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DERIVATIVES OF EISENSTEIN SERIES OF WEIGHT 2
AND INTERSECTIONS OF MODULAR
CORRESPONDENCES

SUNGMUN CHO, SHUNSUKE YAMANA AND TAKUYA YAMAUCHI

ABSTRACT. We give a formula for certain values and derivatives of Siegel
series and use them to compute Fourier coefficients of derivatives of the

Siegel Eisenstein series of weight § and genus g. When g = 4, the

Fourier coefficient is approximated by a certain Fourier coefficient of the
central derivative of the Siegel Eisenstein series of weight 2 and genus 3,
which is related to the intersection of 3 arithmetic modular correspon-
dences. Applications include a relation between weighted averages of
representation numbers of symmetric matrices.

1. INTRODUCTION

1.1. Motivation : On the modular correspondences. Let j = j =
j(7) be the elliptic modular function on the upper half plane. For m > 1 let
©m € Z[j,j'] be the classical modular polynomial defined by

om(§(7),4(7) = 11 (i(7) = §(AT")).
AeM3(Z) (mod SL2(Z)), det A=m
Put S = SpecZ[j,j'] and Sc = SpecC[j,j']. Let T,, and T,,c be the
arithmetic and geometric divisors defined by ¢,, = 0. We can view S as
an arithmetic threefold S = M Xgpecz M, where M is the moduli stack
of elliptic curves over Z, and T}, as the moduli stack 7,, of isogenies of
elliptic curves of degree m. In the 19th century Hurwitz has computed the
intersection
(Tmh(c : Tmz,C) = dimg C[jaj/]/(‘:pm17§0m2)

of complex curves. Gross and Keating [3] discovered that (T}, ¢ - Tin,.c) is
related to the Fourier coefficients of the Siegel Eisenstein series of weight 2
for Spa(Z). Moreover, they gave an explicit expression for the intersection

(Tml Ty - ng) := log ﬁZ[jvj/]/((pmn Pma> @m:;)
of 3 arithmetic modular correspondences. It is already mentioned in the
introduction of [3] that computations of Kudla or Zagier strongly suggest
that deg Z(B) equals the B-th Fourier coefficient of the derivative of the
Siegel Eisenstein series of weight 2 for Sp3(Z), up to multiplication by a
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constant which is independent of B. A complete proof of this identity has
been given in [17] (cf. [11]).

The purpose of this paper is to compute the Fourier coefficients of the
derivative of the Siegel Eisenstein series of weight 2 for Sps(Z). One may
expect that these coefficients are related to the intersection of 4 modular
correspondences. However, the number

log ijUMj/]/(SOmU mew SDmg, me4),

does not seem to be naturally expanded to a sum over positive semi-definite
symmetric half-integral matrices of size 4 and does not seem to be a right
object. The fiber product T, XS Tmy X8 Tms XS Tm, has a disjoint sum
decomposition according to the values of the fundamental matrices:

Tml X8 ng XS ms3 XS ug

where T" extends over the set of positive Seml—deﬁmte symmetric half-integral
matrices of size 4 with diagonal entries mq, mo, ms, my. If T is positive defi-
nite, then Z(T') is empty unless det T is a square and T is split except over
a single prime. If T is positive definite and det T is a square, then the T-th
Fourier coefficient is zero unless T is anisotropic only at a prime p, in which
case the T-th Fourier coefficient is approximately equal to deg 2 (T"), where
T’ is some positive semi-definite symmetric half-integral matrix of size 3 (see
Theorem 1.3). Our result may imply that for each point of the intersection,
where 4 surfaces intersect properly, in a small neighborhood of the point,
the intersection multiplicity behaves like the intersection multiplicity of 3
surfaces of them.

In the intervening years Kudla and others have gone a long way towards
proving such relations in much greater generality. In [8], he introduced a
certain family of Eisenstein series of genus g and weight QTH. They have
an odd functional equation and hence have a natural zero at their center
of symmetry. The central derivatives of such series, which he refers to as
incoherent Eisenstein series, have a connection with arithmetic algebraic
geometry of cycles on integral models of Shimura varieties attached to or-
thogonal groups of signature (2,9 — 1), at least when g < 4. We refer the
reader to [14] for g = 1, to [8, 12, 15] for g = 2, to [11, 24, 17| for g = 3, and
to [13] for g = 4. However, there are serious problems with the construction
of arithmetic models of these Shimura varieties as soon as g > 5.

1.2. The Fourier coefficients of derivative of Eisenstein series. In
this paper we compute the Fourier coefficients of derivatives of incoherent
Eisenstein series of genus g and weight . In this introductory section we
will consider classical Eisenstein series of level 1. Let g be a positive integer
that is divisible by 4. Let

Ey(Z,s)= Y _ det(CZ+ D) 9?|det(CZ + D)|~*(det Y)*/*
{c.D}
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be the Siegel Eisenstein series of genus g, where {C, D} runs over a complete
set of representatives of the equivalence classes of coprime symmetric pairs
of degree g, and Z is a complex symmetric matrix of degree g with positive
definite imaginary part Y. This series converges absolutely for Rs > § +1
and admits a meromorphic continuation to the whole s-plane by the general
theory of Langlands.

If § is even, then Ey(Z,s) is holomorphic at s = 0 and the T-th Fourier
coefficient of E4(Z,0) is equal to

1 ' N(Li, T)
(1.1) (Cvem) S

by the Siegel formula (see [23, 10, 27]), where {L;} is the set of isometry
classes of positive definite even unimodular lattices of rank g. Here N (L, L)
denotes the number of isometries L' — L for two quadratic spaces L, L' over
Z. In particular, the nondegenerate Fourier coefficients are supported on a
single rational equivalence class.

On the other hand, if ¢ is odd, then Ey(Z,s) has a zero at s = 0. Our
main object of study in this paper is the derivative

9 . o
55 29(Z,8)ls=0 = 37 Cy(T)ePVTITZ) 4 N (T, Y )PV TD),
>0 other T'

Fix a positive definite symmetric half-integral n x n matrix T" and a ra-
tional prime p. Let Q) be a subring of Q, consisting of the numbers of the
form 1% with n € N and a € Z. We define the additive character e, of Q,

by setting e,(x) = e~ 2=y with y € Q® such that x —y € Zy. The Siegel
series attached to T" and p is defined by

bp(T5) = > ep(—tr(T2))v[2] %,

z€Sym,, (Qp)/Sym,, (Zp)

where v[z] is the product of denominators of elementary divisors of z. Put
Dy = (—4)"?det T. We denote the primitive Dirichlet character corre-
sponding to Q(v/ D7) by x7 and its conductor by 7. Put fg = xr(p). Let

T

e, = ord, Dy or eg = ord, Dy — ord, ol according as n is odd or even.

