PRIME AND COMPOSITE LAURENT POLYNOMIALS

F. PAKOVICH

ABSTRACT. In his paper [15] Ritt constructed a decomposition theory of poly-
nomials and described explicitly polynomial solutions of the functional equa-
tion f(p(z)) = g(q(2)). In this paper we construct a self-contained decompo-
sition theory of rational functions with at most two poles. In particular, we
give new proofs of the theorems of Ritt and of the theorem of Bilu and Tichy.
Besides, we study general properties of the equation above in the case when
f,9,p,q are holomorphic functions on compact Riemann surfaces.

1. INTRODUCTION

Let F'(z) be a rational function with complex coefficients. The function F'(z) is
called indecomposable if the equality F' = F} o Fy, where F(z), F»(z) are rational
functions and Fj o Fy denotes a superposition F;(Fy(z)), implies that at least one
of the functions Fi(z), F5(z) is of degree one. Clearly, any rational function F(z)
can be decomposed into a composition F' = F,. o F,._1 o --- o F; of indecomposable
rational functions. We will call such decompositions maximal.

In general, a rational function may have many maximal decompositions and the
ultimate goal of the decomposition theory of rational functions is to describe a gen-
eral structure of all such decompositions up to an equivalence, where by definition
two decompositions

F=FioFyo---0F, and F=G;0Gy0---0G,,

which may or may not be maximal, are called equivalent if there exist Mobius
transformations p;, 1 <i <r — 1, such that

i =Gyopu, Fi:,u;lloGiO,ui, l<i<r, and F,.:,u;_lloGr.

Essentially, the unique case when this problem is completely solved is the one
investigated by Ritt in his classical paper [15] concerning the situation when F(z)
is a polynomial.

The Ritt results can be summarized as a union of two theorems usually called
the first and the second Ritt theorems (see [15] and also [18], [17] for the case when
the ground field is distinct form C). The first Ritt theorem states that any two
maximal decompositions D, € of a polynomial P(z) have an equal number of terms
and there exists a chain of decompositions F;, 1 < i < s, of P(2) such that F; = D,
Fs ~ &, and F;4; is obtained from F;, 1 <i < s—1, by a change of a segment of
F; consisting of two consecutive terms A o B to a new segment C o D such that

(1) AoC =DBoD.
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The first Ritt theorem reduces the decomposition problem of polynomials to a
description of indecomposable polynomial solutions of equation (1). The second
Ritt theorem gives such a description and states that if (1) holds and the decompo-
sitions Ao B and C' o D are not equivalent then there exist M&bius transformations
u1(z), p2(z) such that

A=p0A, B=poB, C=Copuy, D=Dopuy

and either
AOBNTnOTm, C'ODNTmOTn,
for the Chebyshev polynomials T, (%), T, (z) and GCD(n,m) =1, or
AoB~z"02"R(z"), CoD~z"R"(z)o02z™,
for a polynomial R(z) and GCD(n,m) = 1.

For arbitrary rational functions the first Ritt theorem fails to be true. Fur-
thermore, there exist rational functions with maximal decompositions of different
lengths. The simplest examples of this phenomenon can be constructed with the use
of rational functions f(z) which are the Galois coverings. Notice that all the func-
tions with this property were described by F. Klein in his famous book [8]. They
are related to the finite subgroups C,,, D,,, A4, Ss, As of Aut CP' and nowadays
can be interpreted as Belyi functions of the Platonic solids [4], [10].

The reason for the choice of these functions as possible counterexamples to the
first Ritt theorem is the fact that for such a function f(z) maximal decompositions
of f(z) correspond to maximal chains of subgroups

e=G,CG,_1C .. CGy=G,

where G is the monodromy group of f(z). Therefore, in order to find maximal
decompositions of different lengths of f it is enough to find the corresponding
chains of subgroups of G. For C, and D,, such chains do not exist but already
for G = A4 they do. The corresponidng decompositions of different lenght of a
function f(z) were found explicitely in [5]. If f(z) is normalized to be the Belyi
function for the tetrahedron (see [10])

=—64—7"—
then these decompositions take especially simple form:
(z+1)3 3 3 z—1 2242
=64 = —64
f(z) Rl f(z) 0 1%

(M. Zieve communicated to us [19] that actually these examples essentially were
mentioned already by Ritt in his paper [16] although Ritt did not write the corre-
sponding decompositions in an explicit form).

Notice that the problem of description of polynomial solutions of (1) is essentially
equivalent to the problem of description of the algebraic curves of the form

(2) A(z) = B(y) =0

which have a factor of genus zero with one point at infinity. A more general question
of description of curves (2) having a factor of genus 0 with at most two points at
infinity is closely connected to the number theory and was studied in the papers
of Fried [6] and Bilu and Tichy [2]. In particular, in [2] an explicit list of such
curves was obtained. Another important result concerning functional equation (1),
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obtained by Avanzi and Zannier [1], gives a description of rational solutions of (1)
under condition that A(z) and B(z) are polynomials equal between themselves.
Finally, notice that the problem of description of rational solutions of (1) under
condition that C(z), D(z) are polynomials is quite simple and essentially reduces
to the Ritt theorem [14].

It turns out that a fruitful way to investigate general properties of equation (1)
is to study the structure of its possible solutions C(z), D(z) for fixed A(z), B(z). In
the first part of this paper we develop this approach in a more general context of
holomorphic functions on compact Riemann surfaces. Namely, we investigate the
equation

(3) h=fop=gogq,

where f : C; — CP!, g : Cy — CP! are fixed holomorphic functions on fixed
Riemann surfaces C;,Cy and h: C — CP!, p: C — C1, q: C — Co are unknown
holomorphic functions on unknown Riemann surface C. In subsection 2.1 we give
a description of the general structure of solutions of (3). We show (Theorem 2.1)
that there exists a finite number o(f, g) of solutions h;(2),p;(2),q;(z) of (3) such
that any other solution has the form

h=hjow, p=pow, ¢=qouw,
where w(z) is a holomorphic function and
fop~fopj,  gog~gog.
Moreover, we describe explicitly the monodromy of h;(z) via the monodromy of
f(2),9(2).

Theorem 1 naturally distinguishes a class of pairs of holomorphic functions such
that o(f, g) = 1. We will call the pairs from this class irreducible, since if f(z), g(2)
are polynomials then the condition o( f, g) = 1 is equivalent to the condition that the
algebraic curve f(z) — g(y) = 0 is irreducible. In subsection 2.2 we give (Theorem
2.2) a topological criterion for a pair f(z),g(z) to be irreducible. As a corollary
we obtain the following result (Theorem 2.3) which generalizes the corresponding
result of Fried [7] about polynomials: if a pair of holomorphic functions f(z), g(2)
is reducible then there exist holomorphic functions f(z) §(z), p(z), ¢(z) such that

f="Ffop, g=gogq
and the normalizations of f(z) and j(z) coincide. We also show (Theorem 2.4) that
if (3) is a double decomposition with indecomposable p(z), ¢(z) and the pair f(z),
g(z) is irreducible then f(z), g(z) are indecomposable.

Further, in subsection 2.3 of the first part of the paper we establish (Proposition
2.4) an important property of equation (3) in the case when f(z), g(z) are “general-
ized” polynomials that is holomorphic functions for which the preimage of infinity
contains a unique point. In particular, Proposition 2.4 implies (Corollary 2.5) that
if A(z), B(z) are “usual” polynomials of the same degree and C(z), D(z) are ratio-
nal functions such that equality (1) holds then there exist rational functions C(z),
D(z), W(z) such that

C=CoW, D=DoW
and C(z) and D(z) have an equal number of poles all of which are simple. This is
a generalization of a well known fact that two decompositions A o C and B o D of
a polynomial P(z) for which deg A(z) = deg B(z) are equivalent.
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Finally, in subsection 2.4 we introduce a notion of a closed class of rational
function as of a subset H of C(z) such that the condition G o H € H implies that
G € H, H € H. For example, for fixed k > 1 the set R consisting of the rational
functions F'(z) for which

min ({FH{z}} <k

is a closed class and the Ritt theorems can be interpreted as a decomposition theory
for the class Ry. We show (Theorem 2.5) that in order to check that the first Ritt
theorem holds for all functions from a closed class J it is enough to check that it
holds for the functions from a certain subset of H related to reducible pairs from
H. This criterion is useful since the corresponding subset is considerably less than
H. For example, for the class R; this subset turns out to be empty that implies in
particular the truth of the first Ritt for this class (Proposition 2.5).

In connection with the first Ritt theorem let us mention also the following ob-
servation which is a direct corollary of Theorem 2.4. If a rational function F'(z) has
two decompositions

FioFyo ... 0F.,=G10Gy0 ... oGy

for which the conclusion of the first Ritt theorem does not hold then the algebraic
curve corresponding to the equation

(FloFyo..0F,_1)(z) = (GioGs0 ... 0G,_1)(y) =0

is necessarily reducible.

In the second part of this paper, using the results of the first part, we construct
explicitly a decomposition theory for the class Ro. The reason for the investigation
of this problem is twofold. On the one hand, this is a natural generalization of
the Ritt theory. On the other hand, the decompositions of polynomials play an
important role in the polynomial moment problem (see [13], [3]) which arose recently
in connection with the “model” problem for the Poincare center-focus problem. The
corresponding moment problem for Laurent polynomials, which is related to the
Poincare problem even to a greater extent than the polynomial moment problem,
is still open and a decomposition theory for Rs can be considered as a preliminary
step in the investigation of this problem.

