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Introduction

The present paper is the concluding one in the series of papers investigating bi-
rational geometry of fiber spaces m: V' — P!, the fiber of which is a double Fano
hypersurface of index 1. For almost all families (except for a finite set) birational
rigidity was proved in [1,2]. The remaining families are considered in this paper.

0.1. The list of varieties under consideration. Recall [2]| that the parameters
of a family of fiber spaces V/P! are written down in the following format:

((ab E) aM—i—l)? (aQu aW))
(respectively, ((ai, ..., an), aw), if the pencils of Fano double spaces are considered),
where
oV —-0QCX=P¢)
is a double cover, & = ®Opi(a;), ap = 0 < a; < ... < apr41, the morphism o is

ramified over the smooth divisor W =W N Q,
Q ~ mLX + GQR, W ~ QZLX + 2awR,

ag,aw € Zy, R is the class of a fiber of the projection mx: X — P!, whereas Lx €
Pic X is the class of the tautological sheaf of the fibration X/P!. For compactness
of notations in the set (aq,...,ap1) we write down only non-zero entries, if there
are any, otherwise we write (0). Here is the list of families that were excluded from
consideration in [1,2]:

N Tt W
e e e R N
AN AN AN N N N

Besides, in [1,2] the following families of varieties with a pencil of double spaces
were excluded from consideration:

1. ((0),1);
27, ((0),0);
3% ((1),0);
4. ((1,1),0).

In Sec. 1 of this paper we prove birational superrigidity of general varieties in the
families 6,7 and 4*. For varieties in the families 1 — 3,5 and 1* — 3* we construct
infinitely many non-trivial structures of Fano fiber spaces, which excludes birational
rigidity. This solves the problem of birational rigidity for all families except for the
family 4. Those varieties will be considered in a separate paper.



0.2. Further results. To prove certain crucial facts in [1,2] we used the mod-
ern techniques to the very limit. This is true, in the first place, for the proof of
Proposition 3.1 in [1]. Thus it is natural to try to improve certain technical parts
of the arguments. In Sec. 2 we discuss how the local inequality, on which the proof
of Proposition 3.1 in [1] is based, could be improved. A stronger version of that
inequality is formulated as a conjecture and completely proved in the case when the
graph of the corresponding sequence of blow ups is a chain.

In Sec. 3 we develop a new method of proving birational rigidity of Fano fiber
spaces V/P! (more exactly, a new method of studying movable linear systems on
these fiber spaces), that is, the linear method. The name emphasizes its being dif-
ferent from the traditional quadratic method, based on the operation of taking the
self-intersection of a movable linear system Y, that is, the operation of making the
effective algebraic cycle Z = (D; o D) of codimension 2, where Dy, Dy € X are
general divisors. Naturally, all constructions involved in the quadratic method are
quadratic in the parameters of the system ¥ (e.g. the 4n*inequality and other cru-
cial facts). On the contrary, the linear method is based on the operation of restricting
the movable linear system X on a certain fiber F' = F;, = 7 !(¢) of the fiber space
V/PL. Tt is clear that the principal computations of the linear method are linear in
the parameters of the system Y (degrees, multiplicities, etc.). The linear method
was for the first time successfully applied in [3]. Its idea could be illustrated in the
following way.

Definition 0.1. (see [3]). We say that a primitive Fano variety F' is divisorially
canonical, or satisfies the condition (C) (respectively, is divisorially log canonical,
or satisfies the condition (L)), if for any effective divisor D € | — nKg|, n > 1, the
pair .

(F.—D) (1)

has canonical (respectively, log canonical) singularities. If the pair (1) has canonical
singularities for a general divisor D € ¥ C | — nKp| of any movable linear system X,
then we say that F' satisfies the condition of mowvable canonicity, or the condition

Let V/P! be a Fano fiber space, ¥ C | — nKy + [F| a movable linear system on
V', which is not made from the pencil of fibers of the projection m, that is, n > 1.
Assume that the log pair (V %E) is not canonical, that is, for some exceptional

divisor £ C V, where ¢:V — V is a sequence of blow ups, the Noether-Fano
inequality
ve(X) > na(E)

is satisfied. Assume that the centre B = p(E) C V lies in some fiber /' = F; and is
of codimension > 3 on V (this case is the hardest one in all particular problems).
Since the linear system Y is movable, its restriction Xr = ¥ | is a non-empty
linear system (which may have fixed components). According to the inversion of

adjunction [4], the log pair
1
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is not log canonical. Suppose that we knew from the start that the fibers F' satisfy
the condition (L) (the more so, the condition (C')). Now we get a contradiction
excluding the maximal singularity E.

This is the general outline of the scheme of the linear method. In order to realize
it, one needs to be able to prove the condition (L), which in most cases is very
hard. The only known way to do it was shown in [3]. It requires essentially stronger
conditions of general position (regularity) than those used by the quadratic method
[5]. However, the linear method has certain advantages compared to the quadratic
one, namely, it absolutely does not use the condition of “twistedness” of the fiber
space V/P! over the base. The only information which is used is the properties of
fibers.

In Sec. 3 by means of the linear method we prove birational superrigidity of the
fiber spaces V/P! into double spaces, double quadrics and Fano hypersurfaces of
index 1.

0.3. Acknowledgements. A considerable part of results of the present paper
(in particular, the computations in Sec. 2 and the key parts of the linear method)
was obtained by the author during his stay at Max-Planck-Institut fiir Mathematik
in Bonn in the summer and autumn of 2003. The author is grateful to the institute
for the hospitality and the excellent conditions of work.

1 Birationally rigid and non-rigid Fano fiber spaces

1.1. Varieties of the type ((1,1),(1,0)). Here X = P(£), where the sheaf &
is of the form & = OFM & Op(1)®% The space H)(X, Lx ® 7 Op1(—1)) is two-
dimensional and defines a pencil of divisors | Ly — R|. Its base set Ax = Bs|Lx — R|
is of codimension 2: it is easy to see that

Ax =POGM) = PM-1 x P
Furthermore, Q ~ mLx + R and W ~ 2[Lx. Set
AQ:AxﬁQ, A:J_I(AQ)CV

Obviously, Ag is a smooth divisor of bidegree (m,1) on A, =P¥ "1 x P!, ACVis
a smooth irreducible subvariety of codimension 2.

Lemma 1.1. The anticanonical linear system | — Ky | is movable, and moreover
Bs| — Ky| = A. Furthermore,

—Ky € 8A11nOVV.

More precisely, every linear system | — nKy + LF| is empty for | < 0.

Proof. The first claim of the lemma follows from the fact that the anticanonical
linear system | — Ky| = |Ly — F|.

Assume that the linear system ¥ = | — nKy + [ F| is non-empty for some [ < 0.
We must show that this assumption leads to a contradiction. In order to do it, we

5



construct a special family of surfaces sweeping out V. Restricting the linear system
Y onto a general surface of this family, we must get a non-empty linear system of
curves. As we will see, the latter is impossible.
Let
a: O — Opr @ Opr and  3: Opi (1)®? — O (1)

be surjective morphisms of sheaves. Their direct sum o & [ determines an inclusion
of projective bundles

S = S(a,8) = P(OZ2 & Op (1)) — X =P(£).

The subvariety S is a P2-bundle over P!, where the intersection SN Ay = P! x P!
is a divisor on S.
Set
VSZO'_l(QﬂS), Ag=ANVs.

For sufficiently general «, 5 the surface Vs is smooth, Ag C Vs is a smooth curve.
Moreover, the surfaces Vs sweep out the variety V.

Obviously, 0(Ag) = AgN S C P! x P! is a curve of bidegree (m, 1). Denote by
the symbols Lg and F the restrictions of the classes Ly and F onto the surface Vg,
respectively.

Lemma 1.2. (i) The following equivalences hold:

Ag~ Lg—Fg ~ (—Ky)l|vs.

(ii) The following equality holds: (Ag - Ag) = 2(1 —m).
Proof. (i) By the construction of the variety S we get:

SNAx ~Lx —R,

the rest is obvious.
(ii) By the part (i) we get

(AS . As) = (AS . Ls) - (AS . Fs)

As we noted above, o(Ag) is a curve of bidegree (m,1) on SN Ay = P! x PL. It
is easy to see that the restriction of the tautological sheaf Lx|sna, is of bidegree
(1,0). Therefore (Ag - Lg) = 2 and (Ag - F5) = 2m. (The intersection indices are
doubled because of the double cover ¢.) Q.E.D. for the lemma.

Let us complete the proof of Lemma 1.1. Let Xg be the restriction of the linear
system ¥ onto the surface V. This is a non-empty linear system of curves. By the
previous lemma,

Yig C ‘HAS + lF5|,

where n > 0, [ < 0. Take a general curve C € ¥g and write down

C = m+AS + O+,



where n™ € Z, and all irreducible components of the curve C* are different from
Ag. Of course, m™ < n (otherwise the class (—Fg) would have been effective).

