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80. Foreword.

This is a translation in English of the first part of my paper [59]. The goal
of this translation is to present the recurrent relations, on the basis of which
the results of my papers [43], [54], [55], [56], [60], [65], [66], [72], [69], [74]
have been obtained. As in these papers, below we use the Mejers functions
(see [19], ch. 5 or [54] — [55])
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§1. My auxiliary functions.
Let
2] > 1, —31/2 < arg(z) < /2, log(z) = In(|2]) + i arg(2).
Then log(—2) = log(z) — ir, if R(z) > 0 and log(z) = log(—z) — i, if

R(z) <0.
Let

(1) fa(zv) = fialz,v) = —=(=1)" x



[ + 2 times [ + 2 times
. N

7 \/7” N

(1,2+1) =v, ... ,—v,v+1l, ... Jv+1|
Giigarn | —(=1)'2 0, ... ,0, O, .. 0 N
—(=D" [ o
i 9atar,a420 %
Ly
1 + 2 times [ + 2times
N l ,—V, ,_V:,V—i_l, ,V—i_i
(—=1)'z 0. ... .0, o0 0 s | ds,

where [ =0, 1,2, v € [0, +00) N Z,

(1,240 (1,24 -
aro1 a2 = 94+2l,4+2z(3) =
| + 2 times 4 2 times
7\ 7\
7 Y Y
9(1,2+l) _(_1)12 —v, ... ,—v,v+1, ... ,v+1 sl =
4+21,4+21 =
244+ 0, ... .0, 0, o , 0

(—(=1)'2)°T(=8)(T(1 4 8)) > 2T (1 4+ v + &) 22 (C(1 + v —5)) 22,

and the curve L; passes from 400 to +00 in the negative direction such that
the set [0,400) N Z lies to the right from it, but the set (—oo, —1) N Z lies

to the left from it. The set of all unremovable singular points of giﬁﬁlﬂ(s)
encircled by the curve Li, consists of the points s =0, ..., v, each of these

points is a pole of the first order. Therefore
(L2+0) g\
Res(g4+2z,4+2la k) =

. 1,241
lim (s + k)45 har(5)):

where [ =0,1,2 and k=0, ..., v. Let

s=k+u, Hi(uk,v)=

(1,241)
Iaio gk +u) =

(—(=1)'2) T (=k —u)(D(1+ k +u)) 372 x
CTA4+v+k+u) ™ TA4+v—k—u) > =

k

TT(—k+ 5 —w)  (—(~1)'2)F

k=1
F1—w)TA+Ek+u) T +v+k+u)*T0+v—k—u) 22,
where [ =0, 1,2 and k € [0, +00) N Z. Therefore



1,241 . 1,241
R€3(9i+2z,4)+215 k) = i%(u9i+2174)+21(k +u)) =

— (1)) R)P( — R) =

(1) (Z) - <” ' ’“) -k

where [ = 0, 1,2 and k = 0, ..., v. Consequently, the function f;;(z,v) is
equal to a finite sum

) fute =S (7) ()

k=0

where [ =0, 1, 2, v € [0,400) N Z.

Let
\Y, v
(3) fia(z,0)" = fia(z,v) = =(=1)" x
[ + 2 times [ + 2 times
a2t | v, ... ,—v,v+1, ... ,v+1]|
44204421 0, ... ,0, 0, ... .0
! + 2 times [ + 2 times
lV 7 Y Y
_(—1) 9(34_1724_1) . -v, ... ,—uv,v+1, ... ,v+1 s | ds
% 44204421 0, ... ,0, 0, ... .0 ’
Lo

where [ =0, 1, 2, v € [0,400) N Z,

(341,241 (3+1,2+0) -
aro14v21 = 94+2l,4+2z( )=
[ + 2 times [ + 2 times
7 -\~ N7 -\~ N
g(3+l’2+l) Y e R —-v,v+1, ... ,V+1S _
4+21,4+21 0, oo, 0,0, , 0

(=2)"(0(=))" (P14 8)) 7T+ v+ 9) 7 (CA +v—s) 77,

and the curve L, passes from —oo to —oo in the positive direction such that
the set [0, +00) N Z lies to the right from it but the set Z N (—oo, —1] lies
to the left from it. The set of all unremovable singular points of gﬁgllifz)l(s)
encircled by Lg, consists of all the s = —1 —v — k with k € [0, +00) NZ; each
of these points is a pole of the first order. Therefore

Res(giuapm =1 —dw—k) = _lim (s +v+ 14 kgl (),

s——v—1—k
where [ =0, 1, 2 and k € [0, +00) N Z. Let v € [0,400) N Z, Let
s=-—v—1—k+u H(ukv)=Tw+1+k—u))x

(C+k—u) > T2+ 20+ k—u) >,



and

f[l(t )
(4) R(t,v) =% :
ljo(t +J)

where v € [0, +00) N Z. Let further T'= —s = v+ 1+ k — u. Then

ﬁ(1+y+k—j—u) o
(5)  Hi(ukv)= |2 = (R(T,v))*",
1:[0(1+l/+/<:+j—u)

where v € [0, +00) N Z. Let
Hp(u k,v) = g (—v—1—k+u) = (—2) T 0+ 1+ k—u))*

T(—v—k+uw) "(T(—k+uw) TR+ 20+ k—u) ' =

)k Dnu_ y—v—l—ktu_ T T 14k — )4+
(1) () ity (T4 1k — )2

CTA+k—u) 2 TR+20+k—u) > =

~1 k+(+1)nu/  \—v—1—k+u m HF k
( ) ( Z) SiH(U’]T) l(u7 7V>7

where [ =0, 1, 2 and k € [0, +00) N Z. Therefore

341,241
Res(gim 4+2)l’ ~l-v—k)=

lir%(uHm(u, k,v)) =

_(_1)luz—(1+u+k)(R(1 +u+ k, y))2+l7
where [ =0, 1, 2 and k € [0, +00) N Z. Consequently,

(6) f12 2, l/ ZZ 1+I/+k 1 L+ k’ y))2+l7

where [ = 0,1,2 and k € [0, +00)NZ. Let t = 1+v+k with k € [0, +00) NZ;
in view of (4) and (5), it follows that

“+oo

(7) fia(zv) = ) 2 H(R(tv))*,

t=1+v

where [ = 0, 1, 2 and v € [0,+00) N Z. Since (R(t,v))*™ for v € N has in
the points t =1, ..., v, the zeros of the order 2 + [, it follows that

(8) fi2(z,v) Zz )t



where [ =0, 1, 2 and v € [0, 400) N Z. Let

\% lv
(9) fiz(z,v) = fiz(z,v) = (=1)" x
[ + 2 times [ + 2 times
Gz | v, ... ,—v,v+1, ... ,v+1|
4+4-21,4+21 -
+2L4+ 0, ... ,0, 0, ... 0
[ + 2 times [ + 2 times
l I N7 Y
(=)™ g(4+l’2+l) I TR 2 v+1, ... ,v+1 o | as
2 4+214+21 o, ... ,0, 0, ... ,0 ’
Lo

where [ =0, 1, 2, v[0, +00) N Z,

(4+1,241) (441,241)

Yavor,a+20 = 94+2z74+2z(3) =

[ + 2 times [ + 2 times
N .

g(4+l’2+l) 0 e R , —v,v+1, ... ,V+18 _
442442 0o, ... ,0, 0, 0

Y

~

(2)(C(=s)"™ T A+ )L+ v+ ) TA+v—s))2

The set of all unremovable singular points of the function gﬁj;llﬁigl(s) encir-

cled by the curve Lo, consists of the points s = —1—v—k with k € [0, +00)NZ;
each of these points is a pole of the second order. Therefore

