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REDUCTION OF MODULI SCHEMES OF ABELIAN VARIETIES
WITH DEFINITE QUATERNION MULTIPLICATIONS: THE
MINIMAL CASE

CHIA-FU YU

ABSTRACT. In this paper we make an initial study on type D moduli spaces
in positive characteristic p # 2, where we allow the prime p ramified in the
defining datum. We classify explicitly the isogeny classes of p-divisible groups
with additional structures in question. We also study the reduction of the type
D moduli spaces of minimal rank.

1. INTRODUCTION

1.1. PEL moduli spaces parametrize abelian varieties with additional structures of
polarizations, endomorphisms and level structures. They are divided into types A,
C and D according to the Dynkin type of their defining algebraic groups. Previous
studies of these moduli spaces and their integral models are mainly focusing on the
spaces of types A and C in the case of good reduction. There is comparatively less
known about type D moduli spaces in the literature. Certain important results on
all smooth PEL-type moduli spaces, which of course include the case of type D, have
been obtained by Wedhorn [32, 33] and Moonen [15, 16, 17], where they concern the
density of the p-ordinary locus and the Ekedahl-Oort (EO) strata. In this paper we
study the type D moduli spaces in mainly positive characteristic and certain basic
classification problems for abelian varieties and associated p-divisible groups with
additional structures in question. A main point here is that we allow the prime
p ramified in the definite quaternion algebra concerned. In a very special case (of
the minimal rank), we also exhibit a method for studying the case with arbitrary
polarization degree, different from some previous studies limited to polarizations of
prime-to-p degree.

Through out this paper, let p denote an odd prime number. Let F' be a totally
real algebraic number field and Op the ring of integers. Let B be a totally definite
quaternion algebra over F' and let * be the canonical involution on B, which is
the unique positive involution on B. Let Op be an Op-order in B which is stable
under the involution * and maximal at p, that is, the completion Op ®zZ,, at p is a
maximal order in the algebra B, := B ®qg Q,. A polarized abelian Op-variety is a
tuple (A, A, ¢), where (A4, \) is a polarized abelian variety and ¢ : Op — End(A) is a
ring monomorphism such that Aow(b*) = ¢(b)! o A, i.e. the map ¢ is compatible with
the involution * and the Rosati involution induced by the polarization A. Clearly,
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2 CHIA-FU YU

this notion can be defined over any base scheme and one can study families of such
objects.

If (A,\,¢) is a complex polarized abelian Opg-variety, then one has dimA =
2m[F : Q] for some positive integer m. A type D moduli space is the moduli
space parametrizing 2m/[F : Q]-dimensional polarized abelian O g-varieties, for some
integer m > 1, with auxiliary structures and certain conditions. These conditions
are imposed in order to make more precise study of the moduli space. The minimal
case we refer to in the title is the case where m = 1. Although the minimal
type D moduli spaces are special cases of type D moduli spaces, some speculation
indicates that the geometry of this family behaves quite different from that of the
non-minimal cases. Therefore, it would be good to have an individual and detailed
study for this particular family.

The main contents of this paper settle the following two basic problems:

(a) Classify explicitly the isogeny classes of quasi-polarized p-divisible groups
with additional structures in question over an algebraically closed field of
characteristic p. Here we are not limited to the minimal case.

(b) Study the reduction of the minimal type D moduli spaces.

As the reader can see from known results of classical moduli spaces like Siegel
or Hilbert moduli spaces, the results obtained so far in the type D moduli spaces
are comparably weaker. However, several points of the present paper are already
subtle and technical. Below we illustrate main results.

1.2. Part (a). Let k be an algebraically closed field of characteristic p. For a po-
larized abelian Op-variety A = (A, A4,t4) over k, the associated p-divisible group
(H, A, tm) = (A, da,ta)[p>] with additional structures is a quasi-polarized p-
divisible Op ® Z,-module (see Section 5.1). We like to determine the slope se-
quences and isogeny classes of these quasi-polarized p-divisible Op ® Zj,-modules.
As the first standard step, we can decompose these p-divisible groups with addi-
tional structures and study the problems for each component independently. Write

(1.1) F®QQPZHFU, B@QQPZHBU, OB®ZZp:HOBu
v|p v|p vlp

and we get a decomposition (H, Ay, ) = Hv‘p(H,,, Am,,tm,). The slope sequence
v(A) of A is defined to be a collection of slope sequences v(H,) indexed by the
set of places v|p of F. So we reduce the problems for quasi-polarized p-divisible
Op,-modules. We shall write B, F and Og for B,,, F,, and Op,, respectively for

brevity. In this part we do the following:

(1) Study the structure of skew-Hermitian Og®W-modules and quasi-polarized
Dieudonné Og-modules (see Section 5.1), where W denotes the ring of Witt
vectors over k. See Sections 4 and 5.

(2) Determine all possible slope sequences of quasi-polarized Dieudonné Og-
modules of rank 4dm, where d = [F : Q,]. Moreover, we show that these
slope sequences can be also realized by separably quasi-polarized Dieudonné
Og-modules. See Theorems 6.4 and 7.3 for the precise statement; also see
Corollaries 7.7 and 7.8 for the list of all possible slope sequences in the cases
m=1,2.

(3) Classify the isogeny classes of quasi-polarized Dieudonné Og-modules of
rank 4dm. See Section 9.
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The method of finding possible slope sequences in (2) is using a criterion for
embeddings of a simple algebra into another one over a local field (see [39] and
Section 6.3). This gives a description for possible slope sequences. Then we
construct a separably quasi-polarized Dieudonné Og-module realizing each pos-
sible slope sequence. The construction is divided into the supersingular part and
non-supersingular part. For the supersingular part we write down a separably
quasi-polarized superspecial Dieudonné Og-module that also satisfies the determi-
nant condition. For the definition of the determinant condition; see Section 5.2.
The construction of such a Dieudonné module is given in Section 8. For the non-
supersingular part we use the “double construction”; see Lemma 7.1. The construc-
tion easily produces a separable Og-linear polarization. However, a Dieudonné
Op-module obtained in this way rarely satisfies the determinant condition; also see
Remark 8.1. In fact, given a possible slope sequence v as in (2) or in Theorem 7.3,
it is not always possible to construct a Dieudonné Og-module M with slope se-
quence v which both admits a separable Og-linear quasi-polarization and satisfies
the determinant condition. We will discuss this in more details in the minimal case
later.

To classify the isogeny classes of the p-divisible groups with additional structures,
it suffices to classify those with a fixed slope sequence v. Rapoport and Richartz
[28] have given a cohomological description of this finite set I(v) (for the defining
Q,-groups which is non-connected, or not quasi-split, see Kottwitz [13]). We carry
out a more elementary approach through invariants as what is done for quadratic
forms and Hermitian forms. One can first reduce to the case where v is supersin-
gular; see Lemma 9.1. Then we construct a bijection between the set of I(v) (v is
supersingular) and the set of isomorphism classes of skew-Hermitian B’-modules for
some quaternion F-algebra B’ which is easily determined; see Theorem 9.2. When
B’ is the matrix algebra, one reduces to classify quadratic forms over F, and we
apply the classical theory of quadratic forms over local fields (cf. O’Meara [23]).
When B’ is the quaternion division algebra, we use the work of Tsukamoto [30].

1.3. Part (b). In this part we restrict ourselves to the minimal case. Part (b)
consists of Section 3 and Sections 10-14 of this paper.

Let M be the coarse moduli scheme over SpecZ,) of 2[F : Q]-dimensional po-
larized abelian Op-varieties (A, \,¢). Let M®) = M be the open and closed
subscheme consisting of objects (A, A, ¢) with prime-to-p polarization degree. Both
moduli spaces M and M®) are schemes locally of finite type. Each of them is an
union of infinitely many open and closed subschemes of finite type:

(1.2) M= Mp, MP = T[] Mp,

D>1 D>1,ptD

where M p is the subscheme parametrizing objects (4, A, ¢) in M with deg A = D?.

Let Mg C M be the closed subscheme parametrizing objects in M that satisfy
a determinant condition; see Section 2. Let M%) = M® N My be the scheme-
theoretic intersection.

First of all, all geometric fibers of the moduli scheme /\/l([g) are non-empty; see
Lemma 2.3. To show this, one uses the analytic construction and Grothendieck’s
semi-stable reduction [7]. We also show that any 2[F : @Q]-dimensional abelian
Op-variety over any field is potentially of CM type; see Proposition 3.3 and also
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Section 3 for some discussions. This indicates that objects in a minimal type D
moduli space have rich arithmetic properties. This is of course expected as these
moduli spaces are expected to be zero-dimensional (though this is not true; see
Theorem 1.3).

As one of the main results in this part, we prove the following result.

Theorem 1.1.

(1) Suppose that p is unramified in B, that is, the algebra B ® Q, is a prod-
uct of matriz algebras over unramified field extensions of Q,. Then the
moduli scheme My — SpecZy, is flat and every connected component is
projective of relative dimension zero.

(2) The moduli scheme /\/l([?) — SpecZy is flat and every connected compo-
nent is projective of relative dimension zero.

Theorem 1.1 confirms some cases of the Rapoport-Zink conjecture on integral
models of Shimura varieties; see [29]. This implies that all geometrically fibers of
the above moduli spaces are zero-dimensional. Theorem 1.1 (1) is proved in [34].
The proof of Theorem 1.1 (2), given in Section 10, uses the theory of local models
(see Rapoport-Zink [29]). More precisely, let My be the local model over SpecZ,
associated to a unimodular skew-Hermitian free Op ® Zp-module A of rank one.
Following Rapoport and Zink we have the following local model diagram

mod —~ loc
(1.3) MP @7, E— M £ M,
See Section 10 for more precise descriptions. The morphism ¢™°¢ is a G-torsor,
where G is the automorphism group scheme of A over SpecZ,, and the morphism
(p)
K

©'°¢ is G-equivariant. Locally in etale topology singularities of MY’ are governed

by the local model My, so one reduces to prove the flatness of M, which is done
in Section 11. For this, we show that any point in the special fiber My (k) can be
lifted to characteristic zero and that all its geometric fibers are zero-dimensional.
Returning to the local model diagram (1.3), it is a basic question whether the
morphism ¢'°¢ is surjective. That is, whether the following induced map

(1.4) O : M (k) — G(k)\Ma (k)
surjective. This map factors through the map
(1.5) a : Dieu?"%% (k) — G(k)\My (k),

where Dieu?z®%» (k) denotes the set of isomorphism classes of separably quasi-
polarized Dieudonné Op ® Z,-modules of rank 4d satisfying the determinant condi-
tion. We show that « is surjective; see Section 12 and Proposition 12.1. That is, the
surjectivity of ©'°¢ is confirmed at the level for p-divisible groups with the additional
structures. We plan to further work out the surjectivity of this morphism.

For the possible slope sequences of objects in the minimal case, we have the
following refined results (cf. Theorem 7.3).

Theorem 1.2 (Theorem 12.3). Let M be a separably quasi-polarized Dieudonné
Og-module of rank 4d satisfying the determinant condition, where d = [F : Q).

(1) If B is the matriz algebra, then

=4 (5" ()}
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where a can be any integer with 0 < a < d/2, or
1\ %
My={(= .
V() {( ;) }
(2) If B is the division algebra, then
aN2d [(2d—a\*"
M) = (7> ) )

V(M) { 2d ( 2d ) }

where a can be any odd integer with 2[e/2]f < a < d, or

on-{(3)"}

Here e and f are the ramification index and the inertia degree of F over
Qp, respectively.

In the remaining of this part (Sections 13 and 14) we limit ourselves to the case
F = Q. The goal is to determine the dimensions of the special fibers of above
moduli schemes. Write ./\/lﬁp for the base change M ® IF),; similarly we do this

for M%), M5, etc. Theorem 1.1 (2) implies that dim M%) @ F, = 0. For the

remaining cases we prove the following result.

Theorem 1.3 (Theorem 14.1 and Proposition 14.7). Let notations be as above.
Assume that F = Q.

(1) If p is unramified in B, then dim Mg, =0.

(2) If p is ramified in B, then dim Mﬁp =1.
(3) We have dim M%p) =0.
(4)

4) If p is ramified, tlp;en dim M 1.

K,F,

We explain the ideas of the proof. For (1) any object A = (A, \,¢) € M(k)
is either ordinary or superspecial. Then we use the canonical lifting for ordinary
abelian varieties and the fact that the dimension of the generic fiber has dimension
zero. For the other case we use the fact that the superspecial locus has dimension
zero. For (2) and (4), we construct a Moret-Bailly family of supersingular polarized
abelian Opg-surfaces. See the construction in Section 13. This produces a non-
constant one-dimensional family in the moduli space Mﬁp. A close exam shows
that this P!-family actually lands in the locus M x5, C Mz ; see Lemma 14.6.
This gives a lower bound for the dimensions

1 S dim/\/lKE S dim/\/lﬁp.

For the other bound, we consider the finite morphism f : MFP — A2fp to the mod-
uli space Azﬁp of polarized abelian surfaces, through forgetting the endomorphism
structure. As p is ramified, every object in M (k) is supersingular, cf. Corollary 7.7
and hence the whole space Mﬁp is supersingular. The image of ME in A27Fp then
lands in the supersingular locus Sy of A2Fp' Then we use a result of Norman-Oort
[22] (also cf. Katsura and Oort [9] for principally polarized case) that dimSs =1
to get the other bound dim Mg < 1. This shows (2) and (4). This above result on
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dim Sy = dim ,Ag% is a special case of a theorem of Norman and Oort which states
P

that the p-rank zero locus A(go% of the Siegel moduli space A, 7, has co-dimension
»yp ?

g. (3) We only need to treat the case when p is ramified case. In this case we
show that any separably quasi-polarized Op ® Z,-Dieudonné module (of rank 4d)
is superspecial, and again use the dimension zero of the superspecial locus.

We end this part with a few remarks about Theorem 1.3.

(1) Theorem 1.3 (1) yields another proof of the result dim M(I?% = 0, which
wp
follows from Theorem 1.1.

(2) When p is ramified in B, the one-dimensional moduli spaces MFP and
M g, both contain components of dimension zero and one. This fol-
lows from the fact that the both moduli spaces ./\/l%p ) and M(If% are zero-

P

»lp
dimensional and non-empty.

(3) Suppose p is ramified in B. By Theorem 1.3 (2) and (4), we conclude that
the moduli schemes M and My are not flat over SpecZ,). Moreover,
there is a polarized abelian Opg-surface satisfying the determinant condition
which can not be lifted to characteristic zero.

(4) When p is unramified in B, we have M®) = M([?) and hence the moduli
scheme M(®) is flat over Spec Z(p)- When p is ramified in B, we construct
a superspecial prime-to-p degree polarized abelian Opg-surface which does
not satisfy the determinant condition; see Lemma 14.3. In particular, this
point can not be lifted to characteristic zero. This shows that the inclusion
M%)(k) C MW@)(E) is strict. This phenomenon is different from the reduc-
tion modulo p of Hilbert moduli schemes or Hilbert-Siegel moduli schemes.
In the Hilbert-Siegel case, any separably polarized abelian varieties with
RM by Op of a totally real algebraic number field F' satisfies the determi-
nant condition automatically; see Yu [35], Gortz [5] and Vollaard [31].

(5) To generalize Theorem 1.3 to the case where B is a quaternion algebra over
any totally real field F', one can construct Moret-Bailly families to get a
lower bound for the dimensions. However, we do not know how to produce
the other good bound.

2. MODULI SPACES

2.1. Moduli spaces. Let p be an odd prime number. Let F' be a totally real
field of degree d = [F : Q] and O the ring of integers. Let B be a totally definite
quaternion algebra over F' and let * be the canonical involution on B, which is the
unique positive involution on B. Let Op be an order in B which is stable under
the involution * and maximal at p, that is, Op ®z Z, is a maximal order in the
algebra B, := B ®g Qp. A polarized abelian Op-scheme over a base scheme S is a
tuple (A, A, ¢), where

e (A, )) is a polarized abelian scheme over S, and

e 1 : Op — Endg(A) is a ring monomorphism that satisfies the compatibility

condition A o ¢(b*) = 1(b)t o \.

The pair (A4,t), where A and ¢ are as above, is called an abelian Opg-scheme. A
polarization A on an abelian Op-scheme (A, ) satisfying the above compatibility
condition is said to be Opg-linear. Similar objects can be also defined when the
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algebra B is replaced by an arbitrary semi-simple Q-algebra together with a positive
involution.

Let m > 1 be a positive integer, and let M be the coarse moduli scheme over
Spec Z,) of 2dm-dimensional polarized abelian Op-varieties (A, \,¢). Let M® C
M be the subscheme parametrizing the objects in M which have a prime-to-p
degree polarization. The moduli spaces M and M®) are schemes both locally of
finite type. Each of them is an union of infinitely many open and closed subschemes
which are of finite type:

(2.1) M= Mp, MP = T My,
D>1 D>1,ptD

where D runs through all positive integers and M p C M is the subscheme parametriz-
ing the objects (4, A, ) with polarization degree deg A = D?.