Consequently,
Ct ~(n—m%)Ag +[Fs,

so that
0<(CT-Ag)=2(n—n")(1—m)+2ml <0

(recall that [ < 0). This contradiction completes the proof of Lemma 1.1.
Lemma 1.3. The Fano fiber space V/P! satisfies the generalized K?-condition
of depth 1/m, that is,

1
Ky — —Hp ¢ Int A1V,
m

where Hr € ALV is the class of a hyperplane section of a fiber, that is, Hp =
(—Ky - F).

Proof. By the formula (1) of the paper [2], (KZ-L{/~") = 2. Since for the degree
of the fiber we have obviously (F - L) = (Hp - L} ™) = 2m, we get

1 _
(K}~ —Hy) - LY ) =0

which immediately implies the claim of the lemma.

Corollary 1.1. A general Fano fiber space V/P' of type ((1,1),(1,0)) is bira-
tionally superrigid. The projection m:V — P! gives the only non-trivial structure
of a rationally connected fiber space on V. The groups of birational and biregular
self-maps of the variety V' coincide:

BirV =AwtV =7Z/2Z

Proof: this follows immediately from Theorem 2 of the paper [2] (1/m < 2, so
that the fiber space V/P! satisfies the K2-condition of depth 2, whereas any movable
linear system X is a subsystem of the complete linear system | — nKy + [F| with
n,l € Zy).

1.2. Varieties of type ((1,1),(0,0)). Birational geometry of varieties of this
type is somewhat more complicated than birational geometry of the varieties of type
((1,1),(1,0)). The projective bundle X and the locally free sheaf £ are the same as
in Sec. 1.1. However, in the case under consideration () ~ mLx, so that —Ky = Ly
and thus the linear system

|~ Kv = Fl=o(Lx — RI| )
is movable. Consequently, the variety V' does not satisfy the K-condition. Let
©:V --» P!

be the rational map, given by the pencil | — Ky, — F|. Birational geometry of the
variety V' is completely described by



Proposition 1.1. (i) The variety V is birationally superrigid: for any movable
linear system 3 on V its virtual and actual thresholds of canonical adjunction co-
incide,

cvirt(z) = C(E)

(ii) On the variety V' there are ezactly two non-trivial structures of a rationally
connected fiber space, namely m:V — P! and o:V --+ P'. These structures are
birationally distinct, that is, there is no birational self-map x € Bir V', transforming
the fibers of m into the fibers of ¢. The groups of birational and biregular self-maps
of the variety V' coincide: Bir V = Aut V.

(iii) There is a unique, up to a fiber-wise isomorphism, Fano fiber space n™: V1 —
P! of the same type ((1,1),(0,0)), such that the following diagram commutes:

X

Vo o-= vt
e | o7t
]P>1 — ]P>17

where x is a birational map. The correspondence V. — V' is involutive, that is,
(VHt =V.

Proof. The symbols Ag, Ax and A mean the same as above (Sec. 1.1). However,
in the case under consideration A is a smooth divisor of bidegree (m,0) on Ay =
PM=1 x P!, that is, Ag = Ap x P!, where Ap C PM~! is a smooth hypersurface of
degree m. Similarly, A = Ap x P!, where Ar = 07 (Ap) is the double cover of the
hypersurface Ap, branched over W N Ap.

Lemma 1.4. The base set of the movable linear system | — Ky — F| is Bs| —
Ky — F| = A. Furthermore,

~Ky — F € 0A]

mov

More precisely, | — nKy + F| =0 forl < —n.

Proof is completely similar to the proof of Lemma 1.1. The only difference is
that this time the curve Ag ~ Lg — Fg (the surface S is constructed in absolutely
the same way as in the proof of Lemma 1.1) is not irreducible. The curve Ag is a
union of 2m disjoint (—1)-curves,

m

As=> (CF+Cy), AQ_ZC“ a(CF) = C.

i=1

The lines C; C SN Ay = P! x P! are of bidegree (1,0), they correspond to the m
points of intersection Ap N S. Note that the branch divisor W N Ax C PM~1 x P!
is of bidegree (21,0), that is,

WHAX:WPX]P)l,

where Wp C PM~1 is a general hypersurface of degree 2/. Thus for a general surface
S the lines C4, ..., C,, lie outside the branch divisor, so that we get C;* N C; = 0.
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Now we prove that the linear system |aLy —bF'| is empty for b > a in exactly the
same way as in the proof of Lemma 1.1 (where the irreducible curve Ag is replaced
by 2m disjoint (—1)-curves C;).

Proof of Lemma 1.4 is complete.

Now let us study the rational map ¢:V --» PL. In order to do that, we need an
explicit coordinate presentation of the varieties X, () and W, participating in the
construction of the Fano fiber space V/P'.

Consider the locally free subsheaves

E=0" — € and & =Opm(1)** = €.

Obviously, £ = & @ &;. Let [Ty € H°(X, Lx) be the subspace, corresponding to the
space of sections of the sheaf H*(P!, &) — HY(P',£). Set also

I, = H'(X, Lx @ 7 Op1 (—1)) = H(P', & (-1)).

Let xq, ..., x5 _1 be a basis of the space Ilj, yo, 1 a basis of the space II;. Then the
sections

Zo, ..., Tp—1, Yoto, Yot1, Yilo, Yait1, (2)

where t, t; is a system of homogeneous coordinates on P*, make a basis of the space
H°(X, Lx). It is easy to see that the complete linear system (2) defines a morphism

£X - X cPMP3,

the image X of which is a quadratic cone with the vertex space PM~! = ¢(Ax)
and a smooth quadric in P?, isomorphic to P! x P!, as a base. The morphism ¢ is
birational, more precisely,

EX\Ax — X\ €(Ax)

is an isomorphism and ¢ contracts Ax = PM~! x P! onto the vertex space of the
cone. Let

Ug, - - -, Upr—1, oo, Uo1, U10, U11

be the homogeneous coordinates on PM+3 corresponding to the ordered set of sec-
tions (2). The cone X is given by the equation

UpoU11 = Uo1U10-

On the cone X there are two pencils of (M + 1)-planes, corresponding to the two
pencils of lines on a smooth quadric in P2. Let 7 € Aut PM*3 be the automorphism
permuting the coordinates wuy; and u;y and not changing the other coordinates.
Obviously, 7 € Aut X is an automorphism of the cone X, permuting the above-
mentioned pencils of (M + 1)-planes. One of these pencils is the image of the pencil
of fibers of the projection 7, that is, the pencil {(|R|). For the other pencil we get
the equality

T€(|1R]) = &(ILx — R]).
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The automorphism 7 induces an involutive birational self-map
7T € Bir X.

More precisely, 71 is a biregular automorphism outside a closed subset Ax of codi-
mension 2. Let ~
e X —X

be the blow up of the smooth subvariety A x. Obviously, the variety X is isomorphic
to the blow up of the cone X at its vertex space £(Ax). It is easy to check that 7+
extends to a biregular automorphism of the smooth variety X.

Set QT =77(Q) C X, W+ =77(W) C X. The divisors Q* and W are well
defined because 7" is an isomorphism in codimension 1.

Lemma 1.5. The divisors QT and W™ are divisors of general position in the
linear systems |mLx| and |2l Lx|, respectively. In particular, Q*, W and QT NW+
are smooth varieties.

Proof. The claim follows immediately from the fact that the linear systems
|kLx|, k € Zy, are invariant under 71, whereas ) and W are sufficiently general
divisors of the corresponding linear systems. Note that if a divisor D € |kLx]| is
given by a polynomial

h(UO, <o Upr—1, Uoo, Uo1, Y10, Ull),
of degree k, then its image 77 (D) is given by the polynomial
h+(u*) - h’(U/Oa <, Upr—1, Uoo,y U0, U0, ull)

with permuted coordinates ug; and uyg. Q.E.D. for the lemma.

Let o7: V't — Q" be the double cover, branched over a smooth divisor Q* N .
Obviously, VT /P! is a general Fano fiber space of type ((1,1), (0,0)).

Lemma 1.6. (i) The map 7" lifts to a birational map x:V --» VT, biregular in
codimension 1.

(ii) The action of x on the Picard group is given by the formulas

X*I(V+ = KV7 X*F+ = _KV - F7

where F* is the class of the fiber of the projection V' — P!, so that PicV*' =
ZKy+ © ZF*.

(iii) The construction of the variety VT is involutive: (V)T 2 V.

Proof: the claims (i)-(iii) are obvious. Just note that the following presentation
holds: x = ¢" o ¢!, where ¢:V — V and ¢*:V — V7 are blow ups of the smooth
subvarieties of codimension two A C V and At C V™, respectively. Furthermore,
E = ¢ '(A) is the exceptional divisor of both blow ups, £ = A xP! = Ap x P! x P!,
whereas the projections ¢ | g and ¢ | g are projections with respect to the second
and third direct factors, respectively.

