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§12.1. Return from v to (7,u) in the case [ = 2.
According to the Theorem 1 (see Foreword in [12]),

1
(1) A5 (zv) =S5 +2 ) v V(i)
1=0
with
1 —8 32 —88 192 —-360 608 —952
0 1 -8 32 —-88 192 —-360 608
0 0 1 —8 32 —&8 192 —360
~ 0 0 0 1 -8 32 —88 192
(2) 82 10 0 0 0 1 -8 32 —88 |’
0 0 0 0 0 1 —8 32
0 0 0 0 0 0 1 -8
0 0 0 0 0 0 0 1
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176 =249 —-364 545 280 —431 —-76 119
—-119 176 227 —364 —-169 280 45 76
76 —119 —128 227 92 —-169 —24 45
—45 76 61 —128 —43 92 11 =24

;7 (0) =8 24 —45 —20 61 16 —43 —4 11 |’

~11 24 -1 -20 -5 16 1 -4

4 —11 8 —1 4 -5 0 1

—1 4 -7 8 -7 4 -1 0

(4)

455 —1020 —113 1552 —603 —628 357 0

—300 682 44 —996 404 394 —228 0

185 —428 —3 592 —253 —228 135 O

V(1) = 8 —104 246 —16 -316 144 118 —-72 0
2 51 —124 19 144 —-71 —=52 33 0]’

20 50 —12 —=52 28 18 —12 0

5 —12 1 6 -9 —4 3 0

0 -2 g —12 8 —2 0 0

(5)

400 —1243 972 542 —1028 357 0 0

—9259 808 —642 —332 653 —228 0 0

156 —489 396 186 —384 135 0 0

. —85 268 —222 —92 203 —72 0 0
T2 =81 40 197 108 38 92 33 0 0]

—15 48  —42 —12 33  —12 0 0

4 —13 12 2 —8 3 00

1 4 —6 4 ~1 0 00

119 —476 714 —476 119
—76 304 —456 304 —76
45 —180 270 —180 45
-24 96 —144 96 —24
11 —-44 66 —44 11
—4 16 —24 16 —4
1 —4 6 —4 1
0 0 0 0 0

(6) V57 (3) =8

SO OO OO OO oo
SO OO OO o oo
S OO OO o oo

In view of (3) in Part 4,
(7) As(zv) =V Ty ) Ay (23 0)(Tx )

We denote the element, which stands in the matrix A%(z; ) on the intersec-
tion of i-th row and k-th column, by a3, ,(2;v), where {i, k} C {1, ..., 8}.
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In view of (2) — (7),

(8)

(10)

(12)

(13)

(14)

(15)

(16)

(17)

a3q1(z;v) =v" +82(1761" 4 4550° 4 4000° + 119v*) =
140907 + 36400/° + 32000° + 9520+
(z — 1)(140807 + 36400° + 32000° + 9520%),
a3 o(zv) = =800 + 82(—2490° — 10200° — 1243v* — 4761°) =

—20000° — 81600° — 9944v* — 380813+

(z —1)(—19920° — 81600° — 99441* — 3808v°),

ay 1 5(2;v) = 320° +

82(—364v° — 113v* + 9720° + 7141%) =
—28800° — 904v* 4 777603 + 57120°+

(z —1)(—29120° — 9041* + T776v° + 571207),

a§’174(z; v) = —88v* +

82(5450" + 15521° + 5421% — 476v) =
42720* + 124161° + 43360 — 3808+
(z — 1)(43600" + 124161 + 43360 — 3808v),

a3y 5(z;v) = 1920° 4 82(2801° — 603v* — 1028w + 119) =

24320° — 482417 — 8224v + 952+
(z —1)(22400° — 4824v* — 8224v + 952),

a3, 6(z;v) = —3600% + 82(—431v% — 628v + 357) =

—3808v% — 5024v + 2856+
(z — 1)(—34481* — 5024v + 2856),

asq 7(z;v) = 608y + 82(—T6v + 357) =

2856 + (z — 1)(—608v + 2856),
a3, 5(2;v) = —952v + 82(119) = (= — 1)952,
a3, (z;v) = —9520° — 240007 — 20720° — 6081° +
(z — 1)(—9520° — 24000" — 20720° — 608v°),

a3q9(z;v) = V7 +82(1761" 4 6820° 4 8081° + 304v*) =
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140907 + 54561° 4 64640° + 24320+
(z — 1)(140807 + 54561° + 6464v° + 24320,
(18)  aj,s(z;v) = —80° +82(2271° + 440° — 6420* — 4561°) =
18080° + 3520° — 51361* — 36480°+
(z — 1)(18161° + 3521° — 5136v" — 36481°),
(19) ag04(23v) = 320° +

82(—364v° — 996v* — 3320° + 3041%) =
—28801° — 7968v* — 26561° 4 24320+
(z —1)(—29120° — 79681* — 26561° + 243207),

2 a3 q5(z;v) = —88" + 82(—169v* + 4040° + 653v° — T6v) =
—14400* + 32320° + 52241% — 608v+
(z — 1)(—13520* + 32320% + 52241% — 608v),
(21) a3 q6(z;v) = 19207 4 82(2800° + 3940° — 228v) =
24321% + 31520 — 1824v+

(z — 1)(22400° + 315207 — 1824v),
(22) ay57(2;v) = =36007 + 8z(450% — 228v) =

—1824v + (2 — 1)(360v* — 1824v),
(23) a5 98(2;v) = 608y + 82(—T6v) = —(2 — 1)608v,
(24) a3 (z;v) = 60807 4 14800° + 124807 + 3600° +

(z — 1)(608v° + 14800° + 124807 + 3600/°),

(25) a3 55(2;v) = —9520° — 342407 — 39120° — 14400° +

(z — 1)(—9520° — 342407 — 391205 — 14400°),

(26) a355(z;v) ="+ 82(—1280" — 30° + 3961° + 2700*) =

—1023v" — 2405 + 31681/° 4 21601+
(z —1)(—1024v" — 2405 + 31681° 4 21600*),

(27)  ajs4(zv) = =800 +82(2270° + 5920° + 1860* — 1800%) =
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(29)

(30)

(31)

(32)

(33)

(34)

(38)

180815 + 47361° + 14881* — 144003+
(z —1)(18161/° 4 47361° + 1488v* — 14401%),

ay55(2;v) = 320° 4 82(920° — 2531 — 3841° + 450%) =

7681° — 2024v* — 30722 + 3600%+
(z — 1)(7361° — 2024v* — 30720° + 3600°),

a3 56(2;v) = —88v" + 82(—169v* — 228,° + 1350%) =

—14400* — 18241° + 1080v2),
(z — 1)(—13520* — 18241* + 10801/%),

ay3q7(2v) = 1920° + 82(—24v° + 1350%) =

108002 + (2 — 1)(—192v° + 1080v2),
a3 55(z;v) = =3600% + 8z(450%) = (2 — 1)3601%,
ay41(z;v) = —3600"" — 83207 — 6800° — 19207 +
(z —1)(—3600" — 83217 — 6801° — 19207),
a3 40(z;v) = 60807 4 19681° + 214407 + 7681° +
(z — 1)(608v° + 19681° + 214417 + 7681/°),
a3 ,5(z;v) = 4881° — 12807 — 1776° — 11520° +
(2 — 1)(4880° — 12807 — 17761° — 11521/°),
ay4(z;v) = —102307 — 25280° — 7361° 4 7681 +
(z — 1)(—10240" — 252805 — 7361° + 7681*),
a3 45(z;v) = —3520° + 11520° + 1624v* — 1920° +
(z —1)(—3440° + 11520° 4 1624v* — 1920/%),
a3 46(2;v) = 7680° + 944" — 5760° +
(z —1)(7360° + 944v* — 5761%),
a4 7(2v) = —5761° +

(z —1)(88v* — 5761°),



L.A.Gutnik, On some systems of difference equations. Part 12.

(39)

(40)

(41)

(43)

(44)

(45)

(46)

a§,4,8(23 v) = (2 — 1)(—192V3),
a5, (2 v) = 192011 + 40800 + 3200° + 881° +
(z — 1)(192v' + 40800 + 32007 + 881/°),

ah 5 o(2;v) = 36000 — 9920° — 10161° — 35207 +

(z — 1)(=3600" — 99217 — 10160° — 35207),

a5 55(2;v) = —1600° + 1520° + 86407 + 528, +

(z — 1)(—1600” + 1520° + 86417 + 5281/°),

ay s 4(2v) = 4880° + 115207 4 3040° — 3520° +

(z — 1)(4880° + 115207 + 3040° — 3520°),

ay55(z;v) = 12907 — 5681° — 7361° + 881" +

(z —1)(1280" — 56805 — 7361° + 88v?),

a5 56(2 V) = —35205 — 4160° + 264v* +

(z — 1)(—3440° — 4160° + 2641%),

ay5-(z;v) = 2640 +

(z — 1)(—320° + 2641%),
ay55(z;v) =88(z — 1),
ay6q(zv) = —88v"% — 1600" — 1200 — 3207 +
(z — 1)(=88v" — 1600 — 12000 — 3207,
a3 60z v) = 1920 4 4000'0 + 38407 + 1281° +
(z — 1)(1920" 4 4000 + 3841° + 1281%),
ay65(z;v) = =801 — 9617 — 3361° — 19207 +
(z — 1)(=8v' — 9617 — 3360° — 19207),
a3 4(z;v) = —1600° — 4160° — 9607 + 128° +

(z — 1)(—=1600° — 4160° — 9617 + 1280°),
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(52)

(53)

(54)

(55)

