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ABSTRACT. \Ve cOllst.rllct the motivic t.ree-level system of Gromov- \Vitten
invariant,s for COllvex variet.ies.

O. INTRODUCTION

Let V be a projective algebraic Illanifold. In [11], Sec. 2, Gromov-Witten invari
ants of V were described {\,xiomatically as a collection of linear maps

satisfying certain a.XiOIIlS, alld a pl'ogram to cOllstruct thclIl by algebro-geometric
(as opposed to symplectic) techlliqlles was suggcstcd. Thc program is based upon
Kontsevich 's nation of a stable map (C, Xl' ••. , X n , f), f : C ---+ V. This data
consists of an algebraic curve C with n labeled points on it alld a map f slIch that
if an irredllcible component of C is contracted by f to a point, then this component
togethcr with its specia.l points is Deligne-Mulllford stable. For more details} see
[10] alld below.

The constructioll consists of three major steps.

A. Construct an orhispace (01' I'o.ther a stack) of stable maps !I~n (V, ß) slIch that
9 = genus of C, f. ([C]) = ß, and its two Illol'phistlls to yn and Mg,n- On thc level
of points, these tIlorphisms are givcll respectively by

1': (C, Xl,' .. , X n , f) ~ (f(xd,···, f(x n )),

q : (C, Xl' ... , :l:lt} f) f--+ [(C, Xll ... , Xll)]·~"t>,

where the last expression mea.ns the stabiliza.tioll of (C, ,1;1" •• , X n ).

B. Constl'uct a "vil'tual funda.menta.1 dass" [M9,n(lf, ß)]Vi,l' 01' "orientation" (see
Definition 7.1 below) alld llse it 1.0 düfine a COlTcspondence in the Chow ring C:'o,ß E

A(yn x M 0,0)'
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This step suggested in [10] is quite subtle anel ha.s not been spelled out in full
detail. It ean be bypassed for !J = 0 and V = G / P (generalized flag spaces) where
the virtuaJ dass coillcides with thc USUi1.l olle (see [11]).

In general, it involves adefinition of a llCW Z-graded sllpercommutative strueture
sheaf on M g,n (V, ß). The virtual dass is obtained as a prod uct of the dass of this
sheaf anel the inverse Todel dass of an apPl'opriate tangent complex. Geometrically,
it serves as a general position argument furrIishing the Dimension Axiom of [11] and
replacing thc deformation of the complex structure used in the symplectic context.

C. Use C:'n,p in order to cOllstruct the induced maps l~n.ß on any cohomol
ogy satisfying some version of the standard propert.ics Illaking it funetorial on the
category of cOlTespondellcc.s.

In this approach, the main features of l:n,ß axiomatized in [11] reflect functorial

properties of Ivlg,n(\I, ß) and tlle cotangent coruplex with respect t.o degenerations of
stable maps. In pal'tieular, the key "Split.ting Axiom" (or Associativity &fllations
for!J = 0) expresses the compatihility betwccn the divisors at inflllity of M g,n(V, ß)
and 111g,n'

A neat way to orgauize this illformation is to introdnce the category of marked
stahle modular graphs indexillg degeneration types of stable maps and to treat
va,rious mod ular stacks 111g,n (\I, ß) as val ues of this 1Il0d ular fu netor on the si rn plest
one-vertex graphs. Then the check of the axioms in [11] essentially boils down to a
caiculatioll of this functor on a falllily of gcnera.ting morphisms and objects in the
graph category.

The degeneration type of (C, Xl,' .. , XII' f) is described by the graph whose ver
tices are thc irredueible COIllPOIIClltS of C, edges arc singular point.s of C, and tails
("one-vertex edges") are Xl,"" x n . In additioll, each vertex is marked by the ho
mology dass in V which is the f-image of the fundamental dass of the respeetive
eomponent of C alld hy the gellus of the lIorrnalization of this component. The
description of 1Il0rphisills is sOlllcwhat more delicate, cf. Sec. 1 below.

This philosophy is an extension of the opcradic pictlll'e which already gained
considerable importance from variolls viewpoints. 111 t.urn, it leads to a new notion
of a r-operad as a lIlolloidal fllncl,or on <l.1l a.ppropriat.e eategory r of graphs, and
an algebra over an openld as i1, lIlorphislIl of sllch fl1llctors. This approach will be
developed elsew here (see [7]). 11. c1arifies t 1Ie origin of the proliferation of the types
of operads considercd rccently (Ivray's, IvIarkl's, mod IIlar, cyclic, ... )

In Part I of the prescnt paper we trcat in this way Step A, stressing the func
toriality not only with respect to t.he degeneration types with fixed V hut also
with respect to V, expressed by the change of the marking semigroup of abstract
non-negative homology classes. \Ve hope also that our approach will help to intro
duce quantum cohomology with co~fficients anel to understand bettel' the Kiinneth
formula for quantum cohomology from [12].

Part 11 is devote<1 to Steps Band C for !J = 0 allel eonvex manifolels \I. The
formalism of orientation clflsses is introelllced axiolllat.ieally, but we did not attempt
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to justify the relevant claims of (10] in gellera!.

A word of waruillg alld apology is duc. Thc reader will rneet several different cat
egories of markcd graphs in tltis pa.per of which the most important are lS, (cf. Def
inition 1.12), (5, (A) (cf. Definition 6.8 and the preceding discllssion) and G,(V)c~r\
(cf. Definition G.!)). They dirrer lIIaillly by thcir cla...~es of morphisms. Specifically,
certain elementary arrows which are combinatorially "the same", run in opposite
directions in different categories, which affccts the whole structure of the morphism
semigl'OllpS. The reason is that fllnctorial pl'operties of modnli stacks of maps COIl

sidered by themsclves are different form the functorial properties of thcir virtual
fundamcntal c1a...'*ies treatcd as cO""'Csp07uJcnces. Since gra.phs are tlsed rnainly as a
bookkeeping device, theil' categorical Pl'opcl'ties must reftect this distillction.

Acknowledgements. The authors are grateful to the Max-Planck-Institut fiil'
Mathematic in Bonn where this wOl'k was done for snpp0l't and stillllliating at
mosphere.
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Part 1. Stacks of Stahle Maps

1. GRAPHS

Definition 1.1. A gl11ph r is a. quadrIlpie (Fr, Vr,jr,Ör ), where Fr anel Vr are
finite sets, ör : FT ---t VT is a ma.p anel jT : PT ---t FT an involution. We call PT the
set of flags, VT the set of lIc1'lices, ST = {f E FT I jT f = j} the set of tails and
E T = {{lI, 12} C FT I I'J = jTII} thc set of eelgcs of r. For 11 E VT let FT(v) =ß;I(V)
anel lvi = #FT(v), the valeHCC of v.

Definition 1.2. Let r be a graph. VVe define the gcometT'ic realizatioll Irl 01 T as

folIows. \\Te start with the disjoint unioll of closed intervals and singletons

II [O,~] u II {lvi}·
fEFr vEVr

We denote the rcal !lumbe!' x E [O,~] in tlle eomponent illelexeel by 1 E Fr by Xf'

Then for every 11 E Vr we identify aB elements of {Ol I f E Fr (v)} with lvi anel for
every edgc {lI, 12} of r, we iden t.ify ~ /J and ~h' Fin ally, we relllove for evel'Y tail

lEST the point ~f' \\Te eOllsidel' Irl <18 <I, topologieal spaee with b<lse points given

by {lvi I tJ E Vr }, the tJcrticcs of Irl. It ShOldd always hc deal' [rolli the context
whether lvi denotes the geometrie realizatioll of avertex 01' it's valenee.

Definition 1.3. Let rand a be graphs. A C01ttr'lLction cf> : r ---t a is a pair of maps
cf>F : F~ ---t Fr allel cf>\' : \Ir ---t V~ sueh th<l.t the followillg conclitioHS are satisfied.

(1) cf>F is injcctivc aud rjJv is sll!'jective.
(2) The eliagrall1

J~

COIllIl1Utes.
(a) 4>F oj(1 = jr ocf>F, so tha.t cf> iIlduces illjections rjJs : 5'(1 ---t ST a.mI cf>E : E" ---t Er

Oll tails ami edges.
(4) <ps is a hijeetioll, so Fr - cf>F (F(1) consists entirely of edgcs, the edges being

eontl'aeteel.
(5) CaB two vel'tices 11, 1IJ E VT c'luivalcnt, if there exists a.n f E Fr - 4>F (F~) such

tImt f E FT (v) anel jr f E Fr (10). Then pass to the associated equivalence
relation on Vr • The lIlap cPv : Vr ---t V" ind llCes a bijeetion Vr / "" ---t V".

For a vert.ex 11 E 1I(1 thc graph whose set. of flags is

{f E Fr I f rf. cf>F(Fcr ) a.nd cf>v(D,f) = 1I},

whose set of vertices is cf>v 1(11) a.nd whose j alld f) are obtained from jr and ßT

by l'estrietion, is called the graph beiHg cOHt1'llcted onto v. If the graphs being
eontraeted have together eX<letly olle edge, we call cf> an elementary contractiOl1.

Remarks 1.4. (1) lt is c1ear how to eOlllpose eOlltract.iolls, a.nd that the com-
position of contraetiolls is a. contraction.
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(2) If <p : T -7 0' an<! <P' : T -7 0" are contractiollS with the sa.me set of edges
bcing coutracted, theu tllere cxists a. 1I11iqlle isomol'phism 'ljJ : 0' -7 0" slIch
timt 'Ij; 0 <p = <p'.

(3) Evcl'Y contractioll is (l, composition of elemelltary contractions.
(4) To ca.ITY out a constrllction for contractiow~ of gl'aphs, which is compatihle

with cOlliposition of contractions, it suffices to perfol'll1 this constrtlction for
elemelltary cOlltractions and check that the constrtlction is independent of
the order in which it is l'ealizcd for two elementary contractions.

Definition 1.5. A m.od1l1a,. g1nph is a gra.ph T elldowed with a. map Yr Vr -7

Z;::o; v I----t 9 (v). The 11 Hili hel' Y (v) is called thc genus of the vertex v.

VVe say tha.t a semigroup A has indccornposflblc ze1'O, if fl + b = 0 irIlplies a = 0
alld b = 0, for any two c1emcnt.t' (J., b E A.

Definition 1.6. Let T be alllodular graph and A a. semigroup with indecomposable
zero. All A-structtl1"C Oll T is a ma.p 0' : Fr -7 A. The element 0'(v) is called the
dass of the vertex 1J. The pai r (T, 0') is called a mmlular gnl/Jh with A -strtlcture (01'

A-g111ph, by a.huse of language).
A markecl gnlph is a pair (A, T), where A is a semigl'otlp with indecomposable

zero and T all A-gl'aph.

Defl nit ian 1.7. Let ((1, (l') and (T, ß) be A-grap hs. A co 11l bi1Wto ,.jal morphism a :
(0', 0') ~ (T, ß) is a pair üf maps (lp : Fu -7 FT and (J.v : Va -7 \Ir, satisfying the
following conditiollS.

(1) The diagl'am

comllllltes. In particllla.r, for every v E \I(T' let.ting W = (Lv (v), we get an
illdllced lila)> (f.v,tI : F(T(v) -7 Fr(w).

(2) "vith t.he notation of (1), [01' evcry 1] E Va the map UV,tI : F(T (v) -7 FTCw) is
injecti ve.

(3) Let f E Fu a.1l<! I = ja (f). Ir f -=F I, there exists aH n ~ 1 a.lld 2n (HOt
Ht'Cessa.l'ily distillct) flags 111' .. ,1n, 71' ... ,In E Fr such that

(a) 11 = (f.p(f) allel In = up(!L
(b) jT(1i) = !i' fol' all i = 1, ... ,u,
(c) 8T (Ii) = fJr(fi+d for all i = 1, ... ,U - 1,
(d) für aB i = I, ... , n - 1 we have

li i- 1i+l =} g(Vi) = 0 and ß(lId = 0,

where Vi = 8(]j) = D(fi+l),
(4) for evcry 11 E \I" we have O'(v) = ß((Ll'(V)),
(5) fol' evcl'Y 0 E V" we have g(v) = y(av(v)).
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A comuinato ,.jal 17WI'phism 0f ma1'ked gl'flphs (B, (T I ß) -+ (A, T, 0') is a pai r (~, a),

where E: A -+ B is a. homOlllorphislIl of sellligroups and a : (a, ß) -t (T, €00') is a
com binatorial lIlorphislIl of B-gl'aphs.

Usually, we will slIppress t.he slIbscript.s of (J..

Remm·ks. (1) The COillposition of two comhinat.orial morphisms is again a com-
binatorial morphism.

(2) Vve say that a comhinatol'ial lllorphislIl n : (T -+ T is cOfH]Jlete, if for every
tJ E liu the map uV,v : F" (tJ) -+ FT (u( tJ)) is bijective. ExalIl pies of com plete
comhinat.orial lIlorphism arc

(a) t.he indusion of a cOllllectcd cOlilponent,
(b) thc lIlorphislIl (T -+ T, where er is ohtained frolll T by CUttil1[J an edge,

i.c. ehanging j in slleh a way a..s to tUl'Il a two element orbit into two
Olle element orbits.

(3) Let T be an A-graph and ! E S'T a. tail of T. Let Fu = PT - {f}, Vo- = VT
aud defille D(f and j(f by restrict.ing DT alld jT' Thcll er is naturally an A
graph called outaiucd !row T by jOl'gctling thc tail f. Thel'e is a canonical
comhinatorial IllorphislIl (1 -+ T.

(4) Evcry cOlllhinatoriallllOl'pllism (l : (1 -+ T is a composition (J. = uoc, where bis
cOlllplete and cis a finite cOIllposition of morphisms forgctting tails. If (J and
T are stahle (Definition 1.0), all interlllediat.e gl'aphH in slIch a factorizatioll
are stahle.

(5) COlldit.iOll (3) of Definition 1.7 can be rcphrased in a more geometrie way
see the rClIlark after Propositioll 5.2.

Definition 1.8. A c071l1ncl.io71 <p : (T, 0') -+ (a, ß) of A-graphs is a. contraction of
gra.phs <p : T -1- a stich t.hat for evcry tJ E F(f wc have

(1)

9 (tJ) = L 9 (w) + dim Ii 1 (f TI/I) ,
wE4>~'(V)

where Tl/ is the graph heilIg contracted onto v,
(2)

{l(v) = L O'(w).
wE4>Z;'(v)

Definition 1.9. A vcrt.ex 11 of a modula.r graph wit.h A-sl,rllctllre (T,O) is called
stable, if n(v) = 0 iJllplies 2g(v) + lvi ~ a. Otherwise, 11 is ca.lled ll11stable. The
A-graph T is calle<! sl,able, ir all its verticcs are st.ahle.

\\Tc now eOIlle to all important constructioll which we shall call staule [Julluack.
COllsidel' tlie following setup. \\fe snppose given a hOlllolllorphisJIl of sernigroups
~ : A -1- B, a eontl'aclion of A-grn.phs <p : er -+ T alld a combinatorial morphism
a : (B, p) -+ (A, T) of marked graphs. Morcovel', we a...,*,ume that p is a stable
B-gl'aph. Vve sIla.ll constrtlct a stn.ble B-graph 1r, together with a contraction of
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B-graphs 1/J : 7f ~ P alld a. cOlIlhinatorial mOl'phislII of ma.rked graphs b : 7f ~ a.
This B-graph 7f will he callod the stahle ]Jll11bacA: or plIlIder rjJ.

B
( t

A
.p

a --t T

According with Remark 1.4(4), we shall asstltllc tImt rjJ is elementary and contra.cts

the edge {f,7} of a. Let "1 = D" (I), 'IJ:! = D" (7) and tJo = cP( ,,}) = cP(V2)'
Gase I (G01ll1"ucti11g II /O()J1). In th is case VI = "1' Let 101, ... } 10u be t he vertices

of P that map to Vo under a. Note that g(wd ;?: 1} since g( 110) ;?: 1. Let rr be eqllal to
p with aloop {/i,7J attached to Wi, for each i = I} ... ,n and !J;lI'(tIJi) = !Jp(Wj) - 1.
Clearly} rr is sta.ble} the drop in certaill genera is made up for by the addition of
flags. Thc morphislll b : 7f ~ (T is the obvions combinatorial tllorphistrl mapping
every OBe of the loops {li, 7J to {I} 7}. The contl'actiOlI 'l/J : 1f ~ P simply contracts
all the added loops .

. C>fl
e>-U

~
(1~

Up
--tJ

~ (j

AlT
U

Gase 11 (Gonl1"acting a lwn-looJ1i1tg cdgc). 111 this case VI #- V2' Again, let
'WI' ••. ,Wn be the vel'tiee.s of I' th not lIlap to Vo nudel' a. First we sh all constl'llct an
in termed iate graph 7f'. Let HS fix an i = 1, ... ,11. Constrtlct rr' from p by repla.cing
lVi wi th two vel'tices w~ amI W~/} COll nected hy an cd ge {li, 7J, Slieh t hat a(fi) = w~

and D(!i) = w~'. Let I be a (lag of p such tImt öp(/) = 1Vi' If ö,,4>F(u(/)) = VI
we attach I to w~ alld if D"rjJF ((1.(/)) = tJ2 wc attaeh I to lIJ~/. Set g(1lJD = g(vd,
g(wn = !J(U2), ß(wi) = ((G'(vd) a.ml ß(w;') = E(a(v2))' This defines thc B-graph
rr'. The problem with 1f' is th.ü it might not he stahle. So to constrtlct 1f we
procee<! as folIows. Fix an i = 1! ... ,1L Ir 111~ alld tv~' are stahle vcrtices of rr' we
do not change anything. Ir eithcl' of w; or llJ~' is IInstable, we go back to where we
starte<!, by cOlltracting {/j,7J again, ohtailling the stahle vel'tex Wj. This finaJly
finishes the COllstl'lIction of 1f. Tbe cOIlt.racl,ioll VJ : 1f ~ P is defined by contracting
aB the edges that were jus!. insert.ed iuto p to COllstruct 1f. Thel'e is an obvious
co111 binatorial Illol'phism 1/ : 1f' ~ a III n.ppi ng tohe edge {li I 7i} to {I, 7}. Moreover I

wc define a comhinatoria! lIlorphisIll C : 1f ~ 7f' as folIows. Ir i = 1, ... ,n is an
index such that ci ther of w; or 111;' is an \I nstable vertex of 7f', wc IIlttp the vertex
llJj of 1f 1.0 the st.ahle olle or the 1.\\'0, S<lY 1/}~, 1.0 fix 1I0tat.ion. Ir I is a nag of p stich
that DI = 1Vj, thcn I is also conHidered as a fiag of 1f alld rr', and nudel' c we map
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f to itself, if iJ1f , (f) = wi, alld to fil othel'wise. FinallYl b : 11'" ~ (1 is defined as the
composition b = I/oe.

