REIDEMEISTER SPECTRUM FOR METABELIAN GROUPS
OF THE FORM Q" x Z AND Z[1/p|" x Z, p PRIME.

ALEXANDER FEL’SHTYN AND DACIBERG L. GONCALVES

ABSTRACT. In this note we study the Reidemeister spectrum for metabelian
groups of the form Q™ x Z and Z[1/p]" x Z. Particular attention is given
to the Ro property of a subfamily of these groups.

1. INTRODUCTION

Let ¢ : G — G be an automorphism of a group G. A class of equivalence
r ~ grg(g~t) is called the Reidemeister class (or the ¢-conjugacy class
or the twisted conjugacy class of ¢). The number of Reidemeister classes,
denoted by R(¢), is called the Reidemeister number of ¢. The interest in
twisted conjugacy relations has its origins, in particular, in the Nielsen-
Reidemeister fixed point theory (see [23, 4]), in Selberg theory (see [28, 1]),
and Algebraic Geometry (see [20]). A current important problem of the field
concerns obtaining a twisted analogue of the Burnside-Frobenius theorem
[7, 4, 11, 12, 31, 10, 9], that is to show the coincidence of the Reidemeister
number of ¢ and the number of fixed points of the induced homeomorphism
of an appropriate dual object. One step in this process is to describe the
class of groups G, such that R(¢) = oo for any automorphism ¢ : G — G.

The work of discovering which groups belong to the mentioned class of
groups was begun by Fel’shtyn and Hill in [7]. Later, it was shown by various
authors that the following groups belong to this class: (1) non-elementary
Gromov hyperbolic groups [5, 26] (2) Baumslag-Solitar groups BS(m,n) =
{a,blba™b~! = a™) except for BS(1,1) [6], (3) generalized Baumslag-Solitar
groups, that is, finitely generated groups which act on a tree with all edge

and vertex stabilizers infinite cyclic [25], (4) lamplighter groups Z, ! Z iff
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2|n or 3|n [19], (5) the solvable generalization I' of BS(1,n) given by the
short exact sequence 1 — Z [%] — I' - ZF — 1 as well as any group
quasi-isometric to I' [30], groups which are quasi-isometric to BS(1,n) [29]
(while this property is not a quasi-isometry invariant), (6) the R. Thompson
group F' [2], (7) saturated weakly branch groups (including the Grigorchuk
group and the Gupta-Sidki group) [13], (8) mapping class groups, symplectic
groups and braids groups [14], (9) relatively hyperbolic groups [15], (10)
some classes of finitely generated free nilpotent groups [18, 27] and some
classes of finitely generated free solvable groups [24], (11) some classes of
crystallographic groups [3].

The paper [30] suggests a terminology for this property, which we would
like to follow. Namely, a group G has property Roo (or is an R, group) if
all of its automorphisms ¢ have R(¢) = oo.

For the immediate consequences of the R., property for the topological
fixed point theory see, e.g., [29].

Following [24], we define the Reidemeister spectrum of a group G, de-
noted by Spec(G), as the set of natural numbers k such that there is an
automorphism ¢ € Aut(G) with R(¢) = k (k can be infinite). In terms of
the spectrum, the Roo-property of the group G simply means that Spec(G)
contains only one element which is the infinity.

It is easy to see that 1) Spec(Z) = {2} U {oc}, 2) for n > 2 the spectrum
is full, i.e. Spec(Z") = NU{oco}. Let N = N,; be the free nilpotent group
of rank 7 and class [ . Then for N (also known as discrete Heisenberg
group) Spec(Nag2) = 2NU{oo} [21, 8, 24]. It is also known that Spec(Na3) =
{2k%|k € N}U{oo} [24] and Spec(N32) = {2n—1|n € N}U{4n|n € N}U{cc}
[24].

Let X = L(m,q,...,q-) be a generalized lens space and f : X — X a
continuous map of degree d, where | d |[# 1 . Let f. : m(X) — m(X) be
induced homomorphism on the fundamental group m (X) = Z/mZ.

In 1943 Franz [16] has observed that N(f) = R(f) = R(f.) = #Coker (1—
fx) = #(Z/mZ)/(1 — d)(Z/mZ) = (1 — d,m), where N(f) and R(f) are
Nielsen and Reidemeister numbers of the map f and where (1 —d,m) de-
note the ged of 1 — d and m. This gives a strong arithmetical restriction

on the Reidemeister spectrum for endomorphisms of the group Z/mZ. We
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observe that the knowledge of the Reidemeister spectrum of a group can be
quite useful for fixed point theory.

