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V/P1 I [_\^ �[_B U_U \ N �>EG  N B NÊU ?T\ W EGADADEO �B N>`,W EG[_] IOU n

((a1, . . . , aM+1), (aQ, aW ))

�É[_\ S �>\ P�U B�F�\�A �3�
((a1, . . . , aM), aW )

� B W�U ?T\<�>\ N>P BDA S E W � IGN E��>Ef;>�TAD\ S � IGP \ S�I [V\ P E N>S BD�>\�[_\�� � �
 �?T\�[_\

σ:V → Q ⊂ X = P(E)B S,I �>Ef;>�>AC\ P EGF�\�[ �
E = ⊕OP1(ai)

�
a0 = 0 ≤ a1 ≤ . . . ≤ aM+1

�!U ?>\�]�Ef[_�T?>B S ]
σ
B S

[ I ]�B W BD\��ÊEGF�\�[ U ?>\ S ]�EfE U ?��>B�F�B S EG[
WQ = W ∩Q

�

Q ∼ mLX + aQR, W ∼ 2lLX + 2aWR,

aQ, aW ∈ Z+
�
R
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πX :X → P1 �  �?>\�[V\ IGS LX ∈
PicX

B S�U ?T\ P A IGS_S E W<U ?>\ UZI ; U EfADE ` B P�I A S ?T\ IOW E W<U ?>\ W BD�T[ IOU BDE N
X/P1

5 ��EG[ P Ef]Ø� IGP�U_N \ SVS
E W<N E U±IOU BCE N>S B N�U ?>\ S \ U

(a1, . . . , aM+1)
 �\� �[_B U \��>EG  N E N A ��N E N�M0/ \�[_EØ\ NTU [_BC\ S�� B W�U ?T\�[_\

I [_\ IGNT�3� E U ?>\�[V �B S \^ �\^ �[_B U \
(0)

5�1Ë\�[V\�B S$U ?>\�ADB SVU E W!W¡I ]ØBCADBD\ S×U ? IOU  �\�[_\�\ K�P AD;>�>\�� W [VEf]
P E N>S BD�>\�[ IOU BDE N B N � e � ¤�� n

1. ((0), (1, 0));
2. ((0), (0, 1));
3. ((0), (0, 0));
4. ((1), (1, 0));
5. ((1), (0, 0));
6. ((1, 1), (1, 0));
7. ((1, 1), (0, 0)).g \ S BC�>\ S�� B N � e �Ñ¤��$U ?>\ W EfACADEG �B N>`1W¡I ]�BDACBD\ S E W F I [_BC\ U BC\ S  �B U ? I �T\ N>P BDA�E W �>Ef;>�TAD\ S � IGP \ S

 �\�[_\�\ K�P AC;>�>\�� W [VEf] P E N>S BC�>\�[ IOU BCE N n
1∗. ((0), 1);
2∗. ((0), 0);
3∗. ((1), 0);
4∗. ((1, 1), 0).

QRN ��\ P 5 e E W×U ?>B S � I �>\�[w �\{�>[_EOF�\{�TBD[ ILU BDE N�I A S ;>�T\�[_[VB ` BC�>B UV� E W×` \ N \�[ I A�F I [_BD\ U BC\ S B N�U ?>\
W¡I ]ØBCADBD\ S

6, 7
IGN �

4∗
5 ��Ef[ËF I [_BD\ U BC\ S B N�U ?>\ W¡I ]�BDACBD\ S

1 − 3, 5
IGN �

1∗ − 3∗
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` [ I �>?�E W!U ?T\ P Ef[_[V\ S �>E N �>B N>`�S \ �@;>\ N>P \
E W �>ADEG  ;>� S B S�I{P ? I B N 5
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S � IGP \ S
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�¡]�Ef[V\Ø\ K>IOP�U A �3��I N \�  ]�\ U ?TEf� E W�SVU ;T� � B N>` ]ØEGF I �TAD\�ADB N \ I [ SV��S}U \�] S E N

U ?>\ S \ W BD�>\�[ S � IGP \ S � �ÅU ? IOU B S��3U ?>\*��xy�Á���G¢8v����ys�~G�G5 � ?>\ N�I ]�\,\�]��>? IOS B / \ S B U±S �>\�B N>` �TB WÃM
W \�[_\ NTUwW [VEf] U ?>\ U [ I �>B U BDE N>I A���qT�a�G¢����¡xo��]�\ U ?>Ef� � � IGS \���E N1U ?T\,Ef�>\�[ IOU BDE N E W�U±I =@B N>`�U ?>\
S \�A WÃM B N�U \�[ S \ P�U BCE N E WkI ]ØEOF I �>AD\�ACB N \ I [ SV��SVU \�]