2.2. Study of Mc¢. Let (V,4) be a Q-valued non-degenerate skew-Hermitian B-
module of B-rank m. That is, ¥ : V x V — Q is a non-degenerate alternating
pairing such that ¥ (az,y) = ¥ (x,a*y) for all a € B and x,y € V. Let G; C G be
the algebraic groups over QQ defined as follows: For any commutative Q-algebra R,
one has

G(R) = {g € Autpg,r(V ®q R) | c(g) =g'g € R* },
G1(R) ={g € Autpg,r(V®qR) | g'g=1},

where g — ¢ is the adjoint involution with respect to ¥. Denote by ¢ : G — Gy,
the multiplier homomorphism. We have an exact sequence of algebraic groups

(2.3) 1 G, G —°— G, 1.

One can easily show that G; ® Q is isomorphic to the product of d-copies of the
orthogonal group Os,, over Q (see Lemma 3.1). Therefore, both G; and G have 2¢
connected components (cf. [12, Section 7]).

There is a unique B-valued skew-Hermitian pairing ¥p: V x V — B, i.e.

(2.2)

VYp(arx, azy) = a1yp(v,y)as, Vai,ax € B, w,y€V,
such that ¥ (z,y) = Trd ¢ p(x,y), where Trd is the reduced trace from B to Q. Note
that the property ¥g(ax,y) = ¥p(z,a*y) for all a € B and z,y € V does not hold

anymore. We can choose an orthogonal basis {e;} for ¥p and put b; := ¥g(e;, €;).
Then b; = —b; fori=1,...,m and

P <Z e, Z yiei> = Z Trd(z;b;y]).
i=1 i=1 i=1

For any anti-symmetric element b € B*, i.e. b* = —b, we define a (Q-valued) rank-
one skew-Hermitian B-module (B, ), where (2, y) := Trd(xby*). Then we have
a decomposition of skew-Hermitian B-modules

i=1
Lemma 2.1. There is a B ® R-linear complezx structure Jo on Vg = V ®g R
such that ¥(Jox, Joy) = ¥(x,y) for x,y € Vk and the symmetric bilinear form
(z,y) = ¥(x, Joy) is negative definite.
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PROOF. By (2.4) we may assume that m = 1 and (V,¢) = (B, ). Let Jy be
the right multiplication of the element b/\/Nrp,r(b) in B®R, where Nrp,p is the
reduced norm from B to F. Then one obtains ¥, (z, Joy) = — Trd(xy*), which is
negative definite. Wi

We call a complex structure Jy as in Lemma 2.1 an admissible complex structure
on (Vg,¥). The group G1(R) of real points acts transitively on the set of all
admissible complex structures on (Vg, ) by conjugation (see [12, Lemma 4.3]). It
is well known that the Hermitian symmetric space

Xl = Gl(R)/KOO

has dimension dm(m—1)/2, where K, is the stabilizer of a fixed admissible complex
structure Jy. Fix an Op-lattice A such that ¥)(A,A) C Z and let T C G1(Q) be
the arithmetic subgroup which stabilizes the lattice A. The natural map g —
(Vr/A,Int(g)Jo, ) induces an open and closed immersion of analytic spaces

<I>(A7¢) : FA\Xl — M(C)

Let M4 ) denote the open and closed subscheme of Mc over C whose underlying
space is the image of ®(, ). Then we have a decomposition

Me = T M@
(M)

of Mc into open and closed subschemes, where (A, 1) runs through the isomorphism
classes of all Z-valued non-degenerate skew-Hermitian O pg-lattices of rank m.

Lemma 2.2.

(1) There is an anti-symmetric element b € B* such that (a) ¥p(Op,0p) C Z
and (b) Op ® Z,, is a self-dual lattice with respect to iy.

2) The moduli space MP) s non-empty
C

ProOF. (1) We have the decomposition Op ® Z, = @,,0p, Wwith respect to
Or ® Zy = Hv‘p OrF,. We first show that for each place v of F' over p, one can
choose an anti-symmetric element b, € B) so that p, is a Z,-valued perfect
paring on Op,. When v is unramified in B, we are reduced to finding a Z,-valued
perfect symmetric pairing on O%—,v which clearly exists, and let b, be the element
corresponding to this perfect pairing. When v is ramified in B, one may choose a
prime element II, of B, so that II2 is a uniformizer of F,, and let b, := §,I1; !,
where 9, is a generator of the inverse difference D;vl /0,

Using the weak approximation, there is an anti-symmetric element b € B* close
to b, for each place v|p. Replacing b by a prime-to-p multiple bM of b, one gets a
pairing v, that satisfies the properties (a) and (b).

(2) Choose a pairing ¢ = 1, on B as in (1). Then the triple (Vk/Op, Jo, )
defines a 2d-dimensional polarized complex abelian Opg-variety (Ao, Ag,tp). Put
A= (A, \jt, 1), where ¢ : Op — End(A}?) is the diagonal embedding. This gives
an object in M®)(C) and hence that M((Cp ) is non-empty. N
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2.3. Moduli spaces with the determinant condition. Let (V) be any skew-
Hermitian B-module of B-rank m. Let Jy be an admissible complex structure on V.
Let Vo = V199 V0% ~1 be the eigenspace decomposition where .Jy acts respectively
by i and —i on V~1Y and V%=1, Let ¥ := Hom(F,R) = Hom(F,C) be the set of
real embeddings of F. We have

Bc:=B®oC=[] By, B,:=B®p,C~Maty(C).
oeX

The action of B¢ on V10 gives the decomposition

VRO =3V,

oED

where each subspace V, is a By-module of C-dimension 2m and it is isomorphic
to the direct sum of m-copies of the simple B,-module C2. If a € B, then the
characteristic polynomial of a on V, is equal to o(charg(a)™), where charp(a) €
F[T] is the reduced characteristic polynomial of a. Therefore, the characteristic
polynomial of a € B on V10 is given by

char (a|V=10) = H o(charp(a))™ = char (a)™ € Q[T7,
ocex

where char (a) = Np/q charg(a) € Q[T is the reduced characteristic polynomial of
a from B to Q.

Let Ag = (A, A1) € M(S) be a polarized abelian Op-scheme over S, where
S is a connected locally Noetherian Z,)-scheme. Since the Lie algebra Lie(A) is
a locally free Og-module, the characteristic polynomial char (¢(a)| Lie(A)), for any
element a € Op, is defined and it is a polynomial in Og[T] of degree 2dm. The
determinant condition for Ag is the quality of the following two polynomials

(2.5) (K) char(¢(a)|Lie(A)) = char (@)™ € Og[T], Va€ Op.
This is a closed condition and it only depends on the rank of the skew-Hermitian
B-module (V).

Let Mg C M (resp. Mg) c M®)) denote the closed subscheme parametrizing
the objects A in M (resp. M(P)) that satisfy the determinant condition (K).

Let L C B be a maximal subfield such that any place v of F lying over p is

unramified in L and that the order LN Op is maximal at p. We can construct such
a maximal subfield L by

(a) constructing a maximal commutative semi-simple subalgebra L C B ® Q,
such that L is the unramified quadratic extension of F®Q, and the maximal
order O, of L is contained in Op ® Zj, and

(b) applying the weak approximation.

Clearly the condition (K) implies the trace condition
(2.6) (T) Tr(e(a)|Lie(A)) = mTryg(a) € Os, Vae€ Or.

Similarly, let Mp C M (resp. Mgf} ) ¢ MP)) denote the closed subscheme parametriz-
ing the objects A in M (resp. M) that satisfy the trace condition (T).

Lemma 2.3. The special fiber M;?) ® F, is non-empty.
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PROOF. We may assume that m = 1 by the same reduction step we show in the
non-emptiness of ./\/lé:p). In this case, M(C) = M(Q) as each subscheme Mp @ Q
is zero-dimensional and of finite type. By Grothendieck’s semi-stable reduction
theorem [7], any object (A4, A, 1) € M(Q,) has good reduction as the Z-rank of Op
is larger than dim A. Since M) (Q,) is non-empty (Lemma 2.2), the reduction
modulo p gives some point = in M(®)(F,). Since  is the specialization of an object
in characteristic zero, it lands in the Mg). Thus, the special fiber Mg?) ® E, is
also non-empty. N

2.4. Study of M, ). Let H denote the real Hamilton quaternion algebra. One
has

(2.7) H=C+Cj, ja=aj, acC.

It is a standard fact that any non-degenerate skew-Hermitian H-module of rank
m is isomorphic to (H™, ), where 9o(e;,e;) = jd; ;. Put J,,, := diag(j,...,j) €
Mat,, (H). We extend the canonical involution * on Mat,,(H) by (a;;)* = (aj;),

where a;; € H and agj = aj,;. Let 03,,, denote the algebraic R-group of isometries
of (H™,); one has

(2.8) 05, R)={AeGL,,(H) | AT, A" =T, }.
oEX OSm
Lemma 2.4. One has G1(R) = G)(R), G(R) = G°(R) and ¢(G(R)) = R*.

ProoOF. Let SO3,, = {4 € 03,,| Nrd(A) = 1}. The group SO3,, is a form of SOg,
and hence it is the connected component of O%,,. We show that if g € O3, ,(R)
then Nrd(g) = 1. Tt suffices to show that for any element g € GL,,(H) one has
Nrd(g) > 0. Since the set GL,,, (H)*® C GL,,(H) of semi-simple elements is open and
dense in the classical topology, it suffices to show Nrd(g) > 0 for g € GL,,, (H)®.
Since such g is contained in a maximal commutative semi-simple subalgebra of
Mat,,, (H), which is isomorphic to C™, one has Nrd(g) > 0. Therefore,

(2.9) G1(R) = [J 05 (R) = [ [ SO5..(R) = G(R).

The group G; ® R is isomorphic to ]

It follows from G1(R) = GY(R) that G(R) = G°(R). For the last statement we
just need to find an element g such that ¢(g) < 0. Consider diagonal elements
x = diag(y,...,y) and we are reduced to show this in the case where m = 1. In
this case one has iji* = —j and hence ¢(i) = —1. This proves the lemma. N

Lemma 2.5.
(1) The Lie group G1(R) is connected.
(2) The Lie group G(R) has two connected components with the neutral com-

ponent
GR)" ={g€ GR)[c(g) >0}

Proor. (1) It suffices to show that the Lie group O3,,(R) = SO3,. (R) is con-
nected. We embed H — Matz(C) as
a

H>a+0bj— (—b Z) € Maty(C),
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and have Mat,,, (H) C Mats,,(C). Let J and J,, the image of j and J,,, in Maty(C)
and Mata,, (C), respectively. Clearly, J!, = —J,, and J,' = —J,,. The complex
conjugation on Mato(C) coming from the R-structure of H is given by JAJ™!,
where A — A is the usual complex conjugation. Thus, we can recover Mat,,, (H)
from Mats,, (C) by

(2.10) Mat,, (H) = {A € Mata,,(C) | J,,AJ,,} = A}.

We have A* = At for A € Mat,,(H). By (2.8) and (2.10), one gets

(2.11)  03,,(R) = {A € Maty,,(C) | AJ,, Al = Jp, JnAJt = A, det(A) =1}.
The first condition in (2.11) gives

(2.12) Jn AL = A7

Taking the transpose, the second condition in (2.11) becomes the condition
(2.13) Al = g tALTE = gL AL, = T, AT

With (2.12), the condition (2.13) becomes A*A = I,,,. Therefore,

(2.14)  03,,(R) = {A € Maton,(C) | ATy AL = Jpy, A'A = Ipy,, det(A) =1}

This is the group SO*(2m) defined in [8, Chapter X, Section 2]. By [8, Chapter X,
Lemma 2.4], the Lie group O3, (R) is connected.
(2) This follows from (1) and Lemma 2.4. N

Remark 2.6. Using the complex coordinates as in the proof of Proposition 2.5, one
sees that there is a section for ¢ : G — Gy, over C. Thus, G¢ ~ G1 X G, over C.

We show that there is no section over R when m is odd. Suppose that there is a
section over R. Then one has G ~ G; X G, over R. The restriction of the reduced
norm map Nrd to Gy, gives the character Nrd(¢) = t™. Write y = (z,t) € G(R) =
G1(R) x G (R) and we have Nrd(y) = Nrd(x)t™ = t™. As Nrd(y) > 0, we have
t"™ > 0 for all t € R*. This is possible only when m is even.

Proposition 2.7. Let (A, 1)) be a non-degenerate skew-Hermitian Op-lattice. The
subscheme My ) of Mc is irreducible. In particular My ) is defined over Q.

PrROOF. This follows immediately from Lemma 2.5 (1). N

Corollary 2.8. If m = 1, then the group G1(R) is isomorphic to (C;)? and the
quotient space X1 = G1(R)/K consists of one point, where C{* = {z € C*|2z =
1}.

The following result is an immediate consequence of Proposition 2.7.

Proposition 2.9. Suppose that m = 1. The map that sends each object (A, \,1) €
M(Q) = M(C) to its first homology group (Hy(A(C),Z),vy) with the Riemann
form induces a bijection between the space M(Q) and the discrete set of isomor-
phism classes of Z-valued rank one skew-Hermitian Opg-modules (Vz,1).
Moreover, the subspace M(p)(@) corresponds to the subset of classes with the

property that Vz @ Z,, is self-dual with respect to the pairing 1.



12 CHIA-FU YU

2.5. Connection with the adelic description. Let (V,4), Gy, G, Jy be as
before. Let hg : C — Endpgr(Ve) be the R-algebra homomorphism defined by
ho(i) = Jp and denote again by hy : C* — Gg the homomorphism of R-groups.
Let X be the G(R)-conjugacy class of hg. Fix an Op-lattice Ag in V' and let
U C G(Ay) be the open and compact subgroup that stabilizes the lattice Ag ® Z.
Here Z is the profinite completion of Z and Ay = 7® Q is the finite adele ring of
Q. One forms a Shimura variety

Shy (G, X) = GQ\X x G(4)/U.

Lemma 2.10. The Hermitian symmetric space X is G(R)/R* Ko, and it has two
connected components.

PROOF. Since ¢(G(R)) = R* (Lemma 2.4), the closed immersion G — GSp(V, ¢)
induces a surjective map mo(X) — WO(H;‘E), where ]I-]IgjE is the Siegel double space.
On the other hand G(R) has two connected components (Lemma 2.5). Therefore
X has two connected components and X = G(R)/Z(G(R))K» = G(R)/R* K.
|

By Lemma 2.5, the group G(Q) is dense in G(R). Thus,
Sho(G.X) = GQ)\X1 % G(hy)/U

2.15 &
( ) :HI‘Z\Xl, Fi:G(Q)+ﬂciUC;l,
i=1

where G(Q)T = G(Q)NG(R)T and cy, ..., ¢, are coset representatives for the finite
set G(Q)F\G(Ay)/U.

We now describe (2.15) in terms of lattices. We say two Op-lattices A and A’ in
V are similar (resp. strictly similar), denote A ~ A’ (resp. A ~4 A’), if there is an
element g € G(Q) (resp. g € G(Q)™) such that A’ = gA. We say A and A’ are in
the same idealcomplex if A, ~ Al for all finite places v of F', where A, := A® Op,.
Let

J={ACV|A, ~Ag, Vv}

be the idealcomplex containing the Opg-lattice Ag. The map ¢ — cAy, where ¢ €
G(Ay), induces a bijection between the double coset space G(Q)T\G(Af)/U and
the set of strict similitude classes in J. In particular, the complex Shimura variety
Shy (G, X) has h(J) connected components, where h(J) is the strict class number
of J.

Put A; = ¢;Ao and {Aq,...,Ap} represents the strict similitude classes of J.
After rescaling we may assume that v takes Z-values on A; for all 7. It is easy to
verify I'; = Aut(A;,¢) = T'a,. Thus, we get

h
(2.16) Shy (G, X) = [ Ma,w)-
=1

3. ARITHMETIC PROPERTIES

In this section we study polarized abelian O g-varieties from the arithmetic point
of view.
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3.1. Let A= (A, ), 1) be a 2dm-dimensional polarized abelian Opg-variety over K,
where K a field of finite type over its prime field. Let K, be a separable closure
of K, and let Gx denote the Galois group of K, over K. Let T, denote the Tate
module of Ag, and put V; := Ty ®z, Qr, where ¢ is a rational prime with £ # char K.
Finally we let

pe: G — Aut(Ty)
be the attached ¢-adic representation of the Galois group Gg.

Let (,)a : Te(A) x Ty(A*) — Z(1) be the canonical pairing, where A’ de-
notes the dual abelian variety of A. We may identify T,(A!) with the linear dual
Ty(A)* := Hom(T;(A),Z¢(1)). The polarization A induces an alternating non-
degenerate (i.e. with non-zero discriminant) pairing (,) : Ty(A) x Ty(A) — Z¢(1)
by (z,y) := (x,\y)a. Let g — ¢’ be the adjoint of the pairing on g € End(V});
one has the relation ¢’ = A~!g!\, where ¢' € End(V}) is the pull-back map. The
pairing also respects the Gx-action:

(3.1) (pe(@), pe(@)y) = pe(o)((z,y)) = xe(o){z, y)

forall z,y € Vy and o € Gk, where x; : Gx — Q' is the f-adic cyclotomic character.
This shows that

(3.2) pe(0) pe(o) = xe(o).

Put By := B ® Qy, and let Gy be the group of By-linear similitudes on V;. Due to
the relation (3.2) the f-adic representation p, factors through this subgroup

pe: Gr — Ge(Qy).
We have the following basic properties:

Lemma 3.1. Let notations be as above.

(1) Ty is a free O @ Zg-module of rank 4m.

(2) Vi is a free O @ Qg-module of rank m.

