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An algebraic geometry view of a model
quantum field theory on a curve

A. 1(. R,ailla

Abstract

We survey a.n algehraic geolllet.ry approach that we have cleveloped to a.
certaill model qu,wtunl Held theory on a compa.ct Riernann surface, which
first. arose in string t.heoI'Y. Our ahn has beeil to use algehraic geometry to
fonnlliate it. in a way whic:h is not only mathematically rigorous, hut which
also hrings out the physies as weil a.s the geomütl'Y of tllü model. This is
aehieved tllrollgh an algehro-geometrie forllllllation of the analytieity eon·
s17vlints implicit in 1,lle pllysicist's descrip1,ioll of the model hy the so-ealled
o[Jcnlt07' ]J7'oduct eX]Jansio7l (OPE). Algehraic geollle1,l'Y serves not only to
formulate the model, hut. also provides powerflll complltational tools. As a
consequcHce wo a.re ahle t.o show t.hat. thesc analyticity axioms are sufficient
to determ iue a11 the fielt! c01'mlatio7l !1l1tctZ07!S (lleeded by the physicist to
describe the system), which we show t.o be sectioHs (in general meromor­
phic) of line bundles 01\ cartesian products of tlle lliemann slll'face. In
the proeess we obtain a rigOI'OHS, nnified }ll'oof of eelebrated identities of
Cauchy, Fl'obenil1s an<! Fay, which are herchy seen to express the Je1"1nionic
nature of tlle quantum system. The C1l7i'Cllt c07"1"Clation functions, fonnally
defined hy coaleseing arguments ill the field cOl'l'elatioll fUllctions, are ob­
taine<! using riuycd S/HlCCS with nil]Jotc1lt elements. This pl'ovides all ex­
ample of a solution usilLg; global ycometry to a problem of n07inal-orderiny
a product of fields. Thc techllique of using ringed spaees can be extended
1.0 give a global geometrie forllllllation of 1.lle Suymofl7YJ construction of thc
energy-momentulll tensor as a llol'mal-ordered product of currents. We
thereby arrive a1. a. new a.lgehro-geometrie constrllction of a projective con­

ncction. Algebraie geometry proofs of classical forHllIlas in the theory of
fnnctions Oll a Riemallll stll'faee are also ohtaincd in the conrse of this
study.
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"-' ;,.1 . ,_Algebraic,geometry.~.for(mulat-ion

The proccdure that we shall follow here repeatedly will he 1.0 first
introduce the heuristic expl'CSSiOIlS from quantum field tILcory that we wish
to illterpret in terms of algehraic geomelry, The mathematician may regard
thelll as symholic expl'cssiolls yet to he defincd. We shall thcn formulatc
those that we sha.ll \'lork with ill terllls of algehl'aic geometry. Thus the
sytem timt we shall cOllsidcr consists of a pair of "quantum flelds" b anel c
on a. compa,ct, connedc<! RiclIlallll sUl'face 111 of al'hitrary genus 9 ~ O. The
quotes indicate that we da not attcmpt to deHne a quantum ficlel, which is
a very sinßttlar ohject and cxtrelllcly difRcult to deal wit.h mathemat.ically
with any rigour. Wo flha.ll alway~ dea.l, inst.ead, with cert.ain well-bchaved
fuuctionals of the fields, cn.lled the c01TelalioH fU1!ctio1!S of the system.
These are, in fact, what thc physicist wonlel like 1.0 compute.

\Ve denote the general cOlTcla.tion fnnction C(m, 1!) hy the symbolic

expression

C(1n, n) = < b(Qd., ,b(Qm)c(PJ) ... c(Pn ) > (1.1)

where Q1, ... , Q1TI, PI, ... , Pn are points on 111. In physics, such a COrre­
latioll fUllctioll shonld give 1.he cxpectat.ion vaJne of filldillg ut particles of
the Held b anel n of tlle fielel c aJ. QI, ... ,Qm and PI,"" Pn respectively,
in their gronnd stn.te, It is difficnlt, however, 1.0 slIstain a flerions physicaJ
interpl'etn.tion of the correlation fUllctiolls in view of the physical artificial­
ity of the model, althongh these fichls elo arise natllrally in stl'ing thcory
as Faddeev-Popov ghost ficlds. Theil' l'athel' pedestrian ol'igin, however,
docs not give any iden. of the rcm:Ll'kahle ill1.erest. of this model from thc
viewpoint of matheIlln.tical physicfl. Our aim here is to deveto}) a single co­
hercnt vicwpoint of this system alld accordillgly we make only occasiollal
mention of some of the mallY intcresting papers that have been wl'itten

abou1. the systeIII.
\Ve shall regard thc cOl'l'cla1.ioll funct.ions C (111, n) as fu nct.iollals of the

flelds, com (>lete knowlcdge of w11 ich sl'ccifies t.he model. Nlore pl'ecisely,
the C (rn, n) will he seen 1.0 he - not necessa.rily holoIllorphic- sections oJ

holo7H071Jhic lillc bund/es. Tlle a.llalytici ty pl'operties of these sectiolls are
constraillcd by the operafm' ]Jroducl c;':]Jfl1lsi07l (0PE) of the band c fields,
which is givell hy the hellristic relation [1]

J .
b(z)c(w) = -- + holomorplllc termfl, (1.2)

Z-1lJ

where J is t.he identity operat.or a.n<! this relation is supposcd to make sense
only inside one of thc C(1n, n),

'Ve begin the development of 0111' algehraic geometry fonlllliation of the

model by a$socia1.ing a. hololllorphic lilie 1>1l11dle 0 on Al 1.0 the "qmtlltum
field" c a.nd a holomorphic line bllndle ß on 111 to b. ThllS C(1n, n) is a
mel'oJllol'phic sect.ion of tlle Iille hlludle
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on Al m +n == A1) X ••. X Alm +n , tlLe cart.esian product of 1n +n. copies of Al,
where ]Ji : A1m +n ~ A1i is tlle i-th C;111011ical projection. Thc 0 PE (1.2)
WillllOW he interpl'eted as sayiug tImt the only siugulal'ities of C(1n, 71) are
simplc polcs whcn a Q allel CL P argument coincide. ~Ve must emphasise
that this global pl'iuciplc in no way rcstricls the [JOssible singularities that
can w'ise in [H'tlctice. All it mea.ns is that we reeplire that any sin!JuLa7'ity,
other than the ones of physicfll 07'igiH comillg f1'0111 the 0 PE (1.2), must
!Je fOT'eed ou us by 11gOT'OUS THflthenwlical analysis. (See the discllssion of
the spin (1 - .1) - .J system helow). 'NIIile our pl'inciple has a certain
resemhla.llce t.o thc "prillciple of maximal allalyticity" in vogue in physics
many yeal'S ago, it is lIlore compelling here, sillce OHr model belongs to
a dass of models essentially defined through their 0 P E's. It should be
lloted, howevel', tha.t. onr prillciple ext.euds the lIleallillg of the 0 PE, a
property of t.he model Oll t.lle complex p/flue [1], t.o the cOJn]Jact Riemann
surface /vi.

Dur first condusion from this is t.ha." the "one point fUllctions" C( 1,0) =
< b >, C(O, 1) = < c > a.re silllply llololllorphic sections of ß anel 0' l'e­
spectively. A physicist wha was studying l.his syst.em st.arting from a Ia.­
gl'angia.n woulcl call these olle point fUllctions the zero l1uxles of the system
and wOllld want to elimillate them. Starting from the OPE (1.2) as we
are doing, however, there is uo l'ea..':;01l Hp lo n01f) to illtroduce constraints
Oll thc Hne hUlldles 0" alld ß so as to elillliuCLte such sections.

