.n+l----.:-,.[vJ.l..· i 1 .L -r lS ortlogona pro]ect-

e : L(G)~L(SU 1)n+
e : G~SU 1 ' and L(SU 1)n+ n+

traceless skew-Hermitian elements of

j dfv I is calculated using the given metrics.

this is a constant function on G

where

is identified with the suhspace of

tr f*h
v

orthonormal basis of the Lie algebra
"" .l.oL «p e(e.)v,p~e(e.)v», where Pv~

'-2, v 1 V 1

ion. Here 8 denotes the Lie algebra homomorphism

associated to the Lie group homomorphism

End(~n+l) as usual. Ihis choice of metric on ~pn is a multiple of

the metric < , > given by minus the Killing form (of SU 1)n+
Thus



E(f )
v

=
m n

K E L
i:::l1 j= 1

?
l«e(e.)v,v·»l~

1 J

\;here is an orthonormal basis of [vJ.l , and K ( = vol(G)/2 )

is a positive constant.

The critical points of the real valued function

E EC[vJ) = E(f)
v

may be found in the following elementary manner. We use the fact that the

unitary group

normal bases

U may be identified with the set of all ordered ortho-n+1
uO, .•. ,u

n
of ~n+l and that there is then a submersion

U ~""pnTT: 1 ~/ ......n+ =

The critical points [v] of E , with Iv I = 1 are given by those v

for which every ordered orthonormal basis of the farm v,v
1

, ••• ,vn (of

~n+1) is critical for TT.E. Now, the critical points of n.E may be

found by the method of LagranOge multipliers: we want the extrema of

n+ 1 n+ 1
0; x ••. xlI; ----7lR

subject to the constraints

«u.,u.» = 6 ..
~ J 1J

The condition turns out to be that the transformation

m

E
i::ll

e(e.)p~e(e.)p + eCe.)p e(e.)p~
~ v 1 V 1 V 1 V

~s Hermitian, where p p~
v' v

to [vJ [vJ.L. Since S(e.) *
1

are respectively the orthogonal projections

= -6(e.) and Pv p~ are Hermitian,
1 v

m
L

i=l
p e(e.)p~e(e.)p + p~O(e.)p e(e.)p~

v 1 v 1 V V 1 V 1 V



lS Hermitian. Henee, on subtraeting these two transformations, we find the

eondition for an extremum is that

m
[

i=1
p~8(e.)p~e(e.)p + P 8(e.)p 8(e.)p~

v 1 V 1 V V 1 V 1 V

be Hermitian. This 15 so if and only if

( *)
m
[

1=1
p~e(e.)(p~ - p )8(e,)p = O.

V 1 V V 1 V

This 15 precisely the condition for f to be'a harmonie map (i.e".
v

a Ioeal extremum for the energy, when variations through arbitrary

smooth maps are allowed). To explain this, we recal1 (lemma 2.1 oE [Gu1J)

that if e: G~G' "is a homomorphism oE compac t Lie groups, and if

e(H)!; H I for cer tain subgroups H S G, H I !; G t , then the seeond

fundamental form of the "homogeneous ll map

f e G/H ----?- G' /H I

(with respeet to the metries <, » is given by:

:::

If e
1

, ••. ,em 15 an orthonormal basis foi

condition for harmonicity of f e (namely

L(G/H) :% L(H).l.n L(G) ,

tr V(df e) = 0) becomes:

the

When H::: {e} and G'/H' ::: SV 1/ S(V
1

x V) ::: [pn this reduces
n+ n

to the eondition (*) above (see theorem 3.4 oE [Cu1J). The diseussion

so far may be summarized as f011m.;s.



THEOREM 1. 1. For the rnap f
v

nG~ ~p VoTe have:

m
(1) E(f) a -K «( E e(e.)p~e(e,)v,v»

v . 1 1 V 1
11:1

(2) f is harmonie
v

iff LV] is a critical point of E : (pn~R

iff v is an eigenvector of the transformation-- ---
m
I: e(e.)(pl. - p )6(e.) • Cl

. 1 ~ v V 1
1=

While orbits of a linear action are evidently rather special, the

next observation shows that, even in this case, the harmonicity condition

is interesting.

