EXPONENTS AND SUSPENSION

DON STANLEY

This paper is dedicated to my son Thomas

Abstract. Let X be a finite CW-complex. We show that the image of the homotopy groups of X under suspension have an exponent at every prime. As a corollary we recover Long’s result that finite H-spaces have exponents at all primes. We show that the stable homotopy groups of X have an exponent at p if and only if X is rationally equivalent to a point. This allows us to construct many examples of spaces with infinite dimensional rational homotopy groups and without an exponent at any prime. These examples further support Moore’s conjecture.

1. Introduction

Let G be an abelian group. We say that G has an exponent at a prime p if there exists r such that p^r(p − torsion in G) = 0. Let X be a topological space. We say that X has an exponent at p if π_∗(X) has an exponent at p. A famous conjecture of Moore links the existence of an exponent for X with its rational homotopy.

Conjecture 1.1. Let X be a simply connected finite CW-complex. Then for every prime p, X has an exponent at p if and only if π_∗(X) ⊗ Q is a finite dimensional vector space.

McGibbon-Wilkerson [11] showed that if X is a simply connected finite CWcomplex such that π_∗(X) ⊗ Q is a finite dimensional vector space then it has an exponent at almost all primes. This is a weak form of one direction of the conjecture. There are many other examples of spaces for which Moore’s conjecture holds. In this paper we will only use the following (which predates the conjecture by about 25 years).

Theorem 1.2. For every integer n and prime p, S^n has an exponent at p.

Proof: For n = 1 the result is trivial. For n > 1 see [8] for p = 2 and [18] for odd primes. □

It should be pointed out that the best possible exponent of p^r for π_∗(S^{2r+1}) and p > 2 were obtained in the papers [15, 4, 12]. The lower bound having been obtained by Gray [6]. At p = 2 the best upper bound has been obtained by Selick [17] and the best lower bound by Mahowald [10].

Some other examples where the conjecture holds are: Moore Spaces [3], H-spaces [9], torsion free suspensions [16], two cell complexes [13] and two cones at almost all primes [1]. It also turned out that Moore’s amazing conjectural dichotomy has an analogue in rational homotopy theory. In [5] Felix and Halperin showed that the rational homotopy groups of a finite simply connected CW-complex are either

1991 Mathematics Subject Classification. Primary 55Q99,55P40. 1

finite dimensional or grow exponentially. This paper is motivated by a desire to understand better the conjecture of Moore. We prove:

Theorem 1.3. Let X be a finite connected CW-complex. Then for every prime p the p-torsion in image π_∗(X) → π_∗(ΩΣX) has an exponent.

So although the space itself may or may not have an exponent at p its image under suspension always does. This means that exponent questions are very unstable, they all depend on homotopy classes which disappear after one suspension. As a corollary of our theorem we recover Long’s result on H-spaces.

Theorem 1.4. Let X be a finite H-space. Then for every prime p, X has an exponent at p.

Long’s result appears in his thesis but unfortuneatly has never been published. So in addition to giving an alternative proof of this important result we also make it more physically accesable.

In the last section we determine when the stable homotopy groups of a finite complex have an exponent.

Proposition 1.5. Let X be a simply connected CW-complex. Then for every prime p, π^s_∗(X) has an exponent at p if and only if X_{(0)} ≃ ∗.

This result is used to prove that a number of spaces with infinite dimensional rational homotopy do not have exponents at any primes, as expected by Moore’s conjecture.

I would like to thank Paul Selick, Fred Cohen and George Peschke for discussions about the paper. I would also like to thank Sadok Kallel for going over an early draft of the paper and suggesting may improvements.

2. The Image of Suspension

We work in the homotopy category of spaces having the homotopy type of connected CW-complexes. This means that maps homotopic in the underlying category are considered equal and so too homotopy commutative diagrams are considered commutative. For simplicity we will often say that a space is of a certain form when we actually only mean that it is homotopy equivalent to a space of a certain form. For a map f : X → Y of spaces we let C(f) denote the mapping cone of f.

We will let h_∗ : π_∗( ) → H_∗( ) denote the Hurewicz homomorphism. We will denote the rationalization functor by_{(0)}.

