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EXISTENCE AND COMPACTNESS ESTIMATES FOR THE
∂-NEUMANN OPERATOR ON q-CONVEX DOMAINS

LE MAU HAI, NGUYEN QUANG DIEU AND NGUYEN XUAN HONG

Abstract. The aim of this paper is to give a sufficient condition of
existence and compactness estimates for the ∂-Neumann operator Nq

on L2
(0,q)(Ω) in the case Ω is an arbitrary q-convex domain in Cn.

1. Introduction

Let Ω be a bounded pseudoconvex domain in Cn. As well known that the

∂-Neumann operator Nq is a continuous operator from L2
(0,q)(Ω) to itself. On

pseudoconvex domains there are the two important topics concerning to this

operator. This is to study conditions under which this operator is compact

and to establish its regularity. Pioneer works in the field belong, for instance,

to S. Fu, E. J. Straube, D.W. Catlin, J. D. McNeal and some others. Remark

that their beautiful results up to now mainly hold on bounded pseudoconvex

domains with smooth boundaries in Cn. The reason of this fact is we need

to use Rellich’s lemma. Recently, K.Gansberger and F. Haslinger studied

compactness estimates for the ∂-Neumann operator in weighted L2-spaces

and the weighted ∂-Neumann problem on unbounded domains in Cn (see [4]

and [5]). Note that in [4] instead using Rellich’s lemma the author gave an

strong assumption about the weight function φ with rapidly increasing of

gradient ∇φ and Laplace △φ at the infinite point and at the boundary of a

domain Ω (Proposition 4.5 in [4]). From this it follows that the embedding

of H1
0 (Ω, φ,∇φ) into L2(Ω, φ) is compact. In this paper, we are interested

in the above problems on q-convex domains, an extension of the notion of

pseudoconvex domains and, moreover, they may be not bounded. We give

the notion of the property (P
′
q), a slight more strong condition than the

property (Pq) earlier introduced and investigated by D. Catlin in [2] and E.

J. Straube in [11] but this is a inside condition for a domain Ω. Moreover,

in Corollary 3.9 below we show that every bounded domain Ω ⊂ Cn with

smooth boundary having property (P ′
q) then ∂Ω satisfies property (Pq). The

main result of the paper is Theorem 4.1. Here we prove that if Ω ⊂ Cn is
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a q-convex domain having property (P ′
q) then there exists a bounded ∂-

Neumann operator Nq on L
2
(0,q)(Ω) and Nq is compact.

The paper is organized as follows. In Section 2 we recall some results

about q-subharmonic functions and q-convex domains. We show that the

Kohn - Murray- Hörmander formula is still true for q-convex domains. Sec-

tion 3 is devoted to present the property (P
′
q) and some results concerning

to this property. We prove, in Proposition 3.8, that if Ω is a star-shaped

bounded domain having the property (P
′
q) then ∂Ω has the property (Pq).

The existence and compactness estimates of the ∂-Neumann operator Nq

on q-convex domains are presented in Section 4.

Acknowledgements. The final version of this paper was completed during

a visit of the first named author at the Max-Planck Institute. He wishes to

express his gratitude to the institute for providing financial support and

excellent working condition. The fist named author is partially supported

by the NAFOSTED 101.01-2011.13 program.

2. Preliminaries

A complex-valued differential form u of type (0, q) on an open subset

Ω ⊂ Cn can be expressed as u =
∑

|J |=q

′
uJdzJ , where J are strictly increas-

ing multi-indices with lengths q and {uJ} are defined functions on Ω. Let

C∞
(0,q)(Ω) be the space of complex-valued differential forms of class C∞ and

of type (0, q) on Ω. By C∞
0 (Ω) we denote the space of C∞ functions with

compact support in Ω. We use L2
(0,q)(Ω) to denote the space of (0, q)-forms

on Ω with square-integrable coefficients. If φ is a function in Ω, we denote

L2
(0,q)(Ω, φ) the Hilbert space of complex-valued differential forms of type

(0, q) on Ω with square integrable coefficients with respect to the density

e−φ. If u, v ∈ L2
(0,q)(Ω, φ), the weighted L2-inner product and norms are

defined by

(u, v)Ω,φ =

∫
Ω

∑
|J |=q

′
uJvJe

−φdV and ∥u∥2Ω,φ = (u, u)Ω,φ,

where dV is the volume element of Cn.

The ∂-operator on (0, q)-forms is given by

∂

∑
|J |=q

′
uJdzJ

 =
∑
|J |=q

′
n∑
j=1

∂uJ
∂zj

dzj ∧ dzJ ,
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where
∑ ′

means that the sum is only taken over strictly increasing multi-

indices J . The derivatives are taken in the sense of distributions, and the

domain of ∂ consists of those (0, q)-forms for which the right hand side be-

longs to L2
(0,q+1)(Ω, φ). So ∂ is a densely defined closed operator, and there-

fore has an adjoint operator from L2
(0,q+1)(Ω, φ) into L

2
(0,q)(Ω, φ) denoted by

∂
∗
φ. For u =

∑
|J |=q+1

′
uJdzJ ∈ dom(∂

∗
φ) one has

∂
∗
φu = −

∑
|K|=q

′
n∑
j=1

(
∂ujK
∂zj

− ∂φ

∂zj
ujK

)
dzK .

The complex Laplacian on (0, q)-forms is defined as

2q,φ := ∂∂
∗
φ + ∂

∗
φ∂

where the symbol 2q,φ is to be understood as the maximal closure of the

operator initially defined on (0, q)-forms with coefficients in C∞
0 (Ω). 2q,φ is

a selfadjoint and positive operator. The associated Dirichlet form is denoted

by

Qφ(f, g) = (∂f, ∂g)Ω,φ + (∂
∗
φf, ∂

∗
φg)Ω,φ,

for f, g ∈ dom(∂) ∩ dom(∂
∗
φ). The weighted ∂-Neumann operator Nq,φ is -

if it exists - the bounded inverse of 2q,φ. Note that when φ ≡ 0, we denote

Nq,0 by Nq.

As in [5] we notice that equivalent weight functions have the same properties

in this regard (see Lemma 2.3 in [5]).

Lemma 2.1. Let Ω be an open set in Cn and let φ1, φ2 be two equivalent

weights in Ω, i.e., C−1∥.∥Ω,φ1 6 ∥.∥Ω,φ2 6 C∥.∥Ω,φ1 for some C > 0. Suppose

that Nq,φ2 exists. Then Nq,φ1 also exists and Nq,φ1 is compact if and only if

Nq,φ2 is compact.

Now let φ ∈ C2(Ω). For j = 1, . . . , n, we write zj = xj + iyj and, as in [5],

let

Xj =
∂

∂xj
− ∂φ

∂xj
and Yj =

∂

∂yj
− ∂φ

∂yj
.

We define

H1(Ω, φ,∇φ) = {f ∈ L2(Ω, φ) : Xjf, Yjf ∈ L2(Ω, φ), j = 1, 2, . . . , n}

with the norm

∥f∥2H1(Ω,φ,∇φ) := ∥f∥2φ +
n∑
j=1

(∥Xjf∥2φ + ∥Yjf∥2φ), f ∈ H1(Ω, φ,∇φ).

Similarly, define H1
0 (Ω, φ,∇φ) to be the closure of C∞

0 (Ω) under the norm

above.
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By H1
0,(0,q)(Ω, φ,∇φ) we denote the space of (0, q)-forms on Ω with the

coefficients belonging to H1
0 (Ω, φ,∇φ). Thus each f ∈ H1

0,(0,q)(Ω, φ,∇φ) can
be expressed as follows

f =
∑
|J |=q

′
fJdz̄J ,

where fJ ∈ H1
0 (Ω, φ,∇φ). Then we define the inner product onH1

0,(0,q)(Ω, φ,∇φ)
as follows. Let f, g ∈ H1

0,(0,q)(Ω, φ,∇φ),

f =
∑
|J |=q

′
fJdz̄J , g =

∑
|J |=q

′
gJdz̄J .