The first nontrivial ca.'>e is t.hat of the "t.wo point fUllction" C(l, 1) =
< b(Q)c(P) >. In view of the OPE (1.2) we are led to the following
defini timl :

Defl.n it ian 1.1 < bc > is a 1ILC r-fnn011Jhic scction of th e line bundLe pi (ß)0
]Ji(a) w/wse ouly siugularil.y is a simJ,lc pole alon!J the dia!Jonal 6 of M X

111.

This means that a Hon-zero two poiut fllnctioll exists if alld only if tlle map
i in the exact sequence

is not an isom01·1'hism.
So far the lille hundles 0" aud ß ha,ve been completely al'bitra,ry. 'Ne

cannot, of course, expect to get a,nyt.hing int.eresting without some restrie­
tion, hut it. is importa.nt. to IIla.ke these restrietions a." weak a.s possible.
The optimum conclit.ioll turns out. to he to simply hound the SUfi of the
dC!J1'€es of the two liue hllndles hy 29 - 2. 'Ne then have the following
elegant chal'acterisation of the b - c system (see [2] for the proof):

Theorem 1.2 Let dcy(n) + flcY(ß) :$ 2y - 2. ThcTl a 7wn·ZC1V two point
fUllctioTl < bc > cxists if mul mzly if :
(i) ß 0 (t' = ]( == I.he lwlomorphic cotmzyc7Zt b1l1ulle of Al
(ii) dey( a) = y - 1 = dcy(ß)
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'. ~ . r (O~, (iii) -ncithe1·. n. n01o.ß JWllCiJfl7ly.lwlO1Il017Ihic, ..secti01lS.
Tf thesc c01ulil.iol1S hold I.hen I.he I.wo ]Joinl fTt1ldion nol only exisls J [J1lt it
is also Tt1l iquc (afle1' 1tri 1" wtli."a tion).

ThllS we fiee that silIlply reqllirillg t.he existence of a. HOll-zero two point

function imposes very st.ringcllt couditiolls Oll thc line hundles Q' and ß,
even tltough the dcgree conditioll we illlposed ifi very IIlllch weaker than

thc cOllditiollS Olle wOllld he led to impose in a. field·theoretic a.pproach. In
fact we can usc Theorem 1.2 1.0 wuLcl'st.mu! thc c01wcntiol1a! f01'Hw!ation of
thc model. Thns conditioll (i) is precisely the condition that the integrand

of the standard action fol' the b - c system, viz. S ~ IM bac, is illdeed a.
volll111e form, as it. must he for the integration over At! 1.0 ma.ke sense. A
field associated witll tllc liue Imndlc ](0\ tllc A-th tenfior power of the
holomorphic cotangent handle ]{, will he sahl to have "confonnal spin A"
and so condition (ii) lllC;:U1S that we arc in the case when band c are fields

of conforIllal spin 1/2, or rather a. "twisted 11 version of it. since we da not
reqnire (j -= 0' = VK. Filla.lly, conditioIl (iii) says tllat zero modes IlIt1st be
a.bsent. Howcver, we now see t.ha.t. this is necessary in order to have a two

point fl1llctioll whose sillgularity strllctl1 rc is dctenuilled hy the 0 PE (1.2),
rather t!l<tll hec<tllsc some nndefined fllnctiollflJ integral will otherwise give

trOll hle, as is Ils11ally arglIed !
\Ve seem t.o be excllldillg froIll cOllsidcratioll the (conformal) spin

(1 - J) - J vcrsioll of the b - c system (.I ifi a posit.ive integer or half­
integer) which is llslla.Ily cOllsidered in t.he lit.crature. That is, however,

not the ca~"e. For illdeed let lIS ta.ke dey( u) = 2J(y - 1). Thc Riemann­
Roch theorem teHs 11S t hat ü hflS hololllorphic scctiollS ("zero modes")
if J ~ 1. Theorem 1.2 <l$sel't.s that in tha.t. C(l$e lhe two [Joint fllnctio71
< [JC > 1H lLS l Iw vc cxtra si7l!J1lla tilies not com i1l!J front thc 0 PE (1. 2) and
thcsc cxtra si71!Julm'ilics 71tusl !Jc such l/wt 1IIC outain a ncw u- c system
which does satisfy t./w c01uliti01lS of the thco1'f:m. Olle way is to introeluce

points J:1, ... 1 X [, where J = (2J - 1)(y - 1) anel let D denote the divisor

Xl +.. '+:1:/. Defillc it == o:®O(-D),ß == ß®O(D). Then for iit and ß we

havc the reqllired pl'0l'el'ties de!J( ii:) = !J - 1 = dcy(ß) allel (): ® ß = Q' ®ß =
]{. Conclitioll (iii) of TlleoreIll 1.2 will also he satifified for a gencric choice

of the point.s {:/:i, i = 1, ... , J}. This is cjJeetively how physicists ha.ndle

the spill (I -.I) - J ca~"e of the b - c syst.clIl. For complete details we refer

to [3}.
Anothcr iHt.eresting conscqllence of Theorem 1.2 is tllat it provides a

proof of olle of the folk t.heorems of the physics lit.crat.urc, viz. a kind of

"charge cOllserva.tioll t.lleorcIIl" for "Spill fields" (morc gencrally, for "twist

fields"). \-\Te a.re givcll pa.irs of poilll.s <tud rat.ional llllmhers {Xi, JLi I 1 ::s
i ~ N+}, {Yj, -/Ij I 1 ~ j ~ N_}, where t.lle :J:i, Yj a.re poiHts Oll Al. The

. . . I I I' I . f 1 . ",N+ILi,llj arc poslt.lve fflÜOlla mlIIl >ers w lIC Isatls y t le constramt L..i=l Pi -

L~-l Vj = e(f is a positive or ncgative integer called the "t.otal twist") and

which dcscribe t.he lIlo11odrolllY of the bau<! c fields llcar tlle corresponding
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points:

b(z) ( - - '(: .)-Ili
4 "I c(z) (z - xd"i

I'V (z - Yj)-I'j (1.5 )

Thcn wit.h tltc help of tcchniqlles from algcbraic gcollletry wo can re­
duce the prohlem of st.udying the b - c syst.elIl in the pl'esence of sllch
a "twist strt1ctl1~e" to the gCHeralise<1 system of Tlleorclll 1.2 on a finite

cyclic coverillg Al -+ AI, defilleel hy a. posit.ive divisor D of A1 and a line
huudle L such tllat [0d = OM(D), where 1I is the degl'ce of the cyclic
coverillg. Theo1'em 1.2 the1l implics that the total twist f m list be ze1V. In
the case of spin fields tbis iUllllediately illiplies tlIat for a lIonzero two point
fuuctioll wo must havc as ma.ny spin ficlds with a positive squa.re-root be­
havionr a$ with llegative, a well knowll folk theorem [4]. For deta.ils of the
const.rllctioll anel proofs we rcfer to [2].