Let S^n � Y � X^p � S^n + 1 be a cofibration sequence. Then there is a coaction ψ : X → X ∨ S^{n+1}. For any Z this induces a map ψ^∗ : [S^{n+1}, Z] × [X, Z] → [X, Z]. We need the following fact about the coaction.

Lemma 2.1. Let ϕ : ΩZ×ΩZ → ΩZ denote the multiplication and use the notation of the last paragraph. Then for f ∈ [S^{n+1}, ΩZ] and g ∈ [X, ΩZ] ψ^∗(f, g) = ϕ(p^∗f × g) = ϕ(g × p^∗f) Therefore we also have that p^∗(f) = 0 if and only if ϕ^∗(f, g) = g.

Proof: Let ψ^′ : ΣX → ΣX ∨ ΣX denote the coproduct and T : ΣX ∨ ΣX → ΣX ∨ ΣX denote the transpose. Then the first statement follows from adjointness and the fact that the following diagram commutes. ΣX^ψ ′ � Σψ � � � � � ψ^′ � ΣX ∨ ΣX id∨Σp � ΣX ∨ ΣX_{(id∨Σp)T} � ΣX ∨ ΣS^{n+1} This diagram commutes for the same reason that a double suspension has a homotopy commutative coproduct. □

Lemma 2.2. Let X be a finite complex and Z any space. Let f, g : X → ΩZ be maps such that f_{(0)} ≃ g_{(0)}. Then there exists an integer s such that sf ≃ sg.

Proof: The lemma is true for X = ∗. Now assume the statement is true for any X = Y with n cells, any Z and any maps f, g : Y → ΩZ. Now let Y^′ be any space with n + 1 cells and write Y^′ = C(h) for a map h : S^n → Y and Y with n cells. Let f^′, g^′ : C(h) → ΩZ be any maps and let f and g denote their restrictions to Y . So by the induction hypothesis there is an integer s such that sf ≃ sg. So any extensions sf^′ and sg^′ differ by an element α of π_∗H. Using Lemma 2.1 we see that since f^′_{(0)} ≃ g^′_{(0)} there exists an integer l such that lp^∗(α) = 0. We have that sf^′ + α = sg^′. From Lemma 2.1 l(sf^′ + α) = lsf^′ + lα. So we get that slf^′ ≃ slg^′. Thus the lemma is proved by induction. □

Lemma 2.3. Let X be simply connected. Let f, g ∈ π_∗(ΩX) be such that h_∗(f) = h_∗(g). Then there exists an integer l such that lf = lg.

Proof: ΩX_{(0)} is a product of Eilenberg-Mac Lane spaces. Therefore h_∗f = h_∗g implies that f_{(0)} ≃ g_{(0)}. The lemma then follows from Lemma 2.2. □

Lemma 2.4. Let X be a space such that ΣX is a wedge of spheres and Moore spaces. Let f : S^r → X be any map. Then there exists an integer l such that ΣC(lh) is a wedge of spheres and Moore spaces.

Proof: Let X(j) be a space such that H̃_∗(X(j)) = 0 if ∗ ≠ j and H̃_j (X(j)) = H_{j−1}(X). Then ΣX ≃ ∨_{j≥2}X(j). Let i(j) : X(j) → ΣX be the inclusions into the wedge. h_∗ : π_∗(X(j)) → H_∗(X(j)) is surjective. (Actually it is an isomorphism in dimension j.) Let h^′ : S^r → X(r) be a map such that h_∗(i(r)h^′) = h_∗(Σf). Let l be the integer from Lemma 2.3 such that li(r)h^′ = lΣh. ΣC(lh) = C(Σlh) = C(li(r)h^′) = ∨_{j≠r} X_j ∨ C(lh^′). C(lh^′) is a wedge of spheres and Moore spaces. Therefore ΣC(lh) is as well and we have proved the lemma. □

Lemma 2.5. Let Sr^h � X^i � Y be a cofibration sequence. Assume that X is finite. Assume that there exists a finite type space W such that ΣJW is a wedge of spheres, an integer n, a map g, a multiplicative map f and a commutative diagram

X^{E1} � g � JX n � JW_f � JX.

