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§0. Foreword.

This is a translation in English of the first part of my paper [59]. The goal
of this translation is to present the recurrent relations, on the basis of which
the results of my papers [43], [54], [55], [56], [60], [65], [66], [72], [69], [74]
have been obtained. As in these papers, below we use the Mejers functions
(see [19], ch. 5 or [54] – [55])
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B.Z.Moroz, I.I. Piatetski-Shapiro,
A.G.Aleksandrov, P.Bundshuh and S.G.Gindikin for help and support.

§1. My auxiliary functions.

Let

|z| ≥ 1,−3π/2 < arg(z) ≤ π/2, log(z) = ln(|z|) + i arg(z).

Then log(−z) = log(z) − iπ, if <(z) > 0 and log(z) = log(−z) − iπ, if
<(z) < 0.

Let

f∨

l,1(z, ν) = fl,1(z, ν) = −(−1)νl ×(1)

1
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G
(1,2+l)
4+2l,4+2l






−(−1)lz

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0







=

−(−1)lν

2iπ

∫

L1

g
(1,2+l)
4+2l,4+2l×






−(−1)lz

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0

∣
∣
∣
∣
s







ds,

where l = 0, 1, 2, ν ∈ [0, +∞) ∩ Z,

g
(1,2+l)
4+2l,4+2l = g

(1,2+l)
4+2l,4+2l(s) =

g
(1,2+l)
4+2l,4+2l






−(−1)lz

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0

∣
∣
∣
∣
s







=

(−(−1)lz)sΓ(−s)(Γ(1 + s))−3−2l(Γ(1 + ν + s))2+2l(Γ(1 + ν − s))−2−2l,

and the curve L1 passes from +∞ to +∞ in the negative direction such that
the set [0, +∞) ∩ Z lies to the right from it, but the set (−∞,−1) ∩ Z lies

to the left from it. The set of all unremovable singular points of g
(1,2+l)
4+2l,4+2l(s)

encircled by the curve L1, consists of the points s = 0, . . . , ν, each of these
points is a pole of the first order. Therefore

Res(g
(1,2+l)
4+2l,4+2l; k) =

lim
s→k

((s + k)g
(1,2+l)
4+2l,4+2l(s)),

where l = 0, 1, 2 and k = 0, . . . , ν. Let

s = k + u, Hl,1(u, k, ν) =

g
(1,2+l)
4+2l,4+2l(k + u) =

(−(−1)lz)k+uΓ(−k − u)(Γ(1 + k + u))−3−2l×
(Γ(1 + ν + k + u))2+2l(Γ(1 + ν − k − u))−2−2l =

k∏

κ=1

(−k + κ − u)−1(−(−1)lz)k+u×

Γ(1 − u)(Γ(1 + k + u))−3−2l(Γ(1 + ν + k + u))2+2l(Γ(1 + ν − k − u))−2−2l,

where l = 0, 1, 2 and k ∈ [0, +∞) ∩ Z. Therefore
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Res(g
(1,2+l)
4+2l,4+2l; k) = lim

u→0
(ug

(1,2+l)
4+2l,4+2l(k + u)) =

−(−1)lk(k!)−4−2l((ν + k)!)2+l((ν − k)!)−2−l =

−(−1)lkzk

(
ν

k

)2+l(
ν + k

k

)2+2l

((ν − k)!)−2−2l,

where l = 0, 1, 2 and k = 0, . . . , ν. Consequently, the function fl,1(z, ν) is
equal to a finite sum

fl,1(z, ν) =

ν∑

k=0

(−1)(ν+k)l(z)k

(
ν

k

)2+l(
ν + k

ν

)2+l

,(2)

where l = 0, 1, 2, ν ∈ [0, +∞) ∩ Z.
Let

fl,2(z, ν)∨ = fl,2(z, ν) = −(−1)lν ×(3)

G
(3+l,2+l)
4+2l,4+2l






−z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0







=

−(−1)lν

2iπ

∫

L2

g
(3+l,2+l)
4+2l,4+2l






−z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0

∣
∣
∣
∣
s







ds,

where l = 0, 1, 2, ν ∈ [0, +∞) ∩ Z,

g
(3+l,2+l)
4+2l,4+2l = g

(3+l,2+l)
4+2l,4+2l(s) =

g
(3+l,2+l)
4+2l,4+2l






−z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0

∣
∣
∣
∣
s







=

(−z)s(Γ(−s))3+l(Γ(1 + s))−1−l(Γ(1 + ν + s))2+l(Γ(1 + ν − s))−2−l,

and the curve L2 passes from −∞ to −∞ in the positive direction such that
the set [0, +∞) ∩ Z lies to the right from it but the set Z ∩ (−∞,−1] lies

to the left from it. The set of all unremovable singular points of g
(3+l,2+l)
4+2l,4+2l(s)

encircled by L2, consists of all the s = −1−ν −k with k ∈ [0, +∞)∩Z; each
of these points is a pole of the first order. Therefore

Res(g
(3+l,2+l)
4+2l,4+2l;−1 − d1ν − k) = lim

s→−ν−1−k
((s + ν + 1 + k)g

(3+l,2+l)
4+2l,4+2l(s)),

where l = 0, 1, 2 and k ∈ [0, +∞) ∩ Z. Let ν ∈ [0, +∞) ∩ Z, Let

s = −ν − 1 − k + u, H∗

l (u, k, ν) = (Γ(ν + 1 + k − u))4+2l×

(Γ(1 + k − u))−2−l(Γ(2 + 2ν + k − u))−2−l,
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and

R(t, ν) =

ν∏

j=1

(t − j)

ν∏

j=0

(t + j)
.(4)

where ν ∈ [0, +∞) ∩ Z. Let further T = −s = ν + 1 + k − u. Then

H∗

l (u, k, ν) =







ν∏

j=1

(1 + ν + k − j − u)

ν∏

j=0

(1 + ν + k + j − u)







2+l

= (R(T, ν))2+l,(5)

where ν ∈ [0, +∞) ∩ Z. Let

Hl,2(u, k, ν) = g
(3+l,2+l)
4+2l,4+2l(−ν−1−k+u) = (−z)−ν−1−k+u(Γ(ν+1+k−u))3+l×

(Γ(−ν − k + u))−1−l(Γ(−k + u))2+l(Γ(2 + 2ν + k − u))−2−l =

(−1)k+(l+1)nu(−z)−ν−1−k+u π

sin(uπ)
(Γ(ν + 1 + k − u))4+2l×

(Γ(1 + k − u))−2−l(Γ(2 + 2ν + k − u))−2−l =

(−1)k+(l+1)nu(−z)−ν−1−k+u π

sin(uπ)
H∗

l (u, k, ν),

where l = 0, 1, 2 and k ∈ [0, +∞) ∩ Z. Therefore

Res(g
(3+l,2+l)
4+2l,4+2l;−1 − ν − k) =

lim
u→0

(uHl,2(u, k, ν)) =

−(−1)lνz−(1+ν+k)(R(1 + ν + k, ν))2+l,

where l = 0, 1, 2 and k ∈ [0, +∞) ∩ Z. Consequently,

fl,2(z, ν) =

+∞∑

k=0

z−(1+ν+k)(R(1 + ν + k, ν))2+l,(6)

where l = 0, 1, 2 and k ∈ [0, +∞)∩Z. Let t = 1+ν +k with k ∈ [0, +∞)∩Z;
in view of (4) and (5), it follows that

fl,2(z, ν) =

+∞∑

t=1+ν

z−t(R(t, ν))2+l,(7)

where l = 0, 1, 2 and ν ∈ [0, +∞) ∩ Z. Since (R(t, ν))2+l for ν ∈ N has in
the points t = 1, . . . , ν, the zeros of the order 2 + l, it follows that

fl,2(z, ν) =

+∞∑

t=1

z−t(R(t, ν))2+l,(8)
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where l = 0, 1, 2 and ν ∈ [0, +∞) ∩ Z. Let

f∨

l,3(z, ν) = fl,3(z, ν) = (−1)lν ×(9)

G
(4+l,2+l)
4+2l,4+2l







z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0







=

(−1)lν

2iπ

∫

L2

g
(4+l,2+l)
4+2l,4+2l






−z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0

∣
∣
∣
∣
s







ds,

where l = 0, 1, 2, ν[0, +∞) ∩ Z,

g
(4+l,2+l)
4+2l,4+2l = g

(4+l,2+l)
4+2l,4+2l(s) =

g
(4+l,2+l)
4+2l,4+2l






−z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0

∣
∣
∣
∣
s







=

(z)s(Γ(−s))4+l(Γ(1 + s))−l(Γ(1 + ν + s))2+l(Γ(1 + ν − s))−2−l.