There exists a polynomial F,/ (X) € Z[X] such that

bp(T,s) = (p™°)F (p™°),

where
-~ oy [n/2] : 2 2 1 if n is odd,
7p( )=(1- )1_[1( -p ) X m if n is even.
1= D

The symbol 771? stands for the normalized Hasse invariant of T' over Q, (see
Definition 2.1). We write Diff(T") for the finite set of prime numbers p such
that ng = —1. A direct calculation gives the following formula:
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Proposition 5.1. Assume that § is odd. Let T be a positive definite sym-
metric half-integral matriz of size g.
(1) If x7 =1, then Cy(T') = 0 unless Diff (T') is a singleton.
(2) If xr =1 and Diff(T') = {p}, then
2(9+2)/2)—(g9+ef)/2 8F
) =~ 2 sy O oy [T e
C(l - g)Hz 1 C( Z) p#L| D

(3) If x7 # 1, then

+2)/2
9(g+2)/ [;(12,XT) Hp el /QFT(g g/g)
(=L ¢ = 2i) jp,
Remark 1.1. If xp # 1, then L(1, x7) = }gg:h by Dirichlet’s class number
formula, where h is the class number of the real quadratic field Q(v/det T)

and € = % (t > 0, u > 0) is the solution to the Pell equation t* —07u? =
4 for which wu is smallest.

Cg(T) ==

The following theorem is a special case of Theorem 4.3 and allows us to

FT . ..
compute aa e (fg p9/ 2). For simplicity we here assume p to be odd.

Theorem 1.2. Let p be an odd rational prime and T = diagty, ..., tq] with
0 <ordyt; <--- <ordpty. PutT' = diag[ti,...,te—1]. Suppose that g is
even and p10T. Then

_ T / _
FI(elp=9/2) = po PE (el p=9/?).
Ifng = —1, then

& OF) (& \_E (o7 & OF (&
p9/2 0X \p9/2 ) p—1 b p9/2 X \ p9/2

Our key ingredient is the explicit formula for FpT (X), given by Ikeda and
Katsurada in [5], which expresses the polynomial Fg in terms of the (naive)
extended Gross-Keating datum H of T" over Z,. The polynomial FpT = Ff /
is defined in terms of a subset H' C H for any p in a uniform way. Actually,

!/

if g = 4, then the values a%( (p~2) and Flf{/ (p~!) depend only on (a1, az,as)
if we write (a1, ag, as,as) for the Gross-Keating invariant of T' over Z,,.

1.3. Applications.

1.3.1. On the average of the representation numbers. Theorem 1.2 combined
with the Siegel formula will identify (1.1) with four times the average of the
representation numbers of a symmetric matrix of size g — 1 (see Conjecture
5.4 and Proposition 5.5). The following result is a special case of Proposition
5.5.
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Corollary 5.6. If T is a positive definite symmetric half-integral matrix of
size 4 which satisfies x = 1 and 77? = 1 for ¢ # p, then there exists a
positive definite symmetric half—integral matrix 7" of size 3 such that

N(Hom(E', E N(Hom(E', E
5 Vo ) Zﬁ ).T)

() FAUHE)EAY E’ Aut(E)zAut(E")

where (E, E') extends over all pairs of isomorphism classes of supersingular
elliptic curves over [,

1.3.2. On the Fourier coefficients and the modular correspondences. The

factor 85;1 (& Ty=9/ 2) appears in Fourier coefficients of central derivatives
of incoherent Eisenstein series of genus g — 1 and weight §, which have
close connection with arithmetical geometry on Shimura Varletles at least
for ¢ < 5 as mentioned above. We will be mostly interested in the case
g = 4. When T),,,, T),, and T,,, intersect properly, the formula of Gross
and Keating in [3] can be stated as follows:

(Timy - Ty - Trny) = »_ deg Z(B)
B

where B extends over all positive definite symmetric half-integral matri-
ces with diagonal entries my,ma, m3. Here deg Z°(B) = 0 unless Diff(B)
consists of a single rational prime p, in which case

_ (logp) P (1 N(Hom(E', E), B)
(1.2) deg Z(B) = — 229X (292> (EZE:,) fAut(E)fAut(E)

The degree deg Z(B) equals the B-th Fourier coefficient of the derivative of
the Siegel Eisenstein series of weight 2 and genus 3 up to a negative constant
(cf. Theorem 2.2 of [17]). We combine (1.2), Theorem 5.3 and Corollary 5.6
to obtain the following formula:

Theorem 1.3. If T is a positive definite symmetric half-integral matriz of

size 4, xp = 1 and Diff (T') consists of a single prime number p, then there

exists a positive definite symmetric half-integral matriz T of size 3 such that
Cu(T) F'(p~h) S N(Hom(E', E), T")

Call) _ qeg () + —2 P )y, 7
A A IR 2, EA(E AW (E)

where (E, E") extends over all pairs of isomorphism classes of supersingular
elliptic curves over IF,,.

Since Hom(E', F) is a quaternary quadratic space, if S has rank greater
than 4, then N(Hom(E,E’),S) = 0. Therefore when g > 5, the nature
of Fourier coefficients of the derivative of Eisenstein series of weight 2 and
genus ¢ should be much different. The case ¢ = 4 should be a boundary
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case. We will explicitly compute FpT / (p~!) in Lemma 5.7 and show that

Cy(T) 20
52 deg Z(T) | pvp
Moreover, Corollary 5.8 says that for a fixed prime number p
lim Ca(T) =
ord,(det T)—oo —28 - 32 - deg 2 (T")

1.4. Organizations. We now explain the lay-out of this paper. Section 2
extends the notion of incoherent Eisenstein series to the case where the point
at which the Eisenstein series is evaluated lies within the left half-plane.
We calculate the Fourier coefficients of those Eisenstein series and their
derivatives. In Section 3 we derive a general formula for Fourier coeflicients
of derivatives of incoherent Eisenstein series. Section 4 is devoted to a local
study of the Siegel series. We give the inductive expression for the special
value of the derivative of the Siegel series. Section 5 is devoted to proving
Theorem 5.3.

