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EXISTENCE AND COMPACTNESS ESTIMATES FOR THE
O-NEUMANN OPERATOR ON ¢-CONVEX DOMAINS

LE MAU HAI, NGUYEN QUANG DIEU AND NGUYEN XUAN HONG

ABSTRACT. The aim of this paper is to give a sufficient condition of
existence and compactness estimates for the 0-Neumann operator N,
on L%O q)(Q) in the case 2 is an arbitrary g-convex domain in C".

1. INTRODUCTION

Let € be a bounded pseudoconvex domain in C". As well known that the
0-Neumann operator N, is a continuous operator from L?O’q)(Q) to itself. On
pseudoconvex domains there are the two important topics concerning to this
operator. This is to study conditions under which this operator is compact
and to establish its regularity. Pioneer works in the field belong, for instance,
to S. Fu, E. J. Straube, D.W. Catlin, J. D. McNeal and some others. Remark
that their beautiful results up to now mainly hold on bounded pseudoconvex
domains with smooth boundaries in C". The reason of this fact is we need
to use Rellich’s lemma. Recently, K.Gansberger and F. Haslinger studied
compactness estimates for the 9-Neumann operator in weighted L2-spaces
and the weighted -Neumann problem on unbounded domains in C” (see [4]
and [5]). Note that in [4] instead using Rellich’s lemma the author gave an
strong assumption about the weight function ¢ with rapidly increasing of
gradient V¢ and Laplace Ay at the infinite point and at the boundary of a
domain Q (Proposition 4.5 in [4]). From this it follows that the embedding
of HY(Q, ¢, V) into L3(£2, ) is compact. In this paper, we are interested
in the above problems on ¢-convex domains, an extension of the notion of
pseudoconvex domains and, moreover, they may be not bounded. We give
the notion of the property (P;), a slight more strong condition than the
property (P,) earlier introduced and investigated by D. Catlin in [2] and E.
J. Straube in [11] but this is a inside condition for a domain €. Moreover,
in Corollary 3.9 below we show that every bounded domain 2 C C" with
smooth boundary having property (P;) then €2 satisfies property (F,). The
main result of the paper is Theorem 4.1. Here we prove that if QO C C" is
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2 LE MAU HAI, NGUYEN QUANG DIEU AND NGUYEN XUAN HONG

a g-convex domain having property (F;) then there exists a bounded 0-
Neumann operator N, on LY, ,(€) and N, is compact.

The paper is organized as follows. In Section 2 we recall some results
about g-subharmonic functions and ¢-convex domains. We show that the
Kohn - Murray- Hérmander formula is still true for ¢g-convex domains. Sec-
tion 3 is devoted to present the property (P(;) and some results concerning
to this property. We prove, in Proposition 3.8, that if () is a star-shaped
bounded domain having the property (P;) then 02 has the property (F,).
The existence and compactness estimates of the 9-Neumann operator IV,

on g-convex domains are presented in Section 4.

Acknowledgements. The final version of this paper was completed during
a visit of the first named author at the Max-Planck Institute. He wishes to
express his gratitude to the institute for providing financial support and
excellent working condition. The fist named author is partially supported
by the NAFOSTED 101.01-2011.13 program.

2. PRELIMINARIES

A complex-valued differential form u of type (0,¢) on an open subset

2 C C" can be expressed as u = ) "uydz;, where J are strictly increas-
|J]=q
ing multi-indices with lengths ¢ and {u,} are defined functions on 2. Let

C(OS” q)(Q) be the space of complex-valued differential forms of class C*° and
of type (0,¢q) on Q. By C5°(€2) we denote the space of C* functions with
compact support in €. We use L?Q q)(Q) to denote the space of (0, ¢)-forms
on ) with square-integrable coefficients. If ¢ is a function in €2, we denote
L%()’ q)(Q, ) the Hilbert space of complex-valued differential forms of type
(0,q) on Q with square integrable coefficients with respect to the density
e ?. If u,v € L%(],q)(Q,gp), the weighted L?-inner product and norms are
defined by

(u,v)q,p = / Z "uyve"?dV and HuH?w = (u,u)q,4,
o J=a

where dV is the volume element of C".
The 0-operator on (0, q)-forms is given by

5 ZIUszL] :Z/i%d@/\d%,
J

IJ1=q |Jl=q J=1
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where S°" means that the sum is only taken over strictly increasing multi-
indices J. The derivatives are taken in the sense of distributions, and the
domain of d consists of those (0, ¢)-forms for which the right hand side be-

longs to L( (€, ). So O is a densely defined closed operator, and there-

0,g+1)
fore has an adjoint operator from L(0 g+1) (82, ) into L(o (£, ¢) denoted by

aw. Foru= Y ‘uydz;c dom(@so) one has

|J|=g+1
8u]K
- 33 (5 - S ) o

|K|=q Jj=1

The complex Laplacian on (0, ¢)-forms is defined as
Oy 1= 30, 4 .0

where the symbol Oy, is to be understood as the maximal closure of the
operator initially defined on (0, ¢)-forms with coefficients in C3°(€2). O, , is
a selfadjoint and positive operator. The associated Dirichlet form is denoted
by

Qo(f,9) = (0f,09)0s + (0,£.0,9)0.
for f,g € dom(9) N dom(8 ). The weighted d-Neumann operator N, is -
if it exists - the bounded inverse of O, ,. Note that when ¢ = 0, we denote
N,o by N,.
As in [5] we notice that equivalent weight functions have the same properties
in this regard (see Lemma 2.3 in [5]).

Lemma 2.1. Let 2 be an open set in C" and let p1, o be two equivalent

weights in Q, i.e., C7 | |lapr < |l-l0gs < Cll-llap, for some C > 0. Suppose
that N, ewists. Then N, ,, also exists and Ny, is compact if and only if

Ng.p, is compact.