It is interesting open problem to investigate Spec(X) = {N(f)|f € C°(X)}
- the Nielsen spectrum of the space X.

In this paper we study the Reidemeister spectrum and R.-property for
a subfamily of the family of the metabelian groups of the form Q" x Z and
Z[1/p]" X Z for p a prime.

Acknowledgement. We would like to thank the Max-Planck-Institut fiir
Mathematik (MPIM) in Bonn for its kind support and hospitality while the

greater part of this work was completed.

2. PRELIMINARIES

In this section we show that for certain short exact sequences the kernel is
characteristic. Then we compute Aut(Q), Aut(Z[1/p] and the Reidemeister
spectrum of the groups Q and Z[1/p], where Q denote the rational numbers
and p a prime.

Let us consider a short exact sequence of the form1 - K -G - Z — 1,

which of course splits.

Lemma 2.1. Suppose the group K has the property that for every x € K
there is a natural number s > 1 such that = is divisible by s(i.e. there is

y € K such that y* = z). Then K is characteristic in G.

Proof. Let ¢ : G — G be an automorphism. We know that G =~ K xyZ. Let
x € K and ¢(z) = (2,r). We are going to show that r = 0. It follows from
the definition of the operation on the semi-direct product that if s divides
x then s also divides ¢(z) = (z,7). Again by the definition of the operation
on the semi-direct product s divides r. From the hypothesis it follows that
there is an infinite sequence of positive integers numbers such that for each
integer s of the sequence, r is divisible by this integer. Therefore, r has an

infinite number of divisors and must be zero. O

For the rational numbers we have:

Lemma 2.2. The group of automorphims of Q is isomorphic to the multi-

plicative group of the rationals different from zero denoted by Q*.
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Proof. First, let us observe that an automorphism ¢ : Q — Q is determined
if we know the value of it at 1. For this let us consider an arbitrary element
p/q € Q. Then ¢(p/q) = pp(1/q) and it suffices to determine ¢(1/¢q). Since
Q is torsion free follows that the divisibility in Q is unique then ¢(1/q) is
uniquely determined. Conversely a multiplication by any rational number
different from zero provides an automorphism, since multiplication by the
inverse number provides the inverse homomorphism and the result follows.

O

Now we consider the group Z[1/p] for p a prime. We have a following

similar result.

Lemma 2.3. The group Aut(Z[1/p]) is isomorphic to the multiplicative
group of the elements of Z[1/p| generated by {xp}. This group is isomorphic
7+ Zo.

Proof. The first part is similar to the proof of the previous Lemma. Namely,
a homomorphism ¢ is determined by the value of the homomorphism at 1,
and it is multiplication by this number. In order to have ¢ an automorphism
then we need that ¢(1) is invertible. Let /s € Z[1/p] where r/s is written
in the reduced form. If r/s € Z[1/p] then we have either r = 1 and s = p'

or s =1 and r = p' and the result follows. [l

Now we determine the Reidemeister spectrum of @ and Z[1/p]. We need
a Lemma which is going to be used also for the computation of the Rei-
demeister spectrum of other groups. Given z € Z[1/p| it can be written
uniquely in the form +¢/p"™ where n € Z, ¢ € N(the natural numbers) and
p, q relatively prime. Denote this number ¢ by vp(x). Here P is the set of

all primes relatively prime with p. This number will be also used later.

Lemma 2.4. Let i : A™ — A™ be a homomorphism where A is either Q or
Z[1/p]. Then 9 is invertible if and only if the determinant of the matriz of
¥ is invertible. Furthermore, for A = Q the cardinality of the cokernel of
Y is infinite if det(¢) = 0, and it is 1 if det(yp) # 0. For A = Z[1/p] the
cardinality of the cokernel of 1 is the natural number vp(z), defined above,
for x = det(v), if x # 0. If det(v)) = 0 then the cardinality of the cokernel

is infinite.
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Proof. That 1 is invertible if and only if det(v)) is invertible is a classical fact
since A is a commutative ring. Therefore if A = Q then det(y) # 0 implies
¢ invertible and we have the cardinality of the cokernel 1. If det(¢)) = 0
then the result follows promptly from the fact that Q is an infinite field.

Let A = Z[1/p] and we consider first the case where the homomorphism
is injective. The matrix M of ¢ have entries in A. Multiplication by p on
A" is an isomorphism as well multiplication by p' for any I. So the cokernel
of ¢ and the cokernel of the composite of ¢ with multiplication of p' are
isomorphic. For a sufficient large | we can assume that the matrix of the
composite has entries of the form xp’ for x an integer(possibly negative)
relatively prime with p and ¢ > 0 Observe that the determinant of the new
matrix M is p'det(¢)) and vp of the two determinants are the same. Now
consider the homomorphism v : Z" — Z" defined by My and 95 : A” — A"
the homomorphism defined by the same matrix.