(56)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

a5 g5(2;v) = —400° + 22407 + 26405 — 320° +

(z — 1)(—400° + 22407 + 2641° — 320°),

a3e6(zv) = 12907 + 14415 — 961° +

(z = 1)(12807 + 1440° — 961°),
a5 67(2v) = —961° + (2 — 1)(8° — 961°),
a3 es(ziv) = (2 — 1)(=320°),
ayq1(z;v) = 3201 + 400" + 3201 + 810 4
(z —1)(320"% + 4002 + 320" + 8119,

a§,7,2(2; v) = —88v'% — 960 — 1040 — 3200 +

(z — 1)(—88v"% — 96u' — 1040"0 — 3207,

a7 5(2v) = 64 + 8110 4+ 9617 + 481° +

(2 — 1) (640" + 80" + 9607 + 481°),

a3 4(zv) = =800 + 1287 + 160° — 3207 +

(z — 1) (=801 + 12807 + 160° — 3207),

a7 5(2v) = 3207 — 720° — 6407 + 88 +

(z —1)(320° — 720° — 6407 + 81),

ayq6(2;v) = —400% — 3207 + 2415 +

(z — 1)(—400° — 3207 4 2419),

ayq7(zv) = v +240° + (2 — 1)(240°),
a;?’s(z; v)=(z— 1)(8V6),

asg (2 v) = 8yt 82
(z = 1) (=8 —81%),
a;,S,Q(z; V) = 32V13 — 161/12 + 32]/11) +

(z —1)(320" — 160" 4 320™)),
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(66)

(67)

(70)

(71)

Clearly,

where

(75)

(76)

(77)

(78)

(79)

a3 g5(z;v) = —560"% + 640! — 48010 +
(z — 1)(=560" + 640"t — 48017),
ayg4(2V) = 64 — 96010 4 3207 +
(z —1)(64v" — 96010 + 3209),
asg5(2 1) = —560" + 6407 — 8V° +
(z — 1)(=560" + 6407 — 81°),
ayg6(z;v) = 3207 — 160° +
(z —1)(320° — 161°),
aygq7(2v) = —80° + (z — 1)(—8v°),

az,&g(zi v) = 1/7,

Pr(p) + 7Qn (1),
Poi(p) = ( 1/2) Po(p) + (1 + 1/4)Qu(p),
Qni1(p) = Polp) — (1/2)Qn(p).

p=uv)=viv+1),r=71v)=v+1/2,
n € [0,00) NZ,{F(p), Qu(p)} < Qlul,

Bo(p) =1,
Qo(p) =0,
Pi(p) =—1/2
Q1(p) =1,

Py(p) = —=3p/2 —1/2

Q?)(/’L) =p + 17
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(80) Py(p) = p* +2p +1/2,

(81) Qu(p) = —2p — 1,

(82) Ps(p) = —5u°/2 = 5p/2 — 1/2,

(83) Qs(p) = 1 + 3+ 1,

(84) Po(p) = 1 + 9% /2 + 3p +1/2,

(85) Qs(p) = =3p" —4p — 1,

(86) Pr(p) = =7p% /2 = Tp? = Tp/2 — 1/2,

(87) Qr(p) = 1 +6p° + 5 + 1,

(88) Ps(p) = p* + 8u® + 10p® + 4p + 1/2,

(89) Qs(p) = —4p® — 10p* — 6p — 1,

(90) Py(p) = =9p* /2 — 15° — 270° /2 — 9pu/2 — 1/2,
(91) Qo(p) = p* + 104 + 154" + T + 1,

(92) Pio(p) = p° + 25p /2 4+ 2503 + 35u% /2 + 5+ 1/2,
(93) Quo(p) = —5p* —20p° — 21p® — 8 — 1,
(94) Pyi(p) = —11p° /2 — 55u* /2 — 771% /2 —

22p% — 11p/2 — 1/2,

(95) Qu1(p) = 1 + 150" + 350° + 281 + 9 + 1,

(96) Pio(p) = pb + 184° + 105" /2 +

56> + 27 + 6+ 1/2,

(97) Qua(p) = —61° — 35" — 56p° — 361° — 10p — 1,

(98) Prg(p) = —13p°/2 = 91p° /2 — 914" —
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78 — 65u% /2 — 13p/2 — 1/2,
(99) Qua(p) = p® + 21p° 4 70p" + 844° + 450 + 11p + 1,

(100) Piy(p) = p” 4 49u°/2 4+ 984° +

147p* + 1050 + 77 /2 + T+ 1/2,

(101) Qua(p) = —7p® — 564° — 126" —

12043 — 55p% — 12 — 1.

In view of (7) — (101), we can represent the element
03 0), where (i, K} © {1, .. 8}

in the form

(102) as ;1 (2;v) = a;/,\i/,k(z; v) + Taé\,?,k(@ v),
where

1 1
(103) aalew) = 3ra) + (5 = D5uia)
(104) ay i (zv) = ok () + (2 = Doy (p),

7o (i), vs e (i), T (1), vy (1)

belong to Z[u]. We have
ryy () = —17 — 215 — 1062u* — 25837,

vyY 1 () = —16 — 208 — 1048y* — 257647,
o1 (p) = 17 + 181y + 73447 + 14094°,
0511 (p) =16 + 176 + 7281 + 140817,
7y o (1) = 24 + 448y + 291247 — 400047,
U3y (1) = 32+ 496 + 298417 — 398447,

p) = —24 — 400 — 2160p2,
vp1 (1) = —32 — 432 — 218442,

ryy (1) = —88 — 11204 + 125924,

vy 5(p) = —56 — 9604 + 1275247,

15’ (1) = 88 + 944y — 28807,

051 5(p) = 56 + 848 — 29124,
ryy 4 (1) = —11488y + 85444%,

vy 4(p) = 88 — 111364 + 872047,

AA
T91,2

(
(

~—
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7"9,/1\,4@) = 3872y,
vy 4 (1) = —88 4 36961,
oy 5 (1) = 2872 — 16944y,
vy | 5(1) = 3064 — 16368,
51 5 (1) = —968 4 2432y,
vy 5 (1) = —1160 + 22404,
751 6(1) = 6928 — 7616,
vy 1 6(1t) = 7288 — 68961,

2N1\6(,U) —1216,

U2 1 G(H) —1576,
7’2 1 7(,“) 5712,
Uz 1 7(,“) 6320,

7”217(,“)
7)217( ) = —608,

7“2 1 8(:“)
UQ,LS(:“’) = 19047

7“2%,8(#) =0,
UQA,?,S(H) =0,
vyy 1 () = —1 — 208y — 1048y — 2576p° — 19044*,
o1 () = 16 + 1764 + 728 + 14084°,
0551 () = 16 + 176 + 7281 + 1408y°,
= 15 + 281p + 19224 + 104943,

m, 2, 22(10)

33 (1) = 16 + 288 + 1936* + 105647,
rhh (1) = —15 — 251 — 14504> + 1409,°,
vh% 5 (1) = —16 — 2564 — 1456 + 1408y°,
ryy5(p) = —32 — 512p + 42404% + 3616,°,
vy 3 5(p) = —24 — 464 + 431217 + 363247,

A
2

roh (1) = 32 + 448 — 507242,
vp% (1) = 24 + 416 — 509617,
ry5a(p) = —4640p — 153647,
Uy 4 (1) = 32 — 44804 — 137642,
roh 4(1) = 4640p — 28802,
vph 4 () = —32 + 4544y — 29124,
T35 5(#) 1160 — 5008 — 28804%,
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v3y 5 (1) = 1248 — 4656 — 270447,
55 5(p) = —1160 + 61124,
o5 (1) = —1248 + 5936,
ry56(p) = 2544 — 992y,
vsy (1) = 2736 — 416y,
rah (i) = —2544 + 2432y,
v (1) = —2736 + 2240,
ryy (1) = 1824,
vy 7 (1) = 2184 + 720y,
TZ2J(N)::'_18247
UQQ;(#)::-—2184,
T;%B(M):: 0,
Uggs( )::608

T228( )=

U228( ) = —608,
ry51(p) = —16 — 208y — 1048y” — 2576p° — 25124°,
vy Y1 (p) = —16 — 208y — 1048y* — 25764° — 25124,
1551 () = 16 + 1764 + 728 + 1408y 4 6084,
0551 (1) = 16 + 176 + 7281 + 1408° + 6084*,
735 o(1) = 80p + 888”4 9124* — 19044°,
35 o (1) = 80p + 888 + 9121° — 19044*,
1545 (p) = —80p — 7281 + 3844°,
0055 (1) = —80p — 7284% + 384.°,
ryys(p) = —1953 — 7959 — 13024” — 71134:°,
vy 5 (1) = —1952p — 7952 — 1288y + 71204,
0% 4(p) = 94 165 — 2898° — 102317,
055 5(p) = 8 + 160p — 2904p* — 102447,
ryy (1) = —2688 — 7504p — 10724 + 361647,
3y (1) = —2680 — 7456 — 10004* + 363244°,

155 4(1n) = 2688 4 2128y — 68817,
v5% 4 (1) = 2680 + 2096 — 71247,
ryy 5 (1) = 640 — 20001 — 78884,
3y 5 (1) = 672 — 18400 — 772847,

2
154 5 (1) = —640 + 3280 — 76847,
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VA s(p) = —672 + 3184y + 73612,
55.6(1) = 1464 + 18721 — 288047,
vy Y (1) = 1552 + 22244 — 270447,
5% 6(1) = —1464 + 10561,
(1) = —1552 4 880y,
ry s 7(w) = 1080 + 2160,
vy 7 (1) = 1272 + 2736,
rya7 (1) = —1080,
0p 7 () = —1272 — 192y,

Vv
T23

U236

VvV

rsss() =0,
vy 5 g(1) = 360 + 720,
7"9,@,8(#) =0,
v5a,s(1e) = =360,

ryq () = —16 — 208 — 1048u” — 2576p° — 2872u* — 720°,
vyy1(p) = —16 — 208 — 1048y* — 25764° — 2872u* — 7204°,

() =16 + 176, + 7282 + 1408.° + 968,
() =16 + 176, + 728u% + 1408.° + 968u*,
ryuo(p) = —16 — 128p — 160> — 224 — 1536°,

(1) = —16 — 128y — 160> — 2244% — 1536%,

5% o(p) = 16 + 96p + 352”4 6084*,
vhh () = 16 + 964 + 352 + 6084,
ryas(p) = —8 — 961 + 13281 + 51524° + 976",
vy 5(p) = =8 — 96 + 13281% + 51524 + 976",