Now let ¢ € C*(Q). For j = 1,...,n, we write z; = x; + iy; and, as in [5],
et o 0 o 0
Xj= — =22 and Y, = 72
Or; Oz, 8yj 8y]

We define
HY (0, Vo) ={f € L*(,¢) : X;[,Y;f € L*(Q,¢),j =1,2,...,n}
with the norm

1 1 gy = WA+ D UXGAZ + 1Y FI5), £ € HY (0, V).
j=1

Similarly, define H} (9, ¢, V) to be the closure of C§°(Q2) under the norm

above.
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By Hé,(()’q)(Q, @, V) we denote the space of (0, ¢)-forms on © with the
coefficients belonging to Hg (€2, ¢, V). Thus each f € H&(&q)(Q, @, V) can

be expressed as follows

where f; € Hy(S, ¢, V). Then we define the inner product on Hg (€2, ¢, V)
as follows. Let f,g € Hé,(o,q)(Qa 0, V),

F=>"fdz, g=>g,dz,.

|J|=q |J|=q
Put
(f7 g)Hé,(07q>(Q,<p,Vgo) = Z (fJa gJ)H& (Q,p,Vep):
[J|=q
Then H&(O’q)(ﬂ, @, V) is a Hilbert space with the norm

2 ! 2
||f||H37(0’q)(Q,cp,V<p) = Z ||fJHH5(Q,gp,V¢)’
|J]=q

Similar as in Definition 4.2 and the Remark after Lemma 4.3 of [4] we
can define the duz?l space of H&,(qu)(Q,go, V). Put H(i(lqu)(Q,go,Vw) =
(Hj (0.4 (€% ¢, V). Now we have the following.

Proposition 2.2. Let Q be a domain in C*. Assume that o is a C* smooth
function in €2 such that for every M > 0 there exists (yy € € such
that Ao > M on Q\Qy. Then the embedding of H&(O’q)(Q,gp,Vgo) into
L%o,f)(QNP) is compact. Therefore, so is the embedding of L%()’q)(Q,cp) into

,(0,q

Proof. Let {f7}32; be a sequence bounded in Hj ¢ (€2, ¢, Vip). We have

to prove that there exists a subsequence of {f” }32, which is convergent in
L%O,q) (Q7 @)

First by the definition of H&,(o, q)(Q, v, V) we notice that the sequences
{fj}]o';l are bounded in Hj (92, p, V) for every |J| = q. Moreover, by the
hypothesis we have

lim  Ap(z) =400, lim Ap(z)=+oc0

2€Q,|z|—00 2€Q,2—00

so by Proposition 4.5 in [4] we have the embedding of H} (2, ¢, Vi) into
L*(9, ) is compact.

Now, we use the following notion. If J, L are two strictly increasing multi-
indices with lengths ¢ then we say that J < L if there exists ko € {1,...,q}
such that 71 =11, ..., Jko—1 = lko—1, Jke < lko- Assume that J; < Jo < ... <
Jy, are strictly increasing multi-indices with lengths ¢. Since { fi 721 18
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bounded in Hg (£, ¢, V) so there exists a subsequence {f}f 132, of {f?}1 2
such that { f}f 22, converges in L3(£2, ). Next because { f}; 22, is bounded
in H}(Q, p, V) so there exists a subsequence {fi; }32, of {f}; 22, such that
{ f?; 2, is convergent in L*(€2, ¢). Therefore by induction arguments we
can find a subsequence {f™7}32, of { f/}52, such that {f;”}5, converges in
L3(2, ) for every k € {1, ..., m}. Hence, the desired subsequence { f™ 2
is convergent in L%Q q)(Q, ¢). The proof is complete. O

Next, we recall the definition of g-subharmonic functions which is an
extension of plurisubharmonic functions (see [1], [6], [7]).

Definition 2.3. Let ) be a domain in C". An upper semicontinuous func-
tion u : Q — [—00,00),u # —oo is called g-subharmonic if for every
g-dimensional complex plane L in C", u|; is a subharmonic function on
LNAQ.
The set of all g-subharmonic functions on 2 is denoted by SH,(12).
The function u is called to be strictly g-subharmonic if for every U &€ 2
there exists constant Cyy > 0 such that u — Cyr|z|* € SH,(U).

Remark 2.4. (a) The g-subharmonicity and the strict g-subharmonicity
are the local property.
(b) 1-subharmonic functions are exactly plurisubharmonic and n-subharmonic

functions are subharmonic.

The following result gives some basic properties of ¢g- subharmonic func-
tions that will be used later on (see [6]).

Proposition 2.5. Let 2 be an open set in C" and let q is an integer with
1 < g <n. Then we have.

(a) If u e SH () then uw € SH,.(Q2), for every g <r < n.

(b) If u,v € SH,(Q) and o, B > 0 then au+ Pfv € SH ().

(c) If {u;}32, is a family of q-subharmonic functions, u = sup; u; < 400
and w is upper semicontinuous then u is a q-subharmonic function.

(d) If {u;}52, is a family of nonnegative q-subharmonic functions such
that u = i u; < 400 and u is upper semicontinuous then u is g-subharmonic.

J=1
(e) If {u;}32, is a decreasing sequence of q-subharmonic functions then
s0 1su = lim wu;.
J—+oo
(f) If w € SH,(2) then u. = u * p. is smooth q-subharmonic on S,
where Q. = {z € Q: d(z,00) > e}, and {u.} decreases to u on Q as e | 0,
where p.(z) = p(z/€)/|e|*", p is a nonnegative smooth radial function in C"

vanishing outside the unit ball and satisfying f((:n pdV = 1.
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(g) If w € SH,(Q) then for any convex increasing function x on the range
of u we have x ou € SH (). Moreover, x ou is strictly q-subharmonic in
Q if X' is strictly increasing and w is strictly q-subharmonic in Q.

(h) If w € SH,(Q) then for any linear unitary change of coordinates
@ : C" — C", the function wo € SH,(Q).

We give a following characterization of the g-subharmonicity which is similar
to pseudoconvexity (see [1], [7]).

Proposition 2.6. Let Q2 be a domain in C" and let q be an integer with
1 < g < n. Let u be a real valued C*-function defined on Q. Then the

g-subharmonicity of u is eqm’valent to
|K|=¢—1 jk=1

for every (0,q)-form f= > /deZ].

