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1. INTRODUCTION

In the study of water infiltration through three dimensional porous media in
turbulent regimes (i.e., in the case when in view of large velocities the classical
Darcy law fails to be true) several authors (see [1]) consider equation

L16) = 96/0t — div[| v ¢(8) — K(O)Z™2(ve(6) —K(6)2)] =0 (1.1)

where 8 is a volumetric moisture content, K () is the hydraulic conductivity, p(8) =
foa D(&)dE, D(6) = K(0)®'(9), ®(8) is a hydrostatical potential, Z = (0,0,1) (n =
3), m € (1,2). For m = 2 equation (1.1) coincides with the equation of filtration in
the case of laminar regimes. In the latter case Gilding and Peletier ([2]) motivated
that for many porous media a reasonable choice for D and K would be

D=Dg6 ", K =FKo8",1<s<r, Do, Ko > 0. (1.2)

Extending this choice to the case m € (1,2) we can derive from (1.1}, (1.2) equation

Fylu] %= Ou/ot — div[|ul®| ¥ u — colu|*Z|™ " (Yu — co|u|*Z)]) = 0 (1.3)
where Z = (0,0,1), ¢o = const > 0 and

me(L,2),l=(s—-1)(m-1)>0,k=r—s+12>1. (1.4)

Equation (1.3), (1.4) is a particular case of equation

Flu] = Qu/ot — diva(u,Ju) = f (1.5)
where f = f(z,1) is a given function, u = (0u/0z1,... ,0u/0z,), a = (a',... a")
and functions a*(u,p), : = 1,... ,n, are continuous and satisfy for allu € R, p € R"

inequalities

a(u,p) - p 2 volul’lp|™ — ¢o(w), vo > 0,
la(u, p)] < mluff|p|™ ™" + ¢ (u), m € (1,2), €20,i=0,1. (1.6)
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Really we have in the case of equation (1.3)

a(u,p) = lul‘lp = colul*Z|"*(p — colu|"Z). (1.7)

Using inequality |b — ¢|™ > 2ug|b|™ — fc|™ for b,c € R™ with 2y = 21™™ we can
estimate in the case (1.7)

a(u,p) - p 2 volul‘lp|™ = clu|+™" (1.8)

and

law, p)| < Je|[p]™ + clu| P 0" (1.9)

with some ¢ = ¢{¢g). So conditions (1.6) for equation (1.3) are fulfilled with

do(u) = clu™ ¢ (u) = clu| ™V ¢ = ¢(c). (1.10)

We shall call equation (1.3), (1.4) as equation of turbulent filtration. In accordance
with classification given in [3] equation (1.5), (1.6) is of the type of

slow diffusion if m+4£€> 2,
normal diffusion if m4+ £ =2,
fast diffusion if m+£€<2,

In this paper we study existence and uniqueness of Cauchy-Dirichlet problem for
equation of turbulent filtration

Ful=f m Qr,u=v¢ on Tr (1.11)
where Q1 = Q x (0,7T),  is a bounded open set, I'r = SrU[Q x {t = 0}], ST =
02 x (0,T], f and ¢ are given functions.

We are able to establish existence and uniqueness of some Holder continuous gen-
eralized solution of (1.11) assuming additionally to (1.4) that

3-m 2 —mk
1 & < . .
max(,4m_3><e_1+m“1 (1.12)

Remark that in view of (1.4) the second inequality in (1.12) is equivalent to condi-
tion

me+€<2 ’ (1.13)

and hence equation (1.3), (1.4), (1.12) is an equation of the type of fast or normal
diffusion. Remark that investigations of some qualitative properties of equations
of the type of slow, normal, and fast diffusion are given in [4]. In particular from
results of [4] it follows that homogeneous (f = 0, ¢i(u) = 0,4 = 0,1), equations
(1.5), (1.6) have an infinite speed of propagation if m 4+ ¢ < 2..
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The remainder of this paper is structured as follows. In section 2 we discuss unique-
ness results established in [5] for equations (1.5), (1.6) with any m > 1, £ > 1 —m.
In section 3 we state theorem on existence of a regular solution of Cauchy-Dirichlet
problem for equations (1.6), (1.7) in the case m € (1,2}, £ > 0 which can be de-

rived from results of [6]. In the case m + ¢ > 2, max (1, nz_-:z) <m <2, >0 this

theorem follows also from results of [5]. In section 4 we apply results of previous
sections to the equation (1.3), (1.4), (1.12).

Acknowledgement. This research was partially supported by the Max-Planck-Institut
fur Mathematik.

