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Thc Hecke nlgebra on tbe cohOlnology of ro{po)

Xiangdong Wang

1. Introduction.

Let Po be a prime, Po > 3 and ro{poL r 1{po), as usual, the congruence subgroups of r = PSL'2{7Z).

ro(po) = { (: ~) ErIc == 0 mod Po }, r.(po) = { (: ~) E ro(po) Id == I mod Po }.

D. = {r = (: ~) a,b,c,d E ~,gcd(a,b,c,d) = l,det(r) 'f. 0 mod Po }

with .6.1 C .0.0 c ~ and Ao/ 1:::'1 ~ (7L /Po)·. Let R = ~[i1. We considcr the followi ng R-mod ule

Mn = {.~oa.x.yn-·I a. ER}. Thc Bemigroup D. act. on Mn ;via

(: ~) x"r" = (ax + cy)"(bx + dy)"-"

Let 1] : r o(po)/r 1 (po) ~ (tz/Par - R· bc thc LegcnJrr·';ymbol. \Ve extcnd 1/ Lo Doo such that 1]

acts trivially on ~ 1l i.e. 1] is a charaeter from ~ 0 / ~ 1 to R· . Denote by HTJ the R~modu(e of ran k

1 with a Ao-operation gi\'cn by '</0.1 = 1](so) . I, \Iso E .60 0 • Set Mn,'TJ = A1n 0 HTJ' This is then a

R[~o] -module. The goal of the present paper is to invcstigate thc Hecke algebra on the cohomology

group H*(ro(po), !\1n ,'TJ)' Let Sk(rO(PO), 11), as usual, be the eusp forms with the weight k. Then the

Eichler-Shimura theorem say!:'! that thc following sequence

is exact, whcrc 8 runs over cusps of ro(po) aod ro(po). := {T E ro(po) I T.8 = 8} =< T~ > is an infinite

cyclic group. It is weil known that fo(po) has two cusps 0, 00. The dimension of

is 1, which follows in particular that

(cf. [Hab] p281). ßy the abovc idcntification, wc sec that thc study of the Hecke nlgcbra on the cusp

forms is equivalent to that on the cohomology Jll(ro(po), lvfn,TJ)' see Chap. 1 in [Hab] for more details

and backgrounds. Applying the Shapiro lemma to thc cohomology group cf ro(po) we get in Section

5 a b~is for the cohomology JlI (r0 (PoLA1n, 'TJ ). Usi 11 g t his basi s wc 0 btai n an al gori th m that ean bc

. ,.. '



used to eompu te the Hecke operator T, on thc eohomology H 1(ra (Po) , Mn, 'l)' Fi nally t he eh aracteristie

polynomials of T21 T3l Ts and T7 are given in Table 1 for small Po and n.

2. The Shapiro-Lcmma.

In order to determine the eohomology of rO(PO), we first recall thc Shapiro-Lemma. Denote by ~Vn,'l

the induced module of Afn,'l on r:

The operation of r on ~Vn,'l is defi ned by (a. f)( r) := ! (Ta), a, T Er. Wc extend now th is operation to

an operation of .6. on Wn,'l' For a E 0., TE r, there exist always a' E .6. 0l r' E r l such that Ta = air'.

We define (a. J)(r) := a'.f(T'). It is ob.... ious t hat this defi n i tion coi nci des wi th the above defi ni tion if

a E r. Now on the cohomology groups

we ean define thc Hecke algebra (cf. [Hab} Chap.l). By the Shapiro-Lemma ( cf. [Bra} or [AS} $1)

there is a canonical isomorphism betwccn

a.s modules undcr thc Hecke algebra.

3. The dimension of thc cobOlnology JIl(J\ Wn,'l)'

Ta get startet, we eonsider the r-module Wn,'l' Let

(0 - 1)
ai = 1 i'

{ad is then a set of rep rescn tati ves of r wi th respeet to ro(Po):

Po

r = Ufr,(;ln)ai.
i:O

An element J E Wn,'l ia uniquely detcrmined by the valuea J(aO), f(ad"", J(a po ) by uaing thc condition

f(ror) = ToJ(r). Thf' rlimcnsion of Wn,'l ovcr R is (Po + 1)· dim(Mn,'l)'= (po + 1)(n + 1). Jn other

words, Wn,'l ia gcneratccl by thc elements (Wal UJtl .. " w po ) with Wi E Mn,'l'

NQW we eonsider the eoh omology ]{ t (rI Wn ''l)' The structur of eoho'mology H 1(r l ~Vn, 'j) is weIl kDown

(cf. [WaD] $1):

f{l(r) ~Vn,'l) == Wn''J/(H!~'J + ~V~fl)

whcre S = (~ - ~ ) , Q = (~ -:) and W:'," := {UI E Wn," I r.w = w} forr Er.

\Ve begin with the description of 1.y~'J' It is easy to show that

\ (
-J

aiS = Siai i· j == -1 mod PO, Si = 1 + ij

apoS = ao

2

-1)i E ro(po)



and by the definition we ohtain

Therefore, W~'1 has the expression:

Let T = BQ = (~ :), One shows immediately that

and
i = 2, 3, "., Po - 1 '

frorn which it follows

w,;," = {(wo, .. " W PO ) E Mn," X .. , X Mn," I Wo = ... = Wpo-l = ( _ p~ ~) wo, Wpo = Twpo }

W~'1 = {(WO l ... , W po ) E M n ,'1 X ..• X M n ,'11 Twpo = Wo , Wl =W po ' SjWi+l =Wj}

For the purpose of detcrming the dimension of Jfl(r, ~Vn,'l) we show now

3.1 Lemma: W~'l n W~'l = {O}

Praof: Let f = (wa, ... , W PO ) E ~V::'l n W~'l' It implies that f E \V~'l' i.e.,

Wo = Wl = ... = Wpo-l = ( 1 0) wa, and w po EAi! ..- Po 1 ,.,

Hence it follows that w po = axn
, Wo = byn for some a, b. For f E W,~tJ wc have Wo = w po , I.e.

axn = byn, which implies that a =b =O.g

Therefore, the dimension of thc cohomology ~vn,tJ is

Now wc computc thc dimension or ~V';'~'1 nnd ~V,~tJ'

Let V2, V3 the number of ro(po)-inequivalent clliptic points of the order 2, 3 respectively.