Acknowledgement. Cho issupported by JSPS KAKENHI Grant No. 16F16316.
Yamana is partially supported by JSPS Grant-in-Aid for Young Scientists

(B) 26800017. Yamana also thanks Max Planck Institut fiir Mathematik for
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Notations

For a finite set A, we denote by #A the number of elements in A. For
a ring R we denote by M, ;(R) the set of i x j-matrices with entries in R
and write My, (R) in place of M, ,,(R). The group of all invertible elements
of M,,,(R) and the set of symmetric matrices of size m with entries in R
are denoted by GL,,(R) and Sym,,(R), respectively. Let &, (R) be the set
of elements (a;;) € Sym,,(R) such that a; € 2R for every i. For matrices
B € Sym,,(R) and G € M,, ,,(R) we use the abbreviation B|G] = ‘GBG,
where G is the transpose of G. If A,..., A, are square matrices, then
diag[A1, ..., A,] denotes the matrix with Ay,..., A, in the diagonal blocks
and 0 in all other blocks. Let 1,, be the identity matrix of degree m. Put

Spy(R) = {G € GLyy(R) ’ G (_Olg 15’) ‘G = <_019 109> }

M,(R) = {m(A) - <‘(‘)‘ t£1> ‘ Ae GLg(R)},

N,(R) = {n(B) - (109 i) ‘ Be Symg(R)}.

Let Z be the set of integers and u, the group of n-th roots of unity. If
is a real number, then we put [z] = max{m € Z | m < x}.
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2. EISENSTEIN SERIES

Let k be a totally real number field with integer ring 0. The set of real
places of k is denoted by &.,. The completion of k at a place v is denoted
by ky. Let (, )i, : kS X k) — po denote the Hilbert symbol. We let
p denote a finite prime of k£ and do not use the letter p for a real place.
Let g, = fo/p be the order of the residue field. We define the character
e, of ky by ey(x) = e(—y) with y € Q®) such that Trkp/Qp(x) —y € Zyp if
p is the rational prime divisible by p. Put e(z) = ¢>™V~!* for z € C and
exo(2) = [lhes.. ©(2v) for 2z € [[,cs.. C.

Once and for all we fix a positive integer ¢ > 2. Let (V,( , )) be a
quadratic space of dimension m over k,. Whenever we speak of a quadratic
space, we always assume that (, ) is nondegenerate, i.e., (u, V) = 0 implies
that u = 0. Put so = 3(m — g —1). Given u = (u1,...,uy) € V9, we write
(u,u) for the g x g symmetric matrix with (7, j) entry equal to (u;, uj). We
write det V for the element in k¢ /k)? represented by the determinant of the
matrix representation of the bilinear form (, ) with respect to any basis for
V over k,. We define the character x" : k) — o by

(2.1) XV () = (¢, (=)™ /2 det V), .

We normalize our Hasse invariant 7" so that it depends only on the
isomorphism class of an anisotropic kernel of V' (cf. [2, 22]).

Definition 2.1. We associate to the quadratic space V' over &, of dimension

m an invariant " € o according to the type of V as follows:

e If m is odd, then an anisotropic kernel of V has dimension 2 — nV.

e If m is even and x" # 1 and if we choose an element ¢ € ky* such
that x¥(c) = n, then V is the orthogonal sum of a split form of
dimension m — 2 with the norm form scaled by the factor ¢ on the
quadratic extension of k, corresponding to V.

e If m is even and ¥V = 1, then V is split or the orthogonal sum of
the norm form on the quaternion algebra over k, with a split form
of dimension m — 4 according as ¥ =1 or —1.

We denote the set of positive definite symmetric matrices over R of rank
g by Sym,(R)*. Let

H,={X+V-1Y € Symy(C) | Y € Symg(R)+}

be the Siegel upper half-space of genus g. The real symplectic group Spy(R)
acts transitively on §, by GZ = (AZ + B)(CZ + D)™! for Z € §, and

G = (é g) € Spy(R). We define the maximal compact subgroups by

Ky, = Spy(op), Ky ={G € Spy(ky) | G(V—11,) = v—-114}
for v € 6. We have the Iwasawa decomposition

Spg(kv) = Mg (ky) Ny (ko) K.
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Denote the two-fold metaplectic cover of Spy(k,) by Mp,. There is a canon-
ical splitting Ny(k,) — Mp,. When p does not divide 2, we have a canonical
splitting K, — Mp,,. We still use N,y(k,) and K, to denote the images of
these splittings. Let K, denote the pull-back of K, in Mp,,. Define the map
Mp, — R by writing G = n(b)rk € Mp,, with b € Sym,(k,), a € GLy(ky),
m = (m(a),() and k € K, and setting |a(G)| = | det al,. We refer to Section
1.1 of [27] for additional explanation.

Let V be a quadratic space over k, and w, the Weil representation of Mp,,
with respect to e, on the space S(V9) of the Schwartz functions on V9. We
associate to ¢ € §(VY) the function on Mp, x C by

FENG) = (@u( @) (0)]a(G) .

The real metaplectic group acts on the half-space £, through Spy(R).
There is a unique factor of automorphy 7, : Mp, x £, — C* whose square
descends to the automorphy factor on Sp(k,) x 4 given by j, (G, Z,)? =

det(CyZ, + D,) for G, = ( ) e Sp(k,). We define an automorphy

*
CU D’U
factor 7 : [[,es.. (Mp, X $4) = C* by 3(G, Z) =[], 30(Gv, Zy).

Let A be the adele ring of k and A¢ the finite part of the adele ring. We
arbitrarily fix a quadratic character x of A /k* such that y, = sgn™(m~1/2,

Definition 2.2. Let C = {C,} be a collection of local quadratic spaces of
dimension m such that x* = x, for all v, such that C, is positive definite
for v € G4 and such that % = 1 for almost all p. We say that C is coherent
if it is the set of localizations of a global quadratic space. Otherwise we call
C incoherent.

One can derive the following criterion from the theorem of Minkowski-
Hasse (see Theorem 4.4 of [21]).

Lemma 2.3. Put d = [k : Q). When m is odd, C is coherent if and only
if (—1)d(m2_1)/8 Hp n% = 1. When m is even, C is coherent if and only if
(_1)dm(mf2)/8 Hp nCp - 1.