2 Field correlation functions
In the previo11s sectiOlI we sa.w that a.lgehl'aic geolIletry helped 11S to

achieve a ra.ther detailed qua.litative IllHlel'standing of the b - c system from

its 0 PE (1.2). In fact, algehraic geolllctry enablcs us to do IIluch more
and we will Hecel UD 1IIore input from physics (apart frolll the qllestioll of
statistics). \Ve shall froIll now Oll aSSllIllC that the line hnndles Q' anel ß
satisfy the cOllditions of Theorem 1.2, i.e. tImt ('( E Pieg -

1 (111) a.nd haB no

hololllorphic sectiolls alld tllat ß = J( ® 0- 1 . \'\'e sha.ll not. give any fUl'ther

disClissioll of tlle spin (1-.1) - J ~'ysteltl, for wlticll wc refer to [al. 'Ne can
now ohtaill an explicit. expression for the two }loiut. functioll < ue > with
t.he Ilelp of t.he followillg lemma, :

Lemnla 2.1 Let M,(1, 1) =fJi(J( ® (-1) 0 fJ;(() ® O(~), whc,'C lleg(() =
9 - 1. Thc1t:
(i) if 9 = 0, Md!, 1) i ... thr t7'ivialliuc (mudIr 01l A1 xlvI,
(ii) if 9 ~ '1, Md1, 1) = 7["«(0(0)) whcre 7["( : 111 X A1 --t Pic!J-

1(A1) is
yiven [,y (Q, P) H O(Q- P)®(. Herc 0 tlC1WtC'" the cmwnicill theta divisor
(in Picg

- 1 (.A1)). (Thi.... bcc01ltcs a t.rnnslate of the wHlal theta divisor by
the Rienwnn COllsfwzt. 011CC a 1Iwd:iny is cJWSCU 071 A1, which tlefines a
Ric1Ilan1l wat.1ix i 1t cmum ical fonJl).

\Ve also neeel the CCHlcept of tlle "prime form" E(Q, P) for which we
have fOHnd it convellicllt 1.0 illtrodllce a new algeb1"()-ge07netr-ic dcfinition :

Definition 2.2 IVe dC}tHC lhc primc f01'm to be ihe image of thr cflnonical

clemc1ltl E OA/xM in I.he exacl SCIjUCllCC :

h-E(Q,f')°-----1' (JM x M -----1' (JAI x /1'1 (~) (2.1 )



,", . -'~'." This definition. of tlle prime forIllE( Q, P) ean be relatüd to the llSll<:U .

function-theorctie definitions in variolls genera. to he found in the books of
Fay[7] antI MIlIllfonl[8] with the help of Lemma 2,1. Then by oILee again
11 sing Lcm ma. 2,1, wc eall 0 h t ai II t 1I e t wo }lai 11 t fUII ction < bc > expli ci tly
aud for !J ~ 1 it eoincides witli the Szc!J() kC7'ucl fo1' (J C0711paet Riemfl7171
surface, which was iutroduced hy Hawley aud Schiffer [5]. 'Ne refer to [2]
aud [ß] for details of 0111' approac:h.

Tbe CIuestion of detertIlining the higher point field correlation functions
of the flystelll is, of course, llot mealli lIgflll lIutil we have specified the
Slfltistics of the syst.em. 111 [2] we have <tllalysed the possible st.atisties of

tlle system from aB a.x.iomat.ic a.nalysis of thc 0 PE (1.2). We sha11 not go
into tha.t here hut IIlcrely l'eport the conclllsioll that the llSllaJ Fermi/Base

dichotomy holds (ir we wcaken our l'eqllil'elllclIts then same more exot.ic
possihilities da exist [2]), Of the two cases t.he fCl'lnionic ouc turns out
to be more illt.erestillg au<! we shall confinc onr at.t.cntioll to that ca....'\e,

althollgh the hosOlIie case l'eqllires ollly a. simple mo<!ifieatioll.
Our claim that t.he ferlllionic [ase is more intel'esl.ing t.han tlle bosonie

Olle only holds if we implement the cOllditioIl of fcrlIlionic sta.tistics ill a
special wa)', viz. hy adding; to tlle 0 PE (1.2) tolle following 0 P E's for two
b or two c fields:

b(z)b(11J) '" O(z - 11J), c( z)c( 1lJ ) rv 0 (z - 1V) (2,2)

whose lllcaning; is that the correlatioll fuuctioll C( 111, n) shonld vanish when
the arguments of two b or \'\\'0 c fields coincide. \'''e can now write down
simple axioms für all tlte field corrclatioll fllllctions C( In, n) :

Axionls 2.3 Euch fielt! cOl'relatioH jU1ir.lioH C(1n, n) =< b(Qd ' , ,h(Qm)
c(PI) , . ,e(Pn ) > is a 7I1Cl'01IW17)hi(~ scc/.imt of I.hc Iwlonwl'phic fine buudle

.:Fcr (1n, n) == Jl~(J( @(1'-1) (2)'" @ Jl~,JJ( ('3) 0'-1) @P:,l+I(O') (2)'" @]J;Il+n(O')
(2.3)

011 A1 m +n IW1Ji1l!J :

(A 1) (l simple ze1'O fm' Qi =Q j 01' Pi =Pj J

(A2) (l simple lJole for Qi = Pj,
(A:J) HO si7l!Julm'ilics ol.h Cl' I.h (J n I1wsc l'CqU i7'cd by I1w scco71d ru:iom.

AxiolllS (Al) alld (A2) define diviso1'S (forll1al SUInS with int.egral co­
efficients of cod ilIlellsioll 1 sn hvarieties) of At! m+n wh ich we l'especti vely

dcnote hy Dz(m" n) and Dp (m.,1/.) aB<! the total divisor is D('IT/', n) =
Dz ( In, n) - D11 ('m, 11-), wllere we follow the Ilslial convention of putting

a plus Sigll for zeros an<! a millus sign für poles (see [al for aB introduction

to this C011c.ept for pllysieists). Then hy (A:J) we conc1ude that C(m, n)
deHnes CL IwlOIHOl'phic sect.i011 of tlle !inc IHllHlle

:Fn (1n,n)® O(-D(l71,n)) (2.4)
I

ThllS, C( 111" n) defines tUl element of Jl O
( 1I1m +n

, M 0'(Ut, 'IL)) aud we can
pose a p rceise IIIat1I emat.ical ques t ion, vi z. w 11 at is t. he d imcnsion of t he



~~ '.' >-- •• 4~'-'1space'lof"'lhoI01llorpltic"sectiollS'Or)\1·c~(1H.;,U)~'!""'Fhc,'answer ',is "given "hy ,tlle

followillg t.heorem (see [G] for the proof) :

Theorenl 2.4 (i) lf'fT/, f:. 'ft, d'indlO( !I1 m +n , M a( 1H, 11,)) = 0
(ii) [fm = n, dhnl!(J(A12'~ ,Mc/n,n)) = 1

This theorem has signiticallt implicatic)Ils for the physics of the b - c

system, for part (i) itll]llics that C("l/l, n) = 0 fol' 111 f: 11" which is in pel'fect
agl'CCmellt witll thc pllysicist's al'gllIllcllt thaI. t.his must ha.ppen duc to the
reqllirelllcut of chmyc COHSC1·vat.ioll. This l<l.ttcr argumcnt would normally
bc hase(l Oll the lagrallgian of t he systelll, 1111 t here we see tImt the 0 P E's
servc eqnally well. Pa.rt (ii) of 1:hc thcorem is even IIlore rClIlarkahle, as it
implies thc validity of the lVid: l'ep1'C8cHtatioH

C(u, n) = (2.5)

since it is clear timt the cletcl'lIlinant of two point flluctiollS on tlle right.­

ha.nd Ride of (2.5) satiRfies all OHr axiOIllR. This reRll1t shows that indeed

our lIlethod of illtroclllciug the cOlldition of fcnniollic sta.tistics through
thc 0 P E's (2.2) wa~" correct.. Moreover, i1. also lC;lds t.o - rigorolls proofs
of- iHtercstillg idülltitics 01lCO we can wl'ite dow1I 1.ho conclatioll fllnctioHs

explicitly. For this all we lIec<! is tllC followiug lelllma. all<! our previous
ohservatiolls Oll t.he pri 1Il0 farIll :