[J1=q
We also have the following curious result for g-subharmonic functions.
Proposition 2.7. Let Q be an open set in C* and let u € SH,(S2) such

that u — dlidcn|* € SH,(Q) for some 6 > 0. Then for every ¢ > 0 we have
u. — Oliden |* € SH (), where Q. :={z € Q:d(z,00) > ¢}.

Proof. By Proposition 2.5 we have (u — dliden |*). € SH,(Q.). Since

(u = dliden*)e(2) = ue(2) — 8 / |2 = w]p(w)dV (w)

B(0,e)

— u.(z) = 6|+ — 6 / (2R(z, —w) + [w]?)pe(w)dV (w)

B(0,e)
= u:(2) = 0]2* — v (2),
where vy (2) == 0 [ (2R(z, —w) + |w]*)p:(w)dV (w) is a pluriharmonic

B(0,e)
function in C". Hence, u. — d|iden|? = (u—dliden|?). +v(e) € SHy(€2). This
completes the proof. O

The following definition is an extension of pseudoconvexity.

Definition 2.8. A domain €2 C C" is said to be g-convex if there exists a
g-subharmonic exhaustion function on 2.

In particular, if €2 is bounded with smooth boundary such that it has a
determining function ¢ € C*(Q) which is strictly smooth g-subharmonic on
a neighborhood of 92 then € is said to be a strictly g-convex domain.
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By [6] and Sard’s theorem the following holds.

Proposition 2.9. Let ) be a q-convexr domain in C*. Then ) can be writ-

ten, Q = |J Q; such that Q; € Q11 and each §; is a strictly q-convex
j=1
domain.

We recall the Kohn-Morrey-Hérmander formula which is true for every do-
main  C C" with C? boundary (see Proposition 3.3 in [4]).

Proposition 2.10. Let Q C C" be a domain with C?> boundary 0 and
p be a C? defining function for Q. Let ¢ € C*(Q). Then for every f =
S fidzy € CHQ) N dom@;) we have

[J]=¢q

0? -—

DTN AT DD Dl % vt
|K|=q—1 jk=1792 7717k

on
82]‘

e ¥

Q
+
ORI FLETH N e
|K|=qg—1 jk=1
From the above proposition the following is valid for all strictly g-convex

domains in C".

Proposition 2.11. Let ) be a strictly q-convexr domain in C" and let ¢ €
C2(Q). Then for every f = 3 ' f,dz; € C1(Q) N dom(D,

©
|J]=q

e o2 _ B B
> ZL—ang;kijkae ¢ < Ofa, + 1T R, (20)

|[K|=g—1 Jjk=1

) we have

In particular, if p—e|z|* € SH,(Q) then for every f € L?&q)(Q, ©)Ndom(9)N

dom@;) we have
1 .= —
1£16 < g(l\af\!%ﬁo + 10, f1l6,)- (2.2)

Proof. Let p be a 02 deﬁning function for €. Since 2 is a strictly ¢g-convex
domain so ) Z az sz fir fre = 0 on 9. Hence (2.1) follows from

|K|=q—1 jk=1
Proposition 2.10. Now we prove (2.2). If f € C}(©2) N dom(g;) then (2.2)
follows from (2.1). Hence, by Lemma 4.3.2 in [3] we have (2.2) is also valid
for every f € L?[Lq)(Q, @) N dom(9) N dom@;). The proof is complete. [
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3. THE PROPERTY (F))

First we recall an important property introduced and investigated by D.
Catlin in [2] and E. J. Straube in [11]. Let X be a compact set in C". We
say that X satisfies the property (P,) if the following holds: for every positive
number M, there exists a neighborhood Uy, of X and a C? smooth function
Ay on Uy, such that 0 < Ays(2) < 1, 2 € Uy, and such that for any z € Uy,
the sum of any ¢ (equivalently: the smallest ¢) eigenvalues of the Hermitian
form (g;’gk (2));x is at least M (or, equivalently, Ay — %|z|2 € SH,(Un)).
Remark that by results in [2] and [10] it follows that if 2 is a bounded

pseudoconvex domain in C™ with the boundary 0 having the property

P,) then d-Neumann operator N, is compact on €.
q q
Now we give the following.

Definition 3.1. Let 2 be an open set in C". We say that () has the property
(P}) if there exists a C*-smooth function ¢ : @ — [0, 1] such that for every
positive number M, we have ¢(2) — M|z|* € SH,(Q\ Q) with some subset
Q€ Q.

Remark 3.2. (a) From Definition 3.1 note that ¢ only is required to define
inside €, but not on 2. Hence, this property is different to property (P,)
in which the function \,; should be defined on neighborhood of 9f2.

(b) The complex plane C does not have the property P;. Assume oth-
erwise, then we can find a smooth subharmonic function ¢ on C such that
0 < ¢ <1and u(z) := ¢(z) — |2]* is subharmonic on a neighbourhood of

|z| > r for some r > 0. Define
v(z) =u(l/2),0 < |z| < 1/r.

Since lin% v(z) = —o0, the function v extends through 0 to a subharmonic
zZ—>

function on a neighbourhood of |z| < 1/r. Now for ¢t € [0, 1/r] we set
M(t) = max{v(z) : |z| = t}.

It follows that

1 1
—5 <M <1-5 V< (3.1)

On the other hand, we note that M is a convex function of logt, i.e the
function f(£) = M(e%) is convex in & for &€ < —logr. In particular, we have

& —logr

28T < f(-logr) + £ VE < ~logr. (32)
Combining (3.1) and (3.2) we get
1 2r

E—g+r2<2, Vé < —logr.
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This is a contradiction when £ large enough.

(c) The Property (P;) is not preserved under countable unions. Indeed,

we can write C = U B(0, j). By Proposition 3.5 below we have each B(0, )
]_

satisfies property (P/) but C does not satisfy property (P)).

Now we show that there exist unbounded ¢-convex domains having prop-
erty ().

