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Abstract

The Ramanujan relations between Eisenstein series can be interpreted as an ordi-
nary diferential equation in a parameter space of a family of elliptic curves which is
inverse to the Gauss-Manin connection of the corresponding period map constructed
by elliptic integrals of first and second kind. In this article we consider a slight modifi-
cation of elliptic integrals by allowing non-algebraic integrants and we get in a natural
way generalizations of Ramanujan relations between Eisenstein series.

1 Introduction

In the inverse of period map of the classical two parameter Weierstrass family of elliptic
curves there appaers Eisenstein series of weight 4 and 6, and the Schwarz triangle function
with triangular parameters %, %, %, where p, ¢, € N, is the inverse of an automorphic func-
tion for the triangle group with signature (p,q,r). In all these examples the period maps
of differential forms of the first kind are considered and considering periods of differential
forms of the second kind, one gets differential automorphic functions which are solutions
to certain ordinary differential equations (see [11]). Looking in this way, it is not necessary
to define (differential) automorphic functions by funcational equations which they satify
with respect to a Kleinian group, but as functions which are solutions to certain ordinary
differential equations. To explain better this idea, let us state the main results of this
paper for an example:

Theorem 1. Consider the multi-valued function

(1) pm : C3\{(t1,ta,t3) € C* | 27t2 — 413 = 0} — SL(2,C)
Js, &[5 e
t = ! c?z ! :Ey:E Y
(T
where
(2) y =72 (27t5 — 43)2G " (2 — 1) — ta(w — t1) — t3)"

and 61 and —ds are two straight paths in the x-plane connecting one root of y to the other
two roots. Here v is a complex number depending only on a,b and c, and it is taken so
that the image of pm is in SL(2,C).

1. Fora # %, pm is a local biholomorphism and its local inverse restricted to <i _01>,

namely (91,a(2), 92,0(2), 93.a(2)), where z is in some small open set U in C, satisfies



the system of ordinary differential equations:

b= 1+ Sisgty
(3) to = 4t1ta + mtS )

t3 = 6tits + 52513

where dot is the derivation with respect to z.

2. The integrals |, s ﬂ;x, where § is a path connecting two roots of y, are constant along
the solutions of (3).

3. gk, ’s with repsect to the group

(4) I':= (M, M) C SL(2,C),
; 2mia ; 2mia
1 —e 0 ] 1 e
Ml = ﬁ < 1 1> ,MQ = ﬁ <0 _627'('2'0,) s
have the following automorphic properties: for every A = * Z) celand 2z € U

such that cz +d # 0 there ewists an analytic continuation of gy q, k =1,2,3 along a
path which connects z to Az such that

(5> (CZ + d)72k9k,a(‘42) = gk,a('z)a k= 27 37
(6) (cz + d)72g1,a(Az) = g1,a(2) + c(cz + d)*l.
One can show that
(7) L\ =a (1 4ok o (n)emzn) k=1,2,3, »cH
gk7§ k Bk s 2k—1 s 3 Ly Iy s

is the Eisenstein series of weight 2k, where H is the upper half plane, By is the k-th
Bernoulli number (B = %, By = 35, B3 = 45, ...), 03(n) := 2dn d* and

2mi 27 o 2T 3

573(5) 72(5) )
(see [11]). In the case a = 5 the system of ordinary differential equations (3) is known
as the Ramanujan relations between g o, k& = 1,2,3 because he had observed that in
this case the series (7) satisfy the differential equation (3) (see for instance [8]). I do not
know any explicit expressions like (7) for an arbitrary a € C. Throughout the text we will
consider the family (9) which is a generalization of (2) and it has the advantage that it
contains full Gauss hypergeometric functions.

The text is organized in the following way: In §2 we consider a more general family
of transcendent curves. In §3 and §4 we fix up the paths of integration and calculate
the monodromies. In §5 we calculate the derivation of the period map. The calculation
is similar to the calculation of Gauss-Manin connections in the algebraic context. In §6
we calculate the determinant of the period map and according to this calculation in §7
we redefine the period map. In §8 we take the inverse of the period map and obtain
Ramanujan type relations. §9 is devoted the action of an algebraic group. Finally in §10
we discuss the automorphic properties of the functions which appear in the inverse of the
period map.