5 5(p) = 8 + 80p — 1472p° — 208017,

15 5(p) = 8 + 80p — 1472p° — 208017,
ryya(p) = —1— 1255 — 3214p° + 21054°,
vy () = —1248p — 3200° 4 2112/4°,

o () = 141253 + 7104 — 10234°,
o () = 1248 + 70417 — 102447,
ryas(1) = 312 — 800u — 5680p* — 70447,
vy 5(p) = 320 — 752p — 5608° — 6884°,

o () = —312 + 1424y + 220842,
09 5(p) = —320 + 13924 + 21844%,

13
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74 6(1) = 752 + 1664 — 195247,

Ty 6(p) = 784 + 1824y — 179244°,

50 6() = =752 — 1604 + 7681°,

vhh (1) = —T784 — 2564 + 367,
ryy (1) = 576 + 1728y,

vy (1) = 664 4 20801 + 1767,

T2,4,7(N) = =576 — 5764,
i () = —664 — 752,
TQV,X,S(N) =0,

Uy xg(p) = 192 + 576,
7’2%,8(,“) =0,
ups() = —192 — 192,

ryy1(p) = —16 — 208 — 1048u* — 2576p> — 30644* — 12964.°,

vyy 1 () = —16 — 208 — 1048y> — 25764% — 3064u* — 12964,
o5 (1) =16 + 1764 + 7281 + 1408 + 1160p* + 1924°,
vhS 1 (1) = 16 + 176 + 7284 + 14081 + 1160u* + 1924°,

ryyo(p) = —32 — 3364 — 1208u* — 20324° — 2104* — 7204°,
vy Yo (1) = —32 — 336p — 1208* — 20324° — 2104p* — 7204°,
(1) = 32 + 272 + 7281% + 992> + 808,
vpS (1) = 32 4 272 + 728% + 99274 + 808y*,

7"252

ryy 3(u) —24 — 224 + 16p* + 2240p° + 1744p*,
) = —24 — 224y + 167 + 2240p° + 17442,

7 (u) = 24 + 176 — 32002 — 134443 — 160u?,
vph (1) = 24 + 176 — 3200 — 13444° — 160",

vy (1) = —8 — 5764 — 1872% + 3524° + 976,°,
vy 3 4(p) = —8 — 576 — 1872p% + 3521° + 976",

0 4(1) = 8+ 560p + 768> — 80047,
54(p) = 8+ 560u + 768> — 8001°,
ry g () = 127 — 279 — 30624° — 20397,
vy ¥ () = 128 — 2724 — 30484% — 20324°,
) = —127 + 533 + 1742pu* + 1294,
vph (1) = —128 + 5284 + 17364 + 128y°,
ryy (1) = 328 + 1024 — 5604° — 7047,
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3y (1) = 336 + 10721 — 488 — 68847,
rpl (1) = —328 — 3681 + 64042,
A (1) = —336 — 400p + 6162,
ryy 7 (1) = 264 + 1056 + 528y°,
Y (1) = 296 + 1216y + 6882,
it (1) = —264 — 528y,
vph (1) = —296 — 624 — 324°,
Uzv,\g,s(ﬂ) =0,
vyY (1) = 88 4 3524 + 176147,
7”9,@,8(,“) =0,
vpss(p) = —88 — 176y,
rygq () = =16 — 208y — 1048y — 2576p° — 3152p" — 16484° — 1764.°,

561 (1) = 16 + 1764 + 728 + 1408y + 1248y* + 3684,
vhe1(p) =16 + 176 + 7281 + 1408p° + 12481* + 3684,
rygo(p) = —48 — B4dp — 2256% — 4256° — 3760u — 13124°,
vy g o (1) = —48 — 544y — 2256° — 4256p° — 3760p" — 13124°,
156 (1) = 48 + 4484 + 14564 + 20484° + 1264u" + 1924°,
096 o(p) = 48 + 448y + 1456p% + 2048p° + 1264p* + 1927.°,

To63(1) = —56 — 5601 — 1720p% — 15524% — 8u* — 16447,
yes(1) = —56 — 560p — 17200 — 15524° — 8p* — 164°,

rhe (1) = 32 + 384y + 800p* — 32 — 160",
vhea(p) = 32 + 384 + 800u” — 32 — 160u°,
rygs(1) =32 — 144p — 1400p* — 1680° — 80",
vy §5 (1) = 32 — 144y — 1400p” — 1680° — 80",

3
rhas (1) = —32 4 208u 4 9201° + 38447,

) = —32 + 208u + 9204 + 3847,
so6(i) = 111 + 441 — 30p° — 6154°,
(1) = 112 4 448y — 161% — 60843,
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rhee(p) = =111 — 219 + 2464% + 129;°,
vhee(p) = =112 — 224y + 2404° + 128,°,
737 (1) = 96 + 4804 + 48047,

3§ 7(1) = 104 + 528 + 552> + 1644°,
167 (1) = =96 — 2881 — 96°,
vhe7 (1) = —104 — 3200 — 1204%,
7”2%,8(#) =0,
vy gs(p) = 32+ 160u 4 16047,
7"9,@,8(#) =0,
vpgs(p) = =32 — 96p — 3244°,

oy () = —16 — 208y — 1048 — 2576p° — 3184y* — 18084° — 336,°,

vy 1 () = —16 — 208 — 1048y* — 25764 — 3184y — 1808° — 3364.°,
o (1) = 16 + 1764 + 728% + 1408 + 1280p" + 4644° + 3244°,
vph (1) = 16 + 176y + 728 + 1408p° + 1280p* + 4644° + 32°,
oo (p) = —64 — 752p — 3304p% — 6704p* — 6272* — 23204° — 1764°,
vy¥ () = —64 — 752p — 3304u* — 6704p° — 6272 — 2320p° — 1764°,
5% o (1) = 64 + 6244 + 2184p° + 33281 + 2128y + 4324°,
vpR (1) = 64 + 624y + 21847° + 3328y% + 2128y + 432/°,
o g(p) = —104 — 1104y — 4168 — 66404° — 4088u* — 6884.°,
u;”(u) —104 — 11044 — 41684 — 6640p° — 4088* — 688,
(1) = 104 4 896 + 2584 % + 2848% + 1016.* + 644°,
Do) = 104 4 896 + 2584 % + 2848.% 4+ 10164 + 644°,
7“277,4(/0 = —88 — 880 — 2968u% — 3760 — 1320u* — 1645,
vyY (1) = —88 — 880 — 2968y* — 3760p> — 1320p* — 16.°,
2a(p) = 88 + 704y + 17364% + 13447° + 1684°,
2a(1) = 88 + 704y + 17364” + 13447° + 168",
5(u) = —32 — 3681 — 13362 — 1648 — 432",
¥s(p) = —32 — 368 — 1336p” — 1648y — 432",
7“277,5(/0 = 32 4 304u + 792u* + 544u° + 32u*,
05 (1) = 32 4 304 + 7920 4 544° + 327,

,3
3

ryy (1) = 16 + 48y — 136p” — 3681 — 80u*,
vy ¥ (1) = 16 + 48 — 1364° — 368> — 80u*,

16
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ryg1(p) = —16— 208 — 1048y° — 2576° — 3192* — 1856,°

vy g (1) = —16 — 208y — 1048y% — 2576,.° — 31924* — 18564

T9/7\6(ﬂ

. 7, () =

vy 2 () = 24 + 144 + 216p% + 48y

ron (i) = =23 = 91 — 66% + p1°,

o7 (1) = =24 — 964 — 7244°,

rars(1) =0,

vy s(p) = 8 + 48 + 72u% + 167,
7“9,?,8(,“) =0,

AN

vy s(p) = =8 — 321 — 24y,

. Part 12.

iyt 6(1) = —16 — 16y + 13642 + 128,
) = —16 — 164 + 136p” + 12847,
23 + 137p + 2024° + 414°

)

Y

—408u8 — 1647,

— 4085 — 164",

rhaq () =16 + 1764 + 7281” + 1408y + 1288u* + 4964° + 564.°,

vhg 1 (1) = 16 + 1764 + 728 + 14081 + 1288u* + 496, + 561.°,

rys (i) = —80 — 960p — 4352 — 9248° — 92644

@%2(#) =

— 3840p° — 448u°,

—80 — 960 — 4352 — 9248 — 92644 — 3840.° — 4485,

1585 (1) = 80 + 8004 + 29124% + 47047° + 32804* + 8004° + 324°,

055 o(p) = 80 + 800 + 29124* + 47044” + 3280u* + 800p + 324°,

VvV

ry s () = —168 — 1856 — 75201 — 136004” — 10600u" — 28164° — 1124°m),

rys5(p) = —168 — 1856 — 7520p” — 136004° — 106007 —11245m,

— 28164°
o5 5(p) = 168 + 15201 + 48167 + 63364° + 3160 + 4004°,
vhg3(p) = 168 + 15201 + 4816 + 63364° + 3160 4 4004.°,
ryg () = —192 — 1952 — 70401 — 10688y° — 6208u* — 8964°,
vy 4(p) = —192 — 19524 — 70401° — 106884* — 62084 — 896.°,
o8 (1) = 192 + 15681 + 42881% 4 4480”4 1472p* + 647°,
008 4 (1) = 192 + 1568 + 42881 + 44804° + 1472u" + 647,

r2v’§75(,u) = U;/’gﬁ(,u) = —128 — 1200 — 3848,u — 4848p

7"9,@,5 (1) =

r;/,\é,G(:u)

= vy g o(p) = —48 — 416y — 1184y% — 1216°

AN

= v)45(p) = 128 + 944y + 22164 + 17924°

— 1992

+ 344p*,

— 3204,

— 11247,

17
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Therefore
(105)

where

(106)

(107)

Ry¥(0) =

Ry*(1)

Té\,g,ﬁ (1) =v

7“;/,;3/,7(/1) =0

7”2,8,7(#)

U g,7

AN

U;/,\éﬁ (N) = 07
o8 s(1) = 14 5u+ 6p° + 1°,
UzA,g,s(M) = 0.