4+1,241)
R€3(9i+2z,4+2)1a ~l-v—k)=

s——v—1—k

. 0 41241
i (5w 1+ 2 )
where [ =0, 1, 2 and k € [0, +00) N Z. Let
§=—v +u, Hyg(u, k,nu) = g, o0y o (—v—1—k+u) = (z) X

(D4 1k = ) T (= )7 (T (ko4 ) PR+ 20+ ) 2 =

1\l 2 Z—V—l—k+u v —u 4421
(0 () G L b= )

TA+Ek—u) 2 TR+20+k—u) > =

(—1) ( T )2 (2) TR B (u, Ky ) =

sin(u)

0 (o )2<z>-”-1-’“+“<R<T,u>>2“,

sin(um)

where T=v+1+k—u,l=0,1, 2 and k € [0, +00) N Z. Therefore

44,2+
Res(gz(x+2z74+2)z? —1—div—k)=



tiny (g0 Hia(w)) =
(1) (loB(2))(2) " (0, )+
() (o ) Ok) =
(1) (loB(2)) (2) 1 H(R(L + v+ k)

(—1)(z)~ 1k (%(R)W) (1+v+kv)

2

because (mu/(sin(mu))? is a even function. Thus

“+oo
(10) fia(z,v) = (log(2)) Y 2 (R(t,v)** —
t=14v
+00
> ()
ot
t=14v
where [ =0, 1, 2 and v € [0, +00) N Z. Since (R(t,v))*™ for v € N have in
the points t =1, ..., v, the zeros of the order 2 + [, it follows that
“+oo
(11) fis(z,v) = (log(2)) Y = " (R(t,v))** -
t=1

Zﬁ( (R*) ) (t,v),

where [ =0, 1, 2 and v € [0, +00) N Z. Puting

(12 fler) = =3 (5r2) @),

t=1

where [ =0, 1, 2 and v € [0, +00) N Z, we come to equality

(13) fia(z,v) = (log(2)) fia(z,v) + fra(z,v)
Let
(14) fls(=zv) = —=(=1)" x
| + 2 times [ + 2 times
G+L2+D) v, ... ,—v,v+1, ... ,v+1]|
steav2 | Zlg 0 0, 0, ... 0 |
| + 2 times [ + 2 times
— (1) (5-+1,241) r—u, e —V:V—i—l, A v+ 1
i [ 9w | TE 00 o0 o0 0 [f]%

Lo



where [ =1, 2, v € [0, +00) N Z,

(5+l72+l) _ (5+l72+l) ( ) o
9av21,4+21 = Yay21,4+21
[ + 2 times [+ 2 times
7\ 7\
7 N7 Y
g(5+l’2+l) P I , —v,v+1, ... ,V+18 _
44204420 | — =
0, ... .0, 0, 0

(—z)S(F(—s))5+l(F(1 + s))_l“(F(l +v+ s))2+l(F(1 +v— s))_z_l.

The set of all unremovable singular points of the function gﬁgﬁiﬂ,(s) encir-

cled by the curve Lo, consists of the points s = —1—v—k with k € [0, +00)NZ;
each of these points is a pole of the third order. Therefore

541,241
Res(gim 4+2)l’ ~l-v—k)=

L im ((%)Q«HH Lt Ry iiééii%s») ,
where [ = 1,2 and k € [0, +00) N Z. Let
s=—v—1—k+u, Hs(u,knu)=
g~y — 1=k +u) = (—2) T T+ 1+ k- )
(T(—v —k+u)) O (—k +u)*™ T2+ 20+ k—u) > =

_1)k+)(-1) ™ 3 )ikt o))
(=1) (Sm(m)) (—=2) (T(v+1+k—u)*x
(DDA +E—u ) 2R+ 2w+ k—u) P =

1 k’-i-(l 1 I/—l—k—‘ruH* k —
(s .k v)

(~1)Hb (

where '=v+1+k —u,l=1,2and k € [0, +00) N Z. Therefore

) y—l—k—l—u(R(T I/))2+l

sm U’]T

541,241
(15) Res(gfp:;l 412)1, —1—-v—k) =

%i ((%)2(u3Hl,5(u, k, ,,))> _

2= 171' ( 1)ll/+l(z)—l/—l—kHl*(07 kf, I/)“‘
(—

| l"“(log(—z))2z_”_1_kHl*(O, k,v)+

(—1)H =1k (log(—2)) ((%Hl*) (0, k, v)+

27 (1)l ik ((%)211,*) (0,k,v).



We put now

(e}

(16) fis(z,v) =27 (log(2))? Z SUR(E v) 2 —

t=v+1

tog(e) 3 = (SR o)+

t=v+1

2t i ((%) <R2+’>) (t,0)

(17) frs(z,v) =27 Z z ((%) (R2+l)> (t,v).

t=v+1

Since (R(t,v))*™ for v € N have in the points ¢t = 1, ... , v, the zeros of the
order 2+ [, and [ = 1, 2 now, it follows that

(18) fre(z,v) =27 Z ot ((—) R2+l)) (t,v).

Then in view of (15), (8), (11) — (14), (16), (17)

(19) fi5(z,v) = —im(log(z Z ZIR(t, v)* 4

t=v+1

log Z > t 2+l

t=v+1

in i ot <%(R2+’)) (t,v)—

t=v+1

log(:)) 3 = (52 @)

t=v+1

Yy ((%) <R2+l>> (1) -

t=v+1

—imfis(z,v) + fis(z,v),

(20) fis(z,v) =

27 (log(2))? f12(z,v) + (log(2)) fra(z, v) + fie(z,v) =
= —2""(log(2))* fr2(z,v) + +(log(2)) fi3(z, V) + fie(2, V)

(21) Rz ) = (1) x



! + 2 times [ + 2 times
7\ 7\

7 Y Y
G(6+l72+l) v, ... ,—v,v+1, ... ,v+1]|
4421,4421 =
21,4+ 0, ... ,0, 0, ... .0
[ + 2 times [ + 2 times
7 -\ Y -\ Y
l
(=)™ g(6+l’2+l) P R v+1, ... ,v+1 | as
2 4+21,4+21 0, ... ,0, 0, ... .0 )
Lo

where [ =2, v € [0,400) N Z,

(5+1241) _ (641,2+1) o
ayor4120 = 94+2l,4+2z( ) =
!+ 2 times !+ 2 times
7 -\ Y -\ Y
g(5+172+1) . -v, ... ,—uv,v+1, ... ,v+1 s| =
4+21,4+21 - -
+20,4+ 0, ... ,0, 0, ... .0

(2)*(D(=s) T (L +8) 2T A +v+9) T (L +v—s)) >
The set of all unremovable singular points of the function gﬁéﬁjﬂ,(s) encir-
cled by the curve Ly, consists of the points s = —1—v—k with k € [0, +00)NZ;

each of these points is a pole of the fourth order. Therefore
Res(gy oo —1 — v — k) =
1 . o\° 4 (541,240
6 S_iI,,H_ll_k <<£) ((s+v+1+k) 94+2z,4+2l(3)>> )
where [ =2 and k € [0, +00) N Z. Let
s=—-v—1—k+u, H7(u,k,nu) =
gl () 1 — k) = (2) V(O (v + 1+ k- w))St X

44-21,4421
(T(—v —k+u)) "2 (—k +u)* T2+ 20+ k—u) > =

(—1)" ( ul )4 (2) D+ 14k — u))

sin(um)

CTA+k—u) > TR+ 20+k—u) > =

0" (o ) () (0, ) =

sin(u)