PROPOSITION. 1.2. If ~

of G on ~pn via 8

Itpn~ L(G) '* is the moment map for the action

then

(1/K)E(f )
v

+ =
m 2

-«( E S(e,) v,v»
i=< 1 1

Proof. By the moment map we mean the composition ~ e*-(i/2n)p, where

(i/2n)p [vJ ~ (i/2TT)pv- '

is the inclusion of ~pn in L(U 1)* as a coadjoint orbit, and
n+

s* L(U 1)*~L(G)* is the dual of e. Strictly speaking, (i/2n)pn+
n

is a map from ~p to L(U n+ 1) , because of our identificntion of L(U
n

+
1
)

with the skew-Hermitian transformations of lI: n+ 1 . However, we shall

2 ~ 2
=: -(1/4lT) ,E «6(e.)v,v»

J.' J
seen earlier that E(f-)

v

identify L(U 1) and L(U 1)* in the usual way, via the invariantn+ n+
metric (X, y)~ - tr XY on L(U 1) .n+

Observe first that ~([v])(x) = - tr (i/2TT)p sex) =
v 2 ~ 2

-(i/2n)«6(x)v,v» for any x E L(G) . Hence 1~([vJ)1 = ,E ~([vJ)(e.)
JJ: I J

= :r(1/41T2) ,E Ip e(e.)v!2 But we have
J-l 2 v J

= K r Ip~e(e.)vl Hence the result.O
Ja, V J



COROLLARY 1.3. If e ~5 irredueib1e,

[v] is a eritieal point of lu1 2
f is harmonie g and 001y if
v

'" 2
Proof. The transformation ,[ 8(e.) ~5 the..-, ~

respeet to < , > ) If e ~s irredueible,

~s a sealar operator (see [Hu] , 6.2) . Henee

eritieal points. CJ

Casimir operator for 8 (with

it is weIl known that this

lu!2 and E have the same

The eritieal point theory of lul 2 ~5 diseussed in detail in [Ki] , in t~e

more general eontext of sympleetie group aetions on manifolds. It is shown

that lut 2 is an " equ ivariantly perfeet HorSe-Bott function" in the sense

that the Horse-Bott inequalities hold (relating the indices of the eritieal

points to the Betti numbers of the manifold), providing G-equivariant

eohomology is used. Hence the same is true of E , when e is irredueible

(by the proof of 1.3).

In order to make this more explieit, we shall give the deseription of

the eritieal sets in our ease (i.e. for tpo), following [Ki]. From the

formula

=
2

-(1/41T )
2«8(e.)v,v»

~

a Lagra~ge multiplier argument shows that [v] is eritieal for lutZ if

"'and only if v is an eigenvectar of the transformation ~[8(e.)p 8(e.)
~=, ~ v 1

It is useful to consider also the moment map ur: a::p n
-7 L(T) ~.{ far the

action of a maximal torus T (of G) on ~pn (via 6) . If e l' ... ,eh

are chosen to form an orthonormal basis for L(T) , then one I1o1S

= 2-(1/4TT )
h
r

i=l

2«6(e.)v,v»
1

1'\

we write v = .E z.v. where vO, .. "vn)':'0 J J
consisting of weight vectors cf 8, Ivith corresponding real weights

and [vJ is eritical for luTI2
if and only if v 15 an eigenveetor of

~ 2
the transformation .[ 8(e.)p 6(e.) . The formula for lu

T
! mayeasily

~=, 1 V 1

be written in terms of homogeneous coordinates zO, ... ,zn on [pn if

15 an orthonormal basis of d;n+1



AO, ••• ,A ~ L(T)*, n

2ni.~ A.(ek)jz.!2
J~" J J

then «e(ek)v,v»

Hence

., 1'\

2rri«.E A.(ek)z.v., .E Z.V.»
J"'"J J J J'" I) J J

=

=

=
h

-(i/Zrr) E
k=l

<<8 ( e ) v , v >>e ,':
k k

h n

IZjI2Aj(ek)e~I: r
k=l j=O

n
1 Z.jZA.= r

j=O J J

LEHMA 1.4. For ß f: L(T)*, let Zs = {[vJ : Zl' = 0 if <A.-ß,ß>::f 0 } •
2 1_ 1

Then [v] is cri tical for 1~T I g and only if [vJ e Zß ~ lJr (ß) for

same ß. The ~ ZBf"'\~~l(ß) i.E.. non-empty if and only if ß is the

closest point ~ 0 ~ the convex hull ~ same nen-empty subset of the

weights

Proof. We have seen that [v] lS critical für IlJr l2 if and cnly if
h
I: 8(e.)p 6(e.)v = Gv for some constant G. Taking the inner product
'L-' 1 V ~ ~

of beth sides with v gives C = r «6(e.)p 8(e.)v,v» since p x
'•• , 1 V 1 V

= «x,v»v

h
E

i=l

the condition is

«6(e.)v,v»8(e.)v·
1. 1.

=
h

- r
i=l

2
1«8(e.)v,v»1 v

1.

