
TYPE I DEGENERATION OF KUNEV SURFACES

Sarnpei USUI

Dedicated to Professor Friedrich Hirzebruch

on the occasion of his sixtieth birthday

Max-Planck-Institut
für Mathematik
Gottftied-Claren-Straße 26
5300 Bonn 3

West Gerrnany

MPI 87-62

Department of Mathematics
Faculty of Science
Kochi University
KOCHI, 780 Japan

Japan



1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1
I



TYPE I.DEGENERATION OF·KUNEV·SURFACES

Sampei USUI-

Dedicated tO.Professor.Friedrich·Hirzebruch

on· the occasion· of· his·sixtieth· birthday

Introduction.

In this article we determine completely the main

components of type I degenerations of Kunev surfaces, i.e.,

degenerations of Kunev surfaces with finite Ioeal monodromy.

The main results here were already announced in [Us.4] only

with some idea of proofs.

A Kunev ~u46aee X 1s d~fined as a canonical surface,

i.e., canonical model of a surface of general type, with

X(Ox) = 2 and (Wx )2 = 2, Wx : the dualizing sheaf, which
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has an involution a such that y' := X/o 1s a K3 5urface

with rational double points (RDP, for short). It 15 well-known

and aLC,
]

whose branch locus consists of two cubics

cover f

(Z/2)EB2

that X has only RDP hence Wx is a line bundle. It 1s also

IW~x2!. f' 1known that the linear system g1ves a in1te Ga ois
2X --> P , factoring through Y' , with Galois group

line L satisfying the conditions:

(0.1) LC
j

has only simple singularity. C1 n C2 n L = ~ .

The pull-back of L on the minimal model Y of Y· is reduced.

Conversely, given two cubie5 LC
j

and a line L on p
2

satis­

fying (0.1), we can reconstruct a Kunev surface X in the

following way:

(i) Take a double cover Y' of F 2 branched along LC
j

.

Then Y' is a K3 surface only with RDP.

(ii) Let Y be the minimal model of yr • Set

ct 1 : y -> p2 • Let Ei (1 ~ i S 9) be the exceptional curves

for u 1 whose rnultiplicity in cti Cj is odd. These are called

di..4lingu..i.ohed (-2) -c.u.Jtve~.•

(ii1) Take a double eover X' of Y branched along

aiL + LEi · Then the eanonical model X of X' becomes a

Kunev surfaee.

By the structure of Kunev 5urfaces deseribed above, we

can construct the1r coarse moduli space m in two waysi by

the geometrie invariant theory applied for the branch loei

LC, + Land by the period map for K3 surfaces Y. In order
]

to see it more precisely, set

G : = {l:c. E syrn2 1 0 2 (3) 11 l:c. has only simple singularity}
] p ]
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H* : = G x I() 2 ( 1) I
lP

H .- {LCj+L EoH*12Cj+L satisfies (O.1)}

Recall the fact that a plane sexetic curve is properly stable

with respect to the natural action of SL3(~) ° if and only if

it has only simple singularity (cf. [H.2] , [Sh]). Hence we

can see in the first method that

N := G/SL3(~)

isthe coarse moduli space of triples (Y"Cl10lP2(1),I~ Ei) ,

which are called ° K3 ~u~6aee~o6 Kunev type, and that the coarse

moduliospace of Kunev surfaces is

m = H/SL
3

((t) •

On the other hand, by the second method, the projection

41 2 m-> N

can be seen as aperiod map of the second cohomology for Kunev

surfaces. This is proved by suitable versions of the Torelli

theorem and surjectivity of the period map for K3 surfaces

of Kunev type and the lattice theory of Nikulin in [T.2] and

[Mo.2] (there are same ambiguous points in the former; the

latter is rigorous) (cf. (2.8)). This together with the Kulikov

list of degenerations of K3 surfaces ([Ku], [Pp]) implies

that

- 11i -



m* := H*/SL 3 (t)

is a partial cornpactification of m obtained by adding those

points which correspond to type I degenerations of Kunev surfaces.

Now we define two functions on H* by

: = L 2 min {I (P , L n C j) I j = 1, 2 }
PElP

n(ICj,L) := #{triple points of Cj on L, j = 1,2}

where I(P,L n c. ) is the intersection multipl~city of L and
]

C. at P E]p2 . It is easy to see that the value of m(
J

(resp. n ( -)) is 0,1,2 or 3 (resp. o, 1 or 2) • These functians

induce anes on m* and thet define two stratifications:

nt* = So 11 S 1 11 S2 where

m* = Ta 11 T 1 _1_1 T2 where

S = {s E m*lm = min{2,m(s)}}
m

T = {s € ffi*ln = n(s)} .n

The main result in this paper is stated as

(a. 2 ) I H t.1t e a. b0 ve. 11 0 t.at1.. 0 n t th e. paJt.t-i.at c. 0 mpa c..t-i. n-i.c.at1.. 0 n

ffi* -i.~ d-i.v1..de.d 1..nto 6-i.ve. paJt.t~ by the. above ~tJt.at-i.6-i.c.a.t-i.on~ al1d

the.y c.oJt.Jt.e.~pond to t.wo ~e.Jt.-i.e.~ 06 de.ge.ne.Jt.a.tion~:
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{~~~~~~~~td~~bi~~~~~~~}--->{K3 ~u~6aee~}
So n TO = m = /
{Kune.v .ou}t.6a.ce.o}

The pe.~~od map 06 the .oecond eohomoiogy 60~ ~e..opeet~ve .ou~6aee..o

~.o e..o.oe.ntialiy e.quat to the. ~e~t~iet~on 06 the p~ojection

~2 m* -> N

(by the Mayer-Vietoris sequence and the Clemens-Schmid sequence)

~nd ~21s (~e.op. ~21T ' ~21s nT) ha.o pu.~e ~eiat~ve d~men~~on
m n m n

2-m (Jte..6 p. 2-n, 2- (m+n» (Theorem (2.6), Corollaries (2. 10) ,

(2.13».

Here we use the terminoiogy a numeJt~cai K3 .6u.JtOace with

one double fiber, which means a minimal elliptic surface with

2P = 1, q = 0 and c = 0 and with one double fiber. Forg 1

LCj+L E H* , the minimal model X of the corresponding surface

can be obtained in an analoguous way as the reconstruction

(i) - (ii1) above of Kunev surfaces, i.e., we can construct a

diagram:
....

Xl <-- X* ---> X

1 1
CO. 3} yl <:--- Y <--- y*

1)/1
2

]I? <--lP*

- v -



where Y' is the double cover of ~2 branched along Ic. ,
]

2Y is the canonical resolution of Y' --> ~ ,XI is the

double cover of Y branched along a1L + I;E i , X* is the
....

canonical resolution of Xl --> Y ,and X is the minimal

model of X* . Diagram (0.3) suggests an idea of a proof of

(0.2). The essential part is the computation of the branch

locus aiL + IE i on the minimal K3 surface Y.

Historically the phenomenon of appearance of positive

dimensional fibers of aperiod map 1s first observed for Kunev

surfaces in [T.1], [U5.1] and [Us.2] (for Todorov surfaces in

[T.2]) then for elliptic surfaces with p = q = 1g in [Sa .M] •

It 15 new for numerical K3 surfaces with one double fiber. The

present result (0.2) explains uniformly these phenomena by

degeneration (Corollary (2.13».

We explain here the background of Kunev surfaces.". The

minimal model of a Kunev surface 1s a simply connected surface

with 2 1 Let m be the coarse moduli ofPg = c = . space1

surfaces with 2 1 then m is 1rreducible, rationalPg = c 1 = ,

and with - 18 which conta1ns Kunev locus withdim m = m

codimension 6 ([Ca.1], [Ca.2]). On the Hodge theoretic view-

point, these surfaces are interesting materials. After Kunev

constructed an example of a Kunev surface as a counterexarnple

to the infinitesimal Torelli theorem, the following results

are known:

(0.4) The gene~~c in6ini~e~imal To~elt~ theo~em hotd~ 6o~

.6 u. Jt 6a. c "e.6 ~ n m ([ Ca. 1 ] ) •
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(0.5) The pe~lod map ~2 06 ~u~6ace~ in m ha~ ~ome

po~itive dime.n~ionai 6lbe~~ ([T.1], [Us.1], [Us.2];. [T.1] treats

only Kunev surfaces).

(0.6) m in m i~ cha~acte~ized by dirn ~;1~2([X]) = 2 ,

which i~ the maximal dimen~ion 06 the 6ibe~~ 06 ~2 ([Us.1]).

(0.7) The in6inite~imai mixed To~elli theo~~m hold~ 60~

pai~~ (X,C) 06 ~u~6ace~ X in m and the.i~ ~mooth canonlcal

c.u1l.ve~ C ([Us. 3]) •

(0.8) The gene.~le mixed To~elli theo~em hold~ 60~ Kunev

~U1l.6aee.4 ([L], [SSU]; there i5 a point about monodromy which i5

not clear in [L]).

(0.9) The~e exl~t~ a Za~~~k~ open ~ub~et U 06 m ~uc.h

that ~-1~(U) = U , whe~e ~: m---> f'D i~ the mixed pe~iod map

([SSU]) •

Hence, in order to solve the mixed Torelli problem for surfaces

in m via Kunev locus m, it 1s neces8ary to study the following:

(0.10) A eompac.ti6lc.ation 06 the mixed pe~iod map

~ m-> f'D .

(0.11) The monod~omy f in (0.9), whe~e we u~e.d a ge.ome.~~ic.

one.

(Fer a general reference of the above as weIl as for the

terminology such as mixed period map, mixed Torelli etc., see

[SSU] .) .Problem (0. 10) is one of the metivations of the present

werk. Our result here i8 not its answer but a by-product.