There is a unique splitting Spy(k) < Mp, by which we regard Spy(k) as
the subgroup of the two-fold metaplectic cover Mp, of Spy(A). Let Py =
MyN, be the Siegel parabolic subgroup of Sp,. Given any pure tensor
= Rppp € @S (CJ), we consider the function

@) =118 Go). FEN () = (@p(Gr)ep) (0)]a(Gy) P~
p

on Mp, x C and the Eisenstein series on HveGOO g

E(Z, ) = (detY)(s=#0)/2 > 197, 2)1°%3(7, 2) 715 (),
YEP(k)\Spg(k)
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where Y is the imaginary part of Z. The series is absolutely convergent for
Rs > %. It admits a meromorphic continuation to the whole plane and its
Laurent coefficients define automorphic forms. Moreover, it is holomorphic
at s = sg, and if C is coherent, then the Siegel-Weil formula holds by [10].
From now on we require that m < g+1. Let V be a totally positive definite
quadratic space of dimension m over k. We normalize the invariant measure

dh on O(V, k)\O(V, A) to have total volume 1 and define the integral

1Z9) - | o7, h; p) dh
O(V,k)\O(V,A)
of the theta function
OZ i) = > @b 'u)es(tr((u,u)2)).
ueV (k)9

Since we are under coherent situation, the Siegel-Weil formula can now be
stated as follows:

(2.2) E(Z, £§)ls=s0 = 21(Z,0).
The reader who is interested in this identity can consult Theorem 2.2(i) of

[27]. On the other hand, if C is incoherent, then the series E(Z, fés)) has a
zero at s = so by Corollary 5.5 of [27].
Consider the Fourier expansions

E(Z )= Y ATY ¢ s)ex(tr(TZ)),

T€Sym, (k)
9 s
SBZ S e = Y CTYig)en(tr(T2),
TeSymg(k)
where
Z=X4VIY, OV = 5 AT Y08) e

Put Symgd = Sym, (k) N GLg(k). When T' € Symgd, the Fourier coefficient
has an explicit expression as an infinite product

A(T,Y, ¢,8) = a(T,Y,s) [[Wr (fé?)
b

for s > 0, where

we(s) = [ (S, W) nt) sEmmic

ymg(kp)
and a(T,Y, s)ex (v —1tr(TY)) is a product of the confluent hypergeometric
functions investigated in [18]. Given T € Symgd, we define the quadratic
form on VT = k9 by u +— T[u] and define the Hecke character x* =[], x7

and the Hasse invariants in , where xI is defined in (2.1). Let Diff(7,C)
denote the set of places v of k such that T is not represented by C,. Let
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Sym denote the set of totally positive definite symmetric ¢ X g matrices
over k‘

Lemma 2.4. Let g, € S(C)) and T € Symgd.
(1) a(T,Y,s) and Wr (fg(oi)) are entire functions in s.

(2) limg_ys, Wr (fé;z)) = 0 unless T' is represented by Cy.
(3) Ifm=g,T€ Sym;}', xT' = x and C is incoherent, then Diff(T,C) is
a finite set of odd cardinality.
Proof. The first part is well-known (see [6, 18]). Lemma on p. 73 of [16]
implies (2). By assumption Diff(7,C) = {p | n% = _77;?}- Since C is
incoherent, Lemma 2.3 implies ], n = — I, ng , which proves (3). O
Let T € Sym;r. Then both a(7T,Y, sg) and C(T,Y, ) are independent of
Y. Put
Cm(T) = a(Ta Y, 30)7 C(Ta QD) = C(Tv Y, 90)7 Dy = Nk/@(det(2T))
Let 9; denote the absolute value of the discriminant of k. Note that
2 2/2\ d
_ _ 4 g°\ 2979
(2.3) co(T) = chTl/z, cg =0, 9lg+1)/ <e<> >
8/ Ty(8)
by (4.34K) of [18], where Ty(s) = n9(0~ D/ T(s — 2).
Proposition 2.5. Let m =g and T € Sym;. Suppose that C is incoherent.

If xI' = x, then C(T,¢) = 0 unless Diff(T,C) is a singleton. Moreover, if
Diff(T,C) = {p}, then

C(T, ) = ¢,D7 " lim i T(f¢”>HW< )

s——1/2 4p
Proof. For given ¢ and T', let © be a finite set of rational primes of k such
that if ¢ ¢ &, then q does not divide 2, x4 is unramified, e, is of order

0, T' € GL4(0q) and the restriction of fg(oi) to Ky is 1. Since T' cannot be
unimodular at p € Diff (T, C), the set & necessarily contains Diff(7',C). The

T-th Fourier coefficient of F(Z, fés)) is given by
(2.4) A(T,Y, ,5) = BT ()a(T, Y, s) ] 87 ()W (£5)),

qes
where
47 (s) = L(s +3.x7X) oL if 21 g,
T2 s +2j-1) | Lls+ %) if2lg,
MY @s+2-1) (1 if21g,
B (s) = 7 T 7 X\ gt £
(5+27Xq Xq) ( + 55 »Xq) if 2|g.
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Notice that the product ﬁqT (s)Wr ( fé?) is holomorphic at s = —%. In-
deed, if XqT = Xq, then Bg (s) is holomorphic at s = —% while if qu # Xo»
then 5qT(s) has a simple pole at s = —%, but Wp (fé?) has a zero at s = —%

by Lemma 2.4(2).
Assume that x” = x. Then B7(s) is holomorphic and has no zero at

s = —%. If q € Diff(7,C), then Bg(s)WT(féfl)> has a zero at s = —% by
Lemma 2.4(2), which combined with (2.4) proves the first statement. We
obtain the first formula by differentiating (2.4) at s = —1. O

Corollary 2.6. If m = g, C is incoherent and T € Smer with x7 # x, then

O(T,p) = ¢,D7'"* lim Hﬂp wr(18)).

s——1/2 85

Proof. Since 37 (s) has a zero at s = —5 if x # xT, we can deduce Corollary
2.6 from (2.4). O

3. FOURIER COEFFICIENTS OF DERIVATIVES OF EISENSTEIN SERIES

Let 7, (t) be the Weil constant associated to the character of second degree
u > e,(tu?), and ,(C,) the unnormalized Hasse invariant of C,. Put

(o) = £0(Co) e (;)m_lw (; det cv) |

Let L, be an integral lattice of Cyp, i.e., a finitely generated op-submodule of
Cy which spans C, over k, and such that (u,u) € o, for every u € L,. Let

Ly ={u € Cy | 2(u,w) € o, for every w € Ly}

be its dual lattice. Let ch(Lj) € S(Cy) be the characteristic function of Lg.
We write S, for the matrix for the quadratic form on C, with respect to a
fixed basis of Ly. For nondegenerate symmetric matrices T' € %gg(op) and
S e %Em(op) the local density of representing 7" by S is defined by

ap(S,T) = hm ng((gﬂ) 2m)/QAi(S, T),

where

Ai(S,T) = t{X € Mimg(o/p") | S[X] =T (mod p')}.