Put

(f, g)H1
0,(0,q)

(Ω,φ,∇φ) =
∑
|J |=q

′
(fJ , gJ)H1

0 (Ω,φ,∇φ).

Then H1
0,(0,q)(Ω, φ,∇φ) is a Hilbert space with the norm

∥f∥2H1
0,(0,q)

(Ω,φ,∇φ) =
∑
|J |=q

′∥fJ∥2H1
0 (Ω,φ,∇φ)

.

Similar as in Definition 4.2 and the Remark after Lemma 4.3 of [4] we

can define the dual space of H1
0,(0,q)(Ω, φ,∇φ). Put H−1

0,(0,q)(Ω, φ,∇φ) =

(H1
0,(0,q)(Ω, φ,∇φ))

′
. Now we have the following.

Proposition 2.2. Let Ω be a domain in Cn. Assume that φ is a C2 smooth

function in Ω such that for every M > 0 there exists ΩM b Ω such

that △φ > M on Ω\ΩM . Then the embedding of H1
0,(0,q)(Ω, φ,∇φ) into

L2
(0,q)(Ω, φ) is compact. Therefore, so is the embedding of L2

(0,q)(Ω, φ) into

H−1
0,(0,q)(Ω, φ,∇φ)

Proof. Let {f j}∞j=1 be a sequence bounded in H1
0,(0,q)(Ω, φ,∇φ). We have

to prove that there exists a subsequence of {f j}∞j=1 which is convergent in

L2
(0,q)(Ω, φ).

First by the definition of H1
0,(0,q)(Ω, φ,∇φ) we notice that the sequences

{f jJ}∞j=1 are bounded in H1
0 (Ω, φ,∇φ) for every |J | = q. Moreover, by the

hypothesis we have

lim
z∈Ω,|z|→∞

△φ(z) = +∞, lim
z∈Ω,z→∂Ω

△φ(z) = +∞

so by Proposition 4.5 in [4] we have the embedding of H1
0 (Ω, φ,∇φ) into

L2(Ω, φ) is compact.

Now, we use the following notion. If J , L are two strictly increasing multi-

indices with lengths q then we say that J < L if there exists k0 ∈ {1, . . . , q}
such that j1 = l1, . . . , jk0−1 = lk0−1, jk0 < lk0 . Assume that J1 < J2 < . . . <

Jm are strictly increasing multi-indices with lengths q. Since {f jJ1}
∞
j=1 is



EXISTENCE AND COMPACTNESS ESTIMATES FOR THE ∂-NEUMANN . . . 5

bounded in H1
0 (Ω, φ,∇φ) so there exists a subsequence {f 1j

J1
}∞j=1 of {f

j
J1
}∞j=1

such that {f 1j
J1
}∞j=1 converges in L

2(Ω, φ). Next because {f 1j
J2
}∞j=1 is bounded

in H1
0 (Ω, φ,∇φ) so there exists a subsequence {f

2j
J2
}∞j=1 of {f

1j
J2
}∞j=1 such that

{f 2j
J2
}∞j=1 is convergent in L2(Ω, φ). Therefore by induction arguments we

can find a subsequence {fmj}∞j=1 of {f j}∞j=1 such that {fmj

Jk
}∞j=1 converges in

L2(Ω, φ) for every k ∈ {1, . . . ,m}. Hence, the desired subsequence {fmj}∞j=1

is convergent in L2
(0,q)(Ω, φ). The proof is complete. �

Next, we recall the definition of q-subharmonic functions which is an

extension of plurisubharmonic functions (see [1], [6], [7]).

Definition 2.3. Let Ω be a domain in Cn. An upper semicontinuous func-

tion u : Ω −→ [−∞,∞), u ̸≡ −∞ is called q-subharmonic if for every

q-dimensional complex plane L in Cn, u|L is a subharmonic function on

L ∩ Ω.

The set of all q-subharmonic functions on Ω is denoted by SHq(Ω).

The function u is called to be strictly q-subharmonic if for every U b Ω

there exists constant CU > 0 such that u− CU |z|2 ∈ SHq(U).

Remark 2.4. (a) The q-subharmonicity and the strict q-subharmonicity

are the local property.

(b) 1-subharmonic functions are exactly plurisubharmonic and n-subharmonic

functions are subharmonic.

The following result gives some basic properties of q- subharmonic func-

tions that will be used later on (see [6]).

Proposition 2.5. Let Ω be an open set in Cn and let q is an integer with

1 6 q 6 n. Then we have.

(a) If u ∈ SHq(Ω) then u ∈ SHr(Ω), for every q 6 r 6 n.

(b) If u, v ∈ SHq(Ω) and α, β > 0 then αu+ βv ∈ SHq(Ω).

(c) If {uj}∞j=1 is a family of q-subharmonic functions, u = supj uj < +∞
and u is upper semicontinuous then u is a q-subharmonic function.

(d) If {uj}∞j=1 is a family of nonnegative q-subharmonic functions such

that u =
∞∑
j=1

uj < +∞ and u is upper semicontinuous then u is q-subharmonic.

(e) If {uj}∞j=1 is a decreasing sequence of q-subharmonic functions then

so is u = lim
j→+∞

uj.

(f) If u ∈ SHq(Ω) then uε = u ∗ ρε is smooth q-subharmonic on Ωε,

where Ωε = {z ∈ Ω : d(z, ∂Ω) > ε}, and {uε} decreases to u on Ω as ε ↓ 0,

where ρε(z) = ρ(z/ε)/|ε|2n, ρ is a nonnegative smooth radial function in Cn

vanishing outside the unit ball and satisfying
∫
Cn ρdV = 1.
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(g) If u ∈ SHq(Ω) then for any convex increasing function χ on the range

of u we have χ ◦ u ∈ SHq(Ω). Moreover, χ ◦ u is strictly q-subharmonic in

Ω if χ′ is strictly increasing and u is strictly q-subharmonic in Ω.

(h) If u ∈ SHq(Ω) then for any linear unitary change of coordinates

φ : Cn → Cn, the function u ◦ φ ∈ SHq(Ω).

We give a following characterization of the q-subharmonicity which is similar

to pseudoconvexity (see [1], [7]).

Proposition 2.6. Let Ω be a domain in Cn and let q be an integer with

1 6 q 6 n. Let u be a real valued C2-function defined on Ω. Then the

q-subharmonicity of u is equivalent to∑
|K|=q−1

′
n∑

j,k=1

∂2u

∂zj∂zk
fjKfkK > 0,

for every (0, q)-form f =
∑

|J |=q

′
fJdzJ .

We also have the following curious result for q-subharmonic functions.

Proposition 2.7. Let Ω be an open set in Cn and let u ∈ SHq(Ω) such

that u − δ|idCn|2 ∈ SHq(Ω) for some δ > 0. Then for every ε > 0 we have

uε − δ|idCn|2 ∈ SHq(Ωε), where Ωε := {z ∈ Ω : d(z, ∂Ω) > ε}.

Proof. By Proposition 2.5 we have (u− δ|idCn|2)ε ∈ SHq(Ωε). Since

(u− δ|idCn|2)ε(z) = uε(z)− δ

∫
B(0,ε)

|z − w|2ρε(w)dV (w)

= uε(z)− δ|z|2 − δ

∫
B(0,ε)

(2ℜ(z,−w) + |w|2)ρε(w)dV (w)

= uε(z)− δ|z|2 − v(ε)(z),

where v(ε)(z) := δ
∫

B(0,ε)
(2ℜ(z,−w) + |w|2)ρε(w)dV (w) is a pluriharmonic

function in Cn. Hence, uε− δ|idCn|2 = (u− δ|idCn|2)ε+v(ε) ∈ SHq(Ωε). This

completes the proof. �

The following definition is an extension of pseudoconvexity.

Definition 2.8. A domain Ω ⊂ Cn is said to be q-convex if there exists a

q-subharmonic exhaustion function on Ω.

In particular, if Ω is bounded with smooth boundary such that it has a

determining function ϱ ∈ C2(Ω̄) which is strictly smooth q-subharmonic on

a neighborhood of ∂Ω then Ω is said to be a strictly q-convex domain.
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By [6] and Sard’s theorem the following holds.