I would like to thank IMPA in Rio de Janeiro and MPIM in Bonn for their lovely
research ambient.
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2 Families of transcendent curves

For a, b, c € C fixed, we consider the following family of transcendent curves:
(9) Et,a,b,c =F :y= f($)7

F@) = 2 (@ — 1) (@ — 1) ( — t3)°.

Here t = (to,t1,1t2,t3) € C* is a parameter. The discriminant of F; is defined to be
A = A(t) == to(t] —t2)*(ta — t3)%(t3 — t;)?
and we will work with regular parameters, i.e.
teT:={tcC*|A(t)#£0}.

The parameter tg is just for simplifying the calculations related to the Gauss-Manin con-
nection of the family (see §5). If a,b and c are rational numbers then E;’s are algebraic
curves. In this case one can use algebro-geometric methods in order to study the peri-
ods of Ey, see for instance [14]. In general, F; is a solution of the following logarithmic
differential equation

dy _ adx . bdz cdx

+ .
Y r—11 x—12 x—13

In order to prove Theorem 1 we also consider the family

1

(10) By = fla), fla) =B ((x —01)* — Bala — f1) — Bs)"
In the case a = b = ¢ there is a canonical map from the parameter space of the first curve
to the parameter space of the second curve:

~ ~ t1+to+1t3 - ~ ~ ~ ~ ~ ~
to =tg, t1 = BT — to = (tl —t1)(t1 — t2) + (tl — tg)(tl —t3) + (tl — t1)<t1 —t3),

t3 = (t1 — t1)(t1 — t2)(t1 — t3).

For simplicity we will also use ¢ instead of ¢; being clear parameters of which family we
are talking about.

3 Paths of integration and Pochhammer cycles

We distinguish three, not necessarily closed, paths in E;. In the z-plane let Si, 1=1,2,3
be the straight path connecting ¢; 11 to t;—1, i = 1,2, 3 (by definition t4 := t; and to = t3).
There are many paths in E}; which are mapped to 6; under the projection on x. We choose
one of them and call it §;. For the case in which Re(a), Re(b), Re(c) < 0 the paths d;’s and
6;’s are depicted in Figure 1. We can make our choices so that §; + do + d3 is a limit of a
closed and homotopic-to-zero path in E;. For instance, we can take the path é;’s in such

a way that the triangle formed by them has almost zero area. Now, we have the integral
d d
(11) [HEd [P e e
5y 5 f(2)

where § is one of the paths explained above. By a linear change in the variable x such
integrals can be written in terms of the Gauss hypergeometric function (see [7]).




y=f(x)
y—plane

Figure 1: Paths of integration

Another way to study the integrals (11) is by using Pochhammer cycles. For simplicity
we explain it for the pairs (¢1,t2). The Pochhammer cycle associated to the points ¢1, 23 € C
and the path d3 is the commutator

a3 =Ml ="t e,

where v is a loop along b3 starting and ending at some point in the midle of 61 which
encircles t1 once anticlockwise, and -, is a similar loop with respect to to. It is easy to see
that the cycle as lifts up to a closed path as in E; and if a,b &€ Z then

M — _ e—?m‘a B 6_27m‘b p(m)dm .
/a?, g U o )/d @)

(see [7], Proposition 3.3.7). Note that in order to have

f(x)

we have to assume that Re(a), Re(b), Re(¢) < 0. But this is not necessary if we work with
Pochhammer cycles.

ﬁd(p(x)):o, VpeClal, i = 1,2,3
05

4 The period map and the monodromy group

For a fixed a € T, the period map is given by:

(63 5%

(12) pm: (T,a) — GL(2,C), t+~ [ 700 g 0 4 |,

f by f52 Ty

where (T, a) means a small neighborhood of a in 7. The map pm can be extended along any
path in 7" with the starting point aa. We denote by P the union of images of the extensions
of pm and call it the period domain. In order to study the analytic extensions of pm we
have to calculate the monodromy group. In what follows we use the following convention:
Two paths in F; are equal if the integration of any differential form @, p € Clz] over
them is equal. For instance, using this convention we have

(13) 01+ 02 + 03 = 0.