(3) If Op is mazimal at £, i.e. Op ® Zy is a mazimal order, then Ty is a
Op ® Zg-module of rank m.

(4) Ifm =1, then the connected component G9 of G is a torus and G¢(Q.)/G°(Qy)
is a finite elementary 2-group.

(5) The center of G¢(Qy) is given by
Z(Ge(Q)) ={zr € (FOQ)* |2* € Q/'}.

PrOOF. The statement (1) follows from the fact that Tr(a; Vy; Q¢) = 4m Trp/g(a)
for all @ € Op and that O ® Z; is a maximal order. The statements (2) and (3)
are obvious.

(4) Let V; = By as a left By-module. Let (,) : By x By — By be the lifting
of (,). One has (x,y) = Trdp, g, (zay”). where a := (1,1) with o* = —a. Any
element in Endp, (V) is a right translation py by an element g € By. The condition
(rg,y9) = c(g)(x,y) gives the relation gag* = c(g)a. Replacing g by g~!, the group
G is identified with the subgroup of B, defined by the relation gag* = ¢(g)« for
some ¢(g) € Gp,.

For each embedding o € ¥ := Hom(Fy, Q,), put B, = By ®F,.» Q; ~ M2(Q,).

Let j = <(1) _01> and g € B,, one has jg*j~! = g'. Write o = 3§, then p¢ = 3
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and the relation defining G, becomes gBg" = ¢(g)8 for some c(g) € Gy,. Therefore,
Gg, = {(9,) € GL} ; g,9%. =c for some c€ Q, ,Vo € £}, and

GY ~ % bo €GLY ; a2 +b2=c forsomeceQ, ,VoeX ¢.
Q, —bg Qo i 7

This shows that GY is a torus. The second statement follows from G(Qy)/G°(Q) C

G/G°(Q,) ~ (2 /2Z)".

(5) This follows directly from the computation in (4). B

Remark 3.2. (1) The group G¢(Qy) need not to be Zariski dense in Gy. For example,
if F; = F ® Qg remains a field and B splits at £, then [G¢(Q/) : GY(Qy)] = 1 or 2.
However, we always have [G, : GY] = 2.

Recall that an abelian variety A over any field k is said to have sufficient many
complex multiplications or be of CM-type over k if there is a semi-simple commu-
tative Q-subalgebra L C End}(A) = Endy(A) ®z Q such that [L : Q] = 2dim A. It
is said to have potentially sufficient many complex multiplications or be potentially
of CM-type if there is a finite field extension k; over k so that the base change Ag,
is of CM type over k.

Proposition 3.3. Let A = (A, \,1) be a 2d-dimensional polarized abelian Op-
variety over K, where K a field of finite type over its prime field. Then A is
potentially of CM-type.

PROOF. Let Q;[G/] be the subalgebra of End(V;) generated by the image G, :=
pe(Gk). Replacing K by a finite extension of K, we may assume that G, C G9(Qy)
is abelian. By the semi-simplicity of Tate modules due to Faltings and Zarhin (see
[3] and [40]), Q¢[G,] is a commutative and semi-simple subalgebra. Let L be a
maximal semi-simple commutative subalgebra in EndO(A), then so is L ® Qp C
End®(A) ®@ Q. By the theorem of Faltings and Zarhin on Tate’s conjecture (see
3] and [40]), we have End”(A) ® Q; = Endg, (60](Ve). As Q¢[Ge] is commutative and
semi-simple, any maximal semi-simple commutative subalgebra in Endg,(g,)(V¢) has
degree 2dim A over Qg. This shows [L : Q] = 2dim A and finishes the proof of the
proposition. N

Corollary 3.4. Let A and K be as in Proposition 3.3.

(1) Ifchar K =0, then A is, up to a finite extension of K, defined over a num-
ber field. That is, there are a finite field extension K1 of K and an abelian
variety A, with additional structure over a number field Ko contained in
K such that there is an isomorphism A Qx Ky ~ Ay QK Ki.

(2) Ifchar K =p > 0, then A is, up to a finite extension of K and up to isogeny,
defined over a finite field. That is, there are a finite field extension K1 of
K and an abelian variety A, with additional structure over a finite field Ko
contained in Ky such that there is an isogeny A @x K1 ~ Ay Ok, K.

PROOF. The statement (1) follows from Proposition 3.3 and a basic fact in the
theory of complex multiplication. The statement (2) follows from Proposition 3.3
and a result of Grothendieck on isogeny classes of CM abelian varieties in positive
characteristic (see [24] and [36]). W
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4. SKEW-HERMITIAN Op ® W-MODULES

4.1. In this section we investigate the basic properties of related local modules with
additional structures. We use the following notations.

Let k be an algebraically closed field of characteristic p > 0. Let W = W (k) be
the ring of Witt vectors over k, and B(k) := Frac W the fraction field of W. Let
o be the Frobenius map on W and on B(k). Let F be a finite field extension of
Qp and O the ring of integers. Let e and f be the ramification index and inertial
degree of F/Qy, respectively, and 7 a uniformizer of O. Let F™ denote the maximal
unramified subfield extension of Q, in F, and put O™ := Ogxr the ring of integers.

Let B be a quaternion algebra over F and O be a maximal order. As before,
we denote by * the canonical involution. If B is the matrix algebra, then we fix an
isomorphism B = Mats(F) with Op = Maty(O).

Choose an unramified maximal subfield L. C B so that the integral ring Oy, is
contained in Og. If B is a division algebra, then Oy, is contained in Og always. In
this case we choose a presentation

(4.1) O = OL[H] = {(l + bIl; a,b € OL}
with the relations
(4.2) > = —7 and Ia=all, Vae Oy,

where a — a is the non-trivial automorphism of L/F.

Indeed we first choose a presentation of Og as (4.1) with relations Ila = all
and II? = —7u for some element v € O*. Then replacing II by all for some
element a € OF, one gets the relation II? = —z. Similarly, one could also choose a
presentation but with the relation I12 = 7 instead. Nevertheless we simply fix the
presentation of B as (4.1) and (4.2).

We may regard Op as an O-subalgebra of Maty(Oy,) by sending

0 -1 a 0
1'I|—>(7r O)’ and a»—><0 d)’ Vae Or.

a —b
OB:{a—i-bH: (71'[_) L_l) ‘a,bEOL} CMatg((’)L).
We also have the following properties
I = -II, and (a4 bI)* =a— bIl.
4.2. Let Xy := Homg, (O™, W) be the set of embeddings of O™ into W. Write

Yo = {0i}icz/ sz in the way that oco; = 0,11 for all i € Z/fZ. For any W-module
M together with a W-linear action of O™, write

(4.3) M':={x € M |azx = o;(a)z, Va € O™}
for the o;-component, and we have the decomposition

(4.4) M= G M.

i€Z/fZ

Thus,

If V is a finite-dimensional k-vector space with a k-linear action of IF,;, we write
(4.5) V=k"g - @k

for the decomposition V = @V* as in (4.4) with m; = dimy, V? for all i € Z/ fZ.

pl>



16 CHIA-FU YU

Let P(T) € O™[T] be the minimal polynomial of 7; one has O = O™[x] =
O™[T]/P(T). For any i € Z/fZ, set W' := W[T]/(0;(P(T)) and denote again by
7 the image of T'in W*. Each W' is a complete discrete valuation ring and one has
the decomposition

(4.6) Owz, W= [[ W'
1€L) 7

The action of the Frobenius map o on O ®z, W through the right factor gives a
map o : W¢ — Wil which sends a to o(a) for a € W and o(7r) = 7. If M is an
O ®z, W-module, then we have the decomposition (4.4) with each component M g
a Wi-module. Note that the structure of M as an @ ®z, W-module is determined
by the structure of each M? as a Wi-module for all i € Z/ fZ.

Let L™ be the maximal unramified extension of Q, in L, and let Opn»r be the
ring of integers. Let ¥ := Homgz, (Opu»r, W) be the set of embeddings of Opnr into
W. Write ¥ = {7;}ez/2fz in the way that o7; = 7;,1 and 7j|on = 0 where i = j
mod f for all j. The Galois group Gal(L/F) acts on the set ¥ by composing with
the conjugate: 7;(x) := 7;(Z). One has 7; = 0/ o 7; = 7,4 y. For any W-module M
together with a W-linear action of Or,, write

(4.7) M) :={x € M |ax = T1j(a)r, Va € Opw}

for the 7;j-component, and we have the decomposition

(1) M= @

JEZ/2f7

Similarly, each M7 is a Wi-module where i = j mod f and the structure of M as
an Op, ®z, W is determined by the structure of each M 7 as a Wi-module for all
JjEZL)2fZ.

4.3. Finite Op ®z, W-modules. Suppose M is a finite W-module together with
a W-linear action by Op.
If B is the matrix algebra, then one has the decomposition

(49) M = 611M D 622M =: M1 D M2

where e and ess are standard idempotents of Maty(O), and M; and M, are finite
W-modules with a W-linear action by O with ranky, M; = ranky, Ms. The Morita
equivalence states that the module M is uniquely determined by the O ®z, W-
module M;. Furthermore, the structure of M; as an O ®z, W-module is given
by its decomposition My = @;ez, 7z M| as Wi-submodules and the W'-module
structure of each component M{. This describes finite O ® W-modules when
B is the matrix algebra. In particular, if M is free as a W-module, then M is
uniquely determined by the numbers ranky,: M?, which equals 2ranky,: M}, up to
isomorphism (and these ranks can be arbitrary even non-negative integers). The
module M is a free O ® W-module if and only if the ranks ranky,: M are constant.

Suppose B is the division algebra. Write Og = Oy [II] as in Subsection 4.1. The
action by Opnr gives the decomposition

(4.10) M= P M

JEL/2fT.
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with each component M7 a finite W -module. Moreover, one has
O: M - M, I?=—r

for all j € Z/2fZ. To see this, if ¥ € M7, then for a € Opur,

a-Mlx =Ma-z=1I(r(a))r =71 f(a)zr = 7j4(a)lx.
As a consequence, we obtain
(4.11) rankys M7 = ranky: M7 Ve Z/)2f7.
This is the only constraint for M to be an Og ® W-module. Put
(4.12) a; = dimy M7 /TIMI~7

If M is free as a W-module, then M is uniquely determined by the numbers {a;}; up
to isomorphism. The number a; can be arbitrary between 0 and ranky,: M 7 subject
to the condition a; +a;4 ¢y = ranky,: M7, Furthermore, M is a free Og ® W-module
if and only if the numbers a; are constant.

4.4. Skew-Hermitian Op ®z, W-module. Let M be a finite non-degenerate
skew-Hermitian Og-module over W, that is, it is a finite and free W-module with
a W-linear action of Op and together with an alternating non-degenerate bilinear
pairing

v:MxM-—W

satisfying the condition
(4.13) Y(bx,y) = (z,b"y), Va,y€MbeOp.

(non-degeneracy here means that the induced map M — M* := Homy (M, W) is
injective). If the pairing ¢ is perfect, we call M self-dual.
_01 é) be the Weyl element. Put
o(z,y) := ¥(xz,Cy). Then the pairing ¢ : M x M — W is symmetric and the
decomposition M = M; @& M in (4.9) respects the pairing ; indeed, this follows
from the property C* = —C. One also has C~1a*C = a’ for any a € B = Maty(F).
The Morita equivalence then reduces to describe the symmetric O ® W-module
M. The condition (4.13) then becomes p(azx,y) = (z,ay) for z,y € M; and
a € O and this implies that @(M?, M) = 0 for i # i’ in Z/fZ, where M}’s are
the components in the decomposition (4.4). Consider the restriction of ¢ to each
component M{. Then there is a unique W-bilinear pairing

i Mi x Mi = Dy
-1
Wi /W .
over W. Then it suffices to describe symmetric W*-modules M7 and this description
is well known; see O’Meara [23]. As the ground field k is algebraically closed, if
Mj is self-dual (with respect to the values in Dy} /W), then the isomorphism class
of M} is determined by its rank ranky,: M{. Note that M is self-dual with respect
to the pairing 1 if and only if each submodule M; is self-dual with respect to the

pairing ¢; (with values in D;VI /W). Following from this, we conclude the following

Suppose B is the matrix algebra. Let C' := (

such that ¢ = Try, w ¢; on each M{, where D is the inverse difference of W*

result.



18 CHIA-FU YU

Lemma 4.1. Assume B is the matrixz algebra. Any two self-dual skew-Hermitian
Op ® W-modules M and N are isomorphic if and only if rankyy: M* = rankyy: N°
for alli € Z)fZ. Moreover, for any given non-negative even integers n; for i €
Z]fZ, there is a unique up to isomorphism self-dual skew-Hermitian O ® W -
modules M such that dimyy: M = n; for alli € 7] 7.

Suppose B is the division algebra. Let M = @ij be the decomposition by
the action of Opxr as (4.8). It is easy to see using (4.13) that (M7, M72) = 0 if
j1—j2# fin Z/2f7 and hence 9 is determined by its restriction

v M x MY W
for 0 < j < f. Note that ranky,: M7 = ranky: Mj.Jrf (4.11). Let D;V{-/W = Wis;,
where d; is a generator. Then there is a unique W*-bilinear pairing

Ui M7 x MITE 5 W

where i := j mod f such that 1) = Try /yy(0;9;). Clearly, the module M is self-
dual with respect to the pairing v if and only if each v; is a perfect pairing.

Now we only consider the case where M is self-dual. For any z,y € M7, one
easily sees

Yi(z, y) = ("2, y) = ¢i(y, ),
so the pairing
Wi MY X M7 = W' iz, y) = i, Iy),
is symmetric. Put MJ := M7 /xM7. Then 1); induces the perfect pairing which we

still denote by v; : MJ x MJ+i — k. Recall a; := dimy, M7 /TIM’*+/. From the
isomorphisms

IT: M7+ JTIMY ~ TIMIH Je M
we get
a; +ajiy = dimy, MJ = dimy Mi+7,

Lemma 4.2. For j € Z/2f7Z and let notations be as above. Then there are Wt-
bases

S TUO SO N o AU S

for M7 and M7*F, respectively, where the positive integers a; and a;if are as
above, such that

(4.14) H(ch)za:f:'f, V1<k<aj,
' H(xijrf:k) = l’éﬁk’ V1<k<ajy,

and for 1 <k,l <a; +ajtr, one has

(4.15) pilal, o] ™) = 0.

PrOOF. Consider the induced symmetric pairing ¢; : MJ x M7 — k. Since IIMJ
and IIMJ+f are mutual orthogonal complemented with respect to the pairing ;,
one obtains a non-degenerate symmetric pairing

(4.16) @i+ M7 JTIMIHE o M7 /TIMATT — k.
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We prove the statement by induction on the rank of M7 (or of Mitf ). Suppose
aj > 0, using (4.16) we may choose an element x] € M7 such that ¢;(z],2]) = 1.
This is because Wi* = (Wi)2. Put I/ := IIa] € M7*/. Then we have

M oMt = N@N*t,

where N is the W-submodule generated by x]l and x{""f and N is the orthogonal
complement of N. Clear N is stable under the Og-action and hence so N*. By
. - ; , o o ,
1nduct19n we can choose bases {z1,...,23 1, } and{z{ foo ,xflj_{aj+f} for MY
and MI+/ respectively, satisfying (4.14) and (4.15). If a; = 0 then ;4 > 0 and
we do the same for M7tf. This completes the proof of the lemma. B

We obtain the following classification result.

Corollary 4.3. Assume that B is the division algebra. Any two self-dual skew-
Hermitian O ® W-modules M and N are isomorphic if and only if

dimy, M7 /TIM?+ = dimy, N7 /TINTT | for all j € Z)2f7.

Moreover, for any given non-negative integers a; for j € Z/2fZ, there is a unique
up to isomorphism self-dual skew-Hermitian O ® W-modules M such that a; =
dimy, M7 JTIM7*S for all j € 7.)2f7.

5. QUASI-POLARIZED DIEUDONNE Op-MODULES

5.1. All Dieudonné modules in this paper are assumed to be finite and free as
W-modules. For basic theory of Dieudonné modules, we refer to Manin [14] and
Zink [41]. When working with Dieudonné modules, we use the standard notations
F and V for the Frobenius and Verschiebung operators, respectively. This should
not bring much danger of confusion with the totally real starting with.

By a Dieudonné Og-module we mean a Dieudonné module M together with
a ring monomorphism Op — Endpy(M) of Z,-algebras. Recall that a quasi-
polarization on a Dieudonné module M is an alternating non-degenerate W-bilinear
form

(,):MxM-—W,

such that (Fx,y) = (z,Vy)? for all z,y € M; a quasi-polarization is called Op-
linear if it satisfies the condition

(5.1) (bx,y) = (z,b"y), Va,ye€ M, be Og.

A quasi-polarized Dieudonné Og-module is a Dieudonné Og-module M together
with an Op-linear quasi-polarization.

We also recall that a quasi-polarized p-divisible Og-module is a triple (H, A, ¢)
where G is a p-divisible group, ¢ : Op — End(H) is a ring monomorphism of
Zy-algebras and A : H — H' is a quasi-polarization (i.e. an isogeny \ satisfying
Al = —)\) such that Aou(b*) = 1(b)to for all b € Op, where H! is the Cartier dual of
H. For a quasi-polarized p-divisible Og-module (H, A, ¢), the associated (covariant)
Dieudonné module M = M (H) with the additional structures is a quasi-polarized
Dieudonné Og-module.