Clearly, the description of double decompositions (3) of functions h € R, is essen-
tially equivalent to the corresponding problem for Laurent polynomials and, since
a Laurent polynomial has at most two poles, any such decomposition is equivalent
to one of the following three decompositions:

(4) AoLy =Lyoz

where A(z) is a polynomial and L;(z), L2(z) are Laurent polynomials,

(5) AoLy=BolLs

where A(z), B(z) are polynomials and L;(z), Ly(z) are Laurent polynomials, and
(6) Lioz™ = Lyo2%,

where L1(2), La(z) are Laurent polynomials.
It is easy to see however that equality (6) implies that

L1:LozD/d1, LQZLOZD/d27
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for some Laurent polynomial L(z) and D = LCM(dy,ds). Furthermore, using
Corollary 2.5 and some reasonings involving symmetries of the sphere, we show
(Theorem 3.1) that any decompositions (4) is related either to a decomposition

2" o z"L(2") = 2"L™(z) 0 2",
or to a decomposition

Too g™+ ) = 5(" + o) 02",
where L(z) is a Laurent polynomial and T),(z) is the nth Chebyshev polynomial.

Finally, the description of solutions of equation (5) is equivalent to the problem
of description of curves (2), having a factor of genus 0 with at most two points at
infinity, together with the corresponding parameterizations. Although the results
of Fried and of Bilu and Tichy cited above reduce this problem solely to the finding
of the corresponding parameterizations, in view of the great importance of equation
(5) we provide an independent treatment of this equation since we believe that our
method contains some new ideas which permit to simplify and clarify the existent
approach to the problem.

Our analysis of equation (5) splits into three parts. In subsection 3.2 we describe
solutions of (5) in the case when deg A(z) = deg B(z). Further, in subsection 3.3
using this description we reduce the general case to the one when the pair A(z),
B(z) is irreducible. Finally, in subsection 3.4 we solve (5) in the case when the pair
A(z), B(z) is irreducible. Here we propose a version of the formula for the genus g
of curve (2) which permits to analyse the condition g = 0 in a convenient way and
allows us to replace the conception of “extra” points which goes back to Ritt to a
more transparent notion.

Eventually, in the end of the paper as a direct application of the classification of
double decompositions and Theorem 2.5 we show that the first Ritt theorem extends
to the class Ro. The results of the second part of the paper can be summarized in
the form of the following theorem which absorbs in particular the Ritt theorems
and the Bilu-Tichy theorem.

Theorem 1.1 Let

Zm

L=AoC=BoD
be a double decomposition of a rational function L € Ry. Then either Ao C is
equivalent to B o D or there exist rational functions U, W, A, B € Ry such that

i) A=UocA, B=UoB, C=CoW, D=DoW,

i) AoC=BoD,

and, up to a possible change of A to B and of C to D, one of the following conditions
holds:

1) Ao B~ 2"02"L(2"), CoD~2"L"(2) 02",
where L(z) is a Laurent polynomial, r > 0, n > 1, and GCD(n,r) = 1,

~ ~ 2—
) AoCms2ol L 22

), BoD~(1-2%)5%z)o0 ;

2241
where S(z) is a polynomial,
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3) Aoéanon, BoﬁNTmon
where T, (2), T, (z) are Chebyshev polynomials, m,n > 1, and GCD(n,m) = 1,

- 1 1 ~ 1
4) AoCNTnog(zm—i-me), BoDwa(zm—&-fm)oz",
where m,n > 1 and GCD(n,m) =1,
L 1 5 L 1 1
5) Aon—Tnlo§(62m+zim), BoD o~ Two (=" + ),
where Tpy(2), Tmi(2) are Chebyshev polynomials, m,n > 1,1 > 1, e = —1, and
GCD(n,m) =1,
- 3(32% + 423 — 622 442 1)
2 3
6) AoC~ (2" =1)°0 (322 — 1)2 )
. 4(92% — 924 + 1823 — 1522 + 62 — 1)
4 3
BoD ~ (32" —42°) o B2 1) .

Furthermore, if D,E are two maximal decompositions of L then there exists a
chain of decompositions F;, 1 <i < s, of L such that F1 =D, F; ~ &, and F; 41 is
obtained from F;, 1 < i < s—1, by a change of a segment of F; consisting of two
consecutive terms Ao C to a new segment B o D such that Ao C = Bo D.

Acknowledgments. This paper was written mostly during the visits of the author
to the Max-Planck-Institut fiir Mathematik in Summer 2005 and Spring 2007 and
the author would like to thank the Max-Planck-Institut for the hospitality. Besides,
the author is grateful to Y. Bilu, M. Muzychuk and M. Zieve for discussions of the
preliminary results of this paper.

2. FUNCTIONAL EQUATION h= fop=goq

2.1. Fundamental system of solutions. In this subsection we establish some
general properties of the functional equation h = fop = gogq, where f : C; — CP!,
g : Cy — CP! are fixed holomorphic functions on fixed Riemann surfaces C;, Co
and h: C — CP!,p: C — Cy, q: C — Co are unknown holomorphic functions on
unknown Riemann surface C.

Let S C CP! be a union of branch points of f and g and let z; be a point
from CP!\ S. Recall that for any collection consisting of a Riemann surface R,
holomorphic function p : R — CP' non ramified outside of S, and a point e €
p {20} the homomorphism of the fundamental groups

Px: wl(R\p_l{S},e) - WI(CPI \S, ZO)

is a monomorphism such that its image I';, . is a subgroup of finite index in the group
71 (CPI\ S, 2g), and vice versa if T is a subgroup of finite index in 1 (CP!\ S, 2g) then
there exist a Riemann surface R, a function p : R — CP!, and a point e € p~1{z}
such that

pe(m(R\p~'{S}e)) =T.
Furthermore, this correspondence descends to a one-to-one correspondence between
conjugacy classes of subgroup of index d in w1 (CP! \ S, 29) and equivalence classes
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of holomorphic functions of degree d non ramified outside of S, where functions
p: R — CP! and p : R — CP! are considered as equivalent if there exists an
isomorphism w : R — R such that p = p o w.

For p; : Ry — CP', e; € p;* {20} and pa : Ry — CP', ey € p; {20} the groups
I'p e, and I'y, ¢, coincide if and only if there exists an isomorphism w : Ry — R»
such that p; = ps o w and w(e;) = e3. More general, the inclusion

FPhEl g PP2,62

holds if and only if there exists a holomorphic function w : R; — Rs such that
p1 = p2ow and w(e1) = ez and in case if such a function exists it is defined in a
unique way.

In view of the fact that the coverings of Riemann surfaces are identified with
holomorphic functions the results above follow from the corresponding results about
coverings (see e.g. [11]).

Proposition 2.1. Let f : C; — CP', g : Cy — CP! be holomorphic functions.
Then for any a € f~Yzo} and b € g~ {20} there exist a holomorphic function
h : C — CP, a point ¢ € h™1{2}, and holomorphic functions u : C — Ci,
v: C — Cy such that

(7) h=fou=gowv, wu(c)=a, wv(c)=0.
Furthermore, the function h(z) has the following property: if

(8) h=fop=gogq, p@=a, q@=>b

for some holomorphic function h : R — CP, point & € h={20}, and holomorphic
functions p : R — Cy, q : R — Cs, then there exists a holomorphic function
w: R — C such that

(9) h=how, p=wuow, ¢=uvow, w(e) = e

Proof. Indeed, it is easy to see that for the pair h : C — CP!, ¢ € h™ {2}
corresponding to the subgroup I'y, N Ty, equalities (7) hold. Furthermore, if
equalities (8) hold then I'; ; C I'y, . and therefore h = h o for some W : R — C,
such that @w(¢) = ¢. Since

(uow)(¢) =a=p(c), (vow)()="b=q(c)
we conclude that
p=uow, q=vow. (|

Fix a numeration {z1,zs,...,2.} of points of S and let h : R — CP! be a
holomorphic function non ramified outside of S. For each 7, 1 < ¢ < r, a small loop
around f3; after lifting by h(z) induces a permutation «;(h) of points of h=1{z}.
Furthermore, the equality aq(h)as(h)...a,.(h) =1 holds and the group G), gener-
ated by a;(h), 1 <i <r,is transitive. The group G, is called the monodromy group
of p(z). Clearly, the representation of cv;(h), 1 < i < r, by elements of the symmetric
group Sy depends on the numeration of points of h={z} but the conjugacy class
of the corresponding collection of permutations is well defined. Moreover, there is
a one-to-one correspondence between equivalence classes of holomorphic functions
of degree d non ramified outside of S and conjugacy classes of ordered collections
of permutations a;, 1 < i < r, from Sy generating a transitive permutation group
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and such that cjas... . =1 (see e.g. [12], Corollary 4.10). We will denote the
conjugacy class corresponding to the function h(z) by a&(h).
Notice that if
on : m(CP'\ S, 29) — G,

is a homomorphism which sends (; to «a;, 1 < i < r, then the preimages of the
stabilizers of the elements of {1,2,...,d} in G} coincide with the groups I'y .,
e € h™'{20}. On the other hand, if a group T, . for some e € h=!{z} is given then
the collection of permutations «;, 1 < ¢ < 7, induced on the cosets of I'y, . by 3,
1 < i <r,is a representative of &(h).