Section 1 is preliminaries. We shall recall the canonical

resolution of a double cover and related resuIts, the Clemens-

Schmid sequence and monodromy criteria, the canonical bundle

formula for elliptic surfaces and definitions cf Kunev surfaces
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and numerical K3 surfaces and some of their properties for

our latter use.

In Section 2, we shall construct an integral family of

surfaces f: * --> F 2 over a fixed K3 surface of Kunev type,

which is adegeneration of Kunev surfaces. We shall state the

main theorem (2.6) and explain this result perspectively in

the framework of a type I partial compactification m* of

the coarse moduli space m of Kunev surfaces .(Corollary (6. 10) ) •

We shall also explain uniforrnly the phenomenon of appearance of

positive dimensional fibers of the period map for Kunev surfaces,

numerical K3 surfaces with one double fibers and elliptic surfaces

with Pg : q = 1 • The main part of the proof of Theorem (2.6)

will be postponed to Sections 4 and 5.

In Section 3, we shall study locally over the singular
\' . 2points P of LC j + L cF for IC j + L E H* and give tables

of configuration~'of -rCj + L , the branch leei By(P) on

minimal K3 surfaces Y and the canenical divisors Ki (P) ef
1

type I degenerations of Kunev surfaces corresponding to Ic. + L .
J

All of these will be descriöed locally over the critical points

P in this section. The- result here plays.the key ~ole in the

proofs of Theorem (2.6.3).

Section 4 contains tables of global configurations of

IC j + L E H* , the brancn loe!

divisors of the minimal model

By on Y and the canonical
...
X of type I'-degenerations of

Kunev surfaees corresponding to Ic. + L . These tables give a
J

proof of Theorem (2.6.3), which 1s clumsy hut elementary and

fruitful.
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Section 5 contains another proof of Theorem (2.6.3). We

ahall use the Ioeal classification in Section 3 as weIl as an
A

elliptic fibration on the minimal model X induced by the

pencil of lines on p2 through a critical point P of

IC j + L for IC j + L E Sm U Tn (m > 0, n > 0)

We use the following terrninology:

(-11-cu~ve: ·an irreducible exceptional curve of the first

kind on a smooth surface.

(-21-cu~ve: an irreducible rational curve with self-inter-

section -2 on a smooth surface, i.e., a nod~l curve.

(n}-(b~)4ect~on: a (bi)section of a fibration on a smooth

surface with self-intersection n .

- ix -
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1. Preliminaries.

(1.1) ganonical ~eaotution. In this subsection, we shall

sumarize the process of a canonical resolution and related results i n

[H. 1 J i n a sI i gh t 1y general form for aur later use.

Let y be a smooth surface, B = L b.D. an effective divisor
1 1

on y and ;c:; a 1 i ne bundle on Y such tha t ~y(B) = ,:82. Then we

can associate the double cover X = Spec(~y $ ,-1) -----+ Y branched

alang B, where is endowed an ~y-algebra structure by

If Bs : ,8(-2) -----+ ~Y for s E HO(y, ,82) with {s = O} = B.

is non-reduced (resp. reduced but singular), X is non-normal (resp.

has isolated singularity).

The process to obtain the canonical resolution X* of X is as

foliows:

0) Set Yo = Y, Bo .= Bodd,red := B - 2"ZCb i /ZJD i and 7- Q = 7- €I

ey ( - L [b i 12 ] D i ) , an d t ak e . t he d 0 u b lee 0 ver X° = Spe c (0 Y $ ~ Ö1 )

branched a16~g. Ba- Let Po : Xo -----+ X be the birational morphism

induced by ~o ~ 1.

i) Let q1 : Y1 -----+ Y be a blowing-up with center at a

singular point P1 of Ba. Let el be the multiplicity of P1 E

Ba and E t = ql 1 (P1) the exceptional divisor. Set B1 = qrBo -

*and '1 = ql'O 8 Gy~-[el/2]E1) and take the double cover

X S ( '" E9 t:r..-1 l).1 = pec \:J Y1 .r • Let PI : Xl -----+ Xo be the birational

morphism induced by

After a finite number, say n, of repetition oi the process i),

we get a non-singular model X* := X which is called the canonicaln

- 1 -



~eao!ution of X. The whole procedure is given by the diagram:

Po P 1
X -+---- Xo +--- Xl

(1.1.1) 1 1 1
q I

Y = Yo +-- Vi

Po
X+--

n

1
qn

y+--
n

= x*

-. y*

B. * 2[e./2JE.= q. B. 1 -
1 1 1- 1, I,. * S &yC-[e. /2JE.}= q.':. 1
1 1 l- 1 1

(1 ~ i ~ n)

A singularity at a point on a reduced curve is called aim~!e if

its multiplicity is not greater than three and if it is not an

infinitely near tripie point. No te tha t, in the procedure 0 f the

canonical resolution C1.1.1), the curve Ba has at most simple

singularity if and only if [e./2J = 1
1

for all i.

(1.1.2) Lemma. In the above notation, if Bo has at most

simple singularity, then the canonical resolution of X coincides

with the minimal resolution of X and we have

where *CI' : X ~ Y.

If, moreover, Y is a minimal K3 surface and PgCX*} = 1, then

qCX*) = -CCB O)2/8 + 2).

The first assertion follows from *Ky . 8 ,. = q. CK y 8
1 1 . 1

1 1 -

~. 1) and this follows from the remark just before this lemma Ccf.
1-

= hiCe y ) + hZ-iCKy 8 ' 0 ) = hiC&y) +

hiCO X*) = hiCO y > = 1 for = 0,2, we see

2. Hence, by the Riemann-Roch theorem on y,

[H.l)).

Since

i = 0,

We shall prove the second assertion.

hi(~y ) + hiC'~l) = hice y ) +

n n

By construction,

h 2 - i CK 8')Y n
n

h 2 - i C1'0)

we have

for

- 2 -



q(X*) = h 1 (,0) = -X('O) = -«'0)2/2 + XC~y)) = _(CB O )2/S + 2).

QED.

(1.2) fttem.cna-gcA.-mid aequcn.ce and mC7Zcd-tcmv c-tite-tia. We

shall summarize the Clemens-Schmid sequence and related results

([CI.IJ, [Sc]) in the form far aur later use.

expositions on this topic in [P] and [Mo.l].

There are good

Let U be the unit disko Let f ! ~ U be a semi-stable

degeneration of surfaces, i.e., f is a proper flat holamorphie

map, ~ is a Kähler manifold. X t := f-ICt) is smooth for t * 0

and Xo := f-l(O) = L V. i5 a reduced divisor with simple normal
1

crossings.

sequenee

In this situation. we have the Clemens-Schmid exact

(1.2."1)

where

H2 ~ H 2 ~ H2lim lim

i i
H lim = H (X t , Q) endowed with the limiting mixed Hodge structure,

Hi = Hi(Xo. Q) endowed with the functorial mixed Hodge structure of

Deligne CD].

H. = H.(X o • Q) endowed with the dual mixed Hodge structure,
I 1

N = id - T for the loeal monodromy T i "
ac ti ng 0 n" Hl' t1m

and N are morphisms of mixed Hodge structure of type

(-2,-2) , (0,0) and (-1,-1) respectively.

As a corollary cf the Clemens-Schmid sequence, we have:

(1.2.2) Lemma-Definition. In the above notation, N3 = 0 and

PgCX t ) ~ L Pg(V i )

for the dual graph

always hold.

r 0 f Xo = LV .•
1

3 -

N = 0



= L p (V.). The semi-stable degeneration f:! ~ U is called
g 1

type 1 (resp. 11, III) if N = 0 (resp. N '* ° and N2 = 0, N2 :# 0

and N3 = 0).

We include here

the canonical bundle formula [Ko.2, Theorem 12] and the positivity of

the direct image of relative dualizing sheaf [Ue, Remark in Appendix]

far elliptic fibrations for our later use.

Let X be a non-singular compact complex surface and let f: X

~ C be a ~e!ativetv minima! elliptic fibration, i.e., a general

fiber of f i8 a non-singular elliptic curve and no fiber of f

contains (-l)-curves.

(1.3.1) ganonica! 6undte lo~mu!a. The canonical bundle KX

of an elliptic surface X has the form

KX = f*(K C S (R1f*&x)-1) S &X(L(ID
i

- l)F
i

)

where m.F" i = 1,2 , .,., n, are all multiple singular fibers.
1 1

The line bundle Rlf*~X i5 dual to f*ooX/C where ooX/C = KX 8

( f *K
C

) - 1 , and

deg Rlf*~X = -X(~X).

A simpler proof af the above farmula can be found fn (Ue ,

Appendix).

For the degree of the line bundle Rlf*~X' or equivalently of

f*~X/C' we can see more:

(1.3.2) 10ditiuitv 01 f*~X/C'

deg f*coX/C ~ o.

- 4 -
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The equality holds if and only if the elliptic fibration f: X ~ C

has eonstant J-invariant and has only multiple singular fibers of

type mIO (for the notation, see CKo.I]).

There is a full praof af (1.3.2) in [BPV, p.110] by redueing the

assertion to the ease of a semi-stable fibration.

By the definition of the Kodaira dimension, the following

assertion ean be obtained as an exereise of interseetion theory (for

a praof, see, e.g., CBPV, p.194]).

<1.3.3) If a non-singular compact eomplex surfaee X has

Kodaira dimension K(X) = 1, then X is an elliptic surfaee.

We inelude here the

definitions of somewhat unfamiliar surfaces and their properties

which will appear later.

(1 . 4 . 1) De f i n i t ion. A Xunev au~'ace X is a canonical surface

with X(Ox) = 2 and (~X)2 = 1, ro x the dualizing sheaf, whieh has

an involution 0 such that X/o i5 a K3 surface with at most

rational double points (R.D.P. for short) .

