Transverse structures and modular Hecke algebras

Henri Moscovici Ohio State University, Columbus, OH 43210, USA

Mathematische Arbeitstagung June 10-16, 2005 Max-Planck-Institut für Mathematik, Bonn, Germany

This is a report on joint work with Alain Connes that concerns the adaptation of some ideas and concepts from our approach to the transverse geometry of foliations to the study of certain noncommutative ‘arithmetic spaces’, described in terms of their ‘holomorphic coordinates’ by what we called modular Hecke algebras. These are algebras, associated to congruence subgroups of SL(2, Z), that arise from the fusion of the two quintessential structures on modular forms, namely the algebra structure given by the pointwise product on the one hand, and the action of the Hecke operators on the other. The Hopf algebra H_1 that determines the ‘affine’ transverse geometry of codimension 1 foliations admits canonical Hopf actions on the modular Hecke algebras, that span the ‘holomorphic tangent space’ of the underlying noncommutative spaces. Furthermore, each of the three basic cocycles in the Hopf cyclic cohomology of H_1, the Schwarzian 1-cocycle, the Godbillon-Vey 1-cocycle, and the transverse fundamental 2-cocycle, defines via such an action a specific geometric structure. The Schwarzian cocycle acts by an inner derivation, implemented by Eisenstein series of weight 4 that plays the role of the quadratic differential for a 1-dimensional projective structure. The image of the Hopf cyclic cocycle representing the ‘transverse’ fundamental class gives natural extensions of the first Rankin-Cohen bracket to the modular Hecke algebras, that confer a noncommutative ‘Poisson structure’ to the underlying ‘spaces’. The higher Rankin-Cohen brackets also admit canonical extensions, that provide ‘deformation quantizations’ reflecting the integrality of the transverse fundamental class. For lack of time, the role of the Hopf cyclic version of the Godbillon-Vey cocycle and of its transgressed avatars arising in this context has not been discussed.

1 Geometric background

1.1 Diff-invariant setting (cf. [1, Part I], [7])

In order to specify the geometry of the ‘space’ of leaves for a general foliation, the first problem one is confronted with is that of finding a geometric structure that is invariant under all diffeomorphisms of a given manifold M. Indeed, the action of the holonomy on a complete transversal M to a foliation is as wild (in general) as that of an arbitrary countable subgroup Γ of Diff(M), and the invariance under holonomy is an unavoidable constraint when passing to the space of leaves. While the standard geometric notions are of course equivariant with respect to Diff(M), they are not invariant.

By contrast, the operator theoretic spectral framework of noncommutative geometry only requires the invariance to hold at the principal symbol level (in classical pseudodifferential terms) of the operator D. When D is an elliptic operator the gain is non-existent, since in that case the principal symbol specifies the metric and the invariance condition would force Γ to be a discrete subgroup of a Lie group (of isometries). Fortunately, the theory applies with very little change when D is only hypoelliptic, and this allows to treat ‘para-Riemannian’ spaces, which admit groups of isometries as large as diffeomorphism groups. This was the fundamental idea employed in [1] for the treatment of transverse geometry. One first replaces a given manifold M^n (with no extra structure except an orientation) by the total space of the bundle P M = F^+M/SO(n), where F^+M is the GL^+(n, R)–principal bundle of oriented frames on M^n. The sections of π : P M → M are precisely the Riemannian metrics on M but unlike the space of such metrics the space P is still a finite dimensional manifold. The total space P M itself admits a canonical, and thus Diff^+(M)-invariant, ‘para- Riemannian’ structure, which can be described as follows. The vertical subbundle V ⊂ T (P M), V = Ker π_∗, carries natural Euclidean structures on each of its fibers, determined solely by fixing once and for all a choice of a GL^+(n, R)- invariant Riemannian metric on the symmetric space GL^+(n, R)/SO(n). On the other hand, the quotient bundle N = T (P M)/V comes equipped with a tautologically defined Riemannian structure: every point p ∈ P M is an Euclidean structure on T_{π(p)}(M) which is identified to N_p via π_∗.

The resulting structure on P M is invariant under the canonical lift of the action of Diff^+(M), because no non-canonical choices were involved so far. In particular any hypoelliptic operator whose principal symbol only depends upon the above ‘para-Riemannian’ structure will have the required invariance property.