Let
A= 62ma7 B = 627”1), C = €2mc‘

We fix to and t3 and let ¢; turn around ¢, anti clockwise. We obtain three new paths
h3(d1), h3(d2) and hg(d3) in E; such that h3(d1) + hg(d2) + h3(d3) = 0 (this follows from

(13)). Note that in the z-plane (resp. in E}) the triangle formed by hs3(d;)’s (resp. h3(d;)’s)
does not intersect itself. We have

h3(02) = 63 + (A — AB)33, hg(01) = —8s — Ad3 = 6, + (1 — A)d3, h3(d3) = ABSs

(see Figure 2, A). We call hg the monodromy around the hyperplane t; = t5. These
formulas are compatible with the Picard-Lefschetz formula in the case a = b =c = % In
a similar way

h1(53) = 53 -+ 351 - 3051,h1(52> = —53 — B(Sl, hl(él) = BC51

and
ho(01) = 01 4+ Cda — C' Ada, ha(d3) = —61 — Cda, ha(d2) = C'Ads.

Therefore, the monodromies with respect to the basis (1, d2) are represented as

A A1 BC 0 1 C-CA
M3_<A(B—1) A(B—1)+1>’M1_<1—B 1>’M2_<0 CA )

Note that

ABC 0
M1M2M3 = < 0 ABC) 3
and that for n € N
h3 (52) — 52+(A_A3)ﬁ537h3 ((51) - 61+(1_A)ﬁ(53, h3 ((53) — (AB) (53.

The monodromy group I is defined to be the subgroup of GL(2,C) generated by M;, i =

1,2,3. Fora:b:c:%we have

~1 -2 10 1 -2
(35 a 1) e )

and it is easy to see that I' =T'(2) := {A € SL(2,Z) | A = 1d}.

We discuss the monodromies for the family (10). In this family the monodromies
change the place of the roots of f. Therefore, the monodromy hs corresponding to the
replacement of ¢; and to is given by

h3(01) = —d02 = §1 + 02, h3(d2) = da + Ads, h3(d3) = —Ads.
(see Figure 2 B). The other monodromies are
hi(d2) = —d3, hi1(d3) = 03 + Ad1, h(d1) = —Ad;.
ha(d3) = —01, hao(d1) = 01 + Ada, h(d2) = —Ads.

Therefore, in the basis (d1,02), the monodromies has the form

0 -1 -A 0 1 A
M3_<—A 1—A>’M1_<1 1>’M2_(0 —A>'

5



A

Figure 2: Monodromy

Note that
M3 My M3 = M,

0 —1 10 1 -1
wo= (7)) =090 )

and so I' = SL(2,Z).

For a = % we have

Remark 1. In general it is hard to decide for which parameters a,b,c the group I' is
Kleinian , i.e it acts discontinuously in some open subset of CU{oco}. There is a necessary
condition for such groups called Jorgensen’s inequality (see [2]) but it is not sufficient!.
Forvyy :=1—a—-c= %, v:=1-b—c= %, Vo = 1—a—b= %, where p, q,r are
positive integers, the group I is the triangular group of type (p, ¢, r) and it is Kleinian (see
[2, 9, 14]). Despite the fact that I'\P may not have any reasonable structure, the global

period map pm : T — T'\P is well-defined.

5 A kind of Gauss-Manin connection

The Gauss-Manin connection is the art of derivation of differential forms on families of
algebraic varieties and then simplifying the result. Despite the fact that the varieties
considered in this article are not algebraic, the process of derivation and simplification
is similar to the algebraic case (see for instance [10]). In what follows, derivation with
respect to x is denoted by .

First of all we have to simplify the integral (11). More precisely we want to reduce it
to the integrals with p =1, 2. Let R = C(¢) and

g=(x—1t1)(z —t2)(x —t3).
Proposition 1. For all p € R[z], there is p € R[z], deg(p) < 1 such that
[ [
s Y 5y

where 0 is a path which connects two points of {t1,t2,t3} and does not cross it elsewhere.

T would like to thank Katsuhiko Matsuzaki who informed me about the mentioned fact.



Proof. For n > 1 modulo exact forms we have

n—2 / d
0—d(*—7) - <—x“g§ NG

Note that ngI is a polynomial in . We set p,, = apz™ + rn(x), a, € C, deg(r,) <n—1
the polynomial in the parenthesis. We have a,, # 0 and so modulo exact forms we have:

ndx -1 dzx
x _— =

Fow

By various applications of the above equality in f 5 y we finally get the desired equality.
O

Let us now differentiate the integrals:

Proposition 2. Let t be one of the parameters t;, 1 =0,1,2,3. We have

pdx pdx
S SRS ST

_of of
pdx 1 — 559 —5t9 Op.dx
Vo— :i=— + + A=) —.
5 ((a1 7 p) +as ;P 8t) 7

ot f A
Proof. We can find two polynomials a1, as € R[z] such that

where

/

g]}al + gas = A.