It is obvious that

V2 = 0 Of 2 :;; 1'0 + 1 mod ~ V3 = 0 or 2 ::::: Po + I mod 3

V2 = 2 <==> Po == 1 mod ·1 <==> 1](-1) = 1 <=> there is a i o with i5 == -) mod Po
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!!J.=..! E..D..=..!
In that case one has T](io) = 1'0 ~ = (-1) " and aioS =Sioaio' Furthermore it is easy to show that

Va = 2 <=> p ::::= 1 mod 3 <=> 6!po - 1 <=> there js a ioof order 6 in (:Z /por
<=> ig == -1 moJ Po {=> io(io - I) := -I mod Po

It follows that aio Q = Sioaio' Since (io - 1)2 == -io one has 7](io) = 7]( -l)7](io - 1)2 = 7] (-1) =

(-1) PQ2-1 •

3.2 Lemma.:
. s Po + 1

dlm(Wn,r}) = 2[-4-] (n + 1) + 2ds

. Q Po + 1 '
dlm(\Vn,r}) = {-3-] (n + 1) + 2d Q

where

ds= {~[~l +1
2[~1

Tn particular,

Po =: 3 mod 4

Po == 1 mod 8 ,

Po ::::= 5 mod 8
dQ = {~[~J + 1

2[~]

, Po:= 2 mod 3

Po == 1 mod 12 .
Po := 7 mod 12

• 1 [Po + 1 Po + 1] (dlm{ll (r, Wn,tj)) = (Po + 1 - 2 -1-] -1-
3

- ) n + 1) - 2ds - 2dQ

. 1 Po + 1 Po + 1
dlm(Sn+2(fo(pu),71)) = - (Po + 1 - 2{--] - [--] )(n + 1) - ds - dQ - 1

243

Proof: For f = (wo, '''J wpo ) E ~V~tj wc havc Wj = SiWj and Sj = Si-I. Ir J' i:- i, thcn Wj is uniquely

determined by Wi. Thc numbcr of such pair (i,i) is 2[~]. Ir J' = i, that mcans Po =1 mod 4,
one has Wi E Ker(l - Si). \Ve ca1culate the dimension of Ker(1 - Si). Let m ® 1 E Mn,tj, then

Si.(m (;> 1) = ry(i)(Si m (;> I). Für Si = ( 1 +-i~ - ~) there is a regular matrix P with Si = PSP-l.

It follows that

For Po == 1 mod 8 one has 71 (i) = (-I) PO",- I = 1. Thc dimension of K er(1 - S) can bC' easi ly determi ned J

dimKer(1 - S) = 2[ ~] + 1. Sincc there are two i with (1. == -1, dimension of H',7,tj has thc expression:

. s Po + 1 n
dlm(Wn,tj) = 2[-4-1(n + 1) + 4[4] + 2

The other cascs ean be provcd in thc ~ame manner.g

4. The dimension of Hl(r, H'n,tj)±.

Let r 00 =< T> be thc stabilizer ur thc cusp 00 in r. 'vVc have an cxact scquence:

where HJ('J') is the cohomology with the compact support, rcferring to [Hab] Chap.l for details and

backgrounds. It has bccn shown in [\Van] $1 that the cohomology

4



4.1 Lemma:

P roof: For each W == (wo, ,." w plI ) E lVn, '71 we consi der t he equation

(*) W = a(x", 0, .",0) + b(O, .", 0, y") + (T - l)v

with v = (va, .", VPO ) E W",'7' which meang:

Wo = ax" + VI - va

Wj = Vi+ 1 - Vi 0 < i < Po - 1

Wpo-l = ( _ p~ nVo - vpo -,

wpo = by" + (T - l)vpo '

it follows that

(1 _ ( 1
-Po

Po-l

\Ve take a as thc coefficient of x" in L Wj and b as thc cocfficient of y" in wpo ' The equations
j=O

(1 _ ( 1
- Po

0)) n n-l n-l1 Vo=CoY +CIXY +"'+Cn-IX Y

are always solvable in Mn,F] ®Q for any Co, "'} Cn-l, d 11 .", dn E Q, Therefore the equation (*) is solvable

in Mn,,, 0 Q,I

Let< = ( - ~ ~). We define for a eoeyele q, E Zl (r, IV".")

Vr E r

It induces an autornorphi~mcf the order 2 on the cohomologics (c.f. [\Van] $1). Hcnce we obtain two

cxact sequences:

{
aof = fao

ajf = E,apo-i, i = 1,2, ... ,Po-l
apo ( = fapo
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where E:=
Po

~ ). The operation of , on IVn," is

{
(OL)(ao) = Lu(ao)
(fu)(aj) = E.u(apo-i)
(tu)(upo ) == cu(a po )

In particular, it follows that

4.2 Lemma;

8. f/Joo E Hl (~IVn,,,)_

b. f/Jo E Hl(r~Wn ,,,)- far n evenj tPo E Hl(~Wn'I1)+ far n add.

Proof:

(ctPoo)(T) == Lf/Joo(c-1Te) == f,tPoo(T- 1) == -eT-1<!,oo(T)::;; -Tc.cPoo(T)

== -f,tPoo(T) + (1 - T)ctPoo(T) '" -f,9oo(T) == -tPoo(T)

It means that f.tPoo ::;; -I/Joo. (b) ean be proved in the same waY.B

By applying thc Eichlcr-Shimura isomorphism, together with the observation above, we obtain

4.3 Corollary:

8. For n even we have

dim(H1(r, Wn,'1)-) == ~dim(HI(rl Wn,,,)) + 1

dim(H1(r, Wn,,,)+) == ~dim(Hl (r l Wn,,,)) - 1

b.. Far n add we have

dim(H l (r, Wn,,,)-) == ~dim(Hl(r, ~Vn,,,))

dirn(H1(r, IVn''')'l') = ~dim(lIl(r, Wn,,,))

Tt is weil known that

Our goal in this section is to choosc a subset V of W n,fJ such that W n,fJ = W~'1 EB 1l'~fJ EB V. Sinee the

group r is generated by S, Q with the relations 8 2 = 1, Q3 = ) (cf. [Ser] ), the eohomology

HI (r, W n 11) == {(~(8), 4>(Q)) I 4>(5) E (1 - S)IVn,'1' f/J(Q) E (1 - Q)lVn,fJ }
, {((I-S)u,(I-Q)u)luEIVn ,'1}

'" {4J( Q) I tP( S) = 0, 4>( Q) E (1 - Q)n'n," }

= { (1 - Q) u 1 u E H'~ J1 }

~ {(I-Q)ujvEV},
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Le., every dass r:P E H1(r, W O ,11) has the form

{
cI>(S) = 0

q,(Q) = (1 - Q)u, u E V

Defining by er; (resp. ß; ) the permutation of {O, 1, ... , Po} induced by tbe operation of S (resp. Q) on

{aO,al, ... ,apo }' 'vVe have (cf. $3)

er; . i == -1 mod Po, 0 < i < Po

ßi =0i + 1 1 < l' < Po

5.1 Definition: For i,J', k E {1, 2, ... , Po - I}

a. Thc pair (i,J') is callcd a a-pair if j = Clj, i = CXj, or cquivalently, i . j == -1 mod Po;

b. Thc triple (i,j, k) is called a ß-triple if J' = ßi, k = ßj, i = ßk, or equivalentl.v, i· j. k == -1 mod Po;

c. Let B a. subset of {1,2, ... , Po - I}. ~Ve denote by < B > the subset of {I, 2, ... ,Po - I} detcrmincd

by the following conditions:

i. B c< B >j

H. if (i,J·) is an er-pair and j E< B > then i E< B >;

W. if (i, j, k) is a ß-triple and j, k E< B > tllen i E< n >i

d. A subset B of {I, 2, ... , Po - I} is called a basis set if ie satjsfles:

i. < B >= {1, 2, ... , PO - l}j

ij. Vi E B, < B \ {i} ># {l, 2, ... ,Po - I}.

It fellows immediately from tbe definition that the numbcr of tbc er-pair is 2[ po:t] -1 and the number

ef the ß-triple is [.P2fll - 1. Thcrcfore the number of the elements in B is

~ B = (Po - 1) - (2 [Po ,.. 1] - 1) - ([ Po + 1] _ 1) =Po + 1 _ 2[PO + 1] , _ [Po + 1]
4 3 4 3

We define ind uctively two series of snbsets of {I, 2, ... , Po - I}.