Lemma 1.7. The Fano fiber space V/P' satisfies the generalized K?-condition
of depth 2.

10



Proof. This immediately follows from the equality
(K} —2Hrp) - Ly/™!) = 0.

Q.E.D. for the lemma.

Finally, let us prove Proposition 1.1. Let ¥ C | —nKy+ +[F| be a movable linear
system. If [ € Z, then by Theorem 2 of the paper [2| we get the desired coincidence
of the thresholds: ci,t(X) = ¢(X). Assume that [ < 0. Consider the linear system
Yt =77(X) on V. By Lemma 1.6, ¥* C | — ny Ky+ + [ F7|, where

Since 77 is an isomorphism in codimension 1, we get ¢(X) = ¢(X"). Again applying
Theorem 2 of the paper 2], we obtain the desired coincidence of thresholds

Cirt(ET) = cinn(B) = () =c¢(X) =ny =n+ 1.

This proves birational superrigidity.

Let us prove the claim (ii). The standard argument (see [2, Sec. 1.1]) shows that
on V there are exactly two non-trivial structures of a rationally connected fiber
space (the arguments above imply that if a movable linear system X satisfies the
equality cyirt(2) = 0, then either 3 is made from the pencil |F|, or ¥ is made from
the pencil | — Ky — F|, which gives a description of the existing structures). For
a general variety 1/ these structures cannot be birationally equivalent. Indeed, by
birational superrigidity of Fano double hypersurfaces of index 1, any birational map
X" € Bir V, which transforms the pencil |F| into the pencil | — Ky — F|, induces a
biregular isomorphism of the fibers of general position in the pencils |F'| and |F*| (the
latter is taken on the variety V1). Therefore, x™ induces a biregular isomorphism
of the fibers of general position of the fiber spaces /P! and Q" /P'. Now from [6]
for m > 3 we get that these fiber spaces are globally fiber-wise isomorphic. It checks
easily that for a sufficiently general divisor () C X this is impossible. For m = 2 we
argue in a similar way, using the branch divisor .

Finally, the claim (iii) follows from the arguments above.

Q.E.D. for Proposition 1.1.

1.3. Varieties of type ((0),(1,0)). Here X = P x P!, the hypersurface QQ C
X is of bidegree (m, 1), the hypersurface W C X is of bidegree (2[,0), that is,
W = Wp x P!, where Wp C P is a hypersurface of degree 2I. Let (u : v) be
homogeneous coordinates on P!, (zg : ... : x341) be homogeneous coordinates on
P. The hypersurface () is given by the equation

Uf++'Uf_ :()7

where fi(xg,...,zy1) are homogeneous polynomials of degree m, and the hypersur-
face T is given by the equation h(x,) =0, degh = 2l.

Let Op: Yp — P (respectively, Bx:Yx — X) be the double space, branched over
Wp (respectively, the double cover, branched over W). Obviously, the direct product

11



X = P x P! generates the direct product Yy = Yp x P!, compatible with the double

covers [p, Bx.
Proposition 1.2. The projection q:Yx — Yp onto the first factor determines
the birational morphism
qv = qly:V — Yp,

contracting the exceptional divisor E C V:
E = q;' ({Bsf+ = Bif- = 0}).

The birational morphism qy transforms the pencil |F| of fibers of the fiber space
V/PL into the pencil of divisors

(B +A_Bf- =0 Ap € C}

on Yp. The inverse birational map q‘jl 15 the blow up of the base set of this pencil.
Proof: this is obvious.
Remark 1.2. The variety Yp is a Fano variety of index m + 1. Any structure

of a fiber space P --+ S into Fano complete intersections of type (by,...,b.) with
by + ...+ b. < m generates a structure of a fiber space Yp --+ S into Fano varieties
of index m—b; —...—b.+1 > 1. An example of such structure is given by the pencil

(qv)«|F| described in Proposition 1.2. For this method of constructing non-trivial
structures of a fiber space on Yp the highest dimension of the base corresponds to
the case by = ... = b,, = 1, that is, if we fiber P into linear subspaces of codimension
m. In this case dim S = m. The variety Yp is certainly not birationally rigid.

Conjecture 1.1. If the hypersurface Wp C P is sufficiently general, then for any
structure of a rationally connected fiber space Yp --+ S the inequality dim S < m
holds. If, moreover, dim S = m, then there is a linear projection P --» P™ and a
birational map S --+ P™ making the following diagram commutative:

2:1

Y]p e P
! !
S --» P

1.4. Varieties of type ((0),(0,1)). Here X = P x P! and for the variety
Q C X we also get the direct decomposition Q = G x P* C P x P!, where G C P is
a hypersurface of degree m. Let ¢: () — G be the projection onto the second factor,
L, = g *(z) = P! the fiber over an arbitrary point z € G. Set C, = o~ (L,) C V.
Thus C, is the fiber of the projection

qy =qoo:V — QG.

The double cover o:C, — L, is branched over two points (because ay = 1): the
equation of the hypersurface W C X is of the form

fuuu2 + 2fuvuv + fvvv2 = 07

12



where (u : v) are homogeneous coordinates on P!, f, are homogeneous polynomials
of degree 2] on IP. If the curve C,, is irreducible, then it is a smooth conic; otherwise,
C, is a pair of smooth rational curves, provided that all three polynomials f,., f..,
fow do not vanish identically at the point z. What has been just said implies

Proposition 1.3. The projection qy realizes V' as a conic bundle over the base
G C P. The discriminant divisor is given by the equation f2, = fuufuo.

Corollary 1.2. The Fano fiber space V/P! is not birationally rigid. The group
of birational self-maps Bir V' # Bir(V/P!) is infinite.

Remark 1.3. Since the structure of a Fano fiber space 7: V' — P! is not compat-
ible (that is, fiber-wise) with respect to the structure gy of the conic bundle V/G,
the latter also cannot be birationally rigid. This agrees with the fact that V/G does
not satisfy the Sarkisov condition:

4Kqa+ D = —4Hg,

where D is the discriminant divisor of the fiber space V/G, Hg is the class of a
hyperplane section of the hypersurface G C P, Ko = (-M —2+m)Hg, D = 4lHg.
The group Bir(V/G) of birational self-maps, preserving the structure of a conic
bundle V/G, is very large. Accordingly, on the variety V there are a lot of pencils
of rationally connected varieties: it is sufficient to consider all pencils of the form

X«|F[,  x €Bir(V/G).

However, it is unclear, whether there are birational self-maps on V' that are not
compatible with the conic bundle V/G.

Conjecture 1.2. For general G, W on the variety V there is only one structure
of a conic bundle, that is, qv:V — G, whereas the group of birational self-maps of
the variety V' and the group of fiber-wise birational self-maps of the fiber space V/G
coincide:

BirV = Bir(V/G).

1.5. Varieties of type ((0),(0,0)). Obviously, any variety of this type is
isomorphic to a direct product ' x P!, where o: ' — G is a Fano double cover of
index 1, branched over the divisor Wg = G N W*, W* C P is a hypersurface of
degree 2[. Thus the variety V is not birationally rigid. The morphism of projection
onto the direct factor q: V' — F defines on V' a conic bundle structure. Acting, as
above, by fiber-wise birational self-maps x € Bir(V/F') on the pencil |F|, we obtain
infinitely many pencils of rationally connected varieties on V. Let 7 € Aut V' be the
Galois involution of the double cover o:V — @, so that for general (), W we have
Aut F =7/27 = {id, 7}.

Conjecture 1.3. For general G, W, there is a unique conic bundle structure
on 'V, that is, ¢:V — F'. For the group of birational self-maps of the variety V the
following presentation holds:

Bir V = Aut F x Bir(V/F) = Z/2Z x Bir(V/F).
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1.6. Varieties of type ((1),(0,0)). First of all, recall the following well known
fact: for a; = ... = ayr = 0, aprp1 = 1 the variety X = P(€) is isomorphic to
the blow up of PM*2 at a subspace of codimension 2, where the pencil of fibers
of the morphism mx corresponds with respect to this isomorphism to the pencil
of hyperplanes in PY*2 containing the centre of the blow up. More precisely, let
P C PM*2 be a linear subspace of codimension two, ¢:P — P¥*2 its blow up,
E C P the exceptional divisor, E = PY x P!, whereas ¢: & — P = PM is just the
projection of E onto the first direct factor. Set Lp = ¢*Op(1). In accordance with
our notations,

£ =05 g Op (1),

where P(&) is the projectivization of this sheaf, £ is the corresponding tautological
sheaf, E* C P(€) is the divisor of common zeros of all sections

s € HY(P', 0p1 (1)) — H(P(€), £)
(in the sense of the inclusion Opi(1) — &). Obviously, Et = P(ET), where €7 =
OSSN that is, B+ = PM x P

Lemma 1.8. The varieties P and P(E) are isomorphic. Moreover, the following
diagram commutes:

P < Pe¢)
e ] I er
IP)M+2 — IP)M+2,

where o, is the morphism determined by the space of global sections of the tauto-
logical sheaf L.