( I)

[]--{]
" ..

• • ~ • 4· . . . .
• • 4 ••· ~ ~ . .r1 •• • ••· . . . .· . . ..

~ ~ . . .· . . ..· . ~ . .

H
·····• • .4

~ • • • • • • 4 4 4

• • + + ••
• + ••

~ . ~ . . .
•.•.. ..... p

~ ~ . .
~ ~ ~ . . .
• • 4 4 4 . • ~ •••· . . .· . . . ..

~ • + ~· . . . ~ .

[J{]
" ...· . . .·.. ~ . ~ ....

: -: -: :-:-: T
~ . . .

••••• 4 ••••

• • • 4 ••

IteratiHg this constl'Hctioll leads to tlle constrtlctioll of astahle ptlllback for al'
bitrary contra.ctiolls or A-graphs.

Rcmal'k. Let

B 11'" ~ P
( t u ~ ti!

A rr ~ T

be a sta.hle (>lIllback.

(1) The d iagralll

lf'lr ~ Vp

bt .J.a
Vr1 ~ Vr

COIll 111 11 tes.

(2) The diagra.lll

F1f

!/JP
Fpr--

bt ta
F(T

<pr
Frr--

does Hot COllllI1l1t.e (except fol' special coses, e.g. if the B-graph 11'"' constl'ucted
above is stahle).
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Propos it io n 1.10. Staulc ]Jullllflck is inrlc]Jcurlent 0f the onler in which ~ is de·
c01rq)()Scrl il1to clcmenlul'y c01ltnlctions. A1orcovcl', lf

B 'Tr ~ P
{t b t ta

A (T ~ T

mul

B 'Tr'
Tj"
~ tr

( t b' t tu
A (TI

t/J'
~ (T

are staule ]mllllflcJ.:s, then

B 'Tr'
1/1 0 1/; ,
~ P

e t u' t ta
A (11

q,o,p'
~ T

is (l stahle ptlllllflcJ.~, too.

P,'oof. To check that stable pllllhack is well-defined, it slifficcs by RClllark 1.4(4) to
check that the ahove cOllstruct.ioll yields the sallle result fol' both orders in which two
elemental'Y contl'a.ctions call 1>e cOlllposed. This is a st.raightforward, though maybe
slightly tediotls calculrltion. The cOlllpatibility of stahle pllllback with compositions
of contract.iolls follow8 trivially frolll tlle definition. 0

Proposition 1.11. If

B tr ~ P
( t &t ta

A (1 ~ T

mHl

C 'TrI --4 r/
1/ t vt t a'

B
tj!

7r ~ P

are stable pul/llflcks, thCH

C tri ~ pi

1/ 0 ( t bob' t t (Ioa'

A (T ...:4 T

is (l staule pul/back, too.

P,·oof. Of course, it sllffices 1.0 cOllsidcl' the case that ~ is an clementary cOlltl'a.ction.
Then the c1ailll follows illlmediately from the cOllstrllction. 0

We are HOW ready to define the not.ion of l1w,phism of marked stahle graphs.
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Definition 1.12. Let (A, T) (J,lId (B, (1) he Illarked stahle graphs. A nUJr7Jhism from
(A, T) to (B, a) is a. qnadl'uplc (~, (L, T', 4>L whel'c ~ : A -)- B is a homomorphism
of scmigroHps, T' is astahle B-graph, fI. : T' -)- T lIIakes (~, a) a. combinatorial
morphislII of marked graphs, alld 4> : T' -)- a is a contra.ction of B-graphs. We also
say that (a, T', 4» is amorphisIll of marke<! stahle graphs coveT"i71!]~.

Let (~, a, T', 4» : (A, T) -)- (B, (1) and (11, b, a' , 'ljJ) : (B, a) -)- (C, p) be morphisms
of stahle marked graphs. Then we deHne the composition (11, b1 (1'11/)) 0 (~,lL1 T ' 1 4» :
(AlT) -t (C,p) to be (1/~,ac,T",'ljJX), where (C,T",X) is the stable pllllback of a'
nnder 4>.

C T" 2..t (11 ~ P
'I t c.!- .!-b

B TI ~ (1

( t u .!-
A T

Remm·ks. (1) In reality a 1Il0rphism is an isomorphy dass of <juadrllples as in
this dcfillitioll. But we shall always stick to the abuse of language begun
here.

(2) The cOillposition 01' 1Il0l'phisms is as..sociat.ivc hy Propositiolls 1.10 aud 1.1l.
(3) Evel'Y cOlllhina.tol'ial 1Il0l'phism of mal'ked graphs whose source an<! target

are stahle defi nes a. lIlorph iSIIl of lIlal'ked stahle graphs, hll tin the opposite
directioll.

(4) Every cOlltractioll of A-graphs whose SOtllTe (alld hence target) is stable
defines a lIlol'phislIl of marked stahle graphs (in the Same dil'ection).

Thc ca.tegory of stahle IIIa.rked graphs shall be delloted by 1.5,. Let Q! be the
categol'Y of (additive) sellligroups with ill<!ecomposable zero element. ßy projecting
onto the first cOlllponent, we get a fUllctor a : 6, -t Qt.. For A E obQ! let 1.5,(A) be
the fiber of a over A, i.e. the category of stahle A-graphs.

Proposition 1.13. Let T be (lH A-!]T'flph. Then I.hcre e::r:ists a sl.able A-!]raph T',

together with a c01llbitwtorial 1l101'phism T' -+ T, such that CUC1'Y combinat07'ial
mm7Jhism (1 -+ T, lOhe1'e (1 is (l stable A -g1"fl]Jh, f(lcton~ llnifjuely th1'01l!]h T 6

• We cull
T' the stabilizatioll of T.

Proof. let Q denote the A-stl'lIctu re of T.

Case I. AsslIlIIe that T lla.s a. vertex Ho sllch that !](1'0) = 0, 0'( vo) = 0, tJo has
a 11 niq ue nag /1, <Lud 1'2 := j (/L) f; 11' Let T' -)- T he the 'Sll bgl'aph' deR ned by
Fr' = Fr - {/d, \Ir' = \Ir - {vo}, Dr, = DrlFr" jr,lFr, - {f2} = jrlFr' - {f2} amI
jr' (/2) = 12'

Case 11. ASSllllle that T lias a vertex 1Jo such that !](Vll) = 0, O'(vo) = 0, Vo has
exactly two fla.gs, 11 aJl(1 12' 1l is a tail of T allel ri := j (/'J) f; /'2' Let T' -t T
be thc 'Sll bgraph' dcfined by Fr' = Fr - {lI, 1'2}' \lT' = \Ir - {vo}, UT' = UTIFT"
jT,lFT, - {/3} =jTIl~' - {/3} a.nd jT,(13) = IJ'

Case 111. ASSIlIIIC that T lias a. ver1.ex 'lJo such t.hat !](vo) = 0, O'(vo) = 0, Vo has
exa.ct.ly two flags, Il and 1'2' I I := j (11) i= 11 aud /'2 := j (IJ f; /'2' Let T' -t T
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be the 'SIl bgl'aph' deH lled hy Fr' = FT - {lI, J'1}, \fTI = \fT - {vo}, äT, = ßTIFT"
jT,IFT, - {!I,f'2} = jTIFT, - {!I,f'1} ami jT,(ft) = 1'2'

G'ase IV. AsslilIIe that r has a vertex Oll such tha.t 2g(vo) + Ivot < 3, 0'(110) = 0
and PT (t}o) is a union of orbits of jT' Let r ' -t r bc the 'SH hgraph' defined by
PT, = PT - FT(110), VT, = VT - {v()}, DT, = DT1FT, alld jT' = jT 1FT"

In each 01' these fOllr cases every comhinatorial morphisili (T -t r, with (1 stahle
factors 1I1liqllcly thl'Ollgh T'. ßy illdliCtioll on thc IltllIlhcl' of vertice." of T, the graph
r' has a stahilizatioll, which is thus also a st.ahiliza.tioll of T. Ir T has no vertices Vo

of the kind covcrcd by t.he abovc fOllr Gl.SCS, r is stahle anel T itsclf may serve as
stabilizatioIl of T. D

See Sectioll 10 in (G, Exp. VI]) for the definition of cojib1"atioH of categories.

Proposition 1.14. Tlte !u71clo1" a : \5, -t 2l is (l cofibl'atio71.

Proof. Let ~ : A -t B be a hOllloiliorphisllI in Qt, and (T,O') a st.ahle A-graph. Wc
need ta constrllct astahle ß-graph (T = ~. T, together with amorph ism (fL, r /, ifJ) :
(A, r) -+ (B, (T) covering ~, with the following universal mapping property. When
ever 17 : B -t Cis another hOIllolllorphislII in 2t, pis astahle C-graph amI (b, r", 1/J) :
(A, T) -t (C, p) is amorphisIll coverillg "7 0 €, there exists a unique morphism
(c, (1', X) : (B, (1) -t (C, p) covering '11, such t.hat (c, (1', X) 0 (a, T', ifJ) = (b, r", 1/J),
Le. such that T" is the stahle pllllhack 01' (T' nnder ifJ.

In fact, it is 1101. difficult 1.0 see tha.t. t.he st.a.bilizatioll of (r, € 0 0') satisfies this
univer~al mapping property. D

Remark 1.15. Choosing a. cliva!Jc 1l01'1Hfdise (see Definition 7.1 in (G, Exp. VI]) of
l5, over 2l. amollllts to choosing a pllshforward fllllctor ~. : 18 .. (A) -t 18 .. (B) for any
hamamorphislIl € : A -t B in 2t. \Ve may call ~. stauilizatioH with rcspeet ta €. If
B = {O}, we speak of ausolute stulJilizHUoll (01' si III ply "'labilizatioll , if HO confusion
scems 1ikely to al'ise).

2. PRESTI\BLE CURVES

\Ve recall the definit.ion of pl'estahle ClIrves. A morphislI1 of pl'cst.able ellrves is
defincd in stich a way t.lIa.!. i!. ha."i degl'ce at 1I10St Olle and COlltl'acts at 1Il0st rational
components.

Definition 2.1. A /,,·csiab/c Clll''/lC over the scheme T is a nn.t proper morphism
:rr : C -t T of schemcs slIch that t.lle geometrie fibers of :rr arc reduccd, c01l11ected,
one-dilllensional and ha.ve at. most ordinary double points (uodes) ClS singularities.
Tile gcnus of a pl'c~;l;able clIrve C -t T is tlle lIlap t rl dim III (Ct , Oe,), which is a
locally constaut. ftlllction g : T -t Z>o. If L is a. line bllndie Oll C, then the degl'ee
of L is the locally cOllstant. fUllction ~Ieg L : T -t Z:2: 0 given hy t rl x(Ld + g - l.

A 71W77Jltis11l p : C -t D 01' prcstn.hle Clll'ves aver T is a T-1II01'phislIl of schemes,
such tlJat fol' cvery gcomct.rie. (>oill!. t of T we have

(1) if -'I is the gCllel'ic poi 11 t of an irred uci hle COIll poncllt 01' Dt , then t.he fi ber of
]Jt over ·/1 is a finite -'I-schclIle of degree at lIlost Olle,
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(2) if CI is thc nOl'lIltl.lization of an irred uei hle com pOilen t of C t , then IJt (CI) is
a single point ollly if CI is I'a.tiollal.

I .

Ir V is a scheme anel ] : C ~ V a lIlol'phislll, then L ...-.t deg]· L defi nes a locally
consta.ut. fllllctioll T --+ HOlllz(Pic V, Z) which we shall call t.lle IW1Ho[ogy dass of ],

by abuse of language, dellotcd f. [Cl.
If V is a schelllc adillitting au alllpie invel't.ible sheaf let

H2 (V)+ = {a E HOlllz(Pic V, Z) IO'(L) ~ 0 whenevel' L is alllplc}.

Note thtl,t, H 2 (V)+ is a sClIligroup with indecolJlposable zero. This is beeallse if V
admits an alJlple illvertible sllcaf tllcll Pie V is gCllerated by ample invel'tible sheaves
(see Rcmarque 4.5"0 ill [4]). So if f : C ~ V is a HlOl'PhisllI frolll a prestable earve
iuto V 1 t.hen the Ilolllology c1;tss is a loeally cOllst.ant. fllnction T --+ H"J (V)+.

Lemma 2.2. Let. ] : ....\ --+ Y be a ln"oper 8ul'jcct.ivc nW77,his1H of T -schemes such
t1w t /.0X = Oy. Let 9 : X -+ U oe m wt.her mOl'jJhism ofT -sehemes, such that
jor evcry gcometrie ]Joiut, t 0/ T the 71tfLjJ gt ; 4Yt ---+ Ut is eoustaHt (as a 7Hap 0/

1l1uLerlyillg Zar1ski topologicfll spuces) ou the fibe.7'S of It : .\'t ~ ~. Then 9 factors
1l nifjuely th 7"0 1l!J1t f.

P7YJOI. This follows easily, for example, from Lemma 8.11.1 in [4]. 0

Corollary 2.3. Let C {Je a Jl1'CstalJle Cll1"ue OVC1" T 117u! f : Cf ---+ V a m077Jhis711,
wltere 1I is (l sc!u;mc adlllitU1t!J a7t mnplc illvcrlible .~hcaf. ThcH f. [C] = 0 if und
ol1ly i1 f faclm's tlt1"oll!Jh T. 0

\Ve shall need t.IIe followillg two rcsults abollt gilling nl<trked prestahle ClIl'ves at
the marks,

Proposition 2.4. Let T ue (l schc1HC find C\, C2 two l,,-estau[e C1l7"VCS ove7" T. Let
Xl E Cl (1') muL X2 E C2 (T) ue sccti071S such that fOT' cvery geometrie !,oint t of T we
halJe t1wt J:l (1,) und X2 (1,) are iu the SrHooth locus of Cl ,t and C\tt 7'es]Jectively. Thcn
the7e exists a IJt"cstablc Cll11JC C {JVC7' T, togethe1' with T -mo1'IJltisms 1Jl : G't ---+ C
muL P2 : C'2 ---+ C, such timt

(1) PI (:I:d = p:l(J:2L
(2) C is ,mivc"sal a1ftong all T -schcmcs with this In"ol'c7"f.y.

The C1l71Je C is ll1LifJucly detc7'7/lincd (Hp to tl7tifJlle iS07H017Jhümt) and will ue callcd
obtaincd by gilling C\ a.1le1 C 2 alollg t,he scct.iolls :1:1 and :'/:2, notation

C = Cl L1.l71'X';I C 2 •

/] u : S' -+ T is (l 7TW7'1'his7Il of schemes, the71 Cs is the cw'uc outai71cd uy !Jluin!J
CI,s and C2 ,8 along X'l,S and X2,S' 11 gj is the gC71llS 01 Ci, /07' i = 1,2, theu 10r the
genus 9 (Jf C we ItfltJe 9 = gl + !J2' 1/, /ot" i = 1, 2, fi : Ci -+ V is (l W071Jhism in io
a schemc sueh Umt 11 (x 1) = /2 (:/:2), and f : C ---+ V is the indllced 1IW71Jhism, we
Iwve f. [Cl = 11. [Cd + 12. [C2] i71 HOlllz(Pic V, Z). 0
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Proposition 2.5. Let T (Je a ,o.;c!W71IC fl7ul C a ]J1'cslaMc cw·vc over' T. Let Xl E
C (T) and :r.2 E C' (1') ue scdirJHs such lllat f07' Cl1Cl'Y geometrie Imint t of T we have
that Xl (t) fl7 ul x 2 (f,) fl1'C i7l thc s77!oolh locHS ()f C, flnd :r. 1(t) f; J: 2 (t) . Then thcr'C
exists fl }Jl'esl,aule CU1'1Je C' 01JC1' T, togcthcr' witlt a T -m077Jhism p : C -+ C', such
that

(1) p(xd =1'(:1:2)'
(2) C' is 11 nitlcnwl allWll!1 all T -schemcs with this IH'OJJC1'ty.

Tlte cm'vc C' is HHifJucly dcic7'1/liHcd (up to ll71ifJuc iS0l1107'],hism) muJ will be callcd

obtained by gilling C wit.h itself along the sections Xl and :1;2, 7lotatioll

C= Clx\ '" 1:2-

1f 1J. : S --+ T is (l 7H077Jhis7H of 8(;11(;111(;8, tlWH (C)8 is lhe cm'1J(; outaillcd uy gluing
es witl! itself a/ol1!J J: 1,.'" und :1;2 ,S _ If!J is lhe genus 0/ C, tllCll /01' lhe gcn us Ti
of C' wc IWlJC Ti = 9 + 1. 1f / : C' --+ V i8 a nunpltis1H into a schc7HC sllch t1wt
/(:r.d = /(:1;2), mul J: C --+ F is thc intlucetlll1017JhiS7Il, wc luwc .7..[C'] = f.[C] in
Homz(Pic V, Z). 0

Definition 2.6. Let T be a. modular graph. A T-7Harkcd ]Jl'estable C1l7'VC avcr' T is

a pair (C, x), wllere C = (CII )IIEVr is a family of prestahle curves 1rv : Cl/ -+ T alld

x = (:r.d.EFr is a 1'fl.lIlily of sect.iolls :1:. : T --+ C[Jr(i) , such tha.t fol' every geometric
point t of T we IJa.ve

(l) Xi (t) is i 11 the Sillooth lOCHS or C'Ur(i),t 1 1'01' aJI i E l~ I

(2) Xi(t) f; J:j(t.), if i i= i, fol' i,j E FT ,

(3) fJ(CII,t) = 9(11) fOl'allvE VT •

'Ve defi 11 e Cl. mfll'!..:cd ]J7'Csf,a!J/c cu nJC fJtJCl' T to he a. tri pie (T, C J x), where T is a
modular gra.ph allel (C, :1;) a T-lIla.rked prestahle ClIl've over T.

:t STAHLE MAPS

'Ve no\\' cOllle to the definition of stable maps, the celltral concept of this work,
which is dHe to Kontsevich.

Fix a field J..~ alld let 'll be tlle categol'Y of slllooth projective (not necessarily
con nected) va.rietics ovel' k. COllsidel' t.he cova.l'iant fUllctor

where Qt is t.he category of sellligroups with illdecomposable zero (see SectiOIl 1).
Definc the ca.tegory 'll18,. as thc fihercd produc1. (sec Sect.ioll :3 in [(), Exp. VI])

---7 (.5,

o ~o
u+
---4 Q1.