Σ
��U ? IOU B S��>U ?T\
Ef�T\�[ ILU BDE N E W ] I =�B N>`{U ?>\

\ WyW \ P�U BCF�\ I A ` \��>[ I B PØP���P AC\
Z = (D1 ◦ D2)

E WËP Ef�>BC]Ø\ N>S BCE N)¤��  �?T\�[_\
D1, D2 ∈ Σ

I [V\
` \ N \�[ I A��TBCF�B S Ef[ S 5Ál IOU ;>[ I ADA �3�ÁI ACA P E N>S}U [_; P�U BCE N>S B N F�EfACF�\�� B NJU ?>\ �@; I �>[ IOU B P ]Ø\ U ?>EG� I [_\
�@; I �>[ IOU B P B NÊU ?>\w� I [ I ]Ø\ U \�[ S E W	U ?>\ SV��SVU \�]

Σ
�¡\O5 ` 5 U ?>\

4n2 M B N \ �@; I ADB UV�ØIGN �*E U ?>\�[ P [_; MP B I A W¡IOP�U±S � 5 � N
U ?>\ P E NTU [ I [ �2�tU ?>\ÙACB N \ I [Â]�\ U ?TEf�
B S � IGS \��8E N�U ?>\×Ef�>\�[ IOU BDE N E W [_\ S}U [VB P�U B N>`U ?>\8]�EGF I �>AC\,ADB N \ I [ S}��S}U \�]
Σ
E N IÊP \�[ U±I B NJW BC�>\�[

F = Ft = π−1(t)
E W<U ?>\ W BC�>\�[ S � IGP \

V/P1
5 QÈU B SËP AD\ I [ U ? IOU U ?T\
�>[VB N>P BD� I A P Ef]��>; U±IOU BCE N>S E W�U ?>\,ACB N \ I [X]�\ U ?TEf� I [V\
ACB N \ I [XB N

U ?>\�� I [ I ]Ø\ U \�[ S E W�U ?T\ S}��SVU \�]
Σ

�É�>\ ` [_\�\ S�� ]�;>A U BD�>ACB P B U BC\ S�� \ U±P 5 � 5 � ?>\�ADB N \ I [,]Ø\ U ?>Ef�
  IOS W Ef[ U ?>\ W BC[ S}U U BD]�\ S ; P�P \ S_SVW ;TADA �1I �T�>ADBC\���B N � d � 5 QÈU±S BD�T\ I�P Ef;>AC�1�T\
BCADAD; SVU [ IOU \��*B N�U ?>\
W EGADADEO �B N>`   IL� 5
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���� ��� \ S±IL�
U ? IOU<I �>[_BC]ØB U B�F�\ � ION EËF I [VBD\ UV�
F
B S �Gxy�txD£t~L¢�x¡�G�����

���G�Á~L��xo���G� � Ef[ S_IOU B SVW BD\ SwU ?T\ P E N �TB U BCE N �
C
� �É[_\ S �>\ P�U B�F�\�A �3� B S �Gxy�txD£t~L¢�x¡�G�����*�D~������G�Á~L��xo���G� �

EG[ S_IOU B SVW BD\ SXU ?>\ P E N �>B U BDE N �
L
��� � B W�W Ef[ IGNT� \ WyW \ P�U BCF�\
�TBCF�B S Ef[

D ∈ | − nKF |
�
n ≥ 1

��U ?T\
� I BD[

(F,
1

n
D)

� e��
? IGSÙP�IGN E N B P¬I A �É[_\ S �>\ P�U B�F�\�A �3� ADE `
P�IGN E N B P¬I A � S B N>` ;>A I [_B U BD\ S 5 QÈWÅU ?>\ � I BC[ � e�� ? IGS×P¬IGN E N B P�I A
S B N>` ;>A I [VB U BD\ S�W Ef[ I�` \ N \�[ I A:�>BCF�B S Ef[

D ∈ Σ ⊂ |−nKF |
E WÂIONT� v�~L�L�a|��D��ACB N \ I [ SV��S}U \�]

Σ
�

U ?>\ N  �\ S±IO�JU ? IOU
F
S±IOU B S}W BD\ S^U ?>\ P E N �>B U BDE N E W v�~L�L�a|��D�Ø���G�Á~L��xo��x���� � Ef[ U ?>\ P E N �>B U BDE N

�
M

� 5
� \ U

V/P1
�T\ I � IGN E W BD�>\�[ S � IGP \ �

Σ ⊂ | − nKV + lF |
I ]ØEGF I �TAD\^ACB N \ I [ S}��S}U \�]ÔE N

V
�  �?>B P ?ÒB S^N E U ] I �>\ W [_EG] U ?>\{�>\ NTP BDA�E WkW BD�>\�[ S E W×U ?T\{�>[_E � \ P�U BDE N

π
�ÁU ? ILU B S��

n ≥ 1
5

4 S_S ;>]Ø\ U ? IOUØU ?>\1ADE ` � I BC[
(V, 1

n
Σ)