Proof. This is obvious.

Lemma 1.9. For any integer ¢ > 1 and any irreducible divisor R C P(E),
R # E*, R=(s), where s € H*(P(E), L®®), the image o, (R) C P is an irreducible
hypersurface of degree e.

Proof. By the arguments above,

P(E)\ BT = PMT2\ P,

where the tautological divisors on P(€) correspond to hyperplanes on PM+2. A gen-
eral line L C PM*2 does not meet P and thus

In other words, (R - @' (L)) = (pz(R) - L) = e, which is what we need.

By Lemma 1.9, the variety V is birational to the variety V* which is realized
as the double cover o*: V# — Qf Q* = ¢ (Q) C PM*2 and o* is branched (in
codimension 1) over the divisor Q* N W*, where W* = (W) C P**2, By Lemma
1.9, deg QF = m, deg W* = 2[, so that V* is a Fano double hypersurface of index 2.
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Any pencil of hyperplanes in PM*2? determines a pencil of Fano varieties on V* and
thus a pencil of rationally connected divisors on V.

Conjecture 1.4. Apart from the pencils of rationally connected divisors de-
scribed above, there are no other structures of a rationally connected fiber space on
V. The groups of birational and biregular automorphisms of the variety V' coincide:

BirV =AwtV =7Z/2Z.

1.7. Varieties with a pencil of double spaces. Recall that when Fano double
spaces of index 1 are considered, the symbol P denotes the projective space PM of
one dimension less.

Varieties of type ((0),1). Here X = P x P! and the branch divisor W C X is
of bidegree (2M,2), that is, it is given by the equation

fuuu2 + 2fuvuv + fvvv2 = 07

where (u : v) are homogeneous coordinates on P!, f; are homogeneous polynomials
of degree 2M on P. This case is completely similar to the one studied above in Sec.
1.4. The projection ¢q: V' — P realizes V' as a conic bundle. Its discriminant divisor
D C Pis a hypersurface of degree 41, that is, the Sarkisov condition is not satisfied.

Conjecture 1.5. On the variety V there are no other structures of a conic
bundle, apart from V/P. The groups of birational and fiber-wise birational self-maps
coincide:

Bir V' = Bir(V/P).

Varieties of type ((0),0). Here X = P x P!, W = Wp x P!, where Wp C P
is a hypersurface of degree 2M. Let o: F' — P be the double space branched over
the hypersurface Wp. This case is completely similar to the one considered above in
Sec. 1.5: V = ' x P,

Conjecture 1.6. Apart from V/F, there are no other structures of a conic
bundle on V. For the group of birational self-maps the following presentation holds:

BirV = Aut F x Bir(V/F) = Z/27 x Bir(V/F).

Varieties of type ((1),0). This case is completely similar to the case considered
above in Sec. 1.6. Here the variety X = P(€) is isomorphic to the blow up of P¥*!
at a linear space P C PM*! of codimension two. Elementary computations (see
Sec. 1.6) show that with respect to this isomorphism the variety V' is birationally
equivalent to a double space PM*! of index 2 (with the branch divisor Wp C PM+1 of
degree 2M). Moreover, it is easy to see that all varieties of type ((1),0) are realized
in this way: take a double space of index 2 and any pencil of hyperplanes on PM+!,
In particular, to any plane of codimension two P C PM*+! corresponds a pencil Ap
of Fano varieties on V.
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Conjecture 1.7. Fvery structure of a rationally connected Fano fiber space on
V is a pencil Ap for some subspace P C PM*1of codimension two. The groups of
birational and biregular automorphisms of the variety V coincide:

BirV = Aut V.

Varieties of type ((1,1),0). This case is completely similar to the case con-
sidered above in Sec. 1.2. For these varieties the claim of Proposition 1.1 holds. The
proof given in Sec. 1.2 works with some simplifications (there is no divisor Q).

2 Infinitely near singularities of vertical subvari-
eties

2.1. Set up of the problem. Recall that in [1, Sec. 2.2| the condition (vs) for the
case of a singular point of a fiber 0o € F' lying outside the ramification divisor of the
double cover o: F' — G was proved in the following way. Assume that there exists
a prime divisor Y C F', satisfying the estimate

mult,, Y 1

degY -y )

where 7 is an infinitely near point of the first order over the point o, that is, x € E,
where F C F' is the exceptional divisor of the blow up ¢: F' — F' of the point o.
Here p = 0(0) € G is a non-degenerate double point of the hypersurface G, p ¢ W.
Now the crucial fact is Proposition 2.2 in [1, Sec. 2.2]:
There exists a hyperplane P C P, P > p, such that o(Y') ¢ P and the effec-
tive algebraic cycle Yp = (Y op Pr), where Pp = 07 (Pg), Po = PN G is the
corresponding hyperplane section, satisfies the estimate

mult, 3
Yp > —. 4
P> (4)

deg

Proof repeats the arguments in the similar case in [7] word for word and for this
reason was omitted in [1]. It is based on the following local fact. Set 2v = mult, Y,
p=mult,Y, B=T,ENEFE, where E is considered as a quadratic hypersurface in
PM.

Lemma 2.1. The following estimate holds

multg Y >

(1 —v). (5)

| —

Proposition 2.2 of the paper [1] cited above follows from Lemma 2.1 almost imme-
diately. Indeed, the exceptional divisor E is embedded in the exceptional divisor T
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of the blow up of the point p on the projective space P as a quadric hypersurface.
Thus one may consider the tangent hyperplane 7T, F as a hyperplane in T, that is, as
the projectivized tangent cone to a uniquely determined hyperplane P C P, p € P.
Let P! be the strict transform of P on PP, then

P'NT =T,E.
Set Po = PN G and Pr = 07 (Pg). These are irreducible varieties and moreover
deg Pr = 2m, mult, ﬁF <2,
so that Y # Pp. Furthermore,
B=T,ENE C P,

so that by the standard formulas of intersection theory [8, Chapter 2] we get for the
effective cycle Yp = (Y op Pr):

mult, Yp > 2v + (multg Y)deg B = pu + v,

whence, taking into account that degYp = degY (since Yp is a hyperplane section
of Y') and by assumption (see (3))

~ 1
2v > p=mult, Y > —degV,
m

we obtain the desired inequality (4).

Unfortunately, this simple argument, by means of which Proposition 2.2 of the
paper [1] is derived from Lemma 2.1, does not work in the case when the singular
point o € F lies on the ramification divisor: if, in the notations of Sec. 3.1 of [1],
the point = € E lies outside the ramification divisor of the double cover o, that is,
7(x) ¢ Wg, then the hyperplane P C P, described above, does not exist. The best
we could take instead of the subvariety P in this case is a quadric hypersurface, the
tangent cone to which at the point p contains the quadric 65(B). However, the ratio
of the multiplicity to the degree for the cycle Yp turns out to be not big enough.
That is why in [1] an alternative method of proving the condition (vs) was developed
for this case. Let us consider in a more detailed way, how the lower estimate for
the number (mult, /deg)Yp is obtained. Let P C P be a quadric hypersurface,
containing the point p € W N G, where p € P is a singular point and P* D 55(B).
Now repeating the arguments above word for word, we get the estimate

mult, Yp > 4v + 2multp Y, (6)

whence, taking into account Lemma 2.1 we get

mult, - i
P Am )

deg
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but this is not good enough to get a contradiction. However, it is easy to see from
the inequality (6) that what we need to obtain an estimate for the multiplicity of

the cycle Yp at the point o, is not so much an estimate of the number multp Y, but
rather a combined estimate for v and multg Y. For instance, if we knew that

~ 1
v+multgY > —deg?, (7)
m

then, taking into account that v > multg ?’ we could get

mult, 3
p >

deg 2m’

after which we could have argued as in the case of a singular point outside the
ramification divisor. The author believes that if (in the notations of [2, Sec. 1.4])
the inequality &, > 2 holds, then the estimate (7) is true. The aim of this section is
to formulate the corresponding claim precisely and to prove it in the particular case
when the graph of the sequence of blow ups is a chain. Proof of this conjecture in
full would have essentially simplified our work with Fano fiber spaces V/P! in the
case of vertical subvarieties.

The structure of this section is as follows. To begin with, we recall the proof of
Lemma 2.1 (following [7], but with much more details). We need it to develop new
arguments generalizing the method of proof of Lemma 2.1. After that we consider
the general case and formulate the above-mentioned conjecture. In the remaining
part of the section we prove this conjecture for the case when the graph of the
sequence of blow ups is a chain.

