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o. Introduction

Volumes of hyperbolic polytopes are of considerable interest in various branches of math
elnaties. In func tion theory, the classical polylogari thms Li k ( z ), defilled by

Lh(z)=-log(l-z) and Lik(Z)=jLikidt)dt for k2:2 zEC
o

are involved in volume computations, at least in low dimensions.
By the R,igidity Theorem of Mostow and Prasad, the volume of a hyperbolic n-manifold,
11. 2: 3, is a topological invariantj the spectrum Voln of such values is therefore an im-

;:. portant object to study and manifests different behaviour with respect to the dimension
'~,~ n. For 11. = 3, by work of J0rgensen und Thurston, Vols is a non-discrete subset of R+

whose order type and structure around limit points are weH understood; much activity is
going on in search of the minimuln in Vols (cf. [K2, 14.4.1]). For 11. =f. 3, the volume
spectra Voln are discretej for exampIe, for 11. = 2m 2: 2, the Theorem of Gauss-Bonnet
says that the volume of a hyperbolic lnanifold is, up to constant depending only on 1n,

givell by its Euler-Poillcan~ characteristic. A polytopal analogue is 5chIäfli's Reduction
Principle expressing the volume of a (2n~ )-dimensional polytope in terms of the volumes
of certain lower- and odd-dimensional ones (cf. [5] and [1(2, 14.2.2]).
Furtherrnare, there is also a strong number theoretical aspect. \Tolumes of hyperbolic
3-space forms defined arithmetically over an algebraic nurnber ficld F are related to
Dedekind's zeta function (F(2). This in combination with Lobachevskij's resuit expressing
volumes of three-dimensional hyperbolic simplices in tenns of his (dilogarithmic) function
Jh(w) = - Jow

log 12 sin tl dt, wER, (cf. [Lo], and see 2.2) was the initiallnotivation for
Zagier's Conjecture about (F(nl) , 1n .2:: 2, and certain modified polylogarithms. Although
Zagier's Conjecture holds for m = 3, as was shown by Goncharov (see [Cl for a, survey
and an extensive list of references), it is unclear whether there is any connection between
Dedekind zeta functions at m = 3 and volumes of arithmetic hyperbolic 5-space forms.
First results about volulnes in hyperbolic 5-space were obtained by Müller [M] in 1954 and
by Böhm [B] in 1960. Using different approaches, their main result consists in showing
that the trilogarithm, as a function of a single variable, suffices to express volulnes of
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hyperbolic five-dimensional polytopes. Both contributions, however, show some disadvan
tages; Bölull's result is not expressed in closed form, while NIüller's work does not allow a
generalization to higher dimensions.
In this paper, we present a complete solution of the volume problem in hyperbolic 5
space. vVe derive an explicit volume formula for generic simplices, that is, for doubly
asymptotic orthoschemes; the formula is expressed in "terms of trilogarithmic functions in
the dihedral angles which allows both, evaluation in concrete cases and generalization to
higher dimensions.

An orthoscheme R in an n-dimensional space of constant curvature is a simplex botmded
by hyperplanes Ho, ... , Hn such that

Hi 1.. Hj for li - jl > 1

It is, up to isometry, uniquely deternüned by its (at IUOst n) non-right dihedral angles,
and it is very conveniently described by lneans of schemes 01' weighted graphs (see 1.1).
For hyperbolic orthoschemes R with vertices Pi opposite to H i , i = 0, ... ,n, at most Po
and/or Pn lnay be points at infinity. In such cases, R is called simply 01' doubly asymptotic.
Doubly asymptotic orthoschemes are characterized by nlany nice properties (see 1.2). For
example, they are paralnetrizable by n + 3 points on PI (R), and each doubly asymptotic
n-orthoscheme gives rise to a cycle of n + 1 of such ones (see Proposition 1.3, 1.2); by
forming circular graphs out of the~n, they allow to construct new polytopes in higher
dimensional spaces (see Proposition 1.4, 1.2). For our purpose, one of the most important
properties is reflected by the result, due to Sah [Sa] anel Debrunner [D] (we reproduce the
proof in 1.2), that every hyperbolic polytope of odd dimension can" be equidissected into
doubly asymptotic orthosehemes; therefore, in hyperbolie 5-space, it suffices to solve the
volume probleIn for doubly asymptotic orthoschemes.

A fundamental tool for volume computations is Sehläfii's differential formula expressing the
volume differential of a simplex in terms of snlall angle perturbations. This beautiful result
(see Theoreln 1, 2.1), COIllbined wi th Lobachevskij 's volUlne formula for hyperbolic three
dimensional orthoschemes, allows to tackle the remaining single integration in the ease
of doubly asymptotic 5-orthosehemes. For this, we distinguish two eases. By expressing
the eycle property of a doubly asymptotie 5-orthosehelne R in tenns af its dihedral angles
ai = L(Hi-I, H.), 1 ~ i ~ 5, we obtain the relation

.\. := cat 0:0 tan a3 = tan (Xl cot (X4 = cat 02 tan (xs

wherein the addi tional angle (xo can be seen as some angle in R.

The integration of the volume differential in the case .\. = 1 was already performed in [1(3];
there, we lnake use only of the so-called Trilobaehevskij function .ll3 (w) = i Re(Lh (e2 iw)) ,
wER (see Theorem 2, 2.3). With the aid of that result, all covaltlllles of hyperbolic
Coxeter groups with linear diagrams could be computed giving a first insight into VOt5 .

The case .\. #- 1 is much more diffieult; nevertheless, Theorem 3 of 2.3 provides a volume
formula for an arbitrary cloubly asymptotie 5-orthoschelne in terms of trilogarithm func
tions in complicated arguments related to its dihedral angles. It wauld be interesting to
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know whether the formula can be simplified in terms of Trilobachevskij functions. More
over, by means of cutting and pasting, and after analytical continuation, Theorem 3 solves
also the volume problem for arbitrary non-Euclidean 5-polytopes, at least in principle. As
an application, Theorem 3 allows us to COlllpute the volume of the totally asymptotic reg
ular simplex in hyperbolic 5-space which lnaximizes all volumes of hyperbolic 5-simplices
(see Theorem 4, 2.4).

This work is organized as follows: In Chapter 1, we discuss the algebro-geolnetrical prop
erties of doubly asymptotic orthoschemes lnaking use of thc language of weighted graphs.
Chapter 2 contains the analytical part with all volume cOlnputations. Vife conclude the
paper with two appendices; in Appendix A, we collect SOllle useful determinant identities.
The first half of Appendix B contains a summary on polylogarithms, in particular, for
orders two and three. In the second half, we show how the characteristic volume integral
can be represented in tenns of trilogaritlunic functions.

Finally, I would like to thank Herbert Gangl for helpful discussions about trilogarithm
identities.

1. The geometry of polytopes in hyperbolic space

1.1. DESCRIPTION OF POLYTOPES IN SPACES OF CONSTANT CURVATURE

Let x n be either the sphere sn, Euclidean space En, 01' hyperbolic space Hn = Hn UaHn
extended by thc set aHn of points at infinity. Represent theIn by their natural embedding
in yn+l, where yn+l is En+l 01' Minkowski space En,l of signature (n, 1).
An n-dilnensional convex polytope P C ~){n is the non-empty intersection of finitely
many closed half-spaces bounded by hyperplanes Hi with outer unit normal vectors ei E
yn+l , i EI, say. We always assume that P is indecomposable (i.e., {ei}iEI does not split
into two mutually orthogonal subsets) and of finite volunle.
To a polytope P C X n C yn+l we can associate its Gram lllatrix G(P) = « ei, ej >yn+1

)i ,jEI of the vectors {eihE!' We assume from now on that P is acute-angled, which means,
by abuse of language, that all non-right dihedral angles Gij = L(Hi, Hj ) are strictly less
than ~. Then P is detennined by G(P) in the following way (cf. [V, §2]):

Proposition 1.1.

Let G = (gij) be an indecomposable symmetrie 1n X rn-matrix 0/ rank n + 1 with 9ii = 1
and 9ij :S 0 /or i #- j. Then G is the Gram G(P) 0/ an acute-angled polytope P C xn 0/
finite vol'll,me defined uniquely up to isometry. In partieular,

(1) i/ G is positive definite (elliptie), then 1n = n + 1, and P is a simplex on the sphere
sn.,
(2) i/ G is positive semidefinite (parabolic), then 1n = n + 2, and P is a simplex in En+I,-
(3) i/ G is 0/ signature (n, 1) (hyperbolie), then P is a convex polytope in Hn with 1n

facets.