B S�N E UÊP�IGN E N B P¬I A ��U ? ILU B S��×W EG[ S Ef]Ø\1\ K�P \�� U BCE N�I A
�TBCF�B S Ef[

E ⊂ Ṽ
�  �?>\�[V\

ϕ: Ṽ → V
B S*I S \ �@;>\ N>P \ÏE W �>ACEG  ;>� S���U ?>\Òl Ef\ U ?>\�[ M � IGN E

B N \ �@; I ADB UV�
νE(Σ) > na(E)B SXS±IOU B S}W BD\��Á5T4 SVS ;>]�\ U ? ILUXU ?>\ P \ NTU [V\
B = ϕ(E) ⊂ V

ADBC\ S B N*S Ef]�\ W BD�>\�[
F = Ft

IGN ��B S
E W$P Ef�>BD]�\ NTS BDE N

≥ 3
E N

V
� U ?>B S�P¬IGS \�B SwU ?T\�? I [_�>\ SVU E N \{B NÒI ADA�� I [ U B P ;>A I [w�>[VEf�>AD\�] S � 5

��B N>P \ U ?T\JADB N \ I [ S}��SVU \�]
Σ
B S ]�EGF I �>AC\ � B U_S [V\ SVU [_B P�U BCE N

ΣF = Σ | F
B SØI N E N�M \�]Ø� UV�

ACB N \ I [ S}��SVU \�] �É �?>B P ?%] IO� ? I F�\ W B K \�� P EG]Ø�>E N \ NTU_S � 5�4 P�P Ef[V�>B N>`�U E U ?>\*B N F�\�[ S BDE N E W
I � � ; N>P�U BDE N � 
 ���>U ?>\�ACE ` � I BC[

(F,
1

n
ΣF )






B S�N E U ADE `�P¬ION E N B P¬I A�5:��;>�>�TE S \ U ? ILU  �\�= N \�  W [VEf] U ?T\ S}UZI [ UËU ? IOU�U ?>\ W BD�T\�[ S
F
S_IOU B SVWy�

U ?>\ P E N �>B U BCE N �
L
� � U ?>\ ]ØEG[_\ S E �<U ?T\ P E N �>B U BDE N �

C
��� 5×lËEO Ô �\ ` \ UÊI P E NTU [ I �TB P�U BDE N

\ K�P AD;T�>B N>`{U ?>\�] ILK BC] I A S B N>` ;>A I [_B U_�
E
5

� ?>B S B S<U ?>\ ` \ N \�[ I A:Ef; U ACB N \XE WÁU ?T\ SVP ?>\�]Ø\ E W2U ?>\ ADB N \ I [<]�\ U ?>Ef�Å5 QRN Ef[V�>\�[ U E�[_\ I ADB / \
B U¬� E N \ N \�\�� SØU E �>\ I �>AC\ U E �>[_EGF�\ U ?>\ P E N �>B U BDE N �

L
� �  �?>B P ? B N ]�E S}UØP�IGS \ S B S F�\�[ �

? I [_�Å5 � ?>\ËE N A � = N EO  N   IO��U E
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E W �>BC[ IOU BDE N�I A S \�A WÃM ] I � S�� �>[V\ S \�[VF�B NT`ØU ?T\ S}U [_; P�U ;T[_\,E W<IØP E N B P

�T; N �>AC\
V/G

� B S F�\�[ � A I [ ` \O534 P�P Ef[_�>B N>` A �2� E N1U ?>\,F I [VBD\ U_�
V
U ?>\�[V\ I [_\ I ADE U E W �T\ N>P BDA S

E W [ IOU BCE N�I ACA ��P E NTN \ P�U \�� F I [_BC\ U BC\ S n>B U B SXS ; WyW B P BC\ NTUXU E P E N>S BD�>\�[ I ADAÅ�>\ N>P BCA S E W!U ?T\ W EG[_]
χ∗|F |, χ ∈ Bir(V/G).

1 EG �\�F�\�[ � B U B S ; N>P AC\ I [ �  �?>\ U ?>\�[ U ?T\�[_\ I [V\ �TBD[ ILU BDE N�I A S \�A WÃM ] I � S E N
V
U ? ILU�I [_\ N E U

P Ef]�� IOU BC�>AD\Ë �B U ? U ?>\ P E N B P �>; N �TAD\
V/G

5
� ��%���� * � #�� � �	��� � ��~L¢Ù�����Á��¢��G�

G
�
W

~L� �És��Ë�L�G¢�xo�����
V

�ys���¢¬� xD£�~L�����{~L�Á��£��¡¢�q:���¡q�¢¬�
~� ,�1�t~L��xo�,|�q��3�G�D��� �ysT����xD£��

qV :V → G
� � s���¢¬���L£ �ys����G¢¬~Lqtp%~� 8|�xy¢����¡xo~L�3�G�Á£t���  �zRv���p�£{~� 

�ys�� �L�G¢�xo�����
V
�G�3� �ys��$�G¢¬~Lq¿pÒ~� � �x¡|L��¢�z � xD£t� |�xy¢����¡xo~L�3�G�T£t���  �zRv���p�£^~� �És��  �x¡|L��¢�£RpÁ���t� V/G�t~Lxy�Á��x¡�����

BirV = Bir(V/G).