The set of all unremovable singular points of the function g
(4+l,2+l)
4+2l,4+2l(s) encir-

cled by the curve L2, consists of the points s = −1−ν−k with k ∈ [0, +∞)∩Z;
each of these points is a pole of the second order. Therefore

Res(g
(4+l,2+l)
4+2l,4+2l;−1 − ν − k) =

lim
s→−ν−1−k

(
∂

∂s
((s + ν + 1 + k)2g

(4+l,2+l)
4+2l,4+2l(s))

)

,

where l = 0, 1, 2 and k ∈ [0, +∞) ∩ Z. Let

s = −ν−1−k+u, Hl,3(u, k, nu) = g
(4+l,2+l)
4+2l,4+2l(−ν−1−k+u) = (z)−ν−1−k+u×

(Γ(ν +1+k−u))4+l(Γ(−ν−k+u))−l(Γ(−k+u))2+l(Γ(2+2ν +k−u))−2−l =

(−1)lν

(
π

sin(uπ)

)2

(z)−ν−1−k+u(Γ(ν + 1 + k − u))4+2l×

(Γ(1 + k − u))−2−l(Γ(2 + 2ν + k − u))−2−l =

(−1)lν

(
π

sin(uπ)

)2

(z)−ν−1−k+uH∗

l (u, k, nu) =

(−1)lν

(
π

sin(uπ)

)2

(z)−ν−1−k+u(R(T, ν))2+l,

where T = ν + 1 + k − u, l = 0, 1, 2 and k ∈ [0, +∞) ∩ Z. Therefore

Res(g
(4+l,2+l)
4+2l,4+2l;−1 − d1ν − k) =
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lim
u→0

(
∂

∂u
(u2Hl,2(u))

)

=

(−1)lν(log(z))(z)−ν−1−kH∗

l (0, k, ν)+

(−1)lν(z)−ν−1−k

(
∂

∂u
H∗

l

)

(0, k, ν) =

(−1)lν(log(z))(z)−ν−1−k(R(1 + ν + k, ν))2+l−

(−1)lν(z)−ν−1−k

(
∂

∂t
(R)2+l

)

(1 + ν + k, ν)

because (πu/(sin(πu))2 is a even function. Thus

fl,3(z, ν) = (log(z))
+∞∑

t=1+ν

z−t(R(t, ν))2+l −(10)

+∞∑

t=1+ν

z−t

(
∂

∂t
(R2+l)

)

(t, ν),

where l = 0, 1, 2 and ν ∈ [0, +∞) ∩ Z. Since (R(t, ν))2+l for ν ∈ N have in
the points t = 1, . . . , ν, the zeros of the order 2 + l, it follows that

fl,3(z, ν) = (log(z))

+∞∑

t=1

z−t(R(t, ν))2+l −(11)

+∞∑

t=1

z−t

(
∂

∂t
(R2+l)

)

(t, ν),

where l = 0, 1, 2 and ν ∈ [0, +∞) ∩ Z. Puting

fl,4(z, ν) = −
+∞∑

t=1

z−t

(
∂

∂t
(R2+l)

)

(t, ν),(12)

where l = 0, 1, 2 and ν ∈ [0, +∞) ∩ Z, we come to equality

fl,3(z, ν) = (log(z))fl,2(z, ν) + fl,4(z, ν)(13)

Let

f∨

l,5(−z, ν) = −(−1)lν ×(14)

G
(5+l,2+l)
4+2l,4+2l







z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0







=

−(−1)lν

2iπ

∫

L2

g
(5+l,2+l)
4+2l,4+2l






−z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0

∣
∣
∣
∣
s







ds,
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where l = 1, 2, ν ∈ [0, +∞) ∩ Z,

g
(5+l,2+l)
4+2l,4+2l = g

(5+l,2+l)
4+2l,4+2l(s) =

g
(5+l,2+l)
4+2l,4+2l






−z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0

∣
∣
∣
∣
s







=

(−z)s(Γ(−s))5+l(Γ(1 + s))−l+1(Γ(1 + ν + s))2+l(Γ(1 + ν − s))−2−l.

The set of all unremovable singular points of the function g
(5+l,2+l)
4+2l,4+2l(s) encir-

cled by the curve L2, consists of the points s = −1−ν−k with k ∈ [0, +∞)∩Z;
each of these points is a pole of the third order. Therefore

Res(g
(5+l,2+l)
4+2l,4+2l;−1 − ν − k) =

1

2
lim

s→−ν−1−k

((
∂

∂s

)2

((s + ν + 1 + k)3g
(5+l,2+l)
4+2l,4+2l(s))

)

,

where l = 1, 2 and k ∈ [0, +∞) ∩ Z. Let

s = −ν − 1 − k + u, Hl,5(u, k, nu) =

g
(5+l,2+l)
4+2l,4+2l(−ν − 1 − k + u) = (−z)−ν−1−k+u(Γ(ν + 1 + k − u))5+l×

(Γ(−ν − k + u))−l+1(Γ(−k + u))2+l(Γ(2 + 2ν + k − u))−2−l =

(−1)(k+ν)(l−1)

(
π

sin(uπ)

)3

(−z)−ν−1−k+u(Γ(ν + 1 + k − u))4+2l×

(−1)k(2+l)(Γ(1 + k − u))−2−l(Γ(2 + 2ν + k − u))−2−l =

(−1)k+(l−1)ν

(
π

sin(uπ)

)3

(−z)−ν−1−k+uH∗

l (u, k, ν) =

(−1)k+(l−1)ν

(
π

sin(uπ)

)3

(−z)−ν−1−k+u(R(T, ν))2+l,

where T = ν + 1 + k − u, l = 1, 2 and k ∈ [0, +∞) ∩ Z. Therefore

Res(g
(5+l,2+l)
4+2l,4+2l;−1 − ν − k) =(15)

1

2
lim
u→0

((
∂

∂u

)2

(u3Hl,5(u, k, ν))

)

=

2−1π2(−1)lν+1(z)−ν−1−kH∗

l (0, k, ν)+

2−1(−1)lν+1(log(−z))2z−ν−1−kH∗

l (0, k, ν)+

(−1)lν+1z−ν−1−k(log(−z))

(
∂

∂u
H∗

l

)

(0, k, ν)+

2−1(−1)lν+1z−ν−1−k

((
∂

∂u

)2

H∗

l

)

(0, k, ν).
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We put now

fl,5(z, ν) = 2−1(log(z))2

∞∑

t=ν+1

z−tR(t, ν)2+l −(16)

(log(z))
∞∑

t=ν+1

z−t

(
∂

∂t
(R2+l)

)

(t, ν)+

2−1
∞∑

t=ν+1

z−t

((
∂

∂t

)2

(R2+l)

)

(t, ν),

fl,6(z, ν) = 2−1
∞∑

t=ν+1

z−t

((
∂

∂t

)2

(R2+l)

)

(t, ν).(17)

Since (R(t, ν))2+l for ν ∈ N have in the points t = 1, . . . , ν, the zeros of the
order 2 + l, and l = 1, 2 now, it follows that

fl,6(z, ν) = 2−1

∞∑

t=1

z−t

((
∂

∂t

)2

(R2+l)

)

(t, ν).(18)

Then in view of (15), (8), (11) – (14), (16), (17)

f∨

l,5(z, ν) = −iπ(log(z))

∞∑

t=ν+1

z−tR(t, ν)2+l +(19)

2−1(log(z))2
∞∑

t=ν+1

z−tR(t, ν)2+l+

iπ
∞∑

t=ν+1

z−t

(
∂

∂t
(R2+l)

)

(t, ν)−

(log(z))

∞∑

t=ν+1

z−t

(
∂

∂t
(R2+l)

)

(t, ν)+

2−1
∞∑

t=ν+1

z−t

((
∂

∂t

)2

(R2+l)

)

(t, ν) =

−iπfl,3(z, ν) + fl,5(z, ν),

fl,5(z, ν) =(20)

2−1(log(z))2fl,2(z, ν) + (log(z))fl,4(z, ν) + fl,6(z, ν) =

= −2−1(log(z))2fl,2(z, ν) + +(log(z))fl,3(z, ν) + fl,6(z, ν)

Let

f∨

l,7(z, ν) = (−1)lν ×(21)
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G
(6+l,2+l)
4+2l,4+2l







z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0







=

−(−1)lν

2iπ

∫

L2

g
(6+l,2+l)
4+2l,4+2l







z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0

∣
∣
∣
∣
s







ds,

where l = 2, ν ∈ [0, +∞) ∩ Z,

g
(5+l,2+l)
4+2l,4+2l = g

(6+l,2+l)
4+2l,4+2l(s) =

g
(5+l,2+l)
4+2l,4+2l






−z

∣
∣
∣
∣

l + 2 times
︷ ︸︸ ︷

−ν, . . . , −ν,
0, . . . , 0,

l + 2 times
︷ ︸︸ ︷

ν + 1, . . . , ν + 1
0, . . . , 0

∣
∣
∣
∣
s







=

(z)s(Γ(−s))6+l(Γ(1 + s))−l+2(Γ(1 + ν + s))2+l(Γ(1 + ν − s))−2−l.

The set of all unremovable singular points of the function g
(6+l,2+l)
4+2l,4+2l(s) encir-

cled by the curve L2, consists of the points s = −1−ν−k with k ∈ [0, +∞)∩Z;
each of these points is a pole of the fourth order. Therefore

Res(g
(6+l,2+l)
4+2l,4+2l;−1 − ν − k) =

1

6
lim

s→−ν−1−k

((
∂

∂s

)3

((s + ν + 1 + k)4g
(5+l,2+l)
4+2l,4+2l(s))

)

,

where l = 2 and k ∈ [0, +∞) ∩ Z. Let

s = −ν − 1 − k + u, Hl,7(u, k, nu) =

g
(6+l,2+l)
4+2l,4+2l(−ν − 1 − k + u) = (z)−ν−1−k+u(Γ(ν + 1 + k − u))6+l×
(Γ(−ν − k + u))−l+2(Γ(−k + u))2+l(Γ(2 + 2ν + k − u))−2−l =

(−1)lν

(
π

sin(uπ)

)4

(z)−ν−1−k+u(Γ(ν + 1 + k − u))4+2l×

(Γ(1 + k − u))−2−l(Γ(2 + 2ν + k − u))−2−l =

(−1)lν

(
π

sin(uπ)

)4

(z)−ν−1−k+uH∗

l (u, k, ν) =

(−1)lν

(
π

sin(uπ)

)4

(z)−ν−1−k+u(R(T, ν))2+l,

where T = ν + 1 + k − u, l = 2 and k ∈ [0, +∞) ∩ Z. Therefore

Res(g
(6+l,2+l)
4+2l,4+2l;−1 − ν − k) =(22)

1

6
lim
u→0

((
∂

∂u

)4

(u4Hl,5

)

(u, k, ν)) =
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1

6
(−1)lν

(
π

sin(uπ)

)4

(z)−ν−1−k(log(z))3H∗

l (0, k, ν)+

1

2
(−1)lν(z)−ν−1−k(log(z))2

((
∂

∂u

)

H∗

l

)

(0, k, ν)+

1

2
(−1)lν(z)−ν−1−k(log(z))

((
∂

∂u

)2

H∗

l

)

(0, k, ν)+

1

6
(−1)lν(z)−ν−1−k

((
∂

∂u

)3

H∗

l

)

(0, k, ν)+

π2 2

3
(−1)lν(z)−ν−1−k(log(z))H∗

l (0, k, ν)+

π2 2

3
(−1)lν(z)−ν−1−k

(
∂

∂u
H∗

l

)

(0, k, ν).