Lenlma 2.5 (i) lff} = 0.. thcu Mn(n,u)) is t!te triviallinc lmndlc;
(ii) f01·!/ ~ 1, Mn(u, 11.)) =11'"::*(0(0)) whel'c 11'"~ : A1 2n -;. Picg-I(M)
is Diven uy (Q1,"" Q1I' P l , ... , Pn ) r-=. O(Ll~(Qi - Pd) 0 a.

vVith the he1p of this lemma we call writc down the 2n-poillt fnuction

C(u, n) dircct.ly a$ a pl'odnct of the lluiqllc SCct.iOll of Mo(n, u) (1 for f} = 0

anel a thet.a fllIlctioll for !l ~ 1) amI t,}IC canollical mCl'omorphic section of
O( D(u,1l)) (a. ratio of pru(lllds of prime fOl'llls). Oll the other hand, by the

vVick l'epreselltatioll (2.5), wltielt 11JC !W1JC jJ1·otJcd, it can also hc exprcssed aB

a dctenuilla.llt of two poillt. flllldions. Ja this wa,y we obtain, with completc

luathemat.ical rigoHr, iutcl'cstillg iclellt.it.ies. Thesc idelltit.ies are Hsually
refel'l'cd to as the [)(JS01liZfltioH idc1lt.itics in t.he physics literature beca.llsc
of the way they first appcared in physics, viz. they provi<!cd a proof that
two me1.hods of oht.ainiug the corrcl<ltioll flwctions of t.he b - c system \Vcre

consisten1. (10). 0111' alla.lysi~, Oll thc othcl' hand, t.races their physics origin
to the 0 P E's of t.he systcm au<! iR more powcl'fnl in t.ltat. it. provides a ]J1'(JOf

of the idcllt.it.ies illstead uf IlSillg thelll \'0 show cCHlsistency. Of course, t.he

hosonization viewpoinl. GtIl also he made I'igorolls in the Grassmannian

forlllulatioll[11]. The idcllt.ities take different. fonns in different genera. anel

werc first ohtaillod by the Illathclllat.icians wIlose names are attached to

them:

7



· .-) •. ..;! "i(i) "Cauchy's'hinlternant oidentity '(!I ='0) :

TI 1<i <j < 1l ( Qi - Qj )( Pj - Pi) 1 ( 1 ) 1
11

TI 1<i,j<1l(Qi - Pj) = (ct (Qi Pj) i,j=1

(ii) Frobenius' identity (g = 1) :

(2.6)

(2.8)

(2.7)

(1(0' + L:;l(Qi - Pd)
a(n)

nt <i <j$ Tl a (Q i - Q j) a (Pj - Pd
lh :s i ,j :s 7l a (Qi - Pj)

1 (
a(Q + Qi - Pj)) In( et
(1( a) (1( Qi - Pj) i,j=1

(iii) Fay's identity (g :2: 2) :

8[0'](L:;I(Qj - Pj)) Tlt<j<j<nE(Qi l Qj) E(Pj , Pi)
=

0[0'](0) Il1$i,j$1IE(Qj, Pj)

det. ( O[n](Qi - Pj) ) In
O[a](O) E(Qi ,Pj) i,j=1

Note that ill (2.7) aJl(1 (2.8) t.he cOllditiollS thaI, a( 0') i:- 0 and H[uJ(O) i:­
o hold if all(l ollIy if u 11<1$ 110 holomol'phic sectiolls, which is (A3) of our
axioms. Thc Gl$e n = 2 of (2.8) is lIs11ally kllOWll ill tlle lIlathclIlatics
literat.llre as thc l7"iSCCflHt idcHtily for gcollletricaJ rea..<.;ons into which we
shall HOt go hCl'e [8]. Detailed proo[s of the rcsults of this section ca.n
he faHnd ill [G] (l.nd [2]. All expositioll of onr proof for mathematicians) in
which tlle cOllncct.iolls witll physics have heell elillliIla.ted} has also appearccl

in the treatise [12].
ßefon~ we conclude 0111' discllssioll o[ t.he field corrclatioll functions of

the b-c system} let llS expalld Oll a. relllark ill [2] cOllcerllillg a varia.nt o[ the

systclIl dicllssecl ahove, which sometilllcs a.pl'cars ill tllc litcratllrc (sce t.he

paper of the Verlindes in (10]). The ollly clifl"erence is that the defining Iille
hUHd Je n is now talcll to hc all odrl theta r./wl'ade7"islic. More generally,

we take dcg( 0:) = !J - 1, hOC A1} 0') = 1, i.e. Cl' is a slIlooth }loin t of the

canonical thet.a divisor e ill Pic9 - 1 (lH). Of course} Thc.,'Orelll 1.2 says that
this system has HO l.wo poillt fUllct.ion in thc sense of Definition 1.1, hut in

the physics COll1.CXt what. is of illterest. is t.llc C}llcstion of thc existence of
higher poillt fllllctiolls sat.isfyillg Axiollls 2.:_1. By a carcfnl analysis of the
proo[ [6] of part. (ii) of Theorem 2.4 we oht.a.in :

Theorenl 2.6 dim,II°(JI'!'1./\ A1 n (n, '1/.)) = 1 (u = I) 2, ...) <=>
eithcl' 0' E Pid,-l (AI) - 0 01' n i... fl s1/loolh ]JoiHI of e.

\Vith t.his theorem we can not. only show t.hat the system lias 2u-poillt

functions ([ar u 2: 2) lII1iqndy dcteI'lIlined hy Axioms 2.3, hut with this
we call also give a rlircct ]J1'(j{)f of a corollary to Fa/s idcntity (2.8), which

Fay [7] ohtains hy a. lillliting; argument. from (2.8) (see eqllation followillg

eqn.4:i on p.3:i of [7]). Thlls we see t.hat tllis case of tlle b - c system is
also coverecl hy 0111' approach.
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· 3 Currents ,. .._

We shall now deseribc some reecnt work [13](details will appear in [14])
on an algelHaie geometry approach 1.0 the eUl'l'ent corrclation functions.
The hCllristie definition of the eurrcut j (z) is through point-splitting and
subtracting the leading singlllal'ity :

j(z) = lilll b(Q )c(P)
Q-P=z

1
Q P

(3.1)

This definition does not lend itsclf in any obviolls way to a geomet­
rie formlliation, but we shall show (see [13]) that in fact the modern
Grothendieek fonnula.tion of algebraie geometry provides HS with the nec­
essary eoncepts to achieve this. To lInderstand thc problem, let HS first
cOllsidcr the one point fllnetion < j (z) >. According to the heuristic defi­
nition (3.1), < j(z) > shonld be idclltified with the coefficient of (Q - P)
in an expansion of < b(Q)c(P) > E(Q, P) - 1 abont the diagonal 6. of
Al x AI. Tlds definition suggests tImt< j(z) > is a hololllorphic Olle form
on AI, but this procedure does ilOt offer a global geometrie definition. lt
illvolvcs su1Jtl'acting seetiolls of (at least for !J '2: 1) two different line bun­
dIes, viz. M (} (1, 1) a.nd the tri vial line buudle Oll Al X Al, anel performing
a Taylor scries expansion.