(1) = 8 + 48y + 80u” + 321,

() = =1 =T — 1492 = 711°,

Aj(zv) = (1/2)U)Y (2 1) + 17U (25 1),

—17 24  —88 0
—-16 15 =32 0
-16 0 -9 0
-16 —-16 —8 -1
-16 —-32 -24 -8
—-16 —48 —-56 —32
—-16 —64 —-104 —88
—-16 —80 —168 —192
—215 448 —1120 —11488
—208 281 =512 —4640
—-208 80  —183 —2560
—208 —128 —-96  —1255
—-208 —-336 —224 —576
—208 —544 —560  —448
—-208 =752 —-1104 —880
—208 —960 —1856 —1952

Ry¥(2) =

2872 6928
1160 2544
1464
752
328
111
16
—48

640
312
127
32
—32
—128

—16944
—5008
—2000

—3800
—279
—144
—368
—1200

5712
1824
1080
576
264
96
23
-8

—7616
—992
1872
1664
1024

441
48
—416

s(1t) = 48 4 3200 + 640> + 384> + 32u*,
—8 — 64y — 160> — 128> — 164,

o O oo

=)}

0
—1

0

0
2160
1728
1056
480
137
—64

O O OO O oo

-7
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—1062
—1048
—1048
—1048
—1048
—1048
—1048
—1048

—2583
—2576
—2576
—2576
—2576
—2576
—2576
—2576

0
—1904
—2512
—2872
—3064
—3152
—3184
—3192

RY(5) = V' (5) =

Ry (6) = 157(6) =

2912
1922
888
—160
1208
—2256
—3304
—4352

—4000
1049
912
—224
—2032
—4256
—6704
—9248

0

0
—1904
—1536
—2104
—3760
—6272
—9264

12592 8544 0 0 0
4240 —1536 —2808 0 0
2586 —4432 -—7888 2880 0
1328 3214 —5680 1952 0
16 —1872 —-3062 —560 528
—1720 —1504 —1400 —30 480
—4168 —2968 —1336 —136 202
—7520 7040 —3848 —-1184 -160
Ry"(3) =
0 0 0 0 0
3616 0 0 0 0
7113 3616 0 0 0
5152 2105 =704 0 0
2240 352 —2039 704 0
—1552  —-928 —1680 —615 0
—6640 —3760 —-1648 —368 41
—13600 10688 —4848 —1216 —128
Ry (4) =V, (4) =
0 0 0 0 0
0 0 0 0 0
0 0 00 0 0
976 0 0 0 0
1744 976 0 0 0
-8 608 —80 0 0
—4088 —1320 —432 —-80 0
—10600 —6208 —1992 —320 —16
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
—720 0 0 0 0
—1296 —720 0 0 0
—-1648 —1312 —16 0 0
—1808 —2320 —688 —16 0
—1856 —3840 —2816 —896 —112
0 0 0 0000
0 0 0 0000
0 0 0O 0000
0 0 0 0000
0 0 0 0000
176 0 0 0000
-336 —-176 0 0 0 0 0
—408 —448 —112 0 0 0 O

oo o oo oo O OO OO oo oo

0
0
0
0
0
0
0
-1

4

0
0
0
0
0
0
0

-7

DO OO O oo oo

S OO OO o oo

S OO OO o oo
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0 0000O0GO0O
0 0000O0GO0O
0 0000O00O0O
W " 0 0000O00O0O
BRAO=V"0=109 900000 0|
0 0000O0GO0O
0 0000O0GO0O
~16 0 0 0 0 0 0 0
~16 32 —56 88 3064 7288 6320 1904
~16 16 —24 32 1248 2736 2184 608
~16 0 -8 8 672 1552 1272 360
yv)— | 716 <16 -8 0 320 784 664 192
2 ~16 —32 —24 -8 128 336 296 88
~16 —48 —56 -32 32 112 104 32
~16 —64 —104 -88 —32 16 24 8
~16 —80 —168 —192 —128 —48 -8 0
—208 496 —960 —11136 —16368 —6896 0
—208 288 —464 —4480 —4656 —416 720
—208 80 —176 —2512 —1840 2224 2736
povr) = | 208 -128 -96 —1248 752 1824 2080
2 —208 —336 —224 576 —272 1072 1216
—208 —544 —560 —448  —144 448 528
—208 —752 —1104 —880 —368 48 144
—208 —960 —1856 —1952 —1200 —416 —64
—1048 2984 12752 8720 O 0 0
—1048 1936 4312 —1376 —2704 O 0
—1048 888 2600 —4360 —7728 —2704 0
V(g = | 71048 <160 1328 3200 —5608 —1792 176
2 —1048 —1208 16  —1872 —3048 —48% 688
—1048 —2256 —1720 —1504 —1400 —16 552
—1048 —3304 —4168 —2968 —1336 —136 216
—1048 —4352 —7520 —7040 —3848 —1184 —160
V,7(3) =
—2576 —3984 0 0 0 0 0 0
—2576 1056 3632 0 0 0 0 0
—2576 912 7120 3632 0 0 0 0
—2576 —224 5152 2112 —688 O 0 0
_92576 —2032 2240 352 2032 —688 0 O
_92576 —4256 —1552 —928 —1680 —608 16 O
—2576 —6704 —6640 —3760 —1648 —368 48 16
—2576 —9248 —13600 —10688 —4848 —1216 —128 0

0
0
720
576
352
160

oo oo O&

176
160
72

20
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17 —24 8 0 —968 —1216 O
16 —15 32 0 —1160 —2544 —1824
16 0 9 0 —640 —1464 —1080
RO = |16 16 8 1 =312 752 57
2 16 32 24 8 —127 —328 —264
16 48 56 32 —32 —111 —96
16 64 104 88 32  —16  —23
16 80 168 192 128 48 8
181 —400 944 3872 2432 0O 0
176 —251 448 4640 6112 2432 0
176 —80 165 2560 3280 1056 0
RA(1)— | 176 96 80 1253 1424 —160 —5T6
2 176 272 176 560 533 —368 —528
176 448 448 384 208 —219 —288
176 624 896 704 304 —16 —91
176 800 1520 1568 944 320 48
734 —2160 —2880 0 0 0 0
728 —1450 —5072 —2880 O 0 0
728 —728 —2898 —688 768 0 0
Ry = |28 0 -T2 7100 2208 768 0
2 728 728  —320 768 1742 640 0
728 1456 936 800 920 246 —96
728 2184 2584 1736 792 136 —66
728 2912 4816 4288 2216 640 80
1409 0 0 0 0 0 0
1408 1409 0 0 0 0 0
1408 384 —1023 0O 0 0 0
Ry = | 1408 352 -2080 -1023 0 0 0
2 +1408 992 —1344 —800 129 0 O
1408 2048 352  —32 384 129 0
1408 3328 2848 1344 544 128 1

1408 4704 6336 4480 1792 384 32

0 0 0 0 0
0 0 0 0 0
608 0 0 0 0

" 968 608 0 0 0
Ry (4) =1"(4) = 1160 808 —160 0 0
1248 1264 —56 —160 O
1280 2128 1016 168 32

1288 3280 3160 1472 344 32

0
0
0
0
0
0
0

_ O O O O O oo

O OO O o oo

_ o OO oo oo o e M e M M as M as R an)

OO OO oo oo
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Ry"(5) = V5" (5) =

Ry"(6)

V3(0) =

Vi(2) =

16
16
16
16
16
16
16
16

176
176
176
176
176
176
176
176

+728
728
728
728
728
728
728
728

0O 0 0 0 0000
0O 0 0 0 0000
0O 0 0 0 0000
0O 0 0 0 0000
192 0 0 0 0000
368 192 0 0 0 0 0 0
464 432 64 0 0 0 0 0
496 800 400 64 0 0 0 O
0 0 000GO0O0 O
0 0 00000 0
0 0 0000O0O0O0
" 0 0 0000O0O0O0
=V0=109 0 00000 0|
0 0 000GO0O0 O
32 0 000000
56 32 00000 0
—32 56 —88 —1160 —1576 —608
~16 24 —32 —1248 —2736 —2184
0 8 -8 —672 —1552 —1272
16 8 0 —320 —784 —664
32 24 8 —128 —336 —296
48 56 32 —32 —112 —104
64 104 88 32  —16 —24
80 168 192 128 48
—432 848 3696 2240 0 0
—256 416 4544 5936 2240 0
—80 160 2528 3184 880 —192
96 80 1248 1392 —256 —752
272 176 560 528 —400 —624
448 448 384 208 —224 —320
624 896 704 304 —16 —96
800 1520 1568 944 320 48
~2184 —2912 0 0O 0 0
—1456 —5096 —2912 0 0 0
—728 —2004 712 736 0 0
0 —1472 704 2184 736 O
728  —320 768 1736 616 —32
1456 936 800 920 240 —120
2184 2584 1736 792 136 —T72
2912 4816 4288 2216 640 80

—608
—360
—192

—192

—176
—96
—32

0

2

0
0
0
0
0
-3
—24

0
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1408 0 0 0 0 0O 0 O

1408 1408 0 0 0 0O 0 O

1408 384 —1024 0 0 0O 0 O

VN (3) = 1408 352 —2080 —1024 O 0O 0 O
2 1408 992 —1344 —-800 128 0 0 O

1408 2048 352 =32 384 128 0 O

1408 3328 2848 1344 544 128 0 O

1408 4704 6336 4480 1792 384 32 O

Moreover,

a;/,i,j<z; V) = a;/,\i/,j(z; v), ag\,i,j('z; v) = @é\,/i\,j(V>7

fori=1,..,8and =1, ..., 8,
Ry (k) = Ry, VoV (k) = V5 (k),

for k=0, ..., 7,
R]/c\/\ — ]_%]Q\7 Vk/\/\ — Vk/\u

for k =0, ..., 6, where
ag’i’j(z; V),agm-(z; v), for{1,5} C {1, ..., 8},
Ry (k), Vy(k), fork =0, ..., 7,

and
Ry (k), VM), fork =0, ..., 2

are pointed in the [6], in section 3.2 of [7] and in section 6.2 of [10]. Let

3421

R () = pFRY (k)
k=0
3421

ViV () =) vy (k)

24-21

R"M(p) = > pF R (k),

2421
Vi) =Y Vs (k).
k=0

where [ = 0, 1, 2. According to (32) and (33) of the [6],

(108) VXD (zv — 1) = Az v) X (25 0)",

(109) (o) X (250) = A3(zs —0) X (230 — 1)
where k=1, 2, 3,5, 7|z| > 1,v € Z,

(110) Aj(zv) = (1/2)Uy (2 1) + TUS (25 1),
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where

(111)

(112)

(113)

On some systems of difference equations. Part 12.