Proposition 2.9. Let Ω be a q-convex domain in Cn. Then Ω can be writ-

ten, Ω =
∞∪
j=1

Ωj such that Ωj b Ωj+1 and each Ωj is a strictly q-convex

domain.

We recall the Kohn-Morrey-Hörmander formula which is true for every do-

main Ω ⊂ Cn with C2 boundary (see Proposition 3.3 in [4]).

Proposition 2.10. Let Ω ⊂ Cn be a domain with C2 boundary ∂Ω and

ρ be a C2 defining function for Ω. Let φ ∈ C2(Ω). Then for every f =∑
|J |=q

′
fJdzJ ∈ C1(Ω) ∩ dom(∂

∗
φ) we have

∥∂f∥2Ω,φ + ∥∂∗φf∥2Ω,φ =
∑

|K|=q−1

′
n∑

j,k=1

∫
Ω

∂2φ

∂zj∂zk
fjKfkKe

−φ

+
∑
|J |=q

′
n∑
j=1

∫
Ω

∣∣∣∣∂fJ∂zj

∣∣∣∣2 e−φ
+

∑
|K|=q−1

′
n∑

j,k=1

∫
Ω

∂2ρ

∂zj∂zk
fjKfkK

e−φ

|∂ρ|
dS.

From the above proposition the following is valid for all strictly q-convex

domains in Cn.

Proposition 2.11. Let Ω be a strictly q-convex domain in Cn and let φ ∈
C2(Ω). Then for every f =

∑
|J |=q

′
fJdzJ ∈ C1(Ω) ∩ dom(∂

∗
φ) we have

∑
|K|=q−1

′
n∑

j,k=1

∫
Ω

∂2φ

∂zj∂zk
fjKfkKe

−φ 6 ∥∂f∥2Ω,φ + ∥∂∗φf∥2Ω,φ. (2.1)

In particular, if φ−ε|z|2 ∈ SHq(Ω) then for every f ∈ L2
(0,q)(Ω, φ)∩dom(∂)∩

dom(∂
∗
φ) we have

∥f∥2Ω,φ 6 1

qε
(∥∂f∥2Ω,φ + ∥∂∗φf∥2Ω,φ). (2.2)

Proof. Let ρ be a C2 defining function for Ω. Since Ω is a strictly q-convex

domain so
∑

|K|=q−1

′
n∑

j,k=1

∂2ρ
∂zj∂zk

fjKfkK > 0 on ∂Ω. Hence (2.1) follows from

Proposition 2.10. Now we prove (2.2). If f ∈ C1(Ω) ∩ dom(∂
∗
φ) then (2.2)

follows from (2.1). Hence, by Lemma 4.3.2 in [3] we have (2.2) is also valid

for every f ∈ L2
(0,q)(Ω, φ) ∩ dom(∂) ∩ dom(∂

∗
φ). The proof is complete. �
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3. The property (P ′
q)

First we recall an important property introduced and investigated by D.

Catlin in [2] and E. J. Straube in [11]. Let X be a compact set in Cn. We

say thatX satisfies the property (Pq) if the following holds: for every positive

number M , there exists a neighborhood UM of X and a C2 smooth function

λM on UM , such that 0 6 λM(z) 6 1, z ∈ UM , and such that for any z ∈ UM ,

the sum of any q (equivalently: the smallest q) eigenvalues of the Hermitian

form ( ∂
2λM

∂zj∂zk
(z))j,k is at least M (or, equivalently, λM − M

q
|z|2 ∈ SHq(UM)).

Remark that by results in [2] and [10] it follows that if Ω is a bounded

pseudoconvex domain in Cn with the boundary bΩ having the property

(Pq) then ∂-Neumann operator Nq is compact on Ω.

Now we give the following.

Definition 3.1. Let Ω be an open set in Cn. We say that Ω has the property

(P ′
q) if there exists a C2-smooth function φ : Ω −→ [0, 1] such that for every

positive numberM , we have φ(z)−M |z|2 ∈ SHq(Ω\ΩM) with some subset

ΩM b Ω.

Remark 3.2. (a) From Definition 3.1 note that φ only is required to define

inside Ω, but not on ∂Ω. Hence, this property is different to property (Pq)

in which the function λM should be defined on neighborhood of ∂Ω.

(b) The complex plane C does not have the property P ′
1. Assume oth-

erwise, then we can find a smooth subharmonic function φ on C such that

0 ≤ φ ≤ 1 and u(z) := φ(z) − |z|2 is subharmonic on a neighbourhood of

|z| ≥ r for some r > 0. Define

v(z) = u(1/z), 0 < |z| ≤ 1/r.

Since lim
z→0

v(z) = −∞, the function v extends through 0 to a subharmonic

function on a neighbourhood of |z| ≤ 1/r. Now for t ∈ [0, 1/r] we set

M(t) = max{v(z) : |z| = t}.

It follows that

− 1

t2
≤M(t) ≤ 1− 1

t2
, ∀t ≤ r. (3.1)

On the other hand, we note that M is a convex function of log t, i.e the

function f(ξ) =M(eξ) is convex in ξ for ξ ≤ − log r. In particular, we have

2f(
ξ − log r

2
) ≤ f(− log r) + f(ξ),∀ξ < − log r. (3.2)

Combining (3.1) and (3.2) we get

1

e2ξ
− 2r

eξ
+ r2 < 2, ∀ξ < − log r.
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This is a contradiction when ξ large enough.

(c) The Property (P
′
q) is not preserved under countable unions. Indeed,

we can write C =
∞∪
j=1

B(0, j). By Proposition 3.5 below we have each B(0, j)

satisfies property (P ′
1) but C does not satisfy property (P

′
1).

Now we show that there exist unbounded q-convex domains having prop-

erty (P ′
q).

Example 3.3. In Cn, n > 1 let ψ ∈ C∞(Cn) be defined by

ψ(z) :=
n∑
j=1

(x2j + 1)y2j ,

where z = (z1, . . . , zn), zj = xj + iyj, j = 1, . . . , n. Since

i∂∂ψ(z) =
1

2

n∑
j=1

(|zj|2 + 1)idzj ∧ dzj

so ψ is plurisubharmonic in Cn. Put

Ω := {z ∈ Cn : ψ(z) < 1}.

Then Ω is a unbounded domain in Cn. We prove that Ω satisfies property

(P ′
1). Indeed, since 0 < e2

j(ψ−1) 6 1 in Ω, for all j ∈ N∗ so we can define the

function φ : Ω −→ R by

φ(z) := ψ(z) +
∞∑
j=1

e2
j(ψ(z)−1)

2j
, z ∈ Ω.

It is easy to see that φ ∈ C∞(Ω). Since ψ is bounded plurisubharmonic in

Ω so we have φ is smooth bounded plurisubharmonic in Ω.

Now we prove that φ satisfies Definition 3.1. Let M > 2. First we claim

that for each ξ ∈ ∂Ω there exists rξ,M > 0 such that φ−M |z|2 ∈ PSH(Ω∩
B(ξ, rξ,M)). Indeed, choose m ∈ N such that m > 2(M + 1). Put

φm(z) :=
m∑
j=1

e2
j(ψ(z)−1)

2j
∈ C∞(Cn).

Since ψ(ξ) = 1 so

i∂∂

(
e2

j(ψ−1)

2j

)
(ξ) > i∂∂ψ(ξ), ∀j ∈ N∗.

Hence,

i∂∂φm(ξ) > mi∂∂ψ(ξ) > m

2

n∑
j=1

idzj ∧ dzj > (M + 1)
n∑
j=1

idzj ∧ dzj.
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Thus, i∂∂(φm − (M + 1)|z|2)(ξ) > 0 so φm − M |z|2 is strictly plurisub-

harmonic in a neighbourhood of ξ. Hence, there is a rξ,M > 0 such that

φm −M |z|2 is plurisubharmonic in B(ξ, rξ,M). Moreover, since

(φ−M |z|2)|Ω∩B(ξ,rξ,M ) = ψ|Ω∩B(ξ,rξ,M )

+ (φm −M |z|2)
∣∣∣∣
Ω∩B(ξ,rξ,M )

+
∞∑

j=m+1

e2
j(ψ−1)

2j

∣∣∣∣
Ω∩B(ξ,rξ,M )

so φ−M |z|2 is plurisubharmonic in Ω ∩ B(ξ, rξ,M). This proves the claim.