IJl = {1}

!vlr = {G; 1 i E Lr } \ Lr, T > 0

Lr+1 = {j=ßi,ßil iEMr}\Mr

5.2 Example: po = 13. In that case l/2 = 2, 1/3 = 2. The permutations of {uO,all ... ,apo } induced by

the operation of Sand Q are:

I

"

i

S

Q

012

13 12 6

13 0 7

3

4

5

4

3

-4

5

5

ß

6

2

3

7

7. 8

11 8

12 9

9 10 11

10 9 7

11 10 8

12 13

1 0

2



The sets L r and Alr can be describcd by thc diagram:

LI All L 2 M 2 L3 M3

9 -- 10

/
7 -- 11

"/ 8
1 - 12

" 5

/
2 +--- 6

" 3 - 4

5.3 Lemma:

N
a. {I, 2, ... , Po - I} = U(Lr U ""fr) for .~""r::'" N < Po

r:;;:1

b. For each i E L r there exists a. j E L r with i . i ;; 1 mod Po;

c. For each i E M r there exists a j E M r with i . j ;; 1 mod Po.

00

Proof: a. Assurne that a is the smallest element in {I, 2, ... , Po - I} with the property a rt U (L r U AIr).
r:;;:1

Let a = Pb for some b E {I, 2, ... , Po - I}. Thcn a = ßb = O'b + 1 and Q'b < a. By the assumption it
00 00 00

implies ab E U(Lr U Mr ), which follow that b E U(L r U NIr ) and a E U(Lr U Nt r) by the definition
r=1 r=I r=I

of < B >. It contradicts thc assumption.

b. We prove the assertion by thc induction. Thc assertion for r = 1 is obvious.

Let a be an element in Lr + I, thcn thcre is an element e E Mr such that a = ßc or e = ßa. We treat only

the case a = ßc. Let b = ßa E Lr+1 and d = Ö'c E Lr. By the induction assumption there is a e E Lr

with d'e ;; 1 mod Po. Let 1 = Ö'e, we see immerliately that I·e == 1 fiod po· Let 9 = ßf, h = ßg E L r +ll

we look at the following diagram:

a

/
d -e

9

/
e -I

"h

aod assert that a . h;; 1 mod Po. lndced,

a = ßc = cxc + 1 = d + ] :;;; (d + 1) . (-eI) == (e + 1) . (- J)

== 1 - 1 = 1 - ßh = -CXh

8



Le., a' h =: -Ct'h • h == 1.

c. It follows immediately from (b).

5.4 Lemma: There is a basis set B with the property: ir a E B then Po - a E B.

The proof of the lemma presents in fact an algorithm to compute the basis set B.

Proof: First note that < L r >C< /vfr >C< L r+ 1 >.

Case 1: If a , Ct'a E Lr and a rt.< B >, there is an elements bE L r with ab == I, which yields Ct'a . Ct'b == 1.

Since (a+O'b)b = ab+D:b·b == 1+(-1) = 0, one has a+O'b = Po and {a,b,O'a,Ct'b} C< {a,Ct'b} >. Hence

we add a, erb to B.

Case 2: (a, b, c) is a ß-triplc, a, b E AI" c E Lr+1 and a , b t/:. B. For G, b E M, there are d, e E M r with

ad == 1, be == 1. \\'e consider thc following diagram:

al -a

! c

/
b1 -b

dl -d

1 1
/

el -e

one verifies trivially that a + d l = Po and

Therefore we add a,d1 to B.

Case 3: (a, b, c) is a ß-triple, a, b, C E Alr and Q., b, c f/:.< B >. There are d, e, 1 E Al, with ad == 1, be ::::;

1, cl =: 1. \Ve consider the following diagram:

L, M,

al -a

bl -b

Cl -c

dl -d

el -e

)
11 -1

9



It is obvious, that a + d. = Po, b + el = Po and

We add thus a,b,d.,e. to B.

In Buch a way we obtain a basis set ß.I

In the example 5.3 we can take thc basis set n = {5, 8,4, O}.

\Ve study now the cohomology J{l(r, ~Vn,rJ) = ~'n'rJ/(W;:rJ + W~rJ)' Let B be a basis set. Then each

element (0, Wl,'''' Wpo-l'O) E Wn ,'7 is congruent mod lV::rJ+W~rJ to an element 9 = (va, ... , v po ) E W n ,'7

with Vi = 0 for i rt. B.

If V2 = 2, there is a i o E B such that i 0
2

- -1.

(0, ... ,0, Wio ' 0, ... , 0) E W~rJ' Therefore

Similarly, if Va = 2 and i a E D, i~ =:; -1, then

Now we consider the index 0, Po. Sinee

we need anIy to consider only thc index O. Let

(wo, 0, ... ,0) = (a, 0, ... ,0, a) + (Tb, b, 0... , 0, b) +(0, C, 0, ... ,0)
"-v-" --....-

EW,;"." EW~."

far some a, b, c, thcn b = -al C = a, (1 - T)a =Wo. The cquation (1 - T)a = Wo ean bc solved only far

Wo = c1xyn-l + C2x2yn-2 + ... + cnxn. Therefore the element (yn, 0, .. ,,0) is linear independent to

On the ather hand,

(0, x n,0, ,.. ,0) = (_x n,0, .. ,,0, _xn) + (Txn, xn,0, ... ,0, x n) E \V~" + lV~rJ

and (0, zn, 0, ... , 0) ean be represented by the elements of

which implies that the elements af

are linear dependent mod W~,t1 + lV;;t1' A basis of III (r, Wn ,'7) is then (yn, 0, .. " 0) and

10
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where thc relation ~ is given by the equation

(0, x
'1

, 0, ... , 0) ;: 0 mod ~V;;'J1 + W~f1

6. The basis of JIl(C ~V'1,f'J)±.

\Ve shall first deal wi th the operation of f on lfl (r, wn,J1)' From the defi nition in $4 we have for a

classe <P E H1(r, W'1,'l)' rp(S) == 0, rp(CJ) == (1 - Q)u,

(frp)(S) = f.~(fSf) = f.rp(S-l) = °
(frp)(Q) == f.rp(lQf) == f.4>(SQ-l S) == -fSQ-l4>(Q) == -fSQ-l (1 - Q)u == (1 - Q)fSU = (1 - Q)SfU

Ir rp E Hl(r, Wn ,J1)-' Le. (4) + tP == 0, it follows that Sf.1l + U E Hf~J1 + Wf~'l' Since Sf11. + 11. ==

(8 + l)f11. + 11. - fU and (8 + 1)f.1l E Hf~'l' wc obtain

Similarly,

Inorder to determi ne a basis of J{ 1 (r,W n, '1) _ we consider the vector space

U has a basis consisting of thc elements (uo, ... , upo ) whieh satisfy one of the following conditions ( cf.

$4):

1.

2.

3.