Then we have the following commutative diagram:

1 VAR o zn — coker(yr) —= 1

U i

1 —— Z[1/p" 2o Z[1/p]" — coker(is) —> 1

where coker(1)2) has no p torsion, as result of the p—divisibility of the group
Z[1/p]. After we take the tensor product with Z[1/p] over Z the two first
vertical homomoprhisms becomes the identity. So we have an isomorphism
between the tensor product of the cokernels. The first cokernel, since it is
a finite abelian group is the direct product of two finite groups where the
first has order a power of p and the other has order relatively prime to p.
After take the tensor product we obtain only the finite subgroup of order
relatively prime to p which is simultaneously the order of the coker of 19 and
vp(det(11)). But vp(det(v1)) = vp(det(pa)) = vp(det(y))) and the result
follows.

For the second part if the homomorphism is not injective we have sim-
ilar sequence without assume that the first horizontal homomorphisms are
injective. Then the rest of the proof is similar to the proof above. Because
the coker (1) is infinite we obtain that coker(is) is also infinite. The case

when A = Q is simpler and we leave to the reader. ([l
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Proposition 2.5. a) The Reidemeister spectrum of Q is

Spec(Q) = {1} U {oo}.

b) The Reidemeister spectrum of Z[1/p] for p an odd prime is Spec(Z[1/p]) =
'+ 1, p* —1,1> 0} U {oo}

and Spec(Z[1/2]) = {2 +1, 2! — 1,1 > 1} U {oc}

Proof. Part a)- Given an automorphism ¢ : Q — Q we know that it is multi-
plication by a rational number r. If r = 1 then the cokernel of multiplication
of r — 1 =0 is Q so we obtain Reidemeister number infinite. Otherwise we
have multiplication by r — 1 # 0 which is surjective. Therefore the Reide-
meister number is 1 and the result follows.

Let us consider Z[1/2] and P = P—{2}. An automorphism is multiplica-
tion by a rational number r such that vp(r) is 1. So we have r = £2! [ € Z.
If r = 1 then we obtain that the Reidemeiter number is infinite, and for
r = —1 we obtain multiplication by -2 so we obtain Reidemeister number 1.
So let I # 0. Then the numbers 2! + 1 are always odd and the result follows.

The case p an odd prime is similar and simpler. We leave to the reader. [

3. THE SEMI-DIRECT PRODUCT Q" x Z, Z[1/p]" X Z, n < 2

We begin by recall some basic facts. Given any automorphism ¢ of one of
the groups Q" X Z, Z[1/p]™ X Z, we know from section 2 that the subgroup ei-
ther Q™ or Z[1/p]" is characteristic. So we obtain a homomorphism of short
exact sequence. Whenever the induced homomorphism ¢ on the quotient is
the identity then by well known facts, see [17] implies that the Reidemeister
number is infinite. Also from [17] in the case where ¢ : Z — Z is multi-
plication by -1(the only other possibility) then the Reidemeister number is
computed as the sum of the Reidemeister number of ¢’ and the Reidemeis-
ter number of §(1) o ¢'. We will use the above procedure for the calculation

which follows.

3.1. The case n = 1. In this subsection we have an action 0 : Z — A where
A is either Q or Z[1/p]. The homomorphism 6 is completely determined by
6(1) which, in turn is determined by its values at 1 € A. So we identify 6(1)
with its value at 1 € A.
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Proposition 3.1. a) The Reidemeister spectrum of Q xp Z is
Spec(Q xgZ) = {oo} if (1) is a non zero rational number different from +1
and Spec(Q x Z) = {2} U {oo} otherwise.
b) For p an odd prime the Reidemeister spectrum of Z[1/p] g Z is
Spec(Z[1/p| xg Z) = {oo} if (1) € Z[1/p] is a non zero invertible element
different from 41. If » = 1 then Spec(Z[1/p] x9 Z) = {p' + 1, p* — 1,1 >
0}U{oc}. If r = —1 then Spec(Z[1/p]xeZ) = {2p!T1,1 > 0}U{oc} otherwise.
c¢) The Reidemeister spectrum of Z[1/2]xyZ is Spec(Z[1/2]xpZ) = {0} if
6(1) € Z[1/2] is a non zero invertible element different from +1. If (1) =1
then Spec(Z[1/2] xg Z) = {2(2' + 1), 2(2' —1),1 > 1} U {oc}
and if (1) = —1 then Spec(Z[1/2] x¢ Z)) = {2!71,1 > 1} U {o0}.