Proposition 3.1 (cf. [8]). PutV, = Co,®@H(kp)", where H is the split binary
quadratic space. We choose an integral lattice Lg ® Mo, 4(0p) of full rank in

VY. Then
(s, "))
lim WT<f( ) ) = .

o ch(L§@&Mar g (0p)) 1(Cp)90, Y2 [Ls : L9/

Here, sq is associated to Cy.
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Proof. This result can be deduced from the proof of [28, Lemma 8.3(2)]. O

Let V be a totally positive definite quadratic space of dimension g over
k. Fix an integral lattice L in V. Put

L, =L ®, o, ch(L?) = @pch(Ly).
For h € O(V, A) we write hL for the lattice defined by (hL), = hyL,. Put
K ={he€SO(V,A) | hL =L}, SO(L)={heSOWV,k)|hL=1L}.
Definition 3.2. We mean by the genus (resp. class) of L the set of all

lattices of the form hL with h € O(V,A) (resp. h € O(V,k)). The proper
class of L consists of all lattices of the form hL with h € SOV, k).

We write Z'(L) and Z(L) for the sets of classes and proper classes in the
genus of L, respectively. Define the mass of the genus of L by

1 1
m'(L) = — m(L) = I
ggm 10(2) 2. F0(7)

Remark 3.3. For each finite prime p there is h € O(V, ky) with deth = —1
such that hL, = L. The genus of L therefore consists of lattices h L with h €
SO(V, A). We identify Z(L) with double cosets for SO(V, k)\SO(V,A)/K|,
via the map h +— hL.

Lemma 5.6(1) of [20] says that

(3.1) m(L) = 2m’'(L).
We consider the following sums of representation numbers of 7' € Sym, (k):
N(Z,T) N(Z,T)
R(L,T)= —_—, R(L,T) = —
D= 2. o MED= 2 Sso(z)

where N(L,T) = t#{u € LY | (u,u) =T}.
Proposition 3.4. Notation being as above, we have

R(L,T) 12 .. (s)
Py oPr silfli‘/zlg[WT(fch<La>)'

Proof. This equality is nothing but the Siegel formula. Nevertheless we
reproduce its proof here because of its importance for us. Since both sides
are zero unless V! ~ V by Lemma 2.4(2), we may identify V7 with V. As is
well-known, there exists h € O(V7, ky) such that hL, = L, and det h = —1.
Since SO(VT, A)\NO(VT,A) = pua(A), we have

[(Z, eh(LY)) = /
2 JSO(VT k\SO(VT A)

©(Z, h;ch(L%)) dh.

Choose a finite set of double coset representatives h; € SO(VT, A¢) so that
SO(VT,A) =] |SO(VT, k)hK L.
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Then
1 O(Z, hi; ch(L9))
I(Z,ch(L%)) = —vol(K
( € < >) 2VO( L); ﬁSO(hrLL)
Since m(L) = 2vol(K)™!, the T-th Fourier coefficient of I(Z,ch(L9)) is

equal to Rﬂg&?. The Siegel-Weil formula (2.2) proves the declared identity.

O

An examination of the proof of Proposition 3.4 confirms that
R(L,T) _R(LT)
m(L) — w/(L)

We can prove the following result by combining Propositions 2.5 and 3.4.

(3.2)

Proposition 3.5. We assume that Diff (T',C) = {p}, notation and assump-
tion being as in Proposition 2.5. Take an integral lattice L in VT such that

. (s)
Jim W (i) # 0

If o, = ch(L‘?> for every prime ideal | distinct from p, then
Oy ( f;?)
s '

: (s)
m(L) 5—1>11111/2 Wr <f0h<Lg>>

4. SIEGEL SERIES

In this section we drop the subscript ,. Thus £ is a nonarchimedean local
field of characteristic zero with integer ring 0. We denote the maximal ideal
of o by p and the order of the residue field o/p by ¢. Fix a prime element w
of 0. We define the additive order ord : kX — Z by ord(w’e*) = i.

Let T € %Eg(o) with det 7' # 0. Denote the conductor of x by ?7. Put

Dy = (—4)l9/2 det T,

. {ord Dr if ¢ is odd,

e T . .
ord Dy —ordd* if g is even,

1 if Dy € kX2,
¢f={ -1 if Dp ¢ k*2 and o7 = o,
0 if Dy ¢ kX2 and 0T # 0.
The Siegel series associated to T is defined by
b(T,s) = > Y(—tr(T2))v]z] ",
z€Sym, (k)/Sym, (o)

where v[z] = [z09409 : 09] and 1) is an arbitrarily fixed additive character on
k which is trivial on o but nontrivial on p~!. As is well-known, there exists
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a polynomial §(T, X) € Z[X] such that 5(T,q °) = b(T, s). Moreover, this
polynomial 3(T, X) is divisible by the following polynomial

l9/2] e
, 1 f dd,
V(X)) = (1= X) [] (1 - ¥ X?) x , L Ime
=1 T T gl”x if g is even.

Put
BT, X) =+"(X)FT(X),  FI'(X)=Xx"/Fl(g D)),

If g is even, then ! € Qlv4] [X+X1]. If gis odd, then FT € Q[\/)?, ﬁ]

Let C be a g-dimensional quadratic space over k. Recall that S is the
matrix for the quadratic form on C with respect to a fixed basis of L, where
L is an integral lattice of C as explained at the beginning of Section 3. If ¢
is even, x = xC is unramified and det(2S) € 0*, then Lemma 14.8 combined

with Proposition 14.3 of [19] gives

1
an a(siy(y, M)or) = s@ @t
For the rest of this paper we require g to be even.