�	��� � � �����!��� ���"� ��� ������� 	 	 � ��	 	 ��	 � � � � � �TF�BDEf; S A �3��IGN�� F I [_BD\ U_� E W,U ?TB S*U_� �>\ B S
B S Ef]�Ef[V�>?>B P�U E I �>BC[_\ P�U �>[VEf�>; P�U

F × P1 �  �?>\�[_\ σ:F → G
B S^I � ION EÊ�>Ef;T�>AD\ P EGF�\�[wE W

B N �>\ K e � �T[ IGN>P ?>\��%EGF�\�[ U ?>\*�>B�F�B S Ef[
WG = G ∩ W ∗

�
W ∗ ⊂ P

B S�I ? � �T\�[ S ;>[ W¡IOP \ E W
�T\ ` [V\�\

2l
5 � ?>; S�U ?T\�F I [VBD\ U_�

V
B SXN E U �>BD[ IOU BCE N�I ACA � [VB ` BC�Å5 � ?T\�]�Ef[V�>?>B S ] E W �>[VE � \ P�U BDE N

E NTU E U ?>\��>BD[V\ P�UwW¡IGP�U Ef[
q:V → F

�>\ W B N \ S E N
V
I*P E N B P �>; N �>AC\ SVU [_; P�U ;>[V\G5Â4 P�U B N>`>�ÅIOS

I �>EGF�\ � � ��W BC�>\�[ M  �B S \Ë�TBD[ ILU BDE N�I A S \�A WÃM ] I � S
χ ∈ Bir(V/F )

E N�U ?>\��>\ N>P BCA
|F |

�  �\wEf� UZI B N
B NTW B N B U \�A � ] IGN�� �>\ N>P BDA S E W [ IOU BCE N�I ACA �,P E N>N \ P�U \��ÊF I [VBD\ U BD\ S E N

V
5 � \ U

τ ∈ AutV
�>\ U ?>\

h I ACEfB S B N F�EfAD; U BDE N E W�U ?T\,�>Ef;T�>AD\ P EOF�\�[
σ:V → Q

�:S E U ? IOU W Ef[ ` \ N \�[ I A
Q
�
W

 �\
? I F�\
AutF = Z/2Z = {id, τ}

5
� ��%���� * � #�� � � ��
 � ��~L¢,�����Á��¢��G�

G
�
W∗

�ys���¢t�ØxD£Ê� q���x ��q����t~L��xo�*|�q��3�G�D�{£��¡¢�q����¡q�¢¬�
~L�

V
� �ÉsT���ÙxD£��

q:V → F
����~L¢ �ys��w�G¢¬~Lq¿p%~� 
|�xy¢�����xo~L�3�G�3£t���  �zRv���p�£8~� �És��
�L�G¢�xo��� �

V
�ys��

 ¬~L���D~ � xy���^p3¢¬�Z£t��� �È���¡xo~L�1s�~L���L£��
BirV = AutF × Bir(V/F ) = Z/2Z× Bir(V/F ).

etd



�	��� � � ��������� �!�"�+� � ������� 	 	 ��� 	�	 � 	 � � � � ��BD[ SVU E WÁI ACA � [V\ P�I ADA U ?>\ W EfADACEG �B N>`  �\�ADAT= N EG  N
W¡IOP�U n W EG[

a1 = . . . = aM = 0
�
aM+1 = 1

U ?>\�F I [_BD\ U_�
X = P(E)

B S B S EG]ØEf[V�>?>B PÊU E
U ?>\J�TADEG  ;>�ÖE W

PM+2 IOUØIÏS ;T� S � IOP \�E W^P Ef�>BC]Ø\ N>S BCE N ¤��  �?>\�[V\ U ?T\J�>\ N>P BCA E W^W BD�>\�[ S
E W�U ?>\�]�Ef[V�>?>B S ]