We put now

fl,7(z, ν) = 6−1(log(z))3
∞∑

t=ν+1

z−tR(t, ν)2+l −(23)

2−1(log(z))2
∞∑

t=ν+1

z−t

(
∂

∂t
(R2+l)

)

(t, ν)+

2−1(log(z))
∞∑

t=ν+1

z−t

((
∂

∂t

)2

(R2+l)

)

(t, ν)−

6−1
∞∑

t=ν+1

z−t

((
∂

∂t

)3

(R2+l)

)

(t, ν) =

6−1(log(z))3fl,2(z, ν) + 2−1(log(z))2fl,4(z, ν) + (log(z))fl,6(z, ν) + fl,8(z, ν) =

−3−1(log(z))3fl,2(z, ν) + 2−1(log(z))2fl,3(z, ν) + fl,8(z, ν)+

(log(z))(fl,5(z, ν) + 2−1(log(z))2fl,2(z, ν) − (log(z))fl,3(z, ν)) =

6−1(log(z))3fl,2(z, ν) − 2−1(log(z))2fl,3(z, ν) + (log(z))fl,5(z, ν) + fl,8(z, ν),

where

fl,8(z, ν) = −6−1
∞∑

t=ν+1

z−t

((
∂

∂t

)3

(R2+l)

)

(t, ν),(24)

and, since (R(t, ν))2+l for ν ∈ N have in the points t = 1, . . . , ν, the zeros
of the order 2 + l, and l = 2 now, it follows that

fl,8(z, ν) = −6−1
∞∑

t=1

z−t

((
∂

∂t

)3

(R2+l)

)

(t, ν).(25)

Then, clearly,

f∨

l,7(z, ν) = fl,7(z, ν) + (2π2/3)fl,3(z, ν).(26)
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Let

Si(t, ν) =

(
∂

∂t

)i
((

ν∑

k=1

1

t − k

)

−
ν∑

k=0

1

t + k
)

)

=(27)

(−1)i−1(i − 1)!

((
ν∑

k=1

1

(t − k)i

)

−
ν∑

k=0

1

(t + k)i
)

)

,

Hi(ν) = Si(ν, ν − 1) − Si(ν + 1, ν) =(28)

(−1)i−1(i − 1)!

(

− 2

(ν)i
+

1

(2ν)i
+

1

(2ν + 1)i

)

.

Then
(

∂

∂t

)

(R(t, ν))2+l) = (R(t, ν))2+l(2 + l)S1(t, ν),(29)

(
∂

∂t

)2

(R(t, ν))2+l) =(30)

(R(t, ν))2+l((2 + l)2(S2
1(t, ν)) + (2 + l)S2(t, ν)),

(
∂

∂t

)3

(R(t, ν))2+l =(31)

(R(t, ν))2+l((2 + l)3S3
1(t, ν))2+l + 3(2 + l)2S2

1(t, ν))S2(t, ν) + (2 + l)S3(t, ν)).

§2. Some relations. The case |z| > 1.

Let
P0(t) = 1 − 4t + 8t2 − 12t3, Q0(t) = 16 + 12t,

P1(t) = −1 + 6t − 18t2 + 38t3 − 66t4 + 102t5, Q1(t) = −146 − 240t − 102t2,

P2(t) = 1 − 8t + 32t2 − 88t3 + 192t4 − 360t5 + 608t6 − 952t7,

Q2(t) = 1408 + 3640t + 3200t2 + 952t3.

It is not difficult to verify that

0 = Tl(t) := (t + 1)2+lPl(t) + t4+2lQ (t) − (t − 1)2+l(32)

for l = 0, 1, 2. Let (see (3.1.52) in [56] with c1(ν) = c2(ν) = ν, m = n = 2+l)

Dl(z, ν, w) = z(w − ν)2+l(w + ν + 1)2+l − w4+2l,(33)

where l = 0, 1, 2, ν ∈ Z, and w is independent variable. Clearly,

Dl(z, ν, w) = Dl(z,−ν − 1, w)(34)
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for l = 0, 1, 2, ν ∈ Z, Let further δ := z ∂
∂z

. Then (see (3.1.64) in [56])

Dl(z, ν, δ)f
∨

l,k(z, ν) = 0,(35)

where ν ∈ [0, +∞) ∩ Z, l = 0, 1, 2 with k = 1, 2, 3 for l = 0, with k =
1, 2, 3, 5 for l = 1 and with k = 1, 2, 3, 5, 7 for l = 2. Further we have (see
(3.1.53) – (3.1.54) with d∨ = d∧ = 1 and (3.1.56) in [56])

(δ + ν + 1)2+lf∨

l,k(z, ν) = (δ − ν − 1)2+lf∨

l,k(z, ν + 1),(36)

where ν ∈ [0, +∞) ∩ Z, l = 0, 1, 2 with k = 1, 2, 3 for l = 0, with k =
1, 2, 3, 5 for l = 1 and with k = 1, 2, 3, 5, 7 for l = 2,

(δ + ν)2+lf∨

l,k(z, ν − 1) = (δ − ν)2+lf∨

l,k(z, ν),(37)

where ν ∈ ∩N, l = 0, 1, 2 with k = 1, 2, 3 for l = 0, with k = 1, 2, 3, 5 for
l = 1 and with k = 1, 2, 3, 5, 7 for l = 2. Let

f∨

l,k(z,−ν − 1) = f∨

l,k(z, ν),(38)

where ν ∈ [0, +∞) ∩ Z, l = 0, 1, 2 with k = 1, 2, 3 for l = 0, with k =
1, 2, 3, 5 for l = 1 and with k = 1, 2, 3, 5, 7 for l = 2. Then (37) holds also
for ν = 0. Therefore, if ν = −κ − 1 with κ ∈ [0, +∞) ∩ Z, then

fl,k(z, ν) = fl,k(z, κ) = fl,k(z,−ν − 1),

(δ + ν + 1)2+lf∨

l,k(z, ν) = (δ − κ)2+lf∨

l,k(z, κ) =

(δ + κ)2+lf∨

l,k(z, κ − 1) = (δ − ν − 1)2+lf∨

l,k(z, ν + 1),

Dl(z, ν, δ)f
∨

l,k(z, ν) = Dl(z,−κ − 1, δ)f∨

l,k(z, κ)Dl(z, κ, δ)f∨

l,k(z, κ) = 0,

where l = 0, 1, 2 with k = 1, 2, 3 for l = 0, with k = 1, 2, 3, 5 for l = 1 and
with k = 1, 2, 3, 5, 7 for l = 2. So, (35) – (38) hold for all the ν ∈ Z. We
consider w and ν as independent variables now and we put t = w/ν,

P ∗

l (ν; w) = ν3+2lPl(w/nu), Q∗

l (ν; w) = ν1+lQl(w/ν),

T ∗

l (ν; w) = ν5+3lTl(w/ν).

Then

P ∗

0 (ν; w) = ν3 − 4ν2w + 8νw2 − 12w3, Q∗

0(ν, w) =(39)

16ν + 12w,

P ∗

1 (ν; w) = −ν5 + 6ν4w − 18ν3w2 + 38ν2w3 − 66νw4 +(40)

102ν3w5, Q∗

1(ν; w) = −146ν2 − 240νw − 102w2,

P ∗

2 (ν; w) = ν7 − 8ν6w + 32ν5w2 − 88ν4w3 + 192ν3w4 −(41)

360ν2w5+608νw6−952w7, Q∗

2(ν; w) = 1408ν3+3640ν2w+3200νw2+952w3.
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In view of (39) – (41),

zν+1Q∗

0(ν; δ + 1)z−ν−1 = 16ν − 12(ν + 1) + 12 = 4ν,

zν+1Q∗

1(ν; δ + 1)z−ν−1 = −8ν2,

zν+1Q∗

2(ν; δ + 1)z−ν−1 = 16ν3,

zν+1Q∗

l (ν; δ + 1)z−ν−1 = (−1)l2l+2νl+1,(42)

zν+1Q∗

l (ν; δ + 1)(δ − ν)2+lz−ν−1 = 2l+2νl+1(2ν + 1)2+l,(43)

for l = 0, 1, 2,
∂(zQ∗

l (ν; w + 1)(w − ν)2+l)

∂w
) =

z
∂Q∗

l (ν; w + 1)

∂w
(w − ν) + (2 + l)Q∗

l (ν; w + 1))(w − ν)1+l,

∂(zQ∗

0(ν; w + 1)(w − ν)2)

∂w
) =

z(12(w − ν) + 2(16ν + 12(w + 1))(w − ν),

z(12(δ − ν) + 2(16ν + 12(δ + 1))(δ − ν)z−ν−1 =

−(−12(2ν + 1) + 8ν)(2ν + 1)z−ν = 4(4ν + 3)(2ν + 1)z−ν,

∂(zQ∗

1(ν; w + 1)(w − ν)3)