1.2 Hypoelliptic signature operator (cf. [1, Part I])

The hypoelliptic signature operator operator D on P M is uniquely determined by the equation Q = D|D|, where Q is the operator

Q = (d^∗_V d_V − d_V d^∗_V ) ⊕ γ_V (d_H + d^∗_H ) , (1.1)

acting on the Hilbert space of L^2-sections

H_{P M} = L^2(∧^·V^∗ ⊗ ∧^·N^∗, ϖ_{P M} ) ;

here d_V denotes the vertical exterior derivative, γ_V is the usual grading for the vertical signature operator, d_H stands for the horizontal exterior differentiation with respect to a fixed connection on the frame bundle, and ϖ_{P M} is the Diff^+(M)-invariant volume form on P M associated to the connection. (When n ≡ 1 or 2 (mod 4), for the vertical component to make sense, one has to replace P M with P M × S^1 so that the dimension of the vertical fiber be even.)

While the construction of D does involve a non-canonical choice – that of a connection – this choice does not affect its principal symbol in the appropriate pseudo-differential calculus, and thus does not break the intrinsic Diff^+(M)- invariance of the spectral triple (A_Γ, H_{P M} , D) associated to an arbitrary (countable) discrete subgroup Γ of Diff^+(M). Here A_Γ is the convolution algebra

A_Γ = C^∞_c (P M) ⋊ Γ , fU_φ · gU_ψ = f (g ∘ φ^{−1}) U_{φψ} ,

and the resulting spectral triple represents the desired geometric structure for the ‘quotient space’ M/Γ.

1.3 Noncommutative local index formula (cf. [1, Part II])

Indeed, using calculus on Heisenberg manifolds, which in particular provides a noncommutative residue functional � − that extends the Dixmier trace, we

proved [1, Part I] that such a spectral triple (A_Γ, H_{P M} , D) fulfills the hypotheses of the operator theoretic local index theorem of [1, Part II]. Therefore, its character-index ch_∗(D) ∈ HC_∗(A_Γ) can be expressed in terms of residues of spectrally defined zeta-functions, and is given by a cocycle {ϕ_q} in the (b, B) bi-complex of A_Γ whose components are of the following form

ϕ_q(a^0, . . . , a^q) = � k c_{q,k} � −a^0[Q, a^1]^{(k1 )} . . . [Q, a^q]^{(kq )} |Q|^{−q−2|k|} ; (1.2)

we have used here the abbreviations T^{(k)} = ∇^k(T ) and ∇(T ) = D^2T − T D^2,

k = (k_1, . . . , k_q) , |k| = k_1 + . . . + k_q , and

c_{q,k} =

(−1)^{|k|} √ 2i k_1! . . . k_q! (k_1 + 1) . . . (k_1 + . . . + k_q + q) Γ � |k| + q 2 � .

Note that the operator under the � − sign in the generic term of the sum is of

order −(q + |k|), therefore the corresponding term vanishes whenever q + |k|

exceeds the ‘metric dimension’, i.e. summability degree = n(n + 1) 2 + 2n.

While the expression (1.2) is completely computable by symbolic calculus, its actual calculation is highly impractical, due to the very large number of terms that need to be evaluated. In any event, even if the computer can deliver the answer in symbolic terms, its understanding would still require an appropriate cohomological interpretation.

Although the curved case can also be handled (see [4]), there is no loss of generality in assuming that M is a flat affine manifold, as long as the affine structure is not required to be preserved by Γ. Secondly, one can afford to work at the level of the principal bundle F^+M, since the descent to the quotient bundle P M only involves the simple operation of taking SO(n)-invariants.

The strategy that led to the unwinding of the formula (1.2) started with the observation that the built-in affine invariance of the operator Q, allows to reduce the noncommutative residue functional involved in the cochains ϕ_{q,k}(a^0, . . . , a^q) = � − a^0[Q, a^1]^{(k1)} . . . [Q, a^q]^{(kq )} |Q|^{−(q+2|k|)} , (1.3)

to genuine integration, and thus replace them by sums of cochains of the form ψ(a^0, . . . , a^q) = τ_Γ(a^0 h^1(a^1) . . . h^q(a^q)) . (1.4) Here h^1, . . . , h^q are ‘transverse’ differential operators acting on the algebra A_Γ, and τ_Γ is the canonical trace on A_Γ,

τ_Γ (f U^∗_φ) = � � � � F R^n f ϖF R^n , if φ = Id ,

0 , otherwise .