We have

9 a1 + gaz)p Op . dx
- =4 " " 4 A

A Js g + 8t) f
B dx Op dz
- A/f2a1p+a2pf+A8tf)
B _ _dx 6pdm
Op. dx

= A/ aip) +a2p+Aat)f



For the implementation of the algorithms of this section in SINGULAR [3] see the
author’s web page. For the family (9) we have used these algorithms and we have obtained:
(14)

\%

w =

1 (—at1+(a+c—1)t2—|—(a+b—1)t3 —a—b—c+2 )
el
oty (t1 —tg)(tl —tg)

at2t3 + (b — 1)t1t3 + (C — 1)t1t2 (—a —b—c+ 2)t1

da
w:@.
y

The derivations with respect to ta (resp t3) is obtained by permutation of ¢; with ty and
a with b (resp. t; with t3 and a with ¢). It is also easy to check by hand that

1 /-1
Vow=—|( 2 01 w
dtg to 0 —5

We will simply denote by Vai, 1=0,1,2,3 the matrix A in Vaiw = Aw.
t; t
For the family (10) we use g = (x —t1)3 — ta(x — t1) — t3 and A = to(4¢3 — 27¢3) and

where

we have .
1 /-5 0 0 0
Vo =—| 2 Vo =
i@ 5)va=0 o)
. - 1 —27atits — 6atd + 18t1t3 + 2t3 27at3 — 18t3
o (413 — 2712) \ —27at3ts + atats + 18135 — 241t — 3tats) 27atits — 6at3 — 18tyt3 + 4t} )

\%

1 18atito + 27ats — 12t1ty — 9i3 —18aty + 12t5
8 = .
ais  (4t5 — 27t2)

18at?ty — 6at3 — 12t3ty + t1t3 + 2t3  —18atits + 27atz + 12t1ty — 18t3

6 Determinant of the period matrix

i From Proposition 2 it follows that the period map satisfies the differential equation

3
_ tr _ .
d(pm) = pmA", where A = ¥(V£)dtz.

This and (14) imply that det := det(pm) satisfies

Odet 1
o6 =) = tg)((a +c—1)ta+ (a+b—1)ts+ (—2a —b—c+ 2)t;) det.

Solving this differential equation one concludes that det is of the form C(t; —t3)'=%¢(¢; —
t2)1_a_b, where C' does not depend on t1. Repeating the same argument for tg, to, t3 we
conclude that

(15) det(pm) =" tal(tl _ ts)lfafc(tl _ t2)1*a*b(t2 o tg)lfbfc’

where 7y is a constant depending only on a,b and c. For the family (10) in a similar way
we get
1
det(pm) = -t 1(27t3 — 4t3)2 7



7 Redefining the period map and the monodromy group

We have calculated the determinant of the period map in (15). It depends on t1,ts,t3
except for the case a = b=c= % In order that the determinant of the period map to be
equal to ty L and the monodromy group to be a subgroup of SL(2, C), we have to multiply
(12) by

pi=a7E(ty — ty) 2T (g — 1) TR0 1y — gy) 72070,

In other words, we have to redefine

1
Fl@) = 288 (tr — t3)2 079 (8 — 1) 70707 (1 — 13)3 0707 (2 — )% (2 — )" (& — 13)°

for the family (9). We have to recalculate the Gauss-Manin connection. By Leibniz rule
we have

Vipw) =(dp) w+p-AQw = (C;p[QxQ + A) ® (pw)

and

dp 1 dtl—dtQ 1 1
P -T2 a1 - _1
glatb-D=—=+ (Glatb-D—pr+5late )tl—tg

)dty + - -

After redefining the period map the monodromy matrices are changed as follows:

I A A-1 M- —L(BC 0y, -1 (1 Cc-CA
ST JAB\AB-1) AB-1)+1)" " J/go\1-B 1)~ Jca\0 CA
Note that /A = ™, ... are well-defined and " := (M, Ma, M3) = (My, My) € SL(2,C).