Our solution to this problem is based ou the observation that we do not
require Mn(l, 1) to be trivialisahle on the whole of M X M, which in any
case is not true for 9 '2: 1, hn t Oll1y on the fi1'st infinitesimal neighbo1l7'hood
01 6. in .A1 X Al, whieh is defincd through the concept of a ringel1 space.
Since ringed spaces are not very familiar 1.0 physicists, let us first consider
the variety ~ itself as a. ringe<! space. It is defined a..'i a pair (6., O~)

consis1.iug of the topological space ~ alld it.s structurc sheaf of holomorphic
fllnetions 06, which is the <plOtient of the sheaf of hololllorphie fUlIctions
on Mx M modulo those vauislting Oll ~. The rcstriction of O~ to an affine
open set U is of the form k[:r, yJI~(:r. - 11), where k{ J:, y] is the polynomial
ring in the variahles :I: aud y an<! SJ'(:I: - y) is the ideal in k[x, y] gellerated
by (x - y). This quotient is of thc f01'lll of a polYllomiaJ rillg in one variable
k[t], where t = :r. + y, which is as it should he for it to be the strueture
sheaf of the one dimem;iollal variety ~, which is siTllply a eopy of M.

The. first infinitesimal neighhonrhood 2~ of ~ cOllsists of the pair (~,

0 26), whel'e ~ is, a,.'3 hefore, the topological spacc, hut with a ncw structure
sheaf 02~' This latter is thc quotient of thc sheaJ of holamorphie functions
Oll M x A1 modulo those with a (/oul)[e zero Oll ~. The restriction of this
to an affine open set U is of the form k[J;, y]/~( x - y)2, where ~(x _ y)2
is the square of t he ideal generated hy ~(x - y). This quotient is of the
fonn k[ t] ffi k[ t]dt, wII(~re t = x + y ami lU = x - y so that (dt)2 = 0, Le.
the ringell space (~, 02~) contains ni/pot,cnts. The global geometrie way
of describing this is that

(3.2)



• • '••• '•• ,'". ',J;, .. which !says" that, theMlirec.t' image lof ... thet'structure ·sheafl'of 0 26. lto the '.

first factor of !vI x 111 is the direct RUIn of the trivial lilie bundle anel tlle
cotangent bandie of Al (01' rather their associated shcaves). The important
point is that the decolllpasition (:3.2) is cflTwnicnl. This lIlea.TIS that we can

in a na.tural way find the componellt. of an element of 1.he l.h.s. of (3.2) in

cach factar on thc r.h.s.

4 Field-current correlation functions

vVe shall now see how t.he concepts introclucecl in the previous section

enable us to cOlupute not mcrcly < j(z) >, hut a.lso the general field­

current correlation f1l nctioll < b(Qd .. .b(Qn-l )c( P1 ) ... c( Pn - dj (z) >.
Dy (3.1), this field-cl1lTent correlatioll function is the coefficient of (Qn - Pn)
in an expansion of C( n, n )E(Qn, Pn ) ahont the diagonal Qn = Pn = Z of
1I1n X ft.12n . This suggests that the Held-eunent eorrelation fllnction is a
merolllorpllic one forlll for fixed {Q i l Pi, 1 :s: i :s: n - 1}. As explained
in the last section, our proposaJ is 1.0 study C(n, n)E(Qn, Pn ) on the first
infinitcsimal 71cighboudw()(l 26. of 6. in Mn X ll'f-;.n allel 1.0 nse t he cmwnical
global splitting of (3.2) ahove 1,0 eletennine this meromorphic one form.

Now C(n, n)E(Q'H Pn) is a mcromorphic section of Fa(u, n)®O(Dn ,2n),

where Dij denot.es tlle divisor of 111 211 defined by the diagona.l of 1I1i X l\1j.
Since the ollly rclevaHt varia.bles of C( 1L, n )E(Qn, Pu) are Qn anti Pn, we

ca.n rest.rict F o ( H, n) (3) O( Dn,'ln) to g;enera.l position on each Mi for i f;
u,2n 1,0 gel. the line hnndle .c = A1.,/ 1, 1) (3) ~I on 1Iln X A12n , where 9 =
]J;JCJ(D)) (8) P2n(O(-D)), I = 0' ® G(D) anel D = Li~ll(Qi - Pi). As
expla.ined i11 the last section, our approa.ch will only ma.ke sense jf .c is
trivialisable on t.he rillged space 26.. \,Vhile it is simple to see tha.t .c is
trivia.lisa.ble on .ö., this is a. very sn htle CI nestioll on 2.ö., but ncvertheless

tl'ne :

Proposition 4.1 Thc linr:. (mwllcs M...,.(l, 1) wul 9 w'e hoth tf'iviulisable
on 26. and thus [ is so flS weil.

\Ve ca.n HOW llse the ca.nonica.l splitting (:J.2) to cOillput.e the image

of C( H, n )E(Qn, Pu) in (:J.2), wlLere for !J ~ 1 wc take the classical trivi­

alisation of A11'(1,1) hy Riemallu's theta function H[O'](L~-l(Qi - Pi) +
ü)/B[O'l(L~l-l (Qi- Pi)). Hcre 0' in square hrackcts uCllotes theta character­

istics det.erminecl hy 0' (aftcr having chosen a ma,rking on 111, a symplectic

homolog)' basis allel the dua.l basis of hol011l0rphic one fonns Wj, 1 .$ i :s: g),
ü is in ([9 and the sums are Abcl sums. \Ve also necd to detel'mine wha.t

ha.ppens 1,0 the natnra.l merolllorphic section of 9, which is a prod uct of
prime fanns.

Lemnla 4.2 Let In denolc t.hc the lwtund scction of V(n) mul 7WW con­
sidel' P~(1D) (8) P2n(1- D ) J which cun {Je t11l'iUeu in the notation 0 f prime
!07'17lS flS (n~l-]E(QU! Qi)E(Pn , Pi))/(fIil-1 E(Q1l1 Pi)E(Pu , Qi))' Thcn thc
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, , .rcstl'ictioH oJ "his 7HCT'01IWrphic ,.scdion. to .26. takes, .in the carwnicql de­
c01l1[Jositio71 {3.2} abo1Jc, fhe jm1/! 1 + 1f}D, W!lC1-e 1f}D is a me1·0Tn011Jhie
one j0111l on 6. (idcutificd wiUt A1a ) Iwviny simple Iwles at Q I, ... , Qn-l
wilh r-esidllc +1 lJntl at PI, ... ,Pn - I with 1-esidlle -1. The signs oj these
resitlucs lH'e fi:r:ed by dwosing an iso1Hol'phism betwecH !(6. und O( - 6.)16
whieh, tlJhe71!J ~ 1, is c07Hpat.ible 1lIith the AbeI map.

Lemma 4.2 is an algehro-geometric fonn of a weIl kllown fonnula. for

the prime form: "Wa-b(Z) = dz lu(E(z, a)/ E(z, b)). Note that t.here is uo
callonical trivialisation of {/ on 26. The effect of choosillg a different
trivia.lisat.ion is t.o simp1y challge '!/Ja-b by the addition of a holamorphie
one form, which docR not. matter sillce Wa-b wa...';; only defined up to the
addition of such a Olle forIll. \..vhen we Wa.llt to write the formulas for the

conclatioll fUllction in fllnctioll- theoretic form, the correct choice will be
made by the chosen marking of AI a.nel the rcpresentation of the prime

form as a fllllction Oll U X U, where U is the universal covering space of
Al.

\Vith these two restllts it is easy to obta.in the field-current corre1ation
functioll :

Theorenl 4.3 The jieltl-Ctl7"1"ellt C01Tclatiou juuctioll i$ givcn by :

(4.1)

wher'C the $eetmd term is auseH!. Jor !J = O.