~.e. for each r = O, ... ,n

h .n
2

h n
Z ) 2z r (A (e.) [ A.(e.)[z·l) = z r ( r A.(e.)!z.!

r i=l r 1. j=Q J 1. J r i= 1 j=O J 1. J

''Phis ',reduces to

Z <A ,
r r

o
r

j=O

2A·I z·1 >
J J

= z <
r

n
r

j=O

Z
A.,! z.1

J J

2A·I z·1 >
J ~

1. • e . for each r = 0, ... ,0 , either z = 0 or A lJr ( [v] ) .J... lJr ( [v] ) .
r 2 r

Hence if [v] lS critical for !IJr l we see that lJr ( [v] ) 1.S

necessarily the closest point to 0 of the cenvex hull of those weights A
r



for which Ar - 1Jr ( [v]) ..L

1Jr ( [vJ) . Conversely, for
-1(v] e Zß0 1J T (ß) • TlJen

of the required type.O

11r ([v] ) [vJ
-1

forSo E Zß" 1JT (ß) ß =

any ß €. L(T)* assume that there exists

[v]
2 islS a critical point of I).lI l unu ß

IIJ[ 2
THEOREH 1.5. The erit ical po int s of

where ß varies over closest points to 0

of. the weights of e.

-1
are UG.(ZS(\)J (6)) ,

of convex hu11s of subsets

Proof. An essential property of

G-equivariant, with respect to the given action on

1S that it is

(pn and the co-adjoint

action on L(G)*. This may be verified direct1y from the definition of ~

given earlier '. or from the formula

=
m

1: 11([vJ)(ek)e~
k=1

m
-(i/2n) E

k=l
«8(e )v,v»e;'t

k k

From the criteria of the

L(G)* by means of <, >, so

E L(G) .

g. [ v] [e(g) vJ f 0 r any
Since lJ(g.[vJ) = Ad(g)ll([V]) weg E. G

paragraph preceeding lemma 1.4, if

ll( [wJ )), then [w] ~s critical for

for-I111
2

. Putting [wJ g.[v]

[
:l -1vJ E. G. (Za n 11 (ß)) for same ß. This argument in reverse shows that

. (-1( )) IIJ[2 . 0every pOint of G. ZSf'\ j.l ß is critical for

From now on we shal1 identify L(G) and
"'t ha t 11 ( [vJ) ~ -(1/2TI) !: <<e(e ) v , v> >e
~. , k 2 k

If [v] is critical for [).l[ so is

. I1J [2by G-equivar~ance of

may choose g such that Ad(g)lJ([vJ) € L(T)

lJ([wJ) E. L(T) (i.e. lJT([w]) =
2

[lJII if and on1y if it is critical

and applying lemma 1.4 gives

Hence the corresponding set of critical points for

i.e. the union oE the projective weight orbits with

Zß is the (projectiv­

above one sees that

llJ[2

then8 ,

From the formula rars .
~s a non-zero weight ofßIf

Examples.

1.

ized) weight space of
-1

Zß f; 11 (ß).-

is just G.Z
S

'

weight ß.

If ß 0, then Zs = ['po. Hence the corresponding set of critical



points for li.d 2 is ~ -1 (0) , l.e. the set of minima. The quotient

space ~-l(O)/G is the sympleetie quotient or Marsden-Weinstein

reduction (of [pn see [KiJ .

2. Let G = SU
2

, and let e = Sno- be the representation of
n+1

SU 2 on the space Pn ( = ~ ) of homogeneous polynomials in two

variables of degree n. This is irredueible, and the weights (via an

identification L(T)* - IR) are n - 2i, 1 = O, .... ,n eaeh weight

space has dimension 1 The non-zero weights give rise to non-minimal

. . . 1 11 1
2 ( .cr1t1eal subman1folds for ~ or E ) , namely the proJeetive orbits

of the corresponding weight veetors. For such a weight veetor v the

projective orbit is isomorphie to «.:pl , being the image of the harmonie

map f
v

: SU
2

-?o'(pn. One also has the eritieal set ~ -1 (0) . If 0

is a weight, its weight vector gives a distinguished point of ~-l(O)

whose orbit is iso~orphic to Rp
2 . The remaining orbits in ~-l(O)

H is any subgroup of Gwhich leaves [v] ~ Cpn fixed,

G-..:...If'pn f h h G/H If' h 1 1-~~ aetors t roug . 1n t eorem . we

G ~«.:pn by the indueed map f G/H -:>«:pn, the proof
v

exactly the same way, providing ~1 , ••• ,ern is now

If

dimensional.3

3.

are

the map f
v

replaee f
v

goes through in

taken to be an orthonorrnal basis of L(G/H)::1 L(H).1.f\ L(G) . (Note that

if x E L(H) p~e(x)v ~ 0.) The metric on G/H lS that obtained
v

from <, > on G, and K::I vol(G/H)/2 .