(1.5)

1.4 Hopf algebraic symmetries (cf. [2, 4]) Under closer scrutiny, the above transverse differential operators turn out to arise from the action of a canonical Hopf algebra H_n, depending only on the codimension n (cf. [2], see also [7, §2]).

Indeed, restricting for simplicity to the case n = 1, the operator Q, cf. (1.1), is built from the vector fields

Y = y ∂ ∂y and X = y ∂ ∂x , where we used the obvious coordinates (x, y) ∈ F^+(M^1) ≃ M^1 ×R^+. Therefore, the expression under the residue-integral in (1.2) involves iterated commutators of these vector fields with multiplication operators of the form a = f U^∗_φ , f ∈ C^∞_c (F^+M), φ ∈ Γ , where the diffeomorphism φ acts on F^+(M^1) by φ(x, y) = (φ(x), φ^′(x) · y) , (x, y) ∈ F^+(M^1) .

The two basic vector fields become linear operators on A_Γ, acting as Y (f U_φ) = Y (f) U_φ , X(f U_φ) = X(f) U_φ .

However, while Y acts as derivation Y (ab) = Y (a) b + a Y (b) , a, b ∈ A_Γ .

X satisfies instead X(ab) = X(a) b + a X(b) + δ_1(a) Y (b) .

where δ_1(f U_φ−1 ) = y d dx � log dφ dx � fU_φ−1 .

The operator δ_1 is itself a derivation, δ_1(ab) = δ_1(a) b + a δ_1(b) , but the successive commutators with X produces new operators δ_n(f U_φ−1 ) = y^n d^n dx^n � log dφ dx � fU_φ−1 , ∀ n ≥ 1 , that satisfy progressively more complicated Leibniz rules.

We can encode all this information in a ‘universal’ (for codimension 1), Hopf algebra H_1, defined as follows. As an algebra it coincides with the universal enveloping algebra of the Lie algebra with basis {X, Y, δ_n ; n ≥ 1} and brackets [Y, X] = X , [Y, δ_n] = n δ_n , [X, δ_n] = δ_{n+1} , [δ_k, δ_ℓ] = 0 , n, k, ℓ ≥ 1 .

As a Hopf algebra, the coproduct Δ : H_1 → H_1 ⊗ H_1 is determined by Δ Y = Y ⊗ 1 + 1 ⊗ Y , Δ X = X ⊗ 1 + 1 ⊗ X + δ_1 ⊗ Y Δ δ_1 = δ_1 ⊗ 1 + 1 ⊗ δ_1 and the multiplicativity property Δ(h^1 h^2) = Δh^1 · Δh^2 , h^1, h^2 ∈ H_1 ;

the antipode is determined by S(Y ) = −Y , S(X) = −X + δ_1Y , S(δ_1) = −δ_1 and the anti-isomorphism property S(h^1 h^2) = S(h^2) S(h^1) , h^1, h^2 ∈ H_1 ;

finally, the counit is ε(h) = constant term of h ∈ H_1 .

The role of H_1 as ‘transverse symmetry’ comes from its natural Hopf actions on the crossed products algebras A_Γ = C^∞_c (F^+(M^1)) ⋊ Γ. We recall that the action of H_1 is given on generators as follows: Y (fU_φ) = y ∂f ∂y U_φ , X(fU_φ) = y ∂f ∂x U_φ , (1.6) δ_n(fU_φ−1 ) = y^n d^n dx^n � log dφ dx � fU_φ−1 , ∀ n ≥ 1 . (1.7)

Furthermore, the trace τ_Γ has the invariance property: τ_Γ(h(a)) = δ(h) τ_Γ(a) , ∀ h ∈ H_1 , a ∈ A.

where δ ∈ H^∗_1 is the modular character, defined by

δ(Y ) = 1, δ(X) = 0, δ(δ_n) = 0 .

It should also be noted that while S^2 ≠ Id, the ‘twisted’ antipode ~S(h) = δ(h_{(1)}) S(h_{(2)}) , h ∈ H_1 , (1.8)

does satisfy the involution property ~S^2 = Id .