Clearly these notions can be defined for orders in general semi-simple Q,-algebras
with involutions (i.e. for general PEL data); cf. [36, Section 2.1].
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Let (M,(,)) be a (not necessarily separably) quasi-polarized Dieudonné Og-
module.

Suppose B is the matrix algebra. Similarly to Subsection 4.4 we define the sym-
metric pairing (z,y) := (z, Cy) and have the decomposition M = e11 M @ esa M =:
My @ M, which respects the pairing (, ), where C' is the Weyl element. Hence
the Morita equivalence reduces to considering the anti-quasi-polarized Dieudonné
O-module M;. It admits the properties

(5.2) (az,y) = (z,ay) and (Fz,y) = (x,Vy)? VaeO, z,y € M.
Let M; = @ieZ/fZMf be the decomposition by the action of O™. Then one has
F:M"— MY V. MF S M

and (M, M{?) = 0 if i; # iy in Z/fZ. This shows that the ranks ranky: M? (or
equivalently ranky;: M) for i € Z/fZ are constant. As a result, the module M;
(or M) is free as an O ®z, W-module (This only uses the property that M is a
Dieudonné O-module).

Lemma 5.1. Assume that B is the matriz algebra. Let M and N are two separably
quasi-polarized Dieudonné Op-modules, then M and N are isomorphic as skew-
Hermitian O ® W -modules.

PROOF. This follows from the fact that M; (or M) is free as an O ®z, W-module
and Lemma 4.1. B

Suppose B is the division algebra. Let M = EBjez/ngMj be the decomposition
as (4.10). Then we have

F:M =M™ V.Mt M,

and (M1, M72) = 0 if j; — jo # f in Z/2f7Z. This shows that the ranks rankyy: M’
for j € Z/2f7Z are constant. As a result, M is free as an O, ®z, W-module (This
only uses the property that M is a Dieudonné Op-module).

5.2. From now on until Section 9 we assume that ranky M = m[B : Q,] for some
positive integer m. We say a Dieudonné Og-module M satisfies the determinant
condition if one has the equality of the characteristic polynomials, cf. (2.4)

(5.3) (K) char(¢(a)|M/V M) = char (o)™ € k[T], Vaé€ O,

where char (a) € Zp[T] is the reduced characteristic polynomial of a from B to Q,,
which is of degree [B : Q,]/2. If we let d = [F : Q,], then the above polynomials
are of degree 2dm.

Lemma 5.2. Let M be a Dieudonné Og-module.

(1) If B is the matriz algebra, then M satisfies the determinant condition (K)
if and only if for all i € 7./ f7, one has dimg(M;/V M;)" = em.

(2) If B is the division algebra, then M satisfies the determinant condition (K)
if and only if for all j € Z/2f7Z, one has dimy(M/V M)J = em.

PrROOF. (1) Using the Morita equivalence, M satisfies the condition (K) if and
only if M; satisfies (K) for all a € O. Choose an algebraically closure B(k)# of
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B(k) := W (k)[1/p] and put Xf := Hom(F, B(k)*8). For a € O, the left hand side
of the equation (5.3) is

H (T _ ai(a))dimk(Ml/VMl)i,
i€Z/fT

where ¢; € X is any lift of 0; € ¥. The right hand side of the equation (5.3) is
equal to

[[ @-d'@)m= T (T-3dua)™.

oEXF i€Z/ f7.
Therefore, the condition (K) is satisfied if and only if dimy(M;/V M;)? = em for
all i € Z/ fZ.

(2) As B is generated by the element II over L, it suffices the check the equality
(5.3) for a = and all @ € Or,. Since ¢(II) on M/V M is nilpotent, its characteristic
polynomial is T29™  where d = [F : Q,]. The (reduced) characteristic polynomial
of TI is the product of (T2 + 7) which is also equal to 72%™ in k[T]. The same
proof of (1) then shows that M satisfies the determinant condition if and only if
dimy(M/V M)’ =em for all j € Z/2fZ. R

Lemma 5.3. Suppose M is a separably quasi-polarized Dieudonné Op-module.
(1) IfB is the matriz algebra, then for anyi € 7] fZ, one has dimy(My/V M;)" =
em.
(2) IfB is the division algebra, then for anyi € Z/ f7Z, one has dimy,(M/VM)* =
2em (recall that (M/V M) denotes the o;-component of M/V M ).

PrOOF. (1) Consider M; as a separably anti-quasi-polarized Dieudonné O-module.
Using the similar proof of [35, Lemma 2.6 (2)], we show that the numbers dimy, (M, /V M; )
are constant, therefore, dimy (M;/V M;)" = em for all i € Z/fZ.

(2) Consider M as a separably quasi-polarized Dieudonné O-module (the Hilbert-
Siegel analogue). Again using the similar proof of [35, Lemma 2.6 (2)], we conclude
that the numbers dimy(M/V M) are constant, therefore, dimy(M/VM)* = 2em
for all i € Z/fZ. W

Remark 5.4. According to Lemma 5.3, if B is the matrix algebra, then any sep-
arably quasi-polarized Dieudonné Og-module satisfies the determinant condition.
However, in the case where B is the division algebra, there are a few possibili-
ties for dimy (M /V M), so that the determinant condition would impose a further
condition for separably quasi-polarized Dieudonné Og-modules.

5.3. We discuss the relationship between the numbers a; := dimy(M/IIM)’ and
the numbers dimy(M/V M)7 when B is the division algebra. Put

(5.4) cj = dimy(M/VM)?  for j € Z/2fZ.

Write V; : M7+t — MY for the restriction of V on MJ*! and II; : M7 — MJ+/
for that of IT on M7. We have the commutative diagram
M <

(5.5) I | M|

Mi+f @ MIFHHL
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Let ord be the normalized valuation on W?, that is, one has ord(r) = 1. Let
orddetII; denote the valuation of det(A;), where A; is the representative matrix
of the map II; with respect to a set of Wi-bases for M7 and M7/ respectively;
this is well-defined. Similarly we define ord det V; for suitable bases of M7*! and
M7. Tt is easy to see that

(5.6) orddetV; = ¢;, and orddetIl; = a;yr, Vj€Z/2fZ.

Aslljfq = VJ:_lf oIl; o Vj, one has the relation

Ajpf+1 = Ujqf+Cj — Cjtf,

or equivalently

(5.7) aj1=a;+cjprr—cj, VjieZ/2fZ.

Since rankyy: M7 = 2m, it follows from II; o I1;; y = —m that

(5.8) a; + ajrp =2m.

Since ajs are integers between 0 and 2m, it follows from (5.7) that
J+r

(5.9) 1> ey —c)| <2m, VjeZ/2fZ, 0<r< f—1
=

On the other hand, the collection {c;} satisfies the condition

(5.10) > cj=2dm.

JEL/2fZ
If M admits an Op-linear quasi-polarization which is separable, or called separably
quasi-polarizable, then one has the additional property

(5.11) ¢+ cjrp=2em, YjeL/2fZ.

Lemma 5.5. Notations being as above, the sets of numbers {a;} and {c;} satisfy
the conditions (5.7)-(5.10). Moreover, if M is separably quasi-polarizable, then one
has in addition the condition (5.11).

Proposition 5.6. Let M be a Dieudonné Og-module of rank 4dm, where d = [F :
Qpl-
(1) Suppose B is the matriz algebra.
(a) The module M is free as an O @ W-module.
(b) The module M is separably quasi-polarizable if and only if it satisfies
the determinant condition.
(2) Suppose B is the division algebra. Then M is free as an O @ W-module
if and only if it satisfies the determinant condition.

PROOF. (1) Part (a) is discussed in the paragraph before Lemma 5.1. (b) The only
if part follows from Lemmas 5.2 and 5.3. For the if part, we refer to the discussion
in [35, Lemma 2.6].

(2) If M satisfies the determinant condition. then each ¢; is equal to em by
Lemma 5.2. By (5.7) and (5.8), each a; is equal to m. Therefore, M is free as an
O ® W-module. Conversely, if M is free as an Op ® W-module, then ¢; = ¢j4 5
for all j by (5.7). By (5.11), each ¢; is equal to em. It follows from Lemma 5.2 that
the Dieudonné Og-module M satisfies the determinant condition. W
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Corollary 5.7. Let A be a Z,-valued unimodular skew-Hermitian Og-module of
Zy-rank 4dm. For any separably quasi-polarized Dieudonné Og-module M of rank
4dm that satisfies the determinant condition, one has an isomorphism M ~ A®z, W
as skew-Hermitian Og ® W-modules.

PrOOF. By Proposition 5.6, M is free as an O ® W-module. When B is the
matrix algebra, the assertion follows from Lemma 4.1. When B is the division
algebra, by Proposition 5.6 M is a free Op ® W-module. The assertion then follows
from Lemma 4.2. R

6. ISOGENY CLASSES OF p-DIVISIBLE O-MODULES

6.1. Keep the notations of the previous section. Our goal is to classify the isogeny
classes of quasi-polarized p-divisible Og-modules H = (H, A, ¢) over an algebraically
closed field k of characteristic p. Let (M, (,),¢) be the associated Dieudonné module
with the additional structures. Assume that ranky M = m[B : Q] for some integer
m > 1. Note that this is the general type D case (in the local situation). Let
d = [F : Qp). So the p-divisible group H has height 4dm.

The slope sequence (or Newton polygon) of a p-divisible group H is denoted by
v(H). Write

{8 hi<i<e
for the slope sequence with each slope §; of multiplicity m;.

Two quasi-polarized p-divisible Og-modules H = (H, A,¢) and H' = (H', X, /)
are said to be isogenous if there is an Op-linear quasi-isogeny ¢ : H — H’ such that
©*A" = X. This is equivalently saying that the associated F-isocrystals M ®z, Q, ~
M’ ®z, Qp are isomorphic compatible with the additional structures. Similarly, one
defines the isogenies for p-divisible Og-modules (H,¢). Clearly, the slope sequence
of a (quasi-polarized) p-divisible Og-module is determined by its isogeny class. The
relationship between the Newton polygon and isogeny class of p-divisible groups
with additional structures (in the general setting of F-isocrystals with G-structure)
is known due to the works of Kottwitz [11, 13] and Rapoport-Richartz [28]. Here
we describe the image of the Newton map v for p-divisible Og-modules.

6.2. We describe the isogeny classes of p-divisible Og-modules.

Lemma 6.1. Let (H,:) and (H',!") be two p-divisible Og-modules of same height.
Then (H, 1) is isogenous to (H',!") if and only if v(H) = v(H").

PrOOF. The direction = is obvious and we show the other direction. Since
v(H) = v(H'), we may choose an isogeny ¢ : H — H’. Then we have an iso-
morphism j : End’(H') ~ End’(H) of Q,-algebras, sending a — ¢ 'ap, where
End’(H) := End(H) ®z, Qp. Put 13 :=jo/ :B — End’(H). Since the center of
End’(H) is a product of copies of Qyp, by the Noether-Skolem theorem, there is an
element a € End”(H)* such that ¢; = Int(a) o «. For b € B, one has

e 1 (b)p=11(b) =aub)a .

Therefore, p o : H — H' is an Og-linear quasi-isogeny. N
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6.3. The isoclinic case. Let H be an isoclinic p-divisible Og-module of height
h > 0 of the slope 3, and let M be the associated Dieudonné Op-module. Let
E := End"(H) be the endomorphism algebra. Write F = Mat,,(A), where A is a
central division Q,-algebra with inv(A) = 3.

Suppose B is the matrix algebra. Then H = Hy @ Hy, Hy has height hy := h/2
and deg(End’(H;)) = hy. It is well known that there is an monomorphism F —
End®(H,) if and only if d|hy, or equivalently 2d|h. As deg(End"(H,)) = hy, one
has 8 = a/hy for some integer 0 < a < hy. Therefore,

o-{(5) ]

for some integer 0 < a < hy. Conversely, suppose 2d|h and we are given a slope
sequence v = {(2a/h)"} for some integer 0 < a < h/2. Then there is a p-divisible
group H of height h and with an monomorphism B — End”(H) such that v(H) =
v. Replacing H by another p-divisible group in its isogeny class, the map B —
End’(H) can be extended to a map ¢ : Og — End(H).

Suppose that B is the division algebra. Write 8 = a/h for some integer 0 < a <
h. Suppose

A ®Qp B = Ar @ B°? = Matc(A’),

where Ap := A ®q, F, B°P is the opposite algebra of B, A’ is a central division
F-algebra.

By an embedding theorem for general simple algebras [39, Theorem 2.7], there is
an embedding of B into E = Mat,, (A) if and only if the following condition holds

(6.1) B : Q] | ne.

Write § := deg(A) and ¢’ := deg(A’). As the field L can be embedded into E,
one has 2d|h. So we can put h = 2dh’ for some integer h'.
Lemma 6.2. The condition (6.1) is equivalent to the condition
(6.2) a=h" (mod 2)
PrROOF. We have ¢d’ = 2§ and h = nd. Then

4dinc <= 4dd'|ncd’ <= 2d§'|né = h
and this is equivalent to the condition
(6.3) §'|h.
As ¢’ is the denominator of inv(A’), the condition (6.3) holds if and only if A -
inv(A’) € Z. We compute
1 a-n a—h

inv(A) =d- 5 - o =" andhence N -inv(A') = ==

Therefore, the condition (6.3) holds if and only if the condition (6.2) holds. This
proves the lemma. N

By Lemma 6.2 one has

=)

for some integer 0 < a < h with a = 1’ (mod 2). Conversely, suppose h = 2dh’ for
some h/ € Z>1 and we are given a slope sequence v = {(a/h)"} for some integer
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0 <a<hwitha=h" (mod 2). Then there is a p-divisible Og-module H of height
h such that v(H) = v.
We conclude the discussion in the following proposition.

Proposition 6.3. Let h = 2dh’ with b/ € Z>1, and let (H,t) be an isoclinic p-
divisible Og-module of height h over k.

(1) If B is the matriz algebra, then

{3}

where a can be integer with 0 < a < dh'.
(2) If B is the division algebra, then

=)

where a can be any integer with 0 < a < h and a = h' (mod 2).

6.4. The general case. It is not hard to state the general case for possible slope
sequences of p-divisible Og-modules based on the isoclinic case. One simply con-
siders the decomposition H ~ H; x Hy X --- X Hy into the isoclinic components in
the isogeny class.

Theorem 6.4. Let h = 2dh’ with ' € Z>1, and let (H,.) be a p-divisible Op-
module of height h over k.

(1) If B is the matriz algebra, then

(6.4 V(H) = {( dh)} |

1<i<t

where hy + -+ h} = h' is any partition of the integer b’ and a; can be any
integer with 0 < a; < dh}. Moreover, after combining the indices i with
same slope a;/dh} and rearranging the indices, we may assume that

Q; 41

a; = dl,,’

i=1,...,t—1.

(2) If B is the division algebra, then

(6.5) V(H) = {(M)} ,

1<i<t

where hy + -+ + hy = h' is any partition of the integer h' and a; can be
any integer with 0 < a; < 2dh} and a; = b} (mod 2). Similarly, we may
rearrange the indices so that

a; < Aj41
2dh’i ZdhgJrl ’

i=1,...,t—1.
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7. SLOPE SEQUENCES OF QUASI-POLARIZED DIEUDONNE (Og-MODULES

Let h = 4dm with m € Z>1, and let (H, \,t) be a quasi-polarized p-divisible
Op-module of height h over k. Then the slope sequence v(H) of H is given as
Theorem 6.4 together with the symmetric condition: for all 0 < 4,5 < ¢ with
i+j=t+1, one has hj = h; and

dafi’ + dafj’ =1 in the matrix algebra case,
i J
(7.1) a; a

+

2dh] Zdh; =1 in the division algebra case,

where h} + - -+ + h} = 2m is a partition of 2m.
Note that the integer ¢ is even if and only if H has no supersingular component.
For any symmetric slope sequence v which has the form in Theorem 6.4, we write

V:VTLUVS)7

where v, consists of all slopes in v which are not 1/2 and v, consists of all slopes
1/2 in v.

Lemma 7.1. Let h be a positive integer and B a positive rational number so that
there exists an isoclinic p-divisible Og-module of height h and with slope 8. Then
there exists a separably quasi-polarized p-divisible Og-module (H, A, 1) of height 2h
such that v(H) = {p", (1 — B)"}.

PrOOF. Choose an isoclinic p-divisible Og-module (Hi,¢1) of height h and with
the slope 3. Put Hs := HY, which is an isoclinic p-divisible Og-module of height
h and with the slope 1 — 8. The monomorphism ¢y : O — End(Hz) is given
by t2(a) := t1(a*)t for a € Og. Put H := H; x Hs, and then H' = H! x HEL.
Let A = (A1, A\2) : H — H' be an Op-linear isogeny, where \; : H; — HY and
A2 : Hy — H{ are Op-linear isogenies. Then A\' = (A5, A\]), so A = —\ if and only
if Ao = —A!. Choose \; an Op-linear isomorphism and put A = (A, —=A!}). Then A
is a separably Og-linear quasi-polarization. N

Note that the construction in Lemma 7.1 works for any finite-dimensional simple
Qp-algebra B with involution. This method of construction appears quite often in
dealing with symmetric slope sequences with two slopes and we call this the double
construction.

For the supersingular case, we have the following result.