πX
P Ef[_[V\ S �TE N � S  �B U ? [V\ S �>\ P�U*U E U ?>B S B S EG]ØEf[V�>?>B S ] U E U ?>\J�>\ N>P BDA

E W ? � �T\�[_�TA IGN \ S B N
P

M+2 P E NTUZI B N B NT`1U ?T\ P \ N�U [_\*E W U ?>\*�>ACEG  ;>�Å5 H Ef[_\Ê�T[_\ P B S \�A �3� AC\ U
P ⊂ PM+2

�>\ I ADB N \ I [ S ;T� S � IOP \�E W^P Ef�>BC]Ø\ N>S BCE N%U  �E �
ϕ: P̃ → PM+2

B U±S �>ADEO Ô;>� �
E ⊂ P̃

U ?>\8\ K�P \�� U BDE N�I A��>B�F�B S Ef[ �
E ∼= PM × P1 �  �?>\�[V\ IGS ϕ:E → P = PM

B S � ; S}U^U ?>\
�T[_E � \ P�U BCE N E W

E
E NTU E U ?T\ W BD[ SVU �>BD[V\ P�UËW¡IGP�U Ef[�52��\ U

LP = ϕ∗OP(1)
5 QRNÒIGP�P Ef[V� IGN>P \, �B U ?

EG;>[ N E U±IOU BCE N>S��
E = O⊕(M+1)

P1 ⊕OP1(1), �?T\�[_\
P(E)

B S�U ?>\
�T[_E � \ P�U B�F�B /¬ILU BDE N E W�U ?>B S�S ?>\ IOW²�
L
B S�U ?>\ P Ef[V[_\ S �>E N �TB N>`�UZI ; U EfACE ` B P�I A

S ?>\ ILW²�
E+ ⊂ P(E)

B S�U ?>\��>BCF�B S Ef[�E W�P Ef]�]�E N / \�[_E S E W�I ADA S \ P�U BCE N>S

s ∈ H0(P1,OP1(1)) ↪→ H0(P(E),L)

�ÉB N U ?T\ S \ N>S \ØE WÙU ?>\�B N>P AC; S BCE N
OP1(1) ↪→ E

� 5 � �TF�BDEf; S A �3� E+ = P(E+)
�  �?>\�[V\

E+ =

O⊕(M+1)

P1

�>U ? IOU B S��
E+ ∼= PM × P1

5
� �
��� � �	��� �!� s��^�L�G¢�xo���¡xo�Z£

P̃
�G�3�

P(E)
�G¢¬��xD£t~Lv�~L¢Èp�s�xo��� � ~L¢t�t~L�G��¢ � �És��  ¬~L���D~ � xy����Gx¡�t�G¢��Gv �t~Lv{v{q �R�Z£��

P̃ ↔ P(E)
ϕ ↓ ↓ ϕL

PM+2 = PM+2,
� s���¢¬� ϕL

xD£ �ys��{v�~L¢Èp�s�xD£�v �����²��¢�v{xy�Á��� | � �És��
£RpÁ���t�Ø~� ��G�D~G|t�G�	£t�t���¡xo~L�T£�~� �ys�� �o�Gq �R~Lz
�D~��Gxo���G�3£Zs����  

L
�

" � ��� � � � ?>B S B S Ef�TF�BDEf; S 5
� �
��� � �	��� � ��~L¢ �G� �Ïxy� �²�_����¢

e ≥ 1
�G�3�%�G� �¨xy¢�¢¬���Gq���x¡|��D� �Gxy�txD£t~L¢

R ⊂ P(E)
�

R 6= E+
�
R = (s)

� � s���¢¬� s ∈ H0(P(E),L⊗e)
� �ys���xyv��t���

ϕL(R) ⊂ P
xD£��G�1xy¢�¢t���Gq���x¡|��D�

s �ZpÂ��¢±£�q�¢  ����t�8~� 
���_�G¢¬�t�
e
�

" � ��� � � g �ÊU ?T\ I [ ` ;>]�\ N�U±S�I �>EOF�\ �

P(E) \ E+ ∼= P
M+2 \ P,

 �?T\�[_\ U ?>\ U±I ; U EGADE ` B P¬I A��TBCF�B S Ef[ S E N
P(E)

P Ef[_[V\ S �TE N � U E8? � �T\�[_�TA IGN \ S E N
PM+2

5T4 ` \ N�M
\�[ I AÂACB N \

L ⊂ P
M+2

�>EG\ S�N E U ]�\�\ U
P
IGN � U ?>; S

deg(L |ϕ−1

L
(L)) = 1.