Recall that if h = fop is a decomposition of a holomorphic function h : R — CP!
of degree d into a composition of holomorphic functions p: R — C and f: C —
CP' then the group G} has an imprimitivity system € such that the collection of
permutations of blocks of € induced by «;(h), 1 < i < r, is a representative of
a(f). Namely, after an identification of the set h={z} with the set {1,2,...,d}
the blocks of Q coincide with the preimages p~1{t} of the points t € f~{z}.
Furthermore, two different decompositions h = fop and h = f op, where f: C —
CP' and p: R — C lead to the same imprimitivity system if and only there exists
an automorphism p : C — C such that

f=Ffou ™, p=pop.
We will call such decompositions equivalent. Vice versa, if G, has an imprimitivity
system €2 such that the collection of permutations of blocks of Q2 induced by «a;(h),
1 < <, is a representative of &(f) then there exists a function p : R — C such
that h = fop. Therefore, non-equivalent decompositions of h(z) are in a one-to-one
correspondence with imprimitivity systems of Gj,.

Notice that the blocks of two imprimitivity systems 21 and 29, corresponding to
decompositions h = f;op; and h = foop, for some f; : C; — CP!, f, : Cy — CP!,
p1: R— Cq,pa: R— (5, and containing a common element, have an intersection
of the cardinality d if and only if there exist a holomorphic function w: R — R of
degree d and holomorphic functions p; : R — Cy, po: R — (5 such that

b1 =p1ow, P2 = p2ow.

In particular, the function p(z) in a decomposition h = f o p is defined by the
corresponding imprimitivity system and a choice of f(z) in a unique way up to a
composition w o p with an automorphism w of the surface C' such that fow = f.
Notice also that the set of all blocks of GG, containing a fixed element 7 is in a one-
to-one correspondence with the subgroups G of G}, containing the stabilizer G}, ; of
1. Namely, if G is such a group then its orbit containing 7 is a block. In particular,
a function h(z) is indecomposable if and only if G}, ; is a maximal subgroup of Gj,.

Let f: C; — CP! be a holomorphic function of degree n and g : Cy — CP!
be a holomorphic function of degree m. Fix some representatives «;(f), «;(g),
1 <4 <s, of the classes &(f), &(g) and define permutations 01,02, ...,0, € Spm as

follows: consider the set of mn elements c¢j, j,, 1 < j1 < n, 1 < j2 < m, and set
Ji = VY
Citia = CilLdhs where

jr=gm0, =4 1<i<s

It is convenient to consider c;, j,, 1 < j1 < n, 1 < ja < m, as elements of a
n X m matrix M. Then the action of the permutation d;, 1 < ¢ < r, reduces to
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the permutation of rows of M in accordance with the permutation a;(f) and the
permutation of columns of M in accordance with the permutation a;(g).

In general the permutation group I'(f,g) generated by d;, 1 < i < 7, is not
transitive on the set ¢;, j,, 1 < ji1 < n, 1 < jo < m. Denote by o(f,g) the number
of transitivity sets of the group I'(f,g) and let 6;(4), 1 < j < o(f,g9), 1 <i<r, be
a permutation induced by the permutations d;, 1 < ¢ < r, on the transitivity set
Uj, 1 <j <o(f,g). Since for any j, 1 < j < o(f, g), the equality

61(5)82(4) .- 6-(j) =1
holds there exist holomorphic functions h; : R; — CP!, 1 < j < o(f, g), such that
the collection 6;(j), 1 <@ < r, is a representative of &(h;).

By construction the group G; generating by 6;(j), 1 < ¢ < s, is transitive and
has two imprimitivity systems Qf(j),Q24(j) such that the permutation of blocks
of Qf(j) (resp. of Qg4(j)) induced by 6;(j), 1 < ¢ < r, is a representative of &(f)
(resp. of &(g)). Therefore, there exist holomorphic functions u; : R; — Cy and
v; : Rj — Cy such that

(10) hj = fou;=gouvj.

Theorem 2.1. Let f : C; — CP', g : Cy — CP! be holomorphic functions.
Suppose that h: R — CP' is a holomorphic function such that

(11) h=fop=goq
for some holomorphic functions p: R — C1 and q: R — Cs. Then there exists a
number j, 1 < j < o(f,g), and holomorphic functions w: R — R;, p: R; — C,
G: Rj — Cs, such that
(12) h=hjow, p=pow, ¢=Gjow
and

fop~ fouy, gogn~ gouwj.
Proof. Tt is enough to prove that for any choice of points a € f~'{z} and b €
9 {20} the class of permutations &(h) for the corresponding function h(z) from
Proposition 2.1 coincides with &(h;) for some j, 1 < j < o(f,g). On the other
hand, the last statement is equivalent to the statement that for any a € f~{zo},
be g {2} there exists j, 1 < j < o(f,g), and an element c of the transitivity set

U; such that the group I's , N I'yp is the preimage of the stabilizer G . of ¢ in the
group G; under the homomorphism

(phj : wl((CIP’l \S,Zo) — Gj.

Let | be a number which corresponds to the point a under the identification of
the set f~1{z0} with the set {1,2,...,n}, k be a number which corresponds to the
point b under the identification of the set g={zg} with the set {1,2,...,m}, and
U; be a transitivity set for the group I'(f, g) containing the element ¢; . We have:

Tro=9; {Gri}d, Top =0, {Grr}.
Furthermore, if
Y1 Gy =Gy, Y2 Gy — G
are homomorphisms which send «;(f), 1 < i < r, (resp. a;(g), 1 < i <) to
a;(h;), 1 <i<r, then

Gri=v1 A}, Gor =13 {Bi},
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where A; (resp. By) is a subgroup of G; which transforms the set of elements
¢jy.j» € Uj for which j1 = a (resp. jo =b) to itself.
Observe now that
1 o@f =120py; = @p,.
Therefore,
TraNTep=(¥109s)  {A} N (200,) {Br} =

= on {A} N, (B} = ¢, {AiN B} = ¢, {Gye}. D

Let g(R;) be the genus of the surface R;, 1 < j < o(f, g), on which the function
hj(z) is defined. Notice that Proposition 2.1 implies in particular that if h: R —
CP! is a holomorphic function which satisfies equation (11) for some functions
p: R — C; and ¢ : R — C3 then necessary g(R) > min,; g(R;). In particular, if
min; g(R;) > 0 then (11) does not have rational solutions.

Denote by
)\1 = (f1,17f1,27-"7f1,u1)7 a/\r = (fr,lafr,Qv '-'7f7“,ur)

and
H1 = (91,1791,27 "'791,1}1)7 Y (g'r‘,17g7”,23 "'ag'r‘,'ur)
the collections of partitions of the numbers n = deg f(z) and m = degg(z) corre-

sponding to the decompositions of the permutations «;(f), 1 < i < r, and «;(g),
1 <4 < r, into products of disjoint cycles.

Proposition 2.2. The formula

rooug v o(f.9)
(13) > 3> GCD(fijygi4,) = (r—2nm+2-2 Y g(R))
i=1 ji=1ja=1 i=1

holds.
Proof. Indeed, if
l/l(j) = (cl,l(j)acl,Q(j)a "‘7cl,el(j)(j))7 7VT(j) = (CT,I(j)vcr,Q(j)a "'7cr,er(j)(j))

is a collection of partitions of the number |Uj|, 1 < j < o(f,g), corresponding to
decompositions of the permutations «;(h;), 1 < i < r, into products of disjoint
cycle then by the Riemann-Hurwitz formula we have:

S ey = (r = 2)|Uj| +2 - 29(R;)

i=1

and therefore
o(f.9) r o(f,9)
Z Zei(i) =(r—2)mn+2-2 Z g(R;).
j=1 i=1 j=1

On the other hand, it follows from the construction that the permutation J;,
1 <4 <r, contains
Uj Vg

Z Z GCD(fi,jlgi’b)

Jj1=172=1
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disjointed cycles and therefore

o(f,9) r s U; v,
DD cm =22 > GCD(fijigi5). O
j=1 =1 1=1 j1=1j2=1

2.2. Irreducible and reducible pairs. It follows from Theorem 2.1 that solutions
of (11) have especially simple form in the case when the group I'(f, g) is transitive
on the set ¢j, j,, 1 < j1 <n, 1< jo <m. In this case say that the pair of functions
f and g is irreducible otherwise say that it is reducible. In this subsection we study
properties of irreducible and reducible pairs.

Proposition 2.3. A pair of holomorphic functions f : C; — CP!, g : Cy — CP!
is 1rreducible whenever their degrees are coprime.

Proof. Let n = deg f, m = degg. Since the index of I'y , NIy, coincides with the
cardinality of the corresponding imprimitivity set U; it is clear that the pair f, g is
irreducible if and only if for any a € f~*{20}, b € g7 {20} the equality

(14) [T (CPY\ S, 20) : Tya NTyp] = nm

holds. Since the index of I’y N Ty in 7 (CP\ S, 29) is a multiple of the indices
of I'y, and Ty, in 71 (CP!\ S, 29), this index is necessary equals mn whenever n
and m are coprime.