Example 3.3. In C", n > 1 let ¢ € C*°(C") be defined by

n

U(z) = (@F + )y,
j=1
where z = (21,...,2,), 2; = x; + 1y, j = 1,...,n. Since
_ ] —
j=1

so 1 is plurisubharmonic in C". Put
Q:={zeC":9Y(z) < 1}.

Then €2 is a unbounded domain in C". We prove that €2 satisfies property
(P}). Indeed, since 0 < ¢ =1 < 11in Q, for all j € N* so we can define the
function ¢ : 2 — R by

Y (b(z)-1)
o(z) :=(2) + Z — o %€ Q.
j=1

It is easy to see that ¢ € C*(Q). Since ¢ is bounded plurisubharmonic in
) so we have ¢ is smooth bounded plurisubharmonic in €.

Now we prove that ¢ satisfies Definition 3.1. Let M > 2. First we claim
that for each £ € 9 there exists r¢ p > 0 such that ¢ — M|z]* € PSH(QN

B(&,re ). Indeed, choose m € N such that m > 2(M + 1). Put
o2 (Y(2)-1)
Z e C=(CM).
J=1

Since ¥(§) =1 so

2w _
00 | —5— | (€) > i09%(¢), Vj € N".

Hence,

n n

1000 (€) = midBY(€) > % N idey Adz = (M +1)Yidz; A dz;.

j=1 j=1
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Thus, i00(¢m — (M + 1)]2>)(€) > 0 so ¢, — M|z|? is strictly plurisub-
harmonic in a neighbourhood of . Hence, there is a ¢ > 0 such that

©m — M|z|? is plurisubharmonic in B(&, ¢ ar). Moreover, since

(0 = M2 arBieren) = YlanBeren)

2

QNB(Ere, M) j=m+1

+ (om — M|2[*)

QNB(&,r¢,0r)

so ¢ — M|z|?* is plurisubharmonic in Q NB(&, 7¢ 5r). This proves the claim.
Next since 0QNB(0, M) € C" so there exists &1, o, . . ., § € 0N such that
k

k

of) Q]B(O, M) < U B(ﬁj,?“gﬁM). Put Q= (Q QB(O,M))\ U B(gj,ng,M>.
j=1 j=1

It is clear that Q) € Q. Since ¢ — M|z|? is a plurisubharmonic function

on QN (C\B(0,M)) so ¢ — M|z|> so is. Moreover, since Q\Qy; C QN
k

(C\B(0,M))U U QNB(&,re;m) and ¢ — M|z|? is plurisubharmonic in

j=1

QNB(E, 7e, 1) s0 o — M|z|? is plurisubharmonic in Q\Qy,. Thus © satisfies
property (P]). Therefore, (2 satisfies property (F)) for every 1 < ¢ < n (see
Proposition 3.4 below).

Next we have the following.

Proposition 3.4. Let 21,8y be open subsets in C". Then the following
holds.

(a) If Q satisfies the property (P,) then so does it the property (F)) for
all g <r < n.

(b) If 1, Qy have the property (P;) then so is 1 N Q.

Proof. 1t is easy to see that (a) follows from the property of g-subharmonic
functions (see a) of Proposition 2.5). Now we prove (b). Let ¢y, @2 be as
in Definition 3.1 of property (P,). It is clear that the function (1 + ¢2)
satisfies the definition of (F). O

Proposition 3.5. Let ) be a bounded domain in C". Assume that there a
continuous q-subharmonic function 1 on Q satisfying the following condi-
tions.

(a) Q={2€Q:9(2) <0}, 00 ={z€Q:9¢(z) =0}

(b) There is a neighborhood U of 02 such that 1 is strictly q-subharmonic
on U.
Then €2 satisfies property (P;).
In particular, if 2 is a strictly q-conver domain then ) satisfies property
(P).
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Proof. 1t is enough to prove that there exists a bounded smooth ¢g-subharmonic
function ¢ on € such that for every & € 02 and for every M > 0, there
exits a positive number real 7¢ 5 such that ¢ — M|z]? is g-subharmonic in
QN B(E, e ). Indeed, we will check that ¢ satisfies Definition 3.1, and
hence, () satisfies property (F;). Given M > 0. Since 92 € C" so there

exists {1,&,..., & € 09 such that 0Q € UL, B(&,re,um). Put Qy =
k _ k

O\ U B(&j,7¢,,m). It is clear that Qy; € Q. Since Q\Qy C |J (QNB(E;,7¢;,01))
j=1 J=1

and ¢ — M|z|* is g-subharmonic in Q N B(E,7¢, 1) so ¢ — M|z|* is ¢-

subharmonic in Q\Qy;.

Now we show that there exists a bounded smooth g-subharmonic func-
tion ¢ on € such that for every & € 002 and for every M > 0, there ex-
its a positive number real r¢ 5 such that ¢ — M|z[? is g-subharmonic in
QN B(E, re ). Indeed, we can assume that {z € Q: (2) < —1} # &. Put
Uj={2€Q:9¢(z) < —1/27}, we have

(i) U; € Uj4y for every j € N*.

(i) lim zlelg{ws(z) —(2)} = 0.

(iii) For every & € 09 there exit positive number reals ag, f¢ such that
Y — ag|z|? is g-subharmonic in B(&, 5¢).