QRN E U ?>\�[X �Ef[V� S��
(R · ϕ−1

L
(L)) = (ϕL(R) · L) = e

�  �?>B P ? B S  �? ILU  �\ N \�\��Å5
g �Ï� \�]�] I e 5 �T�ÂU ?T\ØF I [_BC\ UV�

V
B S �>BC[ IOU BDE N�I A U E U ?>\�F I [_BC\ U_�

V ]
 �?TB P ?ÏB S [_\ I ADB / \��

IOS�U ?>\J�>EG;>�>AD\ P EGF�\�[
σ]:V ] → Q] � Q] = ϕL(Q) ⊂ PM+2 �ÙION � σ]

B S �T[ IGN>P ?>\�� �¡B N
P Ef�>BC]Ø\ N>S BCE N e�� EGF�\�[ U ?>\��>BCF�B S Ef[

Q] ∩W ] �  �?T\�[_\ W ] = ϕL(W ) ⊂ PM+2
5 g � � \�]�] I

e 5 �T�
degQ] = m

�
degW ] = 2l

�>S E U ? IOU
V ]

B S�I � ION E��>Ef;>�>AC\�? � �>\�[ S ;>[ W¡IGP \�E W B N �>\ K1¤ 5

e 




4 NT� �T\ N>P BDAÅE W ? � �>\�[_�>A IGN \ S B N
PM+2

�>\ U \�[_]�B N \ SXI �>\ N>P BCAÅE W � IGN E8F I [_BD\ U BC\ S E N
V ] IGN �U ?>; S I �>\ N>P BDAÅE W [ IOU BCE N�I ACA ��P E NTN \ P�U \��1�>BCF�B S Ef[ S E N

V
5

� ��%���� * � #�� � �	���(� � pÁ�G¢ �  �¢¬~Lv �ys���pÂ���Á��xy� £ ~� �¢����¡xo~L�3�G�����)�t~L���Á�t���R��� �Gxy�txD£t~L¢±£J����z
£t��¢�x¡|L�����a|L~L�G��� �És���¢¬�^�G¢¬�^�Á~�~ �ys���¢ £��¡¢�q:���¡q�¢¬�Z£
~� ^�{¢�����xo~L�3�G�������t~L���Á�t���²���  �x¡|L��¢X£RpÁ���t��~L�
V
� � s����G¢¬~Lqtp�£
~� w|�xy¢�����xo~L�3�G�2�G�3��|�xy¢¬�_�Gq����G¢w�Gq �²~Lv�~L¢Èp�s�xD£�v,£�~� �És��w�L�G¢�xo�����

V
�t~Lxy�Á��x¡�����

BirV = AutV = Z/2Z.

�	��
�� � ��������� �!�"� � �!� � � ���"%'*������ �'&���#�� �!� � ���	*,�"� � j \ P¬I ACA U ? ILU  �?>\ N � IGN Ew�>Ef;T�>AD\
S � IGP \ S E W B N �>\ K e I [V\ P E NTS BD�T\�[_\�� �ÁU ?>\ SV� ]��>EfA

P
�T\ N E U \ S^U ?>\8�>[VE � \ P�U BCF�\ S � IGP \

PM
E W

E N \��>BD]�\ N>S BDE N AC\ SVS 5
� �����!��� ���"� ��� ������� 	 	 � � 	�� � � 1Ë\�[V\

X = P× P
1 IGN � U ?>\^�>[ IGN>P ? �TBCF�B S Ef[ W ⊂ X

B S
E W �>BC�>\ ` [_\�\

(2M, 2)
�TU ? IOU B S�� B U B SX` B�F�\ N � �*U ?>\�\ �@; IOU BCE N

fuuu
2 + 2fuvuv + fvvv

2 = 0,

 �?T\�[_\
(u : v)

I [_\�?>Ef]�E ` \ N \�Ef; SËP EfEf[_�TB N�IOU \ S E N
P1 � f]

I [_\�?>Ef]�E ` \ N \�Ef; S �>EGA ��N Ef]�B I A S
E W �T\ ` [V\�\

2M
E N

P
5 � ?>B SXP�IGS \�B S�P Ef]��>AC\ U \�A ��S BC]ØBCA I [ U E U ?>\�E N \ SVU ;>�>BD\�� I �>EGF�\�B N ��\ P 5

e 5 
>5 � ?>\8�T[_E � \ P�U BCE N
q:V → P

[_\ I ADB / \ S
V
IGSwI�P E N B P �T; N �>AC\G5 QÈU±S �>B S_P [_BD]�B N>IGNTU �>B�F�B S Ef[

D ⊂ P
B S�I ? � �T\�[ S ;>[ W¡IOP \�E W �T\ ` [V\�\

4M
�OU ? IOU B S��¿U ?>\X� I [_=@B S EGF P E N �>B U BDE N B S�N E U�S±IOU B SVW BC\��Å5

� ��%���� * � #�� � �	��� � � � �És��1�L�G¢�xo��� �
V

�És���¢¬� �G¢t�J�Á~%~ �És���¢�£���¢�q�����q�¢¬�Z£ ~� �� �t~L��xo�
|�q��3�G�D������pÁ�G¢ �  �¢¬~Lv