Next since ∂Ω∩B(0,M) b Cn so there exists ξ1, ξ2, . . . , ξk ∈ ∂Ω such that

∂Ω ∩ B(0,M) b
k∪
j=1

B(ξj, rξj ,M). Put ΩM := (Ω ∩ B(0,M))\
k∪
j=1

B(ξj, rξj ,M).

It is clear that ΩM b Ω. Since ψ −M |z|2 is a plurisubharmonic function

on Ω ∩ (Cn\B(0,M)) so φ − M |z|2 so is. Moreover, since Ω\ΩM ⊂ Ω ∩

(Cn\B(0,M)) ∪
k∪
j=1

Ω ∩ B(ξj, rξj ,M) and φ −M |z|2 is plurisubharmonic in

Ω∩B(ξ, rξj ,M) so φ−M |z|2 is plurisubharmonic in Ω\ΩM . Thus Ω satisfies

property (P ′
1). Therefore, Ω satisfies property (P ′

q) for every 1 6 q 6 n (see

Proposition 3.4 below).

Next we have the following.

Proposition 3.4. Let Ω1,Ω2 be open subsets in Cn. Then the following

holds.

(a) If Ω1 satisfies the property (P ′
q) then so does it the property (P ′

r) for

all q 6 r 6 n.

(b) If Ω1, Ω2 have the property (P ′
q) then so is Ω1 ∩ Ω2.

Proof. It is easy to see that (a) follows from the property of q-subharmonic

functions (see a) of Proposition 2.5). Now we prove (b). Let φ1, φ2 be as

in Definition 3.1 of property (P ′
q). It is clear that the function 1

2
(φ1 + φ2)

satisfies the definition of (P ′
q). �

Proposition 3.5. Let Ω be a bounded domain in Cn. Assume that there a

continuous q-subharmonic function ψ on Ω satisfying the following condi-

tions.

(a) Ω = {z ∈ Ω : ψ(z) < 0}, ∂Ω = {z ∈ Ω : ψ(z) = 0}.
(b) There is a neighborhood U of ∂Ω such that ψ is strictly q-subharmonic

on U .

Then Ω satisfies property (P ′
q).

In particular, if Ω is a strictly q-convex domain then Ω satisfies property

(P ′
q).
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Proof. It is enough to prove that there exists a bounded smooth q-subharmonic

function φ on Ω such that for every ξ ∈ ∂Ω and for every M > 0, there

exits a positive number real rξ,M such that φ −M |z|2 is q-subharmonic in

Ω ∩ B(ξ, rξ,M). Indeed, we will check that φ satisfies Definition 3.1, and

hence, Ω satisfies property (P ′
q). Given M > 0. Since ∂Ω b Cn so there

exists ξ1, ξ2, . . . , ξk ∈ ∂Ω such that ∂Ω b
∪k
j=1 B(ξj, rξj ,M). Put ΩM :=

Ω\
k∪
j=1

B(ξj, rξj ,M). It is clear that ΩM b Ω. Since Ω\ΩM ⊂
k∪
j=1

(Ω∩B(ξj, rξj ,M))

and φ − M |z|2 is q-subharmonic in Ω ∩ B(ξ, rξj ,M) so φ − M |z|2 is q-

subharmonic in Ω\ΩM .

Now we show that there exists a bounded smooth q-subharmonic func-

tion φ on Ω such that for every ξ ∈ ∂Ω and for every M > 0, there ex-

its a positive number real rξ,M such that φ − M |z|2 is q-subharmonic in

Ω ∩ B(ξ, rξ,M). Indeed, we can assume that {z ∈ Ω : ψ(z) < −1} ̸= ∅. Put

Uj := {z ∈ Ω : ψ(z) < −1/2j}, we have

(i) Uj b Uj+1 for every j ∈ N∗.

(ii) lim
ε→0

sup
z∈Ω

{ψε(z)− ψ(z)} = 0.

(iii) For every ξ ∈ ∂Ω there exit positive number reals αξ, βξ such that

ψ − αξ|z|2 is q-subharmonic in B(ξ, βξ).
From the hypothesis and condition (b) it follows that there exists δ > 0

such that ψ ∈ SHq(Ω+B(0, δ)). By (i), (ii) we can chose a sequence {δj}∞j=1

such that δj ↓ 0, 0 < δj < min{δ, d(Uj−1,Cn\Uj), d(Uj,Cn\Uj+1), d(Uj+1,Cn\Uj+2)}
and 0 6 ψδj − ψ 6 2−j in Ω. Put φj := (max{2jψ,−1} + 1)δj ∈ SHq(Ω).

First we claim that

φj|Ω\Uj+1
= 2jψδj + 1. (3.3)

Indeed, let z ∈ Ω\Uj+1 and w ∈ B(0, δj). If z − w ∈ Uj then z = (z − w) +

w ∈ Uj + B(0, δj) ⊂ Uj+1. This is impossible. Hence z − w ̸∈ Uj for every

w ∈ B(0, δj) so ψ(z − w) > − 1
2j

for every w ∈ B(0, δj). Thus, we have

φj(z) =

∫
B(0,δj)

(max{2jψ(z − w),−1}+ 1)ρδj(w)dV (w)

=

∫
B(0,δj)

(2jψ(z − w) + 1)ρδj(w)dV (w)

= 2jψδj(z) + 1,

and the desired conclusion follows.

Next we prove that

φj|Uj−1
= 0, (3.4)

for every j > 1. Indeed, assume that z ∈ Uj−1 and w ∈ B(0, δj). Since
Uj−1 + B(0, δj) ⊂ Uj so z − w ∈ Uj. Hence ψ(z − w) < − 1

2j
. It follows that
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max{2jψ(z − w),−1}+ 1 = 0, and hence,

φj(z) =

∫
B(0,δj)

(max{2jψ(z − w),−1}+ 1)ρδj(w)dV (w) = 0,

and (3.4) is proved.

We have 0 6 φj 6 2. Indeed, it is clear that φj > 0. Since Uj+1 +

B(0, δj) ⊂ Uj+2 so φj 6 1 on Uj+1. Moreover, for every z ∈ Ω\Uj+1 we have

φj(z) = 2jψδj(z) + 1 6 2jψ(z) + 2 6 2. Thus, 0 6 φj 6 2 on Ω. Hence,

0 6
∑∞

j=1
φj

2j
6 2

∑∞
j=1

1
2j

= 2. Put

φ :=
∞∑
j=1

1

2j
φj < +∞.

It is clear that φ is bounded. We claim that φ ∈ C∞(Ω). Indeed, given

Ω′ b Ω. Since Ω =
∪∞
j=1 Uj, Uj ⊂ Uj+1 so we can choose j1 > 1 such that

Ω′ b Uj1 . By (3.4) we have φj|Ω′ = (φj|Uj−1
)|Ω′ = 0, for everyj > j1. Hence,

φ|Ω′ =
∞∑
j=1

1

2j
φj|Ω′ =

j1∑
j=1

1

2j
φj|Ω′ ∈ C∞(Ω′).

Therefore, φ ∈ C∞(Ω). Now because φj ∈ SHq(Ω) for all j then Proposition

2.5 implies that φ ∈ SHq(Ω) ∩ C∞(Ω) ∩ L∞(Ω).