From the hypothesis and condition (b) it follows that there exists § > 0
such that ¢ € SH,(Q2+B(0,6)). By (i), (ii) we can chose a sequence {4,}52,
such that §; | 0,0 < §; < min{d, d(U;_1, C"\U,), d(U;, C"\Uj11),d(Ujs1,C"\Uj12)}
and 0 < U5, — ¥ < 277 in Q. Put ¢; := (max{2/¢, -1} 4+ 1)5, € SH,(Q).
First we claim that

eilov, = 27s, + 1. (3.3)
Indeed, let z € Q\U;j41 and w € B(0,4;). If z —w € U then z = (z —w) +
w € U; +B(0,6;) C Ujyq. This is impossible. Hence z — w & U, for every
w € B(0,6;) so ¢¥(z —w) = —5 for every w € B(0, ;). Thus, we have

pi(z) = / (max{2/¢(z —w), —1} + 1)ps, (w)dV (w)
B(0,0;)

= / (27¢(z — w) + 1)ps, (w)dV (w)
B(0,5,)

= 245, (2) + 1,
and the desired conclusion follows.
Next we prove that

gpj’Ujfl =0, (3'4)
for every j > 1. Indeed, assume that z € U;_; and w € B(0,6;). Since
Uj—1 +B(0,6;) C Uj so z —w € U;. Hence (2 — w) < —5;. It follows that
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max{2/¢(z — w),—1} + 1 = 0, and hence,
o3(2) = / (max{274(z — w), ~1} + 1)ps, (w)dV (w) = 0,
B(0,95)

and (3.4) is proved.

We have 0 < ¢; < 2. Indeed, it is clear that ¢; > 0. Since U;4q +
B(0,0;) C Uj42 s0 ¢; < 1 on Ujyy. Moreover, for every z € Q\U;4; we have
©i(2) = 295, (2) + 1 < 274p(2) + 2 < 2. Thus, 0 < ¢; < 2 on . Hence,
0< Y2, <27 5 =2 Put

o0

It is clear that ¢ is bounded. We claim that ¢ € C*°(Q). Indeed, given
Q' € (. Since Q) = Uj‘;l U;, U; C Ujyq so we can choose j; > 1 such that
V' € Uj,. By (3.4) we have ;|0 = (¢;|u,_, )|y = 0, for everyj > ji. Hence,

> 1 J1 1

plo = o Pile = > o Piler € CF(EY).

j=1 J=1
Therefore, p € C*(§2). Now because p; € SH,(2) for all j then Proposition
2.5 implies that ¢ € SH,(2) NC>(Q2) N L>(£2).

Now we prove that for every & € 02 and for every M > 0, there exits

a positive number real ¢y such that ¢ — M|z|? is g-subharmonic in N
B(&, r¢.ar). By (iii) there exit positive number reals ag, B¢ such that ¢ —ag|z|?
is g-subharmonic in B(&, f¢). Since §; | 0 so there is je such that 0 < ¢, <
fBe/2 for every j > j.. Hence, by Proposition 2.7 we have 95, — ag|z|? is
g-subharmonic in B(¢, f¢/2) for every j > je. Choose m € N such that
m > M/ag, and r¢ pr = min(Be /2, 65,4 my1). Since QNB(E, 7¢,0r) C Q\Uj for
every 0 < j < je+m+1so by (3.3) we have ¢; — 2/a¢|z|? is g-subharmonic
in B(, Be/2) for every je < j < je +m. Moreover,

(p— ma§|z|2)|ﬂm3(§7r&m - ( 2—]7 — ma§|z|2>

Jj=1 QNB(&,re, 1)

o © = 80'|Q B(¢ ) - 90'|Q B(¢ )
_ E:_J_ 2 JIQNB(E,Te, JIQNBE,re, i
T £~ 9 mag|z| +Z 9j +‘ Z 9j
J=J¢ QﬂB(.ﬁJEJM) Jj=1 ]:J§+m+1
Ty 2 oslamBeren = @ilonBere )
= § —(p; — 2 2 2 {M E: TR e )
= 2.5 (90] 2 Oég|Z| )|QnB(§,r§’M) + ' 9 + N 5 .
J=je j=1 J=jgtmtl

Therefore ¢ — mag|z|? € SH,(QNB(E, r¢.ar)). Hence,
o — M|z]* € SH(QNB(E, rer))
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because M < mag. Thus, 2 satisfy property (F).

Finally assume that € is a strictly g-convex domain. We prove that (2
satisfies all hypotheses of Proposition 3.5. Indeed, let p be a C? determining
function for €2 such that p is strictly g-subharmonic in a neighborhood V' of
0. Since U := Q\V € Q so c = sgpp < 0. Put

3z) = {p(z) if ze{zeV:p(z)>c/2}

c/2 if z€e {ze€Q:p(z) <c/2}.
It is easy to see that p € SH, (V). Moreover, since U € {z € 2 : p(z) < ¢/2}
so p € SH,(QUV) and because p = pin {z € V : p(z) > ¢/2} so p strictly
g-subharmonic in a neighborhood of 0. Thus (2 satisfies all hypotheses of
Proposition 3.5 and the desired conclusion follows. U

The following proposition is useful for the proof of the main result.

Proposition 3.6. Let ) be an open set in C* and assume that € satisfies
the property (P;). Then the function @ in Definition 3.1 can be chosen such
that o(z) — e|z|* € SH,(Q) with some £ > 0.

We need the lemma following.

Lemma 3.7. Let M > 0. Then for every ry > 0 we can find a smooth
function ) : C — R such that v = 0 in |w| = 8(M+2)ry, Y+|w|? € SH(C)
and 1 — M|w|* € SH(D(0,71)), where D(0,71) is a disc in C with radii ;.

Proof. Tt suffices to prove that that there is a function ¢ such that v» = 0 in
lw| > 8(M+ )ry, ¢+ Jw|* € SH(C) and ¢ — M|w|* € SH(D(0,71)). Next
put @/} = 1Y * p. and choose ¢ sufficient small, then w has all the desired
properties. Let 7o = 8(M + 1)r;. Consider x € C}(R) defined by

2= r1 L iff}<7”1
tT'Q

ifry <t <r
if t > rq.
It is easy to see that 0 < ¥’ < 1 and )’ is a decreasing function. Hence, we
have xy € C'(R) is a concave increasing function and x(t) <t — %2, Vt <
Now, let ¢(w) := —x(Jw]).|w|, w € C. By computation we have
00y = —x/(|w])|w]idd|w| — x"(Jw|)[w]idw| A Ofw]
= 2x/(Jw])idlw| A dlw| = x(|w])idd|w]
—x'(Jw])w|idd]w| — 2x'(|w])idlw| A Ow| — x(|w])idd|w]

3 (Jw)) — x(w)) | _
:<— 1 — 1] >zdw/\dw.
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Thus, we have 100y > —idw A dw in C. Moreover, in particular, for every
lw| < 1 we get
3 |w -2

0oy > (-2 2 ) idw A dw = —1+ —2 ) idw A dw
100y <4 1] )zw/\w ( +8|w|)zw/\w

> <—1 + g—2> idw A dw = Midw A d.
1

The proof is complete. O

Proof of Proposition 3.6. Let ¢ be as in Definition 3.1 and let Uy € U &
V € Q such that ¢ — 2[z|?> € SH,(Q\ Up). Choose x € C°(U) such that
0< x<1,x=1on U, Let myg > 0 such that

(1= x)@ +mo|z|> € PSH(V).