Ta speil tllis defillitiOIl 0111. 1 we havc
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(1) objects of QJ~, are pa,irs (V, TL where V is a slIlooth projective variety over
k alld T is astahle HA\f)+-gl'aph,

(2) a. lllorphisIIl (lI, T) ---t (1'1', (1) is a quadl'lIple (~,lL, T', 4J), where ~ : V ---t I'V
is a lIIol'phislll of k-val'ietie.s a.lld (Ift(~), (1., T', 1» is a llIol'phislII in 1.5, as
deHne<! ill Definition 1.12.

Remark 3.1. By Corollal'j' (i.9 of [fi, Exp. VI] alld Proposition 1.14 t.he category
QJ~, is a cofihel'cd category over QJ.

Definition 3.2. Let (V, T, 0') be au ohject of 1lJQ), and T a k-scheme. A sluMe
(V, T, O')-nwJ' oveT' T is a tripIe (C, J:, f), where (C, x) is a T-rna.rked prestable curve
over T and f = (fv )ve v,. is a falllily of k-morphislllS j" : Cv ---t V, sllch that thc
fallowing cOllditions are satisfied.

(1) For cvcry i E P.,. we have fD,.(i) (:l:d = fO,.U,.(i)) (:I:;,,.(i)) as k-morphisms from
T to \f.

(2) Far all f1 E F.,. wc have t.hat fll.[C11 ] = O'(v) in IJAV)+.
(3) Far every geomctric point t of T alld evcry v E V.,. the st.ability condition is

satisfied. This IIlC.U1S tha.t if C' is the 1I01'IIHtlizatian of a compollcllt of CV,1
that lIlavs to a poi nt 1I neler Iv,t : Cv,t ---t ~, thell

(a) if the gCIlIIS of C' is zero, then C' has at least thrcc special points,
(b) if thc gClllIS of C' i::> Olle, t!len C' !Ins at lcnst olle special point.

Here, a. point of C' is called special, if it mars in Cv,t 1.0 CL markcd point or
anode.

\Vc define a. stablc TIUlJ} 01JCI' T 1.0 be a. sextIlpie (V, T, 0', C, :I;, j), whcl'e (V, T, 0')
is an ohject of QJI8" ;:\.11<1 (C, :l:, f) is a stahle (V, T, O')-map over T.

A 7HOT·!,hislH (V, T, Cf, C, :I: 1 f) ---t (lV, {T, (', D, Y, h) of stable maps aver T is a quin
tupfe (~, (l, T', 1>,1'), whel'e (C (/" T', 1» : (V, T, 0') ---t (lV, (1, ß) is a lI10rphislll in QJ15,

and ]J = (P"),IEV,., is a falllily of 1Il0rphisIIIs of pl'estable ClIrves Pv : C..,(v) ---t D",v(v),

such timt the followillg are t.I'IIC.

(1) For every 1: E F(l we have fJO(t;6F(i)) (J:..,q,F(i)) = Yi,

(2) If {l:I' i:!} is all edge of T' '\vhich is being contractcd hy </>, then PUl (X I1 (it}) =
1,,!~(XI1(j~)), whcre VI = viI allel v:! = fJi~. So, in particlllar, if VI =/: V2 there
exists an in(1I1ces morphislIl

1'12 : Ca(llt} LlZ,,(itl,::a(i~) Ca(v~) ---t Dill,

where w = 1>(11.) = cP(v~).

(;~) \Vith the notation of (2), if 111 =/: V2, t.he morphism 1'12 is a lIlorphism of
prest.ahl(~ cnrvcs.

(4) For eVI~ry V E F.,., the d iagralll

Cu (!!) ~ \1

I'" ~ ~E

D",(,,)
h.l .. ) H'~

commu tes.
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In this situa.tion we also say that ]J : (C, :1:, f) --+ (D, y, h) is a IIlOrphism of stahle
maps COtJC1'iH!J tolle lIIorphism (~, (l., r', 0') in '.2J18.,

To defille the c01Hpositiol1 of morphisms, let (~,(l,r',<p,]J) : (V,r,O',C,x,f) --+
(lV, 0', ß, D, y, h) (lnd (1/, u, (11, VJ, q) ; (lV, 0', ß, D , Y, h) --+ (U, P", E, z, e) be mOf

phisIlls of stable maps over T. \\Te all'eady know how ta campose the rnorphisms
(€, a , r',1» allel (1/, b, (1',1/)) ia QJ18~. Usc notation a...... in Definition 1.12, Thcll this

composition is C'l~, (lC, r ll
, 1/JX)' Define the family 7' = (7'u)uE\'~" of lIlorphislIls of

prestahle cllrves 7'u : CflC(u) --+ E!JiX(U) flS 7'tl = fJX(II) 0 ]JC(U) I which ig well-dcfincd, since
<Pv c( 1l) = (l.Xv (11.). Thell we defi He ou r COlII position as

Proposition 3.3. The c07l1]Josif,irm of 71uJ1'],hi87H8 of stoMe 7nfllJS is a 7TlO77Jhism of
stuhle 7/HIpS.

Pt'ooj. The proof will be givcn a.t. the sa.me tillle a~ the proof of Thcorem a.G be
low. 0

Definition 3.4. Let V E ob QJ he a variety, ß E H 2 (V)+ a homology dass and
!J,n 2: 0 intcgers. Then (V,!J,u,ß) shall denote t.he object (lf,r,ß) ofQJQ3. whose
modular gl'apll r is givclI by J"r = !!:., VT = {0}, DT : F.,. --+ V.,. the lIniquc rnap,
j.,. = id n a.ml !J(0) = y. The I1:!(\f)+-stt'tlctllre on r is giVCll by ß(0) = ß. Astahle
(V, !J, n~ß)-1Ilap is also called a ...taulc 1IWP f7'(J7TL a7l Jl,-[JOÜt ted cW've (()f !Jcnus g) to
V (of da...... ß). Hcl'c wc use thc notation'!..!. = {I, ... , n}.

Lem ma 3.5. O/JC1' a7l alychra ically dosed jidd, le t (C,:r., f) be (l stable 7TUl]J f7vm
a71 n-]JointcrL Cll1"UC 0/ YC71t1S!J 1.0 \f of dass fj mul lel (D, y, h) bc a sl.able ma]J from
a71 In-]Joi71tcd Cll7'VC of !JC7lUS !J 1.0 \f of dass (J, 1IJltC1'C 1n ::; n. Let p : C --+ D be a
7H011Jhistrl ...uch I.hat ]J( :l:j) = !Jj fot' i ::; NI fl7HI hp = f, If C' C C is a Sllbctl1"ve (0.

C07171ected uniOH of iT'1"Etlucihlc r:01/Lp01wuI.S) , such thaI.

(1) Ictti71!J C" he the closure 0/ thc c07llplcmc71t 0/ C' in C, the cw'Ves IC' anel
C" IHWC C:J:ll cl. [y OHe Hode iH C01I177W71,

(2) !J(C' ) = 0,
(3) f(C') is (l ]JOint,
(4) fm' i ::; m, I.hc :r.j 110 7101. lit; on C' e:1XC]Jt fOI' fIl. most O7le of tltem,

theu l' mops C' 1.0 0 ]Joint, in D, 0

Let tlS deuote thc catcgory 01' stahle llIa.ps over T by Atl (T). lt comes together
with a [lInctor

defined by project.ing ont.o the first cOlllponellts, Fot' a mOl'phism 1L : S --+ T, ptllling
hack düfines a. QJ\5~-fllnct.ol'

1l. : At! (T) ---+ Iv! (.5'),
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Theorem 3.6. Fo,. evC1'y k-schemr: T tlu:. fU71clO1' 1\1 (T) ~ Q)l5" is a cojibmtio71,
wlwse fibel's are !Jf'oll]Joids. Iu oillc,. wOf'(Ls, !vI (T) is cofibcl'cd iu !Jl'Otl])(Jitls ouer

m18".
Fm' evc,y buse chflu!Je 7/, : S ~ T the mrs s -fu71clO1' 11: : M(T) ~ M(S) is

cocartesifl1t.

Pl'oo/' To provc tha.t 1\1(T) ~ ml8 J is a. cofibra.tion, wc need to prove the follow
illg. Let (~, u, r', </J) : (V, r) --i- (IV, a) he a. 1II0rphism in m6 s alld (C, x, f) a stable
(V, r)-map over T. Thcll thcl'e exists a ]JUshf01iIUl1'(l (D, y, h) of (C, x, f) undel'
(~, (L, r /, </J). This pushfol'ward comes with a tIlorphism p : (C, x, f) ~ (D, y, h)
of stahle lIIaps coverillg (~, (L, r ' , </J) alld is chara.clerized by thc followi ng universal
mapping property. \Vhcnevcl' CIJ, b, a',1J;) : (111, a) ~ (V, p) is a.nother morphism in
'!Jrs s , (E, z, e) a. stable (V, p)-IIHl.P OVCI' T fl,lld l' : (C, x, f) ~ (E, z, e) a 1Il01'phislll
of stahle maps coverillg C"~, (f.G, rlf,VJX) : (V, r) --i- (V, p) (in the notat.ion of Defini
tion 1.12), t.here exists a unique IIlol'phisll1 of st.ahle Illaps 'I : (D,!f, h) ~ (E, z, c)
coveriug C'" b, rr',v)) : (i'V, (1) ~ (U, p) such that. l' = fj 0 p.

(C,x,f) ~ (D, y, 11.) --!.t (E, z, c)
(2) I I I

(\I, r)
(CII,T1,<p)

(1'1', rr)
(",0,(J1,1,&)

(V, p)~ -T

(1/(,aC,T II ,"'x)

To prove that u· : l\1(T) --7 1\1 (8) i::; alwa.ys cocartesic\.ll, we nee<! to pl'ove that this
pushforward COlllllllltes with hase change.

Reca.ll that we also wish to prove Proposit.ion :i.a, i.c, t.hat if 1Il0l'phisms of stahle
maps ]J : (C, :J:, J) ~ (D, V, 11,) and fj : (D, y, h) ~ (E, z, c) are given a.,'3 in (2), then
the cOlllpositioll l' : (C, :1:, f) --7 (E, z, c) is also a 1Il0rphislll of sta.ble maps.

Pli rely formal considcl'atiolls tell IIS that to pl'ove these thl'ee facts, we may
decolllpose the lIlol'phislll (~, (L, T', 4» : (\I, r) --7 (1'1', a) into Cl. composition of other
1Il0rphisms in allY way we wish and prove the thl'ee facts for tbc factors of this
decompositioll. \Vc shall thus cOllsidcr the following'five cases.

Case 1 (Cha1t!Jl7!!J \I). In this case rr = c. r. This me,ws that rr is the pllshforward
of r 11 nder ~ : F --7 11', I1si Hg t.lle fact lllat. QJ6" --i- mis a. cofi bration (Remark 3.1).
In other words, rr is the st(j.hilization of T with respect. to the indllced 1I~(H')+

stl'l1cture (Proposition 1.1;3). Thus r' = a a.1l<! <P = id(1'
In all other casos 1'1' = \I aud ~ is t.he identity. In t.lle next t.wo ca..,es n. = id T and

r' = r.
Gase 11 (Col1t1'tlclil1!J wHl cd!Jc). The contl'action 4> : r --7 a contracts exactly

one edge {i t , iJ C FT an<! we have "1 =llJ~, where 01 = D(it} a.nd V:t = D(i:l)' To fix
notation, let '11 0 = </J( 1Jd = </J(oJ.

Gase 11/ (C07dl'uctiufj a loo]J). Thi::; is t.lle same as Cf1se 11, cxcept that we havc

111 = 11~.

In the Ia.,.;;t two cases r l = (1 alld cf; = id(J'
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Gase IV (ColHplctc cmuiJirwtoriul). Thc combillatoria.l lIlorphislIl a : (T ---t T ha..'i
the propel'ty th at (L : Fa (v) ---t FT ((L (v)) is a hijection 1 for all 1J E \1(1'

Gase V (RemolJill!J a tail). 111 this ca.se, \10' = \lrl we havc givell a. vel't.ex Vo E \Ir

alld a tai! i o E J~ (vo) of T alld we have

(1) Fa = Fr - {io},

(2) 00' = DrIF~,

(3) j (T = j r IFa .

Note thaI, thc proof of Proposition :J.3 is only intel'esting (if at all) for Case 11,
since only in this case carryillg out. the cOIliposition of (~, (L, TI, cjJ) and (1J, b, (TI,1/;)
illvolves t.he second case of t.he cOllstructioll of stahle pull back (Section 1).

Gase I. First we note the following trivial lemma.

Lem ma 3.7. A ,';',';'tl mc IJUL t T is stu Mc witlt f'CSPCct to tlw induccd H:J (W) + -St1'11ctU re,
so tim t (1 = Ta,uf (J. = id T • Thc, t ij (C, x, € 0 f) sa tisfies thc stability conrlition it
may SC71JC as push!07'wfLnI 0/ (C, x, f) wuIcf' ~. 0

Vve shall 1I0W rC(ltlce Case I to Cases IV alld V. ßy the c1aililed compatibility with
base changfl , we lIla.y COIISt.l'llct t.he pIIshfol'ward loca.lly, and pa...."",, to an etale cover
of T, whellever dcsirable. Tltus we a<!<! t.a.ils to T, obtainillß T, alld cOl'l'esponding
sections of C, obt.a.ining (C,x) 1111til r with t.he indllced H:?(lV)+-structllre is stable
and (C, X, ~ 0 f) satisries the stahility conditioll. TheH we have the commlltativc
diagralll

(V, r) ----t
J,

(Hf, r) ----t

in '1JG,. The t.op row of (:3) is covel'cd hy (C, x, f) ---t (C\:/;, f), alld c1early (C, J:, f) is
the p"shforwa.rd of (C, X, f) nuder (V, r) -+ (V, T) (see a.lso CflSC V). The fi I'st colnIT1 11
of (:3) is covcred by (C,x, f) --7 (C,x,~ 0 f), which is a pushforward by Lemma 3.7.
Now the }>llshfol'wa.rd of (C, x, € 0 f) Hudel' (Hf, r) --7 (1'11, (T) will also be the sOllght
after pllshfol'ward of (C, x, f) tllIder (V, T) --7 (lV, a). Bllt (Hf, r) --7 (1'11, a) is covel'ed
hy Cases IV alld V I achievillg the red IIctioll. 0

C'ase. II. The <!iagl'fl.1Il defillillg t.he compositioll of rP and (b, a', 1/;) is

T

J, b

~ a.

Let tlS first. deal with t.he proof of Proposition :3.::L

Lemma. 3.8. Fm' eVCI'Y i E /~, 111(; luwe
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Prooj. ASSIlIllC th at CXF (i) =I <pF lJ(i) , si Ilce otherwise there is Ilothi Hg to prove. In
t.his ca:-;e, IIccessarily, cX F (i) is being cOlltracted by <p. Without loss of genel'ality,
Ict cXF(i) = i l , so the situation is as in the followillg diagram (cL (1)).

~
.

4 4 ~ 4 ~ •

•• 4.4.4. .t ••••

• • ••• • • . . I
••••••• •••..•• I:'. . . . ..· . . . . .... . ~ . . .· . . . . ...

(4) ';,

~

T
<iP' bei) G.'(p'(j)

i'J i l

Hcre, T' is thc stal,le plll1hack a.lld 'T' the illterlllcdia.tc graph lIscd in the cOllstruction
of T', Usillg the fact t.hat jJ is a. lIlorphislll of sta.ble ma.ps we get a morphism
Pl:J : Cl:l ---+ D"u or prestahle Cl1I'VCS, whcrc

COlIlpose this with (jtJ(i) : Duo ---+ EV'{)(i)' Let f12 : C l2 ---+ V be the map indllced
from fVI alld flJ

J
alld .r.= :1:!FT (vduFT (v:t) - {i1,i:t}. Then (C't"2,?i,fl:t) is astable

map au<!
fj{J(i) 0 PI"2 : (C\:!, x, fl:t) -----t (EV!fI(i)' Z IPp (1jJD( i)), CvJEJ(i))

is a lllol'phiSII1 of stahle lII<l.pS ta which LClIlma. a.5 applies, with C' = CIJ ) an<!
:1:,;1"b(i) E C' heilIg the ollly lIlarkcd poillt cOllling fl'olIl Fp ('ljJrJ(i)), if thcl'e exists
stich a point. at all (this is hecallse T' =I T'). So by LClIlIlla :3.5 fJO(i)l'lJ)(CIJ )) is a
point in Ev,[J(i)' 1'0 he pl'ccise, this holds if T is t.lle spcctrlllll of an algebraically
c10sed fick!. For l.he gencral C<lse, applyillg Lemma 2.2 yields t.hat fJO(i) 0 Pu') factors
thougllt T. In pal't.iculal',

fJo(i)lJII'J{:r.<i1"b{i») = fjfl{i)JJIJJ (:1:i J ) = fjD(i)fJIJI (Xii)'

\V 11 ich is \V hat. we set Oll t to p rove. 0

Let 115 check that 7' : (C, :I:, f) ---+ (EI Z, c) is a. morphism of stable ma.ps, J.e.
satisfies Propcrties (1) t.hl'ollgh (4) frolll Defillit.ion :1.2.

Pro]Jcrty (J). Let i E F p • Thc we have

by Defillit.ioll ;~.2,
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by LCIIIIIla, :3.8,

=Zj,

since fJ a,lld fJ arc JIlorphislIls of stahle ma.ps.
P"o]Jc1'ly (2). Lel. {jI! j:.!} he an edge of T' which is heilig cOlltra.ctcd by 'l/JX. Let

'UI = VjI ami 1/.2 =Dj'.l'
Gase 1. Let {j I, j'.l} be eOIl tl'acted hy X. Then {c(jd I c(j:.!)} is bei ng contracted

by <p. So withollt loss of generality c(jd = i 1 and C(2) = i'.l' Then

f UI (Xii) = fJx(udPvl (Xii)

= fJx(U';l )fJV';l (Xi';l)

= "U';l (;I:;'J)'

since l' is a, lIlorphislIl of stahle lIlaps and x(ud = x(1l'.l)'
Gasc 2. Ir {jl! l:.!} is not cOIlt.racteel by x! thCll thel'c exists a 1I11iquc celge {j~, j~}

of (1' beillg cOlltl';)ctcd by 'tP, slIch t.hat)1 = XF (j;) an<! j'.l = XF (j;). 'fhen

7'UI (:I: I:Ud) = fJx(lldfJ(:(uJ} (:l;cUJ))

= fJx(udPn.pPb(j;) (X4> P bU;))

by Lelllllla :3.8,

= (Ix(ud (UbU;))

= fJx(u'J) (!JbU~))

since fJ is a lIlorphisJIl of stahle lIlaps,

by sYJlllIlctl'Y.
PI'O}JCrty ('l). This follows from the fact. that the cOll1position of lIIorphisms of

prest<Lhlc Clll'VCS is again a. lIlorphislli of J>l'est.able CUl'ves.
Pn)]Jcrty (4). Stra.ightforwal'd.
This finishes t.hc pl'oof of Proposition :3,;3 in CClSe 11. Let. HS llOW construct the

pushfol'wltl'd (D,!/, h) of (C, :I:, f) IInder C/>.