....
Let X be the minimal model of a Kun~v surface X. The

following propertie5 are known ([Ca.l]):
,...

(1.4.2) X is simply connected. cy(X) = 1.

(1.4.3) The canonical model X can be represented as a

weighted complete intersection of type (6,6)

- 5 -

in P(1,2,2,3,3) with



at mas t R.D.P •• whose partially normalized equations are

lf= z~ + f(3)(X6. y 1 • Y2)

g = za + g(3)(x6. y 1 • Y2)

where deg Xo = 1 , deg y. = 2 ( 1 = 1 , 2 ) , deg z. = 3 ( i = 3 , 4) ,
1 1

and f(3) and g(3) are cub1cs in Yo .- x6, y 1 , Y2·.-

(1.4.4) Definition. A minimal surface X 1s called a

nume~ica{ ~3 au~/ace if p = 1,g q = 0 and c~ = o.

The following are known:

(1.4.5) Every simply connected numerical K3 surface X belangs

to one of two oriented homotopy types according to its Whitney class,

i.e., c
1

(X) mod 2 ([Mi]).

(1.4.6) A simply connected numerical K3 surface is

characterized as either a K3 surface or an elliptic surface with p =g

1 and q = 0 which has at most two multiple fibers and, in the case

that there are two, their multiplicities ml and m2 are mutually

prime ([Ko.3, Proposition 1, Lemma 6]).

(1.4.7) Remark. Kodaira [Ko.3l called a s1mply connected

surface with the same oriented homotopy type as K3 surface a ~cnotony

:<'3 au-tlace. By definition. a homotopy K3 surface (resp. K3 surface)

i5 equivalent to a simply connected numerical K3 surface with Cl(X)

::: ,0 mod 2 (resp. Cl (X) = 0). While we shall come across numerical

K3 surfaces with one double fiber later.

- 6 -



2. Construction of families of surfaces and statements of

the main results.

(2.0) In this section, 'we shall construct families of surfaces

which are degenerations of Kunev surfaces over a fixed K3 surface and

state the main resuls. We postpone the praof of Theorem (2.6.3) in

Section 4 and Section 5, where we shall give two different proofs

after apreparation in Section 3.

The branch locus consi5ts of two

(2.1) Let X be a Kunev surface defined in (1.4.1).

(1.4.3) the bicanonical bundle

with Galois group (Z/2Z)$2.

gives a Galois cover

Then by

X~ p2

cubics

and a line L = {Ya = O}. The K3 surface Y' := X/a in (1.4.1) can

be seen as a weighted hypersurface of type (6) in P(l,l,1,3)

2 (3) (3)
defined by an equation h = u3 + f (Ya, Yl' Y2) g (Yo, Yl, Y2)

wi t h deg y. = 1 (o:s;
1

,:S; 2) and deg Us = 3. By construction,

the K3 surface Y' with R.D.P. i5 the double cover of p2 branched

along the two cubics

singularity.

L C.,
J

hence L C.
J

on p2 has only simple

(2.2) For sexetic curves on p2, curves with at most simple

singularity coincide with properly stahle curves with respect to the

( [H • 2 ], [ Sh ] ) . Set

~ = {L C
j

e Sym2 Iep2 (3)1

~ = ~/SL3(C)

1 I: c.
J

has onIy simp1e singularity}

Then, as a consequence of Theorem (2.6.3) below, ~ can be seen as

the coarse moduli space of the polarized K3 surfaces with R.D.P.

which are quotients of Kunev surfaces X by their involution 0

- 7 -



plus the data of the distinguished (-2)-curves defined in (2.4.2)

below (cf. (2.7), (2.8) below). We call the K3 surfaces equipped

with these data ~3 ou~face1 of Xunev tvne. We have a projection

p : :m ---+ ~t (X] ...-.-... (X/o].

by

(2.3) For any fixed ~ c. e ~,
J

we define functions in t E jS2

These functions define two

m( t) = ~peP 2 mi n { I (P, L t !'" C j )

n(t) = #{triple points of C. on
J

Notice that if C. has a triple point then
J

distinct lines with a common point.

j = 1, 2}

j = 1, 2}

coosists of three

stratifications of jS2:

p2 = So II S 1 II 52 where 5 = ( t e p2 I m = min{2~ met)}}
m

p2 = Ta II Tl II T2 where T = { t e jS2 I n = n ( t) }
n

Notice that codim 5 = m, codim Ta = 0, and codim T = n i f Tm n n

i s noo-empty (0 = 1 , 2 ) .

(2.4) For L.C. e 'Y, we denote by Y the minimal K3 surface
J

which is obtained as the minimal resolution of the double cover of

p2 braoched alang ~ C .•
J

Let eil : Y ---+ p2 be the projection

and E. be the exceptional curves for eil' i .e., (-2)-curves.
I

Then we have the followiog lemma whose praaf is easy and we omlt it.

(2 .4 . I) Lemma. The sets {E.
I

the multiplicity of E.
1

in the

total transform of C. i5 odd} (j = 1, 2) coincide and the number
J

of thelr elements is nine.

(2.4.2) Remark. The nine (-2)-curves in the above lemma is an

equivalent datum to the one of the diotin?Ui1!ed ha~tial
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deain?uta~ization cf a K3 surface of Kunev (more generally, Todorov)

type in EMo.2J. We call the former the diatin?Uialed (-2)-cu~ve1.

They appeared in A.D.E. configuration of exceptional curves over

R.D.? as in Table (3.2.2) in Section 3.

(2.5) We reorder the numbering so that E.
1

(1 :s: are

the nine distinguished (-2)-curves on Y, and set ~. = p2 XE.
1 1

( 1

:s: i:S: 9). Denote by f c p2 Xp2 the total space of the universal

family of lines on P2. We can construct families of surfaces

\liay: (0) Se t ce = 1 x ce 1 : p2 x y -----+ p2 XP2. (i) Le t B: ~

p2 X Y be the blowing-up along ce - l;e n (2:1 G.).
1

Denale by

r. (1:S:
1

:s: 9) the exceptional divisors. <ii) Take the double

cover y ~, -----+ ~ branched along (i i i)

Let 0 ~'-----+ ~ be the contraction of (By)-l(L G,). (iv) Let
1

e : ~ -----+! be the contraction of Oy-l(L r,). (In the notation
1

above, we used ce-tl elc. as the proper transforms .. )

Set t~ = (o(ceBy)-l! with reduced structure)

öY - 1, ..
1

and f".. =
:.l , 1

(2.6) Theorem. In the above notation, f:! -----+ p2 is an

integral family of degenerations of Kunev surfaces over the fixed

2: C. E 11.
J

This family has the following properties:

(1) The singularity of the total space ! consists of disjoint

nine compounds Veronese cone over 51 il 52 = (Cl n C2 )V, i.e.,

analytically isomorphie to the produet of a line and the eone over

the Veronese embedding of p2 c p5 by l~p2(2)1.

- 9 -
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a desingularization and the exeeptional divisor

p2 over a line in (Cl n C2)V (1 ~ i ~ 9).

W";w-. is a
~l , 1

K~ - I*K.... =
p2

family of

i5 a (singular) Kunev surfaee, numerieal K3 5urface with

Pg = 1, and Wi I t : =
V

t
coineides withHenee the dualizing sheaf of

I: tr;lo' .•
:.l , 1

(2) The fiber ~t := 1- l (t) = V t + I: Wi,t ' where V t is the

main eomponent, i .e. t the eomponent wi th

one double fiber, K3 surfaee, elliptic surface with p = q = 1,g
ar

splitting abelian surfaee aceording to te So n Ta, 51, 52,

1~ool of (1) and (2). In the notation in (2.5),. natiee that

~ and p2 x (L C.) intersect transversallyon p2 x p2 hence so
J

da a- 1l and (~l G.) on p2 x Y. This implies that a-1~ n
1

(L ~. )
1

consists of nine disjoint pl-bundles over the lines

Therefore the branch locus· (aB)-1f + 8- 1 (L e.)
1

on ~ i5 a smooth divisor. It follows that ~I i5 smooth.

5ince G. = p2 X E. and E. i5 a (-2)-curve on Y, we see
1 1 1

N&./P2 XY 8 &E. :::: Gp1 (-2). Hence 8- 1&. on ~ i S· a pt-bundle
1

1 1

whose normal bundle restricted to any fiber is isomorphie to &pt(-2).

This implies that is a pt-bundle Qver p2 whose

normal bundle restricted to any fiber is isomorphie to 0p1(-I).

Thus we get a smooth variety ~ in 5tep (iii).
v

Qver the line Pk has Na-tln&./p2xY
1

@ &E. ~ Opt e 0pt(-Z),
1

a-tZ n &. n (H x Y) = E.
1 1

because

transversally, far any line H on

and

- 10 -



Hence r. is a
1

v

L2-bundle over P
k

, where L2 := Proj(Gpl ~ ~pl(-2». This implies
v

that y-l'i is a Ll-bundle over P
k

intersecting with (By)-I~i

v

along the pl-bundle over P
k

whose fiber is the (-l)-section on LI.
v

Thus we get a p2-bundle Öy- 1r. over the line P on ~ in
1 k

Step(iii).

Since NHXY/P2XY 8 ~E. ~ I!lp1 as above, 8 - 1 (H x y) intersects
1

v

wi th r. along a (Z)-section on L2 over the point H n Pk , hence
1

(By)-I(H x y) intersects with - 1, alang a (4)-bisection on LI ·Y i

Therefare Ö(8y)-1(H x y)

v

p2 over the point H ~ Pk .

intersects with oy- 1r. along a conie on
1

Thus we see that öy- 1f. contracts to
1

v

a compound Veronese cone over the line P
k

.