Finally, the cochains (1.4) can be recognized to belong to the range of a certain cohomological characteristic map. In fact, requiring the assignment

χ_Γ(h^1 ⊗ . . . ⊗ h^n)(a^0, . . . , a^n) = τ_Γ(a^0 h^1(a^1) . . . h^n(a^n)) , (1.9) h^1, . . . , h^n ∈ H_1 , a^1, . . . , a^n ∈ A_Γ ,

to induce a characteristic homomorphism

χ^∗_Γ : HC^∗_{Hopf} (H_1) → HC^∗(A_Γ) , (1.10)

practically dictates the definition of the Hopf cyclic cohomology.

2 Cohomological background

2.1 Hopf cyclic cohomology cf. [2, 3]) Quite generally, for an arbitrary Hopf algebra H over a field k containing Q, one is led to postulate the existence of a modular pair (δ, σ), consisting of a character δ ∈ H^∗, δ(ab) = δ(a)δ(b) , ∀ a, b ∈ H, δ(1) = 1 , and a group-like element σ ∈ H, Δ(σ) = σ ⊗ σ , ε(σ) = 1 , related by the condition δ(σ) = 1. In addition, one requires that the corresponding twisted antipode ~S, defined as in (1.8), satisfy the same involution property ~S^2 = Id. Then (cf. [3]) the following operators define a cyclic structure on

H^♮_{(δ,σ)} = C ⊕ � n≥1 H^{⊗n} : (2.1)

δ_0(h^1 ⊗ . . . ⊗ h^{n−1}) = 1 ⊗ h^1 ⊗ . . . ⊗ h^{n−1}, δ_j (h^1 ⊗ . . . ⊗ h^{n−1}) = h^1 ⊗ . . . ⊗ Δh^j ⊗ . . . ⊗ h^{n−1}, 1 ≤ j ≤ n − 1 δ_n(h^1 ⊗ . . . ⊗ h^{n−1}) = h^1 ⊗ . . . ⊗ h^{n−1} ⊗ σ, σ_i(h^1 ⊗ . . . ⊗ h^{n+1}) = h^1 ⊗ . . . ⊗ ε(h^{i+1}) ⊗ . . . ⊗ h^{n+1}, 0 ≤ i ≤ n , τ_n(h^1 ⊗ . . . ⊗ h^n) = (Δ^{p−1} ~S(h^1)) · h^2 ⊗ . . . ⊗ h^n ⊗ σ.

The normalized bi-complex

(CC^{∗,∗}(H; δ, σ), b, B)

that computes the Hopf cyclic cohomology of H with respect to a modular pair in involution (δ, σ) looks as follows:

CC^{p,q}(H; δ, σ) = �¯ C^{q−p}(H; δ, σ) , q ≥ p , 0 , q < p , where C̄^n(H; δ, σ) = � � � �_{n−1}

i=0 Ker σ_i , n ≥ 1 , C , n = 0 ;

the operator

b : C̄^{n−1}(H; δ, σ) → C̄^n(H; δ, σ), b = n� i=0 (−1)^iδ_i

has the form b(C) = 0 for n = 0 ,

b (h^1 ⊗ . . . ⊗ h^{n−1}) = 1 ⊗ h^1 ⊗ . . . ⊗ h^{n−1} + n−1� j=1 (−1)^j � (h_j )

h^1 ⊗ . . . ⊗ h^j_{(1)} ⊗ h^j_{(2)} ⊗ . . . ⊗ h^{n−1} + (−1)^nh^1 ⊗ . . . ⊗ h^{n−1} ⊗ 1 , while the B-operator B : C̄^{n+1}(H; δ, σ) → C̄^n(H; δ, σ) is defined by the formula B = A ∘ B_0 , n ≥ 0 , where

B_0(h^1 ⊗ . . . ⊗ h^{n+1}) = � (Δ^{n−1} ~S(h^1)) · h^2 ⊗ . . . ⊗ h^{n+1} , n ≥ 1 , δ(h^1) , for n = 0 and A = 1 + λ_n + · · · + λ^n , with λ_n = (−1)^nτ_n .