Let w E \I(J' If w f; VUl let. v he the 1I11iqlle vertex v E \Ir slIch that <Pv (v) = 1V

and set D1l' = Cl!' If W = 170 set

This dcfillcs <L falllily of prestahle curves D. 1701' evel'Y 11 E \Ir let. p" : Cu -+ D4J (tI)

be the canonical map. Defi ne sect.iolls Uj, f01' i E F(J' by

Vi = POl,/lP(i)(:/:q,P(i))'

Fin<l.JIYl deRne fol' every w E \I(J (l. lila}) !Jw : Dw -+ \I frolll f (by lIsing Proposi
tion 2.4, if w = 110)' Essentially hy definit.ioll, (D, y, h) is a. stahle (\I, a)-map ami
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]J : (C, x, I) --+ (D, y, h) is a lIlorphislll 01' sta.hle maps covcring rjJ : (V, T) --+ (V, u).
It relIlains 1.0 check that (D, y, h) satisfie.'·' 1.he universa.l lIla.pping property of a
ptlshfonvard under rjJ. So let r : (C\ x, f) --+ (E, z, e) as in Diagram (2) be given.

Let 1l E lItT/. \Ve lIeed 1.0 defille a. lllliqlle 1Il0rphism lJll : Db(u) --+ EI./J(,I) such that
for every u' E Frl, satisfying X( 1[') = u, the diagra.m

CC(u l )

I/du l ) ~

DfJ(ll)

commu1.es. Ir b(u) i= 110, Ilec('.o.-,~arily, '111 = 7'1.1 " So let b(u) = vo. Ir thcre are two
vCl'tices 71-; a.nd 1/.~ such tImt X(1l;) = XC/l~) = 1l , thcn we have two III aps TU'

1
: CV1 --+

E1/J(u) alld rll~ : C''''J --+ E",(u) giving rise 1,0 a lIniqne map lJu : D vn --+ E1/J(u)' Ir there
is only one vertcx 11.'1 of T' sllch tha.t X(u;) = 1/., then wc a.re in a situation as in
Diagralll (4), <tlld by Lellllll<L a.5 '1u !las to lIIap C"!'J C D vu to a single point of EI./J(u)

and rll~ : C'IJI --+ Eljl(u) slIfllces 1.0 deterIlline fju : Dvu --+ EI./J(u) ulliqucly. This defines
fj : D --+ E satisfying all }>ropel'ties req 11 i rcd of a. Illorphisill of sta.ble lIla,ps, as some
rOll tine cOllsidel'atiolls reveal Th is fi nishes Case 11. 0

Gase I/I. This ca.se is silllilal' to Ca.se Il, hut 1ll1lch simpler, because the COIl

struction of the cOlllposition of 1J all<! (b, (T, VJ) is simpler, alld thus for evcry i E Fa'
wc have cXF (i) = </f b( i). \Vc lISC Proposit.ion 2.5 illstead of Proposition 2.4 to
COllstl'lICt t.be plIshfol'wal'd of (C, :I~, I) IInder 1>, gluillg tlle t\vo scctions ;l:i

l
alld Xi)

of CV1 = CII ) 1.0 obtaill Dill>' 0
Gose IV, 1'0 COllstrllct t1le pusltforwa.l'd, set. Dv = Ca(II)' ]J1I : Ca(v) --+ D v the

idcntity alld !L,! = la(lI)l for evcry 11 E \In' Ivlol'eover, for i E Fn set Vi = Xa(i)' To
check tha.t. (D, V, h) is astahle Illa.p alld fJ: (C, :t:, f) --+ (D, v, h) a. morphislII ofstable
maps, thc ollly fact to check is t.hat 1'01' evcry i E Fn we have hD(i) (Vi) = hD(j(i)) (Yj(i)) I

in other words
IUII( i) (:/: u(i)) = !o(,j(i)) (:I:'I(j(i))) .

Here, Conditioll (a) in thc defillitioll of cOlIlhinat.orial 1Il0rphisIJl of A-graphs (Defi
nition 1.7) ellters in. It i1l1plies this c1a.im t.oget.hel' with Corollary 2.a. The universal
mappillg propel't.y of (D,!ll h) is ea."iily vcrified. 0

Gase V. ßefOl'e we can treat this case, we lIeed a few prepal'a.tions.

Proposition 3.9. Let (C, :t:1"" ,:/:,.,/) be a stable 71UlfJ OVC7' afieldlnHH (l curvc
of f)C7W8 f) f() Fand Id alt mlt/1lc i7we1'liMe shcaf OH \I. Thcn

L = wc(:/:, + ... + x u ) 0/-lv103

is mnplc ()71 C. lle7"C Wc is the dtutliziHf) sheaf of C.

Pl'oof. Let llS first cOllsider t,lIe ca."iC thaI, C hns 110 Hodes, so tllat C is irredllcible
an<! nOIl-singular. Thcll b sllffices 1,0 prove timt <leg L > O.

Case 1. Tbe image f( C) is a point. Thell deg f· .~1 = 0 <tll(! we have

deg L = <leg Wc + n = 2g - 2 + n ~ I,

by the sta.hilit.y cOllditioll.
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Gase 2. Tbe illlagc j(C) is not a point. Thcll dcg j+ M 2:: 1 an<! so

<leg L = 29 - 2 + n + ;3 <leg f+ 111 2:: 29 - 2 + n + :3 = 29 + n + 1 > O.

So SlIppose HOW that C ha..s a. lIode P. Let 'I : C' -t C be the ClIl've obtailleel hy
blowing IIp P and let PI' P2 E C' be the two points Iying over P. Let L' = (( Land

f' = f 0 'I.
C'ase 1. The curvc C' is cOllllected. Then (C', J:1, ... 'X 'll PI' P2' f') is a stable

map ami

L' = wc' (:1:1 +... + ;1: 11 + P1+ P2) 0 p. 111°3.

Gase 2. The CII rve C' is discoll Beet.ed. Let C~ a.n<! C~ he thc "wo com ponents
of C' alld L'1, L~ t.he l'estrictioll of L' to C~ alld c~, rcspectively. Let f: :C; ---t V
for i = 1,2 be thc lIla.p illduccd by f'. V"itltout 10&":' of genel'::t.lity aSSlllllC that
Xl, ••• ,X r E c~ allel Xr+l,' .. ,J: TI E C~, für some 0 ::; r ::; Tl anel PI E C~, P2 E C~.

ThclI (C~, :/:1,'" ,:l:n PI, f{) aud (C~, :/:,+11'" ,:I: n , P2' f~) a,re stahle maps a.llel

L'l = WC: (:1:1 + + :1:, + Pd 0 f{· M@3

L~ = wc~(:t:'+1 + + XII + P2) 0 f~· 1\1°3.

Thns by illduct.ion Oll the the Illllllher of Hodes we may aSSlIlIlC timt. L' is ttmple
on C'. Let F he a COhCl'CHt slteaf Oll C alld F' = (/ F. Thcn thcl'e exists an
no slIch that for 4111 n 2:: Uo wc have that ;:' 0 L,@n (- Pd 1 ;:' 0 L,0n

(- P~) and
;:' 0 1./°'1 (- PI - P2 ) are gCllel':l.ted hy global sections. This implics that ;: 0 L0n

is generated by global sectiolls. So L is aillple. D

\\Te will HOW cOllsidcr thc following sctllp. Let. (C, :1:1, .•. ,:t: n +l, f) be a stable
map ove.. T frolll a.n (n + 1)-poilltcd Ctll'VC of genus !J to \I of dass ß E 112(\1)+,
where 29 + n 2:: a if ß = 0 (ot.hcrwise, n 2:: 0).

If t is a geometrie poillt of T alld C' a cOlllponent of Ct , thcll we say that C' is to
be CO 11 t1"tlC lcd, if, aTter I'Clllovillg :1: 11 +1, thc nOl"llla.liza.1.ioll of C' violates t.he st.ability
condition. Eq 11 ivalcll tlYl

(1) C' is I'lltio11 a.l withollt. seil" illtersect.iOll (so that C' is Cqll'l.! 1.0 its nOI'lIlaliza
tioll ),

(2) ;';11+1 E C' l

(:3) C' has ex;)ctly two speeia.l points hesidcs :1;11+1, at least OIlC of whieh is not
a. ma.rke<.! point, bllt a node,

(4) fL(C' ) is 41 single point 01" \I.

PictOri::t.lIYl the only two possi hlc rOIll POllclltS to be con tra.eted look as follows.
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Note that evcry geometrie fiher 01' 7r : C ---t T has at 1Il0st olle eOlllponellt to be
eOIl traeted.

We say a T-lIlorphisIIl q : C ---t U, 1'01' a T-schemc U, cOlltracls the cOTn]Jonents

to be COlll.1Yu;tcd, if for every geometrie point t of T the ma.p (ar underlying Zariski
topologieal spaccs) qt : C t ---t Ut maps CVCI'Y compollcnt Lo be contl'acted to a single
point in Ut • Fol' exalllple, f : C ---t \lT contl'acts the components to be contracted.

Proposit io n 3.10. The 1"C CJ:is ts a univcrsal 7HOT7,h ism p : C ---t C C01l t1vlcti71g the
C01H]J071cu/.s t.o /Je COlll.1Ylctcd. LeI. 1 : C ---t \I /Jc the ll71ique ma]J givcn by the
univcrsal 71Ul/lI,i71g ]Jl'o]Je1'fy of (() I ]J). Thcn (f) 1 p(:1: 1) 1 ••• I p( XII) 1 1) is a stable nUll}

/1'om an n-]JoiTtlcd C1l7'/JC of !JC1W.~ !J t.o \I of class ß.

P,·oof. This is a variation Oll Scctioll 1 of [9]. Let HS first prove the proposition
for t.he case t.lmt, T is the spect.rlllll 01' an algebra.ically closcd field. Let CI be a
COIll POIlCIl t. to hc contracted.

Casc J. The cOlllponent. C' lias olle lIode. \Ve define C = C - (CI - C) and let

]J : C ---t C: he the ol>violls IIla.p. Cleal'lYl Oe = ]J.Oc, so C satisfies the universal
Ilmpping propert.y hy Lemll1a. 2.2. Thc rest is triviaL

Casc 2. Thc cOlllponent CI has two Ilodes. VVe define C = C - (C' - C) and let

PI and P1. be thc two poillts of C that interscct C'. Thell we set C' =CI Pt "J P21
i.e. we idcntify the two points PI alld P~. \\Tc then procced sinIilarly a.., ill Case 1.

Leulma 3.11. Lr.t T he t.ltc s]Jcd.1'I111t of mt a/!Jcbmically closcd field and lct C be
the univcrsal eul'vc (;ont1'fu:tiu!I J.!u; r;01Il]J01!Cul.s of C to hc crnltnlctcd. Clwose an
a1Hplc i1wert.iblc shcaf Ai rJH lI. Let

L =WC(:l:1 + ... + :1:,,) 0 f· ft103

mul
L = wc(]J(xd + ... +P(:/:n)) ® 1· /\103

.

Thcu fm' aU J.; ~ °wc luwe.

(1) Z0 k =1,.L0 k
,

(2) p. L0 k = LOk,
(8) fll f. LOk = 0,
(4) lJi(C:, L0k

) = Hi(C, L0k L fol' i = 0,1.

Pl'ooj. This is analogons to Lemllla 1.G of [9]. 0

Lemma 3.12. Lct T !Je the s]Jcclrtl7H of fl1t al!Jcbl'aieally doscd ficld wHI let L be
defincd flS in Lemma :3.11. Dejillr: the OfJCTi ,~ltIJscl. U of C by

U = {:/: E C 1:1: is slllooth and :t: is IlOt in allY COlllpollcnt to be contracted}.

Thcll for k sujJicicul./y lmy(; we 1U/.1JC

(1) LOk i$ !JC71cl'flt.cd by !i[olm[ scd.;OllS,
(2) H I (C, L~)k) = 0,
(:i) LOk is 7lormally gCllcml.ct!,
(4) L0k ( - P) is !JC 1te1Yll.cd /Jy !Jlolxtl scd imls for all P EU.
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(Tlte sltcaf L is lWI'IIWl/y fjcHcmlcd if C(C, L)0k -4 I"'(C,/};)k) is swjeclive! fm' all

k ~ 1.)

Pl'ooj. Let C: alld Lbe a.., in Leillma :J.11. Note that Olle can apply Proposition 3.9
to C} alld L. Thon t.he res 11 I1.8 are iJll plied by Lemllla 3.11. 0

We call now procccd with the proof of Proposition 3.10 for general ba.."e T. Choose
a.n ample invcl'tible sheaf A1 Oll \I alld cOllsider Oll C the invertihle sheaJ

where WeIT is the rclative dualizing sheaf of Cover T. Thcn forlll

S=EBrr.L0 k
,

k~(l

whcre 1r : C -4 T is the structllre IIlap, and let

C = Pl'ojS.

Claim 1. The forlllat.ion of C C01ll Illntes with bflse ch<lIIgc.

Pron/. Clearly, the forlIla.tioll of LOk com 111 1\ tes with hflse cha.nge. That the forma
tion of rr.L0 k COlllllllltes with base cha.ngc for k sllfficiently large follo\vs from the
fa.ct that H 1(CI' L0 k ) = 0, fol' all t E T, by LClIlIlla :J.12. For J..~ = 0 this is trivially
trllc. Thus t.hc fOl'lllatioll 01'

st d
) = EBSk

dlk

COllllllutes wit.h b<lsc change, for a slIitable tl > O. This illlplies the claim for C,
si Ilce

C = Proj S = pl'ojS(d). 0

Claim 2. The st.1'1ICt 11 re map 1r : C-4 T is flat ami projcctive.

p,.ooj. The flat.lle:-;s of Pl'oj S(d) follows frolll thc fact that 1r. LOk is loca.lly free, for
d I k , which fo11ows frolll the fact that its forma.tion COIlllllutes with base change.
By p<lssing to a lfl.rger d if Ileccssary, wc IIlflY <lSSlIlIle that for cvcl'y k ~ 0 the
hOlllofllorphislll

is stll'ject.ive. This lIlay bc checke<! Oll fihcl's aud thus follows from Lemma 3.12(3).
So S(d) is gellcl'ated hy S~d) alld hCllce Pl'oj stil) is projcctive by Proposition 5.5.1
in [4]. 0

Claim S. The callonical lIlol'phism 1'1'0111 an open slIhset of C to {; is cverywhere
defined, proper ami slll'ject.ive.
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PrrXJj. This canonical morphislII is defincd hy rr" S --+ €:Bk L0k
I 01' equivalently by

S ---+ EBk rr .. L0k (see Sectioll :3.7 ill [4]). Für it. t.o be evel'ywhcre dcfined, it S\lmccs
to pl'ove tha.t rr*rr .. L0k --+ L0 k is an epilllÜrphi:-iIIl, für k sufficicntly large. This may
bc chcckcd Oll fi hcrs a.nd tll HS follows 1'1'011I LClIlllla :i.12(1). That the canonical
1II0rphisIIl is dOlJlinant. follows illllllc<!ia.1.ely, sillcc S --+ EB rr .. L0 k is all iSOIllOl'phislll.
That it is proper, is c!ca!'. So it ha.s to he surjective. 0

\Ve call this canollica! IIIOrphislI1 jJ : C --+ Cf.
Claim 4. Let;,: be a geometric point of C and p-l(X) the fibel' of p over x.

Tlien citliel' thc cardillalit.y of 1)-1 (:1:) is olle 01' jJ-l (x) is a cOlliponcllt of C;(x) to bc
contracte<! .

P1'OOf. Withüllt loss 01' gencrality WC ma.y <lSStllIlC that T is tllc spectl'Uln 01' an alge
braically closed field. ThclI wi tll t.hc lIot.atioll ~f Lellllll <t :3.12 and by P l'operty (4)
of the S<tIllC h~lIlm<t, we ha.ve tha.1, I,IU : U --+ C is all opell immersion. If Cf is to
be cOlltl'<lcted, then LICf ~ Oc" and so C' is lIlappcd to a. point ill Cf. These fact.s
c1early iIII ply Clai III 4. 0

Claim 5. \Ve h<tve 1' .. Oe = Oe'

PrrJOJ. \Vith thc llotatioll 01' Clailll 4, HotC that

H 1(p-l (x), Oe ®C1- "'-,(:1:)) = 0,
c

since 1)-1(:1:) is rational if it i:-i olle ;\.Hd 1I0t. zero dilllensional. So by Corollary 1.5 in
[9], the formation of 1'"Oc COlI1lllutes wi1.11 hase cha.nge ill T. So to prove the claim,
we rnay assIlIlIe that T i~ the spectl'l1llt 01' a.n a.lgcbl'aically c10sed field, hut. then it
is clear. D

Now by Lelllllla. 2.2 the I<lst threc c1a.illlS imply tllat l' : C --+ C is a IItIivel'sal tllor
phislII contracl,illg thc cOlllpollellt.s 1.0 he cOIlt.I'<lct.cd. 111 part.icllla!'! wc gel. a unique
morph iHIIl 1 : C --+ V s IIch tll at 101' = J. The fact timt (C', 1'(:1: 1)' ... ,p( :.t: n ) I 1) is a
sta.ble map frOl1l an u-poiut.ed clIrve 01' genus!J 1.0 V of dass ß lIIay now be checked on
fibers 1 w!lich ha..s all'eady heell dOlle. This finishes the proof of Proposition 3.10. 0

\Ve now pl'oceed with t.he proof of Theorem a.G in Ca.sc V. Let n = #Fo (vo).
Choose all idcntificatioll n + 1 --+ Fi (vo) llIapping n+ 1 to in, the flag heing I'cmovcd.
Then (Cvu ';': 1, ... ,Xn+l, JllJ is a. sta.hle lIIa.p to which Proposition ::1.10 applies an<!
we let Pun : CIII ] --+ D,lu be tlle t111ivcrsa.llllorphislII cont.l'etctillg the COlllPOllcllts to bc
contl'acted. Für 1J #- 110 we let. Dv = CI! a.lld PI) : Cli --+ Dtl he the idcntity. lt. is thclI
c1ear how 1.0 dcfiuc y a.lld h to get astahle map (D, y, h) sa,tisfying the universal
lIlappillg Pl'0PCl'ty of a. p\I:-ihforwa.l'd 1I1lder the graph lJIol'phislIl T --+ (1 given by
iL : (1 --+ T. This cOlllpletes the pl'üof of C<lse V. 0

To cOlllplete the proof of Theorem 3.ß we lIecd to show that if (V, T, 0') is an
objcct of QJI8,. and p : (C, :1:, f) --+ (D, y, 11,) is <t JIIorphistn of stable (V, T, O')-maps
(coveriug the idcnt.ity of (V, T, 0')), tllen P is a.n isomol'phism.