Now we prove that for every ξ ∈ ∂Ω and for every M > 0, there exits

a positive number real rξ,M such that φ −M |z|2 is q-subharmonic in Ω ∩
B(ξ, rξ,M). By (iii) there exit positive number reals αξ, βξ such that ψ−αξ|z|2

is q-subharmonic in B(ξ, βξ). Since δj ↓ 0 so there is jξ such that 0 < δj <

βξ/2 for every j > jε. Hence, by Proposition 2.7 we have ψδj − αξ|z|2 is

q-subharmonic in B(ξ, βξ/2) for every j > jξ. Choose m ∈ N such that

m > M/αξ, and rξ,M = min(βξ/2, δjξ+m+1). Since Ω∩B(ξ, rξ,M) ⊂ Ω\Uj for
every 0 6 j 6 jξ+m+1 so by (3.3) we have φj− 2jαξ|z|2 is q-subharmonic

in B(ξ, βξ/2) for every jξ 6 j 6 jξ +m. Moreover,

(φ−mαξ|z|2)|Ω∩B(ξ,rξ,M ) =

(
∞∑
j=1

φj
2j

−mαξ|z|2
)∣∣∣∣∣

Ω∩B(ξ,rξ,M )

=

jξ+m∑
j=jξ

φj
2j

−mαξ|z|2
∣∣∣∣∣

Ω∩B(ξ,rξ,M )

+

jξ−1∑
j=1

φj|Ω∩B(ξ,rξ,M )

2j
+

∞∑
j=jξ+m+1

φj|Ω∩B(ξ,rξ,M )

2j

=

jξ+m∑
j=jξ

1

2j
(φj − 2jαξ|z|2)|Ω∩B(ξ,rξ,M ) +

jξ−1∑
j=1

φj|Ω∩B(ξ,rξ,M )

2j
+

∞∑
j=jξ+m+1

φj|Ω∩B(ξ,rξ,M )

2j
.

Therefore φ−mαξ|z|2 ∈ SHq(Ω ∩ B(ξ, rξ,M)). Hence,

φ−M |z|2 ∈ SHq(Ω ∩ B(ξ, rξ,M))
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because M < mαξ. Thus, Ω satisfy property (P ′
q).

Finally assume that Ω is a strictly q-convex domain. We prove that Ω

satisfies all hypotheses of Proposition 3.5. Indeed, let ρ be a C2 determining

function for Ω such that ρ is strictly q-subharmonic in a neighborhood V of

∂Ω. Since U := Ω\V b Ω so c = sup
U
ρ < 0. Put

ρ̃(z) =

{
ρ(z) if z ∈ {z ∈ V : ρ(z) > c/2}
c/2 if z ∈ {z ∈ Ω : ρ(z) 6 c/2}.

It is easy to see that ρ̃ ∈ SHq(V ). Moreover, since U b {z ∈ Ω : ρ(z) 6 c/2}
so ρ̃ ∈ SHq(Ω ∪ V ) and because ρ̃ = ρ in {z ∈ V : ρ(z) > c/2} so ρ̃ strictly

q-subharmonic in a neighborhood of ∂Ω. Thus Ω satisfies all hypotheses of

Proposition 3.5 and the desired conclusion follows. �

The following proposition is useful for the proof of the main result.

Proposition 3.6. Let Ω be an open set in Cn and assume that Ω satisfies

the property (P ′
q). Then the function φ in Definition 3.1 can be chosen such

that φ(z)− ε|z|2 ∈ SHq(Ω) with some ε > 0.

We need the lemma following.

Lemma 3.7. Let M > 0. Then for every r1 > 0 we can find a smooth

function ψ̃ : C −→ R such that ψ̃ ≡ 0 in |w| > 8(M+2)r1, ψ̃+|w|2 ∈ SH(C)
and ψ̃−M |w|2 ∈ SH(D(0, r1)), where D(0, r1) is a disc in C with radii r1.

Proof. It suffices to prove that that there is a function ψ such that ψ ≡ 0 in

|w| > 8(M + 1)r1, ψ+ |w|2 ∈ SH(C) and ψ−M |w|2 ∈ SH(D(0, r1)). Next

put ψ̃ := ψ ∗ ρε and choose ε sufficient small, then ψ̃ has all the desired

properties. Let r2 = 8(M + 1)r1. Consider χ ∈ C1(R) defined by

χ(t) =


2t−r1−r2

2
if t < r1

(t−r2)2
2(r1−r2) if r1 6 t 6 r2

0 if t > r2.

It is easy to see that 0 6 χ′ 6 1 and χ′ is a decreasing function. Hence, we

have χ ∈ C1(R) is a concave increasing function and χ(t) 6 t− r2
2
, ∀t 6 r1.

Now, let ψ(w) := −χ(|w|).|w|, w ∈ C. By computation we have

i∂∂ψ = −χ′(|w|)|w|i∂∂|w| − χ′′(|w|)|w|i∂|w| ∧ ∂|w|

− 2χ′(|w|)i∂|w| ∧ ∂|w| − χ(|w|)i∂∂|w|

> −χ′(|w|)|w|i∂∂|w| − 2χ′(|w|)i∂|w| ∧ ∂|w| − χ(|w|)i∂∂|w|

=

(
−3χ′(|w|)

4
− χ(|w|)

4|w|

)
idw ∧ dw.
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Thus, we have i∂∂ψ > −idw ∧ dw in C. Moreover, in particular, for every

|w| 6 r1 we get

i∂∂ψ >
(
−3

4
−

|w| − r2
2

4|w|

)
idw ∧ dw =

(
−1 +

r2
8|w|

)
idw ∧ dw

>
(
−1 +

r2
8r1

)
idw ∧ dw =Midw ∧ dw.

The proof is complete. �

Proof of Proposition 3.6. Let φ̃ be as in Definition 3.1 and let U0 b U b
V b Ω such that φ̃ − 2|z|2 ∈ SHq(Ω \ U0). Choose χ ∈ C∞

0 (U) such that

0 6 χ 6 1, χ ≡ 1 on U0. Let m0 > 0 such that

(1− χ)φ̃+m0|z|2 ∈ PSH(V ).

Choose r1 > 0 such that V b D(0, r1)×. . .×D(0, r1), whereD(0, r1) is a disc

in C. By Lemma 3.7 there exists ψ ∈ C∞
0 (C) such that ψ + |w|2 ∈ SH(C),

ψ − (m0 + 1)|w|2 ∈ SH(D(0, r1)). Put

φ1(z) := (1− χ(z))φ̃(z) +
n∑
j=1

ψ(zj).

For each j, we consider the canonical projection

πj : Cn −→ C

z 7−→ zj

Since ψ + |w|2 ∈ PSH(C) so ψj(z) := ψ ◦ πj(z) + |zj|2 ∈ PSH(Cn). Hence,

(φ1 − |z|2)|Ω\U = φ̃+
n∑
j=1

ψ ◦ πj − |z|2

= φ̃− 2|z|2 +
n∑
j=1

ψj.

Therefore,

φ1 − |z|2 ∈ SHq(Ω\U), (3.5)

because φ̃− 2|z|2 ∈ SHq(Ω\U) and ψj ∈ PSH(Cn).

On the other hand, from ψ − (m0 + 1)|w|2 ∈ PSH(D(0, r1)) we have

ψ ◦πj− (m0+1)|zj|2 ∈ PSH(Cj−1×D(0, r1)×Cn−j). Thus, ψ ◦πj− (m0+

1)|zj|2 ∈ PSH(V ), and therefore, we get

(φ1 − |z|2)|V = (1− χ)φ̃+
n∑
j=1

ψ ◦ πj − |z|2

= ((1− χ)φ̃+m0|z|2) +
n∑
j=1

(ψ ◦ πj − (m0 + 1)|zj|2).
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Moreover, since ((1− χ)φ̃+m0|z|2) ∈ SHq(V ) so

φ1 − |z|2 ∈ SHq(V ). (3.6)

From (3.5) and (3.6) we get

φ1 − |z|2 ∈ SHq(Ω). (3.7)

If we choose C > 0 such that −C < φ1 < C on Ω and put

φ :=
φ1 + C

2C
.