If P has many right dihedral angles, then P can be bettel' visualized through its scheme
~(P): In general, a scheIne ~ is a weighted graph whose nodes i,j are either joined by
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an edge with positive weight Wij, 01' i,j are disjoint with weight Wij = O. The number IL:I
of nodes is called the order of L:. To every (connected) scheme L: of order m corresponds
an (indecomposable) symmetrie matrix A(~) of order m with entries Gii = 1 and aij =
-Wij ::; 0 for i i= j. Rank, determinant and character of definiteness of L: are defined by
the corresponding data of A(L:). In particular, L; is elliptic, 01' parabolic, 01' hyperbolic
if either all its components are elliptic, 01' - beside of elliptic ones - there is at least one
parabolic cOInponent, 01' precisely one eomponent is hyperbolic.
The scheme L:(P) of an acute-angled polytope P C X n is the scheme whose matrix coin
eides with the Gram Inatrix G(P): The noeles i correspond to the bounding hyperplanes
H i = er- of P and the weights equal - < ei, ej >yn+l, i, j EI. L:(P) describes P
uniquely up to isometry.
As for Coxeter polytopes in X n (all the dihedral allgles look like ~, P E N , P 2: 2), we

join two nodes related by the weight eos 0: (a = Ef, p, q E N coprilne with 1 ::; p < q)
by a (q - 2)-fold line for P = 1 , q = 3,4, and by a single line Illarked a = !L , otherwise. If

p
two bounding hyperplanes of P C X n , X n i= sn , are parallel, their nodes are eonnected
by an edge marked 00; if they are divergent in hyperbolic space, we join them by a dotted
line discarding the weight 2: 1.

In the following we consicler acute-angled polytopes in Hn. Their geometry is particularly
rieh sinee their Gr'am matrices ean be of arbitrarily high order as long as the index of
inertia is one; moreover, depending on whether a vertex is an ordillary point, 01' a point at
infinity, 01' ultrainfinite (i.e., lying outside the eone in En!1 defining hyperbolic spaee and
forcing its truneation to reach finite volume), the seheme of its vertex polytope is elliptie,
01' parabolic, 01' hyperbolie, eneoding therefore all three gcometries of eonstant curvature
(cf. [V, §3]). For the purpose of volume cOInplltations, we restriet to appropriate faluilies
of hyperbolie polytopes, to the ones represented by siInplest scheInes, which, as we shall
see, are simultaneously the most important ones.

1.2. DOUBLY ASYMPTOTIC ORTHOSCHEMES

The most basic and important family of polytopes are n-orthoschemes R c X n , that is,
simplices boundecl by hyperplanes Ho, ... , Hn such that Hi 1. H j for li - j I > 1; their
schemes L:(R) are linear of order n + 1 with weights O:i = L(Hi-l, Hd, 1 ::; i ::; n

L;(R) 0:1 O:n
o~-o-··'-0--0

Denote by Pi the vertex of R opposite to the facet Hi n R. Hs vertex polytope in R is the
simplex deseribed by the sllbseheme of order n of L;(R) arising by disearding the node i
together with the edges ernanating from it. In hyperbolic space, among all vertices of R,
at most Po and Pn may be points at infinity (the only parabolie subscheInes of L:(R) may
be

0'1 O'n-l
0--0--' --o---~o and 0:2 an

0--0-' - '-0--0 ).

The vertiees Po, Pn are called principal vertices of R, and if Po 01'/and pn are at infinity, R
is said to be simply 01' doubly asymptotic. Notiee that R c Hn is always acute-angled.
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The notion of orthoschemes was introduced and systematically stuclied by SchläfE (cf.
(S]), however, in spherical space only. These simplices are generalizations of right-angled
triangles and arise in a very natural manner out of general polytopes by successive dropping
of perpendiculars to lower dimensional faces.
This amounts to say that the scissors congruence groups P(X n ) (that is, the abelian
groups generated by [P] for each polytope P in X n eqllipped with the relations (i) [PUQ] =
(P] + [Q] (U denotes disjoint interior union) and (ii) [P] = [Q] for P isometrie to Q) are
generated by the classes of orthoschelnes.
In the hyperbolic case, there is an isomorphisrn between thc groups P (Hn) and P (H n )

for n > 0 (cf. [DSa, Theorem 2.1, p. 162]). Moreover 1 they are 2-divisible (cf. [Sa, p. 197])
which means that to each polytope P there exists a polytope Q such that [P] = 2[Q] .
Another important property is the following (cf. [Sa, Prop. 3.7, p. 195], [D, Prop. 6.4, p.
142]):

Proposition 1.2.

For n > 1 odd, p(Hn) is generated by the cIasses 0/ doubly asymptotic orthoschemes.

Proof:
Let P E p(Hn). Then, by the 2-divisibility of p(Hn), there exists a polytope Q such
that [P] = 2[Q] , and [Q] can be written as algebraic sunl of classes of orthoschemes.
Vle show that the dass [R] of each orthoscherne R is equal to the algebraic sum of classes
of doubly asYlnptotic orthoschemes.
The first step is to represent [R] by silnply asymptotic orthoschenles. The following
standard process supplies this representation (cf. [NI, p. 9] and [BH, p. 191 ff]): Let
R = Po ... Pn be the convex hull of its vertices Pi opposite to Hi n R., 0 ::; i ::; n. De
note by Pipa the ray through the edge Pipa starting at Pi, by qa E aHn the intersection
point of PIPa with the boundary of H n at infinity, and set qn := Pa. Choose points qn+i
(indices modulo n + 1) on PiPa such that the plane spanned by qa, ... , qn-l is orthog
onal to the line through qn-I qn in qn-l. Then, it is easy to check that the simplices
Si := qa'" qiPi+1 ... Pn , 0 ::; i ::; n, are siruply asymptotic orthoschemes which, on the
scissors congruence level, yie1d the equation

n

[R] = L(-l)i [Sd
i=O

(1)

Notice that Sn = qo ... qn, by construction, is the silnply asYlnptotic orthoscherne having
the same (spherical) vertex figure at qn = Po like R; therefore, Sn is given by

02 On ß
0--0-'· '-0--0--0 (2)

where the (elliptic) scheme o~0-'" - o~ 0 is also a subscherne of ~(R), and

O ß ?T' h h °3 On ß . b l'< <2"ISSUC tat 0--0-"'-0--0-0 IsparaOlC.
It remains to show that every sinlp1y asynlptotic orthoscheme R can be written in terms
of doub1y asymptotic ones. For this, we dissect R irrto asymptotic orthoschemes in two
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different ways. Let R, = Po ... Pn with Pn E aHn. Denote by qo the intersection point of
POP) with aHn. Again, choose points qn+i (indices modulo n +1) on POPi , 2 ::; i ::; n, such
that the hyperplane generated by qo, , qn -1 is orthogonal to POPn, and put qn := Po.
Then, the simplices Ti := qo ... qiPi+l Pn , 0 :::; i ::; n, are asynlptotic orthoschemes.
In fact, apart from Tn = qo'" qn which is simply asymptotic, To, ... ,Tn- l are doubly
asymptotic. Moreover, there is the following relatio~ (cf. (D, Theorem, (i), p.127])

p n

[R] = - L[Ti] + L [Ti]
i=O i=p+1

(3)

where P = p(R) , 0 ::; P ::; n - 1 , depencls on the cliheclral anglcs of R. For eXalnple, P = 0
if the double of the dihedral angle of R, visible as planar angle of R at pz in the triangle
POPIP2, is still acute.
Notice that the simply asymptotic orthoschcrues R anel Tn = qo··· qn share the Sall1e
(spherieal) vertex figure at Po = qn implying 2:(Tn) = 2:(Sn) (see (2)).
Therefore, combining the two cutting anel pasting procedures (1) anel (3), we obtain for a
simply asymptotic orthoseherl1e R the relation

n p n

2[R] = L (_l)i [Si] - L [Td + L [Td (0::; p::; n -1)
i=O i;;;;O i=p+l

(4)

On the right hand siele, Sn anel Tn are the only simply asymptotic orthoschenles; by the
above remarks, they are isometrie to each other. Hence, for n odd, we obtain the relation

n-l. p n-l

2[R] = L (_l)i [Si] - L [Ti] + L [Ti] (0::; P ::; n - 1)
i=O i=O i;;;;p+l

(5)

The application of the cutting anel pasting proceclures (1) ancl (5) to the orthoschemes
elisseeting the polytope [Q] in [P] = 2[Q] implies that [P] ean be represented as algebraic
sum of classes of cloubly asymptotie orthosehemes. Q.E.D.