1
,uzl/(l/+1),7'zv—|—§,

3421

U (z0) = ) uF(RY (k) + (2 = )V (k) =
R () + (2 = )V (),

UMzop) = Y 1M (BNR) + (= = DV(K) =

k=0

RMNp) + (2 = )V ()

for { =0, 1, 2. So, (105) coincides with (110).

§12.2. Properties of the considered systems as abstract

systems. The case [ =2, z = 1.

As in §2 of [6], we let

(114)

u:u(u):V(V—Fl),T:T(V):V—i—%.

Then, clearly,

(115) pu(—v)=pulv—1)=p—-2r+1,7(r—1) =
1
— 1. 72 = Z
T , T u+4,
e
11 k:: k+k
(116 " Z() ,
where k € Nj.

Further we have

(117)

where

Moreover,

(118)

p(=v)* = p(v — 1)* = P (p) + Qi)

1P (), Qr()} C Q[ul, k € No.

Pi(p) =1, Qo(p) =0, P () =

p+ 1 Qi(p) = =2 Py(p) =
2+ 6+ 2, Qo) = —4p — 4, Py(p) =

17+ 150% + 18 + 4, Q3(p) = —6p° — 20p — 8, Py(p) =

pt 283 + T6p + 481 + 8, Q1) =

24
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—8u® — 56u* — 64y — 16, Ps(u)* =
1® 4 45t + 220p% 4 280p% 4 1200 + 16, QE (1) =
—10p* — 120p° — 272p% — 176 — 32, P;(p) =
(8 +66p° + 510u* 4+ 1104p> + 8881% + 288y + 32, Qi (1) =
—124° — 220p* — 8324 — 10081% — 448y — 64, Pr () = p"+
918 + 10221° + 3388y* + 44244 + 25762 + 6724 + 64, Qi (p) =
—14p8 — 364p° — 2072u* — 4048y — 3232u% — 1088y — 128.
We considered in [6] — [12] the system, which has in the case [ = 2 the form

(119) VX (v—1)= Ai(z;0) X (v)
with
(120) X(v) = Xop(z;v),

where k € {1, 2, 3, 5, 7} and |z| > 1. We consider now this system as abstract
system. Let

(121) roa(v) = it rap(v) = —41°, ra5(v) =
— 44’ 4 6%, moa(v) = 120° — dp, o5 (v) =
6p? =120+ 1, ro6(v) = =120+ 4, ro7(v) =

—4p+ 6, rog(v) = 4.
In view of (121),

(122) ror(v —1) = r;/\,g*(u) + T;Q*(V)T,
where k =1, 2, 3,4, 5,6, 7, 8,
(123) oy (v) = Pi(p) =

it 4 28 + 7607 + 481 + 8, Y1 (v) =
Qi(p1) = =8y — 56p% — 64 — 16, 135" (v) = —4P5 (n) =

—4p® — 60p* — T2 — 16, 735" (v) = —4Q5(n) =

2417 + 80p + 32, 135* (v) = —4P5 (1) + 6P (1) =
—4® = 54p* — 360 — 4, roz(v)V = —4Q% (1) + 6Q3 (1) =

2441% + 564 + 8, ro.4(v)VV* = 12P;5 (1) — 4P} (p) =
1202 + 681 + 20, ro4(v)V™ = 12Q5 () — 4Q75 (1) =
—4811 — 40, ro5(v)VV* = 6P5 () — 12Pf () + 1 =

6u® + 24 + 1, 125 (1) = 6Q5(p) — 1201 =

=244, To (V)Y = —12P (u) + 4 =
—12u — 8, ro6(v)"" =
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—12Q7 (1) = 24, r27(v)"" = —AP] (1) + 6 =
—4p 42, ro 7 (V) =
—4Q7 (1) = 8, rag(V)VV* =4, rag(v)" = 0.
Then

(124) ritVE () = ng,k(y)w* =

pt +200°% — 2042 + 160 + 7,

(125> hh/\* ZTZk \//\>|< _

—8° — 8u? + 16.
Let Ry(v), RyV*(v), Ry"*(v) are rows, consisting of 8 elements, k-th of

which is equal respectively to
T2k(V), Tz,k(V)W*, TQ,k(V)V/\*v
where k =1, 2, 3,4, 5,6, 7, 8 Let
Ry (v) 1=

Ry(v — 1)A3(1;v) — v Ry (v).

Let
Ry (v) == Ry (v) Ay (15 v)+

(1 + 1/4)Ry"™ () Ay (L v) — Pr(p) Ra(v),
RYM(1,v) == Ry (0,0) Ay (1;v)+
RY(0.0) ALy (1) — Q) Bal1, ).

Since Ay (z;v) = (1/2)Uy (z;v), Ay (z;v) = Uy (z;v) (see end of §22 in [6], it
foloows from (112), (113), that

(126) A (w) = SRS (), AY(150) = Ry (1),

Let 75" (v) and r573* () denote k—th element of the rows respetively 25"*(v)
and R)V*(v).

Let, as before, we denote the elements, which stand in the matrices
AY(z;v) and A% (z;v) on the intersetions of their i-th row and k-th column
by respectively ay; . (1;v) and aj;,(1;v), where i,k = 1,2,3,4,5,6,7, 8.
Clearly,

(127) Ry(v —1) = Ry (v) + RV (v)aT.
In view of (86), (87)

(128) ok (V) =

26
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(129)

1
5 (T + 14p% + Tp o+ Do (v) +

Z(r;/,;/*(y)a;/,i,ku; v) + T;/,?*(V)ag\,z’,k(h v)(p+1/4),

i=1

— (1 + 617 + 5+ Drgp(v)+
8
D 0 w)ab (1) + 733 (v)as, 1 (1;v))

=1

fork=1,23,4,56,7,8.
Lemma 12.2.1. . The equality

(130)

holds.

TQA\{(U) =0

Proof. In view of (123), (124), (125), let

(131)

(132)

Let

(133)

(134)

(135)

(136)

) =t () ) =
—8u® — 96u* — 32 — 1,
) =t () = () =

4841% + 644 + 32,

ayi(v) == (—2576p° — 1048u> — 208y — 16)/2,

a’i (v) := (14084 + 7284 + 1761 + 16) /4 =
352u° + 182u% + 44y + 4,

ay (V) = ay,, (v) — a3} (v)),

apin(v) = ag,, (v) — 4a3i(v)) /4,

where 1 = 1, ..., 8. Then

(137)

(138)

ag,i,l(”) = aé/fi(V) + /ﬁ4a¥,¥j(’/)a

ag\,i,l(y) = 4‘19,?(”) + 4u4a§7ﬁ(1/),

where ¢ = 2, ..., 8, It follows from results of §1, that

(139)

a\2/,\2/,*1(y> = —952, a\z/,g,*l(V) = —1256, aﬁfl(”) =
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—360p — 1436, ayy’ (v) =
—648) — 1532, ay ¢’ (v) = —88u* — 824p—
1576, ayy’ (v) = —168u* — 94pu—
1592, ay 3% (v) = —8u° — 204p* — 928u—
1596, ag\,/Q\,*l(V) =0, a@,@ﬁ(”) =
152, agﬁﬁ(”) = 242, ag,g,*l(y) =
48u + 290, aby (v) = 92u+
316, ahh (v) = 8u® + 116+
1280, ayy (v) = 14p” + 1244 + 322.

Let k € N and 9, denotes the main ideal x*Q[u] in Q[u] with generator p*.
It follows from (126), (133) — (139), and (131) — (132), that

(140) oy (v) =13y (v)agi(v) +
rsh Y (v)+
oy (v)+
ro()"" ag’ (4 + 1)+
e (V) (4p + 1)+
rah (V) (4p + 1),
where (see (86), (87), (123), (103), (104), (139)
(141) Tgﬁv(y) =
—Pr(V)re1(v) + a1 (V)ag, 4 (1,v) =
%(m?’ + 1407 + T+ D pt+
(i + 284% 4 762 + 48 + 8)(—2583 1% — 1062u* — 2154 — 17)/2 =
— (128813 + 524p% + 1044 + 8)+
27 4+ 1902 + 124 + 2)(—2583p% — 1062u% — 2150 — 17) =
2(7p® 4+ 1902 + 124 + 2)(—2583p> — 1062p% — 2150 — 17) =
—2(22114p° + 502742 + 634y + 34 ( mod m,),

(142) rsY (v) ==

8
D wagi(wnt =
k=2

(—4p® — 60p> — 720 — 16)(—952) i+
(—4p® — 54p® — 36p — 4)(—1256) '+
(124% + 6841 4 20)(—360p — 1436) pu*+
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(612 + 24 + 1)(—648u — 1532) p*+
(—12p — 8)(—88u? — 824y — 1576)u* +
(—4pu + 2)(—168u> — 904y — 1592)p*+

4(—8u® — 204u* — 928y — 1596) u*,

(143) oy (V) = (V)ag 1 (1,v) /4 =
(—8u® — 56 — 64 — 16)(1409u> + 734u* + 181p + 17) /4 =
—2((p® + 7p® + 8+ 2)(1409p> + 734p* + 181 + 17) =
—2((17+1267+5872+2818) 1> + (119 + 1448 +1468) 11> + (136 + 362) pu -+ 34) =
—2(997443 + 303542 + 498y 4+ 34) ( mod my).