Then there exists a finite type space W^′ such that ΣJW^′ is a wedge of spheres, an integer n^′, a map g^′, a multiplicative map f^′ and a commutative diagram

Y^{E1} � g^′ � JY n^′ � JW^{′ f} ′ � JY. Proof: Let l be the integer from Lemma 2.4 corresponding to the map gh. Since f and Ji are multiplicative the following diagram commutes

X^{E1} � g � JX^{Ji} � n � JY n � JW^f � l � JX^{Ji} � l � JY l � JW^f � JX^{Ji} � JY Also the following diagram commutes

X^{E1} � i � JX^{nl} � Ji � JX Ji � Y^{E1} � JY^{nl} � JY We have a pushout X � lg � Y k � JW � C(lgh) Let ϕ : C(lgh) → JY be the map induced by nlE^1 : Y → JY and J(i)f : JW → JY . Clearly

Y^{E1} � k � JY nl � C(lgh)^ϕ � JY commutes. Lemma 2.4 implies that there exists a homotopy equivalence ψ : ΣC(lgh) → ΣW^′ ∨U such that W^′ is a finite type wedge of spheres and U is a wedge of Moore spaces. Let ψ^{−1} be some homotopy inverse. Let i : ΣW^′ → ΣW^′ ∨ U be the inclusion and p : ΣW^′ ∨ U → ΣW^′ be the projection. Let θ = ψ^{−1}ipψ. Then θ_{(0)} ≃ id. Let ϕ^′ : JC(lgh) → JY be the mulitplicative extension of ϕ. Then (nlE^1)_{(0)} ≃ (E^1Ωθk)_{(0)}. Therefore by Lemma 2.2 there exists s such that snlE^1 ≃ sϕ^′ΩθE^1k ≃ ϕ^′sΩθE^1k(1) (1). The second homotopy follows since ϕ^′ is multiplicative.

Let g^′ = Ω(pψ)E^1k : Y → JW^′, n^′ = snl and f^′ = ϕ^′Ω(ψ^{−1}i). Clearly ΣJW^′ is a finite type wedge of spheres. Also f^′ is multiplicative and (1) implies that the relevent diagram commutes. □

Lemma 2.6. Let X be a finite complex. Then there exists a space Y such that ΣY is a finite type wedge of spheres, an integer n and a homotopy commutative diagram X � � JX n � JY^θ � JX. Proof: The Lemma follows from Lemma 2.5 and induction on the cells of X. □

Theorem 2.7. Let X be a connected finite CW-complex. Then for every prime p and every r ≥ 1, the image of the map induced by the iterated suspension image π_∗(X) → π_∗(Ω^nΣ^nX) has an exponent at p.

Proof: Fix a prime p. From Lemma 2.6 we have a finite type wedge of spheres, W maps f and g and an integer n such that the following diagram commutes X � g � JX � n � Ω^nΣ^nX n � ΩW^f � JX � Ω^nΣ^nX

[7] implies that ΩW is homotopy equivalent to a finite type product of loops on spheres. Since X is finite dimensional this implies there is a finite set I and a factorization of g X � � � � � ∏ i∈I ΩS^{n(i)} � ΩW. By Theorem 1.2, ∏ i∈I ΩS^{n(i)} has a homotopy exponent for all primes and π_∗( ∏ i∈I ΩS^{n(i)})⊗ Q is finite dimensional. Therefore the image of gf has an exponent. In other words there exists an integer s such that p^s(p-torsion in image π_∗(gf)) = 0. Therefore np^s(p-torsion in image π_∗(E^1)) = 0. Since our fixed p was arbitrary this proves the theorem in case r = 1. The same arguement works for r > 1. □

We then recover the result of Long.

Corollary 2.8. Any finite connected H-space has an exponent.

Proof: X is an H-space if and only if E^1 : X → JX has a homotopy retraction. So if X is an H-space then π_∗(E^1) is injective. The corollary then follows directly from the theorem. □

We can make the corollary slightly stronger.

Corollary 2.9. Any finite space with abelian π_1 whose p-localization is an H-space has an exponent at p.

Proof: Same as 2.8. □

Can this statement be made even slightly stronger?

Question 2.10. Let H be a connected H-space with finitely generated mod p cohomology. Does H have an exponent at p?