Doubly asymptotic orthoschemes Re Hn are representecl by schemes

2:(R.)

with the parabolie subschemes

Q'l an
o~-o-··'-0--0

0') an-l
0--0-·' '-0 ---0 allel

O'z an
0--0-" '-0--0

Define the angle 0 < 0'0 < f by the conclition

cos2 0'0 = clet(0-a_1- 0-"'- 0 Q'n-2 0) / clet(o-O'_z-o- ... - 0

cosZ all cosZ a n -21
= 1 - 11 - ... - --11------:.

O'n-Z 0)
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using Pringsheiln's notation for continued fractions. This conclition is, by (Al) of Appendix
A, equivalent to the parabolicity of 0~ 0 - ... - 0 O'n-2 0 .

Proposition 1.3.

Th h "O'i a n +i-1e sc emes LJi : 0 -- 0 - ... -0 0, i E Z modulo n+l, form a cycle of n+1
doubly aSY1nptotic orthoschemes in Hn wherein two neighbours Ei, Ei +1 have a principal
vertex in common. M oreover, clet ~ i = det Ej for i, j E Z modulo n + 1 .

etn +i+l = eti , and the cleterminant
Proof:
We prove the periodicity of the weights, that means,
property for i = j' - 1 = j" - 2 = 0, only.
Let 0 < et n +l < I be such that o~0-'" - 0

this means that
o is parabolic. By (Al),

2 cl ( 0'3 an ) / 1 ( et3 O'n-1)cos a n +1 = et 0--0-" '-0--0 cet 0--0-" ·-0----0

We have to show that a n +1 = ao. For this, look at thc exteneled schemes

", 0'0 0'1 (Yn-1 0 _an 0 alldLJ 0--0--0-" ·-0----

"" ül 0'2 an O'n+lLJ 0--0--0-" '-0-- 0 0

whose detenninants equal, by parabolicity,

det E' = det EI = det Eo = det (0~ 0 - ... - 0

det~" = detE 1 = detE 2 = det(o~o- .. '-0

O'n-l o )

0)

Therefore, det~' = detE" = det~o = det~] = detE2 which ilnplies that

d " 2 d ( 0:2 an-I)etLJl =-COS 0'0 et 0--0- .. ·-0----0

2 1 ( ü2 an-I)= - COS On+l C et 0 -- 0 - ... - 0 0

Hence, 0:0 = Ü n +l' Since all Ei , i E Z modulo n + 1, have (equal) negative cletenninant,
two parabolic subschellles of rank n - land elliptic subschemes of order less 01' equal
to n , Ei are of signature (n, I) and, being linear, describe therefore doubly asymptotic
n-orthoschemes.' Q.E.D.

Remarks.

(i) The hyperbolic orthoscheme cycle of Proposition 1.3 is a by-product of Schläfli's gener
alization of Napier 's rule (elllbodied in the Pentagramma MirificuIll of Gauss) for spherical
triangles (cf. [8, p. 259-260], [Cl], [C2], [IH]):
Start with a spherical (n - 2)-orthoscheme 0~ 0 - ... - 0 0' n -1 0, bounded by
hyperplanes H1 , •.• ,Hn-I, say. Denote by PI, ... l Pn-1 its vertices and by Ho, Ha the
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polar hyperplanes of the principal vertices PI, pn-I. By polarity, the additional positive
weights are giYen by (use the linear dependence of H i , ... , H n+ i -1 , i moelulo n + 1)

d (
0'2 O'n-)2 2 et 0-- 0- ... - 0 0)

cos an = cos (L(Hn -l, H71 )) = 0' 0'
det(0-2- 0_"'- 0 71-2 0)

clet(o~o- ...-o~o)
cos

2
ao = cos

2
(L(Hn , Ho)) = cl t( a3 an-1)

e 0--0-·' '-0 0

d t( 0'2 0'71-))
2 2 e 0--0-" '-0 0

cos 0') = cos (L(Ho,Hd) = 0'3 0'71-2
det(o--o- .. '-0 0)

(6)

Analogously to the two-dimensional case, and by incluction, the angles an, 0'0, 0'] can
easily be seen as edge lengths in the spherical orthoscheme

0'2 0'71-1
0--0-" '-0 0

More precisely,
7T

an = L(H71 - 1 , Hn ) = 2" -1(P71-2,Pn-d

0'0 = L(H71 , Ho) = 1(P71--:1 ,PI)
1r

0'1 = L(Ho, H1 ) = "2 - 1(PhP2)

where l(pi' pj) denotes the length of the edge PiPj.
Finally, Ho, ... , Hn form a cycle wherein non-consecutive hyperplanes, by polarity, are
lnutually perpendicular, and any consecutive set of Tl. - 1 hyperplanes bound a spherical
(n - 2)-orthoscheme (for n = 4, this is Gauss' Pentagramma Mirificum).

) ( )
0'1 an(ii Let ~ R 0--0-'" - 0-- 0 be a doubly asymptotic n-orthoscheme.

Then, ~(R) is (up to congruence) uniquely determined by n - 2 of its n dihedral angles
and can be parametrized through Pl(R) in the following way (cf. [S, NI'. 27, p. 256ff],
[C2, §3]): Let Ci := cos2 O'i , 1 ::; i ::; 11. - 2. Set, for k = 0,1, ... ,

_ det( 0 O'k+I

- det(0 O'k+1

=1 _ cn -2+kl

11

O'n+k-2 0)0-· "-0--"':'---

O'n+k-3 0)o- ... - 0 ----=---

Ck+II
11

(7)

By Proposition 1.3, the sequence {CI}I?1 has period n + 1, that is, C n +2 = Cl. So, let
XC, Xl, X2 be three elistinct points on PI (R) anel choose Tl. - 2 further points X3, ... ,Xn +l

such that their cross-ratios give

1=1, ... ,71.-2 (8)
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Cornbining sorne properties of cross-ratios one can check that

{ }
cn-21 cli

Xn -2,Xn+l;X n -l,Xn = 1 - -1-1- - ... - 11

9

Hence, {X n -2, Xn+l; Xn-l, x n } = Cn-l (see (7)). Therefore, by identifying XI+ n+2 = Xl,

(8) holds for alll = 1, ... ,n and we have a cycle of n +1 points on PI (R) paranletrizing
the Napier cycle of Proposition 1.3.

Starting with a Napier cycle of doubly asymptotic orthosehemes in Hm, we ean eon
struet new families of polytopes in Hlm+k. Look at full periods of doubly asYlnptotie
orthosehemes in H2n+l , n 2:: 1, whieh split into identical halves (cf. (8, No. 28, p. 261
ffD; that is, their (extended) sehemes (of order 2n + 3) are of the form

0'0 an 0'0 0'1 an
0--0-' "-0--0--0--0-" '-0--0 such that

Qi an 0'0 0'1 O'n-2+i
0--0-" ·-O--O--o~-o-.. ·- 0 0

(9)

for i = 0, 1,2, are parabolic subschemes. By (A2), this nleans that

detEg·{detE~+l - eos2andetE~-l} =
det(o~o- .. '-0 O'n-2 0)' {det(o~o-.. '-0

- eos2 0' n det( 0~ 0 - ... - 0 Qn-2 o)} = 0

an-l 0) - (10)

8ince Eö is elliptic, we ohtain:

cletE n+ l detEö .cletE~+l
eos2 an = 0

detE~-l detE~-l . cletE8
={l _ cos

2
0'0 I _ ... _ cos

2
an-li} . {I _ eos

2
an-li

11 )1 11
_ ... _ cos

2
0'0 I}

11

and cyclic permutations of it. Apart fronl the 11, + 1 (usuaIly) different doubly asYlnptotic
(2n + 1)-orthoschemes E;n+2 ,0 ::; i ::; 11" in the Napier eycle, we ean eonstruet the
following hyperbolie polytopes:

Proposition 1.4.