Choose r; > 0 such that V'€ D(0,71)x...xD(0,ry), where D(0,r;) is a disc
in C. By Lemma 3.7 there exists ¢ € C5°(C) such that ¢ + |w|* € SH(C),
Y — (mo+ 1)|w|?* € SH(D(0,ry)). Put

p1(2) == (1 — x(2))@(2) + Z¢(zj).

For each j, we consider the canonical projection
7 :C"—C
Z — Zj

Since ¢ + |w|* € PSH(C) so ¢¥;(2) := v om;(2) +|2;|* € PSH(C™). Hence,

(1 = 1zP)lag =+ ) vom — |z
j=1

=527+ ) vy
j=1

Therefore,
©1 — |2)* € SH,(Q\U), (3.5)
because ¢ — 2|z|? € SH,(Q\U) and ¢; € PSH(C").
On the other hand, from ¢ — (mg + 1)|w|* € PSH(D(0,r;)) we have
Yom;—(mo+1)|z]? € PSH(C™! x D(0,r1) x C*¥). Thus, 1 om; — (mg+
1)|z;|* € PSH(V), and therefore, we get

(1 = 1zP)lv = (1= X8+ ) _pom— |z
j=1

= (1 =)@ +molz") + Y (¥ om; — (mo +1)|z/%).

J=1
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Moreover, since ((1 — x)@ + mo|z|?) € SH,(V') so
o1 — |22 € SH (V). (3.6)
From (3.5) and (3.6) we get

o1 — |2|* € SH,(Q). (3.7)
If we choose C' > 0 such that —C' < ¢; < C on () and put
Pt C
=m

Then 0 < ¢ < 1 and by (3.7) we have ¢ — 55]2* € SH (). Now, we
prove that for every M > 0 there exists Qy € Q such that ¢ — M|z]? €
SH,(2\Qy). Choose Qy € Q such that V € Qy and § — (2CM +1)|2|? €
SH,(Q\Q). We have

1
(¢ = MIzP)lava, = 55001 = 20M2 + O\,

| )
:%(¢+;¢Oﬁj—20M|z| +C)
I g
= 557~ 2CM + 1| +) 0+ 0).

j=1
Hence, ¢ — M|z|*> € SH,(Q\Qy) because ¢; € PSH(C"), j = 1,...,n
and @ — (2CM + 1)|z|? € SH,(Q2\Qys). Thus, ¢ satisfies Definition 3.1 and
¢ — 55121* € SH,(2). The proof is complete. d

Next we give the relation between the property (F;) and the property (/).

Proposition 3.8. Let 2 be a bounded domain in C". Moreover, assume
that € is star-shaped and S) satisfies the property (P;). Then 0 satisfies
property (P,).

Proof. Without loss of generality we can assume that the center at 0 € €.
For every M > 0 we choose )y € Q such that ¢ — 4M|z|?> € SH,(Q\Q).
Put Vi, == {(1+¢)z: 2 € Q\Qu}, where € € (0,1) can be chosen such that
0N € V5. Let Q°F := {(1+¢)z: 2z € Q} and let ¢, € C*(Q) defined by

¢ (2) == p(73). By computation we have
025 1 ot 2
—(2) = (/=)

02,07 (1+e)2020% 1+¢

Thus, the sum of ¢ smallest eigenvalues of complex Hessian

(#0%)
623827 jik
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at z equal to the sum of ¢ smallest eigenvalues of complex Hessian

(i 0m)
(14¢)2 0207 ik

at t==. Moreover, since ¢ —4M|z|*> € SH,y(€2\Qy) so the sum of ¢ smallest

eigenvalues of complex Hessian

(T 35%)
(14¢)? 020z ) ;4
more than or equal to % on Q\Qy,. Hence, the sum of ¢ smallest eigen-
values of complex Hessian
%

(azjaz_k) gk
more than or equal to % on Vy;. This means that o5, — (li—]‘g)ﬁzP €
SH, (V). Moreover, since % > M so ¢5; — M|z|? € SH,(V§;) and it
follows that OS2 satisfies property (F,). The proof is complete. O

Corollary 3.9. Let Q be a bounded domain in C" with smooth boundary.
Assume that Q satisfies property (F,). Then 0S) satisfies property ().

Proof. Since 2 has a smooth boundary so by using a partition unity of 0f2
it follows that there exists balls B;, j = 1,2,...,m such that 0 € U;nzl B;
and Q2N B; is star-shaped for all j. Moreover, for every j, since B, is strictly
pseudoconvex so it is strictly g-convex domain for all ¢ > 1. By Proposition
3.5 it follows that B; satisfies property (F;). Moreover, since () satisfies
property (P;) so Proposition 3.4 implies that 2N B; satisfies property (F).
Hence, Proposition 3.8 implies that J(€2 N B;) has property (). Because
O0NB; C d(QN B;) so QN B; has property (P,). Therefore, Corollary 4.13
in [11] implies that 0 also has property (P,). The proof is complete. [

4. EXISTENCE AND COMPACTNESS ESTIMATES OF THE E—NEUMANN
OPERATOR ON ¢-CONVEX DOMAINS

Now we are position to state and to prove the main result of the paper.

Theorem 4.1. Assume that Q) is a g-convex domain having property (Pé).
Then there exists a bounded O-Neumann N, on L?O’q)(Q). Moreover, N, s

compact.