Alterllativcly, we can COIllpute the ficld·cllrrellt correlation function
starting from the dctel'llliuantal form of thc field corrclation function. For
tltis we need a.n algebro-geometric analogllc of a simple formllia given by
Mumford (see part (a.) of the lemma on page a.225 of [8]) for the prime
form, viz, d;JE(z, a)/ E(z, b))lz;:a = 1/E(a, b). Frolll the proof it is c1ear
that MUlUford a,ctllally ohtains dzE(z, n)lz;:a = 1 from which this formula.
follows. Our algebro-geollwtric allalogue of the hüter is that we can find
t.he image of the ca.nonical section "1" of the trivialline bllndle OMxM on
M X JyJ in 0 26.(6.) hy travel'sing the followirlg comInutaJ.ive diagram in
two different ways :

0,dxMj6

t
OMxM

L-,O 0 26. (6 )

T
L-,O OAJxM(6) (4.2)

As a. res 111 t of this calcnlation we ohtain the following alternative forin for
the field -cllnCIl t correlat iOll fu 11 cf, iOH :

11



., . .. '-, ~·"·T·heorem.4.4 ...FnJ1H 'lhc'~ H'ick:·rqJ1'Cscl1latioH 'wc 1obtain,

< b(Ql)" .b(Qn-dc(Pd ... c(Pn-dj(z) >= C(n - 1, n - 1) < j(z) >

n-l

- L < b(Qd ... b(Qn-l)C(P1 ) ... C(Pk ;;;: z) ... c(Pn-d >< b(Z)C(Pk) >
k=l

(4.3)

The t.wo expressiolls (4.1) a.n d (4.3) for t.he field-eunen t conelation
functions give UR an idcntity, wllich is a. simple gelleralisation of the "first
corollary to Fay's identity" givell hy M lImford [8}, valid in all genera.. \Ve
refer to [14] for details.

5 The two point function of currents

The two point fllllctioll of Cl1tTents < j(Zdj(Z2) > is the 1I10st impor­
tant eUffent cOlTclation fllnction frolll "he poiat of view of physics a.nd so
it is very illlportant to sec whethcr our techlliques generalise to this case.

FrOIll t.he OPE (1.2) we see tImt< j(Zt)j(Z2) > is given in tenllS of
the 4-poillt fllnction C(2, 2) hy the following heu1'istic double limit:

< j(Zdj(Z2) > = {C(2, 2)E(Q], Pt)E(Q2, P2)

-1- < j(zd > - < j(Z2) >}I . (5.1)
Qi-P'=Zi(J=I,2)

It may look very unlikely that we ea.n ma.ke ma.thematical sense out of
(5.1), since we ltave to make seuse first of the Slllll of 1, < j(zt) > anel
< j(Z2) > a,nd then of sllbtracting it frolll the first term in (5.1) !

\Ve exl'cct < j(zdj(Z'2) > to he a (merolllorl'hic) Olle form in each
va.riahle, i.e. t.ha.t it is a mcrolHorphie secl.ion of t.he canouical lmndle

WMxM == ],r(l{) @ p;(I() of M X M. Now C(2, 2)E(Qh Pt)E(Q2' P2 ),

which appears in (5.1), is a mCl'olllorphie sectioll of t.he line bllndle

where
(5.3)

The nat.ural genera.lisa.tioll of t.he proeedllrc of the previolls seet.ion is
to eOHsidcr t.he rcstrict.ioll of the liue huudlc R 1.0 the sub-scherne Z ==
2Ll13 X 2Ll24 of A14 . Onr ha$ic 1.001 for st.nclying this restriction is the
following beautiful exact seqllcnec

(5.4)

where Y == Ll13 X .6.24 ,

The exact seqnence (5.4) docs Hot seel1l to exist in the mathematics
li terature alld its only ,niS01t d 'etre appcars 1,0 he to ellable 111' to ma.ke sense

12



.... ~... ' ..... "'~ . ", .; ,,,,. n .. of-the..Ileuristic ,fOl'IIl11Ia..(5.1.), fol'-w hich it 'ha'''.jllst.-.t he .righ t -properties. ,For

if 1)1'12 denotefi the pfojectioll A14 ~ IHI X A'l'}. and we take the direct image

of (5.4) by it, we get fl, new exact sequence

The rcmarkahle feat lire of ([.. Tl) is that. prI2.( 02Y ) is a rank 3 vector hUllclle
on All X A12 which is cmw1Lically t.he clil'ect sam of t.hree line bll11dles :

(5.6)

Note that this splitti1lg enahles 11S 1.0 make sense out of the formal sum

1 + < j(Zl) > + < j(Z2) > in (5.1). 111 a.ddition, PT12.(OZ) is a rank 4
vector hll11dlc on At/I X A12 which is cano1Lically t.he direcl. sum of four line
Imndles :

Now aB we ace<! is \'0 know wltet.hcr tlle lille bUlldle R is trivialisable on
z.
Proposition 5.1 The linc IW1ullcB M,,(2, 2) mul Aare t7'ivialisab/e on Z
anel henee so is R.

In ordcr 1,0 he ahle 1,0 act 11ally eOin pu 1,e < j (zdi (Z2) > we need 1.0

know wha1. happens loo C(2,2)E(Ql' PdE(Q2, p;.) on restl'ietion 1.0 Z. It
is thc product of t.he lIniqllc sectioll of M,,(2, 2), which is easy 1.0 handle
by a simple gcneralisatioll of the proeedure for thc Cfl.Se of the field-current

cOl'l'elation flluction, alLd tlle ca.1IoHical lIlcromorphic scction of the line

hundle A, defilled ia (5.:1), whieh we shall denote as lA. The answel'

in this case can hc exprcssed in terms of what is sometimes called the

BC1"!J7Htlnl1 kt1"1Zel WB [5] 01', lJIore a.pp ropriately, the !Jcnc7n/iseel ~Veie1'st7YlSS

p fU1lction. This cOllcep1. Wfl$ introdl1ced for a COlllpact Riemann surface in
function-theoretic form hy Hawley a.l1d Schiffer [5]. This way is not suitahle

for 11S and so we iut.rodllce it. throllgh an a.lgebro-geometric definition: it
is asymmetrie lllcrolllorphic section of WM xM l dcfined hy a. hololllorphic

sectioll of WM x M (26) whieh is 1 011 rcstrictioll to t.he diagonal 6 of Mx M.

Lemnla 5.2 Let 1A dC1Wt.C t.he cmw1ZicaI1llcro1ll01"]Jhic scction of the line
burtdIc A defirtcd in (,li. 3), wltich r;mt !Je lIJ1"illen as {E( Q I, Q 2 )E( 1'2, PI)}
I {E( Q I, 1'2)E(Q2, Pd} iu t.hc 1LOtation of prime !o1"ms. Then it.s rest7"ic­
tio71 t.o Z Iws t.he !ollowi71!J dcco1ll/losit.io7! in ihe cmwnical decompositio71
of C'J1t. (5.7) :

(5.8)
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.' '. Sillee there '·iH' HO G\.IlOllica.l" t.l'ivialisation 'of A 'Oll Z, WB (Zl' Z2) is 'defillccl
ollly up to thc addition of a holomorphie hidiffcl'Clltial. However, adefinite

Olle is alltomatically fixcd when t.hc appropriate ehoices have heen rnade,

just as for WD(Z) in Lemma 4.2.
]f we thillk ahollt the meanillg of restrictillg 1A to Z we easily rea.lise

that Lemllla. 5.2 is silllply a.!l algebro-geometrie pl'oof of thc followiIlg well

known fOl"lllllla WB (:r., y) = D2 In E(:r" JJ) / u:rJJy (see [7] and [8]). vVhen
!J = 1 this gives tlle followitlg weIl kllown forIllu}a. linking two fl1uctions of

Weierstrass, viz. p(z) = -d2 ln a(z)/dz2
• Thc link hetween Lcmma. 5.2

allel this cquatioll is tlie elelllclltary fonnllia

, .