Let m, n E N such that (m,n) =I=- (1,1). Suppose E~n+3 to be as in (9), and denote by
+2 ao an n

n~ the cyclic scheme 0/ m repetitions 0/ E~ : 0 -- 0 - ... - 0 -- o. Then, .H~ is
hyperbolic and 0/ finite volume tor m = 1,2,4 and arbitrary 11, ~ 1. In particular,
(a) n~ describes a compact simplex in Hn,.
(b) n~ describes a totally asymptotic simplex in H2n+l,.

( C) n~ des cribes a doub Zy truneated orthoseheme in H 4 n+ 1 •

Proof:
First, we compute the determinants detn~ far rn,n 2:: 1, (rn, 11,) i=- (1,1). By Lemma A,
Appendix A, we abtain
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detn~ =

o
n

-2 n cosm
O'i

i=O
n

-4 n cos m
O'i

i=O

for 1'n= 0(4)

for 11?- =1,3(4)

for 1n =2(4)

Ad (30): Suppose that n > 1. Since n~ is of order n + 1 and contains elliptic subschemes
of order n, detn~ < 0 implies that signn~ = (n,1). Hence, by 1.1, n~ is a compact
hyperbolic n-simplex.
Ad (b): n~ is of order 2(n + 1) with elliptic subschemes of order 211.. Again, detn~ < 0
guarantees that signn~ = (2n +1, 1). Therefore, n~ yields a non-compact (2n +1)-simplex
of finite volume alt of whose vertices are at infinity.
Ad (c): Here, detn~ = 0 for 11. 2: 1. n~ is of order 4n +4 and contains, by discarding any
two antipodal nodes, two (disjoint ) parabolic subscheInes of rank 2n, each; by discarding
two non-adjacent non-antipoelal nodes in n~, we are left with one hyperbolic anel one
elliptic subscheme whose signatures add up to (4n + 1,1). Together with detn~ = 0 this
iUlplies that signn~ = (4n + 1,1). It is easy to see that n~ is an orthoscheme in H4n+l
whose ultrainfinite principal vertices are cut off by means of their polar hyperplanes (cf.
(IH, 3., p. 530]; see also Remark (i)).

It remains to show that, for 111. = 3 and 1n 2: 5, n 2: 1, n~ cannot describe a hyperbolic
polytope of finite volume.
Let m = 3. Since n~ is of order 3(n + 1), has negative determinant and contains elliptic
subschemes of order 3n + 1, we obtain signn~ = (3n + 2, 1). Therefore, n~ is a (3n + 2)
simplex containing an open subset of H3n+2; but it is of infinite volume since a11 its vertices
are ultrainfini te (clescribed by hyperbolic subschemes of order 3n + 2).
For m 2:: 5, n~ is superhyperbolic, that llleans, of index of inertia bigger than one. To
prove this, we look first at the case 1n = 5. It is easy to see that n~ contains the two
disjoint subschemes

ao an ao a n -l cl
0--0-" '-0--0--0-" '-0 0 an

aO an ao an
0--0-" '-0--0--0-" '-0--0

which are both hyperbolic of signature (2n + 1,1). Therefore, n~l contains a subscheme of
signature (4n + 2,2). The sanle reasoning works also for m > 5. Q.E.D.

1.3. THE TOTALLY ASYMPTOTIC REGULAR SIMPLEX

A regular simplex Sreg(2a) C Hn, n 2:: 2, with dihedral angles 20' satisfying ~ <
cos(2a) :S n~l cau be dissected into orthoschemes; by drawing perpendiculars starting
from its center 01' from a vertex, Sreg (20:) admits the subclivisions
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where the simplices O"n+l and Vn+l are defined by the scheInes

a
O"n+l 0-0-0-'·' -0-0-0

20' 0'
Vn+l 0--0-0-0-'·' -0-0-0

11

If S~g(2a) is the totally asymptotic regular n-simplex, that is, cos(2a) = n~l' then O"n+l
is simply asymptotic, and Vn+l is doubly asymptotic. Put V~+l := Vn+l and define, for
O<i<[n-l]

- 2 '

a 20' 0'
0-0-'·' -0-0-0--0-0-0-'·' -0-0-0

o l n

Then, V~+l = v~+i -i , and there are the following identities:

. [71. - 1]for l = 0, 1, ... , -2-

These relations are consequences of different dissections of Sng (20') as SchläfE observed
for their spherical analogues (cf. [S, 1., p. 271] and [D, (7.4), p. 147]). On the other hand,
in the hyperbolic totally asymptotic case, the dissecting doubly asymptotic orthoschelnes
V~+l' i = 0, ... ,n - 1 , belong to a Napier cycle (see Proposition 1.3). For the remaining
Napier neighbor

a 0'
0-0-0-'" -0-0-0

however, it is an open problem whether there is a scissors congruence relation connecting
[v::+ 1] to [V~+l]' i = 0, ... ,n - 1 .

The regular simplex and its volume play an important role in lnany branches of math
ematics. Hs importance steIns also [roln the extremality property that the voluIne of a
hyperbolic simplex is lnaximal if and only if it is regular and totally asYlnptotic (see 2.4).

2. Volunles of doubly asymptotic 5-orthoschemes

2.1. SCHLAFLI'S VOLUME DIFFERENTIAL FORMULA

Our aim is to derive an explicit formula for the volume of a generic hyperbolic 5-sirnplex.
For this, by means of Proposition 1.2, it is sufficient to consider doubly asymptotic 01'

thoschemes. We shalllnake use of Schläfli's formula expressing the volume differential of a
polytope in terms of infinitesimal angle perturbations. In its hyperbalic fann, it says (cf.
[1<1, §2, p. 549]):

Theorem 1.

Let n ;::: 2, and denote by II~ the set 0/ all acute-angled hyperbolic n-polytopes P 0/
combinatorial type f'l" with dihedral angles a j ,j E J, attached at the codimension two
/aces Fj 0/ P. Then, the differential 0/ voln on II~ can be represented by
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1
dvoln(P) = -- '" vol n -2(Fj)dCtj

n-1°
JE}

volv(Fj) := 1 (11 )

That the eongrllence dass of an aeute-angled hyperbolic polytope is uniquely determined
by its dihedral angles was shown by Andreev (cf. [1(1, §2, p. 549]) and follows from
Proposition 1.1. Henee, volume is expressible in terms of dihedral angles, and to aehieve
this, by Theorem 1, we have to perform a single integration. Notiee that, for n = 3, (11)
makes sense for falnilies II~ of eompact type, only.

2.2. THE THREE DIMENSIONAL CASE

In order to integrate Sehläfli's differential (11) on II~, we have to express the voillule
eoefficients in terms of diheclral angles. This can be achieved by means of Lobachevskij's
formllia for hyperbolie 3-orthasehenles (cf. [Lo]): Let R denote a hyperbolic 3-orthoscheme,

L:(R) 0:1 0:2 0:3
0--0--0--0

Since det L:(R) < 0, we obtain the realization condition eas 0'2 > sin 0'1 sin 0'3 for R. It is
very eanvenient to introduce an additional angle 0 ~ () :S ~ defincd by

tan2 B= Idct L:(R) I _ cos2
0:2 - sin

2
0'1 sin

2
0'3

cos2 0'1 cos2 0'3 cos2 0'1 eas2 0:3

the so-called principal parameter of R. In terms of the imaginary part of Euler's Dilaga-
ce

rithm Li 2 (z) = I: -;;., Izi ~ 1 ,(see Appendix BI)
r=]

JI2 (w) = ~ Im (Li2 (e2iw
)) = ~ f sin~~rw)

r=1

Lobachevskij derived the formula

(12)

This volume forulula for a hyperbolic 3-orthoscheme R = POPt P2P3 is invariant with
respect to polar truncation of an llltrainfinite principal vertex Po 01' P3 of R as long as thc
line through its (longest) hypotenuse POP3 is hyperbolic; otherwise, (12) has to be slightly
modified (cf. [I( 1] ).

By means of (12) and obvious dissections, we obtain further resuIts. Far exalnple:

For a doubly asymptotic orthoscheme

L:(R)
0: 0" a

0--0--0--0
I 'Ira .- - - a.- 2

1
voh(R) = 2" JI2 (a) (13)
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Therefore, since P( H3) is generated by doubly asymptotic orthoschemes, the Lobachevskij
function .ll2(W) 1 wER, is characterizable as hyperbolic 3-volume.

For a totally asymptotic simplex Q with scheme ~(Q) = ni (see Proposition 1.4):

E(Q)

0'

vah(Q) = .ll2(0') + .ll2(a') (14)

For a general totally asymptotic simplex SOO(o:,ß,,), 0: +,8 +, = 7r:

(15)

In particular~ for the regular simplex S~g (I)' we get vob(S~g(f)) = 3 .ll2( f) ~ 1.0149.