{

UD == x,-yn.- J·, ;" even

Uj == 0, t > 0

{

Upo = x'-y'1-J', J even

11.i == 0, i < Po

In particular, thc classes tP E III (f, ~V'1,'1)' rp(S) == 0, 4>(Q) == (1 - Q)u are c1asses in H 1(r, Hf",FT) _ for

n even, where 11. = (uo, ,.. , U PO ) E Hfn ,'1 with

Uo == y'1

U,- == 0, ;" > °
or

{

11.i E \Vn,'1 or Aln.'1/M:,iFT, i E B, i < Po/2
2. Upo-i == E. Uj

11.j == 0, ;' =f:. i, Po - i

The number of the abovc classes is

11



By using the fact that the basis set B consists of the pai r (i 1, i 2 ) with 1'1 + i z = Po we find tha t the abovc

classes generatc the cohomology H I (r , IVn, rJ) _. Therefore t his set of classes is a basi S of fJ I (r , H'n, rJ)­

for n even.

Similarly, wc ehoose a hasi. of Il' (r, W n •• )+ for n odd: { :~~~ : ~1 _ Q)u wilh

{

Uj E JHn,r] or AJn,r]/A'!~'r" i E B, i < Po/2
Upo-i = -E.uj
ui = 0, J' '# i, Po - i

6.] Remark: In general it is very d i ffic u1t to determi ne the basis of JJ 1 (r, \Vn, 'J ) + for n cvcn, bccause t hc

dimension of Hl(rl ~Vn,r])+ is ~dim(lIl(r, Wn,r])) -], and the dimension of the vector spacc generated

by the set

{

U; E A~,. or Mn .•/M~:., i E B, i < Po/2

upo - t - E.u t

is ~dim(Hl(r, \-Vn,r]))' It implics that thcrc is a relntion betwccn the abovc e1cmcnts. Thc cnsc

H1(r, Wn,r])- for n odd is similar.

\Ve are now intercsted in thc boundary map r· on the basis.

6.2 Lemma: For a dass <P E Jll (l" lVn ,l1) with <p(8) == 0, <p(Q) = (1 - Q)u J

a. iE u = (yn, 0, "'1 0) then r·<p == <Poo;

b. jf u == (0, ",0, tijl 0, ".,0)1 °< i < Po thcn r· rP = a<po ror same a.

Proof: a.

(T· tP )(T) = t/J(T) = 8t/J(Q) == 8(1 - Q)u = (8 - T)u

= (8 - l)u + (1 - T)u ,.... (8 - l)u = (_yn, 0, .", 01 y").

The solution of the equation (*) in $4.1 is a == 0, b = ], i.e., r·q, == t/Joo.

b. r· tP(T) ,.... (8 - l)u == (0, .. " -Ui, 0, .. , SI:-I Ui , 0, ... ,0). Tt is obvious that b == °(cf. the proof of $4. 1).

Hence r· tP = a,po far some a. I

7. The Hecke operator 11 on Hl (r, W",r]).

To get startet, wc recall the definition of the Hecke operator T, auf IJl(r, H'n,r])' whcrc I is a primc,

1 "# Po. Let

(
I i) . (I 0)bi = 0' ,~=O,], ... ,l-landbl= ° l '

lhey are a eomplele set of represenlalives of r (~ ~) r with re.peel lo r:

For each rE r there is a 8, Erstich that biT == Bibj for some j. Define for a cocycle f E ZI(r, H'n,r])

I

(T/J)(r) := L biJ(Si)
;=0
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All thjs js discussed in more detail in [AS] $1 or [\Van] $1.2.

7.1 Example: I = 2, Po = 5, n = <1

For I = 2 thc representatives are

A simple calculation shows that

I
boB = Sb2

bIS = SQ- 1SQSb l

b2 S = Sbo I
boT = b1

bIT = Tbo

b2T = TZbz I
boQ = QSQbz

bl Q = S Q-1 S Q-1 bo

b2 Q = Sb 1

By the definition we get for a class t/J E }Jl(r, lVn,'1)

(Tz4J)(S) =b~4J(S) + b'tcP(SQ-1SQS) + b~4>(S) = (S -l)b~SQ-l4>(Q)

(TzcP)(Q) =b~cP(QSQ) + b'tt/J(SQ- 1SQ-l) + bicP(S) = (1 - Q)(b~ + b~QS)tP(Q).

Hence the cocycle T'2tP is cohomolog to

1t is easy to see that

(1 - Q) (b~ + b~QS + b't SQ -1) = (1 - Q) (b~ + (Q + Qz)biQ-1) = (1 - Q) (b~ - biQ-1 ),

\\'e obtain then

For Po = 5 we choose a basis set JJ = {2,3}. Thc basis of III (r, Wn,'1) _ is then (y", 0,0,0,0,0) and

(0,0, W'2, Ew'2, 0,0) Wz E Mn.'1IM~''1' For n = 5 the numerical computation shows that Aln.'1/M~.''1 =

RVI + Rv'2 + RV3 wi th

VI = x" - Bx3 y + 24x2 y 2 - 32xy 3 + 16y4

Vz = x
3 y - 6x Z yz + 12xy 3 - 8y4

V3 = x 2 y2 - 4xy J + 4y 4

Let Va = y\ then thc basis of Hl (r, vVn ,'1)- is 4Ji, i = 0,1,2,3 with 4Ji(S) = 0, 4Ji(Q) = (1 - Q)Vi. Tbe

operation of Tz js

- l~ l~1
- 8 10

13



The eharacteristie polynomial of T2 on Hl(r,lVn ,I1)_ is

X2(X) = (x + 31)(x - 31)(x2 + 44)

The factors (x + 31) and (x - 31) eome from the operation of T2 on the boundary cohomology

H 1(r00, Wn,'1 0 Q) ~ Q 4Jo +QePoo. More preeise,

Theref?re the characteristie poly nomial of T2 on S6 (r0 (Po), 1]) is x 2 + 44. The numerical eomputations

of T2 , T3 , Ts and T7 for small Po and n are given in the table 1.
'.

7.2 Remark: The spaee Sn+2(rO(PO), 1]) earrics thc Pctersson product, a non-dcgenerate Hcrmitian

product on Sn+2(rO(PO), 1]). Ir t denotes "transpose"with respect to this product, then T/ == 1] (l)Tt •

Let now ). be an eigenvalue of TI, we have thcn ). = 1](l). (cf. [Rib] $1). Therefore, if 1](1) = -1, then

). = ia with a E m.. If 1](1) = 1, ). E m.

(1). Po == 1 mod 4. In that case t he dimension of Sn+2 (r0 (Po), t]) is even.

i. 1] (1) = -1. The characteristic poly nomial of TI is

X'(x) =(x - iad(x + iad(x - ia2)(X + ia2) ... (x - ia,..)(x + ia,..)

=(x2 + ai)(x2 + a~) (x2 + a;)

=x2r + bt x2r
-

2 + + br

with bll "' J br ~ O.

ii. 1](l) = 1. Tbe characteristic polynomial of TI is

Xt{X) = g(x)2

for some polynomial g(x). Thc roots of g(x) are all real.

(2). Po == 3 mod 4. In that case lhe dimension of Sn+2(rO(PO),1]) is ocid.

i. 1] (I) = -1. There are zero eigenval ues. The eh aracteristie poly nomial is

where h is the dass number of the field Q (V-Po).

ii. 1](l) =+1. Thc charactcristie polynomial is

Xt(X) = g(x)2 . J(x)

where /(x) is a polynomial generated by thc Theta scries and deg(/(x)) = h.(cf. [Shij

The results in tbe table 1 confirm the remark above.

Acknowledgements: The author ig grnteful for the support received from thc DFG during the pre­

paration of this paper.