Proof. Let ¢ : Q) xg Z be a automorphism. From the discussion in the begin
of the section we know that oo belongs to the spectrum and we will look at
automorpisms such that ¢ is multiplication by -1. We compute the auto-
morphisms ¢’ : Q — Q which arises as restriction of such automorphisms.
In order to an automorphsm ¢’ be the restriction of an automorphism of the
big group we must have the relation ¢/ 00(1) = §(—1) o ¢’. This implies that
kr = r~1k where ¢/(1) = k(so different from 0) and (1) = r. This implies
that r2 = 1. So if r # 41 then there is no such automorphism and the
Reidemeister spectrum of the group is {oo}. If r = £1 then k can assume
any non zero value. If » = 1 then the two automorphisms on the fibers are
multiplication by k and each one has Reidemeister number 1 if & # 1. If
r = —1 then the two automorphisms on the fibers are multiplication by k,
—k respectively. So for k # +1 the Reidemeister number is 2 and part a)
follows.

Part b) The infinite certainly belongs to the spectrum because the Rei-
demeister number of the identity is infinite. The element (1) is invertible
since it is an isomorphism. As in case a) we have that if (1) # £1 there is
no such auomorphism and follows that the group has spectrum {oo}. Again
as in part a) for #(1) = 1 we have ¢ an arbitrary automorphism of Z[1/p].
For r = 1 the two automorpisms are the same and we obtain as Reidmeister
number 2(p! +1) 1 > 0 and 4. If r = —1 then we have to look at k — 1 and
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k+1 for k an invertible, so of the form ep’. If t = 0 then we get Reidemeist-
ter infinite. If ¢ # 0 then we get as Reidemeister number 2p!. So the result
follows.

Part ¢). The proof is similar to the proof of case b) where the only
difference is because 2°+1 is not a Reidemeister number of a homomorphism
for case c) but p® + 1 it is for case b). This justifies why the formulas are
slight different. O

3.2. The case n = 2. First we analyze the case where the kernel is Q2. Let
G = Q? x Z and for an automorphism ¢ : G — G let ¢’ be the restriction
of ¢ to Q2. If M is the matrix of ¢’ then we call det(¢') the determinant of
M.

Proposition 3.2. The Reidemeister spectrum of Q? xy Z is either {oco} or
{2} U {o0}.

The Spec(Q? x19 Z) = {oo} if there is no an invertible matrix N over Q such
that N = MNM and det(Id — N) and det(Id — M N) are non zero. Here
6(1) = M. Otherwise the Reidemeister spectrum is {2} U {oo}.

Proof. From the considerations on the begin of this section and basic fact

about Reidemeister number for homomorphisms of Q2 the result follows. [

Examples-Now we show a family of groups which have Reidemeister

spectrum {oo} and also a family of groups which have spectrum {2} U {oo}.

Example 1- Let (1) = M be the automorphism given by

o)

r2 # 1, rs # 0 and 1. There is no automorphism such that the induced
homomorphism on the quotient is multiplication by -1. This can be proven
by showing that the only solution for the matrix N which satisfies N =
MNM is N the trivial matrix.

Example 2- Let 6(1) be the automorphism given by

o)
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r?2 #£ 1, rs = 1. By direct calculation we can find all matrices N and they
0 b
c 0
for arbitrary b, c. The matrix M N is
0 rb
cs 0
Then det(Id — N) = det(Id — MN) = 1 — bc and whenever 1 — be # 0

we obtain an example where the Reidemeister number is 2. Therefore one

are of the form

example of a group where the spectrum is {2} U {oo}.

Example 3- Let 6(1) be the automorphism given by

o)

Let us consider two cases. Suppose that |uv| # 1. Then follows that there
is no invertible N and follows that the Reidemeister number is infinite.
For the second case let u = v = 1 Then by direct calculation we can find

all matrices N which are of the form
a b
b a
b a
a bl

The first matrix has determinant a® — b>. The determinant of Id — N and
Id — MN are respectively 1 — 2a + a? — b? and 1 — 2b + b?> — a®. There are

plenty of rational values of a and b such that these 3 values are different

and the matrix M N is

from zero and consequently we obtain for each such values one example of
a group which admits an automorphism which has Reidemeister number 2.

Now we consider the case Z[1/p]? xg Z for p a prime. We will compute
the Reidemeister spectrum of Z[1/p]? xg Z for two families of action 6.