The groups {HC^n_{Hopf} (H; δ, σ)}_{n∈N} are computed from the first quadrant total complex (T C^∗(H; δ, σ), b + B) ,

T C^n(H; δ, σ) = n� k=0 CC^{k,n−k}(H; δ, σ) ,

and the periodic groups {HP^i_{Hopf} (H; δ, σ)}_{i∈Z/2} are computed from the full total complex (T P^∗(H; δ, σ), b + B) , T P^i(H; δ, σ) = � k∈Z CC^{k,i−k}(H; δ, σ) .

2.2 Godbillon-Vey cocycle In the case of H_1, it is easily seen that δ_1 ∈ H_1 is a Hopf cyclic 1-cocycle. Indeed, since δ_1 is primitive, b(δ_1) = 1 ⊗ δ_1 − Δδ_1 + δ_1 ⊗ 1 = 0 ;

on the other hand, τ_1(δ_1) = ~S(δ_1) = S(δ_1) = −δ_1 .

The class [δ_1] ∈ HC^1_{Hopf} (H_1) is non-trivial and gives the Godbillon-Vey class for foliations (see §2.5).

2.3 Schwarzian cocycle The element Y is also primitive, but ~S(Y ) = −Y + 1 ≠ −Y . There is however another Hopf cyclic 1-cocycle, given by the only other primitive element

δ^′_2 := δ_2 − 1 2 δ^2_1 ∈ H_1 ,

which in view of (1.7) acts on crossed product algebras A_Γ as a Schwarzian:

δ^′_2(fU_φ−1 ) = y^2 � d^2 dx^2 � log dφ dx � − 1 2 � d dx � log dφ dx �_2� fU_φ−1 .

The class [δ^′_2] ∈ HC^1_{Hopf} (H_1) becomes trivial in HP^1_{Hopf} (H_1) since, for exam-

ple, δ^′_2 = B(c), with c = δ_1 ⊗ X + 1 2 δ^2_1 ⊗ Y and b(c) = 0.

2.4 Transverse fundamental cocycle The class of the unit constant [1] ∈ HC^0_{Hopf} (H_1) is trivial in the periodic theory, since B(Y ) = 1 .

A nontrivial element of HP^{ev}_{Hopf} (H_1) is the class of the cyclic 2-cocycle

Π = X ⊗ Y − Y ⊗ X − δ_1 Y ⊗ Y . (2.2)

When transported via the characteristic map (1.9), it gives an integral (cf. §2.5) extension to A_Γ of the fundamental class in the cyclic cohomology.

2.5 Isomorphism with Gelfand-Fuks cohomology In [2] we have constructed an explicit isomorphism

κ^∗_n : H^∗(a_n, C)^≃−→ HP^∗_{Hopf} (H_n) , ∗ = ev or odd

with the Gelfand-Fuks cohomology of the Lie algebra a_n of formal vector fields on R^n, that essentially provides the sought-for cohomological understanding of the index-class of the hypoelliptic signature operator D. In the particular case n = 1, [δ_1] corresponds via this isomorphism to the Godbillon-Vey class, hence is a generator for HP^{odd}_{Hopf} (H_1). The class [Π] is a generator for HP^{ev}_{Hopf} (H_1) and gives the Connes-Chern character of the spectral triple (A_Γ, H_{P M} , D).

3 Modular Hecke algebras

3.1 Definition (cf. [5]) We abbreviate G^+(Q) = GL^+(2, Q) and denote by M the algebra of (holomorphic) modular forms of all levels.

Given a congruence subgroup Γ of Γ(1) = SL(2, Z), let A(Γ) consist of all finitely supported maps

F : Γ\G^+(Q) → M , Γα → F_α such that F_{αγ} = F_α|γ , ∀ α ∈ G^+(Q) , ∀ γ ∈ Γ . (3.1)

The twisted convolution product

(F^1 ∗ F^2)_α := � Γβ∈Γ\G^+(Q)

F^1_β · F^2_{αβ}−1 |β .

is associative, and the algebra thus obtained is called the modular Hecke algebra of level Γ.

Any finitely supported map from Γ\G^+(Q)/Γ to the algebra M(Γ) of modular forms of level Γ trivially fulfills the equation (3.1), but such maps do not exhaust all its solutions. In fact, given f ∈ M there exists an F ∈ A(Γ) such that F_α = f if and only if f|γ = f , ∀ γ ∈ Γ ∩ α^{−1}Γ α. The inductive limit lim−→ N A(Γ(N)) , ordered by divisibility and with respect to

imbeddings normalized by the index of the subgroup, can be interpreted as the ‘adelic’ crossed product

A(G(A_f )^0) = M ⋊ GL(2, A_f )^0,

where GL(2, A_f )^0 is the subgroup of GL(2, A_f ) whose elements have determinant in Q^∗ × R^∗ ⊂ GL(1, A).