References

14



r", .
, ~

[AS] A. Ash and G. Stevens:

Cohomology of arithmetic groups and congruences betwcen systems of Hecke eigenl/alues

J. reine angew. Math. 356 (1986) p192-220

[Bro] K. Drown:

Cohomology of grou ps

GTM 87, Springer Verlag (1982)

[HabJ K. Haberland:

Perioden von Modulformen einer Variabler und Gruppenkobomologie I,II,III

Math. Nachr. 112 (1983) p245-315

[Ribl K. A. Ribet:

Galois representations attached to eigenform wieh nebentypus

in: Lecture Notes in Math. 601 Springer Verlag

[Ser] J.-P. Serre:

A course in arithmetic

GTM 7, Springer Verlag (1973)

[Shi] G. Shimura:

On elliptic curves with complex multipHcation as factor of the Jacobians of modular function fjelds

Nagoya Math. J. Val 43 (1971) pl9D·208

[\Van] X.-D. Wang:

Die Eisensteinklasse in 11l(SLd;ZL Mn(m)) und die Arithmetik spezieller \Vcrtc von L-Funktioncn

Bonner Math. Schrirten 202, Dann (1989)

Mathematische s Institut

der Universität Bonn

Bering!tr. 1

D·5900 Bonn

Federal Republic 0/ Germany

15



i'TU::_HECKE_~LYNOO A VM/SP 3.10 - SFB72 - IAN UNI OOllN p~r 001

The characteristical polynomials of the Hecke operators Tz, TJ , Ts , and T7 on thc cups forms

Sk(rO(PO), 71), where 7] ist the Legendre symbol.

KRO{2 ,POl --l,KRat 3, POI--l,KROt 7 ,PO) .-1

2
12 : - X + 44

2
13 :. X .. 395

2
TI ,. X .. 3~64

2
T2 :. X .. 116

,',

2
T3 ,. x + 1044

2
TI :. X .. 17&1.36

4 2
12 :. X .. 1708-X .. 1216

4 2
T3 :. X + ~~~2-X .. 45529776

4 2
TI ,. X + 10416772B-X .. 214474907~80496

4 2
T2 :. X .. 41~-X .. 2495256

4 2
13 :. X + 341~68·X .. 183e~7182~6

4 2
TI :. X .. 4904976572*X .. 2087591277621~~8896

6 4 2
12 :. X + 41052-X .. 4~07799&8·X + 617678127104

642
'I'3 ,. x .. 83.297ea-X + 17708569-i8324B-X .. 1~171825B7182390336

6 4 2
TI :- X + 213997084092-X .. 10~266238382057763414ea-X .. 46528027403146207719038230676544

6 4 2 •
12 ,. X .. 117588-X + 2~55S1~&48·X .. 4160982695936

6 4 2
T3 .• X .. 48755052-X .. 160831293357168-X .. 79914~3281387267904

6 4 2
TI ;- X .. ~359891017ca.X .. 21799671S~901950~S9088-X .. 175603910317324~61634711857283G0255

1'1.16
8 5 4· 2

12 .- X .. 8138J6-X .. 19780~~87135-X : .. 15212877148S5321S-X .. 338022604671796903938

8 6 Ii: 4
. 13 ,. X .. 634018824-X + 123866741829162816-X ..

2
8O~23591889C6852344353664.X .. 62556794360183S&1.~4034157877~296

8 6 4
TI :. X .. 1358809234759656-X + S71~388S437582806176S2626937B-X ..

/

r '
'J

2
717438452~3248ö77409~8936738423767790687S776-X + 1225649~7103886247126S36790871Q680241210~Sll~S587S9170816

N.18
8 6 4, 2

T2 :. X .. ~907524.X .. 2~6821637401&-X .. 678867689422782464-X .. 8J01649147532531204c95

864
13 :. X .. 4476365576-X 6998614044948851616·X ..

..
r t ~.' ~..'-.. " .

~ ~~~i~~",
~~}~.,
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.2
439410292~1~12~7~27276~7~35·X .. ~9178610673769~19506~7390330864896

864
T7 :. X .. ~1160209747400944·X .. 6499~~4~B8448154620~9274614176*X

.2 _
136421768849712~92423433~689890~lB12~20~~37024·X ~ 669240116784B8440~3328070297.22912~04842023692634~75878JS124416

10 8 6 4
TZ ;. X .. 1~122620·X ~ 744610G9946~60·X .. 14~~636201404~79840·X

.2
920507960428929611~171~.X + 14584~3461253989437721829965824

10 8 6. 4
1'3 :. X + 7~7002187ao-X .. 1690290073124929870~60·X .. 1058903M2349~35090094901061760-X +

.2
1061390~3928644~3J8~68881849143BOO91~X .. 2839ao~81~981800681177617222924~0898397211646976

10 8 6
T7 :. X .. 2623942726~84980220·X .. 23938341661382434323100963811S887~J6OttX +

4
891~325~~19009111~79231147124~276562831~26~1090803840·X ..

.2
1.2130074~1~2481981~387822394~12910348~196094.2424.24~23288877748480 -x +

4612?042758695709673188041~55~24~28294314.21~101~32687761730~9937738127467213792820224

10 B 6 4
TZ :. X .. 6~79380*X + 1269587477762560-X + 962076782371224~~96160*X ..

2
196483989919341170123.394~2BO*X + ~742763647~~9829922~64 34176

10 8 6 4
1'3 :. X + 565341209820*X + 110033405'l92349714~0-4160*X +. 10931210697192722327499640220787640*X +

.2
4069147382641336.2~345857548822333J806077~eeo-X + 2922982673270172~6~978J06~~9380S079294208126261290~06.24

10 8 6
T7 :. X .. 111 t96~~~384787994700-X + 34~262?1278754743'?0?678748443224607~36O*X +

4
364120~~3087389178~6736733886777~50~038722769196t6O*X

2
.. ~~68425083?~~~281071~708244193791~0496830305~7~682331581370~484*X

+ 348799178J420007~143J47~1~4~972468602202864~1652647328870444081898J07411~89B87020773579775

KRQ(.2,PO).1,KRO(3,PO).-l,KRO(5,FO).-1

TZ :. X .. :5

1'3 :. X

~ ;. X

T2 :. X - 1

1'3 .- X

2
TZ :. (X + 8) *(X - 9)

.2
T3 ;- X-IX + 2040)

2 .2
TZ':- (X - 16-X . 120) *(X + 311
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4 2
~ ~'" ~:. x-ex + 180912O-X + 73fr.M2788000),.

2 2
'. '". ,1'2 :. (X .. 24-X - ::192) -(X -::17)

,,,.
. . 4 2

• I ••~ on :. l-(X + 1:52400-X .. 4:581775OO<l)

4 2
~ :. X-( X .. 11349120.X + Z\5316J.5024000 )

J 2
12 :. (X -1021&-X + 172800) -\X • 47)

6 4
on :- X·(l .. 24~704"X

2
.. lM88829~79,ro..X + 42966~499:5020M4000)

642
T::I :. X-(X + 129041~40*X + ~44~50093091324000·X + 7~25211490074J9::11016000000)

4 3 2 2
T2:. (X - 8&oX -49600"X +3151:544-X +199833600) ·(x +67)

864 2
on :. X-(X + 32897856-X + :50733939~"X + 6782985~6041J14989600rX + 3197232909829570972160000)

8 8 4
T::I :. X-( x + 30327873600-X + :50349C4~9~~~78400.X ..