∂w
) =

z((−240ν−204(w+1))(w−ν)+3(−146ν2−240ν(w+1)−102(w+1)2)(w−ν)2,

z((−240ν − 204(δ + 1))(δ − ν)+

3(−146ν2 − 240ν(δ + 1) − 102(δ + 1)2)(δ − ν)2z−ν−1 =

(36ν(2ν + 1) − 24ν2)(2ν + 1)2 = 12ν(4ν + 3)(2ν + 1)2z−ν ,

z
∂Q∗

2(ν; w + 1)

∂w
(w − ν) + 4Q∗

2(ν; w + 1))(w − ν)1+l =

z(3640ν2 + 6400ν(w + 1) + 2856(w + 1)2)(w − ν)+

4(1408ν3 + 3640ν2(w + 1) + 3200ν(w + 1)2 + 952w3))(w − ν)3,

z(3640ν2 + 6400ν(δ + 1) + 2856(δ + 1)2)(δ − ν)+

4(1408ν3 + 3640ν2(δ + 1) + 3200ν(δ + 1)2 + 952(δ + 1)3))(δ − ν)3z−ν−1 =

−(−96ν2(2ν + 1) + 64ν3)(2ν + 1)3z−ν = 32ν2(4ν + 3)(2ν + 1)3z−ν ,

∂zQ∗

l (ν; w + 1)(w − ν)2+l

∂w

∣
∣
∣
∣
∣
w=δ

z−ν−1 = 4(2l + l2l−1)νl(4ν + 3)(2ν + 1)l+1 =

(44)

2l+1(2 + l)ν l(4ν + 3)(2ν + 1)l+1
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for l = 0, 1, 2. Clearly,

(
∂

∂w

)2
(
zQ∗

l (ν; w + 1)(w − ν)2+l
)

=

(

z

(
∂

∂w

)2

Q∗

l (ν; w + 1)

)

(w − ν)2+l+

2(2 + l)

(

z

(
∂

∂w

)

Q∗

l (ν; w + 1)

)

(w − ν)1+l+

(1 + l)(2 + l)zQ∗

l (ν; w + 1)(w − ν)l = (w − ν)l×
((

z

(
∂

∂w

)2

Q∗

l (ν; w + 1)

)

(w − ν)2+

2(2 + l)

(

z

(
∂

∂w

)

Q∗

l (ν; w + 1)

)

(w − ν)+

(1 + l)(2 + l)zQ∗

l (ν; w + 1)

)

,

(
∂

∂w

)2
(
zQ∗

1(ν; w + 1)(w − ν)3
)

= (w − ν)×

(−204(w − ν)2 + 6(−240ν − 204(w + 1))(w − ν)+

6(−146ν2 − 240ν(w + 1) − 102(w + 1)2)),
(

∂

∂w

)2
(
zQ∗

1(ν; w + 1)(w − ν)3
)

∣
∣
∣
∣
∣
w=δ

z−ν−1 =

−(2ν + 1)(−204(2ν + 1)2 + 216ν(2ν + 1) − 48ν2) =

12(2ν + 1)(17(2ν + 1)2 − 18ν(2ν + 1) + 4ν2)z−ν =

12(2ν + 1)3ν2(68/(2ν)2 − 36/(2ν(2ν + 1)) + 4/(2ν + 1)2)z−ν =

48(2ν + 1)3ν2(17/(2ν)2 − 9/(2ν(2ν + 1)) + 1/(2ν + 1)2)z−ν

(
∂

∂w

)2
(
zQ∗

2(ν; w + 1)(w − ν)4
)

= (w − ν)2×

((6400ν + 5712(w + 1))(w − ν)2 + 8(3640ν2 + 6400ν(w + 1)+

2856(w+1)2)(w−ν)+12(1408ν3+3640ν2(w+1)+3200ν(w+1)2+952(w+1)3),

(1/2)

((
∂

∂w

)2
(
zQ∗

2(ν; w + 1)(w − ν)4
)

) ∣
∣
∣
∣
∣
w=δ

z−ν−1 =

(2ν + 1)2(688ν(2ν + 1)2 − 768ν2(2ν + 1) + 192ν3)z−ν/2 =

8(2ν + 1)2(43ν(2ν + 1)2 − 48ν2(2ν + 1) + 12ν3)z−ν =

32(2ν + 1)4ν3(43/(2ν)2 − 24(2ν) + 24/(2ν + 1) + 3/(2ν + 1)2)z−ν =
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((
∂

∂w

)2

(zν+1Q∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

z−ν−1 =(45)

ν1+l(2ν + 1)2+l22+l(2 + l)×
((25 + 9l)/(2ν)2 + (1 + l)/(2ν + 1)2 − 6(2 + l)/(2ν) + 6(2 + l)/(2ν + 1))

for l = 1, 2. Further we have

(
∂

∂w

)3
(
zQ∗

l (ν; w + 1)(w − ν)2+l
)

=

(

z

(
∂

∂w

)3

Q∗

l (ν; w + 1)

)

(w − ν)2+l+

3(2 + l)

(

z

(
∂

∂w

)2

Q∗

l (ν; w + 1)

)

(w − ν)1+l+

3(1 + l)(2 + l)

(

z

(
∂

∂w

)

Q∗

l (ν; w + 1)

)

(w − ν)l+

l(1 + l)(2 + l)zQ∗

l (ν; w + 1)(w − ν)l−1,

and, if l = 2, then

(
∂

∂w

)3
(
zQ∗

2(ν; w + 1)(w − ν)4
)

=

z

(((
∂

∂w

)3

Q∗

2(ν; w + 1)

)

(w − ν)4+

12

((
∂

∂w

)2

Q∗

2(ν; w + 1)

)

(w − ν)3+

36

((
∂

∂w

)

Q∗

2(ν; w + 1)

)

(w − ν)2+

24Q∗

2(ν; w + 1)(w − ν)

)

=

z

(

5712(w − ν)4+

12(6400ν + 5712(w + 1))(w − ν)3+

36(3640ν2 + 6400ν(w + 1) + 2856(w + 1)2)(w − ν)2+

24(1408ν3 + 3640ν2(w + 1) + 3200ν(w + 1)2 + 952(w + 1)3)(w − ν)

)

=

48z

(

119(w − ν)4+
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(1600ν + 1428(w + 1))(w − ν)3+

3(910ν2 + 1600ν(w + 1) + 714(w + 1)2)(w − ν)2+

(704ν3 + 1820ν2(w + 1) + 1600ν(w + 1)2 + 476(w + 1)3)(w − ν)

)

,

((
∂

∂w

)3

(zν+1Q∗

2(ν; w + 1)(w − ν)4

)∣
∣
∣
∣
∣
w=δ

z−ν−1 =(46)

48(119(2nu + 1)4 − 172ν(2nu + 1)3 + 72ν2(2nu + 1)2 − 8(2nu + 1))ν3) =

48(2nu + 1)4nu3

(

952/(2ν)3 − 688/((2ν)2(2nu + 1))+

144/(2ν(2nu + 1)2) − 8/(2nu + 1)3

)

=

384(2nu + 1)4nu3

(

119/(2ν)3 − 86/((2ν)2(2nu + 1))+

18/(2ν(2nu + 1)2) − 1/(2nu + 1)3

)

.

Puting in (32) t = w/ν, and then multiplying the result by ν5+3l, we
obtain the equality

ν3+2l(w − ν)2+l = (w + ν)2+lP ∗

l (ν; w) + w4+2lQ∗

l (ν; w)(47)

where l = 0, 1, 2. As it was established above, (37) holds for all the ν ∈ Z;
therefore, in view of (37) and (47),

(δ + ν)2+lf∨

l,k(z, ν − 1) − (δ + ν)2+lP ∗

l (ν; δ)f∨

l,k(z, ν) −(48)

δ4+2lQ∗

l (ν; δ)f∨

l,k(z, ν) = 0,

where ν ∈ Z, l = 0, 1, 2 with k = 1, 2, 3 for l = 0, with k = 1, 2, 3, 5 for
l = 1 and with k = 1, 2, 3, 5, 7 for l = 2. Clearly,

z(δ − ν)2+l(δ + ν + 1)2+l = (δ + ν)2+lz(δ − ν)2+l, Q∗

l (ν; δ)z =

(49)

zQ∗

l (ν; δ + 1),

where ν ∈ Z, l = 0, 1, 2 As it was stablished above, (35) holds for all the
ν ∈ Z; therefore, in view of (33), (47) and (49),

(δ + ν)2+l(ν3+2lf∨

l,k(z, ν − 1) −(50)

(P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,k(z, ν)) = 0,

where ν ∈ Z, l = 0, 1, 2 with k = 1, 2, 3 for l = 0, with k = 1, 2, 3, 5 for
l = 1 and with k = 1, 2, 3, 5, 7 for l = 2. As it was established above, (38)



L.A.Gutnik, On some systems of difference equations. 17

holds for all the ν ∈ Z; therefore, replacing in (50) ν by −ν − 1 we obtain
the equality

(δ − ν − 1)2+l(−(ν + 1)3+2lf∨

l,k(z, ν + 1) −(51)

(P ∗

l (−ν − 1; δ) + zQ∗

l (−ν − 1; δ + 1)(δ + ν + 1)2+l)f∨

l,k(z, ν)) = 0,

where ν ∈ Z, l = 0, 1, 2 with k = 1, 2, 3 for l = 0, with k = 1, 2, 3, 5 for
l = 1 and with k = 1, 2, 3, 5, 7 for l = 2. We prove below that the multipliers
(δ + ν)2+l and (δ − ν − 1)2+l in respectively (50) and (51) can be omit. In
view of (2), the function

ν3+2lf∨

l,1(z, ν − 1) − (P ∗

l (ν; δ) − zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,1(z, ν)

belongs to C[z] for ν ∈ Z, l = 0, 1, 2; if ν ∈ [0, +∞) ∩ Z, then null-space
of the operator (δ + ν)2+l (as operaor on C[z]) is different from zero only if
ν = 0, and coincides with C in this case; moreover the equality

ν3+2lf∨

l,1(z, ν − 1) −(52)

(P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,1(z, ν) = 0,

where ν ∈ Z, l = 0, 1, 2, holds for ν = 0, because, according to (2),
f∨

l,1(z, 0)) = 1 for l = 0, 1, 2, and, in wiew of (39) – (41),

P ∗

0 (0; δ) = −12δ3, P ∗

1 (0; δ) = 102δ5, P ∗

2 (0; δ) = −952δ7.