4
T
_1 lv —v—1—-k+u T 2-+1
(0 (s ) R
where T =v+1+4+k —u,l =2 and k € [0,4+00) N Z. Therefore

64+1,2+1
(22) Res(giﬁz,g;{; ~l—-v—k)=

éilﬂ% (((%)4 (u4H1,5> (u, k,v)) =



"2 (1)) log () H (0, k. 1)+
R (Gt ) (060)
We put now
(23) firlz,v) = 67 (log(2))* 3 7 R(t, )M —

6 (log(2))? fia(z,v) + 27 (log(2))? fra(z,v) + (log(2)) fre(z,v) + fis(z,v) =
—37"(log(2))’ fua(z, v) + 27 (log(2))* fia(z,v) + fis(z,v)+
(log(2))(fs(2,v) + 27" (log(2))* fia(z, v) — (log(2)) fra(2,v)) =
67" (log(2))* fia(z,v) — 27 (log(2))* fia(z, v) + (log(2)) fis (2, v) + fis(2,v),

where

t=v+1

and, since (R(t,v))*™ for v € N have in the points t = 1, ..., v, the zeros
of the order 2 + [, and [ = 2 now, it follows that

(25) fis(z,v) =—6"" Zz_t ((—) RQH)) (t,v).
Then, clearly,
(26) fz,v7(z> v) = fir(z,v) + (27°/3) fis(z,v).



(28) H,(v)=S;(v,v—1)—=S;(v+1,v) =

Then
(20) (57) (R = (RGP 24 51 00),
(30 (5) e =

(R0 (2 4+ 12(S300,)) + (24 DSa(1,),
@1 (5) (it =

(R(t,v))* (2 4+ 1)2S3(t,v)* ™ + 3(2 4+ 1)2S%(t,v)) Sa(t, v) + (2 4+ 1) Ss(t, v)).

§2. Some relations. The case |z| > 1.

Let
Py(t) =1 — 4t + 8% — 12t°, Qo(t) = 16 + 12,

Pi(t) = —1 + 6t — 18¢* + 38t° — 66t* + 102t°, Q1 (t) = —146 — 240t — 102¢%,
Py(t) =1 — 8t + 32t% — 88> + 192t* — 360t° + 608t° — 952¢",
Q2(t) = 1408 + 3640t + 3200t + 952t°,
It is not difficult to verify that

(32) 0=Ty(t) == (t+ )*"' Fi(t) +t2Q (t) — (t — 1)*"

for i =0, 1, 2. Let (see (3.1.52) in [56] with ¢;(v) = c2(v) = v, m = n = 241)
(33) Di(z,v,w) = z(w — v)* M (w + v + 1)*T — @t

where [ =0, 1, 2, v € Z, and w is independent variable. Clearly,

(34) Di(z,v,w) = Di(z,—v — 1, w)



for | =0, 1,2, v € Z, Let further § := z:Z. Then (see (3.1.64) in [56])

(35) Dl(zv V75)fl\,/k(z> V) :07

where v € [0,4+00)NZ, 1 = 0,1, 2 with £ = 1, 2,3 for [ = 0, with k =
1,2,3,5for i =1 and with k =1, 2, 3, 5, 7 for [ = 2. Further we have (see
(3.1.53) — (3.1.54) with d¥ = d" = 1 and (3.1.56) in [56])

(36) (6+v+ 1)2+llek(Zv v)=(—-v— 1)2+lfl,vk(z> v+ 1),

where v € [0,4+00) NZ, 1l = 0,1, 2 with £ = 1, 2,3 for [ = 0, with k =
1,2, 3, 5forl=1and with k=1, 2, 3,5, 7 for [ = 2,

(37) (6 + 1/)2+lfl\”k(z, v—1)=(6 - V)2+lfl\,/k(z> v),

where v € NN, [ =0, 1, 2 with £k =1, 2, 3 for [ = 0, with £k =1, 2, 3, 5 for
l=1and with k=1, 2, 3,5, 7 for [ = 2. Let
(38) fl\,/k(zv -V = 1) = fl\,/k(z> V)7

where v € [0,4+00) NZ, 1 = 0,1, 2 with £ = 1, 2,3 for [ = 0, with k =
1,2,3,5forl=1and with £k =1, 2, 3,5, 7 for [ = 2. Then (37) holds also
for v = 0. Therefore, if v = —x — 1 with x € [0, +00) N Z, then
fur(z,v) = fir(z,6) = fir(z, —v — 1),
(0 +v+ 1)2+lfl\,/k(za v)=(0— "i)zﬂfz,vk(za K) =
(6 + ’{)Hlfz\,/k(za k—1)=(0—-v— 1)2+lfl\,/k(z> v+ 1),
DZ(Z, v, 5)fl\,/k(z7 V) = Dl(z> —K = 17 5)fl\,/k(zv K)Dl(zv R, 5)fl\,/k(z7 "i) = 07

where [ =0, 1,2 with k=1,2,3for [ =0, with k=1, 2, 3,5 for [ =1 and
with k = 1,2, 3,5, 7 for [ = 2. So, (35) — (38) hold for all the v € Z. We

consider w and v as independent variables now and we put t = w/v,
P (v;w) = v B(w/nu), Qf (v;w) = v Qy(w/v),

T (v;w) = V3T (w/v).

Then
(39) Pj(v;w) = v — 4w + 8vw? — 12w, Q} (v, w) =
16v + 12w,
40 Pi(v;w) = —1° + 6v'w — 1803w + 382w — 66vw? +
1
1020%0°, Qf(v; w) = —146v% — 2400w — 102w?,
(41) Ps(v;w) = v" — 8% + 320°w? — 88vtw® + 1920°w* —

3600w’ 4+608vw® — 952w, Q5 (v; w) = 14083 4 36401%w +3200vw? + 952w,



In view of (39) — (41),
Qi 0+ 1)z =160 — 12(v + 1) + 12 = v,

PHQ w0+ 1)z = —81,
Qv 5+ 1)z = 1617,

(42) ZHQf (56 + 1)z = (=) 2
(43) 2HQr (v 6+ 1)(6 — v) P = 2 (2 4 1)2H
for 1 =0,1,2,

0(2Q; (v;w + 1) (w — 1/)2“)) _
ow

LRiw 1)

U w0 =) + 2+ DQi (i w+ 1)) (w — )1,

0(2Q5(v;w + 1) (w — V)2)>
ow
2(12(w —v) + 2(16v + 12(w + 1)) (w — v),

2(12(6 —v) + 2(16v +12(6 + 1)) (6 —v)z "' =
—(—122v+1)+8)2v+ 1)z =4(4v + 3)(2v + 1)z,
I(zQ1(v;w+1)(w — V)3)) _

ow
2((—2400—204(w+1)) (w—v)+3(—1461* — 2400 (w+1) —102(w+1)?) (w—v)?,
2((—240v — 204(5 + 1)) (6 — v)+
3(—1460% — 240v(0 + 1) — 102(5 + 1)*)(6 — v)?z " =
(36v(2v + 1) — 240*)(2v + 1)* = 12v(4v + 3) (2v + 1)%277,
L9Q3(viw+1)
ow
2(364002 + 6400v(w + 1) + 2856(w + 1)?)(w — v)+
4(1408v° + 36400% (w + 1) + 32000 (w + 1)* 4+ 952w*)) (w — v)?,
(36400 + 64000 (5 + 1) + 2856(0 + 1)%)(0 — v)+
4(14081°% 4 36400 (5 + 1) + 32000(8 + 1)* + 952(5 + 1)*))(§ —v)*27"" ! =
—(=960°(2v + 1) + 640°) (20 + 1)%27" = 320 (4v + 3) (2v + 1)*2 77,