From Proposition 2.2 and by using notions and notations as in [5] and
by repeating the proof of Proposition 4.1 in [5] (also see Proposition 5.1 in
[4] and Proposition 4.2 in [11]) we immediately have the following lemma.
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Lemma 4.2. Let Q be a domain in C" and let @ be a C*-smooth function
in 0 such that for every M > 0 there exists 2y € 2 such that Ao > M on
O\Qpr. Moreover, assume that there exists Ny, on L(o (2, ¢). Then the
following are equivalent:

(a) The O-Neumann operator N, , is a compact operator from L( )(Q, ®)
into itself.

(b) The embedding of the space dom(d) N dom@;), provided with the

graph norm
F—= (g, + 10118, + 19, f I8,

into LY, (S, ) is compact.
(¢c) For each € > 0 there ezists a constant C. > 0 such that

171 < B 1y + 1T 1) + CollF s oy

for every f € dom(9) N dom@;) C L%Qq)(Q, ©).

(d) The canomc_a*l solution operators 8;Nq7 L%O o (Q2,9) Nker(9) —
L%o,qq)(Qv‘P) and 0,Nyi1, - L%07q+1)(9,g0) N ker(9) — L?qu)(Q,go) are
compact.

We need the following lemma.

Lemma 4.3. Let Q be a domain in C" and let ¢ € C*(Q). Then for any
(0,q)-form f with compact support in Q' € Q such that f € L o(2,0) N
dom(9) N dom(@w) we have f € Hy (2,0, V) and the followmg holds

O(Oq

170 o) < Coor (10118 + 10FIR g + /1)
where Cy o is a constant depending only on ¢, ' but not on f.

Proof. First we assume that f € C(Og’ q)(Q) with compact support in €. It is
easy to see that f € H} (0.0, Vi) and

||f||H0 (0.4 Qcp,Vga) = Z / (”fJ”Sz),ap + Z (HXJfJ”?),go + ||Y;fJ||522,4p))
J=1

|J|=q
_ ' (e %fr) 0
—Mz_q (llfJ|!w+Z( CReEINY B ))

< Crporlle” f|’H(107q)(Q)>
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where C ., o is a constant depending only on ¢ and €. On the other hand,
by (2.19) in [11] (see also Proposition 5.1.1 in [3]) we have

le=fl, o < € (172 P)llag + 10Dl + e F Iy

< Copor (10, F 1o + 101 + 1713 )

where HHH(IO @ denotes the L*-Sobolev 1-norm of (0, ¢)-forms, and Cs , o
2q

is a constant depending only on ¢ and €Y. Hence, we get

178 o) < Coor (1001 + 10FIRy + 171 )

Now we assume that f is an arbitrary (0, ¢)-form with compact support
in Q. Let g > 0 such that 0 < gy < d(suppf,d?') and choose a sequence
{ex}2, such that e, | 0 as k 1 00, 0 < g < g¢. Put fi := f * p.,. Since
fr € €5, (€2) with compact support in € so by applying the above result
it follows that

ka”ill (2,0,Vo) < C%Q/ <H5gofk’”522,<p + Hgfk”?lcp + ||fk“?27<p> : (41)

0,(0,9)

Therefore, { fi}72, is a Cauchy sequence in H&y(qu)(ﬁ, ¢, V) and for each
j € {l,...,n} it follows that {X;fi := > ;_, X;(fi)sdz;}32, is also a
Cauchy sequence in L%O7q)(Q,gp). Thus {X;fi}p2, is convergent to g; €
L%()’q)(Q,go). Moreover, because {X;fx}72, converges to X;f in the sense
of distribution so X;f = ¢; € L?o, q)(Q,gp). Similarly, we also have Y, f €
L, (Q,9) - Hence f € Hy (2 ¢, Vo) and {fi}72, is convergent to f in
H; (0,5)(Q 9, Vo). Finally, from (4.1) by letting k — oo we get

171 . nwn < Cosr (1051 + 10012, + 71,)

The proof is complete. Il

Proof of Theorem 4.1. By Proposition 3.6 we can be choose ¢ € C?(f2) sat-
isfying the definition of (P}) such that ¢ — ¢|z|> € SHy(2) for some £ > 0.
Since 0 < ¢ < 150 p and 0 are two equivalent weights. Hence, by Lemma 2.1
it suffices to prove the existence and compactness estimates of O-Neumann
operator N, on Lﬁqu)(Q, ©).

(a) First we prove the existence of N, . It is easy to see that it is enough
to prove

9 = =

for every f € L?()’q)(Q, ©)Ndom(0) F‘ldom@;) and some ¢ > 0. Given M > 0
and choose U € Q such that ¢ — M|z|> € SH,(Q\U). Take x € C°(£2) such
that 0 < y < 1, y = 1 on U. We will prove

%H(l =) <1001 =) N + 10,01 = 0N, (4.3)
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for every f € L%07q)(Q, ©) N dom(9) N dom(@ ). Assume that (4.3) already
has been proved. Then by choosing M = ¢, U = &, x = 0 we obtain (4.2).
Hence, it remains to prove (4.3).

Let V€ Q such that U € V € {x = 1}. By Proposition 2.9 we can
choose a sequence {2}, of strictly g-convex domains such that V &

suppy € ) € Q1 € 2, and Q = | . By Proposition 3.6 it follows that
=1

p—elz* € SHy(Q) for some e > 0. Hence } -z, . > i af;gkg];{gk_;( >0
for every (0, ¢)-form g. Now by Proposition 2.11 for every g € L(0 ()N
dom(0) N dom((’? ), if we choose p, € C3°(V) such that 0 < py <1, pg =1
on U we have

Miglltonmy.e < ML = 1g)gllio, o
\ ( l\ )1@

82
1 _ -®
Z /g;l\U /~Lg) az a_ g]ngKe

|K|q1j1

|K|q1]1

< ) Z o 82]8_ A= Uik IkKe

|K|ql]1

< N19gllg,  + 1959112, -

Next let f € L?Oﬂ)(ﬂ, ©) N dom(9) N dom(a ). By [6] and [7] we know that
the O0- equation has solutions in strictly g-convex domains then it follows
that ker(d) = Im(d) and ker(d,

©
in [11] we have the orthogonal decomposition of L?o, o (1, ) as follows

) =1 m(gz;). Next by using arguments as

L?O’q)(Ql, @) = ker(0) ® k’er(g:;)
= Im() & Im(9,).