Fot the remainder of this artiele we sha11 coneentrate on the

situation in examp1e 3, with H a maximal torus T. Thus

weight veetor of e (with respeet to T) and we have

v is a

The fact that G/T admits complex struetures makes this ease of special

interest. For background information we ~efer to [BH,Cul]; in particular

we recall that a homogeneous complex strueture on G/T corresponds to

a choice ö+ of positive roots of G (with respect to T). Given 6+

the deeomposition (TC/T)0~ = (TG/T) 1,0 @ (TG/T)O,l may be written



L(G/T)~U: L + a:e
Ct.eü 0.

e L + lJ.:e
ae.ü -0.

10 terms of which an orthonormo.l basis of L(G/T)" L(G/T)0II:. consists of

- e ), (i 112) (e + e ) ,al:. Ü+ and
-0. 0.-0.

a. Thus, if J ~ End(L(G/T» is the correspond-

the vectors

<e e > = -1
0.' -0.

ing operator,

( 1112) (e
0.

for all

Je = ie
0. a

and Je
-0.

for all

PROPOSITION 1.6. Consider f
v

of e of unit length.

n
GIT -7[P , ~..,here v ~ ~ weight vector

(1) With respeet ~ the eomplex structure on G/T given

eomplex strueture on o:p
n

defined via the identification

Horn ( [v] J. , [v] )
+

0. E. Ü

f
v

1S holamorphie if and only i! 8 (e )v
0.

Q,eLi
( 2) f

v
lS harmonie if and only g v ~ an eigenvector of L 8Ce )8(e ).

0. -0.

(3) E(f) = EI(f) + E"(f) where
v v v

EI (f ) :;:< K L «8(e )e(e )v,v»
V + 0. -a

Q.!: Ö

E"(f ) = K L «8(e )8(e )v,v»
v + -0. 0

ae.ü

(4) IE w lS the Kähler form of [pn and K 1S the 2-form on GI!--- --- --- ---
defined by K(X,y) = <x,Jy> , then

E'(f) - E"(f )
v v

<f*w K>. v ' = 2
4 TI K<;\, L + a >

oe.ö

where ;\ ~ the weight of v .

Proof. (1) follows from the definitions of the complex structures. for

(2) and (3), use the identity

m
I:

i=l
8(e.)p 8(e.)

1 v 1
8(e )p 8(e )

a v -a



where e
1

, •.. ,ern· is the basis of L(G/I) described above. Since v

is a weight vector, p S(e )v = 0 for all Cl. € {j. (4) is proved by
v 0

calculating the first two quantities. First, we recall that for Cl. ~ ß+

[ecx "' e-oJ
-2rri<y,cx>

:. h (. L (T) (3) Q: , whe re (wi th our convent ions)
Cl.

for all y ~ L(T)*. Thus

y (h )
a

EI (f ) - E" (f )
v v

= K [ «~ecCe ,e ])v,v»
+ Cl.-a

aEÖ

= K E «2rri.\(h )v,v»
ae.ö+ Cl.

')

= 4rr~K E <A,a>
+

a,ö

Next we must calculate wand K. If n
a,b E L(<IP ) G L(SU 1) ,

n+

w(a,b) = Im «p av,p bv»
v v

- ( i /2) << [a , bJ v , v> >

Thus, if. x,y E L(G/T) ~ L(G) ,

f*w(x,y)
v

= -(i/2) «6 ([x ,yJ) v, v»

aud so f*w(e ,e ) ~ -2irr~<A,Cl.> By definition of
v Cl. -0

<e ,Je > = -i<e ,e > = i Since f*w and K
Cl. -a 0 -a v

decomposition

K, K(e ,e )
0. -0.

respect the

L(G/T) 0 a; [ (Q;e Eb lLe )
+ a -Cl.

Cl.E.6

we can take their inner produet on eaell subspace and add the results.

Hence

<f*w,K>
V

= vol(G/T) ?
2 .

E - ... lrr <.\,0>1
+

0.( 6

as required.o

= 4rr
2

K [+ <~,a>
(tEO



CHAPTER 11

TWISTOR CONSTRUCTIONS UF HARNONIC t-L\PS

By a " twistor construction" of a map f: X~y of complex manifolds

we mean a factorization f = rTtg through an (almost) complex manifold Z

where g: X--;'J'Z is holomorphic and Tl: Z~y is a fibre bundle. Such a

construction was used in [EW] to produce all harmonie maps [p1~[pn. A

general treatment first appeared in [ES], where Tl : Z~Y was a twistor

fibration over Y and this explains our terminology. We shall consider

compositions of the form

G/T ---y-7 F
6

n+1
where F = SUn+1/S(U1 x ••• x U1) lS the full flag manifo1d of ~ (i.e.