Theorem 2.2. A pair of holomorphic functions f : C; — CP!, g : Cy — CP! is
irreducible if and only if for any a € f={20}, b € g7{20} the equality

(15) Tyalgp =Ty 0 =m(CP'\ S, 2)
holds.
Proof. Since
[71(CP'\ S,20) : Tyo Ny ] = [m1(CP'\ S, 20) : Ty 3] [Fg,b :TraNTyul,
the equality (14) is equivalent to the equality
(16) Lgp:TranTyp] =n.
On the other hand, for any subgroups A, B of finite index in a group G the inequality
{A,B}: Al > [B: AN B]

holds and the equality attains if and only if the groups A and B commute (see e.g.
[9], p. 79). Therefore,

n = [m(CP'\ S,20) : Tf.a] = [{Tf.0:Tgp} 1 Tral = Mg i Ta NTg,0]

and hence equality (16) holds if and only if 'y, and T'y; are permutable and
equality (15) holds. O

Corollary 2.1. Let f : C; — CP!, g : Cy — CP! be an irreducible pair of
holomorphic functions. Then any pair of holomorphic functions f : Ci — CP!',
g: Cy — CP! such that

f=Fop, g=3ogq
for some holomorphic functions p: C1 — Cy, q: Co — Cy is also irreducible.
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Proof. Indeed, it follows from the inclusions

Ita Clpa Tgp Clgs

for the corresponding subgroups that

Pralgp=Tgil7a = m(CP'\ S, 2). O

Recall that a holomorphic function f : C; — CP! is called normal if the subgroup
of Aut (C1) consisting from the automorphisms o for which f oo = f acts transi-
tively on the set f~'{20}. An equivalent condition is that for any a,b € f~1{z0}
the equality I's, = I'y;, holds. For a function f : C; — CP! denote by N(f) its
normalization that is a normal function which corresponds to the group

ﬂ Tfa

acf~zo}

Theorem 2.3. Let f : C; — CP', g : Cy — CP' be holomorphic functions.
Suppose that the pair f,g is reducible. Then there exist holomorphic functions
fi: C1 = CP! g, : Cy — CP!, andu: Cy — C1, v: Coy — Cs such that

(17) f=fiou, g=giow, and N(f1) = N(q)-
Proof. Without loss of generality we will assume that for any a € f~'{z0}, b €
g 20} the group C = {T's 4, 4} coincides with the group m; (CP! \ S, zo) since
otherwise C =T, . for some h: C — CP' and ¢ € h~'{z} such that
f=hou, g=hov
for some u: C; — C,v: Cy — C, and we can set f; = g1 = h.
Let a € f~20}, b € g7 {20} and let d(f) (resp. d(g)) be a maximal number
such that there exists a chains of subgroups
Ff,a =KoCKyC---C Kd(f) = 7T1((CP1 \ S, Zo)
(resp.
Typ=LoC Ly C -+ C Ly =m(CP'\ S, 2) ).
We use the induction on the number d = d(f) + d(g).

Consider first the case when d = 2 that is when both functions f, g are indecom-
posable. Since N(g) is a normal subgroup of w1 (CP! \ S, 29) we have:

(18) {0, N(9)} =T1aN(g) = N(9)Lf.a-
Furthermore, the equality d(f) = 1 implies that either

(19) {Ff,a7 N(«g)} = ny(l

or

(20) {Tra, N(g)} = mi(CP\ S, 2).

The last equality however would imply that
Ptalgs =Tl sa = m(CP'\ S, z0)

in contradiction with Proposition 2.2. Therefore, equality (19) holds and hence
N(g) CTy,. Since this inclusion holds for any a € f~'{z0} we conclude that

N@) S () Tra=N()
a€f~'{z0}
The same arguments show that N(f) C N(g). Therefore, N(g) = N(f).
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Suppose now that the proposition is proved for all pairs with d < n and let f, g
be a pair with d = n. If N(f) = N(g) then we can set f; = f, g1 = g so assume
that N(f) # N(g). Then either there exists a € f~1{z} such that

Ff,a - {Ff,aaN(g)}v
or there there exists b € g~ {2} such that

Lgp C{Tg, N(f)}-

Suppose that say I'y, is a proper subgroup of the group G = {I'j,, N(g)} for
some a € f~1{zp}. Since equality (20) is impossible this implies that there exist
h: C — CP! and ¢ € h™*{z} such that G =T}, ...

Observe that the groups I'y, . and I'y; do not commute since otherwise in view
of equality (18) we would have:

Tralgp =Tra(N(@)Tgp) = TraN(9) g =Ty p(TraN(g)) =

=T p(N(@)fa) = (Cgp(N(@)Tpa =Tygplsa-
Therefore, the pair h,g is reducible. Since by construction f = h o p for some
p: C1 — Cand degh(z) < deg f(z), the proposition follows now from the induction
assumption. [J

Theorem 2.4. Let f : C; — CP', g : C, — CP! be an irreducible pair of
holomorphic functions andp : C' — C1, q: C — C5 be indecomposable holomorphic
functions such that fop=goq. Then f(z) and g(z) are indecomposable.

Proof. Fix a point ¢ € h™'{zy}, where h = f o p = g o q. To the decompositions
fopand goq correspond the inclusions

Che Clrer The Clgas,
where 1 = p(c), z2 = ¢q(c). Furthermore, it follows from the indecomposability of
p(2) and ¢(z) that
(21) Fhe=Tfa Mg,
In order to prove the theorem it is enough to show that if I' C 7y (CP! \ S, 29) is a
group such that
(22) Ff7w1 cr
then I' = 7 (CP! \ S, 20).

Consider the intersection
I =TNTyq,.

By Theorem 2.2

Ly lga, =m ((C]P)l \ S, 20)-
Therefore,

Frg@Q =T ((C]Pl \ S, Zo).
By the statement cited in Theorem 2.2 we have:
[11(CP'\ S, 20) : Tf0] = [Coen i Thels  [11(CP\ S, 20) : T] = [Ty, : Tl

Therefore, (22) implies that I', . C I';. Since I'y C Ty 5, it follows now from the
indecomposability of ¢(z) that I'y = I'y ;,. Therefore, I's ;. T'g ., € T' and hence
['=m(CP\ S, 2). O

Notice implicitly the following corollary of Theorem 2.4.
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Corollary 2.2. Suppose that a rational function f(z) has two mazimal decompo-
sitions
frofrm10 . 0ofi=gs09gs-10...0q
for which the conclusion of the first Ritt theorem does not hold. Set
frofr_10...0fy= 2123, Js O gs—10 ... 09222287
where A1(z), B1(z) and As(z), Ba(z) are pairs of polynomials with no common
roots. Then the algebraic curve

Ai(z)B2(y) — A2(y)Bi(x) =0

is reducible. [

2.3. Double decompositions involving generalized polynomials. Say that a
holomorphic function h : C' — CP! is a generalized polynomial if h~*{oo} consists
of a unique point. The double decompositions f op = go ¢ for which f(z), g(z) are
generalized polynomials have a number of special properties.

Corollary 2.3. If, in notation of Theorem 2.3, the functions f(z),g(z) are gener-
alized polynomials then deg f1 = deg g1 .

Proof. Indeed, the group corresponding to N(f;) can obtained by a consecutive
intersection of the groups I'y, 4, a € f| 1{20}. Since fi is a generalized polynomial,
it is easy to see that at each stage the permutation corresponding to the loop around
infinity of the corresponding permutation group consists of cycles of length equals
to the degree f; only. Therefore, the same is true for N(f;). Hence N(f1) = N(g1)
implies that deg f1 = degg;. O

Proposition 2.4. Let f : C; — CP!, g : Cy — CP! be generalized polynomials,
n = deg f(z), m = degg(z). Set yy = f~*{oo},y, = g~ *{oo}, I = LCM(n,m).
Suppose that there exist holomorphic functions p: R — Cy, q: R — Cs such that

(23) fop=goq.

Then there exist holomorphic functionsw: R— C,p: C — Cy, §: C — Csq, such
that

(24) p=pow, q=jou

and the following property holds: the multiplicity of any point from p~*{ys} equals
I/n while the multiplicity of any point from ¢~ {y,} equals I/m.

Proof. Set h = fop = gogq. Let J (resp. J) be an imprimitivity system of the group
Gy, C S, corresponding to the decomposition h = fop (resp. h = goq) and J;
(resp. J1) be a block of J (resp. J) containing 1. The equality (24) holds for some
function w(z) of degree greater than one if and only if |J; N J;| > 1, and without
loss of generality we can assume that |J; N J1| = 1. Therefore, in order to prove the
theorem it is enough to show that if the multiplicity k of some point from h~!{co}
with respect to h(z) is greater than [ then [J; N Jq| > 1.

Let 0 € G}, be a permutation corresponding to the loop around infinity. Consider
any cycle o from the decomposition of ¢ into a product of disjointed cycles. Without
loss of generality we can assume that o = (1,2,...,k). Since f(z) is a generalized
polynomial it is easy to see that the intersection of o with J; consists of numbers
congruent to 1 by modulo n. Similarly, the intersection of o with J; consists of
numbers congruent to 1 by modulo m. Therefore, if & > then [J; N J1| > 1. O
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Corollary 2.4. Suppose that under assumptions of Proposition 2.4 the function
h = fop = gogq is a generalized polynomial and deg f(z) = degg(z). Then
fop~goq.

Proof. Indeed, in this case the set p~*{ys} contains a unique point and the multi-

plicity of this point with respect to p(z) is one. Therefore p(z) is an automorphism.
The same is true for §(z). O

Let us mention explicitly the following specification of Proposition 2.4 which we
will use in the following.

Corollary 2.5. Let A(z), B(z) be polynomials of the same degree and C(z), D(z)
be rational functions such that

AoC=BoD.
Then there exist rational functions C(z), D(z) such that
C=CoW, D=DoW
and C(z), D(z) have equal number of poles all of which are simple. [

2.4. Ritt classes of rational functions. Say that a family of rational functions
H is a closed class if for any f € H the equality f = g o h implies that ¢ € H,
h € H. For example, rational functions for which

min 6{f {2} <k,

where k > 1 is a fixed number, form a closed class which we will denote by Ry.