2. UNIQUENESS OF QUASISTRONG SOLUTION

Consider equation (1.5) assuming that for any «,v € R and any p,q € R”
(G) la(u, p)| < ullul*lpi™ ™ +1), 1 2 0;
(M) [a(u,p) — a(u,q)] - (p—q) 2 0;

and let for any w,v € [e, M], € > 0, M > ¢, for any p € R

(Lioc) la(u,p) —a(v,p)] < Alu—v|(lpI™" +1), A=A(eM)20

where m > 1, £ > 1 — m. Consider Cauchy-Dirichlet problem

Flul=f mm Qr,u=v on Iy (2.1)
where f € L1(Qr), ¥ € WHQr),¢ > 0in Q7.

Definition 2.1. Any nonnegative bounded in Q7 function u is a weak solution of
equation (1.5) if
a) w € C([0,T]; La(Q)), vu*' € Lu(QriR™), 0 = 255

- m—11
b) for any ¢ € C'(Qr), ¢ = 0 on S, and any 1,12 € [0,

/ﬂ ugdz

Definition 2.2. Function u is a weak solution of Cauchy-Dirichlet problem (2.1} if
u is a weak solution of equation (1.5) and v = ¢ onl'p.

[ [l ) 98- s =0, 22

Remark that any weak solution of (1.5) and any ¢ € W{(@r) have traces on I'rp;
so Definition 2.2 has sense.

Definition 2.8. Let inf(yp,I'r) > 0. We say that u is a strong solution of Cauchy-
Dirichlet problem (2.1) if u is a weak solution of (2.1) and moreover

inf(u,@r) >0 (and hence w € WH(Qr)).

Definition 2.4. Let ¥ € Wi(Qr). We say that u is a quasistrong solution of
Cauchy-Dirichlet problem (2.1) if u is a weak solution of (2.1) and moreover there
exists a sequence of strong solutions of problems
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Flus|=fn in Qpr,u=1%, on DIr
such that

up = u in C([0,T); Li()); fa € L1(Q71), fuo — f in Li(Qr);
Y =P + en(x,t), €, € Wi (QT)N C(QT), inf(e,,T'r) > 0, sup(€e,, I'r) — 0.

Theorem 2.1 (uniqueness of quasistrong solution ([5])). Let assumptions(G), (M)

and (L) hold. Then there is at most one quasistrong solution of Cauchy-Dirichlet
problem (2.1).

Remark 2.1. Theorem 2.1 is proved in {5]. In some sense definition of quasistrong
solution and Theorem 2.1 are similar to definition of “the limit of strong solutions”
and the correspondent uniqueness theorem of paper [7] by Bamberger for equation
Oufot — div[|u|f| v u|""? v u] = f,m > 1, £ > 0. However instead of condition
inf(u, @r) > 0 as in Definition 2.1 Bamberger used condition “u has §* € L1(Qr)".

Remark 2.2. The meaning of Theorem 2.1 is the fact that it is possible (see sect. 3)
to prove existence of Cauchy-Dirichlet problem (2.1) in some subclass of quasistrong
solutions.

3. EXISTENCE OF REGULAR SOLUTION

In this section we consider Cauchy-Dirichlet problem (2.1) assuming that
(2) 3po > 03ap € (0,1)Vzo € ONVp € (0,p0) : |Bplzo) N Q| < (1—ap)|By(zo)l;

(BI) ¥ 20,4 € V%%(QT) N Cpp/m(T'7);
(RHS) f >0, f € Leo(Qr)-

Definition 9.1. We say that function u is a regular solution of Cauchy-Dirichlet
problem (2.1) if u i1s Holder continuous in Q)7 and u is a quasistrong solution of
this problem.

Theorem 3.1 (existence of regular solution ([6])). Let conditions (), (BT)
and (RHS) hold. Assume that the following conditions are fulfilled:

1) (m,(?)EEJ\w,G#{me(l,’z),(?>0},w${(m,é)v’:‘@:ﬁu<l—l o=t };

o-+2 — m n’ m—1
2) functions |u|~%a'(xu, |u|~%p), a = -T%, are continuous on R x R";
3) foranyu € R,pe R"
a(u,p)-p 2 volulfp|™ ~ po(|ul® +1), 10 > 0,8 € (0,m+€) if m+£ > 2 and
§=2ifm+£<2 Ja(u,p)| < plulfpl™ " +pu(lullul®, a =L, u(s) > 1is
nondecreasing on R ;
4) there exist vy > 0 and continuous vector-function b(u) € R™ such that for
any v € R and any p,q € R"

[a(u, p) — a(w,q)] - (p — q) > vilul’lp — gl*{lp — O™ + |g — ™)' 7,
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5) for any w,v € [, M|, 0 < e < M, andany p € R"

la(u,p) — a(v,p)| < Alu ~v|(|p|" ™" + 1), A= A(e, M) > 0.

