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DOUBLE SHORT EXACT SEQUENCES

PRODUCE ALL ELEMENTS OF QUILLEN'S K 1

.t\. ·NENASHEV

ABSTRACT. \Ve prove that for any exact category 21 every element of Quillen's K l 2L
corresponds to a double short exact sequence, i.e., any loop in the G-construetion of
Q( is homotopic to a 3-edge loop. This is a strengthening of a result of Sherman and ia
the simplest possible description of the elements of Kl in terms of the G-construction.
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1. PRELIMINARIES

For adefinition of Quillen's !(-groups of an exact category 2l we take

J(m 2l = 1rm. ( G.2l),m 2:: 0

and begin with a breaf review of the G-construction [GG].
An n-simplex in the simplicial set G.2l is a pair of triangular diagrams in Q1 of

the form

Pn1n - I Pn / n - I

r r
P2 / 1 -+ ... -+ Pn / 1 P2 / 1 -+ ... -+ Pn / 1

r r r r (1.1 )

PI / O --+ p 2 / 0 --+ ... --+ Pn / O PI / O -+ p2 / 0 -+ ... -+ Pn / O

r r r r r r
Po -+ PI -+ P2 -+ ... -+ Pn P6 -+ pI -+ P~ -+ ... -+ pI

I n

Key worcU and phrases. Exact category, Quillen's [{l, G-construction , double short exact
sequence.
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with. equal quotient index subtriangles, where all squares commute and all the
sequences of the form Pj -+ Pk -+ Pkli , P} -+ P~ -r Pkli , and Pj / i -r Pk / i -r Pk/ j
are short exact sequences (s.e.s. for short). In particular, a vertex in G.Q1 is a pair
of objects (P, PI), and an edge connecting (Po, P~) to (PI, PI) is a pair of s.e.s.
(Po -r PI -r P I / O , P~ -r P{ -r PI / O) with equal cokernels. vVe will also write (s, s')
for an edge, where s and s' denote S.e.S. with equal cokernels.
Let 0 denote a dis'tinguished zero object in 2l~ then we let (0, 0) be the base point
of G.2t. Given A E 2l, the standard edge e(A) from (0,0) to (A, A) is given by

I 1
e(A) = (0 -r A -r A, °-r A -r A).

A double short exact sequence in 2l (a d.s.e.s. for short) is a pair of s.e.s. A Ä
B -!.4 C and A Ä B ~ C on the same objects. Given such a d.s.e.s. we will
write

/1 f}l

1= (A =::; B =4 C)
h f}2

(1.2)

and let e(l) denote the edge from (A, A) to (B, B) in G.2l given by 1. Let J1(1)
denote the loop

(A,A) e( l) (B,B)

(0,0)

and let m(l) be its dass in 1(121 = 7rl(G.21).
Given A E 2l and a E Aut A, we put

1

l(a) = (0 =4 A =::; A).
0:

Thus one can regard an automorphism in 21 as a partieular case of a d.s.e.s., and
the assignment m(l(a)) to °' is one of various equivalent ways to attach an element
of K I to an automorphism. The loop J.l(l(a)) is actually a 2-edge loop of the form

(O,Ol< =>
for the edge e(O) is degenerate. One checks that every 2-edge loop of this form
is homotopic to J-L(l(a)) for some 0', thus the elements of ]\121. representable by
automorphisms are precisely those representable by 2-edge loops in G.2l.

It is known that not every element of ](.2l can be represented in general by
an automorprnsm. Moreover, ](I2l is not generatecl by such elements for sorne 21.
(Proposition 5.1 in [Ge]) . However, we prove that every element of ](121. ean be
represented by a loop of the type J-L(l).
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2. THE MAIN RESULT

Theorem 2.1. For any element x E K]21 there exists a double short exact sequence
I such that x = m(l).

We will deduce this assertion from a result of Sherman. Consider data of the
form

where A ~ X -7 C and B -7 Y -7 D are short exact sequences in 21 and B is
an isomorphism. Given such data we will sometimes denote A EB Y EB C by P and
X EB BEB D by Q for short. Sherman associates to j a loop v(j) in G.21 of the form

(P, ~Y EB Y)

(A,A)

(B,I)

(0,0)

(B,B)

where (B, 1) denotes the edge (P ~ Q -7 O~ )( EB y~ ~ )( EB y~ -+ 0) and the s.e.s.
yielding the vertical edges are given by

al = (A GI A E9 Y E9 C (~ ~ PC E9 Y)

a2 = (04 (~~ X E9 Y 7(J)lr C E9 Y)

b1 = (B G1X E9 B E9 D (~ ~ PX E9 D)

b2 = (B (~/ X E9 Y l~.~" X E9 D).

Let n(j) denote the corresponding element in !{12L The fol1owing assertion was
proved by Sherman in [Sh! J für abelian categories and then in [8h2) for axbitrary
exact categories.

Theorem 2.2. For any x E I{1Q{ there exists j üf the form (2.1) such that x = n (j).

Proof 0/ Theorem 2.1. \Ve assüciate to j a pair of short exact sequences
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where

8} = (AEBB -Ä AEBYEBC...!....r CfBD)
\

82 = (AffiB ~ )[ffiBffiD.3.-t C EBD)

(
0 0 1)

p= 0 [) 0 ' (, 0 0)
q = 0 0 1

Replacing A EB Y EB C in 8} by JY EB B EB D via ewe obtain a double short exact
sequence

90/ po9- 1

l(J) = (A ffi B =t JY ffi B ffi D =t C' ffi D)
9 q

It now suffices to prove

Proposition 2.3. m(I(J)) = n(j).

Proof. We must check that the loops p.(l(j)) and v(j) are homotopic. It suffices to
show that they are freely homotopic since the group 1TI (G.2t) = K l 21 is abelian.