Say that two maximal decompositions D, € of a rational function f(z) are weakly
equivalent if there exists a chain of decompositions F;, 1 <4 < s, of f(2z) such that
F1 =D, F, ~ &, and F;y; is obtained from F;, 1 <7 < s — 1, by a change of a
segment of F; consisting of two consecutive terms A o B to a new segment C o D
such that AoC' = Bo D. It is easy to see that this is indeed an equivalence relation
which we will denote by the symbol ~,,. Say that a closed class of rational functions
H is the Ritt class if any two maximal decompositions of any function f(z) from H
are weakly equivalent.

Finally, say that a double decomposition f op = g o g is elementary if p(z),
q(z) are indecomposable and there exist no rational functions f(z), §(z), u(z) with
degu(z) > 1 such that

f =uo f7 g =uo g’
and

fop=gogq.

Theorem 2.5. Let H be a closed class of rational functions. Suppose that for any
function h € H and any elementary double decomposition

h=fop=goq
such that the pair f(z),g(z) is reducible, for any choice of mazimal decompositions
J=ugoug—10---ouy, g=vov_10--0UV
the decompositions
h=ugouqg—10---ouyop, h=wvov_10---0vi0q

are weakly equivalent. Then H is the Ritt class.
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Proof. We use the induction on the degree of h(z). If deg h(z) = 1 then the conclu-
sion of the theorem is true.
Suppose now that degh(z) > 1 and let

Hi: h=frofr_10..0f1, Ho: h=gsogs—10..0q1
be two decompositions of a function h(z) € H. Set
f=frofr10..0f2, g=gsogs—10 .00

and consider the double decomposition

fofi=gog.
If this decomposition is elementary then Theorem 2.4 and the condition of the the-
orem imply that H; and 3y are weakly equivalent. Otherwise there exist rational
functions f(z), §(2), u(z), degu(z) > 1, such that

f=uof, g=wuoj

and the double decomposition
(25) fofi=gogq

is elementary.

Let
U= ou_10..0u, [=fuofa10.0fi, G=Gnodn-10 .00

be some maximal decompositions of the functions u(z), f(2), g(z). By the induction
assumption

frofr_10..0fy ~y wou_10 ... 0up ofn ofn,:[ o ...0 fi.
Therefore, also
(26) frofr_10 .. 0fa0f] ~y U OU_10 ... OUY ofn ofn,1 o ... ofl o fi.
In a similar way we conclude that
(27)  gs©0gs—10 ... 0G20 g ~g U OUI_1 O ... OUL O Gy © J—1 O -.. © 1 O g1-

Since the double decomposition (25) is elementary it follows from (26), (27) taking
into account Theorem 2.4 and the condition of the theorem that H; ~,, Ho. O

As an illustration of our approach let us prove the first Ritt theorem.
Proposition 2.5. The class Ry is the Ritt class.
Proof. Clearly, in view of Theorem 2.5 it is enough to prove that if
(28) fop=goq
is an elementary decomposition of a polynomial h(z) then the pair f(z), g(z) is
irreducible.

Assume the inverse. Then by Corollary 2.3 there exist polynomials f (2), 9(2),
deg f = deg g > 1, and rational functions u(z), v(z) such that

f=Ffou g=gou.
Since Corollary 2.4 implies that
fo(uop)~go(vog)

we obtain a contradiction with the assumption that (28) is elementary. O
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3. DECOMPOSITIONS OF LAURENT POLYNOMIALS
3.1. Solutions of equation (4).
Lemma 3.1. Let U(z),V(z) be rational functions such that

1 1
(29) Uoz":Vo§(z+;), n>1.
Then there exists a rational function R(z) such that
1 1
U:Ro§(z—|—;), V=RoT,.

Similarly, if
Uozh =Voz¥, dy,dy>1,
then there exists a rational function R(z) such that
U:RozD/dl, V:ROZD/dZ7
where D = LCM (dy, ds).

Proof. Since the function F(z) to which correspond decompositions (29) is invariant
with respect to the automorphisms a; : z — ez and as : 2z — % it is invariant
with respect to the group generated by a1, as and therefore

1 1
F=Ro-(Z"+ —
OQ(Z +zm)

for some rational function R(z). It follows now from

1 1 1 1
Ro 5(2 L—l——zm)——Ro §(z+ ;)oz” =Uo2z",
and 1 1 1 1 1 1
m
- alll G T o= N=Vo= 2.
Ro2(z +zm) Ro ”02(Z+z) 02(z—|—z)
that

1 1
U:Roi(z—i—f), V=RoT,.
z
The proof of the second part of the lemma is similar. O

Theorem 3.1. Suppose that polynomials A(z), D(z) and Laurent polynomials L1 (z),
Lo(z) (which are not polynomials) satisfy the equation

(30) AolLy=LyoD.

Then there exist polynomials P(z), A(z), D(z), W(z) and Laurent polynomials
Li(2), La(z) such that

i) A=PoA, Ly=PolLy,, Li=LioW, D=DoW,

i7) Aoilzigob,

and either

(31) Aoy ~z"0z"L(2"), LyoD~2z"L"(z)02",

where L(z) is a Laurent polynomial, r > 0, n > 1, and GCD(r,n) =1, or
o 1 1 ~ ~ 1 1

(32) AoLlenoi(zm+Z—m), LgoDwg(zanﬁ)oz”,

for some n > 1, m > 1, where T,(z) is the nth Chebyshev polynomial, and
GCD(m,n) = 1.
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Proof. Without loss of generality we can assume that D(z) = 2z¢ for some d > 1.
Set € = exp(2mi/d). We have:

(33) AoLi=LyoD=LyoDo(ez)=AoL;o(ez).
It follows from Proposition 2.4 that either
(34) Lio(ez) =poly

for some Mdbius transformation p(z) or, taking into account that L (z) is a Laurent
polynomial, that

(35) L, = (az—&—g)ozl, Lio(ez) = (dz—l—g)ozl

for some a, b, @,b € C distinct from zero and [ > 1.

In the first case, since p(z) transforms infinity to infinity, we see that u(z) is a
linear function. Furthermore, (34) implies that u°¢ = z and therefore u(z) = wz
for some dth root of unity w. Comparing the coefficients of both parts of formula
(34) we see that L;(z) has the form

(36) Li(z) = 2°L(z%)

for some Laurent polynomial L(z) and 0 < e < d. Set g = GCD(e,d). It follows
from (33), (34) that

Ao (wz) = A.
Therefore, since w = ¢, the equality
(37) A=Poz¥9
holds for some polynomial P(z).

By (30), (36), (37), we have:
(38) AoLi =Poz¥90z/9L(249) 0 29 = Ly 0 2%9 0 29,
Therefore,
Po2z¥902¢/90(2%9) = Ly 0 2%/9.

Since

Poz%902°/90(2%9) = P o z¢/9LY9 0 249,
this implies that
Ly=Poz/9Ls.
Setting now
W(z)=2% r=elg, n=d/g
we see that equalities (31) hold.
On the other hand, if equalities (35) hold then it follows from

b
Ao(az+ —)ozt = Lyo 2%,
z
by Lemma 3.1 that
(39) Ao(az—&-é):Lozk/l, Ly = Loz*4
z

for some Laurent polynomial L(z) and k = LCM(l,d). Let w be a complex number
such that w? = b/a. Since (39) implies that

L(w*'z) 0 2°/! = L((wz)*") = A(awz + i) = A(2awz) o %(z + 1)
wz z
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it follows from Lemma 3.1 that there exists a polynomial P(z) such that
1 1
(40) A(2awz) = P o Ty, L(w*'z)=Po 3z +2).
z
The first equalities in formulas (40), (35) imply respectevely the equalities:

1 1
A= PoTy,o(z/2aw), Ly :(2awz)o§(z+7)0(zl/w).
z
Furthermore, by (39), (40)

Ly :PO%(Z—’—%)O(#)OZk/d:PO%(Z—F%)OZk/dO(#),
Since
2= (w'2) 0 2o (2F Jw),
setting

W(z) =2 Jw, n=k/l, m=k/d,
where f = GCD(!,d), we see that equalities (32) hold. O

3.2. Solutions of equation (5) in the case when deg A = deg B.

Theorem 3.2. Suppose that polynomials A(z), B(z) of the same degree and Laurent
polynomials L1(z), La(z) satisfy the equation

(41) AOLIZBOLQ.

Then either Ao Ly ~ Bo Ly or there exist polynomials R(z), A(z), B(z), W(2) and
Laurent polynomials L1(z), La(z) such that

i) A=RoA, B=RoB, Li=LioW, Ly=LyoW,
ll[’) AOElZBOE27
and
(42) Aoy~ -Tyos(ez+5), BolymThor(z+2)
O ~ — o — — ~ —_ —
1 n 252 Z’ 2 n 22 Z’

where €™ = —1.

Proof. Tt follows from Proposition 2.4 that either Ao L; ~ Bo Ly or
b d
L= (az + ;)ozr, ng(cz—i—;)ozr,

for some non-zero a,b,c,d € C and r > 1. Furthermore, in the last case, since
deg A(z) = deg B(z), the equality (41) implies that ¢ = pia, d = pob for some mth
roots of unity u1, o, p1 # pe, where m = deg A(z) = deg B(z2).

Let w be a solution of the equation w? = b/a and ¢ be a solution of the equation
e2 = ua/p1. We have:

b 1 3 d 1 1
az + o= (2awz) o 5(52 + ;) o(z/ew), cz+ o= (2awepyz) o 5(2 + ;) o (z/ew).