The Proposition 3.2 holds partially in this case.

Proposition 3.3. The Reidemeister spectrum of Z[1/p]? xgZ is {co} if and
only if there is no an invertible matrix N over Z[1/p] such that N = M N M
and det(Id — N) and det(Id — M N) are non zero. Here (1) = M.



10 ALEXANDER FEL’SHTYN AND DACIBERG L. GONGCALVES

Proof. The proof is similat to the proof of Proposition 3.2. O

The Reidemeister spectrum for the groups where there exist a solution
N is not very simple in general but we can answer for two large families of
actions #. For example if 6(1) is the identity then the spectrum obtained by
multiply by 2 the numbers(including infinite) which belong to the spectrum
of the first factor. So the first step is to compute the Reidemeister spectrum
of Z[1/p]?.

Proposition 3.4. The Reidemeister spectrum of Z[1/p]? is
Spec(Z[1/p)*) = {n|n € N and (n,p) = 1} U {oc} where (n,p) denote the
ged of n and p.

Proof. Any matrix N € GI(2,Z) can be regarded as an automorphism of
Z[1/p)®. Tt is well known that the Reidemeister spectrum of Z + Z is N.
So the Reidemeister spectrum of Z[1/p]* contains v,(n) for every natural
number by Lemma 2.4. So it contains all positive numbers relatively prime
to p. But again by Lemma 2.4 an element of the spectrum has to be a

positive integer relatively prime to p. So the result follows. (]

An immediate consequence of the Proposition above is that Spec(Z[1/p)?x
Z) = {2n|(n,p) =1 n € N} U{oo} where (n,p) denote the gcd of n and p.
Let us start with the group Spec(Z[1/2]? xq Z).

Proposition 3.5. Let (1) be of the form:

o)

Then we have the following cases:

a) If » = s = £1 then Spec(Z[1/2]? x9 Z) = {2n|(n,2) = 1 n € N} where
(n,2) denote the ged of n and 2.
b) If » = —s = £1 then the Reidemeister spectrum of the group Z[1/2]? x4 Z
is Spec(Z[1/2]? xg Z) = {2171, 2828 £ 1), 1 > 1k > 2} U {oc}.

¢) If rs = 1 and |r| # 1 then Spec(Z[1/2]* xp Z) = {2(2F + 1) k >
0,2(2F — 1) k > 1} U {00}
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d) If either r or s does not have module equal to one, and rs # 1 then
there is no automorphism of the group such that the induced on the quotient
is multiplication by —1 and follows that Spec(Z[1/2]? xg Z) = {oc}.

(2)

The equation N = MNM corresponds to the system a = ar?, b = brs,
c = crs and d = ds?. Suppose that |r| # 1 and s # 1. This implies that

Proof. Let N be the matrix

a =b = c =0 and so the system has no solution for a matrix N invertible.
Similarly if we assume |s| # 1. So part d) follows.

For the part a) we have that all invertible matrices N are solutions. So
the result follows from the Proposition 3.4 above.

For the part b) we have that the matrix /V is diagonal. By straightforward
calculation we can assume that the elements are of the form €;2° for i > 0.
A direct calculation shows the values for the spectrum.

For the part ¢) we have that the matrix M is of the form
2 0
0 et
0 612"
520 0 )

The product M N is given by

0 €5y 2utt
6522v_€ 0 .

Follows the matrices of Id — N and Id — M N:

1 —512%
—52° 0 )
1 —edy2utt
—6(522”76 1

respectively. The result follows by straightforward calculation.

and N of the form

and
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Proposition 3.6. Let #(1) be of the form:

()

Then we have the following cases:
a) If uv = 1 then the Reidemeister spectrum of the group Z[1/2]? x4 Z is
Spec(Z[1/2]? xg Z) = {2F(2' £ 1) k > 2,1 > 1} U {o0}.

b) If uv = —1 then the Reidemeister spectrum of the group Z[1/2]? xp Z
is Spec(Z[1/2)? xg Z) = {2(2%™ — 1)m > 0} U {oc}.

c) If u?v? # 1 then there is no automorphism of the group such that the in-

duced on the quotient is multiplication by —1 and follows that Spec(Z[1/2]? %

Z) = {oo}.

Proof. In this case the entries of the matrix N

a b
()

must satisfy the equations wvd = a,u?c = b,bv?® = c,auv = d. It follows
that a = (w)?a, d = (wv)?d, b = (uv)?b, ¢ = (uv)?c. So part c) follows
promptly from these equations.