The ‘rational’ version is the (discrete) crossed product

A(G^+(Q)) = M ⋊ G^+(Q) .

whose elements are finite sums of symbols of the form � f U^∗_γ , with f ∈ M, γ ∈ G^+(Q), and with the product given by the rule

f U^∗_α · g U^∗_β = (f · g|α) U^∗_{β α} ,

3.2 Hopf actions of H_1 on modular Hecke algebras (cf. [5]) The Hopf algebra H_1 admits canonical Hopf actions on the algebras A(G^+(Q)) and A(G(A_f )^0). Y acts as a grading operator

Y (f) = k 2 · f , ∀ f ∈ M_k .

while X can be let to act as the classical derivation operator that corrects the ordinary derivative on modular forms, X = 1 2πi d dz − 1 12πi d dz (log Δ) Y = 1 2πi d dz − 1 2πi d dz (log η^4) Y .

Theorem 1 There is a unique action of H_1 on A(G(A_f )^0) defined on the generators of H_1 by

Y (F )_α = Y (F_α) , X(F )_α = X(F_α) , δ_n(F )_α = μ_{n,α} F_α , where

μ_{n, α} = X^{n−1}(μ_α), ∀ n ≥ 1 , μ_α (z) = 1 2πi d dz log η^4|α η^4 . • Transported to A(G^+(Q)), this action commutes with the natural coaction of G^+(Q) on A(G^+(Q)). All its conjugates by 1-cocycles of H_1 with values in A(G^+(Q)) that preserve this property are of the form

Ỹ = Y , X̃(a) = X(a) + [(ξ − tμ), a] − t δ_1(a) + μY (a) , δ̃_1(a) = δ_1(a) + [μ, a] , a ∈ A(G^+(Q)) .

where the parameters

ξ ∈ M_2, t ∈ C and μ ∈ M_2

can take arbitrary values.

• The Schwarzian always acts on A(G(A_f )^0) by inner derivations,

δ̃′_2(F ) = [X(μ) + μ^2 2 + E_4 72 , F ] , E_4(q) = 1 + 240 ∞� 1 n^3 q^n 1 − q^n , and there is no choice for the above parameters such that δ̃^′_2 ≡ 0. • The tranverse fundamental cocycle Π acts as a Hochschild 2-cocycle

[Π] ∈ H^2(A(G(A_f )^0), A(G(A_f )^0)) , Π̃(F_1, F_2) = X̃(F_1)Y (F_2) − Y (F_1)X̃(F_2) − δ_1(Y (F_1))Y (F_2) , F_1, F_2 ∈ A(Γ)

that defines a noncommutative Poisson structure, i.e. the Gerstenhaber bracket [Π, Π] is a Hochschild boundary.

3.3 Rankin-Cohen deformations (cf. [6]) The above formulae for X̃ and δ̃^′_2 are strikingly similar to those occuring in Zagier’s definition [8] of ‘canonical’ Rankin-Cohen algebras, suggesting a close relationship between such brackets and the Hopf actions of H_1. Assume that H_1 acts on an algebra A such that the derivation δ^′_2 is inner and implemented by an element Ω ∈ A satisfying

δ^′_2(a) = Ω a − a Ω , δ_k(Ω) = 0 , ∀ k ∈ N, ∀ a ∈ A .

Such a datum, called an 1-dimensional projective structure on A with quadratic differential Ω, allows to construct canonical bilinear operators RC_n , n ≥ 1, that generalize the classical Rankin-Cohen brackets. Their construction, briefly sketched below, is inspired by Zagier’s approach in [8]. Given two operators Z and Θ acting linearly on A and fulfilling

[Y, Z] = Z , [Y, Θ] = 2Θ ,

define a sequence of operators as follows:

C_0 = 1, C_1 := Z, C_{n+1} := Z C_n − n Θ (Y − n − 1 2 )C_{n−1} .