Therefore, without loss of generality we can assume that

1 g 1 1
Li=3(ez+ )0 (" few),  Ly=3(:+2)0 (" /eu)
and concentrate on the equation

1 g 1 1
(43) Ao§(€z+;)—Bo§(z+;).
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Let F'(z) be a Laurent polynomial defined by decomposition (43). Then it follows
from

(44) F:Bo%@+§)
that

F(1/z) = F(2).
Since

1 1 1
F:Ao§(5z+;):Aoi(z—kg)o(sz)
this implies that
1 1 1 1
Aoi(z—I—;)O(az):Aoi(z-i—;)O(s/z).
On the other hand,
Aog(a+7)0(e/2) = Aog(s+ )0 (2/2) = Ao s(:+ ) 0 (e2) 0 (2/2)
5zt )ole/z) = 52+ 2)o(z/e) = 5(z+ ) o (ez) o (2/€7).
Hence, F(z) is invariant with respect to the substitution z = 2/e% and therefore
(45) F=Loz",

where L(z) is a Laurent polynomial and n|m equals the order of 1/&2. It follows
now from (44), (45) by Lemma 3.1 that

(46) B=RoT,,

where R(z) is a polynomial.
Substituting (46) in (43) we obtain:

1 1 1 1
Ao §(z+ ;)o (ez) =Ro 5(2"—# Z—n)
Furthermore, substituting in the last equality z = z/e and using that e” = —1 we
conclude that
1 1 1 1 1 1
Aoi(er;) :Rofi(z”+z—n) :Roanoi(er;)

and, therefore,
A=Ro-T, O

3.3. Reduction of equation (5) for reducible pairs A(z), B(z).

Theorem 3.3. Suppose that polynomials A(z), B(z) and Laurent polynomials L (z),
Lo(2) satisfy the equation

(47) AOL:[:BOLQ.

Then either Ao Ly ~ Bo Ly or there exist polynomials R(z), A(z), B(z), W(2) and
Laurent polynomials L1(z), La(z) such that

7) A=RoA, B=RoB, Li=LioW, Ly=LyoW,
”) A~OI~/1:BOI~/27
and either the pair A(z), B(z) is irreducible or

I 1 5 - - 1 1
(48) AoL1N—Tnloi(azm-i-Z—m)7 BOLQmeloi(z"—FZ—n)7

where | > 2, GCD(n,m) = 1, and ™ = —1.
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Proof. Without loss of generality we can assume that the pair A(z), B(z) is re-
ducible and that there exists no rational function W(z), deg W(z) > 1, such that
Ly =LioW, Ly = Ly o W for some Laurent polynomials fq(z), Lo (2).

Furthermore, it follows from Corollary 2.3 that there exist polynomials A;(z),
Bi(z), deg A1 = deg By > 1, and U(z), V(2) such that

A=A,0U, B=BjoV
and the pair U(z), V() is irreducible. By Theorem 3.2 applied to the equality
Ajo(UoLy)=DByo(VolLy),
either A; o (U o Ly) ~ By o(V o Ls), and then setting
A=U, B=upoV, R=A,

for some p € Aut (CP!) we arrive to the first possibility provided by the theorem,
or there exist polynomials R(z), A2(z), B2(z) such that

A; =RoAz, By=RoBy,
AQO(UOLl):BQO(VOL2)7

and
1 1
Aso(UolLy) ~—-To <2(z + ;) o (chd)> ’
1.1 ;
Byo(VolLy)~Tyo §(z+;)o(cz ),
where v'=—1,1>1,d>1, ¢ € C. Furthermore, passing to appropriate L;(z),
Ls(z) and modifying A2(z), B2(z), U(z), V(2) we can assume that
~ 1 1 ~ 1 1
(49) UOL1=§(Z—|-;)O(Z/Zd), VOngi(z—i—;)ozd.
Applying now Theorem 3.1 to equalities (49) we obtain that
1 d/n 1 T 1 d/m 1
UoMNTnOZ(z +zd/">’ VongTmo2<z Jer/m ,

where M = L, o pz with pd = 1/v. Therefore,

= . U apm . 1
) V°L2NT’“°2(Z +zd/m>’

~ 1
Uoly NTnoi (Ezd/”+
for some m,n > 1 and € = (1/p)¥/".
Furthermore, in view of the irreducibility of the pair U(z), V(z) the equality
GCD(n,m) = 1 holds. Since on the other hand the assumption about Ly(z), La(z)
implies that GCD(d/n,d/m) = 1 we conclude that d = nm and setting

A:AQOU, B:BQOV

we obtain that
<= 1, . g ~ = 1, ., 1
A0L1~—Tnlo§(€z —I—Z—m), COngTmlog(z —i—Z—n),
where e™ = —1.
Finally, [ > 2 since if [ = 2 the algebraic curve T, () + To., (y) = 0 is irreducible
as one can check using the description of the group I'_7, «7,,, given in Theorem

21. 0O
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3.4. Solutions of equation (5) in the case when the pair A(z), B(z) is
irreducible. In this subsection we describe solutions of equation (5) in the case
when the pair A(z), B(z) is irreducible.

First of all observe that if A(z), B(z),C(z), D(z) are rational functions satisfying
equation AoC = Bo D and the pair A(z), B(z) is irreducible then the genus of the
Riemann surface on which the function hq(z) from Theorem 1 is defined necessarily
equals zero. Furthermore, it follows from the construction of k1 (2) that if A(z), B(2)
are polynomials then the number of poles of h;(z) equals GCD(deg A(z), deg B(z)).
Therefore, the description of the solutions of equation (5) in the case when the pair
A(z), B(z) is irreducible essentially is equivalent to the description of all irreducible
pairs polynomials A(z), B(z) for which GCD(deg A(z),deg B(z)) < 2 and the ex-
pression

o(A,B)
g(A,B)= > g(R;)
j=1
from formula (13) equals 0. Besides, it is necessary to find rational functions
U(z),V(z) satisfying AoU = BoV and such that degU(z) = deg B(z), deg V' (2) =
deg A(z). However, since one can check directly that all the functions U(z), V(z)
given below satisfy these requirements we will skip the corresponding calculations.

Theorem 3.4. Suppose that polynomials A(z), B(z) and Laurent polynomials L1 (z),
Lo(z) satisfy equation
A o L1 =Bo LQ
and the pair A(z), B(z) is irreducible. Then there exist polynomials A(2),B(z),
rational functions Ly(z), L2(z), W(z), and Mébius transformations p1(z), p2(z)
such that
A:Mlo;l, B:/,LQOB, L1:I~/10VV7 Ly=1LyoW

and, up to a change of A to B and of Ly to Lo, one of the following conditions
holds:

1) AoLy ~ 2" 0z R(z"), BoLy~ 2z R"(z)02",

where R(z) is a polynomial, r > 0, n > 1, and GCD(n,r) = 1,

2) AoLy ~TyoT, BoLy~T,oT,,

where Ty, (2), Tin (%) are Chebyshev polynomials, m,n > 1, and GCD(n,m) = 1,
<= 1 g ~ 1 1

3) Aol N7T2n105(52m1+zm1)7 BOL2~T2mlo§(Zn1+znl)7

where Top, (2), Tom, (2) are Chebyshev polynomials, mi,ny > 1, 2™ = —1, and
GCD(nl,ml) = 1,
P 22 -1 2z
4 AoLi ~ 7220 X—28(——
) it Zoz2+1 (22+1
where S(z) is a polynomial,

- 2z
BolLy~(1-2%)5%z2)0 55—
)7 O L2 ( z ) (Z) ° 22 + 1’
3(32% + 423 — 622 + 42 — 1)
(322 —1)2 ’
4(92% — 924 + 1823 — 1522 + 62 — 1)
(322 —1)3 '

5) Aol ~ (22 -1)%0

BolLy~ (32" —423%) 0
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The proof of this theorem is given below and consists of the following stages.
First we rewrite formula for the genus in a more convenient way and prove several
lemmas. After introducing the conception of a special point the rest of the proof
splits into two parts: when only one of polynomials A(z), B(z) has a special point
and when both A(z), B(z) have a special point.

3.4.1. Genus formula and lemmas. Working with polynomials it is convenient to
“forget” about infinite critical values in the following sense: if B(z) is a polynomial

and z1, 22, ..., 2, is a set of all critical values of B(z) then we will associate to B(z)
a collection of partitions
(b171, bl,g, ceny b17q1), e, (b&l, bs,g, ceny bqus)
of m = deg B(z) corresponding to the decompositions of the permutations «;(B),
1 <4 < r, into products of disjoint cycles for the finite points 21, 22, ..., 25, s = 7—1,
only. We will call such a collection the passport of B(z).
In the following the set z1, 29, . . ., 25 will denote a union of all finite critical values

of a pair polynomials A(z), B(z). Therefore, some of partitions above may contain
only units. We will call such partitions trivial and will denote by s(B) the number
of non-trivial partitions. Clearly, by the Riemann-Hurwitz formula we have:

s
(50) Zqi =(s—1)m+1.
i=1
Lemma 3.2. Let
(@1,1,01,2, 1 Q1 py )5 - 5 (As,1505,2,5 ey A5 p, ),
(b1,1,01,2, 01,4, )y -+ 5 (bs1,bs,2, -, bs.q,)

be passports of polynomials A(z), B(z), n = deg A(z), m = deg B(z). Then
—2g(A, B) = GCD(m,n) — 1+

S DPi qi
(51) +> 0> ais(1—q) =1+ > GCD(a; 5,bij,)

i=1j1=1 J2=1

Proof. Indeed, we have:

S Pi S S S
Yod lain(l—a) ==Y l—g)—pl=ns—nd ¢—Y pi=
=1 j7;=1 =1 =1 i=1

=ns—n((s—1)m+1)—((s—)n+1)=—-n(s—1)m—1.
Therefore, the right side of formula (51) equals

s Pi qi

—n(s—1)m—2+ Z Z Z GCD(a; j,bi,5,) + GCD(m,n)

i=1 j1=1ja=1
Now (51) follows from (13) taking into account that r = s+ 1. O

Set
qi

Sigy = aij,(1—q) — 14+ > GCD(asj,bij),

Jj2=1
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1<i<s,1<j <p; In this notation formula (51) takes the form

(52) —2¢g(A, B) = GCD(m,n) — 1+ i: Z Si gy

i=1j1=1
Lemma 3.3. In the notation of Lemma 3.2 for any i, j1, 1 <i <s, 1< j; < p;,
the following statements hold:
a) If there exist at least three numbers b; 1, ,b;1,,bi1,, 1 < li,l2,13 < ¢;, which are
not divisible by a; j, then s;;, < —2.

b) If there exist exactly two numbers b; 1,,bi1,, 1 <li,la < ¢;, which are not divisible
by a; 4, then s; j, < —1 and the equality attains if and only if

(53) GCD(aij,bi1,) = GCD(aij,bi,) = aij, /2,
¢) If there exists exactly one number b;;, which is not divisible by a; j, then
(54) Sij; = —1+ GCD(ai,jl bi,ll)-

Proof. If there exist at least three numbers b; ;,,b; 1,,bi1,, 1 < 1y,12,13 < ¢;, which
are not divisible by a; ;, then we have:

qi
i =aij(L—q) =1+ Y GCD(aijbij)+ > GCD(ajbiy,) <
j2=1 l1,l2,l3
Jo#l,l2,ls
<aij (1= @) =14 (g — 3)ai, + 305 /2 =—a;;/2-1< -1
If there exist exactly two numbers b;;,,b;5,, 1 < l1,la < ¢g;, which are not
divisible by a; j, then we have:

qi
siji = ai;(1—q) =14+ > GCD(aijbijz)+ Y GCD(a;,bis,) <
J2=1 l1,l2
Je#lile
<ai;(1—q) =1+ (¢ —2)aij, +aij,/2+aij/2=—1,
and the equality attains if and only if
GCD(ai,j,bi,) = GCD(ay 5,bi1,) = aijy /2.
Finally, if there exists exactly one number b;;, which is not divisible by a; ;,

then we have:

4
Sig = aij, (1—q) — 1+ »_ GCD(asj,bij,) + GCD(asj, b, ) =
T
= -1+ GCD(a; ;,bi1,). O
Lemma 3.4. In the same notation suppose that
(55) GCD(b;1, bia, ..., big;) =1
foranyi, 1 <i<s. Then for any i, j1, 1 <i<s, 1< j; <p;, we have:
a) s;; <0,

b) sij, = 0 if and only if either a; ;;, = 1 or all the numbers b; j,, 1 < ja < ¢,
except one are divisible by a; j,,
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¢) sijy = —1 if and only if a; j, = 2 and all the numbers b; j,, 1 < jo < g;, except
two are even.

Proof. If a; 5, = 1 then s;;, = 0 so assume that a; ;, > 1. If there exists exactly
one number b;;, which is not divisible by a;;, then in view of (55) necessarily
GCD(aiJlbi’ll) = 1 and hence Sij1 — 0 by (54)

If there exist exactly two numbers b;;,,b;,, 1 < l1,lo < ¢, which are not
divisible by a; j, then by Lemma 3.3 s; ;, < —1 where the equality attains if and only
if (53) holds. This implies that a; j, = 2 since otherwise we obtain a contradiction
with (55).

Finally, if there exist at least three numbers b;,,b;1,,bi1,, 1 < li,12,l3 < g,
which are not divisible by a; ;, then s; ;; < —2 by Lemma 3.3. O

Say that a polynomial B(z) have a special point if there exists 7, 1 < i < s, such
that
GCD(bZ‘J, bi)g, . bi,qi> > 1.
Say that a polynomial B(z) have a 1-special point (resp. a 2-special point) if there
exists i, 1 < i < s, such that all the numbers
bi,l; b7;72, ceny bi,qi
except one (resp. except two) are divisible by some number d > 1.

Proposition 3.1. Let B(z) be a polynomial. Then

a) B(z) may not have two special points, or one special point and one I-special
point, or more than two 1-special points,

b) if B(z) has two 1-special points then s(B) = 2 and the corresponding non-trivial
partitions are (1,2, ... 2), (1,2, ... 2),
¢) if B(z) has one I1-special point and one 2-special point then s(B) = 2 and the
corresponding non-trivial partitions are either (1,1,2), (1,3) or (1,2,2), (1,1, 3).
Proof. Let

(bl,la bl,Q, vy bl,ql)v e, (bs,la bs72, ceny bs,qs)
be a collection of partitions corresponding to B(z), m = deg B(z). Suppose first that
B(z) has at least two 1-special points. To be definite assume that the corresponding

indices are 1,2 and that all (b1 1,...,b1,4,) but b1 1 are divisible by the number dy
and all (ba1,...,b24,) but by 1 are divisible by the number ds. Then

m—bi1 m — ba
T <14 — ==
dl ) q2 = + d2 y

where the equalities attain if only if b; ; = dy for 1 < j < ¢ and by ; = d2 for
1 < j < g2. Furthermore, we have:

(56) G <1+

(57) Z%‘ <q+ gt (s—2)m,

i=1
where the equality attains only if the partition (b;1,...,biq,) = (1,1, ... 1) for any
1 > 2. Finally, for ¢ = 1,2 we have:

—b; -1
(58) mu%gu%
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and hence
(59) G te<ltm

where the equality attains only if dq = 2, da = 2, b11 =1, ba;; = 1. Now (57) and
(59) imply that

(60) zs:qi <(s—1)m+1.
i=1

Since however in view of (50) in this inequality should attain equality we conclude
that in all intermediate inequalities should attain equalities and therefore s(B) = 2
and

(D11, b14,) =(1,2,...2), (b21,...,b24,)=(1,2,...2).
In particluar, we see that B(z) may not have more than two 1-special points.

In order to prove the first part of the proposition it is enough to observe that if

for at least one index 1 or 2, say 1, the corresponding point is special then
< m < m
o= di — 2 '
Since this inequality is stronger than (58) repeating the argument above we obtain
an inequality in (60) in contradiction with (50).

Finally, suppose that the index 1 corresponds to a 1-special point while the
index 2 corresponds to a 2-special point. We will suppose that all (ba1,...,b24,)
but by 1, b2 2 are divisible by the number ds.

If m odd then dy > 2 and we have:

m§1+ﬁi?i§1+mgi, %§2+T:E%;E£§2+T§E
Therefore,
q1+qg2 < E + 5ﬂ
- 6 6
If m > 5 then
11 bHm
5 + o <m-+1

that together with (57) gives a contradiction with (50).

On the other hand, if m < 5 then one can check directly that a unique possibility
for B(z) to have one 1-special point and one 2-special point is the one corresponding
to the passport

(b1717. . .7b17q1) - (172,2)7 (b2,17' . "b27q2) == (17 173)

Similarly, if m is even then d; > 2 and we have:

q1§1+m;71b1’1§1+mT_1, q2§2+m_b2_b2’2 §2+m72
Therefore,
Q1+Q2<§+5ﬁ.
-3 6
If m > 4 then
§+5ﬁ<m+1
3 6



PRIME AND COMPOSITE LAURENT POLYNOMIALS 27

and as above we obtain a contradiction with (50). On the other hand, one can
check that if m < 4 then we should have:

(bl,lv' . 'abL(Il) = (17 172)7 (b2,la .. -7b27tI2) = (1’3) U

3.4.2. Proof of Theorem 8.4. Part 1. In this subsection we prove Theorem 3.4
under the assumption that at least one of polynomials A(z), B(z) does not have
special points. Without loss of generality we can suppose that this polynomial is
B(z).

Suppose first that GCD(n,m) = 1. In this case by formula (52) the condition
g(A, B) = 0 is equivalent to the condition

(61) S s =0,

i=1j1=1

In view of Lemma 3.4,a this is possible if and only of 5; ;, = 0,1 < ¢ <5,1 < j;1 < p;.

If A(z) has a unique finite critical value then Lemma 3.4,b implies that we should

have 1). Furthermore, it follows from Lemma 3.4,b and Proposition 3.1,a,b that if

the polynomial A(z) has at least two finite critical values then actually A(z) has
exactly two critical values, B(z) = Tp,,(2) and

(62) a1y, <2, ag4, <2, 1<j1<p;, 1<j2<po.

Since
pr+pr=GE—-1n+l=n+1

and

P1 P2

Doy + ) azy =20

Jji=1 ji=1
it follows easily from (62) that the corresponding partitions for A(z) are either
(1,2,2,...,2), (1,2,2,...,2) or (1,1,2,...,2), (2,2,2,...,2). Therefore, taking into ac-
count a well know fact that for any polynomial P(z) with such a passport there
exist Mobius transformations p(z), ua(2) such that py o P o uy = T,,, we see that
in this case we arrive to 2).

Suppose now that GCD(n, m) = 2. Then the condition g(4, B) = 0 is equivalent
to the condition that one number from s; ;,, 1 <i <5, 1 < j; < p;, equals -1 while
others equal 0. If A(z) has one critical value than it follows easily from Lemma
3.4,c that we should have 4).