Theorem 7.2. For any positive integer m, there exists a superspecial separably
quasi-polarized Dieudonné Og-module M of rank 4dm that satisfies the determinant
condition (K).

The proof of this theorem is placed in the next section. We conclude the main
result in this section.

Theorem 7.3. Let h = 4dm with any m € Z>i. Let v be a slope sequence of
the form in Theorem 6.4 that satisfies the symmetric condition (7.1), where h} +
-4 h} = 2m is any partition of 2m. Then there exists a separably quasi-polarized
Dieudonné Op-module M of rank h and with v(M) = v.
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PrROOF. Write v = 1, + v into non-supersingular part and supersingular part,
say of length 4dm,, and 4dms, respectively. As each isoclinic component {3;"*} of
v, can be realized by a p-divisible Og-module (Theorem 6.4), by Lemma 7.1 there
is a separably quasi-polarized p-divisible Og-module (H,,, Ay, () of height 4dm,,
such that v(H,) = v,,. On the other hand, by Theorem 7.2, there is a superspecial
separably quasi-polarized p-divisible Og-module (Hjg, Mg, ts) of height 4dmg that
satisfies the determinant condition. The product (H,, An, tn) X (Hs, As, ts) satisfies
the desired properties. W

Remark 7.4.

(1) In Lemma 7.1 one may choose H so that H is a minimal p-divisible group in
the sense of Oort, that is, the endomorphism ring End(H) of H is a maximal Z,-
order in the semi-simple QQ,,-algebra End®(H). This follows from the construction of
the minimal isogeny; see Section 4 (particularly Proposition 4.8) in [38]. Therefore,
the p-divisible Og-module in Theorem 7.3 can be chosen to be minimal.

(2) We shall see that when B is the division algebra, the determinant condition
(K) will rule out some possibilities of the slope sequences that are realized by
separably quasi-polarized Dieudonné Og-module in Theorem 7.3. That is, not all
symmetric slope sequences in Theorem 7.3 occurring as those of separably quasi-
polarized Dieudonné Og-modules that satisfy the determinant condition. We refer
to Section 12 for more details in the case of rank 4d.

Corollary 7.5. There is an ordinary separably quasi-polarized p-divisible Op-
module of height 4dm if and only if one of the following holds:

(1) B is the matriz algebra;
(2) B is the division algebra and m is even.

PRrROOF. Any ordinary p-divisible Og-module always admits an Og-linear separa-
ble quasi-polarization.

If B is the matrix algebra, then the ordinary slope sequence appears in Theo-
rem 6.4 (or in Proposition 6.3). Therefore, by Theorem 7.3 there is an ordinary
separably quasi-polarized p-divisible Og-module of height 4dm.

Suppose B is the division algebra. Then the slope sequence {(a1/2dh} )24 | (ag/2dh}))24}
of the form (6.5) can be the ordinary slope sequence if and only if b} = h), = m
and m = 2dm (mod 2) (taking as = 2dh} and hy, = m). That is, m is even. N

Remark 7.6. For a smooth PEL-type moduli space M, the ordinary locus of M ®
k(v) is non-empty if and and if E, = Qp, where E is the reflex field. Corollary 7.5
shows that the latter condition is not sufficient for the non-emptiness of the ordinary
locus in ramified cases.

We give a few examples of possible slope sequences of quasi-polarized Dieudonné
Og-modules.

Corollary 7.7 (m =1). Let (H, A\, ¢) be a quasi-polarized p-divisible Og-module of
height 4d.
(1) If B is the matriz algebra, then

= {6 (559)}
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where a is any integer with 0 < a < d/2, or

an-{(3)"}

(2) If B is the division algebra, then

m={(5)" (%)}

where a is any integer with 0 < a < d with a =1 (mod 2), or

an-{(3)"}

Corollary 7.8 (m = 2). Let (H, A\, 1) be a quasi-polarized p-divisible Og-module of
height 8d.
(1) If B is the matriz algebra, then we have the following possibilities of v(H):

(a) one slope case:
1)\ 84
H) = - .
() {(2) }
(b) two slopes case:
sd (90— g\ A
y(H):{(;j) (wa) } 0<a<d, acZ.

(c) three slopes case:

v(H) = {(Z)2d7 (;)M (d;a>2d}, 0<a< g, €.

(d) four slopes case:

o= {0 () () () )

where a and b are any integers with 0 < a < b < d/2.
(2) If B is the division algebra, then we have the following possibilities of v(H):

(a) one slope case:
1\ 8
(b) two slopes case:
a4 [4d—a\™
= _— JE— < = .
v(H) {<4d) 7( 1d ) }, 0<a<2d, a€Z, a=0 (mod 2)

(c) three slopes case:

-G (5)" (%)),

where a is any integer with 0 < a < d and a =1 (mod 2).
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(d) four slopes case:
2 7 bN\2 fod N2 /od_ g\ 2
V(H) = (i> [ P s\ T g ’ e ’
2d 2d 2d 2d

where a and b are any integers with 0 < a < b < d and a,b =1
(mod 2).

8. PROOF OF THEOREM 7.2

In this section we construct a superspecial separably quasi-polarized Dieudonné
Op-module of rank 4dm that satisfies the determinant condition for any m € Zx;.
It suffices to construct such a Dieudonné module M of rank 4d and we take MP™.

8.1. The matrix algebra case. Suppose B is the matrix algebra. Using the
Morita equivalence, one reduces to construct Dieudonné O-modules in question. We

shall construct a superspecial separably anti-quasi-polarized Dieudonné O-module
(M, (,)) of rank 2d. Then such a M is a free OQW =[],z Wimodule of rank

2 and (M% M%) =0 if iy # iz in Z/fZ. We shall also impose the condition that
M/V M is a free O ®z, k =[], k[x]/(7®)-module. Let

M = ®icz 2 M’

where each M? is a free rank two Wi-module generated by elements X; and Y;. We
define the symmetric pairing (,) : M* x M* — W, for each i € Z/fZ, with

(8.1) (X5, 7)) =1 and (X;,7°Y;) =0, V0O<b<e—2.
Note that the symmetric pairing (, ) with the property (5.2) is uniquely determined
by its values (X;,7°Y;) for 0 < b < e—1. As (7°X;,7°Y;) = 0 (mod p) for all
a+b>e—1, the pairing (,) is a perfect one. We define the Frobenius map by
(8.2) FX; =Y, FYi=pXi, Vi€Z/fL.
This defines a superspecial Dieudonné O-module M. If f = 2r is even, one has
F¥ Xy =p'Xo, F2'Yy = p'Y.
If f =2r+1is odd, one has
FrHX, = oY, F¥4Y, = pr i X,

One easily checks the compatibility

p (1 X;, 7°Y;)° = (FreX;, Fr'Y;) = p (7%Y41, 7 Xip1) = p (7 X1, 7Yi41).

for all 0 < a,b < e — 1, and in particular for a = 0 and 0 < b < e —1, cf. (8.1).
This gives a superspecial separably quasi-polarized Dieudonné O-module of rank
2d such that M/V M is a free O ® k-module. We have completed the construction
for the case where B is the matrix algebra.
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8.2. The division algebra case. Suppose B is the division algebra. We want to
construct a superspecial separably quasi-polarized Dieudonné Og-module of rank
4d that satisfies the determinant condition. Let

v @ o
JEZ/25Z
where each M7 is a free rank two W'-module generated by elements X; and Yj,
where ¢ = j mod f. We need to construct
(i) a Frobenius map F on M such that F2M C pM and that dimy(M/V M)/ =
e forall j € Z2/2fZ,
(ii) a map IT on M which shifts the degree by f (i.e. IT : M7 — M’*f) such
that II? = —, and
(iii) a perfect Wi-bilinear pairing
() : M3 x MY W VjeZ/2fZ,
such that
(a) <X7 Y>F = _<Ya X>F’
(b) (FX,FY)r =p(X,Y)§, and
(c) (X, IIY)r = (X, Y)r
forall X € M7, Y € M%7/ and j € Z/2fZ.
Choose a generator § of ’Da}zp and one has Dé}zp @z, W =0 ®z, W-6. The
pairing (, )r above defines a self-dual alternating O-bilinear pairing

(JF:MxM— O®z, W.
Put
(8.3) (x,y) == Trp)q, (6{z,y)r) : M x M — W.

Then one would obtain a desired Dieudonné Og-module.
Write Fj : M7 — M7+ for the restriction of the Frobenius map F on M7, and
I; : M7 — MJ*+/ for that of Il on M7. As the maps F and II commute, one has

(8.4) I Fj = Fj 10« M9 — MI+H L

Therefore, if the Frobenius map F' has been chosen, then the map II on M is
uniquely determined by the map Ily; of course the maps F' and IIy should be
chosen so that each map II; defined by the recursive formula (8.4) sends the lattice
M7 into M7+, Observe that if IIf oIlg = —m, then Il y oIl; = —m for all j, as
one easily checks

Ojypoll; = FVI; F~9 FIlg F7 = —m.

Suppose the maps Ff : M® — M/ and Ff: M/ — MP° have the representative
matrices in the form

(8.5) A0:<2 8) Af:@ 8)

with respect to the bases {Xo,Yy} and {Xf,Ys}, where a and b are non-zero ele-
ments in W0, Set

(8.6) Ty = ((1) _07T> .
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Then one computes

0 (0 a\ (1 0N (0 &\ _ (-7 0
=\ o)J\o —x)\b 0/ ~ o 1)
and gets Il o Ily = —7.

Suppose the maps Ff : MY — M/ and Ff: M/ — M° have the representative
matrices in the form

(8.7) A0:<8 2) Af=<% 2)

where @ is a non-zero element in W0. Set

(8.8) Iy = ((1) _oﬂ> .
0
1

Let ¢ := [e/2]. Suppose the Frobenius map F' on M has the following represen-
tative matrix (with respect to the bases {X;,Y;} of M7):

Then one computes II; = _07T> and gets I o IIy = —.

aj

(8.9) Fj:(fj 0), Vj € 2/2f7

for some elements a;, b; with ord(b;) = ¢ and ord(a;) = e — c. Then F satisfies the

property ().
Consider the case where f is even. Put

(8.10) F; = (736 Y ) . VjeZ/2fT.

One computes that the matrices Ay and Ay have the form as in (8.7). Set
0 —m
w= ()
0 —7T> e .
, if j is even,

0 —pm
TI'2C+ 1p—1 O

and we have

(8.11) II; = o

) , if 7 is odd.
Clearly, the properties (i) and (ii) for M are satisfied.

For each j € Z/2f7, define a Wi-bilinear pairing

()F: MI x MITT — Wi
by
(Xj, Xjep)e = (Y5, Yipp)e = 0, and (X;,YViip)r = 1.
Then one has (Y}, X,y s)r = —1 for all j € Z/2fZ. We check the condition (b):
p=(FX;, FYjif)p = (7Yjp1, —pn “Xjp115)F =P

We check the condition (c) by (8.11)
Yiys, —mXj)p =m, if 7 is even,

8.12 I1X;, 11Y; =
( ) < J J+f>F {(,].[.264’1171"}/]__"_‘]‘.7 7p7726Xj>F =, lfj is Odd
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This finishes the case where f is even.

Now consider the case where f = 2r 4+ 1 is odd.

Suppose first that e = 2c is even. Let F be such that Fj is the matrix (8.10).
One computes that the matrices Ag and A; have the form as in (8.5). Set IIj to
be the matrix (8.6). We have

1 0 e
, if j is even,
0 —m
(8.13) II; = 0
-
, if 5 is odd.
0 1

Clearly, the properties (i) and (ii) for M hold.
For each j € Z/2f7Z, define a W-bilinear pairing

(g M) x M3 Wi
by
(X5, Yjip)r = (Y}, Xjip)p =0
and

(Y}, Yigp)p = (1) pr=2e.
We check the compatibility:
(Xjrp, Xj)p = —(X5, X ) = (-1)7H,
(Yier, Yihw = (1Y, Y p)w = (=171 pr2e,
We check the condition (b):
p(=1) = (FX;, FXjis)r = (7Yj11, 714 0)p = (=1)p.
p(=1)7 " pn=% = (FY;, FYj4 f)w

{<vaXj+f>F = (1),

—C

= (—pr X1, —p7 “Xji144)F = (1) p?r2e

It is easy to check the condition (c¢) by (8.13). This finishes the case where e = 2¢
is even.
Suppose e = 2¢ + 1 is odd. Define the maps F' and II as follows:
0 —xct! 0 —m .

™

It is easy to see that the maps F' and II commute and that the properties (i) and
(ii) for M hold.
We choose elements u; and v; in Wix, where j € Z/2fZ, such that

7,”_2(:+1 77r2c+1

(8.14) Ujyf = —Vj, puj = vjy1 and pv] = Ujp1-
for all j € Z/2f/Z. This can be done by an analogue of Hensel’s lemma and we
leave the details to the reader.

For each j € Z/2f7, define a Wi-bilinear pairing
(Vg M x MIHT — Wi
by
(X5, Xjup)e = (Y5, Yigp)p = 0
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and
(X5 Yiep)e = wj (Vi Xjyp)w = vj.
We check the condition (b):

puf = (FX;,FY;yp)r = (Y1, =7 X4 p)p = =72,

pvf = (FY;, FXjip)p = (~n T X0, m Y p)p = =2 g

It is easy to check the condition (c). This finishes the case where e = 2¢+ 1 is odd.
This way we construct a separable Og-linear quasi-polarization on M. This
completes the construction of a superspecial separably quasi-polarized Dieudonné
Ogp-module of rank 4d in the case of the division algebra.
The proof of Theorem 7.2 is complete.

Remark 8.1. (1) When B is a division algebra and ef is odd, the double con-
struction as in Lemma 7.1 provides an alternative way to produce a separably
quasi-polarized superspecial Dieudonné Og-module M. However, we checked that
such a Dieudonné module M rarely satisfies the determinant condition.

(2) We refer to [37] for a classification of superspecial quasi-polarized Dieudonné
OF ® Z,-modules of HB type.

9. [SOGENY CLASSES OF QUASI-POLARIZED p-DIVISIBLE Op-MODULES

Consider rational quasi-polarized Dieudonné B-modules N with B(k)-rank =
4dm, or quasi-polarized B-linear F-isocrystals. When all slopes of N are between
0 and 1, there is a Dieudonné Op-lattice M in N, so N = M Q) B(k) for
some quasi-polarized Dieudonné Og-module. We like to classify the isomorphism
classes of these rational Dieudonné B-modules with a fixed slope sequence v. This
gives the classification of isogeny classes of quasi-polarized p-divisible Og-modules
of height 4dm.

Let v be a symmetric slope sequence as in Theorem 7.3. Let I(r) denote the set
of isogeny classes of quasi-polarized p-divisible Og-modules (H, A, ¢) of height 4dm
such that v(H) = v. Rapoport and Richartz [28] have obtained a description for
I(v) in terms of a Galois cohomology set H!(Q,, J) for a certain reductive group .J
over Q, when the structure group is connected. The description in terms of Galois
cohomology set helps us to understand the classification problem. For the present
case one still needs to work a bit more as the structure group is not connected,
though a similar description is expected.

We shall work along with Dieudonné modules and translate the classification
problem into the theory of (skew-)Hermitian forms over local fields; see Theo-
rem 9.2.

Write v = v, + V5 into the non-supersingular and supersingular parts.

Lemma 9.1. We have I(v) = I(vy) X I(vs) and I(v,) consists of one isogeny
classes.

PRrROOF. Suppose N; and N, are rational quasi-polarized Dieudonné B-modules
with v(N7) = v(N3) = v. Write

Ny =NP* @ N{*, Ny =Ny @ N§®
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into the non-supersingular component and supersingular component, respectively.
Clearly, N1 ~ Nj if and only if N** ~ NJ* and N7° ~ N3°. This shows the first
part.

For the second part, we decompose the rational Dieudonné modules

N{¥ = @gc1/2(N1g ® Nig), N3°=@pc1/2(Nag @ Ny g)

into isotypic components. By Lemma 6.1, we have an isomorphism N; g ~ Ny
as rational Dieudonné B-modules for each § < 1/2. It follows that NJ*® ~ NJ'® as
quasi-polarized Dieudonné B-modules. R

By Lemma 9.1, one reduces to classify the isomorphism classes of supersingular
rational quasi-polarized Dieudonné B-modules of B(k)-rank 4dmg, where 4dmg is
the length of the supersingular part v;.

Let N be a supersingular rational quasi-polarized Dieudonné B-module of B(k)-
rank 4dm,. Put B

N :={z € N|F?z = px}.
This is a B(IF,2)-vector space of dimension 4dm, such that
o W(k) @p,,) N =N,
e =V onN , and B
e the action of B leaves N invariant.

Let D be the quaternion division algebra over Q,. We can write D = B(IF )2 ) [F]
with relations F? = p and Fa = o(a)F for all a € B(F,2). Then N naturally
becomes a left D-module of Q,-rank 8dm,. Define the involution *p on D by
(a+bF)*® := og(a) + bF. This is an orthogonal involution as the fixed subspace is
3-dimensional. As the actions of B and D commute, N becomes a left B ®q, D-
module. Write

B ®q, D=B®r (F ®qQ, D) ~ Matg(B’),

where B’ is a quaternion algebra over F. One can easily determine whether B’
splits or not by the following

inv(B’) = 1/2[F : Q,] — inv(B).