V/P
� � s��Ù�G¢¬~Lq¿p�£w~� |�xy¢�����xo~L�3�G�:�G�3�  �x¡|L��¢�z � xD£t� |�xy¢�����xo~L�3�G��£t���  �zRv���p�£�t~Lxy�Á��x¡�����

BirV = Bir(V/P).
� �����!��� ���"� � � ������� 	 	 � � 	 � � � 1Ë\�[V\

X = P × P1 � W = WP × P1 �  �?>\�[_\ WP ⊂ PB S�I ? � �T\�[ S ;>[ W¡IOP \�E W �>\ ` [_\�\
2M

5 � \ U
σ:F → P

�>\ U ?>\��>EG;>�>AD\ S � IGP \��>[ IGN>P ?T\�� EOF�\�[
U ?>\^? � �>\�[ S ;>[ W¡IGP \

WP

5 � ?>B S$P¬IOS \^B SÙP Ef]Ø�TAD\ U \�A ��S BD]�BDA I [ U E U ?>\ËE N \ P E N>S BC�>\�[V\�� I �TEGF�\wB N
��\ P 5 e 5 c n

V ∼= F × P1
5

� ��%���� * � #�� � �	��� � � pÁ�G¢��  �¢t~Lv
V/F

� �ys���¢¬�Ò�G¢¬�J�Á~ ~ �ys���¢ £��¡¢�q:���¡q�¢¬�Z£Ï~� � �t~L��xo�
|�q��3�G�D��~L�

V
� ��~L¢ �És����G¢t~Lqtp ~� �|�xy¢����¡xo~L�3�G�:£t���  �zRv���p�£ �ys��  ¬~L���D~ � xy���Ëp3¢¬�Z£t��� �È���¡xo~L�Ês�~L���L£��

BirV = AutF × Bir(V/F ) = Z/2Z× Bir(V/F ).

� �����!��� ���"��� ��������� 	 	 ��� 	 � � � � ?>B S!P�IGS \×B S	P Ef]Ø�TAD\ U \�A �^S BC]ØBCA I [ U E U ?>\ P�IGS \ P E N>S BD�>\�[_\��
I �>EGF�\�B N ��\ P 5 e 5 � 5	1 \�[_\ U ?>\�F I [_BC\ U_�

X = P(E)
B S B S EG]ØEf[V�>?>B PËU E U ?>\��>ADEO  ;T�1E W

P
M+1ILUÊI ACB N \ I [ S � IOP \

P ⊂ PM+1
E W�P Ef�>BC]Ø\ N>S BCE N)U  �E>5 i AC\�]�\ NTU±I [ �)P Ef]Ø�T; UZIOU BDE NTS � S \�\

��\ P 5 e 5 � � S ?>EG  U ? IOU  �B U ?Ò[_\ S �>\ P�U�U E U ?TB S B S Ef]�Ef[_�>?TB S ] U ?>\{F I [_BD\ U_�
V
B S �>BD[ IOU BCE N�I ACA �

\ �@;>BCF I AC\ NTU�U E I �TEf;>�>AC\ S � IGP \
PM+1

E W B N �>\ K�¤ �É �B U ? U ?>\��>[ IGN>P ?{�TBCF�B S Ef[
WP ⊂ PM+1

E W
�T\ ` [V\�\

2M
� 5 H EG[_\�EOF�\�[ � B U B S \ IGS}��U E S \�\ U ? IOU�I ADA:F I [_BD\ U BC\ S E W	UV� �T\ �	� e�� � ¥ � I [V\^[_\ I ADB / \��

B NÊU ?>B S   IO� n U±I =@\ I �>Ef;>�>AC\ S � IGP \�E W B N �>\ K*¤8IGN � IGNT� �>\ NTP BDA2E W ? � �>\�[V�>A ION \ S E N
PM+1

5
QRN � I [ U B P ;>A I [ �>U E IGNT� �>A ION \
E W<P Ef�TBD]�\ N>S BDE N�U  �E

P ⊂ PM+1 P Ef[_[V\ S �TE N � S�I �>\ NTP BDA ΛPE W � ION E{F I [_BD\ U BC\ S E N
V
5

e¿c



� ��%���� * � #�� � � ��
���� �G��¢ �,£��¡¢�q:���¡q�¢¬�8~� ���¢����¡xo~L�3�G�������t~L���Á�t���²��� �Ù�G�Á~  �x¡|L��¢Ë£RpÁ���t��~L�
V

xD£���pÂ���Á��xy�
ΛP

 ¬~L¢,£t~Lv��,£�qT|�£RpÁ���t�
P ⊂ PM+1

~� ��t~G�Gxyv����T£�xo~L� � � ~G� � s����G¢¬~Lq¿p�£�~� |�xy¢����¡xo~L�3�G�	�G�3�Ê|�xy¢¬�_�Gq����G¢,�Gq �R~Lv�~L¢Rp�s�xD£�v,£
~� �És����L�G¢�xo��� �
V

�t~Lxy�Á��x¡�����

BirV = AutV.