Then 0 6 φ 6 1 and by (3.7) we have φ − 1
2C

|z|2 ∈ SHq(Ω). Now, we

prove that for every M > 0 there exists ΩM b Ω such that φ −M |z|2 ∈
SHq(Ω\ΩM). Choose ΩM b Ω such that V b ΩM and φ̃− (2CM +1)|z|2 ∈
SHq(Ω\ΩM). We have

(φ−M |z|2)|Ω\ΩM
=

1

2C
(φ1 − 2CM |z|2 + C)|Ω\ΩM

=
1

2C
(φ̃+

n∑
j=1

ψ ◦ πj − 2CM |z|2 + C)

=
1

2C
(φ̃− (2CM + 1)|z|2 +

n∑
j=1

ψj + C).

Hence, φ − M |z|2 ∈ SHq(Ω\ΩM) because ψj ∈ PSH(Cn), j = 1, . . . , n

and φ̃− (2CM + 1)|z|2 ∈ SHq(Ω\ΩM). Thus, φ satisfies Definition 3.1 and

φ− 1
2C

|z|2 ∈ SHq(Ω). The proof is complete. �

Next we give the relation between the property (P ′
q) and the property (Pq).

Proposition 3.8. Let Ω be a bounded domain in Cn. Moreover, assume

that Ω is star-shaped and Ω satisfies the property (P ′
q). Then ∂Ω satisfies

property (Pq).

Proof. Without loss of generality we can assume that the center at 0 ∈ Ω.

For every M > 0 we choose ΩM b Ω such that φ− 4M |z|2 ∈ SHq(Ω\ΩM).

Put V ε
M := {(1+ ε)z : z ∈ Ω\ΩM}, where ε ∈ (0, 1) can be chosen such that

∂Ω b V ε
M . Let Ωε := {(1 + ε)z : z ∈ Ω} and let φεM ∈ C2(Ωε) defined by

φεM(z) := φ( z
1+ε

). By computation we have

∂2φεM
∂zj∂zk

(z) =
1

(1 + ε)2
∂2φ

∂zj∂zk
(

z

1 + ε
).

Thus, the sum of q smallest eigenvalues of complex Hessian(
∂2φεM
∂zj∂zk

)
j,k
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at z equal to the sum of q smallest eigenvalues of complex Hessian(
1

(1 + ε)2
∂2φ

∂zj∂zk

)
j,k

at z
1+ε

. Moreover, since φ− 4M |z|2 ∈ SHq(Ω\ΩM) so the sum of q smallest

eigenvalues of complex Hessian(
1

(1 + ε)2
∂2φ

∂zj∂zk

)
j,k

more than or equal to 4qM
(1+ε)2

on Ω\ΩM . Hence, the sum of q smallest eigen-

values of complex Hessian (
∂2φεM
∂zj∂zk

)
j,k

more than or equal to 4qM
(1+ε)2

on V ε
M . This means that φεM − 4M

(1+ε)2
|z|2 ∈

SHq(V
ε
M). Moreover, since 4M

(1+ε)2
> M so φεM −M |z|2 ∈ SHq(V

ε
M) and it

follows that ∂Ω satisfies property (Pq). The proof is complete. �

Corollary 3.9. Let Ω be a bounded domain in Cn with smooth boundary.

Assume that Ω satisfies property (P ′
q). Then ∂Ω satisfies property (Pq).

Proof. Since Ω has a smooth boundary so by using a partition unity of ∂Ω

it follows that there exists balls Bj, j = 1, 2, . . . ,m such that ∂Ω b
∪m
j=1Bj

and Ω∩Bj is star-shaped for all j. Moreover, for every j, since Bj is strictly

pseudoconvex so it is strictly q-convex domain for all q > 1. By Proposition

3.5 it follows that Bj satisfies property (P ′
q). Moreover, since Ω satisfies

property (P ′
q) so Proposition 3.4 implies that Ω∩Bj satisfies property (P ′

q).

Hence, Proposition 3.8 implies that ∂(Ω ∩ Bj) has property (Pq). Because

∂Ω∩Bj ⊂ ∂(Ω∩Bj) so ∂Ω∩Bj has property (Pq). Therefore, Corollary 4.13

in [11] implies that ∂Ω also has property (Pq). The proof is complete. �

4. existence and compactness estimates of the ∂-Neumann

operator on q-convex domains

Now we are position to state and to prove the main result of the paper.

Theorem 4.1. Assume that Ω is a q-convex domain having property (P ′
q).

Then there exists a bounded ∂-Neumann Nq on L2
(0,q)(Ω). Moreover, Nq is

compact.

From Proposition 2.2 and by using notions and notations as in [5] and

by repeating the proof of Proposition 4.1 in [5] (also see Proposition 5.1 in

[4] and Proposition 4.2 in [11]) we immediately have the following lemma.
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Lemma 4.2. Let Ω be a domain in Cn and let φ be a C2-smooth function

in Ω such that for every M > 0 there exists ΩM b Ω such that △φ > M on

Ω\ΩM . Moreover, assume that there exists Nq,φ on L2
(0,q)(Ω, φ). Then the

following are equivalent:

(a) The ∂-Neumann operator Nq,φ is a compact operator from L2
(0,q)(Ω, φ)

into itself.

(b) The embedding of the space dom(∂) ∩ dom(∂
∗
φ), provided with the

graph norm

f 7−→ (∥f∥2Ω,φ + ∥∂f∥2Ω,φ + ∥∂∗φf∥2Ω,φ)1/2

into L2
(0,q)(Ω, φ) is compact.

(c) For each ε > 0 there exists a constant Cε > 0 such that

∥f∥2Ω,φ 6 ε(∥∂f∥2Ω,φ + ∥∂∗φf∥2Ω,φ) + Cε∥f∥2H−1
0,(0,q)

(Ω,φ,∇φ),

for every f ∈ dom(∂) ∩ dom(∂
∗
φ) ⊂ L2

(0,q)(Ω, φ).

(d) The canonical solution operators ∂
∗
φNq,φ : L2

(0,q)(Ω, φ) ∩ ker(∂) 7−→
L2

(0,q−1)(Ω, φ) and ∂
∗
φNq+1,φ : L2

(0,q+1)(Ω, φ) ∩ ker(∂) 7−→ L2
(0,q)(Ω, φ) are

compact.

We need the following lemma.

Lemma 4.3. Let Ω be a domain in Cn and let φ ∈ C2(Ω). Then for any

(0, q)-form f with compact support in Ω′ b Ω such that f ∈ L2
(0,q)(Ω, φ) ∩

dom(∂) ∩ dom(∂
∗
φ) we have f ∈ H1

0,(0,q)(Ω, φ,∇φ) and the following holds

∥f∥2H1
0,(0,q)

(Ω,φ,∇φ) 6 Cφ,Ω′

(
∥∂∗φf∥2Ω,φ + ∥∂f∥2Ω,φ + ∥f∥2Ω,φ

)
,

where Cφ,Ω′ is a constant depending only on φ, Ω′ but not on f .

Proof. First we assume that f ∈ C∞
(0,q)(Ω) with compact support in Ω′. It is

easy to see that f ∈ H1
0,(0,q)(Ω, φ,∇φ) and

∥f∥2H1
0,(0,q)

(Ω,φ,∇φ) =
∑
|J |=q

′

(
∥fJ∥2Ω,φ +

n∑
j=1

(
∥XjfJ∥2Ω,φ + ∥YjfJ∥2Ω,φ

))

=
∑
|J |=q

′

(
∥fJ∥2Ω,φ +

n∑
j=1

(
∥∂(e

−φfJ)

∂xj
∥2Ω,−φ + ∥∂(e

−φfJ)

∂yj
∥2Ω,−φ

))
6 C1,φ,Ω′∥e−φf∥2H1

(0,q)
(Ω),
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where C1,φ,Ω′ is a constant depending only on φ and Ω′. On the other hand,

by (2.19) in [11] (see also Proposition 5.1.1 in [3]) we have

∥e−φf∥2H1
(0,q)

(Ω) 6 C
(
∥∂∗(e−φf)∥2Ω,0 + ∥∂(e−φf)∥2Ω,0 + ∥e−φf∥2Ω,0

)
6 C2,φ,Ω′

(
∥∂∗φf∥2Ω,φ + ∥∂f∥2Ω,φ + ∥f∥2Ω,φ

)
,

where ∥.∥H1
(0,q)

(Ω) denotes the L
2-Sobolev 1-norm of (0, q)-forms, and C2,φ,Ω′

is a constant depending only on φ and Ω′. Hence, we get

∥f∥2H1
0,(0,q)

(Ω,φ,∇φ) 6 Cφ,Ω′

(
∥∂∗φf∥2Ω,φ + ∥∂f∥2Ω,φ + ∥f∥2Ω,φ

)
.