For the family (10) we redefine
1
Fla) = v2t2 (2785 — 43)2 G (2 — 1)) — to(w — t1) — t3)%, t = (to, L1, b2, t3) € C*

1

which is the one in (1) with ¢y = 1. For p = (273 — 4t§’)_%(5_“) we have

5dtsdts — 12t3dty
2713 — 4t3

dp 1 1
L3

The new monodromy group is (4). For both families we conclude that det(pm) = ;.

Remark 2. A subgroup A of SL(2,R) is called arithmetic if A is commensurable with
SL(2,Z), i.e. ANSL(2,7Z) has a finite index in both SL(2,7Z) and A. It is a natural question
to classify all the cases such that the monodromy group is conjugated with an arithmetic
group. For thecasea=b=1—-c= % the monodromy group is conjugated with SL(2,Z)
(see [12]).

8 The inverse of the period map

First we note that the period map is a local biholomorphism. We consider pm as a map
sending the point (¢, t1, t2,t3) to (z1, 2, x3,x4). Its derivative at ¢ is a 4 x 4 matrix whose
i-th column constitutes of the first and second row of (V o )*. For s :=a+b+c—2 # 0,

ot

this is an invertible matrix. More precisely, we have

1

— m -1 — .
(dF)e = (dpm), don(a)




(at?ws — atgwy + btitows — btitzws + btotgws — btowy + ctzxs — ctowy — titows + t1tzzy — t%:l)g — totsxzs + 2toxy)/s (—tozs + z4)

—toza toxs
((at1t2x3 +atitzzs — atiwg — atatzes + btiws — bt1xa + cties — ctizy — tiwg — titoxs — titzwy + 2t10a + totzes)/s  (—tixsz + x4)

(at3x3 — atzxy + bt%wg — btgxy — ctitoxg + ctitzzg + ctatzwrg — ctgxg + t1toxs — t1tgwy — totgzy — t§L3 + 2t3x4)/s (—tazxs + z4)

towa —toz1
(—atitozy — at1tzer + aties + atatzzy — btiwy + btiwe — ctiay + ctias + tiay + t1toxy + t1tgzy — 2t102 — tatzwr)/s  (tiz1 — @2)
(—at2zq + atgmg — btitowy + btitgw) — btatzwy + btowg — ctzxy + ctoxg + titaxy — titzey + tgzl + totgzy — 2toxa)/s (taz1 — x2)
(7at3ac1 + atgzxa — bt%ml + btzxo + ctitox — ctitzxy — ctaotzxy + ctzwg — titoxy + t1tzaxy + tatzzy + t%xl — 2tgxa)/s (tax1 — x2)

and
F = (Fy, F1, F5, F3) : (P,x0) — (T, a)

is the local inverse of pm, where zo = pm(a). ;From det(pm) = ¢;' it follows that
Fo(z) = det(x) L. Let us take a in such a way that g is of the form <Zlo _01> Let g;(z)

z
1
the equations related to the entries (i,1),7 = 2,3, 4, we conclude that (g1(z), g2(2), g3(2))
satisfies the ordinary differential equation: 2

be the restriction of F; to ( _01> , where z is in a neighborhood of zy in C. Considering

; -1 btc—1

b = a+§+f—2(t1t2 + titz — tatz) + “%icjztz
T gl

(16) 1?2 - a+b+f—2<t2t1 + tatz — titz) + a+-li)- cIth
c— a+-b—

t3 a+b+c—2<t3t1 + 3ty — tite) + atbte—al3

In a similar way for the family (10), we get (3) and so the first part of Theorem 1 is proved.
Let Ra be the vector field in C* corresponding to (16) together with ¢y = 0. It is a mere

calculation to see that
0 -1
Suu= (0 1),

zdxr

- and so [ " is constant along the leaves of 7 (Ra).

This means that d(pm)(Ra) = (* 8
The similar argument work for the family (10) and so the second part of Theorem 1 is
proved.

9 Action of an algebraic group

The algebraic group

(17) Gy = R ks ‘ ks € C, ki, ko € C*
0 ko

acts on the period domain P C GL(2,C) from the right by the usual multiplication of
matrices. It acts also in C* as follows:

teg:= (to(kika) ' tiky Yho + kaky btk tko + ksky ! taky ko + kaky )

(18) t= (to,tl,tg,tg) S C4,g = R ks € Gp.
0 ko

The relation between these two actions of Gg is given by:

2When the paper was finished, I found that such a differential equation was already discovered by G.
Halphen [6, 5, 4] in his study of hyper-geometric functions. However, the geometric interpretation and the
automorphic properties of its solutions are new in this paper .