(144) roh (v) =

V/\* /\/\* 4
E Ta, a2l<:1 v)ut =

(24u + 56 + 8)(152) '+
(=48 — 40)(242) p* +
(—2441) (481 + 290) pu* +
24(92p + 312) '+

8(8u% + 1164 + 320) ™.
Coefficient at p" in the polynomial 79} (v) is equal to 0, if n > 7. In view of
(131) and (133)
(145 Y ()agi(v) =

(—8p® — 96pu% — 321 — 1)(—1288u® — 5244% — 104 — 8) =
4(—8u® — 96u* — 32 — 1)(—322p° — 131 — 260 — 2) =
2(140524° + 23104% + 180p +4) ( mod m,).
In view of (145) and (141),

(146) ry " (V)ayi(v) + 150 (v)

2(140524% + 23104% 4 180p + 4)—
2(22114p% + 50271% + 634y + 34 =
—2(8062p> + 2717p* + 454y + 30) (- mod my).
In view of (132) and (134),

(147) (V)" ayi(v) =

(352 + 182u® + 44y + 4)(48u* + 644 + 32) =
32(3p% 4+ 4p + 2) (176> + 91p® + 22u + 2)) =
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32((66 + 364 + 352)u° + (6 + 88 + 182)u* + 52u + 4) =
64(391p> + 138u% + 26 + 2) =
2(125124° + 44164 + 832 + 64) ( mod my).
In view of (147) and (143),

(148) rg(u)hVA*agj(V) + Tgﬁv(y) =
2(12512p% + 44164% + 8324 + 64)—
2(99744% + 303542 + 498 + 34) =

(25381 + 13812 + 3344+ 30) ( mod my).
Therefore

(149) ra(v)" M ayy (v) (4p + 1) +
(4p+ s’ (v) =
2(2538u° + 1381p* + 334 + 30) (4p + 1) =
2(8062p% 4+ 2717p* + 454, + 30) (- mod m,).
In view of (140), (146) and (142),

Let A= 1/u. Let k € N and £; denotes the main ideal A*Q[)\] in Q[A] with
generator \¥*. We will finish the proof of equality (130), if we show that

(151) AN'rhY(v) € L.
In view of (140)),
(152) NTrpi (v) = Ny (1)) (M (a3 () +
AT (v)+
)\77,b/\\/(y)_|_
(Mtra()™") (\a37) (4 + M)+
)\6rmv(u)(4 + A+
AorghY (v)(4 + A).
In view of (145)),
(153) Ny ()™ Nag (v) =
(—8X — 9677 — 32)0% — \)(—1288° — 524p* — 104y — 8) =
4(8N + 9607 + 3223 + A1) (322 + 131X\ + 267% + 2)%) =

2((416 + 25152 + 20608) A + (2096 + 61824)A\* + 5152)) =
2(46176)% + 63920A\% 4+ 5152)) ( mod [4).
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In view of (141)),
(154) )\7r§ﬁv(l/) =

— (1288 + 524\ + 1042% + 8)%)+
2(TA 4+ 1902 + 120% 4 201)(—2583 — 1062) — 21507 — 17A%)
—2((1505 + 20178 + 30996 + 4)\> + (7434 + 49077 + 52)\*+
(18081 + 262)\ 4 644) =
—2((52683\% + 56563)A* + 18343\ + 644).
In view of (142)),

(155) AT (v) =

952(4 4 60X + 72)% + 16)%)+
1256(4 + 54X + 3677 + 42%)—
(12 + 68X 4 20A?)(360 + 1436))—
(6 4 24X\ + \?)(648 + 1532)\)+
(12 + 8X)(88 + 824\ + 1576)%)—
(2X — 4)(168 + 904\ + 1592)%)—
4(8 4 204\ + 928A\* + 1596)\°) =
(15232 + 5024 — 28720 — 1532 + 12608 — 3184 — 6384) A3+
(68544 + 45216 — 104848 — 37416 + 25504 + 4560 — 3712) A%+
(57120 + 67824 — 41712 — 24744 + 10592 + 3280 — 816)\+
3808 + 5024 — 4320 — 3888 4 1056 + 672 — 32 =
—6956\% — 2152)\% 4 71544\ + 2320.
In view of (143)),

(156) >\67’§’A1V(V) =

—2(1 4 7TA + 827 + 2X0%)(1409 + 734\ + 181\ + 17)\°) =
—2((2818 + 5872 + 1267 + 17)A% 4 (181 + 5138 + 11272)\*+
(9863 + 734)\ + 1409) =
—2(9974)\% + 165912 + 10597\ + 1409) (  mod I).
In view of (144),

(157) )\Grgﬁv(y) =
152(24 + 56 + 8A%)+
242(—48\ — 40\?)+
(—24)(48 + 290\)+
24(92X + 3120%)+
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8(8 + 116 + 3201%) =
(1216 — 9680 + 7488 + 2560)A? + (8512 — 11616 — 6960 + 2208 + 928) A+
3648 — 1152 4 64 = 158417 — 6928\ + 2560).
In view of (153), (155) and (154),

(158) )\7r2(y)hw*a¥j(l/) + )\7r§’“ﬁv(u) + AWSQV(V)

—2(—46176)% — 63920\ — 5152))—
2(52683\% + 56563\ + 18343\ + 644)—
2(3478)\% 4+ 1076A\% — 35772\ — 1160) =
—2(9985\% — 6281\% — 22581\ — 516) ( mod [,).
In view of (147)),

(159) )\67“2(1/)"W\*a§\j(1/) =
(48X + 64X% + 32X%) (352 + 182X + 44\ + 4\%) =
32(3N 4 427 + 2X3) (176 + 91\ + 22X +2)\%) =
32((352 4 364 + 66)A* + (273 4+ T04)\* + 528)) =
32(782)\% + 977\ + 528\ =)

2(12512)\% + 1563277 + 8448)\) ( mod 1,).
In view of (159), (156) and (157),

(160) Norg ™ (v)ayy (v) + XorshY (v) +
AorghY(v) =
2(12512X3 + 15632)\% 4 8448)\)—
2(99740* + 16591\ + 10597\ + 1409)+
2(7T92)\* — 3464\ + 1280) =

Therefore
(161) >\6r§,\{/\*(u)a§\j (V) (A +4) + /\Grgﬁv(u)()\ +4)+

)\6r§lﬁv(y)()\ +4) =
2(2538)\% — 167A% — 5613\ — 129)(\ + 4) =
2(9985\% — 6281\% — 22581\ — 516) ( mod [,).

If we compare (158) and (161), then we see that (151) holds. W
Lemma 12.2.2. . The equality

(162) rzA/l\(V) =0

holds.
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Proof. It follows from (126), (133) — (139), and (131) — (132), that
(163) ran(v) = 13" (v)dayi(v) +
rgh (v)+
31’ (V)+
rav) "+
roy (V) +
g (),
where

(164) rgﬁ/\(u) =

—Qr(V)ra1(v) + 13" (V)ag, 1 (Lv) =
—(p® + 6%+ 5+ 1)+
(p* + 281% 4 762 + 48y + 8) (14094 4 734p% + 181 + 17) =
(14083 + 72812 + 1764 + 16)+
(2813 + 76> + 481 + 8)(1409p> + 734° 4+ 181 + 17) =
(476-4+13756435232+11272) 1%+ (1292+8688+5872) 11>+ (856-+1448) u+136 =
607364 + 1585242 + 23044 + 136 ( mod my),

(165) oY (v) ==

(—4p® — 54> — 361 — 4)(608) p*+
(124° + 684 + 20)(968) 1+
(6% 4 245 4 1) (1924 + 1160) s+
(=121 — 8) (368 + 1248) u*+
(—4p + 2)(320% + 4640 + 1280) '+
4(5642 + 496, + 1288) u*,

(166) oy (v) =i (V)as, (1, v)

(—8u® — 56 — 64 — 16)(—2583u — 1062u* — 215 — 17)/2 =
4(p® + Tp? + 8u + 2)(2583u° + 1062u* + 2154 + 17) =
4((174 1505 + 8496 + 5166) p* + (11941720 +2124) > + (136 + 430) -+ 34) =
4(151844° + 3963 1% + 5664 + 34) ( mod my).
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(167) oy (v) =
8
> v)aa (vt =
k=2
(24p% + 80p + 32)(—952) "+
(24p% + 561 + 8)(—1256) "+
(=487 — 40)(—360p — 1436)u*+
(—24p)(—648p — 1532)pu*+
24(—88p% — 824y — 1576) p* +
8(—168u* — 904 — 1592)u*,
Coefficient at p™ in the polynomial 75
(131) and (134)

(168) Tg(V)h\/v*élaé\j(l/) =

(—8u® — 96u% — 321 — 1)(1408y + 728y% 4+ 1764 + 16) =
—8(84% 4 962 + 321 + 1) (17613 + 91p% 4+ 22u 4 2) =
—8((16 + 2112 + 2912 + 176)pi® + (192 + 704 + 91)p* + 86 + 2) =
—8(52164° 4+ 9871 + 861 +2) ( mod my).

In view of (164), (165) and (168),

(169) rah " (v) + 130 (v) +
gV (v)day (v) =

—4(10432p3 + 19742 + 1720 + 4)+

4(151844% + 39632 + 576 + 34) =

4(4752p% + 19892 + 4044 + 30) ( mod my).

In view of (132) and (133),

ra(v)""azi(v) =

(170)
3 524p% — 104 — 8) =

(4812 + 64/ + 32)(—1288u
—64(3p® + 4p 4 2) (322 + 131p% 4+ 26+ 2) =

—64((78 + 524 + 644) 1> + (6 + 104 + 262)p> + (8 + 52)pu + 4) =

—64(12464% + 3724 + 60p + 4) =
—4(199364° + 5952 + 960p + 64) ( mod m,,).