Now we assume that f is an arbitrary (0, q)-form with compact support

in Ω′. Let ε0 > 0 such that 0 < ε0 < d(suppf, ∂Ω′) and choose a sequence

{εk}∞k=1 such that εk ↓ 0 as k ↑ ∞, 0 < εk < ε0. Put fk := f ∗ ρεk . Since
fk ∈ C∞

(0,q)(Ω) with compact support in Ω′ so by applying the above result

it follows that

∥fk∥2H1
0,(0,q)

(Ω,φ,∇φ) 6 Cφ,Ω′

(
∥∂∗φfk∥2Ω,φ + ∥∂fk∥2Ω,φ + ∥fk∥2Ω,φ

)
. (4.1)

Therefore, {fk}∞k=1 is a Cauchy sequence in H1
0,(0,q)(Ω, φ,∇φ) and for each

j ∈ {1, . . . , n} it follows that {Xjfk :=
∑

|J |=qXj(fk)JdzJ}∞k=1 is also a

Cauchy sequence in L2
(0,q)(Ω, φ). Thus {Xjfk}∞k=1 is convergent to gj ∈

L2
(0,q)(Ω, φ). Moreover, because {Xjfk}∞k=1 converges to Xjf in the sense

of distribution so Xjf = gj ∈ L2
(0,q)(Ω, φ). Similarly, we also have Yjf ∈

L2
(0,q)(Ω, φ) . Hence f ∈ H1

0,(0,q)(Ω, φ,∇φ) and {fk}∞k=1 is convergent to f in

H1
0,(0,q)(Ω, φ,∇φ). Finally, from (4.1) by letting k → ∞ we get

∥f∥2H1
0,(0,q)

(Ω,φ,∇φ) 6 Cφ,Ω′

(
∥∂∗φf∥2Ω,φ + ∥∂f∥2Ω,φ + ∥f∥2Ω,φ

)
.

The proof is complete. �

Proof of Theorem 4.1. By Proposition 3.6 we can be choose φ ∈ C2(Ω) sat-

isfying the definition of (P ′
q) such that φ− ε|z|2 ∈ SHq(Ω) for some ε > 0.

Since 0 6 φ 6 1 so φ and 0 are two equivalent weights. Hence, by Lemma 2.1

it suffices to prove the existence and compactness estimates of ∂-Neumann

operator Nq,φ on L2
(0,q)(Ω, φ).

(a) First we prove the existence of Nq,φ. It is easy to see that it is enough

to prove
ε

2
∥f∥2Ω,φ 6 ∥∂f∥2Ω,φ + ∥∂∗φf∥2Ω,φ (4.2)

for every f ∈ L2
(0,q)(Ω, φ)∩dom(∂)∩dom(∂

∗
φ) and some ε > 0. GivenM > 0

and choose U b Ω such that φ−M |z|2 ∈ SHq(Ω\U). Take χ ∈ C∞
0 (Ω) such

that 0 6 χ 6 1, χ ≡ 1 on U . We will prove

M

2
∥(1− χ)f∥2Ω,φ 6 ∥∂((1− χ)f)∥2Ω,φ + ∥∂∗φ((1− χ)f)∥2Ω,φ (4.3)
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for every f ∈ L2
(0,q)(Ω, φ) ∩ dom(∂) ∩ dom(∂

∗
φ). Assume that (4.3) already

has been proved. Then by choosing M = ε, U = ∅, χ ≡ 0 we obtain (4.2).

Hence, it remains to prove (4.3).

Let V b Ω such that U b V b {χ = 1}. By Proposition 2.9 we can

choose a sequence {Ωl}∞l=1 of strictly q-convex domains such that V b
suppχ b Ωl b Ωl+1 b Ω, and Ω =

∞∪
l=1

Ωl. By Proposition 3.6 it follows that

φ−ε|z|2 ∈ SHq(Ω) for some ε > 0. Hence
∑

|K|=q−1

′∑n
j=1

∂2φ
∂zj∂zk

gjKgkK > 0

for every (0, q)-form g. Now by Proposition 2.11 for every g ∈ L2
(0,q)(Ωl, φ)∩

dom(∂) ∩ dom(∂
∗
φ), if we choose µg ∈ C∞

0 (V ) such that 0 6 µg 6 1, µg ≡ 1

on U we have

M∥g∥2
(Ωl\V ),φ

6M∥(1− µg)g∥2(Ωl\U),φ

6
∑

|K|=q−1

′
n∑
j=1

∫
Ωl\U

(1− µg)
2 ∂2φ

∂zj∂zk
gjKgkKe

−φ

6
∑

|K|=q−1

′
n∑
j=1

∫
Ωl

(1− µg)
2 ∂2φ

∂zj∂zk
gjKgkKe

−φ

6
∑

|K|=q−1

′
n∑
j=1

∫
Ωl

∂2φ

∂zj∂zk
gjKgkKe

−φ

6 ∥∂g∥2Ωl,φ
+ ∥∂∗φg∥2Ωl,φ

.

(4.4)

Next let f ∈ L2
(0,q)(Ω, φ) ∩ dom(∂) ∩ dom(∂

∗
φ). By [6] and [7] we know that

the ∂- equation has solutions in strictly q-convex domains then it follows

that ker(∂) = Im(∂) and ker(∂
∗
φ) = Im(∂

∗
φ). Next by using arguments as

in [11] we have the orthogonal decomposition of L2
(0,q)(Ωl, φ) as follows

L2
(0,q)(Ωl, φ) = ker(∂)⊕ ker(∂

∗
φ)

= Im(∂)⊕ Im(∂
∗
φ).

Put f l = (1− χ)f |Ωl
. Then we can write

f l = ∂vl + ∂
∗
φw

l in L2
(0,q)(Ωl, φ), v

l ∈ ker(∂)⊥, wl ∈ ker(∂
∗
φ)

⊥. (4.5)

To estimate the norm of vl, it suffices to pair with forms in Im(∂
∗
φ) (since

these are dense in ker(∂)⊥). Let α ∈ L2
(0,q)(Ωl, φ) ∩ dom(∂

∗
φ) ∩ ker(∂

∗
φ)

⊥ ⊂



20 LE MAU HAI, NGUYEN QUANG DIEU AND NGUYEN XUAN HONG

ker(∂). By (4.4) we get∣∣∣(vl, ∂∗φα)Ωl,φ

∣∣∣2 = ∣∣(∂vl, α)Ωl,φ

∣∣2 = ∣∣∣(f l − ∂
∗
φw

l, α)Ωl,φ

∣∣∣2
=
∣∣(f l, α)Ωl,φ

∣∣2 = ∣∣∣(f l, α)Ωl\V ,φ

∣∣∣2
6 ∥f l∥2

Ωl\V ,φ
.∥α∥2

Ωl\V ,φ
6 1

M
∥f l∥2Ωl,φ

.∥∂∗φα∥2Ωl,φ
,

because (∂
∗
φw

l, α)Ωl,φ = (wl, ∂α)Ωl,φ = 0 and ∂α = 0 in Ωl. Hence,

∥vl∥2Ωl,φ
6 1

M
∥f l∥2Ωl,φ

.

Extending the vl by zero outside of Ωl we obtain a bounded sequences

in L2
(0,q−1)(Ωl, φ). Passing to an appropriate subsequence, if necessary, we

obtain the a weak limit v with

∥v∥2Ω,φ 6 1

M
∥(1− χ)f∥2Ω,φ.