(w—v) +4Q5(v;w + 1)) (w — v) ™ =

(44)
02Q; (v;w + 1) (w — v)**
ow

vl = 4(21 + l2l_1)yl(4u +3)(2v + 1)l+1 —

w=4

2712 4+ Dt (4 + 3)(2v 4 1)1



for [ =0, 1,2. Clearly,

((%)2 (2Q; (v;w + 1) (w — v)*) =

(Z (%)2 Qr(v;w + 1)) (w—v)*Hy

2241) (= (50 ) Qilsw+ 1) (w0 -0

(1+D)2+1D2Q; (v;w+ 1)(w—v) = (w—v)x

( <Z (a%)? Q(viw + 1)) (w—v)+
s (- () s+ )t

(1+D(2+1)2Q; (v;w+ 1)) ,

(L) Gaitiu+ 1w —07) = - 0)x

(—204(w — v)? + 6(—240v — 204(w + 1)) (w — v)+
6(—146v7 — 240v(w + 1) — 102(w + 1)?)),

(%) Q1w+ 1w -v)’)| = =

w=4
—(2v + 1)(—204(2v + 1)* + 216v(2v + 1) — 481%) =
1220+ 1)(172v + 1) — 18020 + 1) + 40*) 27" =
12(2v + 1)%%(68/(2v)? — 36/ (2v(2v + 1)) + 4/(2v + 1)%)2 7" =
48(2v + 1)*v2(17/(2v)* — 9/(2v(2v + 1)) + 1/(2v + 1)%)2 ™

() Caitiws nw ) = -

((6400v + 5712(w + 1)) (w — v)* + 8(36401* + 64000 (w + 1)+
2856(w+1)?) (w—v)+12(14080°+36400* (w+1)+3200v (w-+1)*+952(w+1)?),

(1/2) <(a%)2 (2@5(v;w + 1) (w — V)4))

(2v + 1)%(688v(2v + 1)* — 76802 (2v + 1) + 1920°) 27 /2 =
8(2v 4+ 1)%(43v(2v 4+ 1)* — 4802 (2v + 1) + 120%) 27" =
3202 + 1) (43/(2v)* — 24(2v) +24/(2v + 1) + 3/(2v + 1)?)z7" =

Z—I/—l —

w=4



Z—y—l —

o (L) e e)

V1+l(2V—i— 1)2+l22+l(2—|—l)><
(25 +90)/(2v)* + (1+D)/u+ 1) —6(2+1)/(2v) +6(2+1)/(2v + 1))

for [ = 1, 2. Further we have

w=4

(%)3 (2Qf (v;w + 1) (w — v)**) =

(z (a%)?’ Q(viw+ 1)) (w—v)*4
3(2+1) (z (%)2 Qr(v;w + 1)) (w — v) 4

31400+ (= (50 ) Qsw+ 1)) (w- '+

(14024 1)2Q; (v;w + 1) (w —v),
and, if [ = 2, then

24Q5(v;w + 1) (w — V)) =

z <5712(w — )t

12(6400v + 5712(w + 1)) (w — v)*+
36(36400* + 6400v(w + 1) + 2856(w + 1)%)(w — v)*+

24(1408v° + 36400% (w + 1) + 32000(w + 1) + 952(w + 1)*)(w — y)) =

482 <119(w —v)*+



(1600v + 1428(w + 1)) (w — v)*+
3(9100% + 16000 (w + 1) + 714(w + 1)) (w — v)*+

(7040° + 18200%(w + 1) + 1600v(w + 1)* + 476(w + 1)) (w — u)> :

(40 <(%) (1 Q3(w + 1) — u>4>

48(119(2nu + 1)* — 1720 (2nu + 1)* + 720°(2nu + 1)? — 8(2nu + 1))%) =

w=4§

48(2nu + 1)*nu® (952/(2u)3 —688/((2v)*(2nu + 1))+
144/(2v(2nu + 1)%) — 8/(2nu + 1) )
384(2nu + 1)*nu? (119/(2y)3 —86/((2v)*(2nu + 1))+

18/(2v(2nu + 1)*) — 1/(2nu + 1) )

Puting in (32) ¢t = w/v, and then multiplying the result by v5*3.,

obtain the equality

we

(47) P (w — ) = (w+ v)* TP (v w) + Q) (v w)

where | = 0, 1, 2. As it was established above, (37) holds for all the v € Z;
therefore, in view of (37) and (47),

(48) (6 + V)2+lfz,vk(za v—1)—(0+ V)2+lpl*(V§5>fz,vk(Z> V) —

54+2l@7(”5 5>fl\,/k(za v) =0,

where v € Z, 1 =0, 1,2 with £k =1, 2, 3 for [l = 0, with £ = 1, 2, 3, 5 for
l=1and with k=1, 2, 3, 5, 7 for [ = 2. Clearly,

(49)
26 =)0+ v+ 1) = (6 +v)*M2(0 —v)*, Qf(v;0)z =
2Qf (v;0+ 1),

where v € Z, 1 = 0, 1, 2 As it was stablished above, (35) holds for all the
v € Z; therefore, in view of (33), (47) and (49),

(50) (6 + V)2+Z(V3+2lfz,vk(za v—1)—

(P (v30) + 2Qf (56 + 1)(8 — v)*™) filu(2,v)) = 0,

where v € Z, 1 =0, 1,2 with £k =1, 2, 3 for [l = 0, with £ = 1, 2, 3, 5 for
[l =1and with k =1, 2, 3,5, 7 for [ = 2. As it was established above, (38)



holds for all the v € Z; therefore, replacing in (50) v by —v — 1 we obtain
the equality

(51) 0—v—=1*" =+ 1)L (z,v+1) -

(P (= = 1;0) + 2Q7 (v = L0 + 1)(6 + v + 1)*") fily(2,v)) = 0,
where v € Z, 1 =0, 1, 2 with £k =1, 2, 3 for [l = 0, with £ = 1, 2, 3, 5 for
l=1and with k =1, 2, 3, 5, 7 for [ = 2. We prove below that the multipliers
(6 +v)?T and (6§ — v — 1)*>" in respectively (50) and (51) can be omit. In
view of (2), the function

v (v = 1) = (B (136) = 2Q (36 + 1)(8 — v)**) (2, v)

belongs to Clz]| for v € Z, 1 = 0, 1, 2; if v € [0,400) N Z, then null-space
of the operator (6 + v)*™ (as operaor on C|z]) is different from zero only if
v = 0, and coincides with C in this case; moreover the equality

(52) V3+2llel(Z, v—1)—

(P (v30) + 2Q7 (v; 6 + 1)(6 — v)*™) i (2,v) = 0,
where v € Z,1 = 0,1, 2, holds for v = 0, because, according to (2),
f1(2,0)) =1for 1 =0, 1, 2, and, in wiew of (39) — (41),

P;(0;6) = —126°%, Pf(0;0) = 1026°, P;(0;0) = —9524".

Thus, (50) holds for all the v € [0, +00) NZ, [ =0, 1, 2. In view of (2), the
function
—(w+ D) (v + 1)

(P (—v —1;0) + 2Qf (—v — Lo + 1)(§ + v+ 1)*™) {1 (2, v)

belongs to Clz] for v € Z,1 = 0, 1, 2; if v € [0,4+00) N Z, then null-space
of the operator (§ — v — 1)2*! (as operaor on C[z]) coincides with Cz"**,
Terefore, in order to establish the equality

(53) —(v+ 1)3+2lfl7v1(z, v+1)—

(Pr(—v—1;0) + 2Q; (—v — L6 + 1)(§ + v+ 1)*™) 11 (2,v) = 0

for v €€ [0,4+00)NZ, I =0, 1, 2 it sufficient, in view of (2), (39), (40), and
(41), to check the equaalities

—(V+1)3(2:j12)2+4(u—|—1 2v + 1) ( )
)

2v +2\?