In contract to Theorem 2.7 the map π_∗(ΩX) → π_∗(ΩΣΩX) is injective. In fact it seems that the image of π_∗(ΩX) under stabalization is large and tends to not have an exponent when X doesn’t. This leads us to the following question.

Question 2.11. Let X be a finite simply connected CW-complex. Assume that π_∗(X) ⊗ Q is infinite dimensional. Then is it true that for every p the image of the map induced by stabalization π_∗(ΩX) → π_∗(QΩX) does not have an exponent?

3. stable exponents

Recall that π^s_∗(X) denotes the stable homotopy groups of X. Also X^{∧i} denotes the i fold smash of X with itself. The statments in the first two paragraphs of the last section hold for this section as well.

Proposition 3.1. Let X be a simply connected CW-complex. Then π^s_∗(X) has an exponent if and only if X_{(0)} ≃ ∗.

Proof: First assume that X_{(0)} ≃ ∗. Then Barrett [2] showed that X has a finite suspension order (in his terminology X has finite characteristic). It follows that π^s_∗(X) has that same exponent (and of course perhaps a smaller one). Now assume that X_{(0)} ≄ ∗. Then there exists a decomposition of Σ^∞X:

S^{r f} � X(1) � X(2) = C(f)

A^g � X(2) � C(g) = Σ^∞X such that there exists an n such that nf = 0, X(1) is a finite spectrum and A_{(0)} ≃ ∗. Since π^s_∗(S^r) has no exponent it follows that ker f_∗ has no exponent. So since π_∗(X(1) ⊗ Q) is finite dimensional we see using the homotopy long exact sequence that π_∗(X(2)) has no exponent. As observed above there exists an l such that lπ_∗(A) = 0. So again we use the homotopy long exact sequence to see that π_∗(Σ^∞X) = π^s_∗(X) has no exponent. □

Theorem 3.2. Let X be any space. Assume there that Σ^∞X_{(p)} ≃ A ∨ B. Also assume that A_{(0)} ≄ ∗ and that A is the p-localization of a finite spectrum. Then for every integer n ≥ 2, S^n ∨ X has no exponent at p.

Proof: Consider the fibration constructed by Ganea ΣΩS^n ∧ ΩX → S^n ∨ X → S^n × X. Since this fibration splits after looping it is enough to observe that the p-torsion in the homotopy groups of the fibre have no exponent. However since ΣΩS^n ≃ ⋁ i>0 S^{ni+1} we see that the fibre has arbitrarly large suspensions of A as retracts.

So the theorem follows from Proposition 3.1. □

Corollary 3.3. Let ΣX be any finite space such that (ΣX)_{(0)} ≄ ∗. Then for every n ≥ 2 and prime p, S^n ∨ ΣX does not have an exponent at p.

Proof: We can take A to be the suspension spectrum of ΣX. □

In fact this result can be extended to a signifigantly larger class of spaces using a result of Porter [14]. Following him we let T_i(A_1, . . . , A_n) denote the subset of A_1 × · · · × A_n with at least i coordinates equal to the base point. So for example T_0 is the product and T_{n−1} is the wedge.

Theorem 3.4. Assume that for j ≤ l, ΣX_j ≄_{(0)} ∗, i > n − l and that r ≥ 2. Then for every p, T_i(S^r, ΣX_1, . . . , ΣX_n) does not have an exponent at p.

Proof: Let F → T_i(A_1, . . . , A_n) → T_0(A_1, . . . , A_n) be a fibration sequence. Porter shows that this fibration splits after looping and that F ≃ ∨_S Σ^{n−i}ΩA_{i1} ∧ · · · ∧ ΩA_{ij} , where S is some set and i_r ∈ {1, . . . , n}. In particular for some r ≤ l some Σ^{n−i}ΩS^r ∧ ΩΣX_1 ∧ · · · ∧ ΩΣX_n will be retract of F in our case. Now the theorem follows from James’ decomposition ΣΩΣX ≃ Σ ∨_{i>0} X^{∧i} (see [19] for a proof) and Proposition 3.1. □

We can see that the condition i > n − l in the theorem is necessary by letting i = n − l, ΣX_j = S^r if j ≤ l and ΣX_j = P^r(p) if j > l.