2.2. Proof of Lemma 2.1. The claim of the lemma is local. Let II > p be a
germ of a general section of the fiber G' by a smooth four-dimensional subvariety of
the ambient space (analytically, G in a neighborhood of the point p is a hypersurface
in CM*1) such that its strict transform on G contains the point z: II 3 z. Set

ENTl = By = P x P

Obviously,
BH:BQEH:L1+L2

is the union of the two lines on the quadric F, that pass through the point z. Since
IT > p is a germ of three-dimensional non-degenerate quadratic singularity, its strict
transform II is smooth. Set L = L;.
Let _ L
Yon=YNII, Yg=YNII

be the restrictions of Y onto II, Il respectively. Let us prove the inequality
~ 1
v =multy Y > 5(,u — ).
Since the germ II is a general one, this implies the inequality (5).
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Let _
eI, — 11

be the blow up of the line L on the smooth three-dimensional variety ﬁ, Ep C 1l
the exceptional divisor. Since

(L ’ L>EH = 17 (L ’ En)ﬁ = _17
we obtain the exact sequence

0— NL/EH — L/ﬁ—> En/ﬁ‘L —>O,

| I
oL OL(-1)

so that
NL/ﬁ = 0p®0L(-1) (8)

and thus £, is a ruled surface of type [F; with the exceptional section EH N Ep, the
class of which is denoted by s. We have

PicEp =Zs @ Zf,
where f is the class of a fiber of the ruled surface. Since
(s Brle,)e, = (Bun Ep) - EL) = (L L)1, =0,

we get (EL - Er) = —s — f (which can also be seen directly from (8)). Let Y7, be the
strict transform of the divisor Y7y on II;. Obviously,

Y, ~ —vEn —vEL
(recall that IT is a germ of a three-dimensional section). Therefore,

Yilg, ~vs+(y+v)f.

On the other hand, the following fact is well known.
Lemma 2.2. Let Z C R C X be a flag of strictly embedded smooth varieties,
D an effective divisor on X, B
pr X — X
the blow up of the subvariety R with the exceptional divisor Er and E; = gpj_%l(Z).

Let D C X be the strict transform of the divisor D on X. The following estimate
holds: B
multg, D = multz D — multg D.

Proof. Restricting Z, R, D onto a general smooth subvariety in X of a suitable
dimension, we assume that Z = {z} is a point, R is a curve. Let S O R be a general
surface, S = S its strict transform on X. We get

D‘S = (multR D)R+ Dgw,
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5‘5 = ng mult g, D = mult, Dg,

but since mult; D = mult, D|s and mult, R = 1, we obtain the claim of the lemma.
Let A C Ep, be the fiber over the point x. By the lemma just proved, we get the
estimate

multy (Yz|g,) > 1 — 1.

Therefore,
YEVvZp—7,
so that 2v > p — v, which is what we need.

2.3. A conjecture on multiplicities. Let A 5 o be a germ of a non-degenerate
quadratic singularity, dim A = N + 1, N > 3. Let us blow up the point o:

©: A— A,
E C A is the exceptional divisor, that is, an N-dimensional quadric. Let
Wii—1- A, — Ay

be a sequence of blow ups of irreducible varieties B;_1 C A;_1,i=1,...,k, Ag = A,
with the exceptional divisors

E; = ¢; 1 1(Bi-1) C A,

where, moreover, B; C F; for i =0,...,k—1,and Fy = E, By = x € F is a point.
Consider the graph I', associated with the sequence of blow ups ¢; ;_1, and set

p; = #{the paths from Ej, to E;}.
Let D C A be a prime divisor,
D°=DcCcA=Ay, D'CA,....DFcCA,
its strict transforms on Ay = E, Ay, ..., Ay, respectively. We get
DkND—VE—,ulEl—...—,LLkEk,
for some v, puy, ..., ux € Z. More precisely,
2v =mult, D, p; =multp, DL

Set
B=T,ENE,

where the quadric E is assumed to be embedded in P¥+! in the standard way.
Conjecture 2.1. Assume that the following estimate holds:

k k
2upo+ Y pifti > A <2p0 + Zm) .

=1 i=1

20



Then the following inequality is satisfied:
V—i—multBlN7 >\ 9)

We prove this conjecture for the particular case when the graph I' is a chain, that
is,

Bi ¢ E;_,
for every i = 2,...,k — 1. In this case all the integers p; are equal to 1.

2.4. Proof in the case when the graph is a chain.
Proposition 2.1. Assume that the graph I" is a chain and the inequality

v+ A+ > (R 2)A (10)

holds. Then the estimate (9) is true.
Proof is given in the assumption that all the centres of blow ups B; are points.
The general case reduces to this one in a trivial way. We get

F, .. .2 FE, ~PV,

Let us construct by induction a sequence of irreducible non-singular subvarieties of
codimension two
Y CAjia,

j =0,...,k—1, in the following way. Set Y; = B! to be the strict transform of
the quadric cone B on A;. Obviously, Y; is the cone B with the blown up vertex;
in particular, Yy N F; is a non-singular quadratic hypersurface in the hyperplane
E'NE, C E; 2PN, Now

Yi,..., Y1

are uniquely determined by the following condition: the subvariety

Y =pj15(Y)) CEj
is a non-degenerate quadratic cone in E; = PV with the vertex at the point z; € FE;
and the base Y;_; N E;, and moreover Y; is the strict transform of YjJr on Ajig.

This construction is justified exactly by the fact that the non-singular quadric
Y;_1 N E; is contained in the hyperplane E]]-_1 N E;, whereas the vertex x; of the
cone is not contained in this hyperplane by assumption: z; ¢ Ej»_l, since the graph
I' is a chain.

Set

;i = multy, D" = multy+ D"

For convenience set also v_1 =0, o = v, 7 = 0.
Lemma 2.3. For any i € {0,...,k — 1} the following estimate holds:

27 2 Mig1 — Mi + Yie1 + Yig1- (11)
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Proof of the lemma is given below. Now let us complete the proof of Proposition
2.1. The estimates (11), put together with the coefficients (k —i), give the inequality

N
—_

(k—1)(29i — ftis1 + i — Yie1 — Yit1) > 0. (12)

Il
=)

For i # 0 the multiplicity ~; comes into the left-hand side of (12) with the coefficient
2k—i)—(k—i—1)—(k—i+1)=0;
the multiplicity 7o comes into the left-hand side of (12) with the coefficient
—(k—1)+2k=Fk+1;
for ¢ # 0 the multiplicity p; comes with the coefficient
(k—i)—(k—i1+1)=—-1;

finally, the multiplicity 1o comes into (12) with the coefficient k. As a result, we get
the inequality
(k+ 1)y + kv > g+ 4 s

whence, taking into account the inequality (10), we get
(k+ 17y + (k+2)v > (k+2)A,

so that the more so,
Yo+ V> A

Now recall that vy = multp IN), which completes the proof of Proposition 2.1.

2.5. Proof of Lemma 2.3. Let us consider the following general situation. Let
IT > 0 be a smooth three-dimensional germ,

w:ﬁ—>H

the blow up of the point o, E C II the exceptional divisor, £ = P2. Let a € E be
an arbitrary point,
Yt — 10

its blow up, £ C II* the exceptional plane, E the strict transform of the plane E
on II*". Obviously, £ is a ruled surface of type ;. Finally, let L* C E be a line,
passing through the point a, L C E its strict transform on IT*, and let R C E™ be
a line, passing through the point L N E*, but different from the line £ N E*. On
the line L we take a point b # a, and let C' C Il be a smooth curve, intersecting
transversally the plane E at the point b. L

Let D C II be a germ of a prime divisor, o € D. Set D C [T and D* C II" to be
the strict transforms of D on IT and IIT, respectively. Finally, set

fo = mult, D, p, = mult, 15,
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pe = multe D,  pr = multg DT,
pr, = multy, D.

The following claim holds.
Lemma 2.4. We have the estimate

2011 2 g + PR + o — Ho-
Proof. Blow up the curve L:
wL: HL - H+a

and let £y C Il be the exceptional divisor. It is well known that the normal sheaf
of the line L* C II is of the form

Npoji & Or(=1) @ O (1),
so that the normal sheaf of the curve L is
NL/H+ > 0n(-2)® Oy. (13)

In particular, F7, is a surface of type Fo. Set ET to be the strict transform of the
surface F on II;. It is easy to see that the exceptional section of the ruled surface
E; is the curve E; N EX. Write down

PicEp =Zs & Zf,

where (s?) = —2, f is the class of a fiber. Denote by the symbols C; and R
the strict transforms of the curves C' and R on Ily. Since C' and R intersect the
surface F transversally at the points b € L and L N E*, the curves C; and R;,
intersect (transversally) the ruled surface Ej at the points zo = Cp N EL and
zr = Ry N E;, which do not lie on the exceptional section E; N E*, respectively.
Finally, let D, C II; be the strict transform of the divisor D. We get

DE = (DL o EL) ~ I’LL(_EL|EL> + (:uo - ,ua)f7

since, obviously,
(bp o) Elg, ~ —f, Y1ET|g, ~ f.