—(1/—|—1)5( ) +8(v+1)*(2v + 1) (

2 +2\* 2
—(u+1)7( ”jl) +16(v +1)° 2y+14( ”)
14

v

v+1



which, evidently, hold. Since (38) holds for all the v € Z, it follows from (52)
and (53) that these equalities (52) and (53) also hold for all the v € Z. In
view of (8), the function

(o P (1)

(P (—v = 1;0) + 2Q; (—v — 1;6 + 1)(6 + v 4+ 1)**) (2, v)

belongs to C[[z7!]] where v € Z, [l = 0, 1, 2, and C|[[z]] denotes the linear
space (and also ring) of all the formal power series over C with variable z. If
v € [0, +00) N Z, then null-space of the operator (§ — v — 1)?*! (as operaor
on linar over C space C[[z7]]) coincides with 0. Terefore,

(54) — (v + 1)z v+ 1) —

(Pf(—v—1;0) +22Q;(—v — 1,0+ 1)(0 + v + 1)2+l)le(z, v)=0
for v €€ [0, +00)NZ, 1 =0, 1, 2. In view of (8), the function

(55) V3+2lfl\,/2(27 V= 1) -

(P (v:6) + 2Q7 (36 + 1)(8 — v)**) fiy(2, v)

belongs to C[[z7!]] forv € Z, 1 =0, 1, 2; if v € [0, +00) N Z, then null-space
of the operator (§+v)2*! (as operaor on linar over C space C[[271]]) coincides
with z7%C. Therefore in this case, according to (50), the series (55) belongs
to z77C. In view of (8), (43), the coefficient at 2" in the series (55) is equal
to

(56) (v = D)/ (2 = 1)) -
Qw6+ Dz (=D 2w + 1) (V) (2v + 1)) =
v (v = Y2/ (2v = 1)) =
22 (2u - 1) (W2 /(2v + 1)) = 0.
Consequently,

(57) 1/3+2lfly2(z, v—1)—

(B (v36) — 2Q} (18 + 1)(5 — v)*) iy(z0) = 0

for v € [0, +00)NZ, 1 =0, 1, 2. Since (38) holds for all the v € Z, it follows
from (54) and (57) that these equalities (54) and (57) also hold for all the
v € Z. In view of (11) — (13), the function

—(w+ D)Lz v+ 1)

(P (—v = 1;0) + 2Q; (—v — 1;6 + 1)(6 + v + 1)**) £ (2, v)

belongs to the linear space C[[z7!]]+(log(z))C[[z!]] where v € Z, [ = 0, 1, 2;
we can interpret this linear space as linear over C space

Cllz="" & Cllz"]



with operator 9§, which acts according to the formula

TN\ (6T + Ty
e ()= ("),
where T}, € C[[z7!]] for k =1, 2. If v € [0, +00) N Z, then null-space of the

operator (§ — v — 1)**! (as operaor on linar over C space C[[z~!]] ® C[[z7!]])
coincides with 0. Terefore,

(59) — (1) 5+ 1) -

(P (= = 1:0) +2Q; (—v = 1,6 + 1)(§ + v+ 1)*") f5(2,v) = 0
for v €€ [0,+00)NZ, 1 =0, 1, 2. In view of (10) — (13), the function

(60) V3+2lfl\’/3(2, v—1)—

(P (10) = 2Q; (v; 6 + 1)(6 — v)*™) fi3(z,v)

also belongs to linear over C space
C[z="] + (log(2))C[[=~"]].

If v € [0,+00) N Z, then null-space of the operator (6 + v)?>*! (as operaor
on linar over C space C[[z7']] 4+ (log(z))C[[z™]]), in view of (58), belongs to
27 (C[[z'] 4+ (log(2))C[[z~!]])])- Sine for any diferentiable f(z) we have the
equality

wk

+ (Ow* /ow)

w=4

(log()) (=) = (log<z>>w'f

5) 7).

w=4

it follows that for any 7'(w) € Clw] the equality

T(w) + (0T (w)/0w)

(log(2))f(=)) = ((log(z>>T<w)

) ()

w=4§ w=4§

holds. In other words

(61) T(5) (%) _ (T((S)Tl + ((;T(;;uT)/aw) MTg) |

where T' € Clw], T}, € C[[z7!]] for k = 1, 2. In view of (50), (10) — (13), (61),
(58), (42) — (44) (57), (27) - (29)

V3+2lle3(Z= v—1) = (P (r;0) + 2Q[ (v; 0 + 1)(6 — V)QH)les(Za v) =
(log(2)) (™ Y5 (z,v = 1) = (P (v;0) + 2Q7 (v; 6 + 1) (8 — v)**) (2, ) —

(P (v;w) + 2Q; (v;w + 1) (w — v)**)
ow

fz\,/2(za v)+

w=4

V3+2lle4(Z, v—1)— (Pr(v;8) + 2QF (v;6 + 1) (5 — y)2+l)le4(Z, v) =



(B (v;w) + 2Q; (v;w + 1) (w — v)**)
ow

fia(zv))+

w=4

V3+2lle4(Z, v—1)— (P*(v;8) + 2QF (v;6 + 1) (5 — y)2+l)le4(Z, v) =

(v + 1y P D V)

w=4
P2 D (v =)D/ Qv — DODS (v — 1) 277+
2+ D2/ 2v+1DHMS (v +1,v)x
2Qf (v; 0+ 1)(0 — )tz =
—((W)?/(2v + D)) P42 + 12N (4v + 3) (2w + 1) —
PR D((v - 1)!)2/(21/ - 1)!)2+151(1/, v—1)z""+
2+ D((WH2/(2v + DN2H2H2H () 4 1)2H Sy (v + 1, v)27 =
P2 D) (v —1N2/(2v — 12
(1/nu+1/nu—1/(2v) —1/2v+1) — (v +3)/(2v(2v + 1))) = 0.

Consequently,
(62) P 1) —

(P (v:6) = 2Qf (36 + 1)(6 — v)**) fip(z,v) = 0

for v € [0, +00)NZ, 1 =0, 1, 2. Since (38) holds for all the v € Z, it follows
from (59) and (62) that these equalities (59) and (62) also hold for all the
v € Z. In view of (16) — (20), the function

—(v+ 1>3+2lfl\,/5(z> v+1)—

(P (=v = 1;0) + 2Q; (—v — L;0 + 1)(6 + v + 1)*™) £ (2,v)

belongs to the linear space C[[z7!]] + (log(2))C[[z']] + ((log(2))?/2)C[[z]],
where v € Z,1 = 1, 2; we can interpret this linear space as linear over C
space

Cll""eCll=" & C[[="]]

with operator 9§, which acts according to the formula

T 0Ty + Ty
(63) s ) =|on+1s |,
T 5T

where Ty, € C[[z7]] for k =1, 2, 3. If v € [0, +00) NZ, then null-space of the
operator (6 — v — 1) (as operaor on linar over C space C[[z"]]®C[[z7!]]®
C[[z7"]]) coincides with 0. Terefore,

(64) —(v+ 1)3+2lfz\,/5(z> v+1)—



(P (=v = 1;0) + 2Q (—v = 1,0+ D0+ v+ 1)*) fi5(2,v) = 0
for v € [0,400) NZ, I =1, 2. In view of (16) — (20), the function

(65) v fs (2 = 1) -
(P (v;0) = 2Q (v;6 + 1) (0 — v)*™) fis(2,v)
also belongs to linear over C space
C[[=™"] + (log(2))C[[=""]] + ((log(2))?) /2C[[=~"]].