G/T for G = SU
n

+
1

) and f e is the map induced by a representation

e : G~SUn+1 ' and where Tl i is the i-th natural projection which assoc-

iates to a flag {O} = E '" E c_ •.• c E = ~n+l the line E.l. I""\Eo 1 - n+ 1 i -1' , i
Let us now fix a flag {O} = E

O
C;;; EI 5; ••• f; E

o
+

1
:=: (:0+1 (denoted 0 e. F )

and write Et-lnEi = [vJ E. a:pn with [vJ = 1 TIten

f Tl •• f
V. 1 e

1

f v.
~f

S
(a first order

E and 1~!2 described inthis reflects the relation betweencoodition);

l.e. we are considering maps of the type discussed in chapter I. Our

aim is to give resu 1t s (based on [ES, EW]) T.oJhich re late harmonici ty of

(a second order condition) to holomorphicity of

chapter I, since it is known from [KiJ that arbitrary critical points of

1111
2

1 j2~ for a symplectic action are related to minima of ~ for subsidiary



symplectic actions. For sirnplicity we deal only with maps f which arev.
1

induced by homomorphisms, but (ns we shall point out later on) a feature

of the approach is that the results extend to more general (" non­

homogeneaus") maps.

On G/T we fix a complex structure given by a choice of positive

A+ (('pn 1 'blroots u and on I,L, v:e take the standard camp ex structure compatl e

with the identification

Horn ( [v .J~ [v.J )
1 1

as in chapter I. We have at our disposal various (homogeneous) almost

complex structures J on F which may be described via the identificat-

ion

(T F) (8) c
o = Horn ( [v. ] , [v.J)

1 J

holomorphic (i.e. dfS(TG/T)t,O ~ (TF)"O ) if and on1y if
+for all U e 6 and all i,j with i 4- j , where p. :

1

orthogonal projection. To simplify notation we shal1 write

p~. p.e(e )p. for +
= a E; 6

1J 1 a J

and

a
p.e(e )p. +Q.• = for a €. 6

1J 1 -u J

Following. [ßS] we define a relntion " ... rl by writing i -+ J if anti only

if (TaF) 1,0 cont.:lins l{om( [vi]' [vjJ) lIullIogeneuus almost cUlilplex

structures J correspond to choices of +. It is known that J is

integrable if and 001y if 4 1S transitive, hence homogeneaus complex

structures correspond to (total) orderings of the integers O, ... ,n. On

G/T we take the Riemannian metric <, > , ?nd on ~pn a multiple of

< ,> as in chapter I. Thus [pn (unlike G/T!) has a Kähler structure.

For further details of almost complex structures and metries on

homogeneous spaces see [BH,Gu 1J. A combinatorial discussion of the relation

+ is given in [BS].
With respect to an almost complex structure J, the rnap ES 1S

p.e(e )p. = 0
4,nil u[ J]
\.. -:)0 V. 1S

1



Observe that (P~ .»)'c == Q~. In order to understand the role. played by
1J J 1

F, we restate theorem 1.1 using this terminology.

THEOREH 2.1. For the map f G/T ~[rn tole have:
v. ---

1

( 1) E' (f ) K E [ Ip .. !2 E"(f ) ::r K E [ IQ~ .12
v. + J 1 , V. +

jfi
J 1 .

1 a.! ß jf i 1 O:'-ß

(2) f is harmoniev.
1

iff E E (pot. Qet... _ P~. er-.) == 0 for all s f i .0
(1f:ß t#i

st tl. S1 11

COROLLARY 2.2. Assurne E
8

: G/T -7F 1S holomorphic, with respect ~ J

on G/T and the almost complex strueture on F given ~ +. The map

f
v

. = 1T
i

0 f
S

lS harmonie if and only if
1

0;" 'r' pa Qa
L. + L. st ti

oe.ß t+i

and

o for all s with i + s

'r' 'r' Qo. po.
t... + L. st ti

aE.Ö i-+t

ProoE. Let

= o for .111 s with s .... 1.

P L E (pa Qa. a a
Qs

E (Qa pa. a a)
== - Q . P .. ) , :::11 r: - P .Q ..

S .+
tii

st tl 51 11 + ~. st tl SI 1.1
ac6 0.€6 t 1

50 that f 15 harmonic if and only if P + Q == 0 [ur s'i- t Now,v. 5 S
1.