10
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Proposition 3. We have
(19) pm(teg) =pm(t) g, t €T, g€ (Go,I)
where (X, x) means a small neighborhood of x in X and I is the identity 2 X 2 matriz.

If ts,s € [0,1] is a path in T and g5, s € [0,1] is a path in Gy which connects I to
g € Gy, by analytic continuation of the equality (19), it makes sense to say that (19) is
true for an arbitrary g € Gp.

Proof. Let
a:C* = C% (x,y) — (ky ‘kix — ksky b, ky Tk2y).
Then
koki 2oy — f(x)) =y — (8mito) 2 koky (ty — t3) 20707 (ky Ykyw — kgky ' — £1)% - = y—

(87‘('2.750)%k%_a_b_ck%+b+c_2(]{}2_lk‘1)%(3_2(a+b+c)) (k_le—th_ka_l—lts)%(l—b—c) (x—(k}le_ltl—i-k‘g,k‘l_l))a
o= y—(8mito)? (kak1) ™% (koky Mothsky ' —(kak] ts+hsky ) 207 (= (koki Yty +hsk] D))" - --

This implies that o induces an isomorphism

(67 Etog — Et.

Now )
alw = kl_l 0 w= ki 0 w
T\ hsky kY k)T T \ks ke ’
where w = (%z, %’5)”, and so
pm(t) = pm(t e g).g~"
which proves (19). O

In a similar way for the family (10) we have the action
teg:=(toky 'ky ' taky ke + kski ! toky ko, tsky 'k3)
(20) t=(to tr tats) € ClLg= (70 F3) c g
0 ko
with the property (19).

Remark 3. The rational map

: )
(x — t1)lad(z — t) (2 — t3)[d]

a:C? 5T (2,y) - (3,
sends Ej ,p . biholomorphically to Et,(a),(b),(e)- We use Proposition 1 and write
W' = w0, C € Mat(2,Q[t]).

The period map associated to Ey 4y ),y 18 the multiplication of the period map as-
sociated to Fyqp . with C. For this reason it is sometimes practical to assume that
0 < Re(a),Re(b),Re(c) < 1.

11



10 Automorphic properties of g;’s
We continue the notation introduced in §8. We denote by
F = (Fy, F1, F, F3) : (P,x0) — (T, a)
the local inverse of the period map. Taking F' of (19) we conclude that
(21) F(zg) = F(z)eg, g € (Go, ).

We get
Fo(zg) = Fo(z)k; ks,

(22) Fi(zg) = Fy(o)k] Yka + kskyt, i =1,2,3

The first equality also follows from Fy(x) = det(z) .

For any A = (Z *) €T there is a path v € m(T,a) such that if pm: (T,a) — P is

d

the analytic continuation of pm along ~ then
pm(t) = Apm(t), Vt € (T, a).

This implies that the analytic continuation of F' along the path 6 = pm(~), which connects
pm(a) to Apm(a) satisfies

(23) F(z) = F(Ax), z € (P, o).
Using the Schwarz function
dx
D(t) = Jo L
f52 N

we define the path 0 = D(v). If czp + d # 0 then Az is well-defined and the path o
connects zg to Azg in C. We claim that there is an analytic continuations of g;’s along o
such that

*

(cz+d)2gi(Az) = gi(2) +c(cz +d)7, i =1,2,3, A= <Z d> el z € (C,2).
We have

(1,91,92,93) = F
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The fourth equality makes sense in the following way: Let

T 1= (D(l%) _01> €P, 7=z, pm(ys) € Go, s €[0,1].
cz+d —c
0 (cz+d)!
have F(zs75) = F(x5) ® 75 and so by analytic continuation we have it for s = 1.
In a similar way we prove the third part of Theorem 1. Note that for the family (10),
F, and Fj satisfy:

T is a path in Gg which connects I to < ) For s near enough to 0 we

Fy(zg) = Fy(2)k; ko, F3(xg) = F3(2)k{*k3, Va € L, g € Go.
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