On the other hand, if A(z) has at least two critical values then Lemma 3.4,
b,c and Proposition 3.1,a,c, taking into account that deg B(z) is even in view of
GCD(n,m) = 2, imply that the partitions corresponding to B(z) are (1,3), (1,1, 2).
Furthermore, we see that for any ji, 1 < j; < p1, the number a; ;, equals 1 or 3
and that the partition (a2 1,a22, ... a2,p,) contains one element equal 2 and others
equal 1.

Denote by « (resp. by ) the number of appearances of 1 (resp. of 3) in the
first partition corresponding to A(z) and by « the number of appearance of 1 in
the second partition. We have:

a+38=n, 2+4+v=n,

and, by (50)
a+8+vy=n.
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The second and the third equations imply that o + 8 = 2. This implies easily that
the partitions corresponding to A(z) are either (1,3), (1,1,2) or (3,3), (2,1,1,1,1).

It is not hard to prove however that for any polynomial R(z) with the partitions
(1,3), (1,1, 2) there exist Mobius transformations p;(2), p2(2) such that g oRops =
3z% — 423, Therefore, the first case is not possible since otherwise A(z) = B(z) and
the curve A(z) — B(y) = 0 is reducible. On the other hand, it is easy to check that
in the second case we should have p; o Ao us = (22 — 1)3.

3.4.3. Proof of Theorem 3.4. Part 2. Suppose now that both polynomials A(z)
and B(z) have special points. Then by Proposition 3.1 each of them has a unique
special point. The special points of A(z) and B(z) either coincide or are different.
In the second case without loss of generality we can assume that

(63) A= (M 46))oU, B=(2+p8)0V,
for some 31, B2 € C, 81 # B2, and dy,ds > 1. Since the pair A(z), B(z) is irreducible
and g(A, B) = 0 the same is true for the pair A;(z) = 2% + By, By(z) = 2% + 3,
and hence

Formula (51) implies that
(65) 2— 2g(A1, Bl) = d1 + d2 - d1d2 + GCD(dl, dg)

If GCD(dy,d3) = 1 then (64) is equivalent to the equality (d; —1)(1—dz) = 0 which
is impossible. On the other hand, if GCD(d;,d3) = 2 then (64) is equivalent to the
equality (dy — 1)(1 — d2) = —1 which holds if and only if d; = da = 2.
Since
A10UOL1 :BloVoLg
and deg A; = deg By, using now the same reasoning as in the proof of Theorem 3.3
and taking into account the condition GCD(dy, d2) = 2 we arrive to 3).

In the case when the special points of A(z) and B(z) coincide we can assume
without loss of generality that

(66) A=z"0U,  B=z"0V,
where
dy = GCD(ar1,a1.2,.--,a1,) > 1, do=GCD(b11,b12,...,b14,) > 1,
and
(67) CGCD(dy,dy) = 1

in view of the irreducibility of the pair A(z) and B(z). Without loss of generality
we may assume that

(68) degU(z) > 1, degV(z)>1

since otherwise Lemma 3.3 implies easily that we should have 1) or 4). Finally,
without loss of generality we can assume that m = deg B(z) is greater than n =
deg A(z). We will consider the cases GCD(d;,m) = 2 and GCD(dy,m) = 1 se-
parately and will show that in both cases there exist no irreducible pairs A(z), B(2)
with g(A, B) = 0.
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Case 1. Suppose first that GCD(dy,m) = 2. Then necessary GCD(n,m) = 2 and,
since
(69) a™ —B(y) =0

is an irreducible curve of genus zero, formula (52) and Lemma 3.3 applied to
polynomials 2% and B(z), taking into account (67), imply that all the numbers
b1,1,b1,2,...,b1,4, but two, say by 4,—1,b1,4,, are divisible by d; and

(70) GCD(d1,b1,q,—1) = GCD(d1,b1,4,) = 1.

Returning to polynomials A(z), B(z) we see that, since each a1 j,, 1 < j1 < p1,
is divisible by di, equality (70) implies that

qi
s1j, = a1, (1—¢) — 1+ Y GCD(ay ;,b15,) <
jo=1
< —aj, — 14+ GCD(a1,j,b1,4,-1) + GCD(a1,5,b1,4,) <
< —ay,5, — 1+ alyjl/dl + alvjl/dl < —ai j, — 1+ ay g, /2 =+ a17j1/2 < -—1.

Since by assumption p; > 2 and by lemma 3.4

pi
> sy <0, 1<i<s, 1<ji<p,
ji=1
it follows now from formula (52) that g(4, B) < 0.
Case 2. If GCD(dy, m) = 1 then applying as above formula (52) and Lemma 3.3
to polynomials z% and B(z) we conclude that each b1, 1 < j1 < qu, except one,

say b1,q,, is divisible by dy and GCD(by 4,,d1) = 1.
Since each a1 j,, 1 < j1 < p1, is divisible by d, this implies that

qi
s15, = a1;,(1—¢) =14 > GCD(ay,by,) <

J2=1
(71) < -1+ GCD(alequl) < -1+ al’jl/dl,
and hence
D1
(72) Z S$1,5, < —p1+ ’I’L/dl
Ji=1

Furthermore, since each by j,, 1 < j» < ¢, is divisible by dy and each by j,,
1 < js < q1, except one is divisible by d; we have:

(qr = Ddida +da <m
and therefore
@1 <1+m/didy —1/d;.
Since by (50) the inequality
(73) atqg=m+1
holds for any 4, 2 < i < s, this implies that
(74) ¢ >m—m/didy + 1/d;.
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Denote by «; the number of units among the numbers b; ;,, 1 < ja < g;. Since the
number of non units is < m/2 the equality v; > ¢; — m/2 holds and therefore (74)
implies that

For any 7,71, 2 <i<s,1<j <p;, we have:
(76) iy < aig,(1—aqi) = 1+aij (g —v)+v=1—7)(a; — 1)

Hence,

S sin < (1= 70— pi) < (1= 1/dy +m(1/dids — 1/2)(n - p2)

ji=1
in view of (75). Therefore, using (50) we obtain

S Di

(77) Z Z sijy < (1—1/dy +m(1/dydy —1/2))(p1 — 1).
i=2 j1=1
Set,
S pP1
S=) sin-
i=1 j1=1

By formula (52), in order to finish the proof it is enough to show that S < —1.
It follows from (72), (77) that

S<—pr+n/di+(1—1/dy+m(1/didy —1/2))(p1 — 1) <

(78) < —1+n/dy +m(1/didy —1/2)(p1 — 1).
If p; > 3 then (78), taking into account the assumption m > n, implies that
S < —=1+n(l/dy+2/didy — 1) < —1.

If p; = 2 then (78) implies that

S<—=1+n(1/dy+1/d1dy —1/2)
and if d; > 2 we obtain again that S < —1. Finally, if p; = 2, d; = 2but m > (3/2)n
then similarly (78) implies

S < —1+n(3/4dy —1/4) < —1,

since in this case d2 > 3 by (67).

Therefore, the only case when the proof is still not finished is the one when
p1=2,dy =2,and n < m < (3/2)n. In this case switch A(z) and B(z) keeping the
same notation. This means that we should consider the case when ¢; = 2, do = 2
and

(79) 2n/3 <m < n.
In this case (73) implies that ¢; > m — 1. Therefore, the corresponding partition of
m is either trivial or has the form (1,1,...,1,2) and hence 7; > m — 2. Tt follows
now from (76) that

S Pi

3TN s <B-m)(pr—1) < (3-2n/3)(p1 — 1) <3 2n/3.

i=2 j1=1
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Since in view of the condition ds = 2 the inequality d; > 3 holds, this implies that
S<-p1+n/di+3-2n/3<1+n/d—2n/3<1-n/3.

If n > 6 then this inequality implies that S < —1. On the other hand, if n < 5 then,
taking into account inequality (79), it is easy to see that there exist no polynomials
A(z), B(z) satisfying (66), (68) and GCD(n,m) =1,2. O

3.5. Proof of Theorem 1.1. Since the use of the M&bius transformations reduces
the problem of description of double decompositions of functions from H to the
similar problem for Laurent polynomial and any double decomposition of a Laurent
polynomial is equivalent to (4), (5) or (6), the first part of Theorem 1.1 follows from
Theorems 3.1, 3.3, 3.4 and Lemma 3.1. The second part follows from the proposition
below.

Proposition 3.2. The class Ry is the Ritt class.

Proof. The classification of double decompositions of functions from R, implies
that any elementary double decomposition Ao C = Bo D contained in Ry and such
that the pair A(z), B(z) is reducible is related via Mobius transformations to the

decomposition
1 g 1 1
—ﬂo§(52+;)=ﬂ05(2+;)7
where ¢! = —1.
It follows now from Theorems 2.5 that in order to prove the proposition it is

enough to check that for any choice of maximal decompositions
Ty =ugoug—10---ouy, Tp=wvovy_j0---0vy,

the decompositions
1 5 1 1
(80) —udoud_lo~«~oulo§(sz+;), vlovl_lo~«~ovlo§(z+;)
are weakly equivalent.
It is not hard to prove that any maximal decomposition of T} is equivalent to

Ty =Ty, 0Tg,0---0Ty,

where dq,ds ... ds are prime divisors of [ such that dids...ds = [. This implies easily
that both decompositions (80) are weakly equivalent to some decomposition of the

form

d

%(z+l)ozdloz2o-~ozds. O
z
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