In view of (169), (166), (167) and (170),

(171) ré\/l\(y) = rgﬁ/\(u) +

ry (v) + 2 (v)" day’ (v) +

50 (v) is equal to 0, if n > 7. In view of
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sy (v) = +rgh (v)+
TSW\*( )%,1(”) =
4(47524% 4 198942 + 4044 + 30)+
—4(199364% + 5952% 4+ 960 + 64)+
4(151844° + 3163 1% + 5664 + 34) € my).
We will finish the proof of equality (162), if we show that
In view of (163)),
(173) Nt (v) = Ny (v)days (v) +
Ao (v)+
)\7Tb/\v(l/)+
/\4T2( )h\//\*Afﬂ \/>ii_|_
ATy (v)+
Nrsih (v).
In view of (164)),
(174) Nrghhv) =

A (14083 + 72812 + 1764 + 16)+

N (283 4 761 + 48y + 8)(1409° + 7344% + 181y + 17) =

4(4N* + 44X° + 182 + 352)+

AN 1207 4+ 19X + 7) (170 + 1812 + 734\ + 1409) =
4((4 + 16908 + 13946 + 1267)\* + (44 + 26771 + 5138)\?+

4((182 + 9863)\ + 352) =
4(32125X3 + 31953)2 + 10045X 4 352) ( mod ).
In view of (165)),

(175) /\7rgﬁv(v) =

N (—4p® — 54p® — 361 — 4)(608) u*+
N (1242 + 684 + 20)(968) u* +
N (642 + 241+ 1)(192p + 1160) p* +
N (=124 — 8) (368 + 1248) p*+
(—4p + 2)(32p% + 4644 + 1280) '+
ANT(56p% + 496 + 1288)ut =

—152(2 4 27X + 182 + 20%)8 + 121 (12 + 68A% + 20)%)8+
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(6 + 24X + A?)(24 + 1450)8+
(=) (12 4 8X) (46 + 156))8+
(=4 + 2X)(4 + 58\ + 1602%)8+
(28X + 248)\* + 644)\%)8 =
8(—304 + 2420 + 145 — 1248 + 320 + 644) X3+
8(—2736 + 8228 + 3504 — 2240 — 524 + 248)\?)+
+-8(—4104 + 1452 + 1446 — 552 — 224 + 28)\ + 8(—304 + 144 — 16) =
8(1977\% + 6480\ — 1954\ — 176) ( mod [4).
In view of (168)),

(176) )\7r2(y)hvv*4a§\j(y) =

N (=8 — 962 — 321 — 1)(14081% 4 728 + 176y + 16) =
—8A(N® 4 3207 4+ 96X + 8)(2A3 + 2202 + 91\ + 176) =
—8A((5632 + 8736 + 176)A* + (16896 + T28) A + 1408) =
—8A(14544)\% + 17624\ + 1408) ( mod [)g4.
In view of (174),(175) and (176),

(177) )\7r‘21ﬁ/\(u) + AW‘;QA(U) +

)\77’2(1/)hw*4a§:;(y) =
4(32125X% + 319532 + 10045\ + 352)+
8(1977A% + 6480\% — 1954\ — 176)—
8(14544)% + 17624\* + 1408)\) =
4(6991\° + 9665\ + 3321\ ( mod ).
In view of (166)),

(178) /\77’57/\1/\@) =

ANT(p® 4 Tp® + 8+ 2)(2583u® + 1062 + 2154 + 17) =
AN(1 4 TA+ 8A2 + 2X%)(2583 + 1062\ + 215)\2 + 17)\°) =
4N(2583 4 19143\ + 28313A?) ( mod ).
In view of (167),

(179) )\7rgﬁv(y) =
AT (2441% + 804 4 32)(—952) '+
NT(2441% + 564 4 8)(—1256) p* +
N (=48 — 40)(—360p — 1436) p+
N (—=24p1) (—648 — 1532) i+
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A724(—88% — 824y — 1576) i+
A8(—168u* — 904 — 1592)u* =

(—119(6 4 20\ + 8A\?) — 157(6 + 14X + 22%))321+

((6 4 5A)(90 4 359)) + 3(162 + 383)))32\+
(—3(22 4 206 4 394)2) — 2(21 + 113X 4+ 19912))32)\ =
32(—952 — 314 4 1795 — 1182 — 398) A3+
32(—2380 — 2198 4 2604 + 1149 — 618 — 226)\*+-
320\ (=714 — 942 + 540 + 486 — 66 — 42) = 32(—1051\% — 1669\ — 738)\).
In view of (170),

(180) Ny (v)ay)(v) =

N (4812 + 644 + 32)(—1288p® — 5244% — 104 — 8) =
—64X(3 + 4N + 2X%)(322 + 131\ + 2607 + 2)°) =
—64(966)\% + 1681)\%) = —2(30912)\* + 53792A%) ( mod I).
In view of (178)), (179) and (170),

(181) )\7T§f\1/\(1/) + /\7T§lﬁv(y) +

N3 (v)ag(v) =
4(28313)\% + 19143)\% + 2583\ )+
4(—8408)\% — 13352)\% — 5904\)+
4(—26896)" — 15456)?) =
4(—6991)\° — 9665° — 3321\ ( mod [y).
If we compare (177) and (181), then we see that (172) holds. W
Lemma 12.2.3. . The equality
(182) ré\g(y) =0
holds.
Proof. In view of (86), (121) — (123) and results of previous section,
(183) ryy(v) = =27’ + 147 + T+ 1)’ +

A(p* + 28u% + 76 + 48y + 8)(—500p” + 364 4 564 + 3)+
16(p® + Tp® + 8p + 2)(2701% 4 500 + 3) (4 + 1)+
2(—p® — 150 — 181 — 4)(10491% 4+ 1922p* + 281 + 15)+

2(3p2 + 10 + 4) (14094 — 1450p% — 2510 — 15)(4p + 1)+
8(2u® 4+ 27 + 18 + 2)(238u* — 114p* — 111p% — 10u)+
16(30% 4+ Ty + 1) (484 — 91p® — 10p) (4p + 1)
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32(3u® + 17p + 5)(—96u* — 14p* — 10p* — 8 — 1)+
32(—6u — 5)(38u* + 22p% 4+ 61 + 1) (4p + 1)+
4(6p% + 24p + 1) (=90 — 263u* — 25443 — 1514 — 42 — 4)+
16(—34) (101" + 1244° + 91p® + 34 + 4) (4p + 1)+
32(3p 4 2)(82p° + 235" + 266> + 1414 4 34y + 3)+

32(3)(121° 4+ 79t + 128 + 91p® + 28 + 3) (4 + 1)+
8(2u — 1)(22u° + 2904 4 784u* + 838> + 413> + 94u + 8)+

16(54u° + 266p* 4 416> + 273u* + 781 + 8) (4p + 1)+

32(—28u® — 240p° — 579u* — 578 — 272 — 60p — 5).

Coefficient at x” in the polynomial ry(v) is equal to
(184) — 2000 + 3808 — 2160 + 352 = 0.
Coefficient at p® in the polynomial 753 (v) is equal to

(1—83>>< 7416 x 91 + (—64) x 875 + 128 x 135 + (—2) x 1049 + 8 x 4227 +
16 x 27 x 119 + (—32) x 57 + 1024 x 9 — 1024 x 9+
(—512) x 57 + (—64) x 135 + (—8) x 789 + 64 x (—303)+
64 x 123 + 512 x 9 + 32 x 145 + (—16) x 11+
128 x 27 — 128 X 7 =
2 % (=7 — 1049) + 8 x (4227 — 789) + 16 x (91 — 11 + 3213)+

+32(—57+145)+64(—875—135—303+123)+128(1354+27—7)+512(—574+9) =
16 x (3293 + 1719) + 64 x (—1190 + 44 — 33) + 128 x 155 + 512 x (—48) =
64(1253 — 1190+ 11) + 128 x 155+ 512 x 48) = 128(37 + 155) + 512(—48) = 0.
Coefficient at p' in the polynomial r35(v) is equal to

(186)

32(56 + 18) + 16(24 + 100 + 24) — 4(562 + 135) — 4(75 + 502 + 120) +
(—32) % 54 (—32) x 5+ 32(—17 — 40) — 32(6 + 30 +20) — 8(48+21) — 32 x 6+
32(68 + 9) + 128(3 + 7)3 + 16(8 — 47) + 32(39 + 16)+
1(—128) x 15 = (=8) x 69 + (—8) x 69+
16 x (—39) +32(—10— 57— 56 — 6+ 77+55) + 64 x 37+ 64 x (37) + 128 x 15) =
16(—383 — 39) + 32 x 3 + 128 x 52 = 32(—211 + 3) + 128 x 52 = 0.

Clearly,

(187) 7“95(V>\,Fo =96 + 96 — 120 — 120 — 160 — 160 — 16 +
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192 + 288 — 64 + 128 — 160 = 0.
So ry (v) = p?ty (1), where coefficients of (1) at p* are equal to 0, if k > 3.
To prove that ¢ (p) = 0 it is sufficient to prove that t;(u) € (u* — 1)Q[u]. So
we most prove that
P2 ()] = 122 W), = 0.
We have
oy (V)] =2+ 4x9x 811 +0+0+
2(~3)(~2623)(~3)+
8(9)(251)+
16(—3)(—129)(—3)
32(—9)(—95)+
32(1)(11)(=3)+
4(—17)(—32)+
16(3)(38)(—3)+
32(—1)(=3)+
32(3)(5)(=3)+
8(=3)(5)+

Since
wy =214+ 17x64) +2 x 9 x (—2623) =4 x 9 x (—1251),

wo i=w; +4xX9x811=-32x%x9 X 55,
wg:i=—32xX3IX114+32x3-32x3x2=-32x9 x4,
Wy =ws+w3+32x9(85—-5—-19) =64 x 9,
ws :=24(—5+42) = -8 X 9, wg :=
ws + 8 x 9(251 — 258) = —64 X 9, w4 + wg = 0,
it follows that

(188) by (V)| =0.

p=-1

In view of (183)
7"9’\2/(1/)|M:1 = —2x 29+

4 x 161 x (=77) 4+ 16 x 18 x 323 x 5+
4(—19 x 3267) — 2 x 17 x 307 x 5+
8 x 49 x 3+ 16 x 11 x (—53) x 5+
32 x 25 x (—129) + 32 x (—11) x 67 x 5+
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4 % 31 x (—804) 4+ 16 x (—3) x 354 x 5+
32 X 5 X 761 4 32 x 341 x b+

8 x 2449 + 16 x 1095 x 5 + 32(—1762)
Since

wy:i=—2x29—2x 17 x 307 x 5 = —8 x 6531,
wg := —4(161 x 77 + 19 x 3267) = —8 x 37235,
wo = wr + wg + 8(49 x 3 + 2449)