2
1203?ß2796~414036391?0914~LOOO0-X + 1643994907::170049884t~036ß79412640OOOCOOO~

4 J 2 2
12 :- (X + 272-X -98770"X -15713792-X .. 77~14240) .. (X - 449)

8 6 4
T3 : - x.. (x + 1931~3824"X + 13542MC81~792180-X +

2
40791405~20t3992960Q.X + 4~~]777119693624095941077~04000)

B 6 4
T:i :. X.. (x + ~7936B436960-X + 817:303621312525703:5~X +

2
29484212-19394 8::14B532~43171200000OO- X + 19389~~1327178772224183734B802664000000000)

~ 4 J 2 2
TI! : - (X - 4~s--X - 716335"X ..195823104·X +124"8~"3772&oX - 134386:i6184320) .. (X+999)

10 8 6
13 :. X-lX + 254197917&-X + 1981194576080514240-X + 47080~~603998t69~0265600-X ..

2
339149679::1::141799179551606B276224000-X + 46:55~87189134022224773827601B384896COOOO)

10 8
T::I :- x-ex + 2620~73313480.X + 22951348729()1450108113392OOaX +

4 2
77114614~~~J778886:509746479~X .. 72130212637176J89:52784B2096922796466821756~X

25B:59613550107~ 34 080222133876861109352500261816OOOOOOOOO0OOO )

KRO( 2, PO) --l.KRa(:5 ,PO) .. l, KRO( 5 ,PO).l, KRal 7, PO) .-1

12 :. X

T3 :. X + 5

~ :. X +

T7 ;. I
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~I L. ~ ~ •

.-! ~., J.,
~ .~.~:~4/ 2
':'~, -::,~~ :_ X-lX .. ro)