The alternating pairing
(,): N x N = B(F,)

has values in B(FF,2) satisfying (Fx,y) = (x, Vy)?. Define

V(. y) == Trpw ,)/q, (T Fy).

One has the following properties: For all x,y € N, a € D, and b € B one has

(1) w(yax) = _¢($7y)7

(ii) Y(az,y) = ¢(z,a"Py), and

(iil) Y (bx,y) = (z,b"y).
That is, N is a Qp-valued skew-Hermitian B ®q, D-module with respect to the
product involution * ® *p. We check (i)—(iii). For (i), one has

P(y,z) = Tr(y, Fz) = Te(Fy,2)° = — Tr(x, Fy) = —¢(x,y).

For (ii), one has for a € B(F,2)

Ylaz,y) = Tr(az, Fy) = Tr(z, Fa%y) = ¢(z, a”y),
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Y(Fa,y) = Te(Fz, Fy) = Trp(z, y)? = Tr(z, F?y) = (z, Fy).
For (iii), one has
Y(bz,y) = Tr(bz, Fy) = Tr(z, Fb*y) = ¢(z,b"y).

Note that if we replace N by N’ := {x € N|F?z + pz = 0}, then F = -V on N’
and the pairing ¢’ (x, y) := Tr(z, Fy) becomes Hermitian instead of skew-Hermitian.
Moreover, the adjoint involution *, on D is the canonical involution.

Since the canonical involution * is symplectic and *p is orthogonal, the product
involution *®x*p is symplectic. Therefore, we can choose an F-algebra isomorphism
B®g, D ~ Maty(B’) so that the induced involution is the map (b;;) (b;‘;), where
+" is the canonical involution on B’. o B

Let e11 and egs be the standard idempotent of Maty(B') and let N = Ny @ Ns
be the corresponding decomposition. We have proven

Theorem 9.2. The association (N, (,)) — (Ni,1) gives rise to a bijection between
the set I(vs) and the set of isomorphism classes of Qp-valued skew-Hermitian free
B’-modules of B'-rank ms, where B’ is the quaternion algebra (unique up to iso-
morphism) over F with inv(B’) = 1/2[F : Q,] — inv(B).

Corollary 9.3.

(1) If B’ is the matriz algebra, then there is a natural bijection between the set
I(vs) and the set of isomorphism of non-degenerate symmetric space over
F of dimension 2mg.

(2) If B’ is the quaternion division algebra, then there is a natural bijection
between the set I(vs) and the set of isomorphism classes of non-degenerate
skew-Hermitian B’-modules of B'-rank m.

PRrROOF. For the matrix algebra case, we do the Morita equivalence again as before.
The corollary follows from Theorem 9.2. R

In the following we use the theory of quadratic forms and the skew-Hermitian
quaternionic forms over local fields; see O’Meara [23, Chapter IV] and Tsukamoto [30].

Consider non-degenerate symmetric spaces V' of dimension ng over a non-Archimedean
local field kg of characteristic different from 2. Recall the discriminant 6V € kg /k;>
of V is defined by

5V = (=1)m0/2 et V.

Note that we have §V = [1] when V is the hyperbolic plane. Let SV € {£1} denote
the Hasse symbol of V' (see [23, p. 167]). Denote by Q(ng) the set of isomorphism
classes of non-degenerate symmetric spaces V' of dimension ng over kq.

Theorem 9.4. Notations as above.
(1) For anyng > 1, the map (5, 5) : Q(ng) — ki /ki* x {£1} is injective. This
map is also surjective for any ng > 3.
(2) Formng =1, the map & : Q(1) ~ ki /ki? is a bijection.
(3) For ng =2, the image of the map (4, S) is

(el 20:l iy o fa (S ))-

PROOF. See Theorems 63:20, 63:22 and 63:23 of [23, p. 170-171].
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Corollary 9.5. If kg is non-dyadic, then one has
QM =4, |Q@2)=7, and [Q(no)|=8, Vno=3.

Let By be the quaternion division algebra over kg together with the canonical
involution *. Denote by SQ(ng) the set of isomorphism classes of skew-Hermitian
By-modules (V) of rank ng for ng > 1. The discriminant §V € kS /k;? is defined
by

oV = (=1)"AINr (4 (eiy ¢5))
where {e;} is a basis for V over By and Nr : Mat,,,(By) — ko is the reduced norm.
Theorem 9.6.
(1) Forng > 2, the map & : SQ(no) — ki /kJ? is a bijection.
(2) For ng = 1, the map & : SQ(ng) — kg /ki? is injective and its image is
equal to {[al; [a] # 1]}
PROOF. This is Theorem 3 in [30].

Corollary 9.7. If kg is non-dyadic, then one has
[SQ(1)| =3, and |SQ(ng)| =4, Vng>2.

Theorem 9.8. Let notations be as above.
(1) If B’ is the matriz algebra, then we have

7 4 =1
(91) 1= Ime
8 ifmg > 2.

(2) If B’ is the quaternion division algebra, then we have
3 =1
(92) 1wl = 42 dme
4 if mg > 2.

PROOF. These follow from Corollaries 9.3, 9.5 and 9.7. R

Combining Lemma 9.1, Theorem 9.2, Corollary 9.3 and Theorem 9.8, we ob-
tain an explicit classification of isogeny classes of quasi-polarized p-divisible Og-
modules.

10. INTEGRAL MODEL M%)

For the remaining of this paper we restrict ourselves to the minimal case m = 1.
We shall use the notations in Section 2 and in Subsection 4.1.

10.1. Local models. Let A be a free Op ®7 Z,-module of rank one together with
a perfect Z,-valued skew-Hermitian pairing

Vi AXN—=Zy.

For such a lattice A, we define, following Rapoport and Zink [29], a projective
Zy-scheme My, called the local model associated to A (and 1), which represents
the following functor. For any Z,-scheme S, M (S) is the set of locally free Og-
submodules T C A ®z, Og of rank [B : Q]/2 = 2d such that

(i) & is isotropic with respect to the pairing 1);
(ii) locally for Zariski topology on S, J is a direct summand of A ®z, Og;

(iii) &F is invariant under the Op-action;
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(iv) F satisfies the determinant condition (cf. Subsection 2.3):
(K) char(a]A ® Og/F) = char (a) € Og[T], Vae€ Op.
Recall that for an abelian scheme A over a base scheme S, we have the Hodge
filtration
0 — ways — Hpr(A/S) — Lie(A"/S) — 0.
Taking the dual one obtains the short exact sequence
0 — waeyg — HPR(A/S) — Lie(A/S) — 0.

If M is the covariant Dieudonné module of an abelian variety A over a perfect
field ko, then there is a canonical isomorphism M /pM ~ HPR(A/ky) with the
Hodge filtration VM /pM corresponding to w4¢. This justifies the definition of the
determinant condition for objects in the local model My in (iv).

By an automorphism of the lattice A ® Og, where S is a Z,-scheme, we mean an
Op ® Zy-linear automorphism of the Og-module A ® Og that preserves the pairing
1. We denote by Auto,gos (A ® Og, 1) the group of automorphisms of A ® Og.

Let G = Autp,ez, (A, ) be the group scheme over Z,, that represents the group
functor

S — AUtOB®Os (A ® Og, Zb)

We know that G is an affine smooth group scheme over Z, whose generic fiber Gg,
is a Qp-form of (Resp/g O2,r) ®q Qp; see Section 3. The group scheme G acts
naturally on M on the left.

10.2. Local model diagrams. Let S be a Z,-scheme and A = (A4, \,:) be an

object in Mg)(S). A trivialization « of the de Rham homology HPR(A/S) by
A ®z, Og is an Op ® Zy-linear isomorphism - : HPR(A/S) — A ®z, Os of Os-
modules such that ¥ (y(z),v(y)) = (x,y)x for z,y € HPR(A/S), where

() : HPR(A/S) x HPR(A/S) = Os
is the perfect alternating pairing induced by A.

Let M = M(IZ()) denote the moduli space over Z, that parametrizes equivalence
classes of objects (A4,7)s, where

o A= (A, )\ ) is an object over a Zy-scheme S in Mg’;) ® Zyp, and
e v is a trivialization of HPR(A/S) by A ® Og.

The moduli scheme M has two natural projections ¢
pmod M = Mg?) ® Ly
forgets the trivialization. The morphism

@IOC:M%MA

mod loc

and ¢'°°. The morphism

sends any object (A,7) to y(war/s), where wqr /g C HPR(A/S) is the Og-submodule
in the Hodge filtration. Thus, we have the so called local model diagram:
mod —~ loc

(10.1) MP 7, E— M s M,.
The local model diagram above was introduced by Rapoport and Zink [29] in

a more general setting. The moduli scheme M also admits a left action by the
group scheme G. Recall that k denotes an algebraically closed field of characteristic
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p >0 and W = W(k) the ring of Witt vectors over k. Using Corollary 5.7, for any
k-valued point A in M(I?), there is an Op ® Zjp-linear isomorphism of W-modules

MA)~AW

which is compatible with the alternating pairings. This shows that the morphism
™4 is surjective. It follows that ¢™°¢ is a left G-torsor, and hence this morphism
is affine and smooth.

By the Grothendieck-Messing deformation theory of abelian schemes (see [6] and
[20]), for any k-valued point = of Mg};), there is a k-valued point y in M such that

there is a (non-canonical) isomorphism
(10.2) a: MP D~ My

of formal local moduli spaces. This shows particularly that if the local model My
is flat over Spec Z,,, then the integral model /\/lg?) is flat over Spec Z,,.

The morphism '°¢ is smooth, G-equivariant, and of relative dimension same as
@4, However, at this moment we do not know whether the morphism ¢'°¢ is
surjective yet. If this is so, then the integral model M(}’;) is flat over Spec Z,, if and
only if the local model M, is flat over SpecZ,.

We shall show that the local model My is finite and flat in the next section

(Theorem 11.8). Then we get the main result of this section.

Theorem 10.1. The moduli scheme Mg) — Spec Zy) is flat and every connected
component is projective and of relative dimension zero.
11. COMPUTATION OF LOCAL MODELS
11.1. A reduction step. Let A and M, be those as in the previous section. Let
A= Dyphy

be the decomposition of A obtained from the decomposition O ® Z,, = Hvlp
where O, is the ring of integers in the local field F, of F' at v. Then we have

My = [[Ma,,

vlp

O,

where the product II means the fiber product of the schemes My, ’s over SpecZ,
and M, is the local model defined by the lattice A, in the same way as Mjy; see
Subsection 10.1.

Write Op ®z Zp = Hv|p Op, for the decomposition with respect to O ® Z, =
Hv‘ » O,. Then Op, is a maximal order in B,,. Similarly we have the automorphism
group scheme G, = Auto, (Ay,1,) associated to the local lattice (A, ), ), and have
the fiber product decomposition

G=1]5-

vlp
Now we fix a place v of F over p. Let O, C O, be the maximal etale extension
of Z, in O, and put
I, := Homgz, (O,", W).
Let e = e, be the ramification index and f = f, be the inertia degree. Let 7 be a
uniformizer of O, and let P(T") be the minimal polynomial of 7w over O4'. For any
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o €I, put W, := WIT]/(c(P(T))) and denote by 7 again the image of T in W,.
One has W, = W{n] and the element 7 satisfies the equation o(P(T)) = 0. We
have the decomposition

A, ®z, W =&scr, Ao, As:i=A, Qorr o w.

Write
Vo i Ag X Ay = W
for the induced alternating pairing.

Similarly we define the local model My  over Spec W attached to each skew-
Hermitian lattice (Ay,%y). If F, C A, ® Og is an object in My, and let &F, =
@oer,Fo be the natural decomposition, then every factor ¥, is a locally free Og-
module of rank 2e; this follows from the determinant condition (K). Therefore we
have a natural isomorphism

fiMp, W o~ H My,, o= (Fo)oer,,
oel,
where the product II means the fiber product of the schemes My _’s over Spec W.
We shall compute the special fiber My, @k of My,,. Put Op, := Op, @0 o W
for o € I,.

11.2. Unramified case. Suppose v is unramified in B. Then Op_ = Maty(W,).
By the Morita equivalence reduction as before, we have A, = A;1 @ Ay 2 and a
unimodular Hermitian pairing

Do - Aa,l X Ao,l — W.

Recall that ¢, (z,y) is the restriction of the symmetric pairing ¢ (x, Cy) on the first
factor As,1, where C' is the Weyl element. The local model M, associated to the
symmetric lattice (Ay 1,%s) is defined to parametrize the W, @ Og-submodules F
of A, 1 ® Og with the following properties:

(i) Fis a locally free Og-module of rank e and locally for Zariski topology on
S is a direct summand of A, ® Og;
(ii) F is isotropic with respect to the pairing .
Any F, is an object in M has the decomposition F, = F, 1 & Fy 2.

Lemma 11.1. The map which sends any object T, in My _ to its first factor Ty 1
induces an isomorphism of schemes

MAU >~ M%T.

PRrOOF. It suffices to check that F, is isotropic with respect to the pairing v, if
and only if F, 1 is isotropic with respect to the pairing ¢, (z,y) = ¥, (2, Cy). Using
ei1 = ez, we get Y, (Fy, Fr) = 0 if and only if ¥, (Fy1,F52) = 0. On the other
hand, the isomorphism C : A, —+ A, induces the isomorphism C : Ay 1 — A, 0.
Therefore, ¢o(Fs1,F,1) = 0 if and only if 95 (Fs1,F2) = 0. This shows the
lemma. B

Put Ay := Ay /pAs and Ay 1 := Ay 1 /pAoi. Let Dyl oy

of the extension W, /W and choose a generator d, of this fractional ideal. Then
there is a unique W,-valued W,-bilinear symmetric pairing

be the inverse difference

gO; : A.o"l X Ao—,l — Wg
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such that ¢, (2,y) = Tr[ds - ¢, (z,y)]. One can show that a k[r/(7¢)-submodule
Fs1 C Ap1 is isotropic with respect to the pairing ¢, if and only if so it is for the

pairing ¢/ .
Since As,1 is a self-dual lattice and k is algebraically closed, we can choose a
Wy-basis x1, 22 for Ay 1 such that
Po(@1,21) = o (2,22) =0 and g (21,22) = @, (x2,21) = 1.
Denote by 7;, for i = 1,2, the image of z; in A, ;. Let F C A, 1 be an object in
M, (k). As A, is a free k[r]/(m°)-module of rank two, one has
Ao /T = k[n]/(x) & kr]/(x°)
for some integers e1,e2 with 0 < e; < ey < e and e; + e2 = e. The pair (e1, e2) will
be called the Lie type of the object F. We can write
F = Span{7“ g1, 7?%a },
where 71 and 2 generate A, 1 over k[r]/(7¢). Moreover, we can write either
(a) 71 = Z1 +1Zs and fjp = Ty, or
(b) o1 =tx1 + 72 and g = Ty,
where ¢ € k[r]/(n¢). We can represent ¢ as
t:t0+t177+"'+t5_261_1ﬂ'e_2€1_17 ti ck

because if ord,(t) > e — 2e; then one can replace Z; + tZ2 by Z; in the case (a)
(and the same for the case (b)). Now one easily computes that

O (F,F) =0 < 2tn* =0.

This condition gives tom2“t + -+ +t._ 9,171 = 0 and hence

o=+ =te2¢,-1=0.
Therefore, we get two objects.

F = Span{n' Z1, 7T}, or F = Span{nZ9, w7 }.

Notice that these two members are in the same orbit under the action of the group
G, (k) as the automorphism of A, ; switching z; and Zs lies in G, (k), where

Go = Autw, (As1,00)

is the automorphism group scheme of the symmetric lattice (A, 1, o) over W. We
obtain the following the result.

Proposition 11.2. Assume that v is unramified in B and let o € I,,. Then M,,_(k)
consists of the k[n]/(w®)-submodules

Fe, = Span{7n®Zy, 7" Za}, for0<e; <e.
Moreover, two objects Fe, and Fer are in the same orbit under the action of G, (k)
if and only if e1 =€} ore; +¢e} =e.
Proposition 11.3. Assume that v is unramified in B, and let o € I,,.

(1) The special fiber M, @w k is zero-dimensional and two objects F and F'
in My, (k) are in the same orbit under the G, (k) if and only if they have
the same Lie type.

(2) The structure morphism M, — Spec W is finite and flat.
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PrROOF. (1) This follows immediately from Proposition 11.2.

(2) Since the morphism f is quasi-finite and projective, f is finite. We now
show that any object Fo in M, (k) can be lifted to an object Fr over an integral
domain R with residue field k£ and fraction field K of characteristic zero. Then the
coordinate ring of M, is torsion-free as a W-module and hence is flat over W.

By Proposition 11.2, write 5 = Span{m® %1, 7°*Z5} for two integers ey, e2 with
0 <ej,ex <eande+e =e Write W, = W[T|/(cP(T)). Let R be the ring
of integers in a finite separable field extension K of B(k) = Frac(WW) such that the
polynomial ¢ P(T') decomposes completely over R:

oP(T)=(T-m) (T —m.) € R[T).

Let mg be a uniformizer of R. We have W, @w R = R[T]/(cP(T)). As W, is a
free W-module, we have an exact sequence:

0 —— W,@w (ng) —— Wo@w R —— W,w k —— 0.