2.3. THE VOLUME FOR1tIULA

Let R c H~ denote a doubly asymptotic orthoscheme represented by

E(R)

By Proposition 1.3, R -.
Ri ; i = 0, ... 1 5 1

01 0:2 03 04 0'5
0--0--0--0--0-- 0

R1 is part of a 6-cycle of doubly asymptotic orthoschemes

Oj O'i+l 0:'+2
0-- 0 ---'--0 I

0:'+3o I o i E Z modulo 6

This cycle property can be put inta the fallowing analytical form (cf. also [I(3~ Lemma, p.
652)):

Proposition 2.1.

The Napier cycle 0/ do-ubly asymptotic 5-orthoschemes R j 'With graphs

O'i __O:_i+.:....-l_ 0 O'i+2
0--0

Ü,'+3 Q'+t
0---'--0 f "t o i E Z modulo 6

associated to R = R 1 ~atisfies the relation

cat 00 tan G3 = tan G} cat 0'4 = cot G2 tau Qs = tan e

where 0 ::; e ::; t is the angle given by

tan2 e = Idet ~(R) I
cos2 0'1 cos2 0'3 cos2 0'5

Proof:
First, we remark that, the parabolicity candition for Rj yields

(16)
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0" 0" 0"
det E(Ri) = - cos2 O'i-2 det( 0-

1
- 0 1+1 0 1+2 0) i E Z modulo 6

IvIoreover, by Proposition 1.3, det ~ (Rd = det E (Rj) for i, j E Z modulo 6, -i =I- J.

Therefore,

where 0 ~ ()i ~ ~ is defined by

2() det(o~o O'i+l 0 O'i+2 0)
tan i = ----:....-----------~

cos2 0i cos2 0i+2
i~j E Z modulo 6 .

(17)

The relations (16) follow now from properties of the Napier cycle for spherical 3-ortho
schemes (see 1.2~ Remark (i)) and (17): The length li of the edge where the dihedral angle
O'i sits equals f - O'i+3 , and, by 1.2, (6), there is the correspondence

i,j E Z modulo 6 (18)

Q.E.D.

Notice that for e = O~ that is, det :E(R) = 0, R is degenerated in dimension implying
vols(R) = O.

Let R be the convex hull of Pi (see Figure 1), which are opposite to the bounding 'hy
perplanes Hi, 0 ~ i ~ 5, as usually; denote by Pi the apex face of R- associated to O'i,

1 ~ i ~ 5. Notice that the angle 0'0 (see (18) and 1.2. Remark (i)) can be seen as
dihedral angle of R; more precisely, Q~ f - 0'0 = POP4Pl = P4PIPS (see Figure 1).

00 = ps

00 =po

PI

Fig. 1
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By Theorem 1, the vohllue differential dvols(R) of R takes the form

s

(-4) dvols(R) = L voh(Fj ) dO j

j=l

15

Notice that 0'1)"" Os are not independent parameters of R, wherefore the coefficients
8vols(R)

vob (Fj ) are not all partial derivatives a . Since po, Ps are verticcs of R at infinity,
Oj

the faces

Fj = Rn Hj-1 n Hj == Po ... pj-ZP0PJ]Jj+ 1 ... Ps

are asymptotic 3-orthoschemes with the scheules

E(F1)

E(Fz)

E(F3 )

E(F4 )

E(Fs)

,
Os O's Os

0--0--0--0

0' 0 0'
0-°-0-°-0-°-0

o 0' 0
0-1-0-1_0_1_0

Their volumes can be cOluputecl by Lobachevskij's formula (12) in the following way:

1 ~ rr
vob(Ft) == 4{JIz( '2 - 0'4 + as) - JI2('2 + 04 + Os) + 2JIZ(04)}

voh(Fz) = ~JIz(as) voh(F3 ) = ~.TIz(o~) voh(F4 ) = -21JIz(a1) (19)
2 2
1 ~ rr

voh(Fs) == 4; {JIz("2 - O'z + ad - JI2 ( 2" +a2 + a1) + 2JIz(a2)}

with the dependences (see Proposition 2.1)

A := tau e = cot 0'0 tan 0'3 == tan 0'1 cot 0'4 == cot 0:2 tan as (20)

Hence, we need to integrate the differential

1 ~ rr
(-8) dvols(R) = - 2{JIz(2" - as + a4) + JI2('2 + as + a4)} da1 + .TI2(a4) da1 +

+ JI2(as) da2 + JI2(a~) da3 + JI2(O'd da4 - (21)
1 rr ~

- 2{JIz(-2" - a1 + a2) + .TI2(2" + a1 + O'z)} das + .TI2(a2) das

subject to the relation (20), that is,

tau O'z = tau (}z tau Gs

tan Go = tan (h tan a3

tau 0':4 = tan 82 tan 0'1

(20')
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with
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. Z . Z Z
tanZ (}2 = sin Ctz Sin Ct4 - COS °3 = cotZe

cos2 0'2 cosZ0'4

Observe that we can choose a path of integration along which the parameter e is constant:
R is characterized by three independent parameters. If we fix 0'1,0'4 anel let 0:2 var)', for
example, then, by (20'), e is constant. Hence, in the sequel, we luay assume A = tan e
to be constant.

Suppose 0'1,0'3, Cts to be the free parameters among the five dihedral angles O}, ... ,0'5 with
the lUntual dependences (20), and integrate the (complete) volurne differential beginning
from the (collapsed) orthoscheme Rdeg of volume zero with dihedral angles 01 = 0:2 
Ct4 = a5 = ~ , ao = a3 = O. This yields, together with a syrnlnetrization argument,

(-8) vols(R) = (22)
1 1

1(,,\-1,0;0:t} + 2"1(,,\,0;0'2) - 1('\-},0;0'~) + 2"1(A,O;Ct4) + 1("\-1,0;05)-

1 ~ ~ n ~
4{ I(A, -("2 + at}; "2 + 0'1 + 0'2) + 1("\, -("2 - at}; "2 - 0'1 +0:2)-

~ n
I(A, -("2 +Ct1); n + O't} - 1("\, -("2 - ad; ~ - O't)-

~ n
1(/\, -("2 +os); 1r + 0:5) - 1("\, -("2 - 0:5); 1r - (5) +

1r 1r 1r 1r+ I(A, -( -2 +O's); -2 + 05 + 0:4) + 1(/\, -( - - os); - - a5 + 0:4)}
2 2

Here, A = tan e is as in (20), and 1(a, b; x) is the function in the variable x defined by

x

I( a, b; x) =JJh (y) d arctan(a tan(b + y))
1I'

"2

a, b E R fixed (23)

with 1(1, b; x) = -.TI3 (x) - }36 ((3).

The volume problem consists now in expressing the integrals (23) in terms of polyloga
rithms of orders less 01' equal to three, related 01' even simpler functions (see also Intro
cluction). There are special cases which can be treated easier. In fact, there is a basic
difference between a = 1 anel a ::f= 1; for the volume problem, the case ,,\ = 1, that lneans,
o} = 0:4 ,02 = 05 ,0:3 = 00 , was already solved in {I(3, Theorem, p. 659]. The result in
terms of the Trilobachevskij functi,on .TI3 (w) , wER, (see Appendix BI) is as follows:

Theorem 2.

Let R denote a doubly asymptotic 5-orthoscheme with ,,\ = tan e = 1 J that iSJ

~(R)
a} 02 03 01 02

0--0--0--0--0--0
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1 . 1 1r 1 1r
voI5(R) = 4{Jh(o]) +JI3 (oz) - 2JI3 ("2 - 0'3)} -16{JI3("2 +0] + oz) +

7T" 3+JI3 ("2 - 01 +oz)} + 64 ((3) (24)

Remarks.