Now the other assertions in (1) and (2) follows easily by the

adjunction formula. QED.

(2.7) Set

;e* : = (L C j + L E Sym 2 I ~p2 (3) I x I t!lp2 (1) I

(for the notation ~, see (2.2».

I L C. e ~}
J

Now we consider the functions met) and n(t) in (2.3) as functions

and defineH.*onm(L C. , L) and n (L C. f L)
J J

it."- .- (L C. + L e it.*. -
J

H..
0

CE H.. - c. + L E
J

m(L C., L) = n(L C., L) = Ol
J J

both cubics C. are smooth and
J

they intersect transversally.

Land r c. intersect transversally.}
J

By the natural action of SL3(C), we can take their quotients (cf.

(2.2»:

3Jl* : = H.* / SL 3 (C) t

- 11 -



where the midle equality is a consequence of Theorem (2.5.3).

(2.8) In order to explain Teorem (2.6.3) more perspectively, we

recall here briefly the construction of the coarse moduli space oi

Kunev (more generally, Todorov) surfaces by the period map. These

were first constructed by Todorov (T.2J by using the Torelli theorem

and surjectivity of the period map for K3 surfaces, but it contains

same ambiguous points in lattice theoretic part. Morrison (Mo.2J

then gave a rigorous proof based on Nikulin's works.

For the economy of pages, we take a reference point 0 =
o

(L C., L) E ~ and construct the following diagram in a similar way
J

as (O)-(iv) in (2.5):

Xa I Jt X6

1 1~
(2.8.1) Va j Va

171
p2 I p*

where Y6 is the double cover of p2 branched alang i: C. 0'J ,

Va is the minimal resolution of Ya on which sit the nine

distinguished (-2)-curves L E. 0
1 ,

coming from the nine

ordinary double points on Va,

x~ is the double cover of the minimal K3 surface Va

branched along *: = ce 1 La + r E. 0'
1 t

and

Xa is the contraction of the nine (-l)-curves on X~

lying over L Ei,o on Ya •

Set

- 12 -



*A := clasS(al~p2C1» E A

N := {i; E A 1 ~'A = ~·E. = ° Cl ~
1

Notice that

{(O e PCN 8 C) I (0'(0 = 0, (0'00 > o}

;:' 9)}

has two connected components, interchanging by complex conjugation.

Choose the component D containing H2,OCYo), a he~iod donain.

This choice i5 called the ai?n at~uctu4e.

Now let YI be any K3 5uriace \11 i th R.D.?, Po: Y ----+ Y' the

minmal resolution and {Ok}

Po. Se t

the set oi exeeptional (-2)-curves for

A ma-t{in? 0 f Y I i5 an embedding of lattiee

for whieh there exists an isornetry ~

<plr2cy') = <po·

Glueing together Ioeal deformations by virtue of a suitable

version of the Torelli theorem and surjectivity of the period map for

K3 surfaces with R.D.P.·, we ean eonstruct the unversal family g: ~'

~ D of marked K3 surfaees of Kunev type and a relatively ample

line bundle L~I on ~' whose first Chern el~ss on each fiber is

mapped to A by the marking. Here the markings of the fibers are

required to have images in the span of A and N, and to send the

holomorphic 2-forms on the minimal model of eaeh fiber into D (cf.

CMo.2, §7]), This yields a p2-bundie

P ( g )jeL~ ,) ----+ D.

Let Y be the Zariski open set of P(g*L~I) eonsisting of those

points (co , L )
(0

which satisfies the condition:

- 13 -
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of the divisor L~ on the minimal model ~: y~ ~ y~ of the K3

surface has at most simple singularity and it is disjoint from the

distinguished (-2)-curves on Y .
(j)

We denote ey r the subgroup of orthogonal group O(A) of the

K3 lattice A consisting of those elements which preserves the

polarization A, the (unordered) set of distinguished (-2)-curves

{E 1 , ••• , Es} and the sign structure. By definition there is the

natural homomorphism r~ OeN)/{±l}, where O(N) is the

orthogonal group of the lattice N. We denote its image by r.

Then we can see that the action of r on D lifts to the p2-bundle

P(g*L~I) ~ D which preserves the open set Y and that the

quotients f/r ~ DIr are the coarse moduli spaces of Kunev

surfaces and K3 surfaces of Kunev type, which are irredueible Ccf.

[Ma.2, (7.3), (7.5), (7.8)]).

(2.9) Thus we get the coarse moduli spaces in two ways, via

geometrie invariant theory and via period map:

jß = JlISLs(C) ::::::f Y/r

n n
m* * P(g*L~ ,) Ir= H.. 15L 3 (e) ~

Ip 1
~ = ~/SLsCC) ~ Dir

As a consequence, we see in particular that the partial

compactification ~* of m consists of all the points whose pe'riod

is an interior point of Dir = ~, i .e., type I degeneration.

By construction, the functions mCL C., L) and n(I: C., L) on
J J

~* defined in (2.7) and (2.3) induce ones on P(g*L~.) and on m*,

and these functions on ~* define two stratifications of ~* as in

- 14 -



(2 . 3) :

m* = Yo II Y! II Y2 where Y = {s E ID* m = min{2, m(s)} }
m

!JJl* = '-0 II '"1 II ~ where ,. = {s e ~* n = n(s)}J 2 n

Theorem(2.6.3) impl ies:

(2.10) Corollary. The partial compactification o f the

coarse moduli space ~ of Kunev surfaces consists of all the points

of type I degenerations and m* is divided into five parts

whose points correspond to Kunev surfaces, numerical K3 surfaces with

one double fiber, K3 surfaces, elliptic surfaces with P
g

= q = I,

and splitting abelian surfaces respectively.
Qm is a Zariski open

subset oi m consisting of those points which correspond smooth

Kunev surfaces, i.e., the canonical model is smooth.

(2 . 11 ) In the remaining par·t of this seetlon, we shall explain

uniformly by Theorem (2.6.3) the appearance of positive dimensional

fibers of the period map for the second cohomology of Kunev surfaees,

numerical K3 surfaces with one double fiber and elliptic surfaces

with Pg = q = 1. This phenomenon was observed separately before in

(1.1], [Us.I], [Us.2] for the first surfaces and in [5a.M] for the

third. It is oew for the second surfaces.

Let f ~ ~ p2 be the families of

degenerations of Kunev surfaces constructed in (2.5) for a fixed

r C. E !Y.
J

5tarting from these, we can construct semi-stable

degenerations as follows (cf. [Us.S]):

(2 . 11 . 1) eaoe We may assume that

- 15 -
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cubics intersecting transversally because other cases are limit of

t his.
....

For a general point to E 51' say t o E P C (Cl (\ C2 )",

let U be a 5mall polydisk neighberhood with center (0,0) = to E P2.
Then the restriction over U of the family f : X.~ p2 gives a

2-parameter family of semi-stable degeneration of Kunev surfaces

"whose singular fibers lie over the line P n U = «t,O) I t I < I}.
....

For (t,O) E P n U,

where Vt,o is a minimal numerical K3 surface with one double fiber

The double locus Vt,O (\ Wt,O is a smooth

For a general point to E Tl'

take a 5mall polydisk

Then the restrietion

bisection with self-intersection -4 on Vt,o and a smooth cooic

on Wt,O.

(2.11.2) ~aae t E Tl (\ So:
....

say t a E Q for the tripie point Q of C.,
J

neighborhood U with center (0,0) = to e P2.
P
.... 2over U of the family f:, f ~ (equivallently,

. 'p2) gives a 2-parameter family of degeneration oi Kunev surfaces
....

whose singular fibers are non-normal and lie over the line Q (\ U.

Extending the base to the double cover n: U2 ~ U branched along

the line Q (\ U, we can construct a semi-5table family i : ! ~

U2 whose singular fibers lie over the line n- l (Q (\ U) = «5,0)

151< I}. Für the fiber x = i- 1 (s,0) =s,O
~ ~ ~

V + W where V is a minimal elliptic surface with5,0 8,0 5,0

= 1 and with a section which is a 8mooth elliptic curve with

5elf-inter8ection -1 and
~

W8,0 i5 a rational surface constructed,

for example, from p2 by blowing-up twice at each of the four

2-torsion points on a smooth cubic endowed with a well-known abelian

group structure. The double locus
~ ~

vOn w °s , s , is the section

- 16 -



mentioned above on

on
....
W O.s ,

....
Vs,O and the proper transform of the above cubic

(2.12) Reeall the spectral sequence for a reduced simple normal

crossing variety Z = L Zk:

E~,q = Hq(Z(P], Q) --) EP+q = HP+q(Z, Q)

where Z[p] = II X
ko

n ... n
ko~ ••• :s.:k

p

It is known that it degenerates at

the singular fibers of theApplying this to z = '5C t ,o or
....

X 0's ,

E
IX)

(cf. [D], [GS]).

semi-stable degenerations in (2.11), we can observe easily in both

cases that E~'O = E~'l = E~'2 = 0 hence we have an exact sequence

(2.12.1)

On the other hand, since the loeal monodromies af the

semi-stable families obtained in (2.11) are trivial, the

Clemens-Schmid sequence (1.2.1) beeomes in both cases

(2.12.2)

The morphism af Hodge structure (H.S. for short) v in (2.12.1)

relates the variation of Hodge structure (V.H.S. far short)

associated to the smooth family {Vt,o} I tl<l of numerical K3
....

surfaces with one double fiber (resp. {Vs,o} Isl<1 of elliptic

surfaces with Pg = q = 1)

f am i 1y {'i( t , O} I t I <1 ( res p ·

with the V.H.S. associated to the flat
....

{Xs,o} Isl<l) and they eoineide

essentially because Wt,O (resp.

its associated V.H.S. is trivial.