Let us consider the case a). In this case the system of equations provide
a = d. So the determinant of N becomes a®—bc = a?—b%*v? = (a+bv)(a—bv)
which is an invertible element, so (a + bv) and (a — bv) are also invertible.
Since uv = 1 follows that u = 627! and v = §2¢ for some integer ¢t and
Jde{l,—-1}.

The matrix N is of the form

and the matrix M N is

bv afv
av  bv

N——
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Our task is to compute vp of det(Id — N) and det(Id — MN). We have
det(Id— N) = 1—2a+a® —b*v? and det(Id— M N) = 1 —2bv + b*v? — a? so
—det(Id— MN) = —1+2bv+a? —b*v2. We compute vp of —det(Id— MN).

Since a + bv and a — bv are invertible they are of the form a + bv = 24
and a@ — bv = €2/, Therefore a = €;207! + 22271 and b = §(e 201 —
62227171 Also det(N) = a® — b*v? = e1e201 2,

So we obtain det(Id — N) = eje2htl2 — €20 — ;202 1
and —det(Id — MN) = 1228112 4 €120 — 522 — 1. Tt is not difficult to see
that the rational numbers, up to multiplication by a power of 2(positive or
negative) are the integers olialtlizl — gyolal — ¢ oll2l 41
and 2/l 4 eolal — ¢ oll2l — 1 respectively. Whenever these positive
integers are odd they are the Reidemeister number of the correspondent
matrices, which happens for |l1],|l2] > 0. Then in this case the Reide-
meister number is the sum equals to 2/2IT1(2lhl — ¢). In order to find
the complete spectrum we have to analyze the particular cases. Suppose
that [y = ls = 0. Then in this case we have four possibilities for the pair
€1,€2. By straightforward calculation for each case either det(Id — N) or
det(Id — MN) is zero (if not both) and we obtain Reidemeister infinite. In
details, for (e1,€2) = (1,1) then (det(Id — N), —det(Id — M N)) = (0,0), for
(e1,€2) = (1,—1) then (det(Id — N),—det(Id— MN)) = (0,0), for (e1,€2) =
(—=1,1) then (det(Id— N),—det(Id— MN)) = (0, —4) for (e1,e2) = (—1,—1)
then (det(Id — N),—det(Id — MN)) = (4,0)

Now let Is = 0 and I; # 0. By direct inspection for e = 1 we obtain
det(N) = 0 and for e = —1 we obtain det(MN) = 0, hence we obtain
Reidemeister infinite.

Finally let [; = 0and ls # 0. If ¢; = 1 then det(Id—N) = det(Id—MN) =
0 and Reidemeister is infinite. If e = —1 we get det(Id—N) = —2(ex2"21 1)
and det(Id— MN) = —2(e32/2l +1). After we compute vp of these numbers
and add them up we obtain the Reidemeister number 2/21+1 for |ly| > 1 or
2% k > 2. But these numbers were obtained already in previous cases and
the result follows.

Let us consider the case b). Some of the calculations are similar and in
this case we do not give all details. In this case the system of equations

provide a = —d. So the determinant of N becomes —a? —bc = —a? —b*v? =
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which is an invertible element. Since uwv = —1 follows that © = —§2~% and
v = 62! for some integer ¢t and § € {1,—1}.

The matrix N is of the form

and the matrix M N is

—bv a/v
( av  bu ) .
Our task is to commute vp of det(Id — N) and det(Id — M N). We have
det(Id — N) = 1 — a® — b*v? and det(Id — MN) = 1 — b*v? — a®. So we
compute vp of det(Id — N).

Let a = r2™ and bv = s2" where r, s are odd numbers (possible negative)
and m, n integers. Because a?+ (bv)? is invertible then we obtain that r%+ s?
is necessarily 1 and we obtain as possible solutions a = €2 and bv = 0 (or
b=0since v #0) a = 0 and bv = €2".

For the case b = 0 we obtain det(Id — N) =1 —a? =1—2?". For m =0
we obtain Reidemeister infinite otherwise we obtain the total Reidemeister
number 2(2%™ — 1) for m > 0. For a = 0 we obtain det(Id — N) = 1 —
b2v? = 1 — 22", Then we obtain the same numbers as above and the result
follows. ]

The example studied by Jabara in [22] is included in part a) above. More-
over, part a) above computes the Reidemeister spectrum such example.

For an arbitrary prime p # 2 we will have similar results.