—16 x 5 x 4117,
w10 :=wg + 16 x 11 X (=53) x 5+ 16 x 1095 x 5 =

16 x 5(—583 + 1095 — 4117) = —16 x 5 x 3605,
Wi = wio + 4 x 31 x (—804) = —16(6231 + 18025) = —32 x 12128,
wig =16 X 18 X 323 x 5+ 32 x 25 x (—129)+
32 x5 x (—11)67+ 16 x (—3) x 354 x 54+32 x5 x 761 +32x 3 x 341 x5 =
32 x 5(9 x 323 — 645 — 737 — 531 + 761 4 1023) = 32 x 13890,

w3 = w2 — 32 x 1762 = 32 x 12128, wy; + w13 =0,
it follows that

(189)

T2A\2/(l/)‘ 0.

p=1_

In view of (183)

TQ;(V)‘H:i = —2x 13i+
A4(—67 + 200)(—361 + 556i) + 16(—5 -+ 74)(—267 + 50¢)(1 + 4i)+
2(11 — 174)(—1907 — 768i) + 2(1 + 107)(1435 — 1660i)(1 + 4i)+
8(—25 + 161)(349 + 1047) + 16(—2 + 70)(91 — 58i)(1 + 4i)+
32(2 + 173)(—87 + 61) + 32(—5 — 6)(39 — 16i)(1 + 4i)+
4(—5 + 244)(— 116 + 1223) + 16(—34) (14 — 904)(1 + 4i)+
32(2 + 30)(97 — 1507) + 32(3(—9 — 1084))(1 + 4i)+
8(—1 + 2i)(357 — 4541) + 16(1 — 284i)(1 + 4i)+

32(—284 4 278i).
Since

2= —2x13i4+2(11—174)(—1907 — 768¢) +2(1+107) (1435 — 1660: ) (1 +44) =

A4(—33379+543944), 2o 1= 21+4(—67+20i)(—361+556i) = 8(—10156-+49614,
23 = 2z 4 8(—25 + 164)(349 + 104i) + 8(1 — 2i)(357 — 454i)+
8(—5 + 244)(—58 + 61i) = 32(—5292 + 1854i),
24 1= 16(—5 + 7i)(—267 + 50i) + 16(—2 + 7i)(91 — 58i) + 16(1 — 284i) =
32(605 — 8250), 25 := 24(1 + 4i) = 32(3905 + 1595i),
26 1= 25 + 23 = 32(—1387 + 3449i), 27 = 32((2 + 174)(—87 + 6i)+
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(243i)(97—150%) + ((—5 —64) (39— 167) — 3i(7—451) +3(—9—108:)) (1 — 4i)+
32(—284 4 278i) = 32(1387 — 3449i), z5 + 27 = 0,
it follows that

(190) by (V)| 0.

p=—1_
B Lemma 12.2.4. . The equality
(191) TQA\Q/(V) =0
holds.

Proof. In view of (87), (121) — (123) and results of previous section,
(192) o (V) = 4p® (u® + 6p° 4 5 + 1) +

8(pt + 28> 4 76 4 48y + 8)(—270u* — 50 — 3)+
32(—p® — 7p? — 8 — 2)(—500p> + 36442 + 56 + 3)+
4(—p® — 15p2 — 18 — 4) (140943 — 14504% — 251 — 15)+
4(31% + 10p + 4)(10491% + 1922p* + 281 + 15)+
16(—2p® — 27p* — 181 — 2) (48 — 91p® — 10p)+
32(3p2 + T 4 1)(—238u* + 114p> + 1112 + 10u)+
64(31% + 17+ 5)(38u* + 221> + 6+ 1)+
64(6p + 5) (96" + 144> + 10p® + 8 + 1)+
8(6u* + 24p + 1)(101p* + 124° 4+ 91p% + 34u + 4)+
32(—3p) (=90 — 263u* — 254> — 151p* — 42 — 4)+
64(—3u — 2)(124° + 79p* + 12843 + 91p% + 28y + 3)+
64(3(—82u° — 235u* — 266> — 141 — 34p — 3))+
16(—2p + 1) (54u° + 266" + 416> + 2734 + 78 + 8)+
32(—22u° — 2904° — 784u* — 838y — 413 — 94u — 8)+
64(218 + 50° + 205u* + 2944 + 1824% + 50 + 5).
4,3 Since
wig = 4(1 — 1409) = —512 x 11, w5 == 16(303 — 135) = 128 x 21,
wig 1= 64(—357 + 135 — 27 — 11) = —256 X 65, wi7 := w5+
128(125 4+ 57 + 1) = 128(21 + 125 4+ 57 4+ 1) = 512 x 51, wyg :=
omegaig — 256 X 9 = —512 X 37, wyg := wig + wWir+
wig — 512 x 3 =512(=37 +51 — 11 — 3) =0,

it follows from (192) that coefficient at p° in the polynomial 5% (v) is equal
to 0. Clearly,

(193) 5 ()]

p=0
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8 x 8 x (—=3)+32 x (—2) x 3+
4 x (—=4)(=15) +4 x 4 x 15)+
64 X 5+ 64 x5
8 X 4+64x(—2) x 3+
64 x 3 x (—3) 4+ 16 x 8)+
32 x (—8)64 x b.

Since
woo =4 X (—4) x (—15) +4 x 4 x 15 = 32 x 15,

w21 ::w20+32:512, W2 :64(—3—3+5+5—9+5) :0,
Wog = 128(—3 + 1) = —256, W23 1= Wy — 256 = —5127
w1 + waz = 0,

it follows from (193) that
Té\’g(v)‘#zo =0.

Further we have

(194) ré\é\(yﬂu:_l = —4+

8 x 9(—223) + 0 + 0+
4 x (=3) x 607+
16 x (—9) x (—=129)+
32 x (—3) x (—251)+
64 x (—9) x 11+
64 x (—1) x 85+
8 x (—17) x 38+
32 x 3 x (—=32)+
64 x 5+
64 x 3 x 3+
16 x 3 x (—1)+
32 x (—5) +0.

Since
wag == 4(—1+ (—=3) X 607) = —8 x 911, wos := wod+

8 x 9(—223) = 8(—911 — 2007) = —16 x 1459, wag := wos+
16((—9) X (—129)+(—17) x 19—3) = 16(—1459+ 1161 —323—3) = —256 x 39,
war 1= 32((—3) x (—251) — 5) = 128 x 187, wos =
64((—9) x 11 — 85 + 5+ 9 = —128 X 85, wag = wn® + ws7 =
256 X 51, wsg 1= wag + wag = 256(51 — 39) = 1024 x 3,

42



L.A.Gutnik, On some systems of difference equations. Part 12.

it follows from (194) that

7°2A7/2\(y)}u:71 =0.
In view of (192),
(195) s (V)] =4 x 13+

8 x 161 x (—323)+
32 x (—18)(=77)+
4 x (—38) x (=307)+
4 x 17 x (3267)+
16 x (—49) x (=53)+
32 x 11 x (=3)+
64 x 25 X 67+
64 x 11 x 129+
8 x 31 x 354+
32 x (—3) x (—804)+
64 x (—5) x (341)+
64 x 3 x (—=761)+
16 x (—1) x 1095+
32 x (—2449)+
64 x 788.

Since
w31 = 4(13 + 17 x (3267)) 1024 x 217 W3g =

8(161 x (—323) + (—19) x (—307)) = 8(—52003 + 5833) = —16 x 23085,
wag = wag + 16((—49) x (=53) 4+ 31 x 177 — 1095) =
16(—23085 + 2597 + 5487 — 1095) = 16(—24180 + 8084) =
64(—6045 + 2021) = —512 x 503,
wsg = 32(11 x (—3) — 2449) = —64 x 1241, w3b =
wag + 64((=9)(=T77) +25 x 67 + 11 x 129 + (=5) x (341) + 3 x (=761) =
64(—1241 4 693 + 1675 + 1419 — 1705 — 2283) = —128 X 721, wss := w3b+
128 x 603 = —256 X 59, w37 := w3 + 256 x 197 = 512 X 69,
wsg = W3y + w33 = —1024 X 217, w3g + w3l = 0,
it follows from (195) that

7‘93(1/)‘#:1 =0.

Finally, according to (192),

(196) ron (V)] = —4i x (=5 +4i) +
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8(—67 + 207)(267 — 50)+
32(5 — 7i)(—361 + 556)+
4(11 — 174)(1435 — 1660i)+
A4(1 4 10§)(—1907 — 768i)+
16 x (25 — 164)(91 — 58i)+
32(—2 + 7i)(—349 — 1047)+
64(2 4 171)(39 — 164)+
64(5 + 61)(87 — 61)+
8(—5 + 247)(14 — 90i)+
32 x (=3i) x (=116 + 122¢)+
64(—2 — 3i)(—9 — 88i)+
64 x 3 x (—97 + 1500)+
16(1 — 24)(1 — 284i)+
32 x (—357 + 454i)+
64(26 — 194i).

Since
=4(4+ 5+ (11 — 174)(1435 — 16604) + (1 + 10¢)(—1907 — 768:) =

8(—3333 — 31249i),
2y 1= 25 +8((—67+200)(267—500)+ (—5+247) (14—907)) = 64(—2266—27217),
210 1= 16((25 — 161)(91 — 58i) + (1 — 20)(1 — 2847)) = 64(195 — 7984,
11 i= 32((5 — Ti)(—361 + 5567) + (=2 + 7i)(—349 — 104i)+
(=357 + 454)) = 64(1578 + 17630),
10 1= 29+ 210 + 211 = 64(—493 — 17560),
215 = 64((24170) (39— 167) + (5--67) (8T —67) + 183+ 174i) = 64(1004+12977),
214 1= 64((—2 — 3i)(—9 — 88i) — 291 + 450i + 26 — 1947) = 64(—511 + 4594,
z12 + 213 + 214 = 0,
it follows from (196) that
M) =01

T2.2 =i
812.3. The corrections to the previous parts of this
work.

The frase
Then, in view of (150) — (151), clearly,

R,o(1,v) = Réo(l, v)+ TR(;\,O(L v).

before equality (159) must be removed in [14].
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