.... ",i"", .,

\~ • -' ..~ 2

~~~;j 13 :- (X .. :!I) -(X - 7)
'''I:''' ....... ~ ~

• ': ',. .. 2
"~,,": n ;. (X - M) - (X .. 49)

4 2
12 ; - x-( X .. 27o.X .. 16680)

2 2
T3 ;- (X - 12-X - 1~l -(X - 10)

4
~ : - (X .. 65) - (X - 74)

4 2
'M : - X-( X + 39roOO ..X .. :!I8~:!I'}472OO())

6 4 2
T2 ;- X-(X .. 1:574 ..X + 4:56~60-X +40~)

:5 2 2
TJ :- (X • 18-X - 6~"X - 2011~l -(X + 11:5)

:5 2 2
~ ;_ (X .. 22.4-X - ~2~7~X :'>l~Ol - (X - 11~1l

642
'M : - X.. (X + 22327704"X .. 1027:!18~89578240"X + n4~4048242S88000000 f

864 2
T2 ;. X-(X .. 6030"X .. 1171212O-X .. 76693305&O*X .. 564289690880)

4 :5 2 2
T3 .- (X • 201 ..X -98919-X -1150929·X. 11~9750126) "(X - 47~l

4 :5 2 2
~ :- (X - 1215-X - 2131191~"X - 226521~"1 .. 17429871112150) .. cx .. 30(1)

884
T7 :- X-lX .. 75788984O*X .. 10~822577678496Q0.X ..

2
1S662498943981~9753584000-X .. 6:530~858079634845955794752COO)

10 8 6 4 2
12 .- X-lX .. :50654-X + 31894512O-X + 13C~6426:5744o-X .. 2049~646199296C0-X .. 9577213682:519:55000)

~ 4 :5 2 2
T3 .- (X - 1218-X -77~914-X +8:58214892"X +189C20241~-X .. 120422340866Z50) -(X + 13~l

~ 4 3 2 2
15 .- (X - 13246-X - ~1:500405C ..X .. 78789395234oo..X - 32298230888024375-X .. 123082223628489ß8750) - (X .. 2~774)

10 8 6 4
'M :_ X-lX + 72:569291~C4-X • 1~79~8887100984~139~20-X t 1296(O~164678503C7~921~83:5088OQO.X +

2
377098191386731~7624802646~~~6692992OOOO*X .. 23187441~2:52142B4238927~487(7887247360000000)

KRal 2, PO) .-1 ,KRO( 3, PO ).1 ,KRaI~,PO) .·1 ,KOO( 7 ,PO).-1

2
T2 :- 1 .. 9

2
T3 .- (I + 1)

2
~ ;. X .. 81

2
'M :r X .. 225
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N.4

6 4 2
T2 . a X .. lßl-X .. ~6-X .. 18864

;!l 2 2
1'3 .. (X - B-X - 54g.X .. 4C68)

6 4 2
r.i :. X .. 00lB-X .. 137~4433·X .. 24~690416

6 4 2
TI :. X .. 82951.'l*X .. 166~BI77 ..X .. 42~60602754

N.6
6 4 2

T2 :. X .. 449-X .. 37224·X + 20~776

3 2 2
1'3 :. (X ..~X - 2601"X - 71748)

6 ' 4 2
T5 : - X .. 24;!l~06-X .. 1200410825·X .. 937~6590000

6 4 2
T7 :. X .. 847206·X .. 23142404242~*X .. 204716346~2072~OO

N.ß

10 8 6 4 2
T2 :. X .. 3841*X .. ~1344eo-X .. 2823572208*X .. 61422~581-X .. 43.3C8450164736

~ 4 3 2 2
T3 :.(X .. X - 66C33*X .. 1260~23-X .. ~30326440·X .. 142661~264)

10 8 8 4
T5 :. X .. 14B20~X .. 747~76829016J*X .. 146559998245698565881*X

2
• e7~~01466~884~~1944COO-X .. 120u~478109519129~17166006240000

10 8 8 4
T7 : .. X .. ~212:5~g.X .. 23724928789729~87·X .. 10254073Zl:l2419~9:54977977"X ..

2
19661129BO~74~~404526064736-X .. 121307703706137674344780717867862132400

12 10 8 8
T2 . - X .. 18433*X .. 1210880:5ß..X .. M0507607;!l12.X ..

4 2
38089~719~~2.X .. 13482585623199?440-X .. 149742~7658971:5456

65432 2
13 .- (X .. Z44-X - 6653;!l4aX - 129598956"X .. 109163403821.X .. 14:52223328767Z"X - ~:5121008:5Q9808)

lZ 10 8 6
T5 .- X .. 289917555-X .. 323269~3002900950-X .. 1726712418063587931:532:5DO-X ..

4 2
44108094 8Bt:55~9831925Z9864062:5 .. X .. 43C()~9096219~234.920750132:3294~X ..

1088810:5ß4~873774994:5697701306C5197500000000

12 10 8 8
T7 •• X .. 1:36!l07693.:56"X .. 6446~700.2a(l921262-X .. 1394188941505318753.:57617076028-X ..

4 2
14;!l7~268:5114B05~1~16B7890700179314Cl"X .. 537~~4827004&09~487763220066~:51339:52B:5Bl00000.X ..

9C~~0?376401194828902~3707676292621596:570213493750000

P0.17. K-N.. 2: KRa(2, PO) .1,KRO( 3, PO) .-l,KRO(:5, ro) --I,KRO( 7 ,ro) .-1

2 2
T2 : .. (X .. X - 8)

4. Z
T3 :. X .. 74 ..X .. 1072

" 2
~ :. X .. 400.X .. 3M92

4 2
TI : .. X .. 530-X .. 58608
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3 2 2
(X +- I - 68-X - 36)

6 4 ?
~ ;. X +- 668-X +- 145216-X +- 101M954

6 4 2
~ ; - X +- 9488-X +- 5442046-X +- 40743936

I) 4 2
T7 :. X +- 71708--X +- 1048687424-X +- 2346800713600

~ 4 3 2 2
T2 :_(X +- 9-X - 452-X - 2988-X +- 27904.X +- 83616)

10 8 6 4 2
T3 ,- X +- 16832-X +- 9J191~72-X +- 192B21J27M6.X +- 1188S07B024~888-X +- 9421474370420736

10 6 6 4
~ ;- X +- ~1440-X +- 449899~7632-X +- ~OO5~5932172800-X

2
+- 658760237346~8:560000-X +- 6029743:5970692710400000Q

1~ 8 6 4
T7 :. X +- 4233136.X +- M241328635:!o6*X +- ,287: ö4~37~:57H43376-X

2
49799601~1560956471424-X +- 148~~5501735989~ 192889851904

6 ~ 4 :3 2 2
12:-(X - 15-X - 1892-X +- 20450-X +- 77017&-X - 319584~X - 6636441),

12 10 8 6
T3 : - X +- 12269O-X +- 51~7152560-X +- 87983684680032-X +-

4 2
6127436190716~1~2.X +- 1~~~1738886144-X +- ~J949399:56B93219867~28

PAGE 006

12 10 8 . 6'
~ :- X +- 1~:3964a-X +- 6785420900M6&oX +- 1J6!Xl~6623J~1~384896-X '+- 10303063884~.2M1366721~3600.

4 2
X +- 2387304787569269~959460126720000-X +- 21320215O?~3125ö611086098432000000

12 10 8
T? ,- X +- 181444282-X +- a:l~192:!>317087424-X +-

6 4
14501596465160842591523,2*X +- 922072?16:i3600381090SO~4084 4&0X

2
+- 2Jl86~324 2~6:l4,)3819.;46041484 54046848* X +- 19157e.76~07880C9~91~94 9~3U70066715~2800

PO-i9. K.N+-2: KRQ(2.PO).-1 ,KRO( 3, PO) --1 ,KRa( 5.ro).1.KRO( 7. FO).1

2
T2 :- X*(X +- 13)

2
T3 :- X*tx +- 13)

2
~ ,- (X - 4) - (X +- 9)

:5
TI :. (X +- 5)

N-3
4 2

12 :- X-{I +- ~X +- 142)

4 2
~ :- X-lX +- J01*X +- ~112)

2 2
~ , - (X +- 21-X +- 92) - (X - 31)

2 2
T'7 :- (I - 6&oX +- 499) - (X +- 73)

8 6 4 2
12 :- X-lX +- 4~X +- 7~582-X +- 4242376-X +- 71047580)
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8 6 4 2
~ :- X.(I + 3442*X + 4292649'X + 228109&296*X + 4322~4~120)

432 2
~ :- (X - 54·X - 4941~"X + ~7200·X + 292005000) • (X .. M)

4 3 2 2 6'4
T7 : - (X + 70·X - 1573B0"X - 29~81334*X - 12?6939~) • (X-169)

12 10 8 6
TZ :- X.(X + 23231tX .. 2010462-X .. 6031130?2..X +

4 2
1:)0633270400<0X .. 121?3?353~2"X .. 3330J.47979~?120)

12 10 8 6
T3 .- X.. (X + ~9?lg.X .. 1~4~6907~.X + 14270784462117..X

4 2
.. 665708~~3C~320376-X .. 9907170:3704871~051~2-X + 336641~069765~61920)

5 ~ 4 :3 2
~ ,- (X - 4.X - 14462031tX .. 9~M205e-X .. 409166434600-X -

2
1021038429~OO()0ooX .. ~63900~43200(0) .. 0: .. 289)

6 ~ 4 :3 2
TI :- X - 184~X - 25~78196-1 .. :37453164210*X .. 157C07~4~-X -

2
1~930~60~38137~"X - 219~7420122214187~O) • (X - 527)

P0-23. Pi-N+2: KRa( 2,POJ -1 ,KRa(:3,PJ) .. l ,KRa(S, P0}--l,KnO( 7 ,PO) --1

:3
12 ,- X - l2*X .. 7

:3
T:l :. X

:3
'l"? :. X

N-3
2 2 3

TZ ,- (X .. 4..X - 2) -(X - 4.8-X '" 79)