....
W 0) is a rational surface hences ,

While the morphism in

(2.12.2) relates the V.H.S. associated to the flat family {~t,o}

(resp.
....

{X o}) wi th the variation of 1 imi ting H.S. associated tos,

the 2-parameter family of sem-stable"degeneration of Kunev surfaces

- 17 -



Cresp ..
.....

{X , } ) ,s,s taking limit as t' ~ 0 Cresp .. s' ~

0), and they coincide essentially because H4 in (2.12.2) carries a

trivial H.S. in both cases.

Thus we get:

(2 .. 13) Corollary. In the above notation, the following

assertions hold and they are related by degeneration as above:

(l) The 2-parameter smooth families {5{t,t'}t'#:O and

'"{X ,} '~o of minimal Kunev surfaces have 2-dimensional moduli ands,s s.,..

the associated V.H.S. are trivial.

(2) The I-parameter smooth family {Vt,O} of minimal numerical

K3 surfaces with one double fiber has I-dimensional moduli and the

associated V.H.S .. i5 trivial.

(3) The I-parameter smooth family '"
{V o}s , of minimal elliptic

surfaces with p = q = 1 has I-dimensional moduli and the
g

associated V.H.S. is trivial.

'~ool.. The assertion on the V.. H.S .. has already proved beiore

the corollary. As for the assertion on the modul i, the case (1). is

obvious by construction (cf. (2.2». The case (2) follows from an

observation that the moduli of the double fiber of Vt,o varies (cf.

Proposition (5.3) and its proof). The case (3) follows from an

observation that the moduli of the section of

proof of Proposition (5.3» ..

- 18 -
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3. Local study over critical points.

(3.0) Let ~I C.- be two cubics on p2 with at most simple
j

si ngu I ar i t y, i. e . , 2: C. e ~ in the notation of (2.2), and let L
J

be a line. In this section we study locally over the singular

points of ~ C. + l on P2. The tables obtained in this section
J

wi I I P I a y t he ke y r 0 lei n t he pro 0 f 0 f The 0 rem (2. 6 . 3 )i •

(3.1) For the cubics L C.,
J

we constructed the minimal K3

surface Y and the fami I i es of surfaces f' : ~, -----t p2, 1': ~

-----t p2 and f: ~ ~ p2 in (2.5). Let V', V and X be the

main components of the fibers f,-l(t), i-let) and f-l(t) over

the point tE p2, L t = L, respectively. Then the morphisms y,

o and B in Steps (ii), (iii) and (iv) in (2.5) induce the

morphisms (abuse of the notation):

(3.1.1) y ....-L V' ..1......... V~ X.

By construction, we see that Sand c in (3.1.1) are birational

morphisms and that is the finite double cover branched along B'
Y

{i I 1 ~ i ~ 9, Here we use the notation

~~ E. - 22:.
1 1

over the set

E. ,
1

where in the last term the index

*E. c ctll}.
1

runs

ctl Y -----t p2, the canonical resolution of the double cover Y'

of p2 branched along L C.,
J

and E.
1

(1 ~ i ;:s;; 9), the nine

distinguished (-2)-curves, in (2.4).
,..

The minimal model X of X is obtained by the succesive

contraction of (-l)-curves, starting from the canonical resolution

x· of the double cover y in (3.1.1).

by the diagram:

- 19 -
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is the succesive contraction of the

71:

1t1 ... 71:2 ...
~ Xl -----+ X""---.....__---,./tv· +-- X*

(3.1.2)

1;/1
Y I +-- Y I Y*

171
p2 ~ p*

h X* x'"w ere 1t I: ~ I

(-l)-curves each of which is mapped to a singular points of L C. + L
J... ...

on p2 and n2 : Xl ~ X is the suecesive contraction of the

(-l)-curves each of which is mapped onto the line L on P2.

We use the notation:

(3.1.3) By := (a!L + LY Ei)odd",red = (B~)odd,red'

Here, for an effective divisor D, (D)odd,red means the reduced

divisor whose support consists of those components with odd

multiplicity in D.

(3.2) Notice that, in Diagram (3.1.2), all the processes but
... ...

P2.7'[2 . Xl ~ X are loeal over a singular point of l: C. + L on
J

For a singular point P e Sing(l: C. L) , denote by *+ we alL(P)
J

(resp. B y (P) , KX1 (P) ) the pull-back of the line * Y (resp.alL on

the divisor By on Y in (3.1.3), the canonical divisor of
.-'...

Xl) restrieted over an open neighborhood of the point P e P2. We

can classify the singular points P e Sing(r C. + L), where I C.
J J

*has at most simple singularity, and compute the divisors alL(P),

and locally over the point P. Note

that the last equality follows from the observation that By(P) has

at most simple singularity, which is a consequence of the computation.

All of these classification and computations are elementary,
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hence we give here the tables. Für the computation of By(P), we

use Table (3.2.2) below of the distinguished (-2)-curves.

In order to devide the cases, we define functions mp(L Cj , L)

and np(r C. , L) in P e p2 and C~: C
j

, L) e 1t.* by
J

mp(r C. , L) = min{!CP, L f'l C.) I j = 1 , 2}
J J

{: i f mu 1 t P C j = 3 for j = 1 or 2 and i f P E L

npcr C j , L) =
otherwise

Hence the summations of these functions over P E p2 give

m(l: C. , L) = ;eP2 mp(l: C . , L)
J J

nCl: C j , L) = Lpe p2 np(L C. , L)
J

(see (2.7». We also use the following notation:

Ly : = cx~1L the proper transform of L on Y

L ...... -1 the "
Xl

:= 1fl (altP) L proper transform of L on Xl

(-3.2.1) Case rnp(I: Cjl L) = np (I: C. I L) = 0, P E: Sing Cl (C2 +L) :
J

exceptional exceptional
on p2 y By(P) " K" (P)curves on curves on Xl Xl

Cl
,...-A-.

);( Al 0 2Al 0

Cl

<~ A2 0 2A2 0
P

Clpe
>

A3 0 2A3 0

Cl
~

* 04- 0 204- 0
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(3.2.2) Case ~(E C j , L) = np(E C j , L) = 0, P E Cl n Cz - L

(distinguished (-2)-curves):

o

exceptional curves on Y exceptional
on p2

By(P) '" K'" (P): bold lines curves on Xl Xl

Cl Cl

S:x A Aa-1 02a-1
•

I(P, Cl nc 2 ) )= a

cllcr C2

c
1* D2a +2 °a+2 0

I(P, CI nc 2 )

= a ••

>
Cl

Cz:V= 05 As 0
P

o

- 22 -



(3.2.3)

on p2

Case rnp(r C j , L) = np(r C j , L)

et!L with

multiplicity,
By(P) : bold curves

1

= 0, P E L:
.......

~l(etl~)*L on Xl,

K~l (P) : bold curves

with multiplicity

1

Cl

LyfX L~ ~~~11A1.\./
X~l

L P

Cl

L~ :<1 L~lA2
Ly

Xll

L=C l 2 L ....... / 0I

P Ly
Xl~

1
Cl ß}r • -----....

L ~:l}AL* ~X1 1 A3y........... 1 1

- 23 -



L rll}AlLcr 0LA
Xl

1

Cl 1 !"V' Lj 1 (} A2 LA
L P Xl

I 1

1

Cl 1 !
~ :1A

3 I
LA A7

Xl

\ 1

2
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(3.2.4)

on p2

Case n p (L C j' L) = 1:

a~L with

multiplicity,

By(P) : bold curves

on

KX1 (P) : bold curves

with multiplicity,

() self-intersection

1

(-1)

elliptic

1

2

r
o

(3.2.5)

on p2

Case mp(I: C j , L) = 1:

·Ct~L with

mul tipI ic i ty ,

By(P) : bold curves

n1(a1~)*L on X-,

KX1 (P) : bold curves

with multiplicity,

( ) : self-intersection

Case
1

a = 1: L~~l1",,1 .

1
Case

!a ~ 2:

L...... Aa-2Xl
I

Lj31

A 2a-1

/
~

u-

1

I (P, Cl nc 2)

= a
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\..lj
L-';-

L~
Al

Ly {* 1

/"
LA 1Xl --..

(-3)

L+ + ~:-fl 0L y
Xl

Cl Case

rCi C 2 a = 1 :c:%
D2a +2

I(P, Ci nc 2 ) I

LXI
= a

Case

a G: 2 :

I I

L .
Y

a+1

- 26 -



= a 2

Case

a = 1:

D 2a+2

i

C~~~2

I (P, C! nc 2)

= a

Case

a ~ 2:

D2a+2

Da+1

Da+2 0

2

2

L,,----~
Xl

- 27 -



1

(-3)

2

2

1

Ds

1

c~
L·P~

1

2Dl+
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Cz

L~

(3.2.6)

on p Z

C~\.J
L~
Cz

1

Case mp(I: C jl L) '= 2 :

Set a := I (P I Cl n c 2)

b := I(P, L n Cl)

c := I (P I L n c 2)

and assume b ~ C, then 3 ~ b ~ c ~ 2.

on pz

atL with

multiplicity,

By(P) : bald curves

rrl (al~)*L on ~l'

K~l (P) : bald curves

with multiplicity,

() self-intersection

(a;b,c)

= (2;3,2)

- 29 -



1 } 2Al

L* 1

,,/
A3 LX1~

(-4)

C2
1

Case (a;b,c) j } 2Al= (2;2,2) :

~ J2AlCase (a;b,c)

= (a;2,2)

with a '2; 3:
1

Ly "A I2a-1
L...... A

j
Xl a-3

1 11
2

1

} 2Al

2

1

o

- 30 -



:~
1

2
12Al

1

As
LA? {- i+J

Case Xl

(aib,c) 1 1

= (3i3,3) :
} 2Al2

1

Case

(aib,c)

= (ai3,))

with a ~ 4:
1

1

A2a-1
Aa-4

L=~
A s 2As o

- 31 -



Cl
,.. + ..