From the form of the normal sheaf (13) or from the relation
(E—E"—Er)|g, ~ s
(since EX ~ E — E* — E}) we obtain that
—Er|g, ~s+2f,

so that we get finally
Dp ~ prs + (2pr + po — o) f- (14)
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However, the curve Dr C Ej, is effective, and moreover,
mult,. Dg > pe, mult,, Dg > ug. (15)

Write down
DE = A" + O-’CAC + O_/RAR, (16)

where A (respectively, Ag) is the fiber of the ruled surface £, containing the point
zc (respectively, xg), and the curve A* is effective and does not contain Ac or Ag
as a component. Obviously,

A"~ s+ a’f,

where o* € Z,..
Lemma 2.5. The following estimate holds

mult,, A" + mult,, A" < min(a*, 24z). (17)
Proof. Since A is not a component of the curve A*, we get
mult,. A" < (A" - Ag)ee < (A" Ac) = pr, (18)

and similarly for xg. Furthermore, if S is an irreducible component of the curve A*,
containing at least one of the points x¢, rg, then S is not the exceptional section of
the surface E;, (since z¢,rr € E; N EY). Therefore,

S ~ Bs+6f,

where 6 > 23, whence as above in (18) we get

mult,, S < (<
and similarly for xg, so that
mult,, S + mult,, S <.

This proves Lemma 2.5.
Taking into account all the estimates (14 - 17) and the fact that z¢ ¢ Ag and
xr ¢ Ac by construction, we get

2pr + po — fa = pho + HR,

as we claimed. Proof of Lemma 2.4 is complete.
Let us come back to the proof of Lemma 2.3. Let us prove first the inequality
(11) for ¢ > 1. Let
Fz_ C A4

be a germ of a smooth curve, satisfying the following conditions:
(1) Ti1 € Fz_?
(ii) the strict transform T'; C A; of the curve I'; contains the point z;;
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(iii) the strict transform I';” C A;y; of the curve I'; contains the point x;,.
Such a germ exists exactly because the graph

E; «— Eiy1 — Ei

is a chain. Now let II.; D I'; be a general three-dimensional germ at the point
x;—1. Obviously, the strict transform II; C A; of the germ II; contains the point x;,
whereas, in its turn, its strict transform H;r on A;,; contains the point z;,;. We
denote the plane

IL,NE;, CA;

by the symbol Ey. Since Fy contains the vertex of the quadratic cone Y, the
intersection Ey; NY;" is a pair of distinct lines passing through the point z;. Set
L C EnNY;" to be one of these two lines, L; C A, its strict transform on A;;.
Let R; C II] be the line in F;; = P, joining the points z;,; and L; N E;,,. Finally,
if the germ II; is sufficiently general, then the curve Y;*, N1I; at the point ; ; has
a pair of branches with distinct tangent directions, so that the curve

CZ' =1L;NY,_; C Ez'i—l

intersects E; transversally at two distinct points. Let a; € C; N E; be that one which
lies on the line L} (recall that Y;_; N E; is the base of the quadratic cone Y;*, and
IT; N E; is a plane, containing its vertex). Now we apply the lemma with z; 1, z;, L;,
R;, C; instead of o, a, L, R, C, respectively. This immediately implies the estimate
(11) for i > 1.

For i = 0 the situation is completely similar with the only exception: there is no
curve C}, so that the inequality of Lemma 2.4 is used in the truncated form:

20 2 pa + PR — Hos

where o € Il is a germ of a non-degenerate quadratic singularity,

1
o— 5 ltoD>
1 5 mu

as in the proof of Lemma 2.1. This completes the proof of Lemma, 2.3.

3 The linear method

3.1. The linear method of proving birational rigidity. Let V//P! be a Fano
fiber space, satisfying the following assumptions:

(i) V is a smooth projective variety with the Picard group PicV = ZKy, & ZF,
where F is the class of a fiber of the projection m: V — P,

(ii) every fiber F;, = 7 !(t), t € P!, is a (factorial) variety of dimension dim F; >
4, with, at most, non-degenerate quadratic singularities, and moreover,

A'F, = 7ZH,, A*F, =7H?,
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where H, = — K, = (— Ky - F}) is the ample anticanonical divisor,

(iii) at each point x € V' the following local condition (LR) holds: if x € F' = F;
is a smooth point of the fiber, then for every effective divisor D € | — nKg| and
every hyperplane B C F in the exceptional divisor £ C F of the blow up of the
point x on F' the following inequality is satisfied:

mult, D + multg D < 2n, (19)

where D C F is the strict transform of the divisor D. If z € F is a quadratic
singularity, then for every effective divisor D € | — nKr| and every hyperplane
section B of the non-singular quadric £ C ﬁ, the exceptional divisor of the blow up
of the point = on F, the following inequality is satisfied:

mult, D + 2multz D < 4n, (20)

where D C F is the strict transform of the divisor D.

Proposition 3.1. For any movable linear system ¥ C | —nKy +1F| with n > 1
the log pair (V, %E) s canonical. In particular, if | € Z,, then the virtual and actual
thresholds of canonical adjunction coincide:

Coirt(2) = ¢(2) = n.

Proof. Assume the converse: the pair (V, %E) is not canonical. In other words,

the linear system > has a maximal singularity £ C 17, where : V > Visa sequence
of blow ups. Let Z = p(F) C V be the centre of the maximal singularity.
Lemma 3.1. The following estimate holds: codimy Z > 3.
Proof: the claim follows immediately from the condition (ii).
Let x € Z be a point of general position, D € 3 be a general divisor. Furthermore,
let
XV =V,

be the blow up of the point z on V. Denote the exceptional divisor A™!(z) C V' by
ET.
Lemma 3.2. There exists a hyperplane BT C ET satisfying the estimate

mult, D + multg+ D' > 2n, (21)

where Dt C V' is the strict transform of the divisor D.

Proof: this follows easily from the connectedness principle of Shokurov and
Kollar [4] and the properties of a non-log-canonical isolated singularity on a surface.
For a detailed proof, see [3].

Let F' = F; be the fiber of the projection 7, containing the point z. Assume first
that © € F' is a non-singular point of the fiber. There are two possibilities:

1) Bt ¢ FT,

2) Bt C FT,
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where F't C V7 is the strict transform of the fiber F'*. Obviously, Ap: T — F'is
the blow up of the point x € F, whereas Er = ET N F* is its exceptional divisor.
Consider these two possible cases separately.

1) Here B = BT N F" is a hyperplane in the exceptional divisor Er. Set Dp =
D | r to be the restriction of the divisor D on the fiber F. The effective divisor Dy is
well defined since F' ¢ Supp D. The inequality (21) can be rewritten in the following
form:

multg+ (A*D) > 2n

(since, obviously, multg+ E™ = 1). Now we get
multg(ApDp) = multg(A*D) | p+ > multg+ (A" D).

Taking into account that multp(A\yDp) = mult, Dr + multp D, where D} C F'*
is the strict transform of the divisor Dp, we get finally

mult, Dr + multp D; > 2n.

Note that Dr € | — nKr|. We get a contradiction with the condition (LR).

2) Here B™ = Ef is the exceptional divisor of the blow up Ap. Setting Dp =
D| r, we obtain the estimate mult, Dr = mult, D + multg+ DT > 2n, which con-
tradicts the condition (LR) again.

Therefore the point x € F' cannot be smooth. The essence of the arguments
above is that the inequality (21) can be “restricted onto the fiber F”.

However, the point = € F' cannot be a singularity of the fiber, either. Indeed,
in the notations above, in this case Fr C ET is a non-singular quadric, so that
Bt ¢ F*. The argument 1) again yields the inequality

mult g(A\pDp) > 2n,

where B = BTN F" is a hyperplane section of the quadric Er. Taking into account
that

1
multB()\*FDF) = 5 multx DF + multB D;—._,

we get a contradiction with the condition (LR) once again.
Therefore, the log pair (V, £3) is canonical.
If | € Z,, then ¢(X) = n. The standard arguments of |7| show that the strict
inequality
Coirt(2) < m

implies non-canonicity of the pair (V, 1X). Therefore, we get the equality ¢yt (X) =
n.
Q.E.D. for Proposition 3.1.
Corollary 3.1. Assume that the Fano fiber space V /P! satisfies the conditions
(1)-(iii) and the K-condition, that is,
—K ¢Int AL V.

mov  °
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Then the fiber space V/P! is birationally superrigid.

3.2. Varieties with a pencil of double spaces. In this section of the paper
the symbol P stands for the complex projective space PM of dimension M > 5.
Let W = P(H°(P, Op(2M))) be the space of hypersurfaces of degree 2M. In [3] the
following fact was proved:

Proposition 3.2. There exists a non-empty Zariski open subset Wies C W such
that:

(i) codim(W \ Wieg) > 2,

(ii) the Fano double space o: F — P, branched over a hypersurface W € Wi,
satisfies the condition (LR) at every smooth point x € F and has at most non-
denerate quadratic singularities.

Assume that z € F is a singular point.

Lemma 3.3. The variety F satisfies the condition (LR) at the point x.