Thus, (50) holds for all the ν ∈ [0, +∞) ∩ Z, l = 0, 1, 2. In view of (2), the
function

−(ν + 1)3+2lf∨

l,1(z, ν + 1)−

(P ∗

l (−ν − 1; δ) + zQ∗

l (−ν − 1; δ + 1)(δ + ν + 1)2+l)f∨

l,1(z, ν)

belongs to C[z] for ν ∈ Z, l = 0, 1, 2; if ν ∈ [0, +∞) ∩ Z, then null-space
of the operator (δ − ν − 1)2+l (as operaor on C[z]) coincides with Czν+1.
Terefore, in order to establish the equality

− (ν + 1)3+2lf∨

l,1(z, ν + 1) −(53)

(P ∗

l (−ν − 1; δ) + zQ∗

l (−ν − 1; δ + 1)(δ + ν + 1)2+l)f∨

l,1(z, ν) = 0

for ν ∈∈ [0, +∞) ∩ Z, l = 0, 1, 2 it sufficient, in view of (2), (39), (40), and
(41), to check the equaalities

−(ν + 1)3

(
2ν + 2

ν + 1

)2

+ 4(ν + 1)(2ν + 1)2

(
2ν

ν

)2

= 0,

−(ν + 1)5

(
2ν + 2

ν + 1

)3

+ 8(ν + 1)2(2ν + 1)4

(
2ν

ν

)3

= 0,

−(ν + 1)7

(
2ν + 2

ν + 1

)4

+ 16(ν + 1)3(2ν + 1)4

(
2ν

ν

)4

= 0,
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which, evidently, hold. Since (38) holds for all the ν ∈ Z, it follows from (52)
and (53) that these equalities (52) and (53) also hold for all the ν ∈ Z. In
view of (8), the function

−(ν + 1)3+2lf∨

l,2(z, ν + 1)−

(P ∗

l (−ν − 1; δ) + zQ∗

l (−ν − 1; δ + 1)(δ + ν + 1)2+l)f∨

l,2(z, ν)

belongs to C[[z−1]] where ν ∈ Z, l = 0, 1, 2, and C[[x]] denotes the linear
space (and also ring) of all the formal power series over C with variable x. If
ν ∈ [0, +∞) ∩ Z, then null-space of the operator (δ − ν − 1)2+l (as operaor
on linar over C space C[[z−1]]) coincides with 0. Terefore,

− (ν + 1)3+2lf∨

l,2(z, ν + 1) −(54)

(P ∗

l (−ν − 1; δ) + 2zQ∗

l (−ν − 1; δ + 1)(δ + ν + 1)2+l)f∨

l, (z, ν) = 0

for ν ∈∈ [0, +∞) ∩ Z, l = 0, 1, 2. In view of (8), the function

ν3+2lf∨

l,2(z, ν − 1) −(55)

(P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,2(z, ν)

belongs to C[[z−1]] for ν ∈ Z, l = 0, 1, 2; if ν ∈ [0, +∞)∩Z, then null-space
of the operator (δ+ν)2+l (as operaor on linar over C space C[[z−1]]) coincides
with z−νC. Therefore in this case, according to (50), the series (55) belongs
to z−νC. In view of (8), (43), the coefficient at z−ν in the series (55) is equal
to

ν3+2l(((ν − 1)!)2/(2ν − 1)!)2+l −(56)

zν+1Q∗

l (ν; δ + 1)z−ν−1(−1)l(2ν + 1)2+l((ν!)2/(2ν + 1)!)2+l =

ν3+2l(((ν − 1)!)2/(2ν − 1)!)2+l−
2l+2νl+1(2ν + 1)2+l((ν!)2/(2ν + 1)!)2+l = 0.

Consequently,

ν3+2lf∨

l,2(z, ν − 1) −(57)

(P ∗

l (ν; δ) − zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,2(z, ν) = 0

for ν ∈ [0, +∞)∩ Z, l = 0, 1, 2. Since (38) holds for all the ν ∈ Z, it follows
from (54) and (57) that these equalities (54) and (57) also hold for all the
ν ∈ Z. In view of (11) – (13), the function

−(ν + 1)3+2lf∨

l,3(z, ν + 1)−

(P ∗

l (−ν − 1; δ) + zQ∗

l (−ν − 1; δ + 1)(δ + ν + 1)2+l)f∨

l,3(z, ν)

belongs to the linear space C[[z−1]]+(log(z))C[[z−1]] where ν ∈ Z, l = 0, 1, 2;
we can interpret this linear space as linear over C space

C[[z−1]] ⊕ C[[z−1]]
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with operator δ, which acts according to the formula

δ

(
T1

T2

)

=

(
δT1 + T2

δT2

)

,(58)

where Tk ∈ C[[z−1]] for k = 1, 2. If ν ∈ [0, +∞) ∩ Z, then null-space of the
operator (δ − ν − 1)2+l (as operaor on linar over C space C[[z−1]]⊕ C[[z−1]])
coincides with 0. Terefore,

− (ν + 1)3+2lf∨

l,3(z, ν + 1) −(59)

(P ∗

l (−ν − 1; δ) + zQ∗

l (−ν − 1; δ + 1)(δ + ν + 1)2+l)f∨

l,3(z, ν) = 0

for ν ∈∈ [0, +∞) ∩ Z, l = 0, 1, 2. In view of (10) – (13), the function

ν3+2lf∨

l,3(z, ν − 1) −(60)

(P ∗

l (ν; δ) − zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,3(z, ν)

also belongs to linear over C space

C[[z−1]] + (log(z))C[[z−1]].

If ν ∈ [0, +∞) ∩ Z, then null-space of the operator (δ + ν)2+l (as operaor
on linar over C space C[[z−1]] + (log(z))C[[z−1]]), in view of (58), belongs to
z−ν(C[[z−1] + (log(z))C[[z−1]])]). Sine for any diferentiable f(z) we have the
equality

wk

∣
∣
∣
∣
w=δ

(log(z))f(z)) =

(

log(z))wk

∣
∣
∣
∣
w=δ

+ (∂wk/∂w)

∣
∣
∣
∣
w=δ

)

f(z),

it follows that for any T (w) ∈ C[w] the equality

T (w)

∣
∣
∣
∣
w=δ

(log(z))f(z)) =

(

(log(z))T (w)

∣
∣
∣
∣
w=δ

+ (∂T (w)/∂w)

∣
∣
∣
∣
w=δ

)

f(z)

holds. In other words

T (δ)

(
T1

T2

)

=




T (δ)T1 + (∂T (w)/∂w)

∣
∣
∣
∣
w=δ

T2

T (δ)T2



 ,(61)

where T ∈ C[w], Tk ∈ C[[z−1]] for k = 1, 2. In view of (50), (10) – (13), (61),
(58), (42) – (44) (57), (27) – (29)

ν3+2lf∨

l,3(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,3(z, ν) =

(log(z))(ν3+2lf∨

l,2(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,2(z, ν))−

∂(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l)

∂w

∣
∣
∣
∣
∣
w=δ

f∨

l,2(z, ν)+

ν3+2lf∨

l,4(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,4(z, ν) =
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−∂(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l)

∂w

∣
∣
∣
∣
∣
w=δ

f∨

l,2(z, ν))+

ν3+2lf∨

l,4(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,4(z, ν) =

−((ν!)2/(2ν + 1)!)2+l ∂zQ∗

l (ν; w + 1)(w − ν)2+l

∂w

∣
∣
∣
∣
∣
w=δ

z−ν−1−

ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)1+lS1(ν, ν − 1)z−ν+

(2 + l)((ν!)2/(2ν + 1)!)1+lS1(ν + 1, ν)×
zQ∗

l (ν; δ + 1)(δ − ν)2+l)z−ν−1 =

−((ν!)2/(2ν + 1)!)2+l4(2l + l2l−1)νl(4ν + 3)(2ν + 1)l+1−
ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+lS1(ν, ν − 1)z−ν+

(2 + l)((ν!)2/(2ν + 1)!)2+l2l+2νl+1(2ν + 1)2+lS2(ν + 1, ν)z−ν =

ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
(1/nu + 1/nu − 1/(2ν) − 1/(2ν + 1) − (4ν + 3)/(2ν(2ν + 1))) = 0.