L=* 0 4 204 0

2

L y

(* ) Cl
,.r-' C11

~:
C2

a = I (P , Cl n C 2 )

.~ I (P', L n C2 )

""
0

a

=2 •
•

)
•

0 2a+2

I

LY
I

L....
Xl }2A3

3 (- 3)

(* )

- 32 -

I



*
(* )

0

C~=L P

A7

~Ci'
Cl

(* )

1

Da

Au o

(* )

1

o
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L~

1

2Ds

2D 5

o
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2

2D5

2D 6 o

(* )

- 35 -
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(* )

""""'--- ~~C2
L~

)

2Ds

(* )

(-4)

(* )

2E 7 o

(Curves with (*) are unstable as plane curves of degree 7, cf. [Se].)
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(3.3) Observation. We employ the above notation. By Tables

in (3.2), we can observe the following:

(1) In all cases, the divisor By on the minimal K3 surface

Y has only simple singularity and the canonical divisor

'"minimal model X is connected and not multiple.

K'" of the
X

*(2) In the case m(L C., L) = n(L C., L) = 0, ctlL has only
J J

simple singularity on the minimal K3 surface Y and the morphism

*7t : X
....

----+ X in Diagram (3.1.2) contracts only the nine (-1)-curves

coming irom the nine distinguished (-2)-curves on Y.

(3.4) Proposition. In the above notation, if m(L C., L) =
J

....
n(L C., L) = 0, the corresponding X 18 the minimal model Qf Kunev

J

surface.

the line bundle o~ Y such that

11.001. We use the notation in Diagram (3.1.2).

ey(By ) = ~82. Then,

Denote by e;

since VI =

Spec(~y $ ,-1), we have

X(~~) = X(e vl ) = X(~y) + X(,-l) = 2 + X(~).

By the Riemann-Roch theorem on Y,

x<,) = (,)2/2 + X(~y) = (By )2/8 + 2 = {Z.+ 9(-2)}/8 + 2 = O.

(11 *61':On the other hand, since Kx* = ~ ~ by Observation (3.3.2) and Lemma

(1.1.2), we see

c~(X) = cr(X*) + 9 = (cp*,)2 + 9 = 2(,)2 + 9 = (By )2/2 + 9

= {Z + 9(-2)}/2 + 9 = 1 .
....

Let X be the canonical model of X. Then, by construction and
....

Observation (3,3,2), the bicanonical map f of X Is a morphism

which factors as

- 37 -



A

f : X
f 1

------+

where f 1 is abirational morphism and f2 and f 3 are finite

double covers. Hence X is a Kunev surface with an involution 0

which is the covering transformation of f2: X~ V'. QED.

As a corollary, we have the following result, which wi.ll be used

in Sections 4 and 5:

(3.4.1) Corollary. We use the above notation and the notation

*in (2.7). Für any (L C., L) E ~, the corresponding minimal
J

A ~

model X has Pg(X) = 1.

We use the flat family of surfaces f: ~ ~ p2
constructed in (2.5). Take a small disk U with center

o = CI C
j

, L) E ~2 such that" CI C
j

) n L are six nades for all tE

U {Ol, and denote by f U : ~U ~ U the restriction of the

family f over U. Then, by construction and Proposition (3.4),

the fibers of f U over all t E U - {O} are desingularizations of

Kunev surfaces. Let i : ! ~ U be a semi-stable reduction with
r

base extension Ur~ U of f U ~U ~ U (cf. [Mu]) and let

i- 1 (o) - L V be the decomposition of the central fiber. Then we- k

see

1 ~ Pg(X) ~ L Pg(V
k

) ~ Pg (!-l(t» = 1 for t * o.

Für the first inequality, we use the fact that the minimal model

carries a holamorphie 2-form coming from one on a K3 surface Y.

A

X

The second inequality follows from the fact that there is a component
A

Vk dominating X, and the third follows from (1.2.2).

- 38 -
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4. Global computation of the branch locus By on Y and

the canonical bundle K'"'X on x.

(4.0) We use the notation in (3.0) and (3.1) throughout this

section. In this section we shall compute globally the branch

locus By on the minimal K3 surface Y and the canonical divisor

'"'KX of the minimal model X of the fiber X = Xt = {-t(t),

(4.1) We divide the distinguished (-2)-curves E.
1

Cl :s: i ~ g)

on Y ( c {. Tab 1e (3. 2 • 2 » i n tot wo type 5 :

Type I.

Type 11.

CCt(E.) E L.
1

CCt(E.) E L.
1

Then the branch locus By on Y i 5 divided into

(4 . 1 . 1) By = By ( I ) + By(L)

where By ( I ) i s the reduced divisor consisting of the mutually

disjoint (-2)-curves of Type land By(L) is the reduced divisor

consisting of the components of By which are mapped to L by 0:1.

Notice that By(l) is disjont from By(L) and become mutuallY

disjoint (-l)-curves on the canonical resolution X* and contract to

'"'points on Xt.

(4.2) As for By(L), we can compute it following the procedure

of Diagram (3.1.2). Each process is elementary. We give here the

tables of the configurations of the two cubics and the line r c. +
J

L near L on p2, the divisor By(L) and the number of the

components #By(I) of the divisor By(J) on the minimal K3 surface

Y (see (4.1.1», and the canonical divisor KX of the minimal

'"'model X of X, . which is always not multiple by Observation (3.3.1).
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(4.2.1) Case roO: C
j

, L) = n(r Cj , L) = 0 (36 types) :

on p2 , By (L), '.,
#By(I) K)t,

Cl: bald curves ( ) : self-intersection ( ) : self-intersection

Cl Cz..-......-.. ...--.-.-.

L-f-H++t- (2 ) 9 q)
genus 2

(-1)

r. ~l-Hf-V+- (z) P 9 (
el1~pt~c

(z)

1 9 (-1) >« A2elliptic

(-1)

+I-+*t-
(Q)

tAl( 9 A3

elliptic

( 0 )

~Al
0 4

9

(-1)

.elliptic

(0)

<~ ( Az 9 As

elliptic

<A2

(-1)

(0 )
9

elliptic E'6

(-1)

( 0 ) --

+t+ß- ( >A3 9 A 7

>

elliptic

- 40 -



d Al

(-3 )

V IVI- q (2 ) 0 9 [ AlI

\1 I"--~ ~
(2 )

1 9
Al (-3)

A2

(-3 )
( 0)

~lVIXr- X 9 Al A3

9

9

(- 3)

(2 )/'--1
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X~
0)

9

(- 3)

Az~----~--

\-
(0 ,

jAl.L '+L- 9
Gi (- 3 )

A2

Az
(-3)

'\ (0) :
L :v:r )"\ A2< 9

\ < ,~__(~O,;...)__~~Az 9

(0)

9

dAl
(-2)

G ~A3
(";'3)

)A3>(Ix 1- C9

; ;

JAl
(-2)

~Al 9

,- 42 .-



XIY:)-- 9
As

XI<
(-2 )

9

(- 3)

~l

(-2)

9

As

9

9

9

9
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9

(- 3)

As

9

9

9

9

(-3)

(-3 )

(- 3)

- 44 - .
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self-intersection

(8 + 1 = 9 types):

p2
"

(4 .. 2 .. 2) Case m(r Cj ' L) = 0, n(I: C
j

, L) > 0

By(L): bold curves, #By(I) Kx'
Cl: bold curves (): self-intersection ( ):

on

L4-H+ 9 (0)

elliptic

(-2)

o

(-2)

9

9

9

(-2 )

--*4 (-2)

9

C t
--* \..

"'\ 9

~
(-2)

(-2)

--** 9 C >7
.~ 9

(- 2)

~ 9

- 45 -



K,..,
X.

( ): self-intersection

p2,on

(4.2.3) Case m(l: C j , L) = 1 (55 types):

By(L): bold curves, #By(I)

Cl: bold curves (): self-intersecti~n

(-2 )

(0)

(~~
ellipt~c

c--..-----It

9 - a

9 - a

(0 )

A2a-l

]
(- 2)

VX~L [9 - a (-2)

]
(-2)

>
-2)

V~X 9 - a ,- 2)

>

(-2)

--ttB- 9 - a C 5
}

{-21

-HP-_- 9 - a

L-FtB
p

- 46 -



(-2)

V XV 9 - a

(-2)

(-2 ,

~ 9 - a

(- 2)

> >(-2) (-2)

*** 9 - a
>

(- 2)
7

(-2)

(-2)

(-21

9 - a

(-2)

(- 2)

'e .. 2)

(-2)

.~ 9 - a

(-2) (- 2)

(-2)

V)c=v= 9 - a

(- 2)

-2)

(-2)

~. 9 - a

(-2J

.. 2)

--a=t-. 9 - a

- 47 -



~ ~
{O I (0 I

8 ( elliptic

~ ~
(0 ) ) ( [:2)8

tff*- ~
(- 23 ( >'<'2i8

;0

~ K<-iJ < ( ~(-2)8

.- >

~ t (-2) } 8
(-2)

..
(O}

~ >t ) ] 2-21
8 )

----n ~L )[ (-2) X .J [2J8
(- 2) (- 2)

~X ( m' ] >< (-2)8
(- 2J

; (-2)

.--+ :v:: ~ <}=~~ -J ~(-2)8

(-2)
»

~ ß
-2)

(01

8 - a (0)

elliptic

~.
<>

(0) p

8 - a __C-2)_D

- 4~ -



-I );X 8 - a
(-2)

8 - a

(-2) iJ

(-2)

(-2)

>~< :~::. [
8 -- a

8 - a

8 - a

a = I(P, clnc~)

Ci C~

L-+H-
p

~
$ HI ~

7- (-2) I­»

8 - a
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(Q)

elliptic7

~ >
(-2 ) <

~ 8 - a ~(-2)

$ (-2)

J >

%<-21 <:»

~
(- 2)

8 - a

l-2J

#0 7 __C_-_2)__P

s..
)7

(- 2)
>-

~
«

-FFY 7 )
(-2)

?