Definition 3.5. Let X be a finite CW complex. If for each prime p there are only finitely many distinct (up to suspension) indecomposable pieces of the p-localization of ⋁ i≥1 X^{∧i} then we say that X is smash finite.

Note that the notion of indecomposability is well defined because of [20].

Proposition 3.6. Let X = Σ^2Y be a finite complex. Suppose H̃_∗(X, Q) is at least two dimensional and that X_{(p)} is smash finite. Then π_∗(X) ⊗ Z_{(p)} has no exponent.

Proof: Assume that X is p-local. [21] Theorem 1.6 says that JX ≃ ∏ j J(L_{kj} (X))×?. Each of the L_{kj} (X) is a retract of X^{∧n} for some n. Since X is a finite suspension [20] implies that L_{kj} (X) is a wedge of the spaces from the list of Definition 3. Also the connectivity of the L_{kj} (X) goes to infinity with j. So Proposition 3.1 is enough to complete the proof of the theorem. □

Question 3.7. Is every p-localization of any finite suspension smash finite?

References

[1] D.J. Anick, Homotopy exponents for spaces of category two, LNM 1370 (1989), 24-52. [2] M.G. Barratt, Spaces with finite characteristic, Quart. J. Math. Oxford 11 (1960), 124-136. [3] F. Cohen, J. Moore and J. Neisendorfer, Torsion in homotopy groups, Ann. of Math. 109 (1979), 121-168.

[4] F. Cohen, J. Moore and J. Neisendorfer, The double suspension and exponents of the homotopy groups of spheres, Ann. of Math. 110 (1979), 549-565.

[5] Y. Felix and S. Halperin, Rational L.-S. category and its applications, Trans. A.M.S. 273 (1982), 1-37.

[6] B. Gray, On the sphere of origin of infinite families in the homotopy groups of spheres, Topology 8 (1969), 219-232.

[7] P.J. Hilton, On the homotopy groups of the union of spheres, J. London Math. Soc. 30 (1955), 154-172.

[8] I. James, The suspension triad of a sphere, Ann. of Math. 63 (1956), 407-427. [9] J. Long, Thesis, Princeton University (1978).

[10] M. Mahowald, The image of J in the EHP spectral sequence, Ann. of Math. 116 (1982), 65-112.

[11] C.A. McGibbon and C.W. Wilkerson, Loop spaces of finite complexes at large primes, Proc.

A.M.S. 96 (1986), 698-702.

[12] J.A. Neisendorfer, 3-primary exponents, Math. Proc. Cambridge Philos. Soc. 90 (1981), 63- 83. [13] J.A. Neisendorfer and P.S. Selick, Some examples of spaces with of without exponents, CMS Conf. Proc. 2, Amer. Math. Soc. (1982).

[14] G.J. Porter, The homotopy groups of wedges of suspensions, Amer. J. Math. 88 (1966), 655-663.

[15] P. Selick, Odd primary torsion in π_k(S^3), Topology 17 (1978), 407-412.

[16] P. Selick, On conjectures of Moore and Serre in the case of torsion-free suspensions, Math.

Proc. Camb. Phil. Soc. 94 (1983), 53-60.

[17] P. Selick, 2-primary exponents for the homotopy groups of spheres, Topology 23 (1984), 97-99.

[18] H. Toda, On the double suspension E^2, J. Inst. Polytech. Osaka City Univ. Ser. A 7 (1956), 103-145.

[19] G.W. Whitehead, Elements of Homotopy Theory, Springer, 1978. [20] C.W. Wilkerson, Genus and cancellation, Topology 14 (1975), 29-36. [21] J. Wu, On combinatorial calculations for the James-Hopf maps, Topology 37 (1998), 1011- 1023.

Department of Mathematical Sciences, Univeristy of Alberta, Canada

UMR 0751 “AGAT” du CNRS à l’Université de Lille 1, France

Max-Planck-Institut Für Mathematik, Bonn, Germany Current address: Max-Planck-Institut Für Mathematik, Vivatsgasse 7, D-53111 Bonn, Germany

E-mail address: stanley@math.ualberta.ca,stanley@mpim-bonn.mpg.de