Consequently,

ν3+2lf∨

l,3(z, ν − 1) −(62)

(P ∗

l (ν; δ) − zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,2(z, ν) = 0

for ν ∈ [0, +∞)∩ Z, l = 0, 1, 2. Since (38) holds for all the ν ∈ Z, it follows
from (59) and (62) that these equalities (59) and (62) also hold for all the
ν ∈ Z. In view of (16) – (20), the function

−(ν + 1)3+2lf∨

l,5(z, ν + 1)−

(P ∗

l (−ν − 1; δ) + zQ∗

l (−ν − 1; δ + 1)(δ + ν + 1)2+l)f∨

l,5(z, ν)

belongs to the linear space C[[z−1]] + (log(z))C[[z−1]] + ((log(z))2/2)C[[z−1]],
where ν ∈ Z, l = 1, 2; we can interpret this linear space as linear over C

space
C[[z−1]] ⊕ C[[z−1]] ⊕ C[[z−1]]

with operator δ, which acts according to the formula

δ





T1

T2

T3



 =





δT1 + T2

δT2 + T3

δT3



 ,(63)

where Tk ∈ C[[z−1]] for k = 1, 2, 3. If ν ∈ [0, +∞)∩Z, then null-space of the
operator (δ−ν −1)2+l (as operaor on linar over C space C[[z−1]]⊕C[[z−1]]⊕
C[[z−1]]) coincides with 0. Terefore,

− (ν + 1)3+2lf∨

l,5(z, ν + 1) −(64)
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(P ∗

l (−ν − 1; δ) + zQ∗

l (−ν − 1; δ + 1)(δ + ν + 1)2+l)f∨

l,5(z, ν) = 0

for ν ∈ [0, +∞) ∩ Z, l = 1, 2. In view of (16) – (20), the function

ν3+2lf∨

l,5(z, ν − 1) −(65)

(P ∗

l (ν; δ) − zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,5(z, ν)

also belongs to linear over C space

C[[z−1]] + (log(z))C[[z−1]] + ((log(z))2)/2C[[z−1]].

If ν ∈ [0, +∞) ∩ Z, then null-space of the operator (δ + ν)2+l (as operaor on
linar over C space C[[z−1]]+ (log(z))C[[z−1]]+ ((log(z))2/2)C[[z−1]]), in view
of (58), belongs to z−ν(C[[z−1] + (log(z))C[[z−1]])) + ((log(z))2/2)C[[z−1]])).
Since for any diferentiable f(z) we have the equality

wk

∣
∣
∣
∣
w=δ

(
(log(z))2

2
f(z)

)

=

(
(log(z))2

2
w3

∣
∣
∣
∣
w=δ

+
log(z)

2

(
∂

∂w

)

wk

∣
∣
∣
∣
w=δ

)

f(z)+

log(z)

2

(
∂

∂w

)2

wk

∣
∣
∣
∣
w=δ

f(z),

(1/6)

((
∂

∂w

)3 ∣∣
∣
∣
w=δ

)

f(z)+

it follows that for any T (w) ∈ C[w] the equality

T (w)

∣
∣
∣
∣
w=δ

(
(log(z))2

2
f(z)

)

=

(log(z))2

2
T (w)

∣
∣
∣
∣
w=δ

f(z) + (log(z))

(
∂

∂w

)

T (w)

∣
∣
∣
∣
w=δ

f(z)+

1

2

(
∂

∂w

)2

T (w)

∣
∣
∣
∣
w=δ

f(z)

holds. Therefore

T (δ)





T1

T2

T3



 =(66)









T (δ)T1 + ∂T (w)
∂w

∣
∣
∣
∣
w=δ

T2 + 1
2

(
∂

∂w

)2
T (w)

∣
∣
∣
∣
w=δ

T3

T (δ)T2 +
(

∂
∂w

)
T (w)

∣
∣
∣
∣
w=δ

T3

T (δ)T3









,

where T ∈ C[w], Tk ∈ C[[z−1]] for k = 1, 2, 3. Consequently, in view of (50),
(16) – (20), (58), (57), (62), (66), (27) – (30),

ν3+2lf∨

l,5(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,5(z, ν) =

(67)
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−iπ(ν3+2lf∨

l,3(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,3(z, ν))+

ν3+2lfl,5(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,5(z, ν) =

ν3+2lfl,5(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,5(z, ν) =

−(log(z))2

2
(ν3+2lfl,2(z, ν−1)−(P ∗

l (ν; δ)+zQ∗

l (ν; δ+1)(δ−ν)2+l)fl,2)(z, ν))+

(log(z))(ν3+2lfl,3(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,3)(z, ν))+

(log(z))

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

f∨

l,2(z, ν)+

(1/2)

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

f∨

l,2(z, ν)−

∂(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l)

∂w

∣
∣
∣
∣
∣
w=δ

f∨

l,3(z, ν)+

ν3+2lfl,6(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,6(z, ν) =

(log(z))
∂(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l)

∂w

∣
∣
∣
∣
∣
w=δ

f∨

l,2(z, ν)+

(1/2)

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

f∨

l,2(z, ν)−

log(z)
∂(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l)

∂w

∣
∣
∣
∣
∣
w=δ

f∨

l,2(z, ν)−

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

f∨

l,2(z, ν)−

∂(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l)

∂w

∣
∣
∣
∣
∣
w=δ

f∨

l,4(z, ν)+

ν3+2lfl,6(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,6(z, ν) =

−(1/2)

((
∂

∂w

)2

(zQ∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

f∨

l,2(z, ν)−

zQ∗

l (ν; w + 1)(w − ν)2+l)

∂w

∣
∣
∣
∣
∣
w=δ

f∨

l,4(z, ν)+

ν3+2lfl,6(z, ν − 1) − (zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,6(z, ν).
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In view of (27) – (30), coefficient at z−ν in the series

ν3+2lfl,6(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,6(z, ν)

is equal to

(1/2)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l((2 + l) ×(68)

S1(ν, ν − 1)2 + S2(ν, ν − 1))−
(2 + l)/2(((ν)!)2/(2ν + 1)!)2+l((2 + l)S1(ν + 1, ν)2 + S2(ν + 1, ν))×

(zQ∗

l (ν; δ + 1)(δ − ν)2+l)z−ν−1 =

(1/2)ν3+2l(2+ l)(((ν − 1)!)2/(2ν − 1)!)2+l((2+ l)S1(ν, ν − 1)2 +S2(ν, ν − 1))−
(1/2)(((ν)!)2/(2ν + 1)!)2+l((2 + l)S1(ν + 1, ν)2 + S2(ν + 1, ν))×

2l+2νl+1(2ν + 1)2+l =

(1/2)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
((2 + l)(H1(ν)(2S1(ν + 1, ν) + H1(ν)) + H2(ν)) =

1

2
ν3+2l(2 + l)

(
(ν − 1)!)2

(2ν − 1)!

)2+l
(

(

2S1(ν) − 3

2ν
+

1

2ν + 1

)(

− 3

2ν
+

1

2ν + 1

)

(2 + l)−

(

− 2

ν2
+

1

4ν2
+

1

(2ν + 1)2

))

=

−ν3+2l(2 + l)2(((ν − 1)!)2/(2ν − 1)!)2+lS1(ν + 1, ν)(4ν + 3)/((2ν)(2ν + 1))+

1

2
ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l((2 + l)(−3/(2ν) + 1/(2ν + 1))2−

(−2/ν2 + 1/(4ν2) + 1/(2ν + 1)2) =

−ν3+2l(2 + l)2(((ν − 1)!)2/(2ν − 1)!)2+lS1(ν + 1, ν)(4ν + 3)/((2ν)(2ν + 1))+

1

2
ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×

((25 + 9l)/(2ν)2 + (1 + l)/(2ν + 1)2 − 6(2 + l)/(2ν) + 6(2 + l)/(2ν + 1)).

In wiew of (12), (50), (68), (44), coefficient at z−ν in the series

−∂(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l)

∂w

∣
∣
∣
∣
∣
w=δ

f∨

l,4(z, ν)+

ν3+2lfl,6(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,6(z, ν)

is equal to
(2 + l)(((ν)!)2/(2ν + 1)!)2+lS1(ν + 1, ν)×

zν+1 Q∗

l (ν; w + 1)(w − ν)2+l)

∂w

∣
∣
∣
∣
∣
w=δ

z−ν−1−
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ν3+2l(2 + l)2(((ν − 1)!)2/(2ν − 1)!)2+lS1(ν + 1, ν)(4ν + 3)/((2ν)(2ν + 1))+

1

2
ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×

((25 + 9l)/(2ν)2 + (1 + l)/(2ν + 1)2 − 6(2 + l)/(2ν) + 6(2 + l)/(2ν + 1)) =

(2 + l)((ν)!)2/(2ν + 1)!)2+lS1(ν)2l+1(2 + l)ν l(4ν + 3)(2ν + 1)l+1−
ν3+2l(2 + l)2(((ν − 1)!)2/(2ν − 1)!)2+lS1(ν + 1, ν)(4ν + 3)/((2ν)(2ν + 1))+

1

2
ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×

((25 + 9l)/(2ν)2 + (1 + l)/(2ν + 1)2 − 6(2 + l)/(2ν) + 6(2 + l)/(2ν + 1)) =

ν3+2l(2 + l)((ν − 1)!)2/(2ν − 1)!)2+l×
1

2
((25 + 9l)/(2ν)2 + (1 + l)/(2ν + 1)2 − 6(2 + l)/(2ν) + 6(2 + l)/(2ν + 1)).

In view of (45), coefficient at z−ν in the series (67) is equal to

−1

2
(ν!)2/(2ν + 1)!)2+l×

((
∂

∂w

)2

(zν+1Q∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

z−ν−1+

1

2
ν3+2l(2 + l)((ν − 1)!)2/(2ν − 1)!)2+l×

((25 + 9l)/(2ν)2 + (1 + l)/(2ν + 1)2 − 6(2 + l)/(2ν) + 6(2 + l)/(2ν + 1)) =

−1

2
ν2+l(2ν + 1)−2−l((ν − 1)!)2/(2ν − 1)!)2+l2−2−l×

((
∂

∂w

)2

(zν+1Q∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

z−ν−1+

1

2
ν3+2l(2 + l)((ν − 1)!)2/(2ν − 1)!)2+l×

((25 + 9l)/(2ν)2 + (1 + l)/(2ν + 1)2 − 6(2 + l)/(2ν) + 6(2 + l)/(2ν + 1)) = 0.