This is illllllcdiately l'cduccd 1.0 the c<lse that. (V,T,(\') = (V,!J,'fL,a) an<! llsing
Lemma 2.2 to the case tha.t. T is t.hc spectl'lllll 01' aB algebl'aically c10scd fiel<!.
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Tlten it follo\,·/s from t.lle stahility condit.ion timt ]} canllot cOlltract any rational
compOllents, so it. is iujective. To provc that p is snrjective liRe induction on the
number of lIodes of D. So let P be a Hode of D and let D' be the curve obtained
from D hy hlowi!lg Hp P alld let 1" : C' ~ D ' hy thc pullback of p : C ~ Dunder
D'~D. .

C'ase 1. The curve D' is disconllected, D' = D~ U D~. Then C' = C~ U C~ with
illduccd lIlap:; p~ : C; ~ D;, for i =1,2. Let gi =g(DD alld G'j = f.[D~], for i = 1,2.
Then 9 = g1 +!h and 0' = 0'1 + O':!. Now gi (CD ~ gi(DD alld f..[C;] ~ f",[D~J imply
that gi(CD = Di alld f.[C;] = O'i alld thlls we may apply the indllct.ioll hypothesis
to p~ all(l 1'~, proving t.he surjectivity of po

C'ase 2. The ClIl've I)' is cOIlllccted. Thell C' is connccted, since otherwise we
would have 1.wo Cllrves contra.dictillg the illdliCtioll hypothesis. So me fIIay apply
the ind llctioll hypothesis to 1/ : C' ~ D' .

This finally cOlllpletes t.he prüof of Theorelll ;LG. D

Definition 3.13. For a. givclI objccl. (V, I) of '!J(!)~, we let lH(V, ,)(T) be thc fiber
of M(T) OVC!' (\I, I) nudel' the cofihl'atioll of Theorclil :3.G.

Lett.i 11 g T vary we gct. a s t.ack 1\tJ (\1, I) 0 n t 11e categol'y of k-sch e III es wi t h t he
fppf- topology.

For (\I, I) = (\1,!J, '1!, ß) we denote AtJ (V, I) by !vIg,u (lI, ß).

Theorem 3.14. Fm' evc111 (V, I) flic k-slflCk 1\1(1I, I) is fl ]J7'0PC7' algcu"flic Delignc
ldumfonl stad: 01JCf· k.

PnJOj. The proof will he postponcd t.o <l, l<ltcr sectioll (see Corollary 4.8). D

Hemm-/,;. TII(~orcills :3.G alld ;3.14 give rise to a fnnctor

1\1 : '!J15. --7

(\1, I) 1-----1

(proper algehraic DM-stacks ovcr k)

J\IJ (\1, I),

by choosing for evcl'Y 1.:-SChCIIiC T a clivfl!Jc 1lO1'nutlise (see Definition 7.1 in [6,
Exp. VI]) of the cofibercd catcgory AIJ(T) over QJ<8 •. Of course, this fnnctol' M is
essentially indcpenden t of thc choice of the clivflge 1101ilWlisc.

Anot.her way of st.at.illg t.his would bc to COllstl"llct a fibercd cat.egory M over
'!J18~P X (I.~-schelllcs), sllch t!l<l.t k/(V,,)(T) is the fibel' 01' A1 over (\I, I, T) allel
J\1(T) is t.he fiber of All over T.

4. FURTIIER STUDY OF A1

Proposition 4.1. Let (\1, I) be flU ofJjecl of QJ15•. Then thc dia!Jonal

i ... 7'e/H-cscnf,ablc, finite wul U1H·muiJicd.

P7'O{J/' ß y Lelll m tt 4.2 we III ay red 11 cc th e case of stahle rn <tps to t he case of stable
CII rves, wh ich is \\'cll- k11 ow n. D
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Lemma 4.2. Let (C, :r., f) and (D, y, 11.) !Je n-l)(Jinl.cd sl.able 7JUl]JS to \I ove7' the base
T, antl t E TU.... ) a !Jco7Hcldc ]Joint of T. Thcn t.here exist.s a7/. ctale nei!Jhbor/uxxl
S -7 T uf I., an integer l\r I Ifw,.ki71!Js x' = (J: '1 , ..• ,J;~) of es wul y' = (Y~, ... ,v',v)
of Ds SHch tlwt (Cs , :1:5', X') mul (D ..... ,Vs, Vi) (H'C stable 7/W7'!.:Ctl CW've8 OVC1' S 117ulll
closetl i7Il71/.C f'si071 0f ShCfWC.... 0 n (5'-sehelll es)

Isom((C, x, f), (D, y, h)L...·~ fSOIll((CS ' xs, X'), (D s , Ys, y')).

p1'(XJf. \Vithout los..~ 01' gellcra.lily (k'·'.'·.;ume that C alld D have the salll~ genus !J and
f alld h have the same c!<1SS ß. Choosc an embedding p : V y. pr, let d = p.ß
alld rccltlce to thc case V = pr and cl = ß. Let N = d(1' + 1). Choose linearly
indepelldellt hyperplalles Ho, ... ,/Ir ill pr SlIch that for ea.ch i = 0, ... ,r

(1) 110 special POillt of C t 01' D t is Ill<1.pped int.o H i •K lIlIder ft or !Jt,
(2) ft a.lld fit a.re transvcrsal 1,0 Hi,f(.

Then tilere exists an (~t.ale Ileighhorhood S -7 T of I. SllCh that

(1) for eaeh i = 0, ... ,7'

(a.) !fi,s n Cs givcs risc to d s(~ct,iom; J:~j+1' ... ,:I;~j+d of es over S,
(h) fli,s n Ds gives ..ise to d sect.ions V~j+I' ••. ,V~j+d of Ds over S,

(2) (Cs , Xs, :1: ' ) a.ml (Ds , Ys, y') are marke<! presta.ble ellrves.

Thell (Cs , :1: ..... , :r. / ) <l.lld (Ds , !J ..... , y') are in fact. stahle alld t.here exists a.n obviolls
mOl'phislIl

Is01l1((C, X, f), (D, y, h))s~ ISOIII((CS ' Xs, :1: ' ), (Ds , Vs, y')),

which is clcarly a c10scd illllllersion. 0

Lemma 4.3. Let. (C, :/:1,'" ,:/:11+1, /) be a stalJlc 7TWP mHI (D, YI,'" ,Y1l1 h) tltc sta
hilization uHfler f07yet.t.i71!J X,,+l' Let.],: C -7 D bc the stntcl.lIrc TTwryJhism. Then
(luy SCcl.i07t !/o 0/ D 7/lal.:i71f) (J),!/o, ... ,y,,) a l1Ul1'kcd IJ1'csta{Jlc C'Il7'1JC lifts m1iquely
to (l SCcti07l :r.lJ of C 7Haki1tf) (C, Xli,' .. ,:1:/1) a 7Hal'kcd ]Jresta{Jle curve. 11 Yo llvoids
p(:I:n +l), t/'CH (C, Xli, ... ,:1:"+1) 18 a 71HlI'J.:cd IJl'Cstable cm·vc.

Pn){Jf. Let F C D be t.he open subset cOllsisting of smooth points of D which a.re
lIot in the illla.ge of !/j, for aIlY i = 1, ... ,n. Let U = p-l (V). Then p indtlces an

iSOlllOl'phisl1i plU : U -=+ V. Jvloreover, U is SlIlooth a.lld X o +l is the only sectiOll of
C which lIlay 1I1cet U. 0

Proposition 4.4. Let (C, :/:1,.' . ,:1: 11 +1, f) mHI (C, Xl" .. ,:I:T1 +1 1 1) be stable 7lWPS

1Oi/./I iS07IW77Jhic stabilizatio7Ls f07'!}CUill!J thc (u +1) -sI. SCcl.iOH. Let (C, !h, ... , Vn, h)
bc such (l sf,ahilizatüm, mi/.h sll'ue/.ul'C 7JHl]J8 p : C -+ D fl1ul ji : C -7 D. If
p(J:n+d = jJ(x,,+d thc71 thcre cxisls a u1liquc iso7/lol'phümt q : C -+ C of stahle
T1UlIJS such tlwt ji 0 fJ = p.

Pl'oof. This is loeal over thc ba."ic, so we ltlö,y freely chonse sectiolls i'l,s necc&"iary. In
fa.ct, choose sectiolls Zl, ... , ZN of D in the slIloot.h 10clIs, avoiding Yl, ... I !In a.nd
ß = P(:l;II+l) = ji(X"+I) and lIlaking
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a. stn.ble Illflrked CIIl'VC. ßy Lellllllil., 4.:J these lift Ilniquely to sectiolls Wl,'" ,'WN of
C alld lVI,'" ,1VN of {; lIlakillg

and
(C I 'IV I I • • • I ,ivN , Xl, . . . , Xn +I )

lIlarked pl'cst.a.ble ClIl'ves. :Moreovcr, tllcse n.re c1carly Illarkcd stuMe Clll'VeS with n.
comlllOIl stahilization

(D, Zr, ... , ZN, !lI, ... , Yn)

fOl'getting t.he I~st sect.ioll, SlIch that. P(:I;nJ = ji(Xn+d. Then t.hey ha.ve to be
isomorphic hy 1\ 11 11 tSOIl 's theOI'Clll (see [0]) thn.t Allg,N+n+l is thc universal curve
over JI,tJ N +n . 0

Proposition 4.5. Let. (C, :/; 1, •.. , :C lI , I) Oe a staute 71WP 117ul ß (l sectioTl 01 C.
Then the,.e c:r.ists Hp 1.0 iso1/l.017}hism ft tmirjuc staMe 1IW]) (C\ Xl, ... , X,,+ 1,1) such
tha t (C, Xl, ... , XIII I) is I.hc stalJ it iZft f.ioH 01 (C', :T: 1 I ••• ,xn+ 1 ,J) IO"!JettiTl!J the (n +
1) -st sccli01 t ft1 ul p(x"+1) = .6, whe 1'C ]} : C' ~ Ci:.. thc s tnu: t tl 1'e 71Ul]J.

p1"(JOf. U11 iq uelless follows from Proposi t.ion 4.4, hellce cxistcllce is a Ioca.1 qucstioll.
Thlls we lIlay chonse sectiolls Zl, ... ,ZN of C slich that

(C' - ...." ,. ),--1,'" ,--N,·tl,··· "I'n

is a. stable lIlal'ked etlrve. By Knlldscll 's reslllt again, tllere exists a stable cllrve

(C" I I I /)
, Z 11 • • . , ZN' :/: l' . . . , XII +1

whose stabiliza.tioll forgctt.illg tbc lflst. seetioll is

and such that q(:/::l+l) = ~, where q : CI -)- C is t.lle structul'c lIlap. Clearly,

(C'I I 'I / 1 )
I Z I , • . • , ZN' :/: 1 , . . . , X n +1 , 0 q

is a. sta.hle lIlap. Then let (C',:T: 11 ••• ,xn +1, J) be thc stabilizatioll of

(C" .,,1 .,,1,./ •• 1 1 (1)
'''''1'''' '''"'N' :I'll'" "/'n+ll 0

forgett.i ng the sectiolls z~, ... , z:V. By it.s 1111 iversal III appi Hg property thcre ex

ists a lIIorphism l' : {; ~ C w!lieh lIlakes (C, :Cl,'" I X n , I) the stabilization of

(C', Xl,'" ,:;'11+1,1) forgettillg :T:u +1 . 0

Corollary 4.6. Let fJJ,n (V, ('J) !Je; the 1l1Li1JC1'$(l1 C1l1'1JC ove,. 111g,fl (V, ß). Then the
CU1W1ticul 1HO /7Jh iS11t k1!l' n +1 ( V, ß) ~ C y,n (V\ ß) i1tduced uy thc (n + 1) -Bt sec tion is
mt iS01IW"pltis1H. 0

Proposition 4.7. Let (C,x,/) !Je fl s/.niJic (V,!J,U,fi)-l1Hlfl o1Jc,.T. Then the set oJ
t E T such tlUt/. (C, :1;) i... fl 81.ablc 1Harked CU1"IJC is OpCH in T.
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PI·oof. The set of such t is the set. of all t E T fol' which (C, x) is isomorphie to
it.s stabilizat.ioll. For any lIlorphislIl of sChemc.<;, the set of elements of its SOl1rce

a.t which it is an isoJllorphislll is a.lways open. Finally, use pl'opernes." of prestable
Clll'VCS. 0

By thi? proposition we JIIay düfine

t.o bc t.he opell sllbsta.ck of those st.a.hle 11 1<'1. ps , whose underlyillg lIlarkcd ClIl've is st.a
hle. Thc canouical lIlol'phislll Ug,n (\I, 13) ~ At!g,n has a.s fibel' over the Illarked curvc
(C, x) the schclIle of lIlol'phislIlS rOl'lU C t.o \I of dass ß. By results of Gl'othendicek
in [3] this is a. q lIasi-project.ivc schcllle. Heuce Ug,n (\I, ß) is a.n algebl'aic k-stack of fi
nite type. Now, for given 1/. there exists an N > n such that Uy,N (V, 13) ~ /'11 g,n (\1,13)
is slll'ject.ivc. Since Uds lIIorphislIl is ftat. hy COl'ollary 4.G , it. is a fla.t epiIllOl'phislII ,
hence a present.a.t.ioll of At! g,n (V, (i). Toget.hcr wit.h Pl'opositioll 4.1 t.his implics that
A1g ,n(V,ß) is a. finite type separat.ed algehl'aic Deliglle-MulIlford stack over k. This
is thclI tl'ue I'or a11 objects 01' '2J6~.

Corollary 4.8. Thco1'c1H a.14 is lnu:.

PnJDj. Jt only I'cmaills t.o show prOpCI'IICSH. This is easily redllccd to the ca.,<;c (V, r) =
(pr, g, u, d) alld follows frOlIl Proposition ;3.3 of [13]. 0

5. AN üPEHAOIC PICTURE

Definition 5.1. Let (T, (1') he aB A-grilph. Let RT C FT X FT bc dcfined hy (117) E
R T if al\(l 0111)' if olle of the condi1.iolls

(1) 7=jT(!)'
(2) öf = iJ! :llld for 11 = iJj = iJ! we !Inve 9(11) = 0'(11) =0

is satisfied. Let. I"V bc thc cqllivalcllce relat.ion Oll PT gCllcrated by RT and let

(In fact, P(T,U) would be bettel' 1l0tatioll , hllt we will st.ick with the abuse of notation

PT')

Proposition 5.2. Let. (l : (13, (T) ~ (.1, r) be (l combi1wlo1'ial 71lO1pltis1n o/171m'ked
gntphs. Thcu (f,p : Fr> -t PT lJ/'cSC,.vcs c(jlJiv(/leHce. 0

Rcmfld~. In fact, COllditioll (;~) 01' Definit.ion 1.7 lIlay be replaced by requil'ing (J.p

to prescl've eqllivalcnce.

Proposition 5.3. Let 4> : T~ (T be fl coufmctioll of A-glnJllts. Tltcll 4>P : Fr:r ~ PT
]J1'CSC1'VCS cfJuimdc1lf:c. 0
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Proposition 5.4. IJ
B

( t
A (1 ~ T

is (l stahle Jluilimek, theu lhe iwl"ccd dill!JT'fIm

commutc8. 0

By Pl'opositioJls 5.2 , 5.a alld 5.4 I wc ha.ve a cOlltravariant fllI1ctor

P : t8~ ~ (finite sets)

given hy P(A ,T) = PT Oll objeets. COIliposing with the flllletor QJ15~ -4 15~ we get

a eoutravariallt flll1ctor

P : Q) 1.5 ~ ~ (fi 11 it.e sc ts)

(V, T) 1-----7 PT .

Thel'e is an ohviolls fllllc1.or

Q) X (finit.e sets)

(V,P)

contravariant in t!le secolld al'glllllent, all<! cOlIlposing with P t.illles the natural
fllllet.ot' QJI8,'1 -4 QJ gives risc 1,0 a. covaria.nt. fUllctor

still dCllotcd P, hy ahllsc of notat.ion. \\Te lIIay consider QJ as a SII hcategory of the
2-catcgory of proper algchra.ic Deliglle-~111lIlfol'dstacks ovcr k and cOllsider this as
a fUlletor

P : QJ18, -4 (proper algehraic DM-stacks ovcr k).

Now fix an ohject (\l, T) or 'tJI8.'1. Let (C, X, J) bc a stahle (V, T)-lIIap over T.
Then x aud J dcfillC a lIIorphisllI

/(:1:) : T ~ V Fr

l t-7 (J (J: i ( I. ) ) ) j E Fr·

By COl'olla1'Y 2.;~ this lIIorphislll J(:I:) factors throllgh VPr C \I Fr , so we consider it

as a lIIorphislll
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Thus we get a lIlap l\t1(lI, r)(T) ~ P(lI, r)(T). Sillce it. is cOlllpatible with base
change S ~ T, we havc a. morphislII of k-stacks

cv(\I, r) : M(lI, r) ---+ P(V, T).

Proposition 5.5. lVc IUlVC dcfiucd a nutwnl f,nl71Sf01'11wtiou of flluclOT's f,'mn QJI8"
to (proper a.Jgchraic D~1-stacks over k)

ev : /l.tl ---+ P,

ca/led evaluation.

In the general fraIllcwork 01' r-opcrads , this allows lIS to consider (appropriate
stlbfullctors of) /l.tl aB<! P as a. modular opcra.<1 (tnd a cyclic endolllorphisIll opcrad,
respcctivcly. Thc evaluation fHnctor thcll ill{llIces a stl'llctllre of M-algcbl'lt on V.
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Part 11. Gr01110V-Witten Invariants

G. ISOGENIES

Definition 6.1. Let r he astahle A-graph.

(1) The dass of T is

(-J(T) = 2: ß(v).
liEF,.

(2) The Eulc7· r:Iu17'ac/,Cl'i8lic of T is

x(r) = x(ITI) - 2: g(v).
vEII,.

(3) If ITI is !Io!l-elllpt.y aJl(I cOllllect.ed t.lIe f]C7WS of T is

!J(T) = 1- X(T).

Definition 6.2. Let T he a sl.<thle \I-graph, where \I is of pure dilllcnsion.