Proposition 4.1. If g is even, x is unramified, x* = x, n¥ = -1, n¢ =1
and L is a self-dual lattice of C, then

9 (s) . \/aglogq §T T §T OFT gT
%WT<fch<L9>>L:_1/2__ ’Y(C)g \/ag’y <\/§g) 0X (\/ag>

Proof. By assumption lim,_,_; /5 WT(fés)) = 0 in view of Lemma 2.4(2). We
combine Proposition 3.1 and (4.1) with Lemmas A.2-A.3 of [8] to see that

Wi (1) = 1(0)V/57B(T. €7~ 0+1+20)
= 5(C) 90,041 (gTq*(9+1+28)/2) FT <§qu(g+1+2s)/2> ‘

Since x© = x, we see that FT(¢7¢q=9/2) = 0. We can obtain the stated

identity by differentiating this equality at s = —%. O

Definition 4.2. Let T = (t;;) € £&,4(0) N GLy(k). We denote by S(T') the
set of all nondecreasing sequences (a1,...,aq) of nonnegative integers such
that ord ¢;; > a; and ord(2t;;) > ai;aj for 1 <1, < g. The Gross—Keating
invariant GK(T') of T' is the greatest element of Uyeqr, (o) S(T[U]) with
respect to the lexicographic order.

Here, the lexicographic order is defined as follows: (y1,...,y,) is greater
than (21,...,z2,) if there is an integer 1 < j < g such that y; = z; for i < j
and y; > z;. Ikeda and Katsurada [5] define a set EGK(T") of invariants of T'
attached to GK(7'), which they call the extended Gross-Keating datum of
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T. They associated to an extended Gross—Keating datum H a polynomial
FH(Y,X) e z[y'? Y12 X, X~ and show that

FECKM (g, X) = FT(X).

When g is even and 97 = 0, one can associate to EGK(T') truncated extended
Gross—Keating datum EGK(T')’ of length g — 1 by Proposition 4.4 of [5]. By
Definitions 4.2-4.4 of [5]

.FEGK(T) (}/’ X) Ye’/QX (e—e +2)/2]'§#I‘EGK( Ty (Y’ YX)

X1-X
1 y-tx-t
Ye /QX(e e+2)/2 Xé: < - ]:EGK( )(Y,YX_I),

where GK(T') = (a1, -+ ,aq), ¢ =2 [%} and ¢ =a; +---+ag-1. It
is worth noting that since 97 = o, we have e = a1 + - - + ag = el. We put
FI(X) = (q(9+1)/2X)°/2]-"H(\/§, q(9+1)/2X).

If ¢ is odd, then T is equivalent to a diagonal matrix diag[ti,--- ,1,]
with ordt; < --- < ordty and the (naive) extended Gross-Keating datum
EGK(T) = (a1, ,ag;€1,...,&4) is given by

a; = ord t;, 7@ — diag[ty, -+ , ], g = {7];(1)) lfl ?s odd,
19 if ¢ is even
and EGK(T) = (a1, ,ag-1;€1,...,E9-1)-
Theorem 4.3. Assume that g is even and that 97 = 0. Then
FH (e qoP) = ¢ PR (g0,

where we put H = EGK(T) and H' = EGK(T). If nT = —1, then

T gFH [ €T FH' (¢T¢(2-9)/2) o &7 gFH [ T

V& 0X (\@9>: -1 VX (ﬁ)
Proof. Substituting Y = /g into FH(Y, X), we get

(3. x) =x el ECEX peng g )

(e+2)/21 — & q_1/2X ! —1\e'/2 1

—x(e"+2) /21—§T “l2X
X-1-X

T+2)/21—§Tq /2 x-1
X-X-1

FH (1972 x)

+X(€ FH’(q(l—g)/2X—1).

By letting X = ET\/@ we get
("o~ PRI o) = FH (va, " va) = (€ v PR (o).
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In the proof of Proposition 4.1 we have seen that if 7 = —1, then

FH(/a.€7/q) = FL (¥ ) = (€7 /a) ¢ PFT(ETq79/%) = o,

and hence FH /(§Tq*9/ 2) = 0. We can prove the stated identity by differen-
tiating the equality above at X = §T\/§. U

We will use the following result in the next section.

Lemma 4.4. If T is a split symmetric half-integral matriz of size 4 over Zyp,
then there exists a nondegenerate isotropic symmetric half-integral matrixz B
of size 3 over Z, such that Ff = FI;EGK”(T) .

Proof. If p = 2, then the existence of such B follows from Proposition 6.4
of [4] and Theorem 1.1 of [5]. If p is odd, then T is equivalent to a diagonal

matrix diaglty,--- ,t4] with ordt; < --- < ordty. Then we may choose B
as diag[ty, - ,t3] by using the argument explained in the paragraph just
before Theorem 4.3. U

5. THE CASE g =14

We discuss the classical Eisenstein series of Siegel. For this it is simplest
to work over £k = Q. Provided that g is a multiple of 4, we consider the
series

Ey(Z,s)= Y det(CZ+ D)~9?|det(CZ + D)|*(det Y')*/2.
{c.D}

Here the sum extends over all symmetric coprime pairs modulo GL4(Z).
Let C, = H(Qp)g/ 2 be the split quadratic space of dimension g over Q,.
Define ¢ = ®p¢pp by taking ¢, = ch(M, 4(Z,)) € S(Cp). It is known that
Ey(Z,s+3)=E(Z, fés)) (see §IV.2 of [9]). The series is incoherent if and
only if ¢ is odd due to Lemma 2.3.

Fix a positive definite symmetric half-integral matrix 1" of size g. Recall
that y7 stands for the primitive Dirichlet character corresponding to x’.
The T-th Fourier coefficient of Ey(Z, s) is given by

a(T,Y,s — 3)L(s, x7) [ B (o2,

A(T,Y,s) = prgs— :
C(5+§) o (28+2Z—2)p|DT

The T-th Fourier coefficient of %E!,(Z7 s)|s=o is given by
0
Co(T) = 1L AT, )] m0.

Recall that Diff(T') = {p | n} = —1}.

Proposition 5.1. Assume that ¢ is odd. Let T € 3E,(Z) N Sym, .
(1) If xp =1, then Cy(T) = 0 unless Diff(T") is a singleton.
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(2) If x7 =1 and Diff(T') = {p}, then
2(9+2)/2)=(9+€)/2 15g 8F

Cy(T) = - 573 (9% [[ et /2FFe9r).
¢(1- S)HE‘H 21 -2i) 9 p#0| Dy
(3) If xr # 1, then
2(9+2)/21,(1
Cy(T) =~ U, xr) [T o 2E (7 9/%).