Therefore

ν3+2lf∨

l,5(z, ν − 1) −(69)

(P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,5(z, ν) = 0

for ν ∈ [0, +∞) ∩ Z, l = 1, 2. Since (38) holds for all the ν ∈ Z, it follows
from (64) and (69) that these equalities (64) and (69) also hold for all the
ν ∈ Z. In view of (23) – (26), (13), (16) – (20), the function

−(ν + 1)3+2lf∨

l,7(z, ν + 1)−

(P ∗

l (−ν − 1; δ) + zQ∗

l (−ν − 1; δ + 1)(δ + ν + 1)2+l)f∨

l,7(z, ν)
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belongs to the linear space C[[z−1]]+(log(z))C[[z−1]]+((log(z))2/2)C[[z−1]]+
((log(z))3/6)C[[z−1]], where ν ∈ Z, l = 1, 2; we can interpret this linear space
as linear over C space

C[[z−1]] ⊕ C[[z−1]] ⊕ C[[z−1]] ⊕ C[[z−1]]

with operator δ, which acts according to the formula

δ







T1

T2

T3

T4







=







δT1 + T2

δT2 + T3

δT3 + T4

δT4







,(70)

where Tk ∈ C[[z−1]] for k = 1, 2, 3, 4 If ν ∈ [0, +∞) ∩ Z, then null-space
of the operator (δ − ν − 1)2+l (as operaor on linar over C space C[[z−1]] ⊕
C[[z−1]] ⊕ C[[z−1]] ⊕ C[[z−1]]) coincides with 0. Terefore,

− (ν + 1)3+2lf∨

l,7(z, ν + 1) −(71)

(P ∗

l (−ν − 1; δ) + zQ∗

l (−ν − 1; δ + 1)(δ + ν + 1)2+l)f∨

l,7(z, ν) = 0

for ν ∈ [0, +∞) ∩ Z, l = 2. In view of (23) – (26), (13), (16) – (20), the
function

ν3+2lf∨

l,7(z, ν − 1) −(72)

(P ∗

l (ν; δ) − zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,7(z, ν)

also belongs to linear over C space

C[[z−1]] + (log(z))C[[z−1]] + ((log(z)2)/2)C[[z−1]] + ((log(z))3/6)C[[z−1]].

If ν ∈ [0, +∞) ∩ Z, then null-space of the operator (δ + ν)2+l (as operaor on
linar over C space

C[[z−1]] + (log(z))C[[z−1]]+

((log(z))2/2)C[[z−1]] + ((log(z))3/6)C[[z−1]],

in view of (72), belongs to
z−ν×

(C[[z−1] + (log(z))C[[z−1]])) + ((log(z))2/2)C[[z−1]])) + ((log(z))3/6)C[[z−1]].

Since for any diferentiable f(z) we have the equality

wk

∣
∣
∣
∣
w=δ

((log(z))3/6)f(z)) =

(

((log(z))3/6)w3

∣
∣
∣
∣
w=δ

+ ((log(z))2/2)

(
∂

∂w

)

wk

∣
∣
∣
∣
w=δ

)

f(z)+

((log(z))(1/2)

((
∂

∂w

)2

wk

∣
∣
∣
∣
w=δ

)

f(z)+

(1/6)

((
∂

∂w

)3 ∣∣
∣
∣
w=δ

)

f(z)+
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it follows that for any T (w) ∈ C[w] the equality

T (w)

∣
∣
∣
∣
w=δ

(
(log(z))3

6
f(z)

)

=

(log(z))3

6
T (w)

∣
∣
∣
∣
w=δ

f(z) +
(log(z))2

2

(
∂

∂w

)

T (w)

∣
∣
∣
∣
w=δ

f(z)+

log(z)

2

(
∂

∂w

)2

T (w)

∣
∣
∣
∣
w=δ

f(z)+

1

6

(
∂

∂w

)3

T (w)

∣
∣
∣
∣
w=δ

f(z)

holds. Therefore

T (δ)







T1

T2

T3

T4







=(73)













T (δ)T1 + ∂T (w)
∂w

∣
∣
∣
∣
w=δ

T2 + 1
2

(
∂

∂w

)2
T (w)

∣
∣
∣
∣
w=δ

T3 + 1
6

(
∂

∂w

)3
T (w)

∣
∣
∣
∣
w=δ

T4

T (δ)T2 +
(

∂
∂w

)
T (w)

∣
∣
∣
∣
w=δ

T3 + 1
2

(
∂

∂w

)2
T (w)

∣
∣
∣
∣
w=δ

T4

T (δ)T3 +
(

∂
∂w

)
T (w)

∣
∣
∣
∣
w=δ

T4

T (δ)T4













,

where T ∈ C[w], Tk ∈ C[[z−1]] for k = 1, 2, 3, 4. Consequently, in view of
(50), (23) – (26), (16) – (20), (58), (57), (62, (66, (27) – (31)

ν3+2lf∨

l,7(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,7(z, ν) =

(74)

(2π2/3)(ν3+2lf∨

l,3(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,3(z, ν))+

ν3+2lfl,7(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,7(z, ν) =

ν3+2lfl,7(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,7(z, ν) =

(log(z))3

6
(ν3+2lfl,2(z, ν − 1)− (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,2)(z, ν))+

−(log(z))2

2
(ν3+2lfl,3(z, ν−1)−(P ∗

l (ν; δ)+zQ∗

l (ν; δ+1)(δ−ν)2+l)fl,3)(z, ν))+

(log(z)(ν3+2lfl,5(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,5)(z, ν))+

(ν3+2lfl,8(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,8)(z, ν))+

−(log(z))2

2

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

− log(z)

2

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+
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−1

6

((
∂

∂w

)3

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

(log(z))

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,3(z, ν)+

1

2

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,3(z, ν)+

(

−
(

∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,5(z, ν) =

(ν3+2lfl,8(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,8)(z, ν))+

−(log(z))2

2

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

− log(z)

2

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

−1

6

((
∂

∂w

)3

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

(log(z))

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,3(z, ν)+

1

2

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,3(z, ν)+

(

−
(

∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,5(z, ν) =

(ν3+2lfl,8(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,8)(z, ν))+

−(log(z))2

2

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣∣
∣
∣
∣
w=δ

fl,2(z, ν)+

− log(z)

2

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

−1

6

((
∂

∂w

)3

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

(log(z))2

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

(log(z))

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+
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(log(z))

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,4(z, ν)+

(log(z))
1

2

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

1

2

((
∂

∂w

)3

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

1

2

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,4(z, ν)+

−(log(z))2

2

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣∣
∣
∣
∣
w=δ

fl,2(z, ν)+

(−(log(z))

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

−1

2

((
∂

∂w

)3

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

(− log(z))

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,4(z, ν)+

(

−
(

∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

fl,4(z, ν)+

−
((

∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,6(z, ν) =

−(1 − 2 + 1)×

(log(z))2

2

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣∣
∣
∣
∣
w=δ

fl,2(z, ν)+

−(1 − 1 − 2 + 2)×

log(z)

2

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

fl,2(z, ν)+

(1−1)(log(z))

((
∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,4(z, ν)+

(ν3+2lfl,8(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,8)(z, ν))+
(

−
(

∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,6(z, ν)+
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1

2
(1 − 2)

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

fl,4(z, ν)+

(1 − 3 + 3)×

−1

6

((
∂

∂w

)3

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,2(z, ν) =

(ν3+2lfl,8(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,8)(z, ν))+
(

−
(

∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,6(z, ν)+

−1

2

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,4(z, ν)+

−1

6

((
∂

∂w

)3

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,2(z, ν).

In view of (24), (31), coefficient at z−ν in the series

ν3+2lfl,8(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,8(z, ν)

is equal to

(−1/6)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l ×(75)

((2 + l)2(S1(ν, ν − 1)3 + 3(2 + l)S1(ν, ν − 1)S2(ν, ν − 1)) + S3(ν, ν − 1))−
(−1/6)(2 + l)(((ν)!)2/(2ν + 1)!)2+l×

((2 + l)2S1(ν + 1, ν)3 + 3(2 + l)S1(ν + 1, ν)S2(ν, ν − 1)) + S3(ν + 1, ν))×
(zQ∗

l (ν; δ + 1)(δ − ν)2+l)z−ν−1 =

(−1/6)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
((2 + l)2S1(ν, ν − 1)3 + 3(2 + l)S1(ν, ν − 1)S2(ν, ν − 1)) + S3(ν, ν − 1))−

(−1/6)(((ν)!)2/(2ν + 1)!)2+l×
((2 + l)2S1(ν + 1, ν)2 + 3(2 + l)2S1(ν + 1, ν)S2(ν + 1, ν) + +S3(ν + 1, ν))×

2l+2νl+1(2ν + 1)2+l =

(−1/6)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
(

(2 + l)2(S1(ν, ν − 1)3 − S1(ν + 1, ν)3)+

3(2 + l)(S1(ν, ν − 1)S2(ν, ν − 1) − S1(ν + 1, ν)S2(ν + 1, ν))+

S3(ν, ν − 1) − S3(ν + 1, ν)

)

=

(−1/6)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
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(

(2 + l)2(3S1(ν + 1, ν)2H1(ν)) + 3S1(ν + 1, ν)H2
1 (ν)) + H3

1 (ν))+

3(2 + l)(H1(ν)S2(ν + 1, ν) + S1(ν + 1, ν)H2(ν) + H1(ν + 1, ν)H2(ν))+

H3(ν, ν − 1)

)

=

(−1/6)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
(

3(2 + l)2H1(ν))(S1(ν + 1, ν))2+

3((2 + l)2H2
1 (ν) + (2 + l)H2(ν))S1(ν + 1, ν)+

3(2 + l)(H1(ν)S2(ν + 1, ν)+

(2 + l)2H3
1 (ν) + 3(2 + l)H1(ν)H2(ν) + H3(ν)

)

=

(−1/6)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
(

− 3(2 + l)2((4ν + 3)/(2ν(2ν + 1)))(S1(ν + 1, ν))2+

3((2 + l)2H2
1 (ν) + (2 + l)H2(ν))S1(ν + 1, ν)+

3(2 + l)(H1(ν)S2(ν + 1, ν)+

(2 + l)2H3
1 (ν) + 3(2 + l)H1(ν)H2(ν) + H3(ν)

)

.