Proposition 3.7. Let (1) be of the form:

r 0
o)

Then we have the following cases:

a) If r = s = +1 then Spec(Z[1/p]? x9Z) = {2n|n € N, (n,p) = 1} U{cc}
where (n,p) denote the ged of n and p.

b) If r = —s = +1 then the Reidemeister spectrum of the group Z[1/p]? x4
Z is Spec(Z[1/p]? xg Z) = {2p'(p* £1),4p!|l, k > 0} U {oc}

¢)Ifrs = 1 and |r| # 1 then Spec(Z[1/2]?>x¢Z) = {2(p'%1), 4|l > 0}U{oo}
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d) If either r or s does not have module equal to one, and rs # 1 then
there is no automorphism of the group such that the induced on the quotient
is multiplication by —1 and follows that Spec(Z[1/2]? xg Z) = {oc}.

Proof. As in Proposition 3.5 we have the system a = ar?, b = brs, ¢ = crs
and d = ds®. Part a) and d) follows as in Proposition 3.5.

For the part b) from the equations a = ar?, b = brs, ¢ = crs and d = ds?
follows that the matrix N is diagonal. Let a = €;p!* and d = eyp'? since these
elements are invertible. The det(Id—N) = 1—a—d+ad = eeapt T2 —eqplt —
€op'? +1 and —det(Id—MN) = ad+a—d—1 = eeap'' T2 4 e1pht —eoplz — 1.

Without loss of generality let us assume that I;,lo > 0. First let | =
l[o, = 0. Then one of the two determinants is zero and the Reidemeister
number is infinite. Now let iy = 0 and Iy # 0. We have det(Id — N) =
c162p? — €] — eop®? + 1 and —det(Id — MN) = e1eap? + €1 — eap’ — 1. If
€1 = 1 then det = 0 in both cases and we have Reidemeister infinite. If
€1 = —1 then we obtain det(Id — N) = —2eop'? 4+ 2 and —det(Id — MN) =
—2e5p'2 — 2. Both numbers are not divisible by p and the Reidemeister
number is the module of 4esp’2, Io > 0. Now let Iy = 0 and I; # 0. We have
det(Id—N) = e1eapht —eg —e1p" +1 and —det(Id — MN) = eeapt +e1p" —
eo — 1. If e = 1 then det(Id — N) = 0 and we have Reidemeister infinite.
If e = —1 then det(Id — MN) = 0 and we have Reidemeister infinite.
Finally if [1,l5 > 0 then the two numbers 6162pl1+12 — elpll — egpl2 + 1 and
ereap't 2 4 epht — e9p!2 — 1 are not divisible by p and the Reidemeister
number is the module of 2ejeapt 2 — 2e9pl2 = 2e9pl2 (elpll —1). So the
Reidemeister numbers are of the form 2p!(p* + 1), I,k > 0, and the result
follows.

For the part c) from the equations a = ar?, b = brs, ¢ = crs and d = ds>

follows @ = d = 0. So the matrix N is of the form

()

and M N is
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By direct calculation, using that rs = 1, follows that det(Id— N) = det(Id—
MN) = 1—bc. Since be is invertible then we can write b = e1p! and ¢ = expl?
and follows that det(Id — N) =1 — ejeapt ™2, If I} + I = 0 then we obtain
for the determinant 0 or 2. So we obtain for Reidemeister number infinite
and 4. If l; 4+ [ # 0 then we obtain as Reidemeister numbers the numbers
of the form 2(p! 4 1),1 > 0 and the result follows.

O

Proposition 3.8. Let (1) be of the form:

()

Then we have the following cases:
a) If uv = 1 then the Reidemeister spectrum of the group Z[1/2]? xg Z is
Spec(Z[1/2)? x9 Z) = {2p'(p' £ 1),1 > 0} U {o0}.

b) If uv = —1 and then the Reidemeister spectrum of the group Z[1/2]2 x4
Z is Spec(Z[1/2]? xg Z) = {2(p' £1),1 > 0} U {c0}.

c) If u?v? # 1 then there is no automorphism of the group such that the in-
duced on the quotient is multiplication by —1 and follows that Spec(Z[1/2]? x4

Z) = {co}.

Proof. The proof follows the same steps as the proof of Proposition 3.6 and

a b
c d
must satisfy the equations wvd = a,u?c = b,bv?® = ¢,auv = d. It follows

that a = (w)?a, d = (wv)?d, b = (uv)?b, ¢ = (uv)?c. So part c) follows

promptly from these equations.

it is simpler. The matrix N

Let us consider the case a). In this case the system of equations provide
a = d. So the determinant of N becomes a?—bc = a®—b*v? = (a+bv)(a—bv)
which is an invertible element, so (a + bv) and (a — bv) are also invertible.
Since uv = 1 follows that v = dp~! and v = &p' for some integer ¢ and
de{l,—1}.