Then Cauchy-Dirichlet problem (2.1) has at least one regular solution.

Remark 8.1. Theorem 3.1 is a particular case of Theorem 2.1 of paper [6] which is an
imporvement of existence result established earlier in [5] where instead of condition
1) we assumed that max(1, f—_}i‘?) < m < 1 and instead of the first inequality in
condition 3) we supposed that a(w,p) - p > volu|f|p|™ — po(|u|® + 1), § < m + € if
m+ €< 2.

Remark 8.2. Condition 1) means that point (m, £) does not belong to “the bad set
w”. It is easy to see that w C {m > 1,2 > 0, m + £ < 2}. The counterexample
of paper (8] shows that the local boundedness (and hence the local hdlderness) of
generalized solutions of equations (1.5), (1.6) with f(z,t) =0, ¢;(u) =0, = 0,1,

can not be proved if (m, ) € w. In this sense condition 1) is sharp.

4. THE CASE OF EQUATION OF TURBULENT FILTRATION

The main result of this paper is the following

Theorem 4.1. Let conditions (), (BI), and (RHS) hold. Then Cauchy-Dirichlet
problem (1.11) for equation (1.3), (1.4), (1.12) has exactly one regular solution.

Proof. Inequality (1.8) shows that the first inequality in condition 3) of Theorem
3.1 is fulfilled with § = mx + € where k« > 1. So § > m + £ and we can not apply
Theorem 3.1 in the case m + € > 2. Namely therefore we assume that ms 4 € < 2
(see (1.12), (1.13)). In this case the first inequality in condition 3) is fulfilled (with
§ = 2). Obviously that the second inequality in condition 3) is also fulfilled with
increasing function u(s) = s#, 8 = £ + (m — 1)k, 1/m + 1/m’ = 1. To verify
condition 4) we use the following well-known inequality (see, for example, [1])

_ e _2
[pI™2p— |g|™ 2q) - (p—q) > valp—q[* - {lp|™ + ¢/} "™, l<m <2, (41)

where 11 = v1(m) > 0. Denote

p=p— c0|-u|kZ, q=q— colul"Z.

Then in view of (4.1) we have in the case (1.7)

(a(u,p) — a(u,q)] - (p—q) = wilp— q*{lp = 0™ + |g = b} ™=, b= colul*Z.

Obviously that conditions 1) and 5) are trivially valid for a(u, p) given by (1.7).
For example in the case (1.7) we can conclude using identity ¢ = ma that function

)™ a(u, [ul™®p) = Ip — colul"**Z|"7*(p — colul*"" Z)
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1s continuous on R x R",

Finally using that in the case n = 3 condition 1) is equivalent to condition

oc+1 1 1

> — =
c+2" m 37T M~

,m>1,£2>0 (4.2)

and taking into account that { = (m — 1)(s — 1) > 0 (see (1.4)), it is easy the see
that (4.2) follows from inequality

3—-m
S 1 . 4.
<>max(,4m_3) (4.3)

So in view of the first inequality in condition (1.12) we can derive that condition 1)
of Theorem 3.1 is fulfilled. Therefore all conditions of Theorem 3.1 are fulfilled for
equation (1.3), (1.4), (1.5). Because conditions (G), (M) and (L) of Theorem 2.1
follow from conditions 3), 4) and 5) of Theorem 3.1 we can conclude that Theorem
4.1 is proved.

Rewrite result of Theorem 4.1 in terms of equation (1.1), (1.2). Consider Cauchy-
Dirichlet problem
L6]=0 in Qr,8=0 on Sr,0(z,0)=06z) (4.4)

where £[6] is defined by the left-hand side of (1.1) with functions D(8) and K(6)
like in (1.2). Assume that initial function p(z) satisfies conditions

6o >0, 6p € Cg() forsome g€ (0,1). (4.5)
From Theorem 4.1 we can derive the following

Theorem 4.2. Let conditions () and (4.5) hold. Assume that parameters m,s
and r (see (1.2)) satisfy conditions

3—1 2 —mx
1 <1 = 3 -1
ma.x(,4m 3)<s_ + _l,r s+ K ,
2 5m-—3
1 € kK < max —,—m— , l<m <2,
m 4dm —3

Then Cauchy-Dirichlet problem (4.4) has exactly one regular solution.
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