Lemma 2.4. The loop J-L (l(j)) is freely homotopic to the Ioop

(P,Q) (e, 1) (Q,Q)

(AffiB,AEBB)

Proof. This follows from the picture

(P,Q)

(2.2)

(A ffi B, A ffi B)

(0,0)

4

e(Q)

(Q,Q)



where the shaded 2-simplex t 1 is given by obvious data and t2 is given by

0 0

r r
emD ,emD e(fJD )CmD

PI IpO-l ql I
q

AmB f , P
9

Q AffiB !J , Q Q

•
Lemma 2.5. The loop v(j) is freely homotopic to the loop

(P,){ ffi Y) (8,1)

(2.3)

(AEBB,AEBB)

o:ffiß r "ffio
where s = (A EB B ~ .\: ffi Y --t C EB D).

Proof. The four shaded 2-simplices in the picture

•
(0,0)

are given by obvious data of the form (1.1), and we are done.

Lemma 2.6. The loops (2.2) and (2.3) are freely homotopic.

Proof. We will show that both loops are freely homotopic to a third loop, namely
to the common outer loop on the pictures
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(BanD,l)

(AtBBtBD,AEBY)

(QtBD, R) (BEBID 1 1)

(A EB BEB D, A tB Y)

(QtBD, R)

where R denotet.Y EB Y EB D for short, the inner loops are given by (2.2) aI1:d (2.3)
respectively, and we put

1'1 = (A ffi B EB D fEfHp A EB Y EB.C EB D (p,o/ C ffi D)

1'2 = (A EB B EB D g.!:f ); EB B ffi D EB D (q,o; C ffi D)

( offil y )

r = (A EB Y ~ )[ EB Y EB D (-y,O)~ID C EB D).

We obtain the first picture by applying the push-out procedure of [GG], sect.7, to
the loop (2.2) and the edge

(
lAIitB)

e = (A EB B ~ A EB B EB D (o,o,}) D~ A ffi B 1Affif A EB :V (O,O} D).

All of the six 2-simplices Al, ... l F 1 are given by obvious data of the form (1.1)
since all the push-outs here amount to adding direct summands. One checks easily
that the composi te push-out of the edge e along (s I, 52) and (B, 1) coincides with
the push-out along (82,52 L i.e., the corresponding edges of the 2-simplices VI and
:FI really coincide.
The second picture is the push-out of the loop (2.3) along the edge e in whieh the
object (X EB Y) II (A EB }~) s::: ~Y EB (YllY) is replaced by ..,Y EB Y EB D by means

AEBB B
of the isomorpmsm Yll}'· s::: Y EB D. One should be careful about this change of

B
objects since there are two natural isomorphislTIS }·ll}~ ~ Y EB D that differ by

B
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the natural involution of Y~IlY. We write down the resulting 2-simplices A2l ••• :F2
B

explicitly in order to make sure that this really works,

A2 .

CfJJD

iOC$D ,0)

(~)
D I ) CffiDffiD

r(0,0,1) rpElHD

(l A$B)
fffilD

AEBB ° , AffiBffiD ) A. EB y~ EB C EB D

C'ffiD

i (1 C$D ,0)

(~)
D 1 ) C'ffiDffiD

r(0,6) rIffi (~ ~1 )

1A ffiß
(Offi1l')

AEBB i AEBY °- ) )( ffi 1/ EB D

8 2 •

D

r(0,0,1)

(lCq)D)

CffiD ° ) CEBDffiD

IP Ipffil D

AffiB f AEBYffiC
( 1A$J'$C )

AffiY'EBCffiD) ,
D

r(0,0,1)

(tC$D)

CffiD o ) C'q,DffiD

1i'€B6 ri'ffi (~ ~ I )

I ,'" ( I )

AffiB oEBß
.Y' EB Y

x tP J
.\ EB:Y EB D1 )
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o

r
D

r(0,0,0,1)

D

r(0,0,0,1)

( lA.$Y$C)

A Ef1 y~ EB C ° ) A EB Y EB C EB D 9$10 , }[ EB B EB D Ef1 D

o

D

1(0,6,-1)

1
D

r(0,6,-1)

. lXffi(~)
.Y: EB Y ) ){ EB Y EB D

o

r

-~) )(EBYEBD

D

D

1(0,0,0,1)

AEBYEBC (J ) ){EBBEBD

o

(lXltlB$D)
° ) )(EBBEBDEBD

D

D

1(0,6,-1)

){ EB Y
Ixffi(~)

-~) ){EBY ) ){EBYEBD
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[2.

CffiD

I(IC$D ,0)

(~)
D 1 ) CffiDffiD

1(0,0,1 ) Iq$l D

(I A $B)
g$IDAEBB ° ) AffiBEBD ) _Y" EB B ffi D ffi D

G'ffiD

I(IC$D,O)

(~)
D 1 ) CffiDffiD

r(0,15) ri€B(~ ~1)

1A $ß
( 0$11' )

AffiB ) A ffi }'~ o ) ~\"' EB Y EB D

D

1(0,0,1)

effiD
(

1C$D )

o )

9 ) )(ffiBEBD

Iq$l D

(I X $B$D)

° ) ~\"' EB B EB D EB D

D

( lC$D )

CEBD 0) C'ffiDffiD

r,EB& riEB (~ ~1 )

l x $(l)
n ffiß ) )C EB }'~ . tl) _Y EB y~ EB D .

One checks that these 2-simplices form the required configuration, in which the
inner loop is (2.3) and the outer edges are given by (rl' r), (12, r), and (8 ffi 1D, 1).
Lemma 2.6, Proposition 2.3, and Theorem 2.1 are proved. •
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