7

(- 2)

<f
(-2)

:) (-2)

7
•

~ ~
(-2)

;;>(V (-2) 7 (-2)

-·50 -
(-2'



(- 2)

(-2)

7

7

7

(0) 7 (0)

-~--~-

7 (-2) ~

7 '5
<

)(-2)
>

~ ~
<

)7
(-2)

?

~
7

6 (0 )
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(-2)

6

6

(- 2J

~ 6 (- 2) --p
(01

s:6 )(- 2)

>

(4.2.4)

In this case,

on P 2 , Cl:

bold.curves

Case m(E C., L) ~ 2
J

all curves in By(L)

By (L): bold

curves, .( ): IBy ( I )

self-inter-
section

(69 types) :

are (-2)-curves hence KX 15· O.

on p2, Cl: By(L): bold

bold curves curves, ( ): ~By(I)

seIf-inter-
section

7

7 - a

-l4K--~

L~ D2a+~
W> <

a = I (P 'ClnC~)1'=----->-
- 52 -

A2a.-l
1.

a
i

:::;: I(Pi'C l nC2) ............,. _

(i = 1, 2)

.-fPIL



4

5

5

5

" 4

- 53 -

6

6

5

A2a.-1
1.

+

(i = 1,2,3)

L~ ~ ~ 7-a l-aZ

~ 3Pl Pz .
<.<alr= I(Pl,CInC2) > >a2" = I (Pz ,C 1nC1)

0 2a.+2

~
~

~
9 --a

~ 6 - al I(p,ClncZ)

= a ~ 2 A2a-1

L \-ff- 9-a-b

~~ 6 - al b = I (Q,c1ncz) <' >: >AZb - 1

~~ 5 - al -Y/ \ 7



6 7

(*)

0-*=f- 6 6

(*) :tu
6r

~L 6~

-G 7 *H+ +H-H- 6

~-H-S+ 6

L~ 7 - b

-b= I(Q,ClnC2) ~ \ 6A2b- 1 \

6

6

7 - b·

~ ~ 67

.(~ 6

7

L~
Q

- 54 -



6

6

6

6

6

6

6 - a

<

6

6

6

6

6

6

6

6
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.(~

(*)

~

(* )

~

(*)

~

6 - a

(i = 1, 2)

(Curves with (*) are unstable as
6 - a

plane curves of degree 7, cf.

[ Se] • )

6 - a

5

5

5

5

- 56 '-



(4.3) As a consequence'of the above classification of the

we"X,onR"Xand the eanonical divisorybraneh loeus By on

get a proof of Theorem (2.6.3).

'~ool 01 1!eo~em (2.6.3). We use the above notation and the

notation in (2.3). The ease t e So n To is a]ready settled in

Proposition (3.4). "In all eases, Pg(X) = 1 by Corollary' (3.4.1).

By Lemma (1.1.2), "and q(X) ean be eomputed from the re5ult
;

of the above classification oI By ' KX i5 always eonneeted and

not multiple by Observation (3.3.1) or by the above result of

elassification. By construction, we see dirn 12KXl = 2 - max{m, n}

for tE S n T, This together with lhe value oi cl(X) determinesm n
"K (X) • Thus we get:

" Cl(X) " '" "ease K(X) K" Pg(X) q(X) Type oI XX

t E SonTo 2 1 ne'f 8 big ] 0 Kunev

t e S 1 1 0
connected & 1 0

numerical K3 wi th
not multiple one double fiber

t E S2 0 0 0 1 0 K3

t E TinS O 1 0
connected & 1 1

elliptic wi th
not multiple Pg = q = 1

t E T2 0 0 0 1 2 abel ian

Here we use (1.3.:3) and the canonieal bundle formula (1.3.1) for

'" "determination of the type oI X in ease K(X) = 1. In fact, for an

elliptic fibration '"f : X~ 6 with multiple fibers m. F. ,.
1 1

(1.3.1) says

KX" = f*Z + L (m. - l)F.
, 1 1

for a divisor Z on the base curve 6 with
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{
Zg(A)

deg Z = x(~x~) - 2x(e A ) =
Q 2g(~) - 1

in case t e 51

in ease t E Tl ~ So

5ince i5 eonnected &~ not mult{ple, we have the only possibility for

the type of the elliptie fibration:

In ease te 5t, there exists unique double fiber and the base

eurve 1s rational.

In ease te Tl ~ 50, KX i5 a fiber and the base curve is

elliptie.

(4.4) Remark.

QED.

The global elassifieation in (4.2) is elumsy but

fruitful. Besides the elementary proof of Theorem (2.6.3) given in

(4.3), we can observe, for example, series of degenerations of the

canonieal eurves in eaeh ease by Tables in (4.2).

5. Elliptic fibrations in case m(t) > 0 or o(t) > O.

{S.O} We continue to use the notation in the previous sections.

Throughout this section we assurne that I: c. e 'Y,
J

i . e., t h e s um 0 f

two cubie5 L C. on p2 has at most simple singularity.
J

In the

ease that the functions m(t) > 0 or n(t) > 0 (see (2.3», the

pencils of lines through a eritieal point on p2 induces elliptic

fibrations both on the minimal K3 surface Y and on the minimal
~

model X. We shall study these elliptie fibrations in this section.

This together with Proposition (3.4) gives another proof of Theorem

(2.6.3), whieh does not depend on the global classification in the

previous seetion.
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(5.1) We first treat the case n(t) > 0 and m(t) = O.

Recall that in case n(t) = 1 and m(t) = 0 one of the cubics on

p2, say Cl' consists of three different lines passing through a

comman point P l and the 1 i ne L = L t also ~asses P l but L i s

00 t a compaoent of C· nar passes the tripie point of C2 i f exists.
~

In case n ( t) = 2 each cubic C. on p2 cansists of three
J

different lines passing through a camman point P. ( j = 1 , 2 ) J Pt ~

J

P 2 , L = Lt i s the 1 i ne jaining these twa points P l and P2' and

the seven 1 i nes r C. + L are different.
J

(5.2) Proposition. In the notation in (5.1), if n(t) = 1

and m(t) = 0, the pencil of lines through Pt on p2 induces an

elliptic fibrat"ion both on the minim~l K3 surface Y and on the
...

minimal model X with section . The section on Y is a (-2)-curve
...

and that on X is a smooth elliptic curve with self-intersection -1.

These elliptic fibrations have constant J-invariants if and only if

the ether cubic C2 has also a tripie point.
...

In any case, Xis
... ... ...

an elliptic surface"with K(X) = Pg(X) = q(X) = 1 .

...
Pg(X) = 1 is already known in Corollary (3.4.1).

v

Let Pt be the pencil" of lines through the point Pt on P2.

Fellowing the procedure of Diagram (3.1.2), we shall first prove
v ...

rÖtha t Pt induces elliptic fibrations on Y and on X. Let D!
1

be the exceptional curves on p* over the point Pt on p2 such

that Do·D~ = 1 ( i = 1 , 2 , 3 ) • Then the branch locus Bp* on p*
1

becomes Bp* = D6 + - tc + D", where - tc is the properq 2 q 2

transform of C2 by q :p* ---+ p2 and D" is the effective
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divisor defined by the above equation.
v

Für a line M E Pl, the

proper transform q-lM intersects with Bp* at four distinct points

provided that M is not cantained in Cl nar passes a singular

point of L C.
J

other than oor tauches Hence these lines
v

M E P l become smooth irreducible elliptic curves on Y. This shows
v

that the peneil of lines Pt on p2
.

induces an elliptic fibration

on Y. This fibration has a seetion D which is the component of

the ramification divisor on Y lying over Dö. D is a (-2)-curve.

Since the branch loens on Y i s By = (arL + Ll E.) dd d
1 0 ,re

(see (3.1.3», the branch loeus on Y* is contained in a finite

number of fibers of the elliptie fibration on Y*. Therefore the

elliptic fibration on Y* induces one on X*. The canonieal

divisor of x* is contained in (actually they

coincide because By has at most simple singularity, which is a

consequence of the loeal classification in Section 3). Hence the

t . I d' i f 1t.. X* ---->. X""excep Iona IV sor or ~ is contained in a finite

number of fibers on X*. ""Thus we get an elliptic fibration on X.

""Next we shall prove that the elliptic fibration on X has a

see t ion .~h ich isa smo 0 t hel 1 i p t i c c u'r ve .

that

For this purpose, note

where

ai 1L + 2D + rl D. + F = a~L
1

2(a- 1 Cl )red + 6D + 2Ll Di + LI Ei

/"1-1 1 ( ) th t f...... means e proper rans orm, D. is the pull-back of
1

n: on Y (i = 1, 2, 3) and Fand Gare the effective divisors
1

defined by the above equations. From this we gel

(5 . 2 . 1) = Ccx ~L + Lr E.) dd d = cx 11 L + Ll D. + F + Lr E.
1 0 , re 1 1

= cxi(L + Cl) - 2(4D + (cxile l ) d + r1 D. + G).re 1
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This shows that By is linearly equivalent to twice oi a divisor

whose support is contained in a finite number oi fibers on Y. This

property is preserved on y* and we see that X* = Spec(G y* $ 1- 1 )

for a line bundle ~ on y* whose restriction to a fiber on y* i s

trivial. This implies that the pull-back of the fibers on y*,

appart from By*' divide into two disjoint copies on x* hence D*

<P*D " * " D*. - i s a section and 50 is D = nD • D i 5 isomorphic to

and D* i 5 a smooth eIl iptic curve wi th selfintersection -4 on y*

because D is a (-2)-curve on Y whose neighborhood i s isomrphic to

one on y* and D* ---+ D i s a double cover branched" four different

"For the assertion on J-invariant on X, it is enough to show

it on Y because most of the fibers on Y devide ioto two copies

"on X.
v

We recall here an elementary fact that for a I ine M e P1

the cross-ratio of the branch points on M, i .e., the points M () C2

and P1' gives the J-invariant oi the elliptic curve on Y induced

by M up to ordering of the foul' points (cf., e.g., [Gl.2]). I t i s

eas~ to see that these cross-ratio upto ordering are conslant if and

only if C2 is cocurrent three lines. Thus we gel our assertion.