2 2 3
T3 .- (X .. 6..X - 4~) .(X - 243<oX .. 14)

:3 4 2
T~ :- X .. tX + 2~5&oX .. 1270188)

3.; 2
T7 ,- X -(X .. 11988.. X .. :317~47001

4 3 2 2 2
TZ:- (X - 4.X - 182.X .. 920.X + 832) - (X .. 7) .. tX - 7.X - 143)

43222
T3:- (X - l~.X - 957.X .. 1329300X - 12870) • (X .. 38) .. (X - 38aX - 743)

3 8 6 4 2
~ : - X .. (X .. 9~lOO-X + 3184494300-X .. 440Cl6M9500000-X .. 214214541~2400000)

3 8 6 4 2
17 :- X -(X .. 660492-X .. 1~2231816700-X .. 139828C97967696CO-X + 400634240321006384ooo)

654322:3
12:- (I .. 4-X - ~.X - 3246*X .. 147672-X + 268672-X - ~317780) .. (I - 7~X .. 19~1)

PAGE 007

& ~ 4 3 2 2 3
13 : .. (1 .. 36-X - 2O~X - 1030644·X .. 86837139-X .. ~37142g14o-X .. ~~~14443500) .. (X - 19683-X .. 1052586)

3 12 10 8 6
T5 : - X -( X .. 3434~~6-X .. 450~20431458-X .. 2817~98?30424640-X ..

4 2
8479~~19735403719?OOOOO-X .. 103782437973914306469{?2512000-X + 22087822~4~99:3707?079~800000)
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3 12 10 B
T7 :. X -( X -+ 40494132-X -+ 6O:l9M970060332-X +

6 4
40988211~221~o10142201oc.X + 12087167496206708701149510400-X

2
+ 11040311691~J11733611e~~7e10688000.X + 2~2607388911~66~11e966184384442J6800000)

P0.29, K-N.2: KRO( 2,P'J).-l,KRO( 3,P0).-1,KRQ(5,P0)-1 ,KRa( 7 ,P'J)_1

642
12 :. X + 38-X .. 301..X + 550

6 4 2
T3 :. X .. 61 .. X .. 791-X • 875

322
~ :- (I - l1-X - 133*X • 1071)

:5 2 2
Ti' :. (X • 14"X - 1oe-X - 1192)

12 10 B 6 4 2
12 :- X • 278-X •~ ..X • 1260472-X • 22944832-X -+ 140087936-X • 958400

12 10 8 6 4 2
1'3 :. X • 224~-X -+ 1884878-X • 71:1200~-X -+ 112977~98g..X • o1281127451~g..X -+ 46577165867100

654 :5 2 2
7' :_{X - 2~X - 12280.. X -+~ ..X -+ ~53337-X - 3845~~3*X - 2627:51701~)

5 5 4 3 2 2
Ti' .- (X - 10-X - 76080-X -+ 192508&>X -+ 1377555664*X - 73626194400-X - ~19034134784)

15 14 12 10 8 5
12 : .. X .. 1382-X + 744077-X + 200&9632"X -+ 28931822432"X • 2155553113215..X

4 2
• 71710495842560-X ... 663JJ0761:123200..X ... 590388176895000

16 14 12 10 8 5
T:3 : - X ... 22O:51"X ... 187757701"X ... 79:5.510274339"X .. 1eo90:538030~99-X .. 228102149419586954.9..X ...

4 2
1527214705201648JOO0335..X ... o1~893141870~42391~2C202~"X ... 3046~87147014631010162500

675 :I 4
~ . - (1 ... 99..X - 276993-X - 3129984g..X -+ 17584369~"X ..

322
168653403752:1"X - 196943514064875-X - 14966:121618921875..X - 200278684287731250)

87654
Ti' :-(X - 33O-X - 371622ß..X + 233875960-X + 3438911219312..X

32. 2
... 1091615310004000-X - 2938272171110:18624"X - 89873092347152856880-X + 81191855265784073840641

ro..31 , pt-H+2: KRO( 2, PO) .1,KRa( 3, PO) .. -1 ,KRa( :5, PO) .1,KRO( 7,PO).1

2 :5
12 :. (X ... 1) .. (X - 12"X ... 15)

:5 2
T:3 :- X .. (X • 261

2 3
T5 :- (X - 2) .. (X - 7~X .. 245)

2 :5
'I"7 :-(X - B) .. (X - 147-X ... 430)

:5 2 2 3
12 :- (X + X - 3Q4X + 6) .. (X - 48-X - 97)

364 2
T3 :. X *(X + 398.;': + 49236-X + 1934136)

:5 2 2 :5
T5 :- (X + 4.. X - 291-X .. 1014) .. (X - 1875..X - 29256)

2 2 3
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T7 .• (X + 66*X - 100~"X - 31688) • (X - 7203'ooX +- ~398)

6543222
T2 .• (X +- X - 222..X - 370*X +- 94016..X +- 1~40*X - 90624) • (X +- 1~) - (X - 1~"X +- J3)

3 12 10 8 6
T3 :. l .. (X +- 7208-X +- 1985968&oX +- 26568?49J60-X +-

4 2
17884J04M2944.X +- ~~70~3~<J~9liOO"X ~ ~909862J29:'Mß40(0)

6 ~ 4 3 2
TO :. (I ~ 73'ooX - ~1615-X 36243.2~-X +- 5223987~X

2 2
+- ~671172500-X - 103JJS) • (X - 246.X + 1~1) • (X~o246)

6 ~ 4 3 2
Ti' •• {X - 3*X - 207897·X - 2308819'*X ~ 13269144M8-X

2 2
+- 21~61469384a..X - 247) - (X - 43O'*X - 168C47) • (X~430)

P0.37. K.N+-o2: KRa{ o2,P0) .-1,KROI 3,P0) .1,KRO( ~ ,P0) --1,KRO( 7,P0).1

864 2
T2 •- X +- 5O--X +- 709'*X +- 3CXX)-X +- 1754

.32 2
T3 :.(X +- ~X - ~-X - ~7 ..X +- 427)

864 2
TO : - X +- 431..X +- 29~21-X +- 580072.X +- 2039184

432 2
T7 :. (X - 2-X - ~7-X +- 2~60·X +- ~38921

18 14 12 10 8
T2 : - X +- 39O*X +- 60701-X ~ 4799932·X 2034871~6-X

642
+- 4~194ß~040-X +- 489936447~.X +- 211923220224-X +- 178006118400

876 ~ 4 3 2 2
T3 .~ (X +- 9..X - 1280-X - 11016-X +- 422488-X +- 27~1C84-X - 2567:380~-X - J0714957-X +- 141986196)

10 14 12 10 8 6
~ :. X +- 31026-X +- 3736~779·X +- 2220056667434-X +- 6834316985168825-X +- 1047S20244496210044~''X

4 2
+- ~~~11711705092656*X +- 1110302609~6408225116384 ..X +- 197269442423240~99110144

876 ~ 4 .3
T7 :-(X - 95-X - 54~61"X +- 2410919-X +- 9070~60"X +- ~344846302.X

2 2
- 349499958561&-X - 2731120576272.X +- 3409345511153792)

~ 4 322
12 .• (X +- 3*X - 2~.X - 51.X +- 104-X +- 32)

10 B 6 4 2
TZ : .. X +- 180-X +- 10910-X +- 276172..X +- o2~J1~6-X +- ~24672

~ 4 3 2 2
~ • - (X +- 2-X - 282-X - 1400-X +- 9016..X +- 43904)

10 B 6 4 2
T"7 :. X +- 1912.X +- 1274822-X +- 344662636-X +- :3087587969&-X +- 8?7676~6632

P0.43, K.N+-2: KRtK2,PO).-1,KRO(3,PO).-1,KRO(~,PO).-1,KRO(7.PO)--1

642
T2 :. X.. {X +- 2O-X +- 121"X +- 214)

642
T3 . - X.. (X +- 4~-X +- 431"X + 214)

6 4 2
TO :. X.(X + 117"X + 3863---X +- 25894)
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642
T7 :. X-CI; • 150ttX • 4896-X • 3424)

P0.47, K.N.2: KRO(2.P0).1,KRO(:5,P0).1,KRO(~,PO).-1,KRO(7,P0).1

2 ~ :5
Ta :. (X • 1) - (X - 20-X • BQ-X - 17)

2 ~ :5
~ .• (X • 2) .. (X - 45.. X • 40~· X - 298)

!l 2
T!l .• X -( X • 78)

2!l :5
T7 :. (X • 4) .. (X - 245*X + 12CO!l*X - 31922)

!l 4 3 2 2!l:5
T2 :. (X .. X - 40*X + 12..X • 3OO·X - 316) .. (X - 8O·X • 1280*X • 17!l91

!l 4 :5 2 25:5
T3 .• (X - 4-X - 207..X • ~76"X • 7003-X • 9558) * (X - 40:5--X • 3280S-X • 29294)

!l 10 8 6 4 2
~ :. X *(X • ~490.X • 10917588*X • 9407020248-X • 3230761626000-X • 27(690407718048)

~ 4 3 2 2 ~ 3
T7 :. (X - 14.X - 290~-X - 4!l230-X - 141377-X • 94796) .. (X - 1200:5--X • 2882400:5--X - 4!l406~)

P0.!l3, K.N.2: 1ffiO( 2, P0) --1, KRO( 3, PO).1, KRa(!l, F0) .-1, KRa( 7, PO}.1

12 10 6 6 4 2
12 :. X .. 60-X .. 2J.!l6*X .. :50996*X • 17M7!l·X .. :593232*X .. 2W:576

12 10 8 6 4 2
T;!> ,. X .. 21!l-X .. 16178..X • 50~118"X • ~738521"X .. 1!l!l0;!,B:51"X .. 673035

12 10 6 6 4 2
T:I : - X .. 7a9-X • 19600., .. r. .. 1B690640· X • 682:5990/3&0X • 657:5121072..X • 29607410!l6

654 :5 2 2
T7 :,. (X - 12..X - 1M2..X • 10868*X • 21 !lM&>X - 624840<0X - 93866!l6)