So an element f(T) in R[T]/(cP(T)) specializes to zero in W, ® k = k[T]/(T°) if
and only if f(T) € mg - R[T]/(cP(T)). We shall construct a W, @y R-submodule
Fr C Ay 1 ®w R such that
(i) Tr®r k = Fo;

(ii) Fr and (Ay1 ®@w R)/Fr are both free of rank e over R;

(iii) Fg is isotropic with respect to the pairing ¢ .
Now we let Fg be the submodule generated by the elements (T'—7y) - - - (T —7e, )21
and (T — mey41) -+ (T — me)xe. Clearly m; € wrR for all ¢ so one has (i). The
statement (ii) follows from (i) by the right exactness of the tensor product. To
check (iii), as Fr C Fx := Fr ® K, it suffices to check (iii) for Fx. Now we have

€
Woeow K=][K and Fx=(Fxi)icice.
i=1
It is easy to see that each component g ; is one-dimensional K-subspace generated
by either 1 or x5 and hence Fg satisfies the condition (iii). W

Let F, be an object in My, (k) and let F, = @1, Fo be the natural decomposi-
tion. The reduced Lie type of F, is defined to the system of pairs (e, 1, €5,2) indexed
by I, where (€51, €5,2) is the Lie type of F, 1. Proposition 11.3 immediately gives
the following result.

Theorem 11.4. Suppose that v is unramified in B.

(1) The special fiber My, ®z, Fp is zero-dimensional and two objects F,, and
F! in My, (k) are in the same orbit under the G, (k) if and only if they have
the same reduced Lie type.

(2) The structure morphism My, — SpecZ, is flat and finite.

11.3. Ramified case. Now we compute the local model My, for the case where
v is ramified in B. Recall that A, is a free Op -module of rank one together with a
perfect Z,-valued skew-Hermitian pairing v, : A, X A, = Z,. We fix a unramified
quadratic field extension L, C B, as in Subsection 4.1. Notice that the ring Or, of
integers is contained in the unique maximal order Op,. We choose a presentation
Op, = O, [1I] asin (4.1) and (4.2)
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Let Opnr denote the maximal etale extension over Z, in L,, and put J, :=
Homgz, (Opu:, W). Let pr: J, — I, be the restriction map from Orx to OpF; this
is a two-to-one map. We have the decomposition

Av ®Zp W = ®U€I,,Ada Acr = AT 53] A'r/

where {7, 7'} = pr=!(c) and A, (resp. A,) is the 7-component (resp. 7/-component)
of A,. Notice that the pairing 1, induces a perfect pairing
Yo A.,- X N — W.
Let
oA X A — W,
be the unique W,-valued W,-bilinear pairing such that ¢, (z,y) = Tr[d, - ¥, (x, y)].
The local model My over Spec W parametrizes the W, ®@uw Og-submodules
Fo=F®3F C (ATEBAT’) ®OS
such that
(i) Fr and F,+ are locally free Og-modules of rank e and they are locally direct
summands of A, ® Og and A ® Og, respectively;
(i) I(F;) C Frr and I(F) C F;

(iii) o (Fr,Fp) = 0.

As F; and F,, are of rank e, the condition (iii) says that one is the orthogonal
complement of the other and hence one submodule determines the other.

We check that v, (F,,F) = 0 if and only if ¥/ (F,,F) = 0. As D! =
D;Vi /v is the largest Wo-submodule in W,[1/p] such that tr(D~!) C W, therefore,
tr(z=!D71) = p~'W. So tr(z¢~'D~!) = W. Consider the structure map ¢ :
W — Og. If ker¢ = 0, then ¢ (F;,F,) # 0 implies ¢, (F,,F) # 0. Suppose
ker ¢ = p"W. If ¢/ (F,,F) # 0, then

5g¢;(577 5"}/) D prilﬂ'eillpi1 Qw Og
Taking the trace one gets
7/)0(?7'73:7') D) pr_lw @w Ogs 7é 0.

This verifies the assertion.
By Lemma 4.2 we can choose a W,-basis x1, xs for A, and a W,-basis x|, 24 for
A,/ such that

(11.1) Y, (i, 25) = 055, for 1<1i,57<2
and
(11.2) M(xy) =27, H(z2) = —mah, U(z)) =—mxy, (zh) = 2.

Put KL:: A, /pA. and A, := A, /pA, Write Z; or &, for the image of z; or
in A, or A/, respectively. Let F, = F. ® F» be an object in M, (k). One has

K. /Fr = kr)/(x*)) & k[x]/(x**)

as k[r]/(7¢)-modules for some integers ey, ez with 0 < e; < ey < e and e; +e3 = ¢;
the pair (e, e2) is called the Lie type of F,. It is easy to see that F,/ has the same
Lie type as F.. The reduced Lie type of F, is defined to be the Lie type of F.. We
call a reduced Lie type (e, eq2) of an object F, minimal if e3 — €7 € {0, 1}.
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Similar to the unramified case, we can write
F,; = Span{n' g, 7*g> },
where ;1 and @, are in one of the following cases
(a) g1 = T1 + tZ2 and g = Tg, Or
(b) g1 =t&1 + T2 and g = 71,

where t € k[r]/(7°).
In the case (a), we compute

F. = Span{r® (tz} — z4), 77| }.
As F, and F,/ are orthogonal to each other, the condition (ii) is equivalent to
(11.3) WL (F, 1F,) = ¥, (UF 0, Fpr) = 0.
This yields the equation
(11.4) 72 (1 — tn?) = 0.

If e = 2¢ + 1 is odd, then there is no solution for the equation (11.4). If e = 2c¢ is
even, then the only one solution is (e1,e2) = (¢,¢) and ¢t = 0. That is,

(11.5) F,=7°A; and F. =mA..
In the case (b), we compute
F, = Span{r® (z| — tzh), T} }.
The condition (11.3) yields the following equation
(11.6) 2 (t? — 1) = 0.

If e = 2¢ is even, then we have only one solution (e1,es) = (¢,¢) and t = 0 and get
the object F, as in (11.5). If e = 2¢ + 1 is odd, then we have (e1,e2) = (¢,c+ 1)
and t = 0. That is,

11.7 F, = Span{n¢Zs, 71z} and F, = Span{rz|,nT1z,}.
1 2

Proposition 11.5. Notations as above and assume that v is ramified in B.

(1) If e = 2c is even, then My _ (k) consists of the single k[r]/(7®)-submodule
¥, =F, & F. with

F.=7n°A; and Fp =7mA.

(2) Ife =2c+1 is odd, then My (k) consists of the single k[r]/(m®)-submodule
F, = Fr & F with

F, = Span{7°Zy, 77} and T, = Span{n°z), 7Tz},
where the bases {z;} and {z}} are chosen asin (11.1) and (11.2).

In particular, only the minimal reduced Lie type can occur in the space My (k).

Proposition 11.6. Assume that v is ramified in B, and let o € I,,. The structure
morphism f : M, — Spec W is finite and flat.
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PROOF. As f is projective and quasi-finite (Proposition 11.5), the morphism f is
finite. Let B(k)# be an algebraic closure of the fraction field B(k) = Frac(W).
Since My _ (k) consists of only one element, the specialization map

sp - Ma, (B(k)™) — M, (k)
is surjective. Therefore, any (the unique) object in My (k) can be lifted to charac-
teristic zero. This shows that the coordinate ring of My is torsion free and hence
fisflat. N
Theorem 11.7. Suppose v is ramified in B. The structure morphism
f: My, — SpecZ,
is finite and flat.

ProoF. This follows from Proposition 11.6 immediately. 0

11.4. Flatness of M.

Theorem 11.8. Let A be a free unimodular skew-Hermitian Op ® Z,-module of
rank one and let My be the associated local model. The structure morphism f :
M, — SpecZ, is finite and flat.

PrOOF. This follows from Theorems 11.4 and 11.7. 1

12. MORE CONSTRUCTIONS OF DIEUDONNE MODULES

In this section we handle two technical problems raised from the results of pre-
vious sections.

12.1. Dieudonné Og-modules with given Lie type. In Section 10 we studied
the moduli scheme Mg) through the local models. A basic problem is whether or
not the morphism ¢'°° in the local diagram is surjective on their geometric points.
The local model diagram gives rise to a morphism of Artin stacks

(12.1) 0: MP @7, - [G\My],
and this amounts to ask the surjectivity of the map of the sets of geometric points
(12.2) Or : MP (k) — G(k)\Ma (k).

Let Dieu®?®Z» (k) (resp. Dieu®?v (k)) denote the set of isomorphism classes of sepa-
rably quasi-polarized Dieudonné Op ® Z,-modules (resp. Dieudonné Og, -modules)
of rank 4d (resp. of rank 4d,) satisfying the determinant condition. The map 6

factors through the natural map Mgf)(k) — Dieu?2®% (k) and let
(12.3) o : Dieu?2%% (k) — G(k)\My (k)

be the induced map.

Let M = @,, M, be a Dieudonné O r®Z,-module of rank 4d such that ranky, M, =
4d, = 4[F, : Q,]. The Lie type of M, denoted by e(M), is defined to be a sequence
of 4-tuples of non-negative integers indexed by I := Hvl » 1o

(12.4) e(M) ={e;iel}, e :=I(ei1,€i2, €3 €i4)
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where e;1 < e;2 < e;3 < e;4 are the integers such that
(M/VM)" =~ k[z]/(x*") @ k[r]/(72) @ k[x]/(x*2) @ k[x]/(x¢1),

where (M/VM)® denotes the i-component of the tangent space M/VM. Put
e(M,) = {e;;i € I,} and one has e(M) = (e(M,)),},- When M, € Dieu®? (k),
there are unique two integers 0 <e; 1 <e;2 <e, with e;; +€,2 =, for all i € I,
such that

e(My,) = {(ei1,€i1,€i2,€i2);1 € L }.
In this case we define the reduced Lie type of M, and that of M, respectively, by

(12.5) e"(My) = {(ei1,ei2);i € I,} and e (M) := ("(My))yp-
The following result gives a partial answer to the above basic problem.

Proposition 12.1. The map « in (12.3) is surjective.

PrOOF. It suffices to show the surjectivity of the map

(12.6) v, : Dieu?® (k) — G, (k)\My, (k)

for each place v|p. The target orbit space in (12.6) is classified by the reduced Lie
types of the objects (Theorem 11.4 and Proposition 11.5). When v is unramified
in B, this is is a sequence of pairs (e;1,e;2) of integers indexed by ¢ € I, with
0<ei1<e2<e,ande;;+e;2 =e,. When v is ramified in B, this is a sequence
of pairs (¢, e, — ¢) indexed by I, where ¢ := [e,/2].

In the ramified case, the construction in Section 8 produces a separably quasi-
polarized Dieudonné Op -module M with the determinant condition whose Lie
type is the minimal one, that is, (M/VM)} ~ k[x]/(7¢) & k[x]/(7¢~¢) for all
Jj €Z/2f,Z. So one has the surjectivity of a,.

It remains to treat the unramified case. We need to write down a separably
anti-quasi-polarized Dieudonné O,-module M; of rank 2d, such that the Lie type
e(My) of M; is equal to the given one {(e;1,€;2);% € I,}. Fix an identification
I, ~Z/f,Z. Let My = @iez/fZMf7 where each M;} is a free rank two Wé-module
generated by two elements X; and Y;. For each i € Z/ fZ, define a symmetric pairing
(,): Mjx M} — W by (8.1). Define the Verschiebung map V : M{t* — M} by

(127) VXZ'+1 = Wei'lXi7 VY;+1 = p’]TeUiei'ZYvi.

It is easy to show that (VX,VY) = p(X,Y)"_1 for X,Y € M; and that the Lie
type e(M7) of M; is equal to {(e; 1,e;2);7 € I, }. Therefore, one has the surjectivity
of ap,. 1

Remark 12.2. The Dieudonné module M; constructed in the proof of Proposi-
tion 12.1 has the slope sequence

(12.8) v(My) = {(Z(i“)dv ’ <Zde2>d} '

This exhausts all possible slope sequences that can occur in Corollary 7.7 in the
case where v is unramified in B.
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12.2. Slope sequences of Dieudonné Og-modules: a refinement. Our goal
is to determine all possible slope sequences that can be realized by Dieudonné Op ®
Z,-modules that admit both a separable quasi-polarization and the determinant
condition (still in the minimal case m = 1). This problem is local and one only
needs to consider those of Dieudonné Op, -modules for each place v over p. To
simplify the notations as we did in Sections 4 and 9, we write B, F, etc. for B,,
F, etc. and drop the subscript v from our notations.

Theorem 7.3 determines exactly all possible slope sequences for separably polar-
ized Dieudonné Og-modules of rank 4dm, in particular for our current focus case
of rank 4d (Corollary 7.7). Recall that d, e, f denote the degree, ramification index
and inertia degree of F, respectively. The following result settles the case for those
Dieudonné modules in addition satisfying the determinant condition.

Theorem 12.3.

(1) Suppose that B is the 2 x 2 matriz algebra. Let v be a slope sequence as
follows:

(12.9) u={<;)4d}7 or V:{(Z)Zd«d;a)?d}

for an integer a with 0 < a < d/2. Then there exists a separably quasi-
polarized Dieudonné Og-module M of rank 4d satisfying the determinant
condition such that v(M) = v.

(2) Suppose that B is the quaternion division algebra. If M is a separably
quasi-polarized Dieudonné Og-module of rank 4d satisfying the determinant
condition. Then

(1210)  u(M) = {(;)M} or V(M):{(;Z)Qd,cdz;“)zd},

for an odd integer a with 2[e/2]f < a < d. Conversely, if v is a slope
sequence as (12.10), then there exists a separably quasi-polarized Dieudonné
Op-module M of rank 4d satisfying the determinant condition such that
v(M)=v.

PROOF. (1) This is proved in Proposition 12.1 and Remark 12.2.

(2) Proposition 11.5 asserts that the reduced Lie type e" (M) of M is the minimal
one {(c,e—c);i € Z/ fZ}, where ¢ := [e/2]. This yields F2f(M) C 7n2/°M and hence
that smallest slope 8 > 2cf/2d. Then the first assertion follows from Corollary 7.7.

Suppose that v is a slope sequence as (12.10). When e = 2¢ is even, v is
supersingular and the construction in Section 8 produces such a Dieudonné Og-
module. It remains to treat the case where e = 2¢ + 1 is odd. We may also assume
that v is non-supersingular as the supersingular case is done in Section 8. Write
a=2cf+2r+1,where 0 <2r+1< f. Let

u- @
JEL/2fT.

where each M7 is a free rank two W'-module generated by elements X; and Y;. As
before, we fix a presentation O = O[II] as in (4.1) and (4.2). We describe the
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Frobenius map F and the map II by their representative matrices with respect to
the bases {X;,Y;} (see Subsection 8.2):

Fj: MJ — MY I M9 — MY YjeZ/2fZ.

Put
(12.11) I, = <(1) _oﬂ) . VjeZ/2fT.

For each j € Z/2f7Z, define a Wi-bilinear pairing

(Vg MIx MIT 5 W

by
(12.12)

(Xgs Xjrp)e = (V3o Yiap)e = 0, (X5, Yjp)p =1 and  (Vj, Xjip)r = —1.
It is easy to show that (ILX,IIY)p = 7(X,Y)g for X € M7 and Y € M+/. So
(,)F gives an unimodular skew-Hermitian form on M over W ® O. Put

T 0
¢ 0
(12.13) =" , 1<ji<m,
0 pr=°
c 0
pr o, r<j</f.
0 ¢

Using the commutative relation II; 1 F; = Fj411I; (8.4) we compute

0 _ﬂ_chl )
c_—1 > ) ] = f’

pr°rw 0
¢ 0 .
(12.14) Fy = 0 prc)’ JH1<j<f+r,
pr—¢ 0 .
0 aE f+r<j<2f.
s

As the matrix coefficients of F}j lie in the image of Zy[r] and det F; = p, one has
(FX,FY)p = p(X,Y)% for X € M7 and Y € M7+7.

Taking the trace (see (8.3)) we obtain a separable Op-linear quasi-polarization
(,) : M x M — W. It is easy to see that dimy(M/VM)’ = e for all j € Z/2fZ
and hence M satisfies the determinant condition.

We compute

. 0 —(pr—¢ f—2r
(12.15) Ff=p ((ﬂ.c)f—2r » 0) ) s MO — M7,
. 0 —(we) 2y
(12.16) Fl=p <(p7r_c)f_27"7r_1 ( )0 ) : MT — MY,
and

_(mc)2(f—2r)
2f _ . 2r (m )2 T 0 . g0 0
(12.17) F“ =p ( 0 _(pW—C)Q(f—QT)F—l MY — M°.
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The valuation of the first diagonal entry of this matrix is
2er +2¢(f —2r)+1=2¢cf+2r+1=a.

This shows that the slope sequence of the Dieudonné module M is equal to v. R

13. CONSTRUCTION OF MORET-BAILLY FAMILIES WITH Opg-ACTION

In Sections 13 and 14 we shall restrict ourselves even to the case where F' = Q
(still in the minimal case m = 1). Our goal is to determine the dimension of the
special fiber of moduli spaces in question.

In this section we assume that p is ramified in B. We shall prove

Theorem 13.1. There is a non-constant family of supersingular polarized abelian
Op-surfaces over P}.