"We shall now compute q(X) by using a theorem oi Ueno (1.3.2)

and the Leray spectral sequence applying to the eJliptic fibration

" "f :. X ---+ D. In order to check the condition ai the above theorem,

But in this ease we

the only thing we shauld da is that the elliptic fibration on X has

singular fiber other than mIO in the ease that the two cubics Cl

and Cz are pairs oi cocurrent three lines.

ean perform easily the procedure of Diagram (3.1.2) and we see that

there are two singular fibers oi type

- 61 -
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line joining two tripie points Pt and P2 on P2.
..... "

Finally we shall prove that the seetion D on X has

self-interseetion -1. Hy Observation (3.3.1), the eanonieal

bundle R"X is eonneeted & not multiple. Hence KX consists of one

fiber by the canonieal bundle farmula (1.3.1), because we have

"already known that the base eurve, i . e. , the section D, i s an

" .....
(D)2Edliptie eurve and Pg(X) = q(X) = 1 . Now = -1 follows from

" "the adjunetion formula (K" + D) • D = deg K" = o. QED.X D

(5.3) Remark. A smooth elliptie eurve with self~interseetion

-Ion a smooth surfaee is the exceptional divisor af the minimal

resolution of a aim.llte ettilltiC ain?uta1.it1J 01 tvlle 11 8 in the sense

oI K. Sai to (cf. [Sa.KJ).

(5.4) Proposi tion. In the notation in (5.1), if n(t) = 2,

" " "the minimal model X 1s isomorphie to a producl D 1 x D2 oI lwo

smooth elliptic curves "D.
J

(j.= 1,2), whose lwo trivial eIl iptic

fibralions coincide with those indueed by the peneils oi lines

through the point P.
J

(j = 1, 2) on P2.

'1.001. In the present ease, we can go on lhe same line as the

praof of Proposition (5.2). Aetually "il is simpler than before

because the eonfiguration oi the twa cubies L C.
J

and the line L

is unique. We da not repeat it here. Consequently the two peneils

beeomes a fiber of the

induee twoaI C
j

eoming from the first

v

of lines P
j

through the tripie point P
j

"elliptic fiber bundles wilh a section D.
J

order infinitely near point oI P., which
J
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other elliptie fiber bundle (j = 1, 2).

induee an isomorphism X~ Dt X D2.
Henee the projeetions

QED.

(5.5) Remark. Proposition (5.4) shows that if the two eubies

Cl and C2 ·consist of two pairs of eocurrent three lines and L C
j

has at most simple singularity then the minimal K3 surfaee Y is an

elliptic Kummer surfaee assoeiated to the splitting abelian surfaee
,., ,., ,.,
X ~ Dl X D2 obtained in that proposition.

(5.6) Next we deal with the ease m(t) > o. In this ease the

sexetie L C. has at most simple singularity and the line
J

passes through eommon points P. of two eubics Cl and
1

= 1 if and only if the number #{P.} = 1
1

and L is transversal to

one of C. (j = 1, 2) at Pt.
J

(5.7) Proposition. In the notation in (5.6), if m(t) = 1.

lhe pencil oI lines through PJ on p2 induces ellipt.ic fibrations
,.,

both on the minimal K3 surface Y and on lhe minimal model X over

a rational eurve with non-constant J-invariant. The latter has one

double fiber.

fiber.

,.,
Hence X i5 a numerical K3 surface with one double

,.,
'~ool. Pg(X) = 1 i5 already known in Corollary (3.4.1) .
..,

Let Pt be the pencil of lines through the point Pt on P2. The

argument in the present case is similar 10 that in the proof of

Proposition (5.2) but there are some points essentially different,

hence we shall write down a full Pfaaf.
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As before, following the procedure of Diagram (3.1.2), we shall
v

first prove that the pencil of lines PI induces elliptic fibrations
....

both on Y and on X. Let LI ~ p2 be the blowing-up at the

point PI and let D1 be the exceptional curve. Then the pencil
v

of lines PI induces the ruling of Lt. By construetion we have a

commutative diagram:

p2
------_./

q

Because of the procedure of the canonical resolution, the proper

transform D' := q~1D1 ,does not appear in the branch locu5 Bp* on

p* i f P1 i5 a double point of r C. on p2, wh i I e D' remains
J

as a eomponent oI Bp~ i f P1 i s a tripie point of r C .• Set
J

(5 . 7 . 1) Bp* = 2: q - 1C . ... F' in double point ease, and
J

Bp * = L q - 1C . ... D' ... Fit in tripie point ease.
J

Then we see in bolh cases that, for a fiber M on L1" q~1M

at four distinct points provided that M does

on L1' Ct:I*M are smooth irreducible curve on

intersects wilh Bp *
not touch L q- 1C.

J

for these fibers M

nor passes a singular point of Hence,

v

Y. This shows that the peneil of lines P1 on p2 induces an

(Xl
elliptie fibration Y~ LI ~ D1. By the loeal classification

(3.2.5), we can observe that D:= (g-lD')red = cxI-1D l , which is a

component in the exceptional divisor for (Xl meeting with cxl1L,

does not appear in the branch locus *B «(XIL ... r E )V = i odd,red on V.

Hence the support oi Sv is contained in a finite number oi fibers.

Therefore the elliptic fibration on Y induces one on X* then on
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,...
X by lhe same argument in the proof of Proposition (5.2).

Next we shall find out the base eurve oI the elliptic fibration
,...

on X. We ob8erve again the Ioeal classification (3.2.5) 01' its

proeess to get the following:

2: C .•
J

is a tripie point.

i8 a double point oI

i f

i f= D

*and g D I = 2D

D c 2:1 E.
I

D (j;, 2:1 E.
1

~~L = ai1L + g*D ' + E

*a 1C 2 = 2(a1 1C 2) d +re

and g*D'

(5.7.2)

Here E and F are effective divisors defined by the above

equations. Nolice that their supports are contained in a finite

number of fibers on Y. From (5.7.2) we gel:

By * Lr Ei)odd,red= (C(l L +

* C2) 2«cxi 1C2) d g*D' G)= C( 1 (L + - + +re

* ( CX i 1C2)red g*D' G)- 2( 2cx I H - - -

* ( CX i 1C2)red G' )- 2(al H - -

where H i s a line on p2 and G and G' are some divisors on y

whose supports are conlained in a finite number of fibers. Se t ~ t

By (5.7.1), we see that lhe

restrietion of the line bundle " to smooth fibers on Y is

non-trivial 2-10r8ion. This proper1y is preserved by the line

,...
are still connected on X.

bundle 1- with ~e2 = Oylfc(By*)

pul I-back oi the fibers on Y*

on y*. Ihis impl ies that the

Thus we
,...

see that D1 is the base curve of 1he elliptic fibration X.

For the J-invariant, we use the argument of the cross-ratio as

in the proof of Proposition (5.2).
,...

Note that a smooth fiber on X

are isogeneous to the corresponding fiber on Y. Hence i1 is enough

to show that the J-invarianl on Y is non-constant. lf lhis is
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eonstant, then L C.
J

should eontain coeurrent four lines. But this .

eontradiels our assumption that L C.
J

has at most simple singularity.

Now we see q(i) = h 1 (G
D1

) = 0 by the same reasoning in the

proof of Proposition (5.2).
.....

As for the multiple fibers on X, we use the last part of the

argument in (4.3).

Thus we get our assertion. QED.

(5.8) Proposition. In the notation in (5.6), if met) ~ 2, the

peneils of lines through P.
1

on p2 induees elliptie· fibrations
.....

bolh on the minimal K3 surfaee Y and on the minimal model X over

a rational eurve with non-eonstanl J-invariant and withoul multiple

fibers. The eanonineal divisor K .... = 0,
X

henee
....
X is a K3 surfaee.

'1.001. It is enough to show Ki = O. In fact, we ean prove

the assertions on elliptle fibrations in the same way as the proof oI

Proposition (5.7) and the assertion on multiple fibers follow from

Ki = ° by the eanonieal bundle formula (1.3.1).

In order to see Ki = 0, we devide the eases:

(a) L i8 a eomponent of L C .•
J

<b) m( l) = 2.

(c) met) = 3 and not the ease (a).

In ease (a), KX= 0 follows from the loeal elassifieation in

Seetion 3. By the laeal classification, we ean observe that the

proper transform ai 1L on Y is one (-2)-curve (resp. two

(-2)-eurves) in ease (b) (resp. ease (c», and that in balh cases By
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*= (~lL + L Ei)odd,red consists of disjoint (-Z)-curves. From· these

observations, we get K.... = 0
X

in -these cases. QED.

(5.9) Remark. A more sophistieated pfoof oI Proposition (5.8)

will be given by using Kulikovts list oI degeneration of K3 surfaces

([Ku], [PP]), i.e., by virtue of this list it i8 enough to show that
....
X is a K3 surface in generie ease with m(L C

j
' L) = 2 and in this

ease the verifieation 1s easy. We omit the details.
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