(
!(:r.+f,"IJ+/'i)!(:J:,y) ) D2

IiIn . - 1 = --,-ln f(x, y)dx (ly.
(-0 f(x + f, y)f(x, Y +8) D:r.üy
5-0

(5.9)

Lemlll a ;).2 gives a rat}lcr relllarkahle geometrie interpretation of this

forlllula for wB, for if we wl'ite clown lA on an a.ffine suhset of the lliemaTIlI

sphcre (ease when !/ = 0), i.e. Oll t.he complex plane, we see that it is
simply the mdWl'HUmic 1'fllio of fOllr points 011 the cOlllpiex plane. Tlws
1A is a 7Wt.1l1"al YC1lcmli.<Hllioll oJ t.ltc llolioH oJ the fllllwrmonic 7outio (or

cross 1'atio) to a cmu/md Ric7IUl11H swJace oJ aruitru1'Y genus. ThllS the

fonn ula fol' tlte \Vcicrstl'a.sH fUllet.ioll ~)( z) comes by eoalescillg two pairs
of al'gulllellts in t.he geller;tliscel anharmonic ra.tio in the ca."e of genus
!J = 1. This viewpoint. accords an ullcxpccted fundamclltal role to this weIl

kllown fOI'lllllla. a.s weIl <1$ a. lIew insiglit. In LClIIllla. 5.2 we wrote clown this

gcncl'alised anhanllollk ratio in terms of prime fonns. ßy the dictionary we
have earlicr estahlished for t.he prime form ill [2] and [<;L we fillel that this
combinatioll of prillle fonm, coineides with a fUllction·t.heoretic definition

of a genera.lised anharmonic ratio pl'oposed recclI tly hy Gulln ing [15].

\Ve can 1l0W compllt.e the image of C(2, 2)E(Q}, PI )E( Q2, P2)1 Z in (5.7)

to obtain :

Theorenl 5.3 Thc two poi711. J1l7U:ti(J1l 0/ C1l7Tcnts is yiven uy

whe 7"f; tltC scc07ul tC7iH on fhc 7·iylt t-hmul sidc is ausent if !J = O.

Theorem 5.4 F7'OnL t.he lVich: ''CJH"CscHt.ati07l we outai71

< j(zdj(z:.d > = < j(zd >< j(Z2) > - < b(zdc(Z2) >< b(z2)e(zt} >
(5.11)

Equating these t.wo cXJll'essions for < j(ZI)j( Z2) > givcs Hf> only a tautology

for !J = 0, but für !J 2 1 it gives t.he "secollel cOl'ollary to the tl'isecant

identit.y" [8]:
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Theorenl 5.5' -Thc fol101nill!F idcntity Iwlds fm' all '!Jcne1'fl !J ~ 1,

( )
~ .(.,.) .(.,.) j)

2 1n 8[a](0) _ O[n](zl - z2)8[n](z2 - zd
WB Zl, Z2 + L..J 1111 -I w) -2 8 -8, _ - (8( ](O))2(E( ))2

i,j=1 lJ'l /J) 0' ZI, Z2

(5.12)

It is importallt t.o Hote t.ha.t our l'cSlllts for the field-current correlation

fllnct.iolls (0(111.'1.(4.1) allel (4.:1)) <1." weIl <1.5 for t.he two point functioH of tlie

cu rrOllt.s (C(lIIS.(5.10) <tuel (5.11)) are perfectly cOllsistent. with the standard

field-cllrreut and ClllTCllt-CnlTCnt operat.or proclllct. exp<tllsions as fOHnd in

[1] (with au adjustlllcllt for a differellcc of notation):

b(1/))
b(lV)j(Z) "W --,

Z-1IJ
c(1IJ)j (z)

c(w)
Z - 1lJ

(5.13)

(5.14)
1

j (z)j (lIJ)
(z - 1IJ)~'

Details of t1l0 proofs of tlte reslllt.s of tltis sectioll will appeal' in [14].

6 n-Point current correlation functions

\Ve shall lJriefly Sl1lJllllarisc the proccclul'e by which we can extend the

methoels of tlle pl'eviolls sectioll so as to ca1cnlate the n-poillt fnnction of

the CUlTcuts < j(zI) .. .j(Zn) >. Deta.ils will he givcll in [14]. Thc heuristic
douhle limit (5.1) is 1l0W repli"lced hy t.he JIIult.iple limit

n

-1-I::<j(zd>-···- L <j(Zi1)···j(Zin _ 1» (G.I)
i=l I Si! <......<i,,_! Sn

011r st.arting poillt is llOW the lillo hundle Fn(n, 'fL) ® O(Ei~l Di,n+d
of which the first 1.01'111 on tlte I'ight- band siele of (6.1) is a mel'olllorphic

scctiOll. This line hUlldle Gl.l1 he showll to he trivialisahle on restrietion to

the product Zn of t.lle first ordcr neighholll'hoocls 2.6.i,n+i of thc diagonals

.6.ij of Mi X A1j, ove!' I ::; i ::; n. Illstea.d of tbe exact scquellce (5.4) it

tnrns out t1l(l.t we IlOW have an fl1Tay of n - 1 short exact seqncllces. vVe

dcfine the cfl.nollicrll projectioll IJFu : A1 2n ~ A1n <'Lnd, as hefore, taking

the direct image of OZll hy this Ill<l.Jl cll<l.blcs 1IS 1.0 lllakc sense of the

S1I1II of lowcl' order ClIlTen 1. correlatioll f\lnctions appearing in ((j.1). We

have thell 1.0 com pu tc the image of t.hc first tenn on the 1'.h .s. of (6.1)

in IJ1·n ,..OZ" allel to pick 0111., iu tlle callollical decomposition of the latter,

the compOllcHt giving a. (IllCI'OIIlOrphic) sectioll of the canonical bundle

of At/TI. This is a I'at.hcr complicat.ed expression (exccpt WliCIl !J = 0),

15



· ,~.,' ,whichw wc .da <lIot·,writ.c",dowll, ... hllt ..it-'C<llL· llc"'regal'dcch-a.,,-coming,from ,the
non- determinautal sidc of t.lle cxprcsfiiollfi we had ohtailled for C(n, n) in
Scct.ion 2. The COlll}llltatioll is 1II1lch simpler when Olle st.arts with the
det.enninalltal expressioll for C(u, n). 111 this case the n-point fllnction of
ct11'1'cnts is givcn hy t!te deterlilinallt of the n X 7l matrix A == (aij), where

(Lij = < b(Zi)C(Zj) > if i -:I i au<! (l.ii = < j(Zi) >. Eqllating these
two cxpl'cssions for thc n-point fllllctioll of currcllts leads to interesting

idcntities in a.ll genera.:

Theorem 6.1 (a) 11t l1w CflSC of gC7WB g = 0, whe7'c < j (Zl) ... j (zn) >= 0
ij n is OIld, let Zl, . , , , Z2m('m ~ 2) bc flrbitrary C0711]Jlcx nwnbc7's und define
tlte fl71tisy1lt71lct1'ic TTwl.rü A == {Uij} by Uij by f/.ij = l/(zi - Zj) /01" i i j,
ootlte7'1oise. Tltc 7t

det(A) = L II l/(zi., - Zj.,)2,
-y

(ß.2)

WItC7"C (1:-y, i-y) i ... 1l1~ clClllC1tt 0/ Il ]Jaditi07~ of 1, ... , 2n i7lt,O 71071-inle7'sccti719

paü's witlt i-y < j-y, tltc ]J7"(uluct. lJcing oJ)cr distinct. ]Jai7's in Cl givcn pfldition

aud fhe SWH otJcr differcnt IHldit.irJ7l8.