The orthoscheme

2:(R) 01 0'2 03 0'1 0'2
0--0--0--0--0--0 2 2 Z

COS 0'1 +cos 0'2 +cos 0'3 = 1

of Theorem 2 belongs to a Napier period splitting into identical halves and generating
further hyperbolic polytopes (see Proposition 1.4). For example, we obtain the totally
asymptotic 5-simplex Q with diagram

0'1
0 O\::'0'3/

0

Ct2\ /0'3
0 0

Ctl

Fig. 2

Its volume can be computed in the following way (cf. [K4~ 3.4, Theorem 3]):

1
vols(Q) = 2 {JI3 (od + JI3 (üz) + JI3 (a3)-

1r 1r 1r 7
- JI3(2"-ad - JI3 ("2-O: Z ) - JIz(3"- ad} + 32((3)

(25)

By a similar construction (see Proposition 1.4), we obtain another asymptotic polytope
Rz c H 5 described by

;/ 0:'

nI Ct

Ä ~
0 0

0'

Fig. 3

Rz is a doubly truncated 5·orthoscheme whose dihedral angles a resp. a' are attached at
the (doubly asymptotic) orthoscheme faces

0" a 0:' Q Ü' 0'
0--0--0--0 resp. 0--0--0--0
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For its volume, we obtain
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(26)

In comparison with the result for /\ = 1 as presentecl in Theorem 2, the case ,\ f. 1 is much
more difficult; one reason for this is hidden behind the function theoretical behavior of the
inverse tangent function

1 1 + ix
arctan(x) = ----;- log .

2t 1 - zx

which does not allow to transform the integral I (a, b; x) into .ll3 (w) ,w ER. In order to
derive a formula for voI5(R) in the case ,\ f. 1 in terms of trilogaritlunic functiolls with
arguments connected to the dihedral angles, we relate the integrals

x

I( a, bj x) = J.TI2 (y) d aretan(a tan(b + y))
1I"

2"

to functions of the form (see Appendix B1)

a, b E R fixed ,

z

J( a, b, c; z) := Jlog(1 + at) log(1 + bt)dlog(1 + ct)
o

a,b,c E C

Then, according to (B24), I (a, b; x) can be expresseel in tenns of polylogari thms of orders
less 01' equal to three as follows:

1r
I(a,b;x) = (x -"2) arctan(a cot b) log 2 +.ll2(X) {arctan(atan(b+ x)) + arctan(acot b)}+

+ ~ log 2 {Li2 ((I +a) sin(b +x), ~ - (b +x)) - Li2 ((1 - a) sin(b +x), ~ - (b +x)) }

- ~ log 2{Li2 ((1 + a) sin(b + ~), b)"- Li2 ((1 - a) sin(b + ~), b) } +
222

+ H(w, b; cot x) (27)

where Li2 (r, 4» clenotes Re(Li2 (l'eitP )), tanw = ia j Inoreover, for c = c(w, b) = cot(b + w)
anel u = u(x) = cot x, H(w, bj cot x) is defined by (see (B20))

H(w,bjcotx) = 2Re(h(w,bjx)) = (28)

-1 [ -ic ic 1 1
-Re F(--. j 1 + iu) - F(--. ;1 - iu) + F(--. j 1 - cu) - F(--. ;1 - cu) +
4 1 - zc 1 + lC 1 + zc 1 - zc

1 . 1 - cu 1 . 1 - cu 2 . 1 - cu F 2 . 1 - cu+ F(~, .) - F( - ~, .) + F(-l-.'1 .) - (-1-, J 1 .) +
zc 1 + zu 1,C 1 - zu - lC - zu + zc + zu

. ic(1-iu) . ic{l+iu)+ log(l - cu) {log(l + zu) log . - log(l - zu) log .}+
1 + zc 1 - zc

1 2 1 + ic 1 2. 1 - ic ]+ - log (1 + i u) log ( ') - - log (1 - zu) log 2 ( ')
2 2c c + z 2 c c - z
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where, for s, z E C, z rf. R:::;o ,

F(s; z) = Li3 (s) - Li3 (sz) + logz· Li2 (sz)

Summarizing, we obtain

Theoren13.

Denote by R c HS a doubly asymptotic 5-orthoscheme represented by

19

(29)

~(R)

A = taJl e = --.;..1_de_t_~.....:....(R---..:)----:...11_/_2-
eos 0'1 eos 0'3 eos 0'5

Let °::s; 0'0 ::s; ~ such that tan 0'0 = cot e tan 0'3. ThenJ

0< e < ~- - 2

vols(R) =
1 { ( -1 1 -1 ,1 -1}- 8" 1 A ,0;0'1) + '2 1(.,\,0;0'2) - I(A ,0;0'0) + '2 I (A,0;0:4) + I(A ,0;O's) +
1 17" 17" 17" 17"

+ 32 {I(A , -("2 + 0'1); "2 + 0 1 +oz) + I(A, -("2 - O'd; 2" - 0 1 +erz)-
17" rr

- 1(A, -( 2" +o:d; 7r + 0'1) - I(A, -( 2" - O'd; 17" - 0'1) - (30)
7r rr

- I(A, -( 2" + o:s); 7r + 0'5) - I(A, -( 2" - O's); 17" - O's) +
17" rr 17" 17"

+ I(A, -( 2" + 0'5); "2 + O's + o:,d + I(A, -("2 - o:s); "2 - 0:5 + 0'4)}

where 1(a, b; x) is the trilogarithmic function according to (27) - (29) with the property
l(l,b;x)= -Jh(x) - t6((3).

Remark.

Theorem 3 eontains the eomplete solution of the volume problem for five-dimensional non
Euclidean polytopes. Namely, by Proposition 1.2 and its constructive proof, the volume
of a compact hyperbolic 5-orthoscheme is expressible as sum and difference of volumes
of doubly asymptotic 5-orthoschemes. According to the trigonometrie principle (that is,
hyperbolic k-volume is i k times spherical k-volume (cf. (BH, p. 20-21, p. 210])), the
formula in the compact case CaJl be dualized by lueans of analytical continuatio~ to yield
a volume formula for spherical 5-orthoschemes. Finally, any non-Euclidean polytope is
equidissectable to orthoschemes (see 1.2).

2.4. APPLICATIONS

Based on Theorem 3 of 2.3, there are various applications and further directions to study.
Computations of covolumes of hyperbolic Coxeter groups anel consequences for the volunle
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spectrum of hyperbolic space forms of dimension five were already presenteel in [1(3] and
[K4]; there, we determineel the volumes of all aritlunetic hyperbolic Coxetcr polytopes with
linear and cyclic schemes of order six. Those results, combinecl with certain clissections of
the sort (3), 1.2, allowed to compute the contents of the quasicrystallographic sirnplices

5 2 5 2 5
Vi 0--0-2 -0--0-2 -0--0

2 5 §. 5 2
v2 0-2 -0--0-2 -0--0-2 -0

which elo not satisfy the conditions of Theorem 2 allel serve therefore as test objects for
(30):

1 7r ((3)
vols (vI) =96 JI3 (-5) + 800 ~ 0.0020

1 7r
vols(v2) =96 JI3 ("5) ~ 0.0005

Here, we study implications for the totally asymptotic regular 5-silnplex S~g(2a) with
cos(2a) = ~. Hs importance is, among other things, expressecl by the following

Theoren14.

In Hn , n 2: 2, a simplex is 0/ maximal volume i/ and anly i/ it is totally asymptotic and
regular.

This result was proved by Haagerup and Munkholm [HM] by purely functional analytical
methocls; they also showed that (cf. [HM, Proposition 2, p. 4])

For n = 5, this leads to the estimate (cf. [K2, 14.3.2, (14.60)])

0.0510 ~ vols(S~g) ~ 0.0638

On the other hand, by 1.3, we know that

vols (8;::g) = 5! vols (V6)

where V6 is the doubly asymptotic orthoscheme

20: a
0--0-0-0-0- 0

Therefore, by Thearern 3 of 2.3, we obtain

with
-Jclet(o-o-o-o) r;

,.\ = = v5
cos2 .zr.

3

vols (S~g) ~ 0.0578
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Appendix A. Some useful determinal1t identities

Let En : o~0-'" - o~ 0 be a scheme of order n +1 with weights cos O'i: 1 ~ i ~
n, detEo := 1 and detE 1 = sin2

0'1 . Put

a~
I

O'i O"
0--0-" ·-0....::::.1.- 0 for 1 ~ i ::; j ~ n

Apart from ar = I:n ~ af is a proper subscheme of I:n . There are the following recursion
formulae (cf. [5: (1)~ p. 258: and (1), p. 261]):

Moreover, by [5: (2L p. 259L

for 2 < k ~ n - 2 .