Lemma 2 The series Φ(Z, Θ)(s) :=

� sn C_n n! Γ(2Y + n)^{−1} is the unique solution of the operator-valued differential equation s( d ds )^2Φ − 2(Y − 1) d ds Φ + Z Φ − s 2 Θ Φ = 0 that satisfies the initial conditions Φ(0) = Γ(2Y )^{−1} , d ds Φ(0) = Z Γ(2Y + 1)^{−1} Lemma 3 Let μ be an operator in A such that [Θ, μ] = 0 , [Y, μ] = μ , [[Z, μ], μ] = 0 . (3.2) Then Φ(Z + μ Y, Θ + [Z, μ] + μ^2 2 )(s) = e^{s μ2} Φ(Z, Θ)(s) .

The formulas for the bilinear operators RC_n generalizing the higher Rankin- Cohen brackets are obtained by expanding in powers of s the products Φ(−X + δ_1Y, R(Ω)(s)(a) Φ(X, L(Ω))(s)(b) , a , b ∈ A , where L(Ω) and R(Ω) stand for the left and right multiplication by Ω. This gives bilinear operators of the form

RC_n(a, b) := n� k=0 A_k k! (2Y + k)_{n−k})(a)

B_{n−k} (n − k)!

(2Y + n − k)_k)(b), (3.3)

with (C)_k := C (C + 1)....(C + k − 1).

Lemma 4 The bilinear operators RC_n : A ⊗ A → A satisfy the following covariance property: if u ∈ A is invertible and such that X(u) = 0, Y (u) = 0, δ_k(u^{−1}δ_1(u)) = 0, ∀ k ≥ 1, then

1^0 for all n ≥ 1, RC_n(a u, b) = RC_n(a, u b), ∀ a, b ∈ A; 2^0 RC_n(u a, b) = u RC_n(a, b) , RC_n(a, b u) = RC_n(a, b) u; 3^0 with α(u)(x) = uxu^{−1}, one has RC_n(α(a), α(b)) = α(RC_n(a, b)) .

Theorem 5 The product formula a ∗ b := � t^n RC_n(a, b) gives an associative deformation of any modular Hecke algebra A(Γ).

Relying on the fact that the above result applies to all Hopf actions described in §3.2, one can ‘lift’ the associativity property to the Hopf algebra level and then transfer it to any action defining a projective structure on an algebra.

Theorem 6 Let A be any algebra endowed with an H_1 action confering it a projective structure. Then

1^0 the transverse fundamental class [RC_1] ∈ H^2(A, A) defines a noncommutative Poisson structure;

2^0 the bilinear operators RC_n : A ⊗ A → A, n ≥ 1, depend solely on the action of the constituents Y and S(X) = −X + δ_1Y of the transverse fundamental cocycle Π on A, and on the quadratic differential Ω;

3^0 the product formula a ∗ b := � t^n RC_n(a, b)

gives an associative deformation that ‘quantizes’ the Poisson structure.

References

[1] Connes, A. and Moscovici, H., The local index formula in noncommutative geometry, GAFA 5 (1995), 174-243.

[2] Connes, A. and Moscovici, H., Hopf algebras, cyclic Cohomology and the transverse index theorem, Commun. Math. Phys. 198 (1998), 199-246 .

[3] Connes, A. and Moscovici, H., Cyclic cohomology and Hopf algebras, Letters Math. Phys. 48 (1999), 97-108.

[4] Connes, A. and Moscovici, H., Differentiable cyclic cohomology and Hopf algebraic structures in transverse geometry, In Essays on Geometry and Related Topics, pp. 217-256, Monographie No. 38 de L’Enseignement Mathématique, Genève, 2001.

[5] Connes, A. and Moscovici, H., Modular Hecke algebras and their Hopf symmetry, Moscow Math. J. 4 (2004), 67–109 (arXiv:math.QA/0301089).

[6] Connes, A. and Moscovici, H., Rankin-Cohen brackets and the Hopf algebra of transverse geometry, Moscow Math. J. 4 (2004), 111–130 (arXiv:math.QA/0304316).

[7] Connes, A. and Moscovici, H., Background independent geometry and Hopf cyclic cohomology, MPIM 2005–41, 1–50 (arXiv:math.QA/0505475).

[8] Zagier, D., Modular forms and differential operators, Proc. Indian Acad.

Sci. Math. Sci. (K. G. Ramanathan memorial issue) 104 (1994), no. 1, 57–75.