P - Q == Ps
( r: (6(e )8(e ) 6Ce )6(e ) ) ) p.s s + a -0. -Cl a 1

al:fl

m
Ps

( E 8([e ,e J) ) P'+ a -cx 1
a.Eß

ancl t his i s zer 0 f 0 r S;f 1, S 1 nce re ., e J e. L(T) Ga: an cl v . 1 S a
L' 0. -a 1

weight veetor. Therefore, a necesso.ry o.n<.l sufficient conditioll for harrnon-

P
5

= 0 )

icity of

Since f
S

f 15 that for eachv.
1 i5 holomorpllic,

S ( f 1) either

po. = 0 (i.8. QCX
st ts

== 0 or Qs:C 0
+

for each a E. Ö



and for all s , t w·ith s -+ t. Combining these eonditions proves the

corollary.O

From this, the following sufficient condition for harmonicity is immediate.

COROLLARY 2.3. Let f S : C/T -+F be holomorphic, with respect to J on-
G/T and the almost eomplex structure on F given by -+ Assume in----
addition pa. a for all +

and allthat o 0 and Qst = 0 a. E. Ö S , t
st ---- ----

with s -+ i -+ t or t -+ i + s Then f = TI. " f
e

is harmonie. 0
v. 1

1

With respect to the map

-to we define associated

fand the almost complex structure given byv.
1 maps

f: CI! --;.. GI' (a:n + 1)
1 b

[v.J
Jj-+i

In other words,b ) •=dirn B

where a + b = n, by taking the orbits of the subspaces A =

B ~ ~ [v.] (dirn A = a
.. J

f. (gT)l-+J ::;: ® [e(g)v.] , and similarly for f~. The Grassmannian
1 +1 '+1' J 1

Crk(~n) J h . (1 h~ has a standard omogeneaus metrlc ana ogous to t e one on
n n+1 .1.

~P used in ehapter I) which is defined on TXCrk(~ ) - Hom(X,X)

by (S,T) r----7 tr S*T. Using ·this metric on Gr
a

(a;n+l) ,Gr
b

(lI
n+ 1) we

have:

PROPOSITION 2.4.

all s, t with

Assurne that

s -+ i -}o t or

pa = 0 aod
st

t -+ 1 -+ S •

Qa = 0
st
Then

for all
+

a E tJ. and

E (f )
v.

1

= E(f~) + E(f~)
1 1

f. are respeetively
1

~ the homogeneous complex
0+1

(TAGra(lI: )1,0 =
1:I0m (A.L,A)

Horeover, if f e : G/T --;»F is holomorphic i-lith respect ~

we ~ 1n the situation of 2.3), then ,(: and
1

holomorphic 2nd anti-holomorphie with respeet

struetures specified on the Grassmanninns ~
n+1 .J..

(TBGrb ([ »1 0 = Hom(ß ,B),

J and -+ (i.e.



Proof. Using the definition of the metric on the Grassmannians, one

obtains the formula

E(f-:-)
~

:::;

where the second SUfi ~s over (j,k) with J ~ ~, k + i or j + i ,

k + i (c.f. (1) of ~heorem 2.1). These values of (j,k) are represented

by the shaded area of the matrix below:

i

~

Similarly

+
E(f.)

~

where the second surn 1S over (j,k) with 1 ~ J , 1 + k or 1 + J ,

i ~ k

1

~

Since by hypothesis all terms outside ehe i-th row and i-th column are

zero, we obtain

+
+

E( f .)
1

== ( I Pa.. 1
2

I a 1
2

)+ P ..
1J J 1

:::; E(f )
v.

1

(using 2.1).

The map lS holomorphic if and only if
+

for all a E: /).



and all s t with 1 f s , i -+ t Now, 1 -I s if and only if 1 l:I S,
or s -+ 1 . If s -+ . i , pa = Ü by the first hypothesis. If 1 = s ,

st
p~ ... 0 since [ lS holumurphic. Similarly, f. lS an ti-lw lamo rphic . 0
lt 8 1

The condition in corollary 2.3 is essentially the horizontality

condition of §3 of"[EH]= the induced map G/T---..;.F(i-l,i,n+1) into the
0+1

space of f1ags of the form {ü} ~ EO~ E. 1 ~ E. f E 1 = C is horizon-
1- 1 n+

tal with respect to the projection F(i-l,i,n+l) ~q:pn (Proposition

2.4 eorresponds then to (ii) of proposition 7.1 of [EW].) It is a strong
+eondition if rank G > 1 imp1ying in partieular that, for each C1 ~ 6

the map

tI: p 1~ G/T ~ [pIl

a v.
1

e(g) X ,

1
is harmonie, where 0:: [P - C/T

L( SU2) :; [e, e ,h]~ L( G) .
a -0. Cl

If w
k

is the Kähler form of

lS defined by fX(gT) =

of proposition 1.6 gives

lS indueed by the inclusion

Gr
k

(cn + 1) , and [x: G/T--;;.Gr
k
([n+l)

then a ealculation similar to that in (4)

E'(f ) - E"(f )
X X =

In the situation of 2.4, hence

E(f )
V.