Put f!' = (1 - x)f|o,- Then we can write
f=0ov —i—g;wl in L%O’q)(Ql, ©), v € ker(9)",w' € kzer(g;)L. (4.5)

To estimate the norm of v, it suffices to pair with forms in 7 m(8 ) (since
these are dense in ker(9)%). Let a € L &) N dom(8¢) N ker((?(p)L C
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ker(0). By (4.4) we get

= |(8vl,0z

’(Ul>5¢a)ﬂz,so’2 Jowe| = )(fl — g, Of)szmor

2
- |(fl70[)91750’2 - ’(fl a)Ql\Vgo

<3 o llelld 5 ||f’||gl, No,alls, o
\V,o° \V <p

because (8 w', a)g,, = (W', 0a)g,, =0 and da = 0 in ;. Hence,
1
1|2
[0 < L
Extending the v by zero outside of €; we obtain a bounded sequences
in L%O q_l)(Ql,go). Passing to an appropriate subsequence, if necessary, we

obtain the a weak limit v with

1
ol < 7100 =) f 6

Using a similar argument for [[w!||g, , we infer that

1
2 2
lolle,, < 371 =x) fllae

where w is a weak limit of the sequence w'. Because the decomposition
in (4.5) is orthogonal, dv'|q, is bounded in L2 (£, ¢) independently to L.
This together with the fact that the weak and the distributional limits agree
shows that v € dom(d) and a subsequence of {9v'}°, (extended by zero)
converges to Ov weakly. It remains to show that w € dom(a ). Indeed, for
every a € dom(d) we have

|(w, 0a)q | < limsup |(wy, 0a)q, | = lim sup |(5>;wl, a)ay.0]
l—00 l—o0

. —*
< (tmsup [9,wilag)-lofloe < T =) Fllap-loflog-
— 00

At the same time, we note that a subsequence of {gz;wl} is weakly conver-
gent to 5;11}. Therefore, (1—x)f = Ov +5:;w in Q, Ov and 5:)10 is orthogonal

in L(20q (2, ), and ||, + [[w]g,, < ZI(1 - X)fll%,,- Hence we have

”(1 - X)fl ?Z,Lp = ||av||Q<p + ”a w||Q<p (8 6U U)QSO (Fa;wvw)ﬂvw
19,00]| - l|V]l 0o + 00 jw]| - |2

(19,0118, + 100wl|d, )" ([0]l8,, + lwllE )"
P — _

< 77 190 = X)) fe + 1001 =) 60211 =) fllag.

This shows that
2 _
11 =) flIg,, < 77 U19,((1 = X)Hlee + 1001 =) Hlle,)-

<
<




EXISTENCE AND COMPACTNESS ESTIMATES FOR THE 9-NEUMANN ... 21

Thus, (4.3) is proved.

(b) Next we show that N, ., is compact. By assumption and using Lemma
4.2 it suffices to show that we have a compactness estimate. Given € > 0.
We choose M > 0 with M < 15 and a smooth bounded domain Oy € Q
such that ¢ — 2M|2]? € SH,(Q\Qy). Let x € C°(Q) such that 0 < x < 1,

x =1 on Q). By (4.3) we have the following estimate

M
S l6e < M=) fll, + MxFlo,

<2 (18,1 = )N, + 1901 = 0N, ) + M1,

Since
. —o(1 .
aw((l_ Z 6 1 )f]K)de
|K|=q—1 j=1 %
MDD B D DR B
|K|q1]1 |[K|=¢—1 j=1
—1=X)f+ > Z f]Kde
|K|=¢q—1 j=1
SO

10,1 =) Nl < 210 = )T, flla, +2 D IIZ fgkllw

|K|=q—1 7=1

<20, 18, +2 Y IO,

|K|=q—1
and
10((1 = X) NI = 11 = x)0f = Ix A [l
<2[(1 = x)f[l5,, + 219x A fllg,,
< 210118, + 201X DG4

Choose 1, € C3°(€2) such that p,, = 1 on the support of x. Then we get

M —x _
7Ry <4 (19511, + 110513 ,) + Ml Sl

> NAOXI DI + (DX DIlf.,

|K|=g—1

a* 2 a9r12 2
<4 (IO f1E, + 197 1,,) + Ml I,
+ (

4 > Tsup ox? | Nl fllag + (sup 0XI) iy 1l

|K|=g—1
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<A (1Al + 197 13,0) + lar I,

where [,y = MX\/M+4Z‘K‘:Q_1’sup\3x|2 +4sup |9x|? € CF(Q) is a
positive function depending on x, M. Moreover, by Lemma 4.3 we have
:UJ;Mf < H(i([)g)(Qu ¢, V) so we get

M —x _
SR, <4 (19,113, + 10713,
1wl @07 U i, @i

<4 (101l + 19510 + alliacf I . @po)

—Hf||2

where a is chosen late.

(4.6)

0 (0 )(Q V)’

On the other hand, applying Lemma 4.3 and using (4.2) we have

2 2
||NX,Mf||Hé,(07q)(ﬂ,go,th)

< Corg (1,02 00 ) + 1002 s Dl + 102 DI,

< Corpen (10712 + 17, f1, )
where ' is a smooth bounded domain such that {u, » # 0} € Q' € Q.
Combining this with (4.6) we get

Sy < (4 aCaren) (1001 + 1120) + 215 0wy

Now choose a such that aCq ., <1 then

2 o* 2 a9r12 2
171y <& (101 + 11 ) + = s

These estimates and Lemma 4.2 follow the compactness of Ny .. The proof

is complete. Il
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