If v € [0, +00) NZ, then null-space of the operator (§ + v)**! (as operaor on
linar over C space C[[=~]] + (log(z))C[l=~']] + ((log(2))*/2)Cl[z]]), in view

of (58), belongs to z™"(C[[z™"] + (log(2))C[[z7"]])) + ((log(2))?/2)C[[="1]])).
Since for any diferentiable f(z) we have the equality

k

ol (EEImE

((log§2))2w3 s 5092(2) ( a% ) K w:(s) o)+
log(2) (%)ka e
(1/6) (%)3 wz&) f(z)+

" (log(2))? _
T )w:6< A ))
(og(:)) 1)+ gt (8%) Tw)| 1)+
% <%) (w) w:(sf(Z)
holds. Therefore
T
T3
TOn+58  B+i (&) Tw)| T
" w=5

where T' € Clw], T}, € C[[z7!]] for k = 1, 2, 3. Consequently, in view of (50),
(16) — (20), (58), (57), (62), (66), (27) — (30),
(67)

VR (v = 1) = (Bf(1:0) + 2Q (v:6 + 1)(6 — )" ) fi5(2,v) =



iR (o — 1) — (PP (38) + Q1 (056 + 1)(6 — 1)) iy (2,0)+
1/3+2lfl,5(z, v—1)— (P (v;6) + 2Q] (v;0 + 1)(0 — y)2+l)fl,5(z, v) =

P figlos = 1) = (B (030) + Q1 (130 4+ 1)(8 = 1)) fs(z, ) =

_M(V?’”lﬁz(z,V—1>—<B*(v;5)+z62?(v;5+ D@=v)*™) fi2) (2, 1))+

(log(2)) (V™ fia(z,v — 1) = (B (v;0) + 2Q; (v + 1)(6 — v)*™) fia) (2, v)) +

(log(2)) ((8%) (PF(v;w) + 2Qf (v;w + 1) (w — V)2+l)

fio(z,v)+

w=4§

fl\,/2(zv v)—

w=4§

(1/2) ((%) (P (v;w) + 2Qf (v;w + 1) (w — y)2+l)

(P (v;w) + 2Q; (v;w + 1) (w — v)**)
ow

fl\,/3(zv V)+

w=4

P fiam = 1) = (B () + 2Q7 (138 4+ 1)(5 = 07 (2, ) =

fz\,/2(za v)+

w=4

fl\,/2(zv v)—

w=4§

(1/2> ((a%) (Pl*(y; w) + ZQZ‘(V; w + 1)(w _ l/)2+l)

AP (v;w) + 2Q; (v;w + 1) (w — v)?T)
ow

log(z) fia(z,v)—

w=4

<<a%)2 (P (v;w) + 2Q7 (v;w + 1)(w — V)2+l>

fl\,/2(z7 V>_

w=4

(P (v;w) + 2Q; (v;w + 1) (w — v)*H)
ow

le4(Zv V)+

w=4

1/3+2lfl,6(z, v—1)— (P (v;6) + 2Q] (v;0 + 1)(0 — y)2+l)fl,6(z, v) =

—(1/2) <(8%) (ZQ?(WU)‘FD(UJ_V)QH) fl\,/2(27 v)—
w=0
2Q5 (v;w + 1) (w — v)*T) v
aw w:5f174(z7 V)_I_

620 — 1) — (2Q5 (V56 + 1)(6 — )M fie(2, v).



In view of (27) — (30), coefficient at z=" in the series
(v — 1) — (P 8) + 2Q5 (v;6 + 1)(6 — v)* ) fie(z, v)
is equal to
(68) (1/2)7" 22+ (v = DH?/(2v = DY (2 +1) x
Si(v,v—1)* 4 Sa(v,v —1))—
2+0/2((()N)?/(2v + D)2+ 1Sy (v + 1,v)? + Sy (v + 1,v)) x
(20} (6 -+ 1)(6 — )" =
(1/2)7" 2+ D)((v =)/ v = D)2+ DS (v, = 1)* + Ss (v, v — 1))~
|

(1/2) ()N (2 + DY+ DSi (v + 1,v)* + Sa(v + 1,v)) %
2l+2 l+l(2y+1)2+l

(1/2)V" 2+ D(((v = DY/ (2v = 1))
((2 + l)(Hl(V>(QSl(V + ]., V) + Hl(V>> + HQ(V)) =

e (520
" 2V1+1) (_% - Vlﬂ) (2+1)-

3

2v 2

<_3+4_i2+ (2ui1)2)> B
)

“UARQ 4 D2(( — DD2/(20 — D)8 (0 4+ 1, 0)(dr + 3)/((20) (20 + 1))+
LA 1) (0= 1D/ — DY@ +1)(=3/(20) + 1/(20 + )=
(=2/v* +1/(4) +1/(2v +1)%) =
—UAA L D2(( — DD2/(20 — D)8 (0 4+ 1, 0)(dv + 3)/((20) (20 + 1))+
%yml(z (v = 1))2/ (20 — 1)) x
(25 4+ 90) /(20)2 + (1 + 1) /(20 + 1)2 — 6(2 + 1)/ (20) + 6(2 + 1)/ (20 + 1)).
In wiew of (12), (50), (68), (44), coefficient at 2~ in the series

<251(y) .

0P (yw) + 2Qf (v w + 1) (w —v)*H)
ow

fl,v4(za v)+

w=4

VP fe(z,v —1) = (B (v 6) + 2Q (v; 6 + 1) (6 — v)**) fre(z, v)

is equal to

Q2+D(()H2/ v+ 1DH2HS (v +1,v)x

o @irw + 1w —v)*)
ow

—v—1__

z

w=4



2+ D2 (((v = 1)D?/ (20 = DS (v + 1,v) (4v + 3)/(2v) 2v + 1))+
%”3”’(2 +(((v = 1)N?/(2v = 1)!)**'x

(254+90)/(2v)* + (1 +1)/2v+ 1) —=6(2+1)/(2v) +6(2+1)/(2v + 1)) =
2+ D(W))?/ v+ DH*S ()2 (2 + D) (4v + 3) (2w + 1) —
P2 D2 (v — 1))/ (2v — D)*ES (v + 1, v)(dv + 3) /(2v) (2v + 1))+

%yml(z (v — 1))/ (20 — 1)) x

(254 90)/(20)> + (1 +1)/(2v + 1)2 = 6(2+ 1) /(2v) + 6(2+ 1)/ (2v + 1)) =
V4D ((v—1)N2/ (2 — 1)) x

%((25 FOD)/(20)2 + (14 1)/(20 +1)2 = 62+ 1)/ (20) + 6(2+ 1)/ (20 + 1)),

In view of (45), coefficient at 2~ in the series (67) is equal to

—%(V!f/(zu + 1)) x

((a%) (1 Qi i w + 1) w - >)

%yml(z (v = 1)1)2/(2v — 1)) x

Z—V—1+

w=4

(25 4+ 90)/(20)2 + (1 + 1) /(20 + 1)2 — 6(2 +1)/(20) + 6(2 +1)/(2v + 1)) =

—%1/2“(21/ + 1) (v — 1))/ (2v — 1)1)*2727

((%) (11 (s + 1)(w — >)

SR D)~ 1)1 (20— 1)) x

Z—V—1+

w=4

((25 4+ 9l)/(2u)2 +(1+0D/2v+ 1)2 —6(2+10)/(2v)+6(2+1)/(2v+1)) =0.
Therefore

(69) v (s = 1) =

(P (v:6) + 2Q; (6 + 1)(6 — v)**) fi5(2,v) = 0

for v € [0,400) NZ, | =1, 2. Since (38) holds for all the v € Z, it follows
from (64) and (69) that these equalities (64) and (69) also hold for all the
v € Z. In view of (23) - (26), (13), (16) — (20), the function

()R (2 1)