Proof. This is almost obvious: if for a divisor D € | — nKr| and a hyperplane
section B of the quadric E = A\~!(z), where \: F' — F is the blow up of the point
x, the inequality _

mult, D + 2multg D > 4n, (22)

holds, then mult, D > 2n, since mult, D > 2multpg D. However, the opposite esti-
mate holds: mult, D < 2n. This contradiction completes the proof of the lemma.

Since codim(W \ Wieg) > 2, for a general variety V/P' with a pencil of Fano
double spaces of dimension M > 5 every fiber satisfies the condition (LR) at every
point.

Recall that the variety V is the double cover of the projective bundle X/P!,
X =P(€), branched over a smooth hypersurface W* ~ 2M Lx + 2aw R, where Lx,
R are the classes of the tautological sheaf and the fiber in Pic X, respectively. By
construction, the locally free sheaf £ is generated by its sections, so that the linear
system |Ly | is free, where Ly = o0*Lx.

Lemma 3.4. The following equality holds: (—Ky - L) = 4 — 2ayy.

Proof: direct computations.

Corollary 3.2. For ayy > 2 the Fano fiber space V/P! satisfies the K -condition:
—Ky ¢ Int AL V.

In fact, for ay > 2 a stronger condition holds:

—Ky ¢ Int ALV,

but we do not need that.
Corollary 3.3. For ay > 2 a general Fano fiber space V/P! is birationally
superrigid.

3.3. Varieties with a pencil of double quadrics. Now set P = PM*+1 A > 6.
Set also W = P(H(P, Op(2M —2))). For a hypersurface W € W consider the double
cover of a quadric () C P:

oc=ow:F — Q,
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branched over the intersection Wy = WNQ. About the quadric @), the hypersurface
W and their position with respect to each other we assume the following.

1) The quadric @ is either smooth or a cone over a smooth quadric in PM with
the vertex at a point.

2) The variety F' has at most non-degenerate quadratic singularities. If @ is a
cone, then the branch divisor Wy is smooth.

3) Let p € Wg be a smooth point of the branch divisor, (21, ..., z)p41) a system
of affine coordinates on PM*! with the origin at the point p. With respect to this
coordinate system the hypersurfaces () and W are given by the equations

g1 +q=0and wy +ws + ...+ wop—o =0, (23)
respectively. Without loss of generality assume that ¢ = 21, w; = z5. Then for any
linear form A(zs,...,2)41) and any constant ¢ € C

cq2(0,0, 23, ..., zarg1) # wa(0,0, 25, .., Z2arg1) — N(z3, - 2as)-

Similarly, let p € W, be a singularity of the branch divisor, (z,) a system of affine
coordinates, (23) the equations of the hypersurfaces ) and W, where without loss of
generality we assume that ¢ = w; = z;. Then for any linear form A(zs,..., 2zp11)
and any constant ¢ € C

CQ2(07 22y - '7ZM+1) 7£ w2(07 22y - '7ZM+1) - )\2(Z2a .- '7ZM+1)‘

Let Q = P(H°(IP, Op(2))) be the space of quadrics.

Proposition 3.3. There exists a Zariski open subset Fee C Q X W, such that

(i) codim(Q x W\ Freg) > 2,

(ii) for any pair (Q, W) € Freg the corresponding Fano double cover F satisfies
the conditions 1)-3).

Proof: an obvious dimension count.

Proposition 3.4. For any pair (Q,W) € Frey the corresponding Fano double
cover F satisfies the condition (LR) at every point x € F.

Proof. Set p = o(x) € Q. Consider first the case when the morphism o is
non-ramified at the point z, that is, p € W. Let

gp:ﬁ—>F and @@HQ

be the blow ups of the points = and p, respectively, £ = ¢~ '(z) and E = ¢~1(p)
the exceptional divisors. The morphism o extends to a rational map &: F--» @,
regular in a neighborhood of E and identifying the exceptional divisors £ and E.

Assume that the point p € @ is smooth. Assume, moreover, that the divisor
D € | — nKp| satisfies the inequality mult, D + multg D > 2n, where B C FE is
a hyperplane. Denote by the symbol B = &(B) the corresponding hyperplane in
E =P(T,Q).

Now our arguments are similar to the proof of Theorem 2 in [3] (with simplifica-

tions). Obviously, there is a pencil Ap of hyperplane sections R > z of the quadric
@, such that

RNE =B,
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where R C @ is the strict transform of the divisor R. A general quadric R € Ap is
non-singular at the point p, so that ~!(R) is an irreducible variety, non-singular at
the point x. The class of a hyperplane section of the variety o ~'(R) denote by the
symbol Hg. Set also D = D | ;-1(g). This is an effective divisor on the irreducible
variety o~ !(R), satisfying the inequality

mult, D = mult, D + multg D > 2n.

However, the divisor T = 0 '(R N T,R) is irreducible and its multiplicity at the
point x is exactly 2. Therefore, one can write down

Dp = aTy + D%,

where a € Z, and the effective divisor D, € |nfHp| does not contain the divisor Ty
as a component, and moreover nf > 1. We get the inequality

mult,, D% > ot

Consider the effective cycle A = (Dﬁ{2 o Tg). Its degree with respect to the ample
class Hp is equal to 4nf, whereas the following inequality holds:

mult, A > 4n®.

This is impossible. This contradiction excludes the case under consideration.

Now assume that p € @ is the vertex of the cone. Here E'= F'is a non-singular
quadric, B = B is its hyperplane section. Assume that some divisor D € | — nKp|
satisfies the inequality (22). There is a unique hyperplane H C P such that the
section R = H N (@ satisfies the equality

RNE =B,
RcC @ is the strict transform of the section R. Since
mult, R =2, multz R=1and 0 '(R) € | — K|,

the divisor 0 ~!(R) C F satisfies the inequality (20). Therefore, c~(R) # D. Let us
form the effective cycle A = (D oo '(R)). Its (—Kr)-degree is 4n. Furthermore,

mult, A = mult, D + 2multp D > 4n.

This is impossible. Thus the case p € W is completely excluded.

Now assume that the morphism o is ramified at the point z, that is, p € W.
The notations ¢: F— F,0:Q—Q, EC Fand E C Q mean the same as above,
but now the morphism o does not identify £ and E. Let p € Q be a smooth point,
D € | — nKp| an effective divisor, satisfying the inequality

mult, D 4+ multg D > 2n. (24)
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Let A be the pencil of sections of the quadric @ by hyperplanes in P, containing
the linear space T,(W N Q) = T,W N T,Q. Take a general divisor R € A and set
R = o0 '(R). Obviously, R € | — Kp| is an irreducible divisor, Er = RN E is an
irreducible quadric in E. By the symbol Hi we denote, as above, the class of a
hyperplane section of the variety R. We get an effective divisor Dgr = (D o R) €
|[nHg| on R, satisfying the equalities

mult, Dp = 2mult, D, multpng, ER = multp D.

Since mult, Dr < 4n, the multiplicity multBlN) is strictly positive: the support
Supp D contains the set B. By linearity of the inequality (24) in the divisor D we
can assume Dpg to be irreducible. As we have just explained,

BN Egr C Supp Dpg.

Lemma 3.5. The strict transform of the divisor T = o *(RNT,R) on F does
not contain the entire set BN Ep.

Proof. The claim follows from the conditions of general position for the variety
F. Indeed, set T = P(T,R). It is easy to see that o | realizes Ex as the double
cover of the space T, branched over the quadric

Wp =PL,(WNT,(WNQ))

(one should take into account that 7,R = T,,(W NQ)). In the coordinate form (with
respect to the coordinate system in the condition 3)) we get: the quadric Eg is given
by the equation

y? = wy(0,0, 23, ..., Zar41)

in the projective space with the homogeneous coordinates

(y:zg:...:z2ma1),
231 ... zZye1 gives a system of homogeneous coordinates on T, the covering mor-
phism og: Er — T is the restriction onto Eg of the linear projection from the point
(1:0:...:0). The set TN Ex (where T, as usual, is the strict transform of the

divisor T on R) is given by the equation ¢»(0,0, 23, ..., zpr41) = 0.
Let ay + A(zs, ..., zp+1) = 0 be the equation of the hyperplane section B N Eg,
a=0or 1, A(-) a linear form. Assume that

BNERCT.

Then, obviously, og(B N ER) is contained in the quadric ¢z |t = 0. If & = 0, then
it means that the quadratic polynomial ¢,(0,0, z,) is divisible by the linear form
A(z4), which is impossible. If & = 1, then it means that the quadratic polynomial
72(0,0, 2,) up to a scalar factor is wy(0, 0, 2,) — A?(z.), which is again impossible by
the conditions of general position. Q.E.D. for the lemma.
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Since, as we have just shown, Dr # T (and both divisors are irreducible), the
effective cycle (Dr o T) = A of codimension 2 on R is well defined. It is easy to
see that its degree with respect to Hp is 4n, whereas its multiplicity at the point x
satisfies the inequality

mult, A > 2mult, Dr = 4mult, D > 4n,

which is impossible. Thus the case of a smooth point x € F', p € W is excluded.