Using a similar argument for ∥wl∥2Ωl,φ
we infer that

∥w∥2Ω,φ 6 1

M
∥(1− χ)f∥2Ω,φ,

where w is a weak limit of the sequence wl. Because the decomposition

in (4.5) is orthogonal, ∂vl|Ωl
is bounded in L2

(0,q)(Ω, φ) independently to l.

This together with the fact that the weak and the distributional limits agree

shows that v ∈ dom(∂) and a subsequence of {∂vl}∞l=1 (extended by zero)

converges to ∂v weakly. It remains to show that w ∈ dom(∂
∗
φ). Indeed, for

every α ∈ dom(∂) we have

|(w, ∂α)Ω,φ| 6 lim sup
l→∞

|(wl, ∂α)Ωl,φ| = lim sup
l→∞

|(∂∗φwl, α)Ωl,φ|

6 (lim sup
l→∞

∥∂∗φwl∥Ωl,φ).∥α∥Ω,φ 6 ∥(1− χ)f∥Ω,φ.∥α∥Ω,φ.

At the same time, we note that a subsequence of {∂∗φwl} is weakly conver-

gent to ∂
∗
φw. Therefore, (1−χ)f = ∂v+∂

∗
φw in Ω, ∂v and ∂

∗
φw is orthogonal

in L2
(0,q)(Ω, φ), and ∥v∥2Ω,φ + ∥w∥2Ω,φ 6 2

M
∥(1− χ)f∥2Ω,φ. Hence we have

∥(1− χ)f∥2Ω,φ = ∥∂v∥2Ω,φ + ∥∂∗φw∥2Ω,φ = (∂
∗
φ∂v, v)Ω,φ + (∂∂

∗
φw,w)Ω,φ

6 ∥∂∗φ∂v∥Ω,φ.∥v∥Ω,φ + ∥∂∂∗φw∥Ω,φ.∥w∥Ω,φ
6 (∥∂∗φ∂v∥2Ω,φ + ∥∂∂∗φw∥2Ω,φ)1/2.(∥v∥2Ω,φ + ∥w∥2Ω,φ)1/2

6
√

2

M
(∥∂∗φ((1− χ)f)∥2Ω,φ + ∥∂((1− χ)f)∥2Ω,φ)1/2.∥(1− χ)f∥Ω,φ.

This shows that

∥(1− χ)f∥2Ω,φ 6 2

M
(∥∂∗φ((1− χ)f)∥2Ω,φ + ∥∂((1− χ)f)∥2Ω,φ).
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Thus, (4.3) is proved.

(b) Next we show that Nq,φ is compact. By assumption and using Lemma

4.2 it suffices to show that we have a compactness estimate. Given ε > 0.

We choose M > 0 with 1
M

6 ε
10

and a smooth bounded domain ΩM b Ω

such that φ− 2M |z|2 ∈ SHq(Ω\ΩM). Let χ ∈ C∞
0 (Ω) such that 0 6 χ 6 1,

χ ≡ 1 on ΩM . By (4.3) we have the following estimate

M

2
∥f∥2Ω,φ 6M∥(1− χ)f∥2Ω,φ +M∥χf∥2Ω,φ

6 2
(
∥∂∗φ((1− χ)f)∥2Ω,φ + ∥∂((1− χ)f)∥2Ω,φ

)
+M∥χf∥2Ω,φ.

Since

∂
∗
φ((1− χ)f) = −

∑
|K|=q−1

′
n∑
j=1

eφ
∂(e−φ(1− χ)fjK)

∂zj
dzK

= −(1− χ)
∑

|K|=q−1

′
n∑
j=1

eφ
∂(e−φfjK)

∂zj
dzK +

∑
|K|=q−1

′
n∑
j=1

∂χ

∂zj
fjKdzK

= −(1− χ)∂
∗
φf +

∑
|K|=q−1

′
n∑
j=1

∂χ

∂zj
fjKdzK

so

∥∂∗φ((1− χ)f)∥2Ω,φ 6 2∥(1− χ)∂
∗
φf∥2Ω,φ + 2

∑
|K|=q−1

′∥
n∑
j=1

∂χ

∂zj
fjK∥2Ω,φ

6 2∥∂∗φf∥2Ω,φ + 2
∑

|K|=q−1

′∥(|∂χ|.|f |)∥2Ω,φ.

and

∥∂((1− χ)f)∥2Ω,φ = ∥(1− χ)∂f − ∂χ ∧ f∥2Ω,φ
6 2∥(1− χ)∂f∥2Ω,φ + 2∥∂χ ∧ f∥2Ω,φ
6 2∥∂f∥2Ω,φ + 2∥(|∂χ|.|f |)∥2Ω,φ.

Choose µχ ∈ C∞
0 (Ω) such that µχ = 1 on the support of χ. Then we get

M

2
∥f∥2Ω,φ 6 4

(
∥∂∗φf∥2Ω,φ + ∥∂f∥2Ω,φ

)
+M∥χf∥2Ω,φ

+ 4

 ∑
|K|=q−1

′∥(|∂χ|.|f |)∥2Ω,φ + ∥(|∂χ|.|f |)∥2Ω,φ


6 4

(
∥∂∗φf∥2Ω,φ + ∥∂f∥2Ω,φ

)
+M∥µχf∥2Ω,φ

+ 4

 ∑
|K|=q−1

′
sup |∂χ|2

 .∥µχf∥2Ω,φ +
(
sup |∂χ|2

)
.∥µχf∥2Ω,φ
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6 4
(
∥∂∗φf∥2Ω,φ + ∥∂f∥2Ω,φ

)
+ ∥µχ,Mf∥2Ω,φ,

where µχ,M := µχ

√
M + 4

∑
|K|=q−1

′ sup |∂χ|2 + 4 sup |∂χ|2 ∈ C∞
0 (Ω) is a

positive function depending on χ, M . Moreover, by Lemma 4.3 we have

µ2
χ,Mf ∈ H1

0,(0,q)(Ω, φ,∇φ) so we get

M

2
∥f∥2Ω,φ 6 4

(
∥∂∗φf∥2Ω,φ + ∥∂f∥2Ω,φ

)
+ ∥µ2

χ,Mf∥H1
0,(0,q)

(Ω,φ,∇φ).∥f∥H−1
0,(0,q)

(Ω,φ,∇φ)

6 4
(
∥∂∗φf∥2Ω,φ + ∥∂f∥2Ω,φ

)
+ a∥µ2

χ,Mf∥2H1
0,(0,q)

(Ω,φ,∇φ)

+
1

a
∥f∥2

H−1
0,(0,q)

(Ω,φ,∇φ),

(4.6)

where a is chosen late.

On the other hand, applying Lemma 4.3 and using (4.2) we have

∥µ2
χ,Mf∥2H1

0,(0,q)
(Ω,φ,∇φ)

6 CΩ′,φ

(
∥∂∗φ(µ2

χ,Mf)∥2Ω,φ + ∥∂(µ2
χ,Mf)∥2Ω,φ + ∥(µ2

χ,Mf)∥2Ω,φ
)

6 CΩ′,φ,ε,µχ

(
∥∂f∥2Ω,φ + ∥∂∗φf∥2Ω,φ

)
,

where Ω′ is a smooth bounded domain such that {µχ,M ̸= 0} b Ω′ b Ω.

Combining this with (4.6) we get

M

2
∥f∥2Ω,φ 6

(
4 + aCΩ′,φ,ε,µχ

) (
∥∂∗φf∥2Ω,φ + ∥∂f∥2Ω,φ

)
+

1

a
∥f∥2

H−1
0,(0,q)

(Ω,φ,∇φ).

Now choose a such that aCΩ′,φ,ε,µχ 6 1 then

∥f∥2Ω,φ 6 ε
(
∥∂∗φf∥2Ω,φ + ∥∂f∥2Ω,φ

)
+

2

aM
∥f∥2

H−1
0,(0,q)

(Ω,φ,∇φ).

These estimates and Lemma 4.2 follow the compactness of Nq,φ. The proof

is complete. �
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