(P (=v = 1;0) +2Q (—v = Lo + 1)(6 + v+ 1)*") ff7 (2, v)



belongs to the linear space C[[z7!]]4 (log(2))C[[z ']+ ((log(2))?/2)C[[z~ ]+
((log(2))?/6)C|[[z"]], where v € Z, | = 1, 2; we can interpret this linear space
as linear over C space

Cllz="NecClz" e Cllz"" e "]

with operator §, which acts according to the formula

T, 0T + Ty

| [+ T
(70) 0 Ts | | 0T5+Ty |

T, 6Ty

where Ty, € C[[z7Y]] for k = 1,2, 3,4 If v € [0,+00) N Z, then null-space
of the operator (6 — v — 1)*™! (as operaor on linar over C space C[[z7!]] ®
Cllz"Y] @ C[[z']] ® C[[z"]]) coincides with 0. Terefore,

(71) — (w+ 1)z v+ 1) —

(P (v = 1;0) + 2Q; (v = ;6 + 1)(6 + v + 1)) 7 (2,v) = 0
for v € [0,400) NZ, 1 = 2. In view of (23) — (26), (13), (16) — (20), the
function

(72) V3+2lfl\,/7(27 V= 1) -

(P (10) = 2Q; (v; 6 + 1)(6 — v)*™) fif7 (2, v)

also belongs to linear over C space

C[[=™"]] + (log(2))C[[=~"]] + ((log(2)*) /2)C[[z~"]] + ((log(2))* /6)C[[z~"]].

If v € [0, +00) N Z, then null-space of the operator (§ + v)**! (as operaor on
linar over C space
Cll=™")) + (log(2))Cll=~" ]+
((log(2))*/2)C[[=~"]] + ((log(2))*/6)C[[=~"]],
in view of (72), belongs to
(Cll=™"] + (log(2))Cl[=~"1) + ((og(2))*/2)C[z~"1]) + ((log(2))* /6)C[=~"]].

Since for any diferentiable f(z) we have the equality

wk

((log(2))°/6) f(2)) =

w=4

((tog(:1/2) (- ) u*

w=4

((tog(:))(1/2) ((%)w _

(&)L




it follows that for any 7T'(w) € C[w] the equality

s+ LB (2 ) 7wy

1og2(z) ( a% )QT(w)

T(w)

f2)+

w=4

f(2)+

w=4

holds. Therefore

where T' € Clw], T}, € C[[z7']] for k = 1, 2, 3, 4. Consequently, in view of

(74)
Vv = 1) = (B (30) + 2Qf (v 6 + 1)(6 — v)*™) fir(z,v) =

(2m?/3) (2 (2,0 = 1) = (P (150) 4+ 2Qf (0 + 1)(6 — v)*™) fil3 (2, )+
1/3+2lfl,7(z, v—1)— (P (v;6) + 2Q] (v;0 + 1)(0 — y)2+l)fl,7(z, v) =
V(v — 1) — (P 8) + 2Q5 (v, 6 + 1)(6 — v)*™) fir(z,v)

QOB 2t 2, 1) = (B (020) 21 (06 4+ 1)(6 — 1)) fa) () +

M(V?’Hlﬁg(z, v—1) = (B (v:6) +2Q; (; 0+ 1) (0 —v)*") fys) (2,v))+

(log(2) (V™ fis(z,v = 1) = (B (1:0) + 2Q (110 + 1) (6 — v)* ) fi5) (2, 1))+
(2 fig(z,v = 1) = (B (v30) + 2Q7 (v; 6 + 1) (8 = v)*™) fis) (2, )+

0P (2 (rr s + Q1 s+ D =)

— IOQg(Z) ((a%) (PZ*(V; w) + ZQT(V; w+ 1)(w _ V)2+l>

fl,2(Z7 V>+
w=4

fl,2(Z7 V>+

w=4




“fis(zv = 1) = (P (110) + 2Q7 (30 + 1)(0 = v)*) fi) (2,v))+

42 g2, = 1) = (7 (058) + Q7 (6 + 13 = ) o))+
S5 () s Qi 0w =) |t
—oe) <(§w) (P (viw) + 2Qf (viw + 1w — ) )‘ e

%((%) (B () + 2Qj i + 1) — 1) ) falen




—(1-1-24+2)x

- (—) (P (viw) + 2Q; (v;w + 1) (w — V)QH) 'wzéfw(% v)+

(=1)0x(:) ( (50 ) (Fr i) + Qi+ 1w = ) ‘ fuales )+
w=0
i — 1) — (P (v:6) + 2Q5 (6 + 1)(5 = 1)) fis) (2,1)+

s
(— (%) (B (vsw) + 2Qf (viw + 1)(w — >) 'f( v)+



S1-2) ((%) (P (i) + Qi (viw + D)(w )) et
(1-3+3)x
—1 9 ’ * (0. * (0 2+l _
6 ((8—w) (P (v;w) + 2Q7 (v;w + 1) (w — v) ) wzéfzz(% v) =

(W fus(z v = 1) = (B (#:0) + 2Qf (136 + 1)(0 = v)*™) fis) (2, 0))+

(- (5) (Bl +5Q s + 1w =) falet
_7 (( 0 ) (v;w) + 2Q; (v;w + 1) (w 1/)2+l> w:6f1,4(27 v)+
(( 0 ) (P (v;w) + 2Q; (v;w + 1) (w V)2+l> w:6f1,2(27 V).

In view of (24), (31), coefficient at 2= in the series

VI fis(zv = 1) = (B (v;0) + 2Q) (v; 6 +1)(8 — v)**) fig(2,v)
is equal to
(75) (=1/6)* (2 4+ 1)(((v — 1))?/(2v — 1> x

(2+D*(S1(r,v =1+ 32+ DS (v,v — 1)Sa(v,v — 1)) + S3(v,v — 1)) —
(=1/6)(2 + D((1H?/(2v + 1)1
(2+02S1(v+1,v)° + 32+ 1S (v + 1,v)S(v,v — 1)) + Sa(v + 1,v)) x
(2Qi (v 0+ 1)(0 —v)* )z =
(=1/6)" 2 (2 + D (((v = /(20 — DY x
(2+1)2Si(v,v — 1) +32+1)S1(v,v —1)Sy(v,v — 1)) + S3(v,v — 1))—
(=1/6)(((1)1)*/(2v + 1)H)**'x

(
(
(
)
(2+02S1 (v +1,v)2 + 32+ D281 (v + 1,1)Sy(v + 1,v) + +S3(v + 1, 1)) x

(
(21/—|— 1)2+l
(=1/6)* 2+ D(((v = 1)N?/(2v = 1))

2l+2 I+

((2 + 0 (Si(v, v —1)° = S (v + 1,0)°)+
32+ D) (Si(v,v — 1)Sy(v,v — 1) — S1(v + 1,v)S (v + 1,v))+
Ss(v,v—1) — S3(v + 1, y)) —

(=1/6) 22+ D)(((v — 1)N?/(2v — 1)1)*x



(@+D%&MV+LW%A@»+&$@+1wﬂﬁ@»+HﬂWH»
3(2 4 1)(Hy (1) Sa(v + 1, 1) + Sy (v + 1) Ha(v) + Hy (v + 1,v) Hy(v))+
Hgmy_u>:
(—1/6)p*2 (2 + 1)(((v — D)2/ (20 — 1))+
<a2+n L)) (S1(v +1,0))°+

3(2+D)?H:(v) + 2+ D) Hy(v)S1 (v +1,v)+
3(2 + l)(Hl(l/)SQ(V + ]., V>+

24+ D2H}(v) +3(2+ D) H (v)Hy(v) + Hg(y)> —
(—1/6)* 22+ D)(((v — 1)/ (2v — 1)1)*H'x
( —3(2+ l)2((4u +3)/(2v(2v +1)))(S1(v + 1, V))2+

3(2+0)?HE () + 2+ D) Hy(v)S (v + 1,v)+
3(2 + l)(Hl(l/)SQ(V + ]., V>+

(2+D*H}(v) +3(2+ 1) H,(v)Hy(v) + Hg(y)> .