In view of (17), (30), coefficient at z−ν in the series

(

−
(

∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,6(z, ν)

is equal to

− ((ν!)2/(2ν + 1))2+l2l+1(2 + l)ν l(4ν + 3)(2ν + 1)l+1 ×(76)

2−1((2 + l)2S2
1(ν + 1, ν) + (2 + l)S2(ν + 1, ν)) =

−ν3+2l(((ν − 1)!)2/(2ν − 1))2+l(4ν + 3)(2ν(2ν + 1))×
2−1((2 + l)2S2

1(ν + 1, ν) + (2 + l)S2(ν + 1, ν)).

Therefore, in view of (75), (76), coefficient at z−ν in the series

(

−
(

∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,6(z, ν)+

(ν3+2lfl,8(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,8)(z, ν))

is equal to

− ν3+2l(((ν − 1)!)2/(2ν − 1))2+l(4ν + 3)(2ν(2ν + 1)) ×(77)
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2−1((2 + l)2S2
1(ν + 1, ν) + (2 + l)S2(ν + 1, ν))+

(−1/6)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
(

− 3(2 + l)2((4ν + 3)/(2ν(2ν + 1)))(S1(ν + 1, ν))2+

3((2 + l)2H2
1 (ν) + (2 + l)H2(ν))S1(ν + 1, ν)+

3(2 + l)H1(ν)S2(ν + 1, ν)+

(2 + l)2H3
1 (ν) + 3(2 + l)H1(ν)H2(ν) + H3(ν)

)

=

−ν3+2l(((ν − 1)!)2/(2ν − 1))2+l(−H(ν))×
6−1(3(2 + l)2S2

1(ν + 1, ν) + 3(2 + l)S2(ν + 1, ν))+

(−1/6)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
(

− 3(2 + l)2((4ν + 3)/(2ν(2ν + 1)))(S1(ν + 1, ν))2+

3((2 + l)2H2
1 (ν) + (2 + l)H2(ν))S1(ν + 1, ν)+

3(2 + l)H1(ν)S2(ν + 1, ν)+

(2 + l)2H3
1 (ν) + 3(2 + l)H1(ν)H2(ν) + H3(ν)

)

=

(−1/6)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
(

3((2 + l)2H2
1 (ν) + (2 + l)H2(ν))S1(ν + 1, ν)+

(2 + l)2H3
1 (ν) + 3(2 + l)H1(ν)H2(ν) + H3(ν)

)

.

In view of (28) and (45)

(2 + l)2H2
1 (ν) + (2 + l)H2(ν) =

(2 + l)2(9/(2ν)2 + 1/(2ν + 1)2 − 6/(2ν) + 6/(2ν + 1)+

(2 + l)(7/(2ν)2 − 1/(2ν + 1)2) =

(2+ l)((25+9l)/(2ν)2 +(1+ l)/(2ν +1)2 − 6(2+ l)/(2ν)+ 6(2+ l)/(2ν +1)),

((
∂

∂w

)2

(zν+1Q∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

z−ν−1 =(78)

ν1+l(2ν + 1)2+l22+l((2 + l)2H2
1 (ν) + (2 + l)H2(ν)).

In view of (12), (78), coefficient at z−ν in the series

−1

2

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)∣
∣
∣
∣
∣
w=δ

fl,4(z, ν)
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is equal to

(1/2)((ν!)2/(2ν + 1))2+l ×(79)

ν1+l(2ν + 1)2+l22+l((2 + l)2H2
1 (ν) + (2 + l)H2(ν))×

(2 + l)S1(ν + 1, ν) =

(1/6)ν3+2l(((ν − 1)!)2/(2ν − 1))2+l(2 + l)×
3((2 + l)2H2

1 (ν) + (2 + l)H2(ν))S1(ν + 1, ν).

Consequently, in view of in view of (77), (79), coefficient at z−ν in the series

−1

2

((
∂

∂w

)2

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

fl,4(z, ν)+

(

−
(

∂

∂w

)

(P ∗

l (ν; w) + zQ∗

l (ν; w + 1)(w − ν)2+l

)
∣
∣
∣
∣
∣
w=δ

fl,6(z, ν)+

(ν3+2lfl,8(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,8)(z, ν))

is equal to

(1/6)ν3+2l(((ν − 1)!)2/(2ν − 1))2+l(2 + l) ×(80)

3((2 + l)2H2
1 (ν) + (2 + l)H2(ν))S1(ν + 1, ν)+

(−1/6)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
(

3((2 + l)2H2
1 (ν) + (2 + l)H2(ν))S1(ν + 1, ν)+

3(2 + l)2H3
1 (ν) + 3(2 + l)H1(ν)H2(ν) + H3(ν)

)

=

(−1/6)ν3+2l(2 + l)(((ν − 1)!)2/(2ν − 1)!)2+l×
(2 + l)2H3

1 (ν) + 3(2 + l)H1(ν)H2(ν) + H3(ν).

If l = 2, then

(2 + l)2H3
1 (ν) + 3(2 + l)H1(ν)H2(ν) + H3(ν) =

16(−3/(2nu) + 1/(2ν + 1))3−
12(−3/(2nu) + 1/(2ν + 1))(−7/(2nu)2 + 1/(2ν + 1)2)+

2(−15/(2nu)3 + 1/(2ν + 1)3) =

(−432 − 252 − 30)/(2ν)3 + (432 + 84)/((2ν)2(2ν + 1))+

(−144 + 36)/((2ν)(2ν + 1)2) + (16 − 12 + 2)/(2ν + 1)3 =

−714/(2ν)3 + 516/((2ν)2(2ν + 1)) + (−108)/((2ν)(2ν + 1)2) + 6/(2ν + 1)3 =

−6(119/(2ν)3 − 86/((2ν)2(2ν + 1)) + 18/((2ν)(2ν + 1)2) − 1/(2ν + 1)3).
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Therefore, if l = 2, then the value (80) is equal

(−1/6)ν3+2l4(((ν − 1)!)2/(2ν − 1)!)2+l ×(81)

(−6)(119/(2ν)3 − 86/((2ν)2(2ν + 1)) + 18/((2ν)(2ν + 1)2) − 1/(2ν + 1)3) =

ν3+2l4(((ν − 1)!)2/(2ν − 1)!)2+l×
(119/(2ν)3 − 86/((2ν)2(2ν + 1)) + 18/((2ν)(2ν + 1)2) − 1/(2ν + 1)3) =

ν74(((ν − 1)!)2/(2ν − 1)!)4×
(119/(2ν)3 − 86/((2ν)2(2ν + 1)) + 18/((2ν)(2ν + 1)2) − 1/(2ν + 1)3).

In view of (46) and (7), coefficient at z−ν in the series

−1

6

((
∂

∂w

)3

(P ∗

l (ν; w) + zQ∗

2(ν; w + 1)(w − ν)2+l

) ∣
∣
∣
∣
∣
w=δ

f2,2(z, ν)

is equal to

(−1/6)((ν!)2/(2ν + 1)!)4 ×(82)

384(2nu + 1)4nu3

(

119/(2ν)3 − 86/((2ν)2(2nu + 1))+

18/(2ν(2nu + 1)2) − 1/(2nu + 1)3

)

=

−4ν7(((ν − 1)!)2/(2ν − 1)!)4

(

119/(2ν)3 − 86/((2ν)2(2nu + 1))+

18/(2ν(2nu + 1)2) − 1/(2nu + 1)3

)

.

In view of (80), (81), (82), coefficient at z−ν in the series (74) is equal to 0.
Thus,

ν3+2lf∨

l,7(z, ν − 1) −(83)

(P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,7(z, ν) =

(2π2/3)(ν3+2lf∨

l,3(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)f∨

l,3(z, ν))+

ν3+2lfl,7(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,7(z, ν) =

ν3+2lfl,7(z, ν − 1) − (P ∗

l (ν; δ) + zQ∗

l (ν; δ + 1)(δ − ν)2+l)fl,7(z, ν) = 0

for ν ∈ [0, +∞) ∩ Z, l = 2. Since (38) holds for all the ν ∈ Z, it follows from
(71) and (83) that these equalities (71) and (83) also hold for all the ν ∈ Z.
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Russian translation by G.M.Fikhtengolts,
GT-TI, 1933;

[31] H.WEYL, Algebraic theory of numbers,
1940,
Russian translation by L.I.Kopejkina,

[32] L.A.Gutnik, On the decomposition of the difference operators of Poincaré type
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of Poincaré type in Banach algebras
(in Russian), VINITI, Moscow, 1992, 3443 – 92, 1 – 36;

[34] , On the difference equations of Poincaré type
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