13.1. Case B = B, . We begin with a construction of Moret-Bailly families
for the case where the algebra B is equal to the quaternion algebra B, o, over Q
ramified exactly at {p,o00}. Choose a supersingular elliptic curve E over k. There
is an isomorphism B ~ End’(E) := End(E) ® Q of Q-algebras and we fix one.
Then the endomorphism ring End(E) is a maximal order Op of B. The subgroup

scheme E[F] := ker F' = q, is Op-stable as the Frobenius morphism is functorial.
This induces a ring homomorphism
(13.1) ¢ : Op/(p) = Fp2[11]/(IT*) — Endy(ap) = k.

Since k is commutative, this map factors through the maximal commutative quo-
tient (F,2[I1]/(I1%))*> = F,2[I1]/(I1%, I), where I is the two-sided ideal of F 2 [II] /(I1%)
generated by elements of the form ab — ba for all a,b € F,2[II]/(II?). Since
IIa — all = (a” — a)II and a” — a is invertible if a ¢ F,, the element II lies in
I. This shows that the action of O on E[F] = «, factors through the quotient
Op — Fp2. Put Homp, (F,2, k) = {01,02). We may assume this action is given by
the embedding oy : Fp2 — k.

Let Ap := E x FE and let (o : Op — End(Ap) be the diagonal action. Let M
be the Dieudonné module of Ay and the Lie algebra Lie(Ag) = M/V M has the
decomposition of ¢;-components (Section 2.1):

(13.2) Lie(Ap) = Lie(4g)" @ Lie(A4)? = k* © 0,
and satisfies the condition
(13.3) II(Lie(A4p)) = 0.
Consider the functor
X(S) ={p:aps— Ao[Fls = ap X ap X S| p(ay,g) is Op-stable}

for any k-scheme S. Clearly this functor is representable by a projective variety
(again denote by) X C P!, as the condition that ¢(a, s) is Op-stable is closed.
Every map ¢ corresponds to a rank one locally free Og-submodule £ in 0% =
Lie(A[F]s) which locally for Zariski topology is a direct summand. As the ring
Op acts on Lie(E[F]g) through the map oy : F,2 — k — Og and by the scalar
multiplication, the condition that £ is Op-stable is automatically satisfied. This
shows that X = P!
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Let ¢""V be the universal family, and put H := ¢""V(a, p1), which is an Op-
stable finite flat subgroup scheme of Agx S. Let A := AgxS/H. As H is Op-stable,
this defines a family of supersingular Opg-surfaces over P!. Ignoring the structure
of the Op-action, this family is constructed by Moret-Bailly [18] and it has been
shown to be a non-constant. By [12, Lemma 9.2], one can choose an Op-linear
polarization Ay on (Ap, tp). Replacing Ag by pAg if necessary one may assume that
ker \g D Ap[F]. Since H is isotropic with respect the Weil pairing defined by Ao
(any rank-p finite group scheme has this property), the polarization Ao x .S on Agx .S
descends to a polarization Aa on A which is also Opg-linear. Therefore, we have
constructed a non-constant family of supersingular polarized abelian O g-surfaces
(A, XA, ta) over P! for B = B, «.

13.2. Arbitrary case. Now we retain B an arbitrary definite quaternion algebra
over Q. Using the construction above, we only need to construct a superspecial
abelian Op-surface (Ay, o) that satisfies the conditions (13.2) and (13.3).

We first find a superspecial p-divisible Op ® Z,-module (Ha,t2) (of height 4)
over k such that the conditions (13.2) and (13.3) for Lie(Hs) are satisfied. One can
directly write down a superspecial Dieudonné Op ® Z,-module of rank 4 with such
conditions (see an example in Subsection 13.3) and let (Ha, 1) be the corresponding
p-divisible Op ® Z,-module. Alternatively, let Op, , be the maximal order in
Subsection 13.1 and (Ao, o) be the superspecial abelian Op,, _-surface used there.
After identifying Op ®Z,, with Op,_ ®Z,, the attached p-divisible Op ®Z,-module
(Ha,12) := (Ao, to)[p>°] shares the desired property.

Choose a supersingular abelian O g-surface (A1, ¢1). It exists by the non-emptiness
of moduli spaces and Corollary 7.7, or using an elementary proof (Basically it suf-
fices to show that there is an embedding B — Matq(B), o) of Q-algebras and this
is easy.) Let (Hy,t1) := (A1, 11)[p™] be the associated p-divisible Op ® Z,-module.

Lemma 13.2. There is an Op @ Zy,-linear isogeny ¢ : (Hy,11) = (Ha, t2).

PrOOF. Since H; and H, are supersingular, one chooses an isogeny ¢ : H; — Hs.
Define the map ¢}, : Op ® Z, — End"(H}) so that the following diagram

H1L>H2

L@ L@

H1L>H2

commutes for all @ in an order of Op ® Z,. We have two algebra homomorphisms
11,th : By := B®Q, — End’(H)).

Since the center of the algebra End”(H,) is Q,, by the Noether-Skolem theorem
there is an element g € End’(H;)* such that

ty=Int(g) oty =gou og '
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Replacing g by p™g for some integer m, we may assume that g € End(H;). That
is, we have the following commutative diagram

H —— H, —%— H,

Ju@ O L@

H —— H —%— H,.
Replacing ¢ by ¢ o g, we get an Op ® Zj,-linear isogeny ¢ : (Hy,t1) = (Ha,t2). 1

By Lemma 13.2, we choose an Op ® Z,-linear isogeny ¢ : (Hy,t1) — (Hz,t2).
Let K := ker; this is an Op-stable subgroup scheme of A;. Let Ay := A/K
and let g : Op — End(Ap) the induced action. Then one has an isomorphism
(Ao, t0)[p™°] =~ (Haz,t2). This finds an abelian Op-surface satisfying the conditions
(13.2) and (13.3). Proceed the construction for (Ao, tp) in Subsection 13.1 and we
have constructed a non-constant family of polarized abelian O g-surfaces (A, Aa, tA)
over P!. This finishes the proof of Theorem 13.1 N

13.3. An example. We write down a superspecial Dieudonné Op ® Z,-module
M so that the conditions (13.2) and (13.3) for M/V M are satisfied. Write M =
M'® M? as a free W-module with a Zy2-action, where M L and M? are free module
generated by elements {e},el} and {e?,e3}, respectively. Define the Verschiebung
map V by

V(el) =pei, V() =per, Vier)=ei, V() =ei.

This determines the Frobenius map and defines a Dieudonné module with a Z,-
action which satisfies the condition (13.2) for M/V M. It follows from Ila = o (a)II
for a € Zy> that we gets II : M' — M? and IT : M? — M?". Since I1? = —p, the
restriction of the map II to M, | : MY — M? determines II. The condition
(13.3) implies that I1(M?) = pM?! and hence II(M?') = M?.

It is easy to see that that IV = VII if and only if TIV (¢}) = VTI(e!). Define
the map IT by putting TI(e}) := V(e}) for all 4,j; so the condition TIV = VTI is
satisfied. Therefore, we get a superspecial Dieudonné Op ® Z,-module so that the
conditions (13.2) and (13.3) are fulfilled.

14. DIMENSIONS OF SPECIAL FIBERS

We keep the setting in the previous section. We have proven that dim /\/lgg) ®
Fp = 0; see Theorem 10.1. Our goal is to determine the dimensions of the special

fibers Mg = M ®F,, My 5 = Mg @F, and M%’j = M® QF,.
Theorem 14.1.

(1) If p is unramified in B, then dim MFP =0.

(2) If p is ramified in B, then dim Mz =1.

(3) We have dim M%p) =0.

A further exam shows that when p is ramified in B, one has dim M F, = 1; see
Proposition 14.7. This refines the result Theorem 14.1 (2).
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14.1. Unramified case. Suppose that p is unramified in B. Let (A, \,¢) be a
polarized abelian Opg-surface over k. By Corollary 7.7 A is either ordinary or
supersingular. If A is ordinary, then one has the canonical lifting (A, Aa,ta) over
W of (A, A, ¢). Since the generic fiber M@ has dimension zero, each subscheme
M DT, has finitely many points, if it is not empty. Recall that Mp C M denotes
the subscheme parametrizing the objects (A, \,¢) in M with polarization degree
deg A = D?. This implies that the ordinary locus M‘g%p of M DJF, has finitely
many points and hence it has dimension zero. Therefore, the ordinary locus M%rd
has dimension zero. ’

Suppose now that A is supersingular. Then A must be superspecial. To see this,
let H := A[p>] be the associated p-divisible group. Since Op ® Z,, := Op & Z,, ~
Mats(Zp), the p-divisible group H is isomorphic to Hy x Ho, where Hy and H, are
supersingular p-divisible group of height 2. Therefore, A is superspecial.

For any positive integers g and D, let A4 p denote the coarse moduli space over
F, of polarized abelian varieties (A, \) with polarization degree deg A = D?. Let
Ay p C Ay p be the superspecial locus. It is known that Ay p is a finite closed
subscheme. Let f : MD,R — Ay p be the forgetful morphism: f(A, A, ¢) = (4, ).
The morphism f induces a map

f : MSDS,FP — Ag,Da
where MSIS,FT, is the supersingular locus of Mg . As dimAgp = 0 and the
forgetful map f is finite (see [34]), the supersingular locus M = also has dimension

»'p
zero. We conclude that Mg has dimension zero. This shows Theorem 14.1 (1).

14.2. Ramified case. Suppose that the prime p is ramified in B. We know that
any polarized abelian O g-surface over k is supersingular (Corollary 7.7). By Theo-
rem 13.1, there is a non-constant family A — P% of supersingular polarized abelian

Op-surfaces. This gives rise to a non-constant moduli map
/. pl _
f: PFP — MFP.

Therefore, dim Mg > dim f'(P') = 1.
On the other hand, the forgetful morphism f : M DF, — Asz.p factors through
the supersingular locus A5*, C Az p. Since f is finite, one gets

(14.1) dim M5 < dim A3,

For any integer ¢ with 0 <14 < g, let A;’;)D C Ay p denote the reduced locally closed
subscheme that consists of objects (A, A) of p-rank equal to . Norman and Oort
[22] showed that the collection of p-strata forms a stratification and for each ¢

dim AL, = g(g — 1)/2 + .

When g = 2, one has A(Q?)D = A3 p and gets dim A3, = 1. This shows the other
direction

dimMDFp S 1.

We conclude that dim Mg = 1. This shows Theorem 14.1 (2).



52 CHIA-FU YU

14.3. Dimension of M%p) . We come to show Theorem 14.1 (3) For the case where
P
the prime p is unramified in B, we have shown in Theorem 14.1 (1) that M@p is

zero-dimensional. Therefore, dim M%p ) = 0 in the unramified case.

p
We now treat the other case where p is ramified in B.

Proposition 14.2. Assume that p is ramified in B. Any prime-to-p degree polar-
ized abelian Op-surface over k is superspecial.

ProOOF. Let M be the associated covariant Dieudonné Op ® Z,-module with
a separable quasi-polarization ( , ). Recall that Op ® Z, = Z,[I], II*> = —p,
Ila = o(a)Il for a € Zy2.

Suppose M/V M = k* &0 with respect to the action of F,2 ®p, k = k x k. Then
VM? = pM! and VM' = M?, and hence FM' = M? and FM? = pM"'. This
shows that FFM = VM and that M is superspecial

We show that if II(M/V M) = 0, then M is superspecial. Indeed, it follows that
M C VM. From dim M/TIM = 2 (as I = —p) and dim M/V M = 2 it follows
that IIM = VM. Then V2M = VIIM = IIVM = II2M = pM and hence M is
superspecial. So far we have not used the separability of polarizations.

Suppose that M/VM = k @& k. Consider the induced perfect pairing (,) :
M x M — k, where M = M/pM. Since II is nilpotent on M/V M one may assume
for example that IIM?2 = VM2, Taking the orthogonal complements of IIM?2 and
VM2, we have IIM! = VM. This shows that II(M/VM) = 0. By the above
argument, M is superspecial. [

Since the superspecial locus of the Siegel moduli space is zero-dimensional, the
superspecial locus of any PEL-type moduli space is zero-dimensional, too. Propo-
sition 14.2 implies that dim M%p ) = 0. This shows Theorem 14.1 (3) and hence

completes the proof of Theorem 14.1. [ |

Lemma 14.3. Assume that p is ramified in B. There is a prime-to-p degree polar-
ized superspecial abelian O p-surface that does not satisfy the determinant condition.

PRrROOF. Using the construction in Section 13.1, we have a superspecial p-divisible
Op ® Zy,-module (H,ty) of height 4 such that the conditions (13.2) and (13.3)
for Lie(H) are satisfied. Thus, (H,ty) does not satisfy the determinant condi-
tion. There is a superspecial abelian Opg-surface (Ao, tp)) such that (A, to)[p™] ~
(H,up). We fix an identification (Ao, to)[p*>°] = (H,tm).

We can choose a separable Op ® Zjy-linear quasi-polarization Ay. Note that
(H,vp) is isomorphic to the p-divisible Op, __ ® Z,-module Ey[p™]? (Ey is a super-
singular elliptic curve) through the identification Op,  ® Z, = Op ® Z,. We can
pick the product principal polarization on EZ which yields such a quasi-polarization
Ag.

Choose an Opg-linear polarization A on (A, ) and let * denote the Rosati in-
volution induced by A. Then Aa, = Ay for some element a, € EndOOB@)ZP (Ao[p™])
with ay = a,. Since End%(40) ® Q, = End%@@p (Ao[p°]), by the weak approxima-
tion we can choose a totally positive symmetric element a € End% (Ap) such that a
is sufficiently close to a,. Then we have (A4, Aa,¢)[p™] ~ (H, Ag,tu). Replacing a
by Na for a positive prime-to-p integer N if necessary, we get a prime-to-p degree
Op-linear polarization Ao = Aa on (Ag, o). This proves the lemma. B
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We know that when p is ramified in B, the whole moduli space ME is supersin-
gular. On the other hand when p is unramified in B, the moduli space may have
both supersingular and ordinary points according to Proposition 7.7. The following
lemma says that this is the case.

Lemma 14.4. When p is unramified in B, the moduli space Mg?)? consists of

both ordinary and supersingular points.

PROOF.  As p is unramified in B, the determinant condition is automatically
satisfied for objects in M(k). Let (H, Ag,tp) be a supersingular or ordinary sepa-
rably quasi-polarized p-divisible Op ® Z,-module. Since B can be embedded into
End’(A) for any supersingular abelian surface, we can find a supersingular abelian
Op-surface with (Ao, 10)[p™] ~ (H,tm). We use the argument in the proof of
Lemma 14.3 again to obtain a prime-to-p degree Op-linear polarization. For the
ordinary case, we choose any imaginary quadratic field K such that K splits B and
p splits in K. Then there is a Q-algebra embedding of B into Maty(K). Choose
an ordinary elliptic curve F such that End’(F) ~ K and take the ordinary abelian
surface A = E2. As End%(A)®Q, = End%@@p (A[p*]), we can repeat the previous
argument and get a prime-to-p degree polarized ordinary abelian Opg-surface. Wi

Remark 14.5.
(1) We used local models to show that dim Mg?) ®@F, = 0. Proposition 14.2 gives

a different proof of this result. Lemma 14.3 shows that the inclusion Mg?)(k) C
MP) (k) is strict at least for B is a definite quaternion Q-algebra. This phenomenon
is different from the reduction modulo p of Hilbert moduli schemes or Hilbert-
Siegel moduli schemes. In the Hilbert-Siegel case, any separably polarized abelian
varieties with RM by O of a totally real field F' satisfies the determinant condition
automatically; see Yu [35], Gortz [5] and Vollaard [31].

(2) We know that M%p) is non-empty (Lemma 2.3). When p is ramified in B, the

moduli space MF@ consists of both one-dimensional components (e.g. Moret-Bailly

families) and zero-dimensional components (e.g. points in ./\/l%p )).
P
14.4. Dimension of MKFP' As before, we only need to treat the ramified case.

Lemma 14.6. Assume that p is ramified in B. Let My be a Dieudonné Op ® Z,-
module such that

My/VMy =k* @0,
that is the Lie type of My is (2,0). Let M be any Dieudonné module such that
VMy C M C My and dimg(My/M) = 1. Then one has

M/VM =k & k.
PROOF.  Choose bases {X],X;} and {X7, X5} for Mg and Mg, respectively.
Since VM D V?My = pMy. We can check this in Mo := My/pMy. Write ' for
the image of X} in M. One has
VM, = Span, {22,232}, M := M/pMy = Span,{z?, 22, axl + bal},
for some (a,b) # (0,0) € k2. Then

VM = Span, {V (az] + bxd)} C Hi, and dimVM = 1.
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This gives M/VM =k d k. 1

Proposition 14.7. Assume that p is ramified in B. We have dim MKFP =1.

PrOOF. In the previous section, we constructed a polarized abelian Opg-surface
(A, \a,ta) over P! starting from a superspecial abelian surface (Ag, Ao, 1) with
additional structures and get a non-constant moduli map f’ : P! — ./\/le. The

Dieudonné module My of A has the property My /V My = k*@®0. By Lemma 14.6,
every fiber of the family (A, Aa,ta) — P! has Lie type (1,1). Then the image
f/(P1) is contained in M, This shows that dim Mz =1. N

Remark 14.8. A consequence of Proposition 14.7 asserts that when p is ramified in
B, there is a polarized abelian Op-surface over k with the determinant condition
that can not be lifted to a polarized abelian Opg-surface in characteristic zero.
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