(9-2)/2
C(l - %)Hiil ¢(1 — 2i) p\DT
Proof. We have already proved (1) in Proposition 2.5. Taking

T 21
G(20) = (1) (1 =2

into account, we have

.9r2[)/2< 27T 2/44- 7% (9—2)/2 (1_22
B 29/2(% —1)! Pl (2 —
2
Recall that a(T,Y, —3)= % by (2.3). Since
-2)/2
g 7Tg /4 1 , VoT
Fg <2) ];[ 22 = _57 L (07XT) = TL(17XT)7
we get (2) and (3). O

Hereafter we let ¢ = 4. By a quaternion algebra over a field k& we mean
a central simple algebra over k of dimension 4. Let B, denote the definite
quaternion algebra over k = QQ that ramifies only at a prime number p. The
reduced norm Nrd on B, defines a positive definite quadratic space V). Fix
a maximal order O, of B,. Let ¢, € S(C7) be the characteristic function
of My(Zy)? and ¢, € S(V7(Qp)) the characteristic function of Of ® Z,. We
regard ¢’ = ¢, @ (Qg4pey) as the characteristic function of O ®7Z. We write
Sp for the matrix representation of V, with respect to a Z-basis of O,. Put

0 1 o 1L
so=ane(6)- 3 8))
3 0)7\; 0
Lemma 5.2. Let T' € Sym,(Qp).
(1) If T ¢ 3E4(Zyp), then Wr (fé,?) is identically zero.
(2) If T € 3E4(Zp) with detT # 0, xT =1 and nt = —1, then

W f(f)) %WT(f(s)) )

where we put H' = EGK,(T)’.
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Proof. The first part is trivial. Since
ap(Sp, T) = p(eg_z)/%‘p(spu Sp)
by Hilfssatz 17 of [23], it follows from Proposition 3.1 that

Ws, (f‘Sp)) —(e5—2)/2.

lim =p

s——1/2 WT (fc,(oz))

On the other hand, Proposition 4.1 and Theorem 4.3 give

Je] (s) ’ o
. $WT< “0”> _ (eT—4)/28F1£{ 2y Fzﬁ (")

lim ————% = (p'° ———(p 7)) — — |logp.
s——1/2 WSO (féi)) 0X p—1

These complete our proof. O

Let F, be an algebraic closure of a finite field F, with p elements. For
two supersingular elliptic curves E, E’ over IF‘p we consider the free Z-module
Hom(E', E) of homomorphisms E’ — E over F, together with the quadratic
form given by the degree. As E and E’ are supersingular, Hom(E’, E) has
rank 4 as a Z-module. For two quadratic spaces over Z we write N (L, L’)
for the number of isometries L' — L.

We are now ready to prove our main result.

Theorem 5.3. If T ¢ %54(Z) is positive definite, xp = 1 and Diff(T)
consists of a single prime p, then
H' H (, —
28Fp (p 2)_ FPT (p 1) > Z N(HOHI(E/,E),T)
0X N (p—1)
where we put H' = EGK,(T)" and where (E', E) extends over all pairs of
isomorphism classes of supersingular elliptic curves over Fp,.

Cy(T) = 2°.32 <p

Proof. Proposition 3.5 and (3.2) applied to L = O, gives

Ws, f(z) %W f(i)
Ca(T) = R(Op, T)e Tim Wy ((f§>)) ZWsjéf;);

where

2p . WSO (f;?)

0 lim — O
m/(Op) s——1/2 Ws, (f% )
If T = S,, then we claim that R'(O,,S,) = 1. To prove this, it suffices
to show that N(.Z,S,) = 0 if £ is not isometric to O, and N (O, S)) =
10(0p), where .Z € Z/(0p). If N(Z,S,) # 0, then there is an injection
f 0, = Z as a lattice preserving the associated quadratic forms. Thus
we only need to show that f is surjective. If it is not surjective, then . and
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O, have different discriminant, which is a contradiction to the assumption
that . and O, are in the same genus.
Applying Proposition 3.4 and (3.2) to T' = S, we get

m/<20p) = C4D§p1/ hm WS ( >£1;£WS ( >

It follows that

c= pC4DSp _1>III11/2 H Ws, (fw )

=y 1{111/ H’V ¢~ (5+29) /2 _ ((624)2 5_1}. 1/25((;;;1)) _97.32

Since R(O,,T) = 2R’((9p,T) by (3 1) and (3 2), and

Hom " E), T
(5.1) R(Op,T) = Z ﬂSO( Z jjAut ()E/))
ZLEeE

by Proposition 4.1 of [25], our statement follows from Lemma 5.2(2). O

Conjecture 5.4. Let V be a totally positive definite quadratic space over
a totally real number field k£ of dimension g. Fix a maximal integral lattice
LofV. Let T € %Eg(o) be totally positive definite. If g is even and x = 1,

then there is a totally positive definite matrix 7’ € $€,_1(o0) such that
R(L,T) = 2R(L,T").
Proposition 5.5. If k = Q and g = 4, then Conjecture 5.4 is true.
Proof. Since R(L,T) = 0 unless Diff (T') = Diff(V), we may assume that
Diff(T) = Diff(V).

Lemma 4.4 gives T € 3E3(Z,) such that FpT P = FI;E GKp () fior every rational

prime p. In addition, the proof of Lemma 4.4 yields that 7T, :c/' is unimodular for
almost all primes p. Thus we can find a positive rational number 0 < § € Q*
such that 6~'detT; € ZX for every p ¢ Diff(V). For p € Diff(V) we fix
an arbitrary anisotropic ternary quadratic form T}Q over Zp. Recall that
ap(Sp, T,) is independent of the choice of T).