� �����!��� ���"� � � � ���'� 	 	 �
	�� ��	 � � � � ?>B S�P�IGS \�B S�P Ef]��>AD\ U \�A ��S BD]�BDA I [ U E U ?>\ P¬IGS \ P E N�M
S BD�>\�[_\�� I �>EOF�\ B N ��\ P 5 e 5 ¤ 5 ��Ef[ U ?>\ S \ F I [_BD\ U BC\ S<U ?>\ P A I BD] E W 9<[_EG�>E S B U BCE N e 5 e ?>EfAC� S 5 � ?T\
�T[_EfE W�` B�F�\ N B N ��\ P 5 e 5 ¤  �Ef[V= S  �B U ? S EG]Ø\ S BC]Ø�TADB W B P¬IOU BDE NTS � U ?>\�[_\�B SXN EØ�>B�F�B S EG[

Q
� 5

� 03��&L�������	�X��� �*����� �Â���*�
+*���������	����� 
�& �Ø�����	��#���� �!+*-*������� �
���	�����

� ���	��� ��� # � � ��� �(� ��� � � �!�
� � j \ P¬I ACA U ? IOU B N � e � ��\ P 5 ¤ 5 ¤ �ÁU ?T\ P E N �>B U BDE N �ÉF S � W Ef[ U ?>\
P�IGS \�E W!I,S B N>` ;>A I [Ù�TEfB NTU E W!I,W BD�T\�[

o ∈ F
A � B N>` Ef; U±S BD�>\ U ?>\w[ I ]�B W B P¬IOU BDE N �>B�F�B S Ef[ÙE WÂU ?T\

�TEf;>�>AC\ P EGF�\�[
σ:F → G

  IGS �>[_EGF�\�� B N�U ?>\ W EfADACEG �B N>`   IO� 534 SVS ;>]�\ U ? IOU U ?>\�[_\8\ K B SVU_S
I �>[VBD]�\��>BCF�B S Ef[

Y ⊂ F
��S±ILU B S}Wy� B N>`8U ?>\�\ SVU BD] IOU \

multx Ỹ

deg Y
>

1

m
,

� d �
 �?T\�[_\

x
B S$ION B NTW B N B U \�A �{N \ I [$�>EfB NTU E WÂU ?>\ W BD[ SVU Ef[_�>\�[$EGF�\�[ U ?>\Ë�>EfB NTU

o
�@U ? IOU B S��

x ∈ E
�

 �?T\�[_\
E ⊂ F̃

B S�U ?T\�\ K�P \�� U BDE N�I A×�TBCF�B S Ef[�E W�U ?T\��>ACEG �;>�
ϕ: F̃ → F

E W�U ?>\��>EfB NTU
o
5

1 \�[V\
p = σ(o) ∈ G

B S�I�N E N�M �T\ ` \ N \�[ IOU \��>Ef;T�>AD\��>EGB NTU E W!U ?T\�? � �T\�[ S ;>[ W¡IOP \
G
�
p 6∈ W

5
l EG  U ?>\ P [_; P B I A W¡IGP�U B S 9k[VEf�>E S B U BDE N ¤ 5 ¤ B N � e � ��\ P 5 ¤ 5 ¤�� n
� s���¢¬� ���fxD£��É£*��s �ZpÂ��¢Èp3���G�Á�

P ⊂ P
�
P 3 p

�Ë£�q:�Zs �ÉsT���
σ(Y ) 6⊂ P

�G�3� �ys��1�   ¬�t��z
�¡xy�G� �G� ����|�¢��Gxo� ���a���D�

YP = (Y ◦F PF )
� � s���¢¬� PF = σ−1(PG)

�
PG = P ∩ G

xD£ �És��
�t~L¢�¢¬�Z£RpÂ~L�3�Gxy���{s �ZpÂ��¢Èp3���G�Á�^£t�t���¡xo~L� ��£�����xD£  �xo�Z£ �És��{�Z£��¡xyv����²�

multo

deg
YP >

3

2m
.

� 
 �

" � ��� � [_\��>\ ILU±SkU ?>\ I [ ` ;>]�\ NTU_S B N{U ?>\ S BD]�BDA I [ P�IGS \�B N � b �  �Ef[V� W EG[� �Ef[_� IGN � W Ef[ U ?>B S
[V\ IGS E N   IOS EG]ØB U_U \���B N � e � 5 QÈU B S � IOS \��1E N�U ?>\ W EfACADEG �B N>` ADE P¬I A W¡IGP�U 53��\ U

2ν = multo Y
�

µ = multx Ỹ
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