(Al)

(A2)

n

d t n-1 d t n d nd n-2 n ')e 0'"1 e 0'"2 - etO'"l et0'"2 = COS- O'i
i=1

For a cyclic scheme ~n of order n with weights cos O'i 1 1 ~ i ~ n 1

0/C>-" '-0\On-l

:\ /:n
o 0

01

Fig. .:1

one can show (for aue choice of indices) that (cf. [S~ p. 262))

n

det~n = - 2 TI COS O'i + detO'"~'-1 - cos2
0 n detO'";-2

i=1

(A3)

(A4)

Lemma A.

Let m, n E N: (m: n) =I=- (1: 1). Suppose ~6n+3 to be as in (9), and denote by n~ the
+2 Go ancyclic scheme 0/ m, r'epetitions 0/ ~~ 0 -- 0 - ... - 0 -- o. Then,

detfl: =

o
n

-2 11 eosin O'j

i=O
n

-4 n eosin O'i

i=O

for m == 0(4)

for m == 1. 3(4)

for m == 2(4)

(i15)
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Proof:
Denote by
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ao
'-0

O'n-1 an ao O'n-1
o~-o- . O--O~-o-· '-0 0 resp.

a1 O'n-l an 0'0 O:n-2
0--0-' '-0 O--O~-o-· '-0 0

the schemes of order 1n(n + 1) resp. rn(n + 1) - 2 arising froln n~ by discarding an
edge resp. two nodes together with the edges emanating from them (the verticals indicate
repetitions of 'E~+2)j set o~ := detw~ and S~ := cos2andetw~. Then, by (A4),

n

detn m = - ') TI cos m a- + 01
- 02

n o.J 1 m m
i=ü

In order to prove (A5), we show for the ingredients o:n anel o~, by induction on m , that

anel

{

n
(-1 ).rq. TI cosm 0' i

i=O
rn-I n m 1 0'0

(-1)-2- i[Io cos - aidct(o~-O-' "-0

{

u

(_1)~+1 n COSm ai

02 = i=O
m rn-I n m 1 0'0

(-1)-2- ,TI COS - ai det(o-- 0-" -- 0
1=0

a n -l 0)

O'n-] 0)

for 1n evenj

for 112 odd,

for 1n even;

for 1n odd.

For m = 1, the assertions for 01 and Of follow from 1.2, (10).
Let 1n = 2. Since clet 'E~n+] = 0 for i = 0,1 (see 1.2, (9)),

d cl ( ao a n -l D: n 0'0 O:n-l 0)
U2 = et 0--0-"'-0 0--0--0-" '-0---

equals the detenninant of the exteneled scheIne

ao a n-l an 0'0 an
0--0-" '-0 0--0--0-' "-0--0

and also the determinant of

a1 O'n-l an 0'0 an
0--0--' '-0 0--0--0-" '-0--0

n n
By (A3), it follows that (0~)2 = TI cos4

O'i. Hence, o~ = - rr cos2 O'i , and Si = - o~ .
i=O i=O

The general case is shown for o:n , only_ "Vrite

ao
0--0-' 1 .. ·1

an 0'0 O'n-1 an ao O'n-l
'-0--0--0-" ·-o---o--o~-o-.. ·-o--~o.
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Since det~in+1 = 0) (A3) yields

det(w~J = S~ = S~_2 . Si

Now, use the induction hypothesis to finish the proof.

Appendix B. The Trilogarithnl

BI. BASIC DEFINITIONS AND PROPERTIES
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Q.E,D.

For the material of this paragraph, we refer to [L],
The Trilogarithm Li3 (z), as every polylogarithm function Lik(Z), arises as iterated loga
rithm in the following way: Let

00 "

Li1(z) := -log(l- z), with Li1 (z) = L: for lzl< 1 ,
r=l

and define the k-logarith1u or polylogarithm of order k ~ 2 by

L' ( ) ,- JLi k -1 (t) dlk Z ,- t,
t

o

00 r

with Lik(z) = L ;k for Izl:S; 1 .
,'=1

(BI)

Then, Lik(l) = ((k), k ~ 2, 8l1d thcre is the identity

~-1 Lik(zm) = Lik(Z) + Lik(WZ) + .. , + Li k (w m
-

1 z) ,
1n

where w = e2rri/ rn
, r11. ~ 1. In particular,

Moreover,

There are only a few special polylogarithluic values known; for example,

, 7[2 . 1 7[2 log2 2 , 7[2
LI2(-1) = -12 ; L12("2) = 12 - -2- ; LI2(1) = (3 ;

L' (J5 - 1) = 7[2 _ 10 2 ( J5 - 1 ) . Li (3 - J5) = rr
2 _! 10 2 (3 - J5)

12 2 10 g 2 ' 2 2 15 4 g 2

3 . 1 7 1f2 1 3
Li3(-1) =-4((3) j L13(2)=g((3)-1210g2+6"10g (2)

Li (3 - V5) = ~;(3) 1f2 10 (3 - V5) _ 2- 10 3(3 - V5)
3 2 5 ~ + 15 g 2 12 g 2

(B2)

(B3)

(B4)

(B5)

(B6)



24 Ruth I<ellerhals

These values cau be computed by lueans of functional equations for Lh (z) and Li3(z) ; we
mention here the funetional equations of Kummer type in two variables of the form (cf.
(L, (18), p. 284, ancl (11), p. 297]):

x(l - y) x 1 - Y 1f2 1 - y
Li2 ( (1 )) = Li 2 (y) - Lh(x) + Li 2 ( -) +Li 2(--) - - + log y log -- (B7)

y -x y I-x 6 I-x

. (x(1-y)2) . () . x) . (x(l- Y)) . x(l-y))
L13 ( )2 +L13 xy + L13 (- - 2 L13 ( ) - 2 L13 ( -

yl-x y yl-x x-I
l-y I-y

- 2Li3(--) - 2Lh( ( ) - 2Li3 (x) - 2Li3 (y) + 2((3) = (BS)
I-x yx-1

2 1 - Y 1T2 1 3
= log y log( 1 _ x ) - 3 log y - 3" log y .

Write z = 1'e i 4> , r > 0, 0 :::; cP < 21T, and put Lh(r, cP) :=Re(Lik(rei4») in the standard
way. Then, Lik(r, cP) =Lik(r, -4» , and

where tan w = r sin e;b e;b' Für Li 3 (re i 1> ), hüwever, there is nü equivalent tü (B9) . But
1 - r eos

there are the following identities:

(BIO)

and, by (B2)-(B4),

(B11)

For arguments z = e2io: , a ER, on the tmit eircle, real and imaginary part of Lik(Z) play
a partieular role. Define the lligher Lobaehevskij functions by

(BI2)
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generalizing Lobachevskij's function (see 2.2)

0'

JI2(a) = ~ Im(Li2(e2ic») = - Jlog 12sintl dt
o

There are the relations

25

0:

JI2k(a) = JJI2k -!(t)dt ,
o

Q'

JI2k+! (a) = 2~k ((2k + 1) - JJI2k(t)dt
o

(B13)

Moreover, .nk(a) is Jr-periodic, even (odd) for k acid (even) and distributes according to

Now, Lik(e2io ) splits in apart consisting of the Lobaehevskij funetion .nk(o'), while the
other part is always elementary (cf, [L, (16, (17), (22), p. 300)); for cxample, for 0 :::; 0' ::;
2Jr ,

. Jr rr2

Li2 (eZW
) = (- - 0')2 - - + 2i.nz(O') j

2 12

L' ( Zio) _ 4.n () O'(Jr - O')(Jr - 20') .
13 e - 3 0' + 3 l

Finally, by using the integral representations

00 00

J 1 1 . 1 J 2 {I I}Li2 (z) = logt {-- - -} dt , LI3(Z) = - log t -- - - dt ,
t-z t 2 t-z t

1 1

one ean deduce the identities

00

~ J10g2 (t - a) {_1 1_} dt = Lh ( b - a) _ Li3 ( C - a) +
2 t-b t-c l-a l-a

1

b-a c-a 1 Z I-b
+ log(1 - a) {Li 2 ( 1 _ a) - Li2 ( 1 _ a) } - 2" log (1 - a) log ( 1 _ c)

00

J 1 I b-a b-a b-a
logt log(t - a) {-b - - } dt = Li3 (b) + Li3 (-b-) + Lh (--) - Lb (b(1 ))-t- t 1-a-a

1

a b-a b-a a
-Li3 (-)+10g(l-a){Li2 (-)-Liz(b(1 ))-Liz(( 1))}+a-l l-a -a a-

l 2 a 1 3
+ - log (1 - a) log - - - log (I - a)