. T T . . .
Since F, * = F,” for u € Z,, there is no harm in assuming that J =

det T},. Since ng’/’ = 1 for p ¢ Diff(V), the Minkowski-Hasse theorem gives
z € Symg(Q) which is positive definite and such that z € T,[GL3(Q,)]
for every p. Take A € GL3(A¢) so that z = T)[A,] for every p. We can
take D € GLg(Q) in such a way that AD~! € GL3(Z,) for every p. Put
T' = z[D~']. ThenT" € T,[GL3(Z,)] for every p. In particular, T € $E3(Z).
In view of (3.2) it sufﬁces to show that
R'(L,T) _2R’( T
w(L) T w(L)
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We see by the Siegel formula that

R/(L T) 4 ap(Sp, T) —2\2 T —2
p€eDIff (V) q¢Diff (V)
Recall that the archimedean densities are given by
4 71_i/2 4 71_1'/2
d (L T) — Hi:l F(%) d (L T/) — H’LZQ F(%)
o det(27)1/2[L* : L]?’ o [L*: L]3/2
Since
o (Sp, T/) =2(p+1)(1 +P_1)a ap(Sp, T) = 4pe’:’r/2(17 + 1)2-

by [26, Theorem 1.1] and Proposition 6.5 of [1]. The latter result can be
derived more generally from Shimura’s exact mass formula. Since [L* : L] =
HpeDiﬁ(V) p? by assumption, we have

7['/2 oo (L) !
doo(L.T) = [L* : L] det(2T) 1/2H e jet((;T)Tl/l 11 v -1,
2

p€eDIff(V
We combine these with Theorem 4.3 to obtain
BT e T ap(sp) [ (-a22E (@),
/(L) ’ LT ] ;
peDIff (V) q¢Diff (V)
The final expression equals 2R (L W (L T)) by the Siegel formula. U

Corollary 5.6. If T is a positive definite symmetric half-integral matrix of
size 4 which satisfies x! = 1 and 77; = 1 for ¢ # p, then there exists a
positive definite symmetric half—integral matrix T of size 3 such that

Z N(Hom(E', E Z N(Hom(E',E),T")
jjAut ) Aut( E’ N fAut(E)fAut(E) ’

where (FE, E’ ) extengis over all pairs of 1som0rphlsm classes of supersingular
elliptic curves over [,

Proof. Proposition 4.1 of [25] gives

N(Hom(E', E), T")
R(0O,,T") = :
(O, T') LGZ ttSO Z fAut(E)fAut(E")
We can derive Corollary 5.6 from (5.1) and Prop051t10n 5.5. O

Let T € 1&4(Zy) be an anisotropic symmetric matrix with (naive) ex-
tended Gross-Keating invariant (a1, ag,as, aq;€1,€2,€3,£4). Note that 1 =
g4 = 1 by definition. One can easily see that €5 # 1 and €3 = —1. Proposi-
tion 5.3 of [1] gives a partition {1,2,3,4} = {7, 5} U {k,{} such that

a; =a; #a,, =aq; (mod 2).
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Lemma 5.7. (1) If a1 # a2 (mod 2), then

;o pa1+1 -1 “ “ pa1+1 +1
Fl'ip™H = ) (p{ 1+3(a2+1)}/2 _

-1 -1 p+1
+az2+2a3+1)/2 +1
B p(a1 az 13 )/ {(a1 n 1)p(a1+a2+1)/2 _ palIl}
p— b -
(2) If a1 = a2 (mod 2), then
T (p—l) :u <p(al+3a2)/2 _ pa1+1_|_1>
b (-1 —-1) p+1
(a1+az2+2a3+2)/2 ai+1 _ 1
p (a1+a2)/2 P
— 1)plat S
b1 {(a1 +1)p p—1
1
_’_p(a1+3a2)/2p0;;_—1 1 (pr =2t 4 1),

Proof. We write the naive extended Gross-Keating invariant of T' as
EGK,(T) = (a1, a2,a3,as4; 1,2, €3, 1).

Let o be either 1 or 2 according as a; — ag is odd or even. Section 8 of [5]

expresses Fp EGK, (T (X) in terms of EGK,(T")" = (a1, a2,as; 1,£2,¢€3):

ay (a1taz—o)/2—i

FEGKP(T)’ -2 X) Z Z z+j X2

a1 (a1+az— 0/2 i

€3 Z Z p(a1+a2_0)/2—an3+cr+i+2j

a1 az—az2+20—4

+ Egp(a1+0270'+2)/2 § : 2 : E%Xa27o-+2+l+j.

We now specialize the formula to X = p and e3 = —1. Then
Fl'(p™) S <p{a1+3(az—a+2)}/2 S 1)
(r—-1E*-1) p+1
_ p(al+a2+2a3+‘7)/2 (a1 + 1)p(a1+a2—0+2)/2 . pa1+1 -1
p—1 p—1

4 eZplar+dlas—c+2)}/2 e N G )
(p—1)(1 —e2p)
Since €5 = 0 or —1 according as a; — ag is odd or even by Proposition 2.2
of [4] and Proposition 5.4 of [1], we obtain the stated formulas. O

The degree deg Z(B) is defined in (1.2) for positive definite symmetric
half-integral 3 x 3 matrices B such that Diff(B) is a singleton.
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rollary 5.8. Let T be a positive definite symmetric half-integral 4 x 4

matrix such that y7 = 1 and Diff(T") = {p}. Let o be either 1 or 2 according
as a1 — az is odd or even. If deg Z°(T") # 0, then

wh

T 4 4p—(aa—a1)/2
_28.3§%ée;gz(IV) < pV@)<p0u3+aV2*_pc”_+:l>’
ere GK,(T) = (a1, az,as,as). In particular,

Cu(T) 20 . Cu(T)
"985 3% deg Z(I") PP e —29-32 - deg Z(T')

<

Proof. By (2.12) and (2.13) of [26]

H/
_,O0F,
0X

as — as + 20 2a3—a2+1)
P

—2 > (a1+a2)/2
7% > (o e (BT

> (a1 + 1)p(a1+a2*(2*0))/2'

Recall that if o = 1, then a1 < as < a3 < aq while if ¢ = 2, then a1 < a2 <

as

< a4. An examination of the proof of Lemma 5.7 confirms that

H (-1 _
Fp (p ) a;+1 p(a1+a27a4+2)/2 n pa1+a2 (az+as+30)/2+4

VBT (p—1) ‘_ (p—1) (p—1)2@*-1)
N E2p2a1+2*(a$+a4)/2 N €2pal+a2+1*(03+a4)/2
-1+ 7 (-1t
< 4p(a1+a2)/2—1{(a1 + 1)p—a4/2 + 2p—(a4—a1+30)/2 + 26%])—((14—&1—4—1)/2}‘

Now our proof is completed by Theorem 1.3. U
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