1

(El(f~) - E"(f.))
1 1.

=

We may write this in terms of the maps

to denote the relevant group, we have

f 0 a as foliows.
v.

1

Using a suffix

=

and so



E(f )
v.
~

By proposition 2.4, applied to each f (I a ,
v.

1

E(f .~)
v.

1

=
+

<(f. • a) ?tw ,K
SU

>SU
1 a 2 2

G =it is whenrank G >Now, although KG is not a closed form if

SU Z ' So «f:.a)*wb,Ksuz>Suz' «f:.a)*Wa,Ksuz>Suz represent the

topological degrees of f:.a f~.a (i.e., up to a constant, the
1 1

integers given by the induced maps on second cohomology groups); this

i.e. without assuming the full hypotheses of corollary

fact was noticed in a more general context by A. Lichnerowicz - see §9

of [EL]. In chapter 111 we shall show that E(f ) may be expressed in
v.

terms of degrees of holomorphic and anti-holomorpfiic maps whenever f
v.

1is harmonie,

2.3.

A stronger result than 2.3 (apparently without a simple interpretat-

10n of E(f )
v.

of [BwJ. 1

however), is the following version oE proposition 1.6

PROPOSITION 2.5. Let Ee
almost complex structure J

G/T---;>F be holomorphic, with respect ~ an

\oJhich corresponds to the relation -+ Assume

in addition that J satisfies the eondition

a -+ i i -+ b b -+ a for all i,a,b.

Then f :::t TI. CI f 15 harmonie.
v. 1 e

1

Proof. +Let a E 6 IE a -+ 1 -+ b , then b -~ Cl . Since Es 1S
paholomorphic, = 0 By corollary 2.2, E lS harmonie. 0ba v.

1



the subbundle whieh 15 vertieal with respeet to

The hypo thesis on J in 2.5 is in an ohvious sense the opposite of the

integrability condition for an almost eomplex strueture. Hhen TI. lS
1

neither holomorphie nor anti-holomorphic, such an almost complex strueture

J is the result of taking a eomplex strueture on Fand reversing it on

TI.
1

Finally, we note that the hypotheses of eorollary 2.3 and proposition

2.5 have the following property, whierr provides further jU5tifieation for

introducing the lltwistor space" F. If f s satisfies either of these

hypotheses, then so does P.f for any (n+1) x (n+1) comp1ex matrix P .

Sinee one can in fact replaee f e by any smooth map in 2.3 and 2.5 (e.f.

the remarks in the introduetion), one deduces that all maps of the form

lT i 0 P.f e are harmonie. (To be more preeise, on1y those P are a110wed.

for whieh TI i 0 P. f 0 15 cle f ined.) For examp 1e, a 11 harmonie maps .tt:P 1-7- q;p n

arise in this fashion (see [Gu 1J) .



CHAPTER 111

THE ENERGY OF A PROJECTIVE \.JE ICItT üRlllT

Let v be a weight veetor of unit length with weight A for the

representation e of G. From ehapter I we have

E(f )
v = K «( ~ O(e )O(e »)v,v»

a -0
a€6

Let e 1 ' ••• ,ern be an orthonormnl h~lsi s of L(G) such that

a basis of L(T) and eIl' ... , e 15 a basis of L(G/T)
1+ m

operator of e with respect to < , > , 1. e.

m
2

h
2

E SCe.) :::: E S(e.) 1: S(e )S(e ) ,
i=l 1 i:;;l 1 Cl -Cl

U€ß

and f
v

15 harmonie if and only if v is an eigenvector of ~ e(e )SCe )
0( €. 0. a -a

el, •.. ,e
h

is

The Casimir

1S a scalar operator on each irreducible submodule. If the submodule has
2 - -

maximal weight '\, this constant is -47T <'\,'\+20> where· 0 is half the

sum of the positive roots (see [J~).

PROPOSITION 3.1. The map f
v

: G/T ~~pn 1S harmonie if and only ii
<'\,'\+26> a <lJ,lJ+2tS> " [ar n11 lIlaximal \.,Iciglits '\, lJ or irrcuueible

submo(dules in which v has ~ ~-~ comronent. \~hen this ~ the case,

one has:

E(f )
v

::::
2 --

4n K«'\,A+2o> - <~,,\»

Proof. The first assertion follows from the discussion above. Ta prove the



Cl This may be

with e 2
1S the single positive

second assertion, use the formula above for E(f) together with
~ 2 ? ~ 2 2 v
E «6(e.) v,v» = -4n- L A(e.) = -4rr <A,A> 0

; .. I 1 I- I 1

For example, let G = SU
2

and let e = Sno- (as in example 2 oE chapter I).