(1) Thc dimc718io71 of T is

dim(\I, T) = X(T) (dilll \I - :l) - ß(T)(WV) + #ST - #ETl

W hcl'c Wv is tolle callOH ica.1 li He hll11dle Oll V.
(2) The dCf]l"cC of T is

dcg(\I, r) =
ß(T)(WV) + (dilll \1- ;i)(X(T~) - X(T)) + (#ST' - #ST) - (#ET• - #ET),

whel'c T~ i1:i the absolut.e st.ahiliziltioll of T.

Note thtlJ,

dilJ1(\I, r) - diIll(T~) = X(T~) dilll V - deg(\I, T).

Definition 6.3. The stahle A-gl'a.ph with olle vcrtcx of gClIllS {lud dass zcro and
th I'ee t,ails (110 edgcs) sh all bc callcd the A-t.ril'()(I, or si III ply a triJlod.

Definition 6.4. Let a : T' ---+ T be a. cOlllhina.t.orial 1Il0rphism of st.a.hlc A-gra.phs.
Wc say l.ha.t n is of type stably J01'!Jdli1Z!J a lail, 01' that T' is ohtaillcd forlll T hy
stably fm"!JcUiu!J a taU, if thcre cxist.s a t.ail J of T slIch tha.t T' is the stabilization
of TI/ , whcrc r" is ohtaillcd frOl1l T lIy forgett.illg the t.ail f.

Remark 6.5. Every cOlllhina.t.ol'ia,1 lIlorphisllI of type stahly fOl'gettillg a tail is of
olle of the followi Hg types (1I0ta,1.iOIl of Den Bi t.iOll G.4).

Type I (bu:01l!]Jlcf.e rase). No sta.hiliz;ttioll is needcd, i.c. T' = TI/.

t]o.
• • • I
••••• T
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Typc 11 (RUIIOVi71!J (l ln'wuJ fro1ll a lail).

Type III (RC1IlOl1i1lY (l t1"i/}(J(1 fl'01H aH cdye).

&
T rtJ

ß
T 'fJ

u
t--

1I
t-- cU "

Typc I V (FmycttiHY II IOllcly tt"iP{uj 01' (l londy ellil'tic CU7HpOncHt.) Qnly i 11 this
ease dOCR t.he 1111111 bel' of cOllllcctcd cOIn pOilen ts of thc geomctrie realization eh angc.

,70
,-.0

11

t--

fl

t--

o"
o"

Herc, the genus of the vertex displa.yed iu tltel:1st diagralJl is equal 1.0 olle.

Definition 6.6. Let (a, r', 0) : r ---7 (T hc a IlIorplJisill of st<Lhlc A-graphs. \Ve eall
(n, r' , </J) a1l isoyclty, i f

(1) (J. is a eOlllpositioll 01" lIlorphisllls of type stably fOl'gctting a. tail,
(2) 1rlllal ---7 ITolrJ is hij(~et.ive.

\\Tc call thc isogony <I> : r ---7 a an c!c7IIC71tWll isogc1ly, if it is an elementary contrac
tiOll, or if (T is oht.aincd frolll r hy stn,bly forget.tillg a taB.

Note. If <1' : r ---7 rr is an isogcny of stahlc A-graphs, thcn g(rr) = y(r).
All clclllelltary isogcny either cOlltracts a loop, 01' a non-looping edgc 01' is of type

stably forgettillg a ta.il I, ll, 01' 111.

Proposition 6.7. Tlu: C01l1posiliml of iso!Jc71';cs is (l7t isogc71Y.

PI'OOj. Let.

A
id t

A er

p

tu
r

be astahle p"llhack, whel'c (/. stahly fOl'gcts thc tail f of r, ITolpl ~ ITojrl is bijective
and </J is au elclIlen1,n.ry eOIl t.rac1.ioll of st.a,hle A-gl'aphs. Thcn b stably forgets the
tail </JF(f) of a. Evell if tlJcrc is a vCI't.ex '/I() 01' r which docs not. appeal' in p, this

vel'tcx Vo canBOt. he the vel't.ex Ollto wllich cf> eontrncts a,n cdge. 0
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Fix a semi-groll p wi t.h iIIdeCOlIll)()Sable zero A. \Ve sh <\.11 defi Be a. categol'Y ~, (A)
from \.5,(04), I"ctailling ollly isogellics aJl(1 IIIOl'phislllS of t.ype cutting edges, but
reversing t.hc direct.ioll of the Ia.ttel'} makillg tohcm morphislIls fjluiufj tails.

In fact} define t.hc catcgol'Y ~,,(A) as folIows. Objects of ~,(A) are stable .4
gl'aphs. A lIlorphism (T ~ T is a tripie (a, (T/, <1>), where {l. : (T -* (T/ is a cOlllbinatorial
lllol'phislll of A-gra.phs of type cutting edges ami cI> : (T' ~ T is a.n isogeny of sta.hle
A-gl'aphs. To cOIupose (a, (T/) q)) : (1 ~ T a.lId (b, T', '11) : T ~ p, we lIet.,,<:1 to constr\lct
a. dia.gralll

(1// --=-7 T'
'I'

--+ P
et tb

(5) (T' '1'--+ T

/1 t
(T)

whcl'e c : (1/ -* (T// is Cl. cOlllhilla.toria.IIIIOl'phislIl 01' type clltting edges a.nd :=: : (111 ~ T'

is a.n isogcny of sta.hle A-gl'a.phs.
Lct) ill fact, <ll : (T' ~ T be a.ny lIlorphislIl of sta.hle A-gl'a.phs such tha.t the

iud \lced lIla.p <1>F : Fr -7 F(1' ind Hce.s an injective map on tails cI>s : 5'r -7 5'(1" Let
b : T -7 T/ be a cOllibillatorial Illol'pllislIl of t.ype cllttillg (tn edge a.lld let. J and 7 be
the two t.a.ils of T such tha.t {b(f) I b(j)} is an edgc of T'. Thell const.ruct (1/1 frolll (1'

by gilling the t.wo tails CJ)F(f) aud q)F(]) t.o a.11 eclge. For genera.l b, cuUillg Iflore
than OIlC edgc , iterate this pl'oces.-; to CDllst.ruct a". This finishes tohe definition of
CDm posi t.ioll of mo!'phisills iIl l5 ~ (A), \V hich is c1ea.r1y associative.

Note. 111 t,he :;itllatioll of (5), wc get. a. dia.gnwl in \.5~(A)

(TI! --=-7 T/

ct t b,
(1/ 'I'--+ T

which is casily seen to COllllllll1.C. Hcl'e, ballei c a.re the lIlol'phislHS 01' ~t.a.hlc o4-gra.phs
induced by ban<! (;) respect.ively.

Definition 6.8. \Ve call 18, (.4) the c:l:tcHdcd ClltC!J01"y 0/ iS0!JC71;CS 0/ stable A·
!J1"{!phs) 01' the c:dclulcd iS()!JCH!J (:af.cfjo1"y QVC!' A.

The IIlorph iSlllS i11 18" (A) are ca.lIed CJ:lcwlcd iso[jcuics. An extcnded isogeny is
calle<! clcmc1llu1"y, if it. is a.n elclIlental'Y isOgCllY 01' glucs two tails t.o an edge.

RC1HurJ.:. If ~ : A -7 B is a. hOlllolJlorphism of sClI1igronps with indecomposable zero ,
stahiliza.tion defi lIes a. fllllCtOI' 18" (A) -7 l8 ~ (B). These fUllc1.ors satisfy the cocycle
conditioll,_so we lIlay thillk of 18, : Q! --t (categories); A f--7 18,(A) as a. cofihcred

categol'Y 15" over ~.

Now cOllsidcr t.he following sit.uat.ion. Fix a. sIIlooth pl'ojeCl.ive variety \I of pure
dimcnsioll. Let. <I) : T -7 (1 be a.n clclIlcnta.l'y cxtcndecl isogcllY of st.a.ble modular
gl'aphs. Let (1/ he a. stahle F-gl'aph a.nel b : (1 -7 (1/ a combina.torial ll10rphisrn
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identifying a as the ahsolu te stahilizatioH of a ' . Note that b is illjective Oll vertices
a.nd cOlllplete} so t.hat. b : F,,(v) -t F",(b(l1)) is bijective, for all 11 E V". Let ((I,iJ Tj)iEJ

be a family of pa.irs, wliere / is a, finite set ami for cach i E I we have a combillatorial
tIlorphislll (l,j : T -t Tj idelltifying T as t.he absolute sta,bilizatioll of Tj. Finally) let
for CVCl'Y i E / he gi vell au extended isogcllY of stable V -graphs <lli : Ti -t a', stich
that. <I> is t.he absolute stabilizatioll of <l>j. In particlIlar} für ea.ch i E I we have a
cOIIIlllutat.ive diagralll 01" stahle lIlarked graphs

'1'-
(T"Tj ~

nj t ~b
<I'

T ---+ a

VVe shall 1l0W dcfinc what wc lIIe'l.l\ hy (ai, Ti, <l>j)iEI to bc ca7"tcsiaH, or a fJulllxlck of
a' llllder <I). \\Tc have t.o distillglli:-;h six cases} accol'ding to which kind of elementary
extcudcd isogcny <T) iso

Let HS fi 1'8t cOllsidel' t.he casc that cI> is all elcmenta.ry cOlltrf1ctioll 4> : T -t (1)

cOlltractillg thc edge {l,]} OfT. As 11slIa.l, let VI =al, 'IJ"2 = a] änd Vo = fj>(vd =
4>( V"2)' Let 'Wo = b(110).

Gase I (Coul.mcti7Lg H IO()]J). 111 this casc VI = 02' The set I ha...l;j one element,
say 0, and (all) TCll <T)l1) is cartcsiall , if (1)0 is a cOIlLl'actioll cOlltl'acting a single lodp
{(l.o(/), uo(!)} onto Wo.

Cuse II (CO tl t111cl. ing fl 7w1t-lo()fJi71g er/gc). In t,his case VI f V:!. \"Te reqllire ea.ch
<I>i to COIl t.ract exact!y Olle edge, 11 amely {Ui (I), aj (I)} onto wo. tu pal't.iclIla.r, t1l is
means t,hat. t.I](~ olJly w<ty the variolls (Uil Tj, (Pd difrer is in the class('$ of ui(vd and
(l.j(0"2). \\Tc rü«(llire that (ß(Uj(od),!:i(olll:!)))iEI he a. cOlllplcte a.nd non-repetitive
list of all pairs of elcllients 01' 1J:!(V)+ adding IIp 1.0 ß(wo).

Let lIS HOW deal with t.he case that <I> : T ~ (T st.ahly forgets a tail. Then <1> is
givcll by a. cOIllbinat.orial 1Il0I'phi~'J1I c: (T -t T. Thcl'e are three C<1ses 1.0 cOllsider.

Case 111 (F01ycfli71g (l lail, i7Lc01/1pleldy). 111 tliis case i has a. 1I1liquc ftag 1 E PT
that is not ill t.lie image of (;1" : F" -t FT • \Ve l'e<"pJire I to have olle elcment, say O)
and call (ao, Tu, <1>0) cartf'...':;ia.1J if <Po forgct.s thc tail 0.0(/) (anel does nothing else).

G'ase IV (nc1/tof)illg (l ln"lJod !nnH a lail). Agaill} we I'cqllil'e I t.o have olle
element} say 0 , an<! we ca.1I auy (ao, To) <I>o) cart.esia.n for which <1>0 sta.bly l'Cllloves a

tai!. In fact, <l)o will thell he 01' t.ype rcmoving a. t.ripod from a tail 01' an edge. SOllle
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cXtl..lIIple:-;:

~
~

Casc V (Rr.lIwvi1L!J (l tri/JOd jl'01I1 an cd!Jc). This is tohe sn.1I1e as Case IV, except
that <Po will IIccesHarily hc of type rClllovillg a t.ripad [rom 41.11 edge. All exn.lllplc:

Casc VI (Gilling two fflil ... to a1l cdgc). Fina,lIy, let l1S cOllsider the case that cI>
is givcn hy (\. comhillatol'ial 1I1OI'phisIII c : T -T (T, gillillg the two tails f alld 1 of T

ta an edge {(;(J), c(j)} of a. Agil.in, I is reqllircd to have olle elelllent, say 0, anel
(ao, To, (1)0) is called cartc:-oiall if (1)0 glllC:-; two tails of To to a.1I cdgc of (T' (allel daes
not.hing else). An exa.mple:

U" t

., --fl
-LJ

Note t.hat ill each case p"llhacks cxist, evell thollgh they are not nccessarily
tlllique, CVCIl 1Ip 1.0 isolilorphisllI, in t.he last three cases. Note abo, 1.1la,t. for ca.eh
i E I we hcwe dcg(Tj) = deg(a ').

\Ve sh all 1l0W deH He still allother ca.t.egoI'Y, denotcd i5 ~ (F)CMt' ca.! Icd the cat'iesian
e;;;tctulCll ,;so!JC1LY calcgol'Y over F.
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Definition 6.9. Ohjects of ~ .. (\I)C.ltt are pairs (T, (ai, Ti)iEIl, where T is a stable
lIlod Illar graph, I is a fi Bi t.e set. a.lld for each i E I the pai r ((/.j, Ti) is a sta.hle V -graph
Ti, togctllCI' wit.h a cOillhinatoriallilorphislIl Ui : T --+ Ti, idellt.ifying T as the a.bsolute
st.a.bilizatioll of Ti.

A lIIorphisllI frOlIl (T, (ai, Ti)iE/) tü ((T, (Vj, C1j)jEJ) is a. tripie (<p,,,\, (<Pi)iE/), where
<I> : r --+ (T is an extclI d cd isogeny üf stable IIIod 111 ar graphs, ,,\ : I --+ J is a. 1II ap and
für each i E I wc have a.n ext.cllded isogcllY of st.a.hle V -graphs <Pi : Ti --+ (T>'(i) whose
a.bsalute stahilizfltian is <1>. Such a. t.l'iplc is subjcct to the following constraint.

Thcre exists aB n 2:: 0 fl.nd

(1) for all I) = 1, ,n -1 all ohject (PtJ, (CtJ,i,(>tJ,i)iEl .. ),
(2) for ttll v = I, ,ll a tri pie

(<I>tJ, "\tJ, (<PtJ,i)iE/.._1) : (PtJ-l, (CtJ-l,i, PtJ-l,i);El ..-l) --+ (PtJ, (CtJ,i' PtJ,i)iE/..) ,

wit!l <f>tJ c1clIlcntary, slIch that für cach j E I tJ we have thttt

(CtJ-l,i' PtJ-l,i, <1>tJ,i)iE>.;I(j)

is cartesiall in the sel1se deR lied in Cascs I thollgh VI, above.

Here \ve !Iave lIsed thc not.ation

a.lld

(Pli' (Cu,i' PII,i)iElJ = ((T, (fJj, (Tj),iEJ)·

It is deal' how to emu pose such t.ri pies alld th al. co 111 posi tion is flssociative. ~1orc

ovel', the COlllpositioll ot two l.riples satisfying; the cOllst.raint also satisfie.<; t.he C01l

straill t, so we do i IIdeod gel. a. categor)' l5 ~ (\llc.ut.

Remnrk 6.10. Pl'ojcctillg OlltO the first eOlllpollcnt deRnes a. runctor

t5~(F)""'t ~ <5 .. (0).

Despite the Ilot.a.tion, tiJis is not a fihrat.ion of eategol'ie...,.

\Ve shall, in what folIows, oftoll short.ell the notation (T, (ai, Ti)iE/) to (T, (T;)iE/)
or CVCIl (TdiE I· _

CaB all ohjec1. (Ti)iE/ of e;~(\I)c.lrt hOllw!Jcnco/Js of degree 11. E Z, if for all i E I
we have dcg(V, Ti) = n.

For a st.ahle lIIod1l1ar gra.ph T, we 111ay cOllsidel' the fiber 15,(V)c.l,t/r of the fllnctor

tB, (V)url --+ ~~ (0) aver T. In evol")' slIch fiber ~, (V)c.llt/r we ha.ve a fUllctor

E&: <5~(V)c.ut/T X l5~(\I)C"'t/T --+ ~~(V)C."t/T'

givell hy

(Td jE 1 E& ((Tj ) j EJ = (( Ti ) i EI, ((Tj ) jE J ) ,

whel'e we t.hillk of thc ohjcct Oll thc l'igllt hand siele tl..." a falllily pal'ailletrized by
I U .]. The fllllctol' E& sat.isfies SOIlle ohviolls pl'opert.ies, which \vc shall not list.
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o : Q3~ (V)~"rt X ~,,(\I)~Ht ---7 (5" (V)"Mll
which is defint,<1 by the formula.

Evel'Y objcct 4X' = (TdiEI 01' ~ .. (V)c...t has a Illlique decolllposition ,,'( =EanEZ..I'(n
into hOIIIOg;cncolls compoucllts. Evcl'Y lIJol'phislIl in ~,,(V)"H~ respects this dccoll1
position.

Finally, 18 .. (V)"... t is a. tensor ca.tcgol'Y (ill the sem;e of [1)) with tensor j)l'oduct.
given hy

(T, (Ti) jE d 0 (a, ((1j ) jE J) = (T X a, (Ti X (1j ) (i ,j)E1)( J) .

For two gl'a.phs a a.lld T wc dCHote by aXT the graph whose geomctric I'ea.lization is
the disjoillt unioll 01' lai a.n<! ITI. This not.ion extcnds in an obviolls way to lIlarked
graphs. The idcntit.y objcct. 1'01' 0 is t.he OIlC elClllcllt family with vahlc the cmpty
graph.

There arc obviolls cOJllpati1>ilit.ies hctwecll these va.dons strllctlll'C:o; on l5.. (V)CiHt.
For eX::'\.Il1ple, if )( = Ea" .X""II an<! Y = Earu }~u a.re objects 01' 1B,,(V)coHtl then the
elecompositioll 01' ~\" 0 Y illto lIolJlogcncolIs compollcllts is given hy

\Ve slIlIllllarizc these properties by saying t.hat Q3 .. (\f)C"H~ has EB, 0 and deg strllc
tures.

A fOl'lllally simila.r sitll<ttioll al"ises, fol' cxalllple, if we cOllsielcr the category of
lIIorphislIls 01' a.B a.dditive tensor categol'Y (! in which a.1I hOlllolllorphislIl grollps arc
graded. lf we dCHote this lIlorphislII c.ategory by 9Jl(f, there is Cl fll net.ar 9J1(! -* (! X (!,

given hy sourcn a.1le1 t.arget, whose fibel"s lIa.\'c a. grade<! EB-St.l'llctUl'e as above. Also,
9J1(! beeOlIle.-.; a. tensor ca.t.egory cOIllpil.tihle with <leg anel EB. So 9J1(f has EB, 0 and
<leg strllctllrcs. In fa.ct, GI'Olllov-\Vitten invariants may be t.hollght of as a. fllHctar
[1'011I 18" (V)c;m 1.0 9Jl(f respect.ing the S, 0 a.nel dcg st.l'lIctures. 111 this ca.se (! will
hc a cat.egory 01' IIlotives.