In view of (17), (30), coefficient at 2~ in the series

< (8?0) (P (v;w) + 2Q (v;w + 1) (w )2—1—1)

is equal to
(76) —((WH?/ (v + 1)) 2 (2 + D) (4v + 3) (2v + 1) x
272+ D2SE v+ 1L,v)+ 2+ DSy (v +1,v)) =
3*2’((( N2/ (20 — 1)) (4v + 3)(2v(2v + 1))
HERED2SPw+1L,0)+ 2+ DS (v +1,0)).

2
Therefore, in view of (75), (76), coefficient at 2~ in the series

Jie(z,v)+

w=4

(- (32) (Frsw+ =Qitvrw + D —07)

W2 fig(z,v — 1) — (PF(v;6) + 2Q5 (v; 0 + 1)(6 — v)**) fi8) (2, v))

is equal to

(77) — AP (v =12/ 2v — 1) (4v + 3)(2v(2v + 1)) x



272+ 1)Si v+ L)+ 2+ DS (v + 1,v)+
(=1/6)* 224+ D)((v — 1)N?/ (20 — 1)) > x

( =32+ D*((4v +3)/2v(2v + 1)) (S1 (v + 1,v))*+

3(2+D)?H:(v) + 2+ D) Hy(v)S (v + 1, v)+
32+ 1)H (v)S (v + 1,v)+

2+ DPH) +3(2 + DL () alo) + H?,(y)) _

(v = D)/ (20 = 1) (= Hw))x
6132+ 1)2Si(v+ 1,v) + 32+ 1)Sa (v + 1,v))+
(=1/6) 22+ D(((v — 1))/ (2v — 1))*x

( =324 1) ((4v +3)/(2v(2v + 1)) (S1(v + 1,v))*+

3((2+D2HE(v) + 24+ DHy(v)S1 (v + 1,v)+
3(2 + l)Hl(V)SQ(V + 1, l/)+

(2+0)2H} (v) +3(2+ 1) Hy (v)Hy(v) + H3(y)> —
(=1/6)* 72 2+ D) (((v — DN/ (20 — 1)) x

(3((2 +D2H (v) + 2+ D) Hy(v)S1(v + 1, v)+

(2+1)2H} (v) +3(2+ 1) Hy (v)Hy(v) + H3(V)> .
In view of (28) and (45)
(24 1)Hi(v) + (2+ ) Ha(v) =

2+D*9/(2v)* +1/(2v+1)*> —6/(2v) +6/(2v + 1)+
2+0D)(7/2v)* —1/(2v +1)?) =
2+D)((25+90)/2v)* + (1 +1)/2v+1)>—6(2+1)/(2v) +6(2+1)/(2v+ 1)),

(78) ((%)2 (2 Qf (v;w + 1)(w — y)2+l>

v+ DA ((2 4 1)2HE(v) + (2 + 1) Ho(v)).

In view of (12), (78), coefficient at 2~ in the series

Z—I/—l —

w=4

_71 ((8%) (P (v;w) +2Q (v;w + 1) (w — V)2+l> Jra(z,v)

w=4




is equal to

(79) (1/2)((w)?/(2v + 1)) x

v+ )22+ 1)2HE (v) + (2 + 1) Ha(v)) ¥
2+0S(v+1,v)=
(1/6)/* 2 (v = D)2/ (20 — 1))* (2 + 1)
3(2+1)°Hi(v) + 24+ D) Hy(v) S (v + 1, v).

Consequently, in view of in view of (77), (79), coefficient at 2~ in the series

fl74(Z, I/)‘l‘

w=4

~ ((3%) (B (i) + 2Qj 0+ 1) aw = )2

(- () Erosw+ Qi+ D) | e

w=4
(2 fig(z,v = 1) = (B (v50) + 2QF (v; 6 + 1) (8 = v)*™) fi8) (2,))
is equal to
(80) (1/6)r* 2 (v = )H?/(2v = 1))* T (2 +1) x
3(2+1)°Hi(v) + 2+ D) Hy(v)Si (v + 1,v)+
(—=1/6)* 22+ D(((v — 1)1)?/(2v = 1)H)*H'x

(3((2+l)2H12( )+ (2+ 1) Hy(v)S1(v +1,v)

32+ 1)°H; (v) + 3(2+ 1) H1(v)Ha(v) + H3(v ) -

(—1/6)* 22+ ) (((v — 1))/ (20 — 1))+ x
24+ D2H}(v) +3(2+ 1) H (v)Hy(v )+H3(y)
If [ =2, then

(2+0D)2H(v) +3(2+ D) H,(v)Hy(v) + Hs(v) =

16(—3/(2nu) + 1/(2v + 1))*—
12(=3/(2nu) + 1/(2v + 1)) (=7/(2nu)® + 1/ (2v + 1)*)+
2(=15/(2nu)® + 1/(2v + 1)*) =
(=432 — 252 — 30)/(2v)* + (432 4+ 84)/((2v)*(2v + 1))+
(=144 +36)/((2v)(2v + 1)?) + (16 — 12+ 2)/(2v + 1)® =
—714/(2v)* +516/((2v)*(2v + 1)) + (=108) /((2v) (2v + 1)?) + 6 /(2v + 1)* =
—6(119/(2v)* — 86/((2v)*(2v + 1)) + 18/((2v)(2v + 1)) — 1/(2v + 1)?).



Therefore, if | = 2, then the value (80) is equal
(81) (—=1/6) v 24 (((v — 1)1)?/(2v — 1)1)*H x

(—6)(119/(2v)* — 86/((2v)*(2v + 1)) + 18/((2v)(2v + 1)?) — 1/(2v + 1)*) =
PHE4(((v — 1))/ (20 — 1)1)* T x
(119/(2v)* — 86/((2v)*(2v + 1)) + 18/((2v)(2v + 1)) — 1/(2v + 1)*) =
Va((v — 1)N?/(2v — 1)1)*x
(119/(2v)* — 86/((2v)*(2v + 1)) + 18/((2v)(2v + 1)?) — 1/(2v + 1)?).

In view of (46) and (7), coefficient at 27" in the series

fa2(2,v)

w=4

= ((%) (i) + Q350 + 1)~ >>

is equal to

(82) (—1/6)((v)?/(2v + 1))* x

384(2nu + 1)'nu’ (119/(21/)3 —86/((2v)*(2nu + 1))+
18/(2v(2nu + 1)?) — 1/(2nu + 1)3) —
—4"(((v—1)NH2/(2v — 1)H? <119/(2y)3 —86/((2v)*(2nu + 1))+

18/(2v(2nu + 1)) — 1/(2nu + 1)3).

In view of (80), (81), (82), coefficient at z=" in the series (74) is equal to 0.
Thus,

(83) V3+2lfl\,/7(27 V= 1) -

(P (v:6) + 2Q7 (6 + 1)(6 — v)**) fiz (2, v) =
(27T2/3)(V3+2lfl\,/3(27 v—1) = (P (r;0) + 2Q; (v;0 + 1)(6 — V)QH)fl\,/g(Za v))+
v fia(zv — 1) = (Bf(1:0) + 2Q7 (16 + 1)(8 — v)**) fir(2,v) =
v fia(z,v = 1) = (Bf(130) + 2Q7 (10 + 1)(8 — v)**) fir(2,v) = 0

for v € [0, +00) NZ, | = 2. Since (38) holds for all the v € Z, it follows from
(71) and (83) that these equalities (71) and (83) also hold for all the v € Z.
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