2 b 3



26 Ruth Kellerhals

(B14)

In the combination, they give rise to the following very useful integral expression, for
cf:. a, b (notice that [M, (A33)] is incomplete and has a luisprint):

z

J(a, b, c; z) = Jlog(l + at) log(l + bt) dlog(l + et) =

o

_ L' (b) L" (c - b) L' ( C ) L" (. C ) L' ((c- b) (1 + az) )
- 13 - - 13 -- + 13 -- + 13 -- + 13 -

a c - a c - a c - b (c - a) (1 + bz)

L . (b( 1 + az) ) L' (c( 1+ az) ) L' (c( 1 + bz) )
- 13 - 13 - 13 +

a(l+bz) c-a c-b

+ 10 (1 + az) { Li
2

(b(l +az)) _ Li
2
((C - b)(1 + az)) } +

g 1 + bz a(1 + bz) (c - a) (1 + bz)

c(1 +az) . c( 1 + bz)
+ log(1 + az)Li2 ( c _ a ) + 10g(1 + bz)Ll2 ( c _ b )+

a(1 + cz) 1 2 a(c - b)+ log(l + az) log(1 +bz) log - -log (1 + bz) log b( )
a-c 2 c-a

b 1 +az c - b 1 +az c c
=F(-; b )-F(-; b )+F(-;1+az)+F(-b;1+bz)+

a 1+ z c-a 1+ z c-a c-
a( 1 +cz) 1 2 a(c - b)+ log(1 + az) log(l +bz) log - -log (1 + bz) log b( )'

a-c 2 c-a

where

F(s; z) = Li3 (s) - Li3 (sz) + logz· Li2 (sz) with F(s; 1) = F(O; z) = 0 ,

B2, THE INTEGRAL I(a,bjx)

Denote by I( a, b; x) , a, b E R fixe cl, the integral

x

I(a,b;x) = J.ll2(y)daretan(atan(b+y)) ,
.l!.
2

(B15)

with I( 1, b; x) = -JI3 (x) - 1
3
6 ((3) (see BI). Therefore, suppose that a f:. 1. Then,

integration by parts yields

I(a, b; x) = JI2 (x) arctan(a tan(b +x)) +i 1 (a, b; x) with (BI6)

x

i 1 (a,b; x) = Jarctan(atan(b + y)) log2sinydy
1L
2
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By (L, (28), p. 307], we obtain

x

i 1 (a, b; x) = Jaretan(a tan(b + y)) {log 2 + logsin y} dy
lT

"2

27

log 2 . ( . 1r ). ( . 1r= - {L12 (1 + a) sln(b + x), - - (b + x) - L12 (1 - a) sln(b + x), - - (b + x)) }
222
log 2 . ( . 1r). . 1r

- -2- { L1 2 (1 + a) sln(b+ -), b) - L12 (( 1 - a) SIU(b+ -), b) }+
2 2

x

+ Jaretan(a tan(b + y)) log sin y dy ,
lT

'2

x

i 2 (a, b; x):= Jaretan(a tan(b + V)) log siny dy
~
2

Then, \ve can write

x

. 1 J 1+ -ja tan(b + y) .
Z2 (a, b; x) = -2' log . (b ) log Sln y dy

Z 1 - za tau + y
!

(BI7)

(BI8)

x

1r 1 J 1 + cot (w - b) cot Y .= arctan(acot b) {(x - -2) log 2 + JI2 (x)} + n:- log (b) log Sln y dy ,
L,Z 1 - cot w + cot Y

JE.
2

where w E C is such that tanw = ia (that is, if a =: tanhA < 1, we havc w = iA, while
for a =: coth A > 1, we obtain w = i(A +it)). Next, we set

x

. 1 J 1 + cot(w - b) cot Y .
z3(w,b;x):= ----;- log (b) 10gs1nydy

2z 1 - cot w + cot Y
~

By means of the variable change t := cot y, i 3 (w, b; x) transforms into

cot x

. ( ) 1 J 10 1 + cot(w - b)t 10 (1 t2 )~
z3 w ,b;x =4i gl-cot(w+b)t g + l+t2 '

o

which can be written as

i3 (w, b; x) =h(w, b; x) - h( -w, b; x) with
cot x

1 J dth(w,b;x):= - ----;- log(l-cot(w+b)t) log(I+t2)--2
4z 1 +t

o

(B19)

(B20)
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Let c = c(w, b) := cot(w + b). Then, c(w, b) = c( -w, b) implying that h(w, b; x)
-h( -w, b; x). Therefore,

i3 (w, b; x) = 2Re(h(w, b; x))

Now, decomposition into partial fractions yields

-8ih(w,b;x) = Ht + H} + Hf + H:; ,

cot x

Ht:= J log(l - ci) log(l ± it) 1 ~t it
o

cot. x

Hi:= J10g(1 - ct) log(l ± it)~
1 =F zt

o

By (B14), we obtain, for u = u(x) := cot x,

cot x

Ht = =f i J log(l - ct) log(l ± it) ±±id,t
1 zi

o

(B21)

(B22)

(B23)

cot x

= =f ~ {10g2(1 ± iu) log(l - cu) - J 10g2(1 ± it)~ dt}
2 1 - ct

o

= =f ~ 10g2(1±iu) 10g(1-cu) ± i [Li3( =fi~) - Li3( =fi~ (1±iu))+
2 1 =f zc 1 =f TC

+ 10g(1 ± iu) Li2( =fi~ (1 ± iu)) + -2
1

log2(1 ± iu) log 1 - ~u]
1 =f zc 1 =f lC

cot x

J . =fi dtH; = ± i log(1 - ci) 10g(1 ± zi) --.
1 1= zi

o

= ± i [ Li 3 ( ± i
1
) - Li3 (1 ~ i) + Li3 (1 ~ i) + Li3 (~) +

2 1 - cu 1 1 - cu L' 1 - cu
+ Lh ( 1 ± ic 1 ± iu ) - Lb ( ± ic 1 ± iu ) - 13 ( 1 ± ic ) -

. 1 ± iu 1 - cu. 1 1 - cu . 2 1 - cu }
- L13 ( ') ) + log 1 ±. {L12( ± -;- 1 ±. ) - L12 ( -1±. 1 ±. ) +... zu zc zu zc zu

. 1 - cu .. 1 ± i u )+ log(1-cu)L12( ,) + log(1 ±lU)LI2( +
1 ± lC 2

. ic( 1 =F iu) 1 2 ' ±2ic ]+ 10g(1 - cu) 10g(1 ± zu) log . - -2 log (1 ± zu) log -1± .
1 ± zc zc
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Combining equations (B15) up to (B23) and respecting (B4), we finally obtain

29

1r
I(a, b; x) = (x - 2") log 2 arctan(acot b) + Jh(x) {arctan(a tan(b + x)) + arctan(a cot b)}+

+ ~ log 2 {Li2 ((1 + a) sin(b + x), i - (b + x)) - Li2 ((1 - a) sin(b + x), i - (b + x)) }

- -21log2 {Li2 ((1 + a) sin(b + ~), b) - Lh ((1 - a) sin(b + ~), b) }+
2 2

+ 2 Re(h(w,b; x)) , (B24)

wherein, for u = u(x) := cot x,

(-8)Re(h(w,b;x)) = (B25)

Re[F( -i~ ;l+iu) - F(~j1-iu) + F(_l_, ;l-cu) _F(_l_. ;l-cu)+
1 - tC 1 + tC 1 + 'lC 1 - 'lC

F 1. 1 - cu F 1 . 1 - cu F 2 . 1 - cu 2. 1 - cu+ (-:-, 1 .) - (- -:-, 1 .) + (-1-. '1 .) - F(-l-., .) +
'lC + 'lU tC - tU - 'lC - tU + tC 1+ 'lU

. ic(l - iu) ic(l + iu)+ log(1 - cu) {log(1 + tu) log . - log(1 - iu) log .}+
1 + zc 1 - lC

1 2 . - 1 + ic 1 2. 1 - ic ]
+ - log (1 + lU) log ( ') - - log (1 - 'lu) log ( ')

2 2c c + l 2 2c c - 'l

Here, tanw = ia, c = c(w, b) = cot(b +w), u = cot x, and, for s, z E C, z Fj. R::;o,

F(s;z) = Lh(s) - Lb(sz) +logz·Li2 (sz) with F(O;z)=F(s;1)=O .
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