The matrix N is of the form
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a b

b? a

bv a/v
aw b |

Our task is to compute vp of det(Id — N) and det(Id — MN). We have
det(Id—N) = 1—2a+a® —b*v? and det(Id— M N) = 1 —2bv + b*v? — a? so
—det(Id— MN) = —1+2bv+a? — b*v%. We compute vp of —det(Id— MN)
which is the same as vp of det(Id — MN).

Since a + bv and a — bv are invertible they are of the form a + bv = €ph

and the matrix M N is

and a — bv = eyp’?. Therefore 2a = €1p! + ep* and 2bv = €;p't — exp®2.
In order to have elpll + 62pl2 divisible by 2 we need to have [y = Iy = [
and either €1 = €3 or € = —ey. In the first case we have a = elpl and
2bv = 0 so b = 0. In the latter case we have ¢ = 0 and bv = ¢s'. Now
we compute the Reidemeister for each of these two cases. Let a = ep! and
b=0. Then det(Id — N) = 1 — 2a + a? and —det(Id — MN) = a®> — 1. If
[ =0 then det(Id— MN) = 0 and we get Reidemeister infinite. If [ # 0 then
the determinants are not divisible by p and we get as Reidemister number
the module of 2a> — 2a = 2a(a — 2) = 2¢p!(ep! — 1). So the Reidemeister
numbers are of the form 2p'(p' + 1), 1 # 0. So the result follows.

Let us consider the case b). Some of the calculations are similar to the
corresponding case ofthe Proposition 3.6 and in this case we do not give the
details. The system of equations provide a = —d. So the determinant of N
becomes —a?—bc = —a?—b%v? which is an invertible element. Since uv = —1
follows that u = —§27% and v = §2¢ for some integer ¢ and § € {1, —1}.

The matrix N is of the form

and the matrix M N is
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Our task is to commute vp of det(Id — N) and det(Id — MN). We have
det(Id — N) = 1 — a® — b*v? and det(Id — MN) = 1 — b*v? — a®. So we
compute vp of det(Id — N).

Let a = rp™ and bv = sp™ where r, s are relatively prime with p. Because
a® + (bv)? is invertible then we obtain that r2 + s? is necessarily 1 and we
obtain as possible solution a = €;p™ and bv = 0 (or b = 0 since v # 0), or
a =0 and bv = egp™.

For the case b = 0 we obtain det(Id — N) =1 —a? =1 —p?™. For m =0
we obtain Reidemeister infinite otherwise we obtain the total Reidemeister
number 2(p?*™ — 1)m > 0. For a = 0 we obtain det(Id — N) = 1 — b*v? =
1 — p?*. Then we obtain the same numbers as above and the result follows.

O

4. FINAL COMMENTS ABOUT Q" x Z, Z[1/p]" x Z, n > 2

There are some of the above results that extend easily to the groups
Q" x Z, Z[1/p]™ x Z, n > 2. One of the results refer to the group Q" x Z.
The abelian group Q" has the property that it does not have a subgroup
of finite index. Then an immediate consequence of this fact is that the
Reidemeister number of any homomorphism is either 1 or infinite. So the

following result holds.

Proposition 4.1. The Reidemeister spectrum of Q™ Xy Z is either {oo} or
{2} U {o0}.

The Spec(Q™ x9Z) = {oo} if there is no an invertible matrix N over Q such
that N = MNM and det(Id — N) and det(Id — M N) are non zero. Here
6(1) = M. Otherwise the Reidemeister spectrum is {2} U {oo}.

Proof. (sketch) The only possible automorphism which can have Reidemeis-
ter finite is one such that the induced homomorphism on the quotient Z is
multipliction by —1. From the procedure described in the begin of section
3 we have to compute the Reidemeister of the homomorphism given by N
and M N. But a homomorphism of Q" is either surjective or has cokernel
infinite. So the sum of the Reidemeister of the two homomorphisms is ei-
ther infinite or 2. The case where both homomorphisms have Reidemeister
1 corresponds to say that det(Id — N) and det(Id — M N) are non zero and
the result follows. O
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It is easy to construct examples which illustrated both situation.
Now let p be an arbitrary prime. It is not difficult to construct action
1) which has diagonal matrix such that there is no automorphism of the

oup such that the induced autmorphims on the quotient Z is —id. This

gives the examples of groups with the R, property.

is

10.

11.

12.

The complete calculation of the Reidemeister spectrum for all such groups

not clear for the moment.
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