Definition 6.11. A full sllhca,tcgory 'r~(A) C l5,,(A) is calleel wlmissihle l if it sat
isfics tllc followi Hg a.xiollls.

(1) If «P: (1 -* T is an isogellY in l5~(A) a.nd T E oh'r,,(A), then er E ob'I~(A).

(2) If cI-: a-* T cuts cdges allel a E ob 'I.. (Al, then T E ob'I.. (A).
(3) 11' a a.llel T a.re in 'I~ (Al, t.hcll so is aXT.

For an adlllissihic suhcategory 'I.. (A) C l5 .. (A) ami a hOlllomorphisllI ~ : A -7 B
the esscn tial image 'I~ (B) C 18 ~ (B) IIIHler t.he stabiliza.tion fUllclor 15" (A) -7 l5 .. (B)
is ad 11I issi ble.

If 'I.. (A) is an adlIlissihlc suhcategory of t5,,(A), we let i~(A) C (5 .. (A) bc the
filII snhcategol"Y whose ohjccts a.re ill 'I.. (A). FOI" a slIIooth projcctive variety V of

pure dimensioll, wc lIIay COllstl"lICt thc filII snbcategory T.. (V)cart C lB .. (V)c&r~, called
the assocjatcd corfcsirm cu/'c!J()1"Y, wh ich may be characterized as the 811 bcategory of
(5 .. (V)c.u~ Sllch that for each ohject (T, (aj, Tj)iEI) we have that T E ob rr.. (0) alld for
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all i E I that rj E ob'!'~(\I), ami for each lJlorphislIl (<I>, A, (<llj)iEI), t.lmt. cI> E fl 'f,(O)
and for all i E J that <I>i E f1 'T, (\I). Note tha.t T, (\I)c;olt inherits the fB, 0 ami deg
strllct.lIl'e.8 frOlli l5, (V)C.l-f1'

Exmul'le. CaU a. ma.rke<! gr<l.ph r a. /01"CSt, if

(1) fl l
( Ir I) = 0 I

(2) !I (1J) = 0, f0 l' allp E FT •

Let 'T.(A) C 18 .. (A) be t.he filII subcategory wltose objeets are forcsts. ThcII 'T.(A)
is an ael III issi ble 511 bca.tegol'Y, ca.lled t.he t.l'ce level SlI beategol'Y of 1.5. (A).

7. ORIENTATIONS

Fix a. SllIooth projective varicty F of pure dilllcnsion. Rec(l.ll tlle foUowing five
basic propcl'ties of lvI.

ProjJc1'I.y J (Jdapl'i1l!l t.O a ]Joint). Let r be CL stable V-graph of dass zero. Thcn
r is a.hsoI1lt.e1y stahle. The evalua.tion lllorphislIl l'actors throllgh \I'Il"III T I C VP.. ami
the ca.nonical lIIorphislIl

is an iSOIIlOl'phislI1. Tltis fol\o\vs illllllcdi;1f,cly frolll Corolla.I'Y 2.a. 111 particulaI',
!l1(\f, r) is slJloot.h.

ASSIIIllC t.hat Ir] is 1l01l-CIJlP1.y an<! eonllccted. Let (C, x) be t.he lilliversal family
of stable marke<! c1Irves over /I/f(r). Glne the (C'Ii)vEF.. according to t)le edges of

r to obtaill a stt\.hle marke<! cllrvc rr : C ---7 iV/(r) over l\I!(r). Denote the veetor
bundle of ra,llk g(r) dilll V Oll /11 (V, r) givell by Tv [8J Rlrr.Oc hy T(l).

Pro]Jcdy IJ (Product.s). Let (1 an<! r be stable V-graphs aud (1 X r the obvious
stahle V-graph whosc gCOIllct.l'ic l'ea.lizatioll is t,he disjoillt lll1ioll of laI a.nd Irl.
There are ohviollS cOlllhillatoria.l lIlol'plIislIls (T ---7 (T X rand r -+ rr X r giving risc
to lIlorphisllls of st.able V -gl'aphs (T X r ---7 rr and rr X r -+ r called t.he IJ1'ojcctions.

The iud IIced lIlor phisIll

1\r[(1I, rr X r) ~ !ltl(V, rr) X M(lI, r)

is an isolllorphism. This fo!lows direct.ly from t.he definit,ions.
Pr(JjJcdy III (Cutli71g er/ges). Let. <1> : er ---7 r he a 1II0rph iSIJl of stahle \f-graphs

of type ctlt.t.illg all cdge. SO <I) is illdllce<! I>y a cOlllbillatorial lliorphislll a : r ---7 (1.

Let / an<! j be the tails of r t,hat cOllie frolll the edge of er which is being cut by ([).
So this edge is {a(/), a(j)}. Thc diagralll of algebraic I.:-stacks

lvI (V, (1)
<:'v (., (f),,, (fl)

1I~

(G) M('I') {. td
1\IJ (V, r)

<:'VI x ~vl

V X V,~

whel'e the horizontal maps are evaluations at t,he indica.t.ed flags, is cartesian. 111
pal'ticlllal', lH(<p) is a closed illllllCl'sioll. Agaill, t.his [01l0w8 dil'ectly [rom the defi
nitiolls.
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PT'o]Jcrty IV (FO/~JcUill!J tails). Let. <P : rr --+ T be <t lIlorph iSlII of st<tble V -graphs
stably forgeUillg <t tail. DCHot.e t!IC cOlllhinatoria.1 lIlorphism giving I'ise 1.0 4> by

a:T--+rr.

If 4> is of Type I (i.c. illcolIlplete), Ict / E Fer be thc forgot.t.cn 1.<til alld tJ = Der (/).

Let 'Tr' : C' --+ .~1(\f, rr) hc thc 1I 11 ivcl'sal Clll'Ve illdexed by v <tBd x : A1 (\I, (T) --+ C'
the univcrsal scct.ioll givclI hy f. Let'Fr: C --+ 1\1(V,T) be thc univers(l.1 ClIrvc

illdexed by tbc 1I1liqllc vertex w of T stich t.hat a(w) = v. Then by definition there
is a COIllIllIlt.a.t.ivc diagralll

C'
Ir' .}

,H(\f,rr)

C
.}Jt

J\t! (\I, T),

aBd the sectioll :1: induces an J\tl (V, T )-morphislll

11;[ (11, (1) --+ C.

Th is is all isomorph iSII!. 111 pa.rticlllar, 1"1 (}») is proper amI fI at of relati vc dimension
olle. T his follows fro III Co roll al'Y 4. (i.

Ir cI) : rr --+ T I'ClIloves a trip()(1 frolll a t.ail or an cdgc, thcll

At{ «p) : 1"1 (11, (1) --+ J\t! (V, T)

is a.n isolIlorpllislH. This is because lH (O-t.l'ipod) = All o,3 = Spec k.
ProjJc7·/·Y V (lsogr.7Lies). Let.

bc a. lIJorphislll in lB.(\I)('Ht' where (I> (alld hence 41.11 <l>i) is an isogeny, I.e. free of
41.ny tail glllillg fact.ors. Fol' each j E J wc !lave a. cOllllllu1.at.ive diagralll

Il A4 (11, Tj)
LI M( '1' i)

AI (11, (Ti)~

iEl
),(i}::tj

lIM(ii;) .!- .!- AI (b)

AI! (T)
M(·.')

1\1 ((1).~

This diagram should bc cOllsidcrcd dose 1.0 beillg cartesia.n. See Definition 7.1 for
a 1Il0re precise sta1.Clllent. For t.he IIIOll1ell" let 1IS notc tha.t. the indllced lllOrphislII

Il ÄIJ(\I, Tj) ~ .~4(T) xM(er) A1(\I, (Tj)
iEI

),(i) ... j

is slIrjective.
Ir )( is a separat.cd algebraic Dclignc-rvll1l1lford st.ack, by A. (..Y) we shall mean

the rat.iollal Chow groll P of )( (sec [15]). Ir)( --+ Y is a Illorphism of separated
algebraic Deliglle-M 1I11lford stacks, A· (.\ --+ Y) will deHote thc ratiolla.l bivariant

illtcrsectioll t.hcol'y defi lied in [15].
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Definition 7.1. Let 'T,,(\I) C <5~(V) he a.n aellllissihle slIbcategory. Lct für ca.ch
T E ob 'T, (\1) he givell a. cycle cla.-.;s

J(V, r) E Adim(\',r) (A1(V, r)).

This cüllect.io!l of cycle c1a.,~es is ca.llcd an 011cnlalio71 of M over 'T~ (V), if the
following axioms arc satisfied.

(1) {A1a/l]Jhl!J lo (l ]Joint). \Ve havc

J(\I, r) = Cy(r)dim V (TiI)) . (M(V, r)],

fnr every st.ablc r E oh 'T" (\I) cf dass zero slich that Irl is nOIl-elll pty alld
cOllllccted.

(2) (Prr)(lur:ts). 111 t.lle situat.ioll of Property 11 we have

.J (V, (7 X r) = J (V, (7) X J (V, r).

(:3) (Cuttiug cf/ges). 111 tlle situation of Propcrty III the following is true. Let
(kI(<p)] E Adilll v (A1(V, (7) ~ Arf(V, r)) be the orielltation clflSS of M(~)

obt.aincd hy plll1hack (l1sillg Diagnl.lll (G)) frolll thc canonicaJ oriclltation
(6] E Adirll V (V ~ F X F). Thell we ha.ve

J (V, a) = (111 (<Jl )] . .J (V, r).

111 otllc!' worels 1

.J(V, (1) = 6!J(V, T),

where 6! is thc Gysin hUlIlolllorphisl1l given by thc cOlllplete intersectiOll
llIorpllislll 6.

(4) (Fo1"!JcU.ill!J lait..). 111 t.lie si t.uat.ioll 01" P ropert.y IV thc morph iSIIl 111 «p) has
a. callOIl ical oriclll.a.t.ioll [lH «[»)] E A· (,',I (11, a) --7 j)il (V, r)). VVc rcq 11 irc th (Lt

.J (V, (7) = [lH «1»] . .J (\I, T) .

Ju other words,
J(V, (7) = /\1 (<l)f.l(\I, r),

where 1\'fUf»· is givell hy fl;1,f. 1>1ll1hilck.
(5) (lso!Jeuics). In the sit.uatio!l of Propert)' V, we havc for every j E J a dass

Atf(<I)rJ(V, (7j) E Adim(V,rrj)(!\tf(T) xM(rr) I\tf(V, aj)),

sillce JH(<I») h;}:-l a Ca.llOllic:d oriellta.t.ioll, A1(r) allel 111(7) heilig slllooth of

pure dilllellsion. \Ve illso ha.ve a lIlorphislII

h: TI 11'f (\I, Ti) -----+ At[ (T) X !II (rr) 1\1 (\I, (7j )) ,

>'(i)=j

which is proper. The reqllirclIlcllt is t.hat

11.( L .1(V, Ti)) = 1\1 (<I>r.J (\I, T).
>'(i)=j
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Renlark 7.2. To check Axiolll (!J), it. sufficcs to do so for <!l an elcHlent.a.ry isogeny,
#J = 1 and (aj, Ti, <!l;)iEl Cl. pllllhack. This follows frolll the projection formula..

E;J:fl1nple. Ir T is a sta.hle F -graph slIch t.hat. ITI is non-elllpty and connccted, define

J (
1/ ) _ {CY(T)dillll'('T(l)) . [1\1(\1, T)] if ß{T) = 0,

• 0 I, T - o othcrwise.

For an al'bit.ral'y stahle V-graph T, Ict T = Tl X •.. X Tn , fol' sta.hle V -gl'aphs Ti l .•• I Tn ,

stich Lllat ITI = ITll u...U ITu I is t.he decOIllposition of ITI iuto counected cOlIlponents.
ThclI set

.10 (V, T) = .Jo(V, Tl) X ••• X JO(V, Tu)'

\Ve claim t.ha.t. ./0 is all orielltatioll of JVJ OVCI' \5. (V), ca.lled the tritJial o7"ie1ltatiol1.

Defi nition 7.3. Call a sll100th pl'ojective variety \f c07wex, if for every morphislll
f: pl--7 V (dcfilled e>Ver all ext.ellsioll K of 1.:) we havc IJI{P1,f"Tv ) = O.

Proposition 7.4. Ld V be (;071Vf;;J; flWJ T U 8lublc V -forcst. Thcn Ar! (V, T) is s1Tlo(Jth
of di1llc71sirm dilll{V, T). }I'!01"co/JC1", lhe 1Iwiphis1Il

1\1 (V, T) ~ f\!J (T"' )

is flut of "dfllivc rli7HCHSio1L X{ T~) <! i 1Il \I - deg (V, T).

p1'(J(Jf. Lct \lS start with SOllle gellcra.1 I'clIlal'ks. Let T be a.1l absolu tely stable V
graph. ThclI \VC deHne

u(V, T) C 1\1[ (V, T)

to bc the open slIbstack of those stahle lIlaps (C, ;I;, f), slIch t.hat (CII , (Xi)iEF,.(II)) is
a stahlc ma!'kcd Cllrvc , for all 11 E VT • Lct. (C, J:) : T -T Atf(T) be a T-valllcd point
of lVf(T), i.c. iC.Il (:I:diEF,.(t!))l!EF,. is a f.unily of stahle llIal'ked ClIl'ves paramctrized

by T. Let (C, x) he the st.ahle Illitl'ked Cll!'ve ovc!' T obt.ained hy gluing the C II

accordillg t.o the edges of T. Thc <!iagrillll

rvrorT (C', \I,r)

-!-
U(\I, T)

~ T
-!-

--7 td(T)

is cal'tesiall. 111 part.iclllar, hy Gl'othelldieck (:3], thc llIol'phiSIl1 U(V, T) --7 !vl(T) is
rcprcscntahlc, sep<u'<l.t.c<! an<! of fiJlite type. MOl'cover, let (C, :t:, f) he a K-valuc<1

point of U{V,T). Let. (C\ x) he t.he lI1arked cllrve obtailled by gillillg the C II a.nd
1:C --7 F thc lliorpltislll in<! llced hy the f1!' Ir H 1({:, j"Tv) = 0, thell (C,:1:, f) is
a. slllooth point or U(V, T) --7 1\tl (T) an<! we have

TU(F,T)/M(T) (C, :J:, f) =Jjll(C,j·Tv )

for t.hc relat.ive t.a.ngent. spacc. (This is l.he C;J,se, if T is a. lI-fo!'f'.-St and \I is convex.)
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111 th i:-:> SlllOOt 11 Cf1Se WC lIl<ty calcll );.Ü,C t.lJ(~ rcla.ti ve d i lIIensioll of U (V, r) over /\1 (r)
at (C, :/:, f) f1S

dilll K l/{)(C', J*Tv ) = X(J*Tv )

dcg J*Tv + rk(J*Tv )X(G')
- ß(r )(Wl' ) + cl im \fX (r )

cl i 111 (\I, T) - di1Il ( T) .

Sillce /\1(r) is SlIlooth of dilllcnsioll dim(T), we get tImt U(\I, T) is smooth of dimen
sioll dilll(V, T) at (C, x, f).

Now let T he an arhit.rary st.ftblc V -gra.ph. Then there exi5ts an absolu tcly stable
\I-graph T', togct.hcr wit.h a IIl0rphisIIl T' ~ T of type forgetting tails, Sllch that the
lIlorphislll

U(V, T') -t /\1 (V, T)

is sllrjcctive , hCllce a Oat epilllOl'phbl1l of relative dilliellsioll #S'r' - #Sr' So if
U(V, T') is 5111001.11 of di1Jlension dilll(V, T'), thclI A1(V, T) is SlIIoot.h of dimension

dilJ1(V, T') - #.5> + #S'r = dilll{V, T).

Fillally, hy cOllsiderillg the COIllllllltative diagralll

{j (\I, T')

~
lH(T')

-t !vI (V, T)
~

-7 !v/{T~L

we sec thai. in this C<lSC J\![(V, T) -t J\![(r ll
) is fla.t of rela.tive dilllension x(r ll

) dim V
deg( V, T). 0

Theorem 7.5. Let V !Je a (;mWC;J; lIw·id!J mul 'T1I (V) C <5, (\I) the admissiblc suu
calcgm·y of V ~fo,.csts. Tlten thc col!cctiml

.J (V, r) = (1'1 (V, T)]

is au (wiclltaUoll of /\;f (met' 'Tli (\I).

Proo/' Let. I\S check thc axiollls.

(1) A1(f]J/J;llg to (f ]JOiflt. This follows frolll thc fact that g{r) = 0 a.nd hence

cy(r) dil11 \' (Y( I)) = co(O) = 1.

(2) P1'or/fJr."-s. 111 cOlllplet.e gell(~ra.lit.y we have ror SlJlOotlt proper Deligne-
~vll11llfol'd st.f1cks .Y ami Y that

[.Y X Y] = [.Y] X [Y]

in A* (.Y X Y).
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(3) CUlli7l!J cd!Jc..... Agaill wc ilavc '1, gellend fact. t.o tlle following effect. Consider
the crt.l't.c..<.;iall diagl'am of separate<! Deligne-!vIlIIIlrord st.acks

.Y Ä V
j t ti
Y --+ lV,

whcre i a.lld j are regular clJlhcddiugs stich tllat fol' the 1l0rma.1 btlndlcs wc have

f· N\I/I\' = f\lx/l"

ThcII j![VJ = [.Y]. Ir all fOllr j)articipa.t.ing stacks are SlJIooth alld i alld j are
c10scd illllllcrsiolls of t.he s;:ulle codilllellsioll, t.bcn these cOllditiollS arc fl.utOlllatically
sa.1.isfied (see 1'01' exalJl pie Proposit.ion 17.1:3.2 in [5]). Thus we lIlay apply this fact
III Oll r case.

Morc gCllcrally, we havc tll,J.t. ;![Y] = (.Y] if all participating stacks are smooth
and

dilll ..Y +dim Hf = dilll Y + dilll V.

(4) FOI'!JclIill!J laiL"i. Agaill, tllere is a. gencra.l fact that P[YJ = [.IYJ if f : X· ---7 Y
is a nat 1I101'phislIl of slllootil alld proper Deligne-M IIl1lfol'd stacks.

(5) !s0!Jcllics. In accol'dance with RClIlftrk 7.2 wc a.,;sllme that cI) is an elclIlentary
isogcny, #J = 1 alld that (aj, Ti, <I>i)iEl is <L pullback. There are five cases to
cOllsidel', according to what t.ype nf e1elllcnt.a.ry isogen)' <ll iso \Ve Ilse lIotatioll as in
the defiJlit.ioll of p"llha.ck.