It remains to consider the only case of the singular point x € F, where p =
o(x) € W. By the conditions of general position we get: p € ) is a smooth point
on the quadric. Assume that a divisor D € | — nKp| satisfies the inequality (22).
By linearity of this inequality in the divisor D we may assume that D is a prime
divisor. In the anticanonical system | — K| consider the divisor T = o~ 1(Q N T,Q).
Obviously, mult, 7" = 4 and by the conditions of general position T 2 B. Therefore,
D # T and the effective cycle A = (D o T') is well defined. Since

mult, A > 2mult, D > 4n

(x € F is a double point), we get a contradiction again. This completes the proof
of Proposition 3.4. Propositions 3.3, 3.4 imply that for a general Fano fiber space
V/P! into double quadrics of index 1 and dimension M > 6 every fiber at every
point satisfies the condition (LR).

Recall [1,2], that the variety V is realized as the double cover o: V — Q* of the
hypersurface Q* C X = P(£), branched over the divisor W* N Q*. The fiber space
V is characterized by the triple of non-negative integral parameters (ax, ag, aw). It
follows from the formula

(—Ky - L)) = 2(8 — 2ax — 3ag — daw)

that if 2ax+3ag+4ay > 8, then the Fano fiber space V/P! satisfies the K-condition:
—K ¢ Int A}V (and even —K ¢ Int AL V).

Corollary 3.4. For 2ax + 3ag + 4aw > 8 a general Fano fiber space V/P' is
birationally superrigid.

3.4. Fano double hypersurfaces. We give here one intermediate result for this
class of varieties. Let 0: I — Q C P = PM*! be a Fano double cover, where Q is a
hypersurface of degree m > 3, M > 6. The morphism o is branched over the divisor
W =W*NQ, where W* C P is a hypersurface of degree 21, m +1 = M + 1. Assume
that F' has at most non-degenerate quadratic singularities. Assume also that at any
smooth point z € F' outside the ramification divisor the variety [ is regular in the
sense of Definition 1 of the paper [9]. Besides, assume that the following conditions
of general position are satisfied. Let (zy, ..., zp11) be a system of affine coordinates
with the origin at the point p = o(z),

f=a+¢@+...+qnm
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an equation of the hypersurface () (so that by Definition 1 of the paper [9] the
sequence ¢, ..., ¢, is regular). We require that the linear span of any irreducible
component of the closed set

G =¢=qg=0
in CM*! coincides with the hyperplane ¢, = 0 (that is, the tangent hyperplane 7,,Q).
Furthermore, we require that the closed algebraic set

c ' {pn=¢=0tNQ)CF

should be irreducible and any section of this set by an anticanonical divisor P €
| — KF|, P > x, should be also irreducible and reduced.

These conditions are completely similar to the regularity conditions (R1.1)-
(R1.3) of the paper [3].

Proposition 3.5. In these assumptions the variety F satisfies the condition
(LR) at any smooth point x € F outside the ramification divisor.

To obtain the proof, we repeat the arguments in [3, Sec. 2.1] word for word,
replacing (in the concluding part of the proof) the hypertangent technique of the
paper [5] (which is used in [3]) by the hypertangent technique of the paper [9]. No
other changes are necessary. Q.E.D. for the proposition.

Corollary 3.5. Assume that the Fano fiber space V/P! into double hypersurfaces
of index 1 satisfies the conditions of general position, formulated above, at every
smooth point of every fiber, lying outside the ramification divisor. Then the centre
B = centre(E) of any mazimal singularity E of a movable linear system ¥ C | —
nKy + IF| with | € Z, either is contained in the ramification divisor, or coincides
with a singular point of a fiber.

3.5. Varieties with a pencil of Fano hypersurfaces. To conclude this sec-
tion, let us consider the class of Fano fiber spaces, that were studied in |7]. Let us
show how, at the expense of making the conditions of general position stronger, we
can use the linear method to simplify the proof of birational rigidity.

Let F = P(H°(P, Op(M))), P = PM, be the set of Fano hypersurfaces of index
1. In [3, Sec. 2] the following fact was obtained.

Proposition 3.6. There erists an open subset (in the sense of Zariski topology)
Free C F such that any hypersurface F' € F.es is smooth and satisfies the condition
(LR) at every point.

Singular hypersurfaces form a closed subset in F of codimension 1, so that the
complement F \ F,, is of codimension 1, too. However, from the computations of
[3, Sec. 2.3] one can see that violation of the regularity conditions (R1.1) — (R1.3)
(which define the set Fe) at at least one smooth point x € F' defines a closed subset
of F of codimension at least 2. Therefore, the following fact takes place.

Proposition 3.7. There exists an open (in the sense of Zariski topology) subset
Frty CF such that

(i) codim(F \ Ff,) > 2,

(ii) any hypersurface F € F.L, has at most non-degenerate quadratic singular-

reg
ities, and moreover, if x € F is such a point, then the sequence of homogeneous
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polynomaials
q2;---,4dMm

is regular in O, p, where f = qa+. . .+qur @s the polynomial, defining the hypersurface
F in a system of affine coordinates with the origin at the point x,

(iii) any hypersurface F € ]—“;gg satisfies the condition (LR) at every smooth
point v € F.

It turns out that non-degenerate quadratic singularities, satisfying the regularity
condition (ii), generate no serious problems.

Proposition 3.8. Any hypersurface F € ]—";gg satisfies the condition (LR) at
every point x € F.

Proof. We need to check only the case of a quadratic singularity x € F'. Let

cp:ﬁ’—ﬂ?and cpp:ﬁ’—>F
be the blow up of the point = € P and its restriction onto F', respectively,
E=¢ '(z)cPand Ep = ;' (z) = FNE

the exceptional divisors, Er C E a smooth quadric. Assume that the divisor D €
| — nKp| satisfies the inequality (22). By linearity of this inequality in D we may
assume that the divisor D is irreducible. We get

B=EpnII,

where IT C F is a hyperplane. Let P C P, P 5 x be the only hyperplane, for which
the equality PNE=1 holds, P C P is the strict transform. Set R = PN F. This
is a divisor on F.

Obviously, R is irreducible and satisfies the inequality (20) with n = 1 and
R instead of D. Therefore, R # D, so that the effective cycle Y = (R o D) of
codimension 2 is well defined. This cycle (we may assume it to be irreducible)

satisfies the inequality
multxY - 4
deg M
Now the proof is completed in the standard way: let Ao, ..., Ay;_1 be the hypertan-
gent linear systems. By the regularity condition we get

codimp Bs A, =k — 1.

Let (Dy,...,Dp-1) € Ay X ... X Ajyy_1 be a generic set of hypertangent divisors.
Obviously, Y ¢ Supp A4. Let us construct by induction a sequence of irreducible
subvarieties Y;, i = 2,..., M — 2, where codimgY; = i, Y5 = Y, satisfying the
inequalities
mult,, mult,, 1+ 3
—V Yir1 2 Yi- - ;
deg deg 142
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Yi,1 is an irreducible component of the effective cycle (Y; o D, o). This is possible,
because

codimpY; =1 < codimp BsAj,0 =7+ 1,
so that Y; ¢ Supp D;.o for a general divisor D;;» € A;2. The curve C' = Y, o
satisfies the inequality

It, 4 M
mu c 5

> — = =1
deg M 4 M—1

Y

which is impossible. The contradiction obtained above completes the proof of Propo-
sition 3.8.

Corollary 3.6. Assume that for every fiber Fy = w7 1(t) of the Fano fiber space
m:V — P' we have F; € F,,. Then:

(i) for any movable linear system X C | —nKy +1F| with | € Zy the pair (V, )
s canonical,

(ii) if the variety V satisfies the K-condition, then it is birationally superrigid.

Remark 3.1. The linear method makes it possible to simplify the proofs of
birational rigidity in |7,10]. However, the technique used for proving the conditions
of the type (L), works for varieties of sufficiently high (at least 3) dimension. For
this reason, the linear method in its present form gives not much for fibrations
into curves [11,12] and surfaces [13-15|. For instance, in the case of one-dimensional
fibers, restricting the linear system onto a conic, intersecting the centre of a maximal
singularity, we get no new information. In the case of two-dimensional fibers (del
Pezzo surfaces) the situation is better, however, it is easy to show that under any
conditions of general position there are a fiber F', a point x € F and a divisor
D € | —nKp| such that the pair (F, =D) is not log canonical at the point z. Thus it
is impossible to exclude a maximal singularity with the centre at this point by the
linear method. That the linear method works in smaller dimensions with difficulties,
can be seen already in the absolute case (that is, for Fano varieties): the condition
(L) remains unproved for three-dimensional quartics and four-dimensional quintics,
whereas the quadratic method works quite successfully for these varieties [16,17].
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