An orthonormal basis for L(T) consists oE one element

extended to an orthonormal basis e
l
,e 2 ,e

3
of L(G) ,

(1/12)(e - e ) , e
3

= (i/12)(e + e ) where a
a -a a -a

root. The action of these elements on an orthonormal basis vO, ... ,vn
of weight vectors is easy to write down explicitly (see, for example, [Gu2J).

If v.
1

has weight n - 2i , so that has maximal weight n , one has

E' Cf )v.
1

E"(f )
V.

1

All the maps

=

K«8(e )S(e )v. ,v.»
a -a 1 ].

K«8(e )S(e )v. ,v.»
-(1 CX 1 1

(K/4)(i+l)(n-i)

(K/4)i(n-i+l)

f : Q:P 1 --7- q:pn
v.

1

are harmonie, since 8 15 irreducible, and

EI (f ) E"(f ) = (K/4) (n-2i)v. v.
1 1

EI (f ) + E"(f ) = (K/4)(n+2i(n-i»
v. v.

1 1

1n agreement with 1.6 .:lnd 3.1.

In the situation oE proposition 3.1 it 1S possible to interpret the

energy as a combination oE degrees of holomorphie and anti-holomorphic maps,

thus generalizing (the remarks following) proposition 2.4. To da chis we

shall use a basic result from representation theory.

THEOREH 3.2 (Freudenthal's Recursioll Formula). Let e be an irreducible

un itary represen tat ion 0 f G wi th maxima 1 \.,re igh t

~ E.. weight A of S be m(A) • Tilen

A. Let the multiplicity

«A+O,A+O> - <A+O,A+o»m(A) L + [ m(A+ka)<A+ka,a>
aell k2:1



Preof. See [Ja], ehapter VIII. 0

If ~ is an irredueible representation of G, the eomposition of ~

+
with the homomorphism Cl : SUZ-7G defined by Cl € 6 is a representat-

ion of SU
Z

' Sinee any irredueible representation of SU Z is of the

form Sn er for speIe n, w'e may write
Cl

r. Cl
1 n.

q,-a ;: 8 S 10- .

i c 1

Let A be a weight of
0(

in the surmnand Snc.. (J ,
some k~ with 0 ~ k~ S

1 1

to a harmonie map

q,. If the eorresponding weight of q,.a oeeurs

then it may be written in the form n~ - 2k~ for
1 1

Cln. . 1he eorresponding weight veetor gives rise
1

whose energy, Cl Cl
E(n.,k.)

1 1
say, we have ealeulated above:

E(n,k) = (K/4)(n+Zk(n-k» .

THEOREH 3.3. Let e be a unitary representation of G. Let v be a

weight vector of unie length with weight "A. Assurne that the map

f : G/T---?q:pn is harmonie.' Then
v

E(f )
v

where the integers n~ k~ are those obtained as explnined above from any
1 1

irredueible submodule 1n whieh v has a non-zero component.

Proef. Freuclenthal's"recursion formula lS equivalent to

«A,A+ZÖ> - <A,A»m(A) = [ L m(A+ka)<A+ka,a>
CLl:U k~O

(formula (19) of [Ja], ehapter VIII), hence one has\ (using 3.1)



E (f )
v

=
2(4n KG/m(\»( L + L m(\+ka)<\+ka,a> - L + L m(\-ka) <\-ka,a»

aEQ k~l a~ä k~l

where t he mu 1t ip 1ic i t ie s re fe r to any irreduc ib le submodu le in \.;h ich v

has a non-zero component. Let

E
a

E m(~+ka)<\+ka,a>

ki::l
L m(~-ka)<A-ka,a>

k,=l

for each
+

a E. ä The weights oE the irreuucible submodule of the form

';\'-ka occur in a "string" of the form A-pa, ... ,~, ... ,A+qa and one has

(see [Ja], chapter VIII)

Hence

<>,,,(1) = «p-q)/Z)<a,a>

Since

(2/<C1,a»E
a =

=

q P
L m(>..+ka) (p-q+2k) L m(>"-ka) (p-q-2k)

k=l k=l
q-l p-1

L m(>..+qa-ia)(p+q-2i) - L m(>..-pa+ia) (-p-Q+2i) .
i=O i=O

E(n,k) = (KSU /4) (n+2k(n-k»
2 .

k-I n-k-l
::I (K

SU
/4)( L (n-2i) L (-n+2k) )

2 i::Q i=O

the result follows.Cl

This should be compared with the formula (from chapter 11)

E(f )
V.

1

C8n
2

KG/KSU ) [+ <a,a>E(fv. D a)
2 af6 1

which holds under the more restrictive hypotheses of corollary 2.3.
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