Case I (Cr)1l/'mdi1l!J (f /ooJJ). Thb case dnes not. OCCUI', since rr a.n<! rare forests.
Case 11 (Crm/'l'ad.i1t!J (J.H cd!Jc). \Ve will st.a.rt. with SOllle gl~ncral rcmarks. Let

T bc a sta.hle F -graph I alld VI,' .. ,v" a.hsal \I tcly stahle vertices of r, i.e. vel'tices t1

SlIch tha.t 2!J(v) + 101 :2: a. (To avnid ill-defincd notation wc aSSIlIlIe timt n ;::: 1.) Let

UlIl, ... ,TJn(\!,T) C l\tl(\!,T)

be tlle open suhstack of a11 those st.ahle 11l<l.pS (C, ;:, f) E )\;[(\1, T) such tha.t

is a. st::t.ble lIla,rked Cllrve, 1'01' all /) = 1, .. . ,u.
\Vith Uds Ilotatioll the diagra.lll

II Ul1i ( TJ !l,I1;{II:d(\!' Ti)
iEl

t
k[{T)

J.
--+ 1\1 (rr)

is cal'tesiall. COllfiider for a fi xc<! i E I t.lIe 0PCIl illllllCl'sioll

Let
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be the c10sed cOlllplclIlCIlt. \Ve ha.ve

dilll Z(j;(II!l,a;(II:,)(\!' Ti) < dim ~1(V,Ti)'

Th IlS , to prove tlie cq t1ali t.y oi' two cyclcs 01' degrce dilll (V, Ti) in M (T) X M((7) M (V, a'),
it slIffices t.o pl"ove t.he cC(\Ialit.y of thc cyclcs l'cstl'icted to Ui Ua;(vi ),ai(V';J) lV, Ti)' This
red\lce.~ 118 t.o proving tImt

~1«I>r[Uh(",,)(V,(1')] = L)U(/;(lll),(li(V~)(V, Ti)]'
i

This claim filla.lly follows frolll t.he general fa.ct. a.lready mClltiollcd in the pl'oof of
Axiom (::1).

C'asc 1I/ (ForycUiulj u fuil, irzc01Il],lel.dy). Let 1 E FT he the fm'gotten flag,
tJ = DTu ((1.0(1)) ami 10 E V(71 thc vertex of (1' corre~polldiHg 1.0 v via <1-0 , \Ve have an
open immersion

with c10sed cOlllplelllellt

of strictly sIllallel' dilJlellSioll. Thlls, as in t.lle previolls case, we may rcduce 1.0

proving that

fd«I»![Uw (V, a ' )] = [VI' (V, To)].

This follows froll1 tlle fact t.hat. the diagra.1Il

(}11 (\I, Tu)
.!-

lvI (T)

-----+ Uw (\I, (1')
.!-

!'d(a)

is c al' tesia.B .

C'ascs IV mlfl V (RC7IWl1iulj ft f.t·iJHHI). These cases a.re trivial, since 1\1(<1>0) a.nd
111 (<I» a.re isoillorph iSlIIs. 0

8. DELle N E- 1v1u M FOR D-CIIOW f\'lOTIVES

\Ve silall illlitate t.he mmal constl'lIct.ioll of the category of Chow lIlotives, as

described for exalllplc in [14].
Fix a. gl'olllld field k. Let 2lJ hc the categol'Y of slilooth a.nd proper algcbl'aic

Dclignc-rvflllIll'ol'd st.acks ovcr k. Für (l.H object _Y of W , let A-(..\') be t.he ra.tional
Chow ring 01' .Y def! lied hy Vistüli [If,]. Thell A - is a generalized coholllolügy theory
with cocfficiellt field Q in the sCllse of [8]. rvlürcovcl', it is a graded global intersectioll
thcol'y wit.h Poincal'c dllality an<! cyclc llla.p in t.hc terlllinology of [8J.

Ir ..Y a.lld Y are ohjects of 2lJ we define SIl(y, )(), t.he grollp of C01Tcs]){J1ulences

froll1 Y 1.0 X' 01' degl'ce d, t.o he
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if Y is pllrely n-e1 i lIlclIsioll al a.nd

Sd(y, ..-\) = E9 Sd(}/j, ..-\),
j

if Y = Ui li is the decolllpositioll of }/ illto irredllcible cOlllpollellts. Note that
Srl(y,.X) c A·P/ X -,\). Thc iSOJllorphislI1 }" x){ ~ )( X Y exchallging components
ind lIces .\.1\ isolllorphislIl

if dilll Y = n ami dilll .Y = 'fI1. VI/e call this isolllorphislIl fTnnsjJo$c of corrcspon
dences. Fol' ohjects Z, }". allel ~Y of 211 we deHne cOlIlpositioll of corrcspondcnccs by
tlie IIsllal forlllllia

!J 0 / = Jl13. (Jl~2/ . Jl~3!J),

for / E Sd(Z, Y) allel !J E S~(}", X). ThclI !J 0 f E 5'd+~(Z, ..-Y).
The categol'y 211 of Dcli!1HC-1HU1J1jon/-ClwHJ 71lotives (01' DMC-lIlotives) is 1I0W

dcfilled 1,0 he thc ca.tegory 01' t.riples (.Y,IJ,n), where XE ob 211, p E 5'°(..-Y,..-Y) such
that. Jl"2 = I' anel '/1. E Z. HOlllolliorphislllS are deHne<! hy

H0111 '2l1 ((V, fj, 1/1.), (~Y, 1', n)) =1'sn-f11 (Y, .Y)fj.

Note th<l.1. HOlIl'2l1((Y, fj,lll.), (.''('1', '11.)) C sn-m(y, .Y). COlllposit.ioll of hornolllol'
phisIllS in 2U is dcfilled as COlllposit.ioll 01' corrcsponelellce::;.

There is a cOIlt.ra.varia.nt illvohlt.ioll 211 ---7 2U, dellot.ed /14 H /l4v , defined by
(..-Y, 1', ur = (~Y,t ]', dilll.\'" - '/1.), where t p is th(~ transpose 01' 1', Oll objects au<! by
trallspose 01' correspolldellces Oll ItOlllO!llf)l' pli iSlllS.

Proposition 8.1. Thc CUlCy07'y 2IJ i... fl Q-lhtcft1, ],scudo-alJclia71 calc!107Y. 0

Every lIIorphir·ml / : X' ~ Y in 21J defines a corrcspondcnce of degl'ce zero 7 E
S'°(V, X') hy

wilcre rJ : .\" ~ Y X .Y is t.he graph 01' /. \Vc denne the contr<tvariant functor
h : 2U ---7 2lJ hy h(..-Y) = (.Y, fJx , 0) alld h(/) = ]. \Ve lIslIally writ.c f· for h(f) and

f. 1'01' h(f) v .

Let. L = (Spec /':, id, -}) hc t.hc Lcf'>chct: wotinc. \Ve shall lIse thc notation

VVe set
HOIII!-(lH lV) - HOIII-(/l4,o., Li N)2l.T , - . 2IJ '61 ,

.uld

HOI11~1(!llf, 1\') =E9 Ho,n~( A1, lV).
iEZ

The category wit.h thc same ohjects as 211, but. with hOlllolllorphislIl grollps given
by HOIn~1(All, N) will he ca.II(~d thc caJegol'y of !Jnu/cd OrvlC-motives.
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For a DIvfC-lIlotive tl'! , deRlle

Ai (JVI) = HOIll(L i 11\1)

alld
A· (lVI) = EB Ai (1\1).

i

Proposition 8.2 (Identity principle). Ij j, fl : 1\1 -.. lV m'C two h07H0T1W11Jhis1I1s

oj DA1C-lIWti1JCS, such tlwt thc irulucrxl lumwnwl'phisms

A· (1\10 heX))~ A· (N 0 h(.-Y))

aflrcc, JOT' all .Y E obW, tlwH j = fl. D

Let QJ be tllc ca.t.cgory of Chow 1II0tives (which is defined as W is ahove, bllt
startillg with QJ instcad 01' 21.1). Thcre is a, natural flllly fai1.ltful [lIHctor QJ -.. W.

Question 8.3. Is the jmu:lor QJ -.. W aH c'jHivalc1lcc oj calcg07'ies?

Let IJ bc a grade<! gellcra.lizcd coholllology thcory Oll W with a coefficient field
A 01' chal'act.cl'ist.ic zero, posse.,.;;illg a cycle lIIap slIch t.hat pi satisfies epl! (see [8]).
Thcll 11 illd lIces a. cova.riallt fllnctor (calIed a l'CalizalioH jUHct01")

H : (gra.de<! Dt-.1C-lllot.ives) --7 (gradcd A-algebras),

slIch that für .Y E ohW \vc ha.vc H(h(.Y)) = H(.Y) allel 1'01' a. corrcspondcnce
~ E S'II(y, .-\") wc have an illdllCl~d Ilolllolliorphislll

H(E.):H(V) ---+ lJ(X)

CI' t---+ ]Jx.{Pl'-{CI')ucll'xx(E.)).

The fll!lctol" IJ dOll blcs the degrce 01' a hOlllOIl10rphislII.
Thc followillg: are cXt1l1lples 01' slIch a. COholllology t.lleory H.

(1) If k = C, cOllsider 1,0 )( the associa.ted topologica.l sta.ck XlOI'. This is a
stack Oll t.be category of topologica.l spaces wi t.h thc etale topology. It has
an ()ssocia.ted ctale topos .\:~p. Set

an<.! ca.ll it. thc /JeUi coluJ1/1ol0!JY 01' ..\" Hcrc A = Q.
(2) Ir ei= char k set.

n

where .Y = .Y XSpeck Spcc I is the lift of )( to a.1I algcbra.ic closllre of k and
)<.., dCllot.es tllc ctalc topos of .Y. \Ve call H l (.Y) the f-tulic coltomolo!1Y 01'
.Y" 111 this case A = Q(.

(a) If cha.r k = 0, let rlÄ- he t.hc algehra.ic deRhatll cornplex 01' .-Y fi.lld set

11I1 /1(.Y) = U- (.:r, rlj.-).

\Vc call 11 tlR (.Y) thc alfldJl'uic fie IVUt1IL co!tollwlogy 01" .\. Here A = k.
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9. rvloTlvlc GHOr-.'10V-\VITTEN CLASSES

Definc thc COIlt.ravaria.llt tellsor fUllctol'

h(l'J) : ~~ (0) ---+ (DMC-motives)

by h(J\tl)(T) h(J\t/(T)) on ohjects. For a. 1lI0rphisill (a, a',~) : er -7 T we have

fd (n) : Atf (a') -7 1\1 (a) ami lH (<p) : /tll (a') -7 At/ (T). Then let

h(/t/f)(u, a', <})) = /t1(ü) .. 0 iV/(4))"'.

This lIlake.s sense, becc\.llse 11-1 (7i) .. is of degrec zero, M(ü) beillg an isomol'phislJI.
This is a.lso why h(/t1) is fllnctoria.J.

Now fix a. 8111001.11 projective va.ril.~ty V of pure dilllension and consider the COII
tl'ava,riallt tensor fllllctor

h(\I)0S(Xdilll V) : 15~(()) ---+ (DNIC-lIIotives)

dclined Oll ohjects hy

T 1-----7 h(\I)0...·T (X(T) dim V).

For a 1Il0rphisIIl (a, a', <T)) : a -7 T lct. E hc the set of edges of a' which are cut by
a : (T -7 (T'. Thell wo have lfS" = lfS..1 X (lf X \I)E. Let]J: V S..

,
X V E -7 V S", be

the projcctioll, ß : V S .. ' X VE -7 V 8 ... 1 X (V X \I)E = v-""'.. thc idelltity tillles tlle
E-fold power of tlle diagollal. Fillally, wc lJa,vc an illjectioll ~S : ST -7 5(J1 giving
risc to <1>8 : V S .,., -7 V 5·T

• \Ve deHne the hOlllOIIlOl'phisl1i

as tbe COlllpositioll of thc threc hOlllolllorphislIls

(1'5')" : h( \I) t~S T (X( T) di 111 V) ---+ h(V) 0 ...·.. , (X( (T') di 111 V),

/I" : h(lI)'~S.. ' (x(a') dilll \I) ---+ h(V)0S ,,'UE (x(a' ) dilll \1)

alld

~ .. : h(\I)0 S
,,'UE (x(a') dilll \I) ---+ h(\I)0 S

.. (x(a) dilll \1),

lIot.iHg t.h a.t X( T) = X(a') allel X( a' ) = x(a) - # E. FlIllctorialit.y is a stra.igh tforward
check lISillg t.hc idelltity principle.

Pulli Ilg hClck 11.( !vI) alld 11. (\i) 08 (X d i III \i) 1.0 t.he cartesian extcllded isogeny cate
gory over 1I via the fll nctol' of RC1Jlark (;.10, we gel, two contra.varian1. tensor fllllctors

l5.(\1)c,,~ ---+ (grClded D!vIC-lIlotives).

Now let 'T, (1I) C 1.5,(\1) he an adlllissihle snhcategory and J <tn orientation of 1\1
ovcr 'T, (1I). For evcl'Y object T of 'T~ (\1) wc have a. lIlorphislll
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The first COlllpOllcnt is givclI hy evaluat.ion, Iloting that. we have a map Fr' -+ Fr'
Then

,/., I(V) .'--'_-'dil1l(r·)-dil11(l',r)(\IS~" "I[(r'))'r(I',T).' ,r E ., 1\

Definition 9.1. Defi ne

1(V, r) = tP(V,r) • .J(V, r),

so that we have a hOIllOlllorphislIl

of DMC-llIotivc.';, ovel' 1.:. 'Ve call J thc syst.em of G'nJ17101J-lVitten clllsses associated
1.0 thc orientatiOIl J.

Rest.l'icti llg t.he 1.WO fUllctol'S h(/'I'I) and h(V)0~'" (X dilll V) 1.0 i~ (F)c... ~, we gut two
cOlltravariallt. tl~llsor fllllCtol'S

\Ve shall now delinc a lIatllral tranSfOl'lliatioll

1 : h(V) (<) S (X di1Il V) ----7 h(lvI).

So let (r, (rj)iEd he .t11 ohjcct. of if~(\1)""'t, allel denne

1(r, (ri)jEd =L I(V, rj) : h(V)0...·r(x(r) dilll \I) -7 h(l\lI(r)).
iE!

Theorem 9.2. Thc (,'r01I1OlI-I·Vil.l.cH 11'(L1lSj0f'11WtioH 1 is II Hutund tnlllsj011JUltiol1

C01H]Jul ibic 111 i tlt Ihc EB, 0 uwi deg si I'ue!. IlI·CS. AIo 1'(!-O1JC 1',

(1) (tvlapping 1,0 a poillt). Thc triullglc

h( V)~)''''~ (X(T) dim \I) ~ h(V)(X(r) dilll V)
! W,T) \.. .!- e ll (r) <I;,,, V (7(1»)

h(M(T))

C01H7HUtCS, jm' WLy sl.ahlc V -!J1'f1ph r oj dass zero i7L T"", (V), such thai IT I tS

1w71-c1JIply mul C01LHCdcd.

(2) (Divisor). Lei. [, E Pic(\I) bc a li7tc lmwllc, .WJ its Chc1'71 dass inr/uces a
IlOlIIfHllot'],hism Cl (.e) : L -+ h( \I). Let <I> : a -+ T bc II TTw1'1'hism in T", (V)
of lY]Je fOI'!JctliHf} (l lail, .'weh Uwl. the cm·7'c.'.qx'J7u1iH!J vc1'tC::J: of T is absolutely
stable. ThcH t.ltc square

h(V)0S... (x(a") dirtl \I)
(:1 (L") t

h(F)C:)Sr' (X(T~) dilll V) 0 L

COllWtltI.CS.

I(V,rT)
-t

{1(L")!(V,r)
-t

h( 1\1 ((1")) (deg( V, (1))
.!-M(lI'),

h(ftrl(T"))(deg(\I, T)) 0 L
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RClIHll'k. To lI1ake tilis sl.atelllCIlt. more pl'eci~e) cOll~idel' to (graded Dr..1C-motives)
the associat.ed category 01" lIlol'phislllS. Thcll the natural transformation I may be
considered as a fllllctor

I : cI.. (F)c-,.. ~ ---+ (gnuled lIlol'phisms of DMC-lIlot.ivcs).

Both ca.t.egol'ics have 61, (9 and <leg sl.rllet,lIreS alld I pl'eserves thcm. This csscntially
IIlcans t.hat.

(1) I (( Tj) EB (aj )) = I ((Td) + I (( (1j)L
(2) deg 1((Ti)) =dCg(Ti), if (Ti) is hOlllogellcolls,
(3) I ((T) Ti) (9 ((1) aj)) = f (T, Td (9 I ((1) aj) .

[>roof. All this follows fOl'lIlally frolll Definit.ion 7.1 lIsing the idcntity principle and
t.hc bivill'ia.nt fOl'1lIalisllI (a.~ explaillcd for example ill [2]). 0

Re71laI'ks . (1) Applyillg Theorem 7.5 we get the trce level system of Gromov-
\Vi t.t.CIl i11 val'iants Cor COIl vex variet.ics.

(2) ßy a.pplyillg il realizatioll fllll<:tor, wc get ßetti, f-adic 01' deRham Gromov
\Vit.tCII clas....e.s.

(3) Theorcm 0.2 implics a.1I thc axiOiIlS for Grolllov-\Vitten classes listcd in [11].
Pcrhaps only Forllllda. (~.7) is HOt. qllite evident.. 111 view of its importance
(it illiplies t.hat t.hc fllllda,lllcllta-l dass rcmains the ident.ity with l'espcct to
quallt.ulII Itlllitiplicatioll), wc will show that it. follows frolll thc rest of thc
axiollls. 111 fact, aS.SllIlJe timt,

(7)

Choosc a <livisorial c!<ISS 0 wit.h llollvanishing illtl~rsectioll with ß. In vlew
of the Divisor AxiOlll, we IIIIIS1, toIleIl havc

111 vicw of (2.GL thc last dass is t.llc lift of

ßut this call1lot bc llo11-viJ.lIishillg silllultalleollsly with (7) hecallsc the Grad-
ing AxiOlIi elocs IIOt. allow t.his. .
~/lore gCllcndly, this al'gulllclIt. shows tlIa!' whcllcver CO h:; alllOllg thc argu
wellt.. , thcn (I) = () fol' (1 # 0) any gellus, tl.ny '/l.. Gcomet.rically: 'if one of
t he poi Il 1.8 Oll C is IIllcollst.l'ai lle<!, t.he pl'ohh~11l canllot lt ave fi 11 it.ely 111 allY
(alld lIoll-zero) soilltiolls.'
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