(b) Letg ~ 1 (n ~:3) U7ullctD z dClwte I.hc VCcl07'jield"Ef=11Vi(Z)D/Duil
whc7'c, flS bcfo1'c, fhe 'IIIj U1'C fl basis of Iwl01ltm'phic l-f07'7lts. Thcn

(6.3)

whe7'e euch tenH 0/ fhc S1l7ll is lalJClled by (l71 ir"7'cdllcible n-cycle (e.g.

(12)(23)·' '(n - 1 n)(n 1)) mul thc sum is OVC7' all such cycles. So(Z,1V)
is the S'ZCfJ(j kC1'1lel, flS wH/al.

,",Ve wcre lllHI,ble to fiIlIl thc idclItity (G.2) in tlle litcl'atul'e, though, of
course, it would he very surprisillg if it were new, A direct elemelltary
proof of it W<I$ ohtaillcd hy Prof. DOll ZagiCl'. The secOilCl idcntity (G,I)
can be [ollIlci ia tlle hook of Fay [7] wlleB 0' is au even theta characteristic

(see cqn. (40) Oll p.27) allel n = 4,
There is a weIl kllOWll proced lire hy which Olle sees tha.t the 0 PE (5.14)

j(z)j(w) I'V

1

(z 1/J)2

is eqllivalcllt to tlle iufillite oscillat.o!" algehra

It is thell natura.l to rcgard the set {< j(zd . . . j(zn) > In = 1,2 ...} a.s
a rcu/isati01l of t.he oscilla.1.ol' a.lgehra. with c = 1 Oll all (\.rbitrary cOlllpact

R.iemann slll'fa.ce.

In



· '7-- .,- En'ergy-·momentum -tensor

In t.his sect.ioH we sllall Sl1I1llllarise resllIt.s of [14] Oll t.he only aspect of
the system that we ltave not <1iscllssed as yet, viz. the rmelY}y-mo1nentum
tell,'W1'. \Ve shall filld thaJ, Ollee again Dur idea$ of triviilJisat.ion play a.

role, hut tImt t.his time wo have 1.0 eOHsidcr secowJ onlr~7' llei!JhuoU1'hoods.
FOrInaJly, the ellergy 1Il0lIlellt.t11Il tellsor is the normal ordere<! product of
the ellrrcllts: T( z) = (1/2) : jj :. TI. is 1.0 he ealclllatcd hCllrist.ically hy the
followillg "POillt. splitting fOrlllula.":

T(z) (7.1)

This mea.ns that t.he olle point. fUlletioH < T( z) > shonld he obtained
hy expanding < j(zdj(z'l) > (E(ZI,Z2)Y;! - 1 ahont the diagonal and
looking at the coeffieicllt of (Zl - Z2)2 1 whieh is of a higher order than
in the eorresponding si tll<Lt.iOIl for cnITents. v\Te are tll11s led to consider
the hololllorphic fine hlll1<11e WMxM(2~) restriet.ed 1.0 the sccond m·der
llciyhuow}w()(J of the diagollal, which we shall deHot.e as :~.6.j i1. reprcsents
the ringe<! space (6.,03.::d where 03~ = OMxM /G( -36.). The exact
sequence t.hat we have 1,0 cOllsicler is t.llc following callonieal exact sequclIce:

(7.2)

"Ve tllen have t.he followillg proposit.ioll:

P ropos it io n 7.1 Th c LiHe Imwllc WAl xM(2.6.) lws a cmwnicaL trivialisa­
timl on 2ß (lHd is trivialisable 07l aß (in fud Oft n6.).

"Ve shallnorlllalisc the trivialisatioll hy reqniring that t.he section whieh
defines it shollid restriet. to 1/2 Oll 6..

Definition 7.2 lVc dcfillc thc o7lc-]Joint JWictioll < T(z) > oJ the ene7yy­
mOHlcn t111 H tc H.W)7· lo lu; a h'iviaLisa tio1l 0J W (26.) on 3.6. such timt its 7'e­

st7'ietion lo 2.6. coillcidr:... wilh lhe calwnü:aL t7"ivialisatio7l, takin!J the value
1/2 on .6..

It ShOllld he 1I0ted t.hat the exact sequcllce (7.2) implies that two such
< T( z) > difrer hy a llololllorphic qlIadratic differclI tial.

Theorem 7.3 The ulJOvc definitiou oJ < T(z) > is cfjui1mlc1ll to fHl as­
si!J71ment oJ fj1fwlTntic dijTcrclll.ials 1.0 each opcn set in (l comlex aTl-alytic
c()()rdi7wf,c cove7'iu!J U oJ .6., which is simply (l copy oJ .Al, such that on
ovcrlaps they tra1Z8jorm llS (/wulTYltic dijJcrcutial8 plus au i71/wnw!Je1lcous
te7'1U, viz. (1/12) X tlte sc!wUI1·ziaH of thc c(u)rtliwll.e tnlHsJonTwf.ion.
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: ',,', ... Accol'ding. to ',f 'standa.rd·;lIIa1.hclIlatica}·.f.enninology .[16], t.his 'implies

that 12 < T(z) > is a Jlfvjcct.itJc cOTtHcd.imt. On t.he other hand, according
to the definitioll of BelaviIl, Polyakov allel Zalllolodchikov [17], this implies

that t.hc syst.em Iws cCHt.m! dw7'Yc C = 1. This is aH a!gcbro-yeometric

COUlllC77Jf17·t. Oll a C01/L]JfU:t Ricmfluu smjacc of auy gcn us of (l welt krwwn

1'csu/t iu thc I.hcm·y of t.he lIi7nsoro ulgclnn (see ca.se (i) of RClIlark 4,2 on

page 40 of [18]. Sinee wc ha.vc showll that the spin (1 - .I) - J version of

this system is (t disguised version of the (twisted) conformal Spill 1/2 case,

it is not snrprisillg tha.t onr methods can lJe extended to the other cases of

the allollla.ly fOl'lIIl1la.
It. Sh01dd also lJe Ilot.el! tha.t. we ha.\'e obtainecl a rat her eIega.nt geomet­

rie illterl'retatioll of hot,iJ < T(z) > a."i weil a$ of the eOllccpt of a projeetive

cOllnectioll, viz. that they are just. all iufinitesilllal version of our gener­

alised allharmonie ratio! This may he regarded, perhaps, as a conerete

forlll of the chal'acterisation of Deligue tImt "IntuitivemeIlt, se donner une

COllllectioll project.ivc ... pennet dc dcfinir le bira.pport (=rapport anhar­
Illoniqnc) de 4 points illfinilllcnt voisillS , , ," [19].

8 Concluding Remarks

We }mve seen how every det.ail or the strnetnre of tlle b - c system is a
cOllseqnence of it.s 0 PE (1.2) allel st.at.istics. Aigehra.ic geornetry provides
a rigorous mathelllaticaliallguage fol' descrilliHg t.lle system cl.1lcl Olle which
is a...<;; physically natural <1$ t.he lallgllage of HillJel't spa.ce is for Quantum

:tvlcchanics. Fnrt.hcr developlllellt.s are lIuder invest.iga.tioll.

It is a. pleaslIl'c to thallk tlle Max Planck Instit.ut für Mathematik, Bonn,

aHCl its director Prof. F. Hirzehrllclt for hospita.Iit.y during the prepara.tion

of this paper. DisCllssiolls with Prof. \Verller Nalllll (Lud Prof. Don Zagicr

werc most userul aud are gl'atcfully acknow lcdged.
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