QUANTUM COHOMOLOGY AND MORSE THEORY ON THE
LOOP SPACE OF TORIC VARIETIES
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ABSTRACT. On a symplectic manifold X, the quantum product defines a com-
plex, one parameter family of flat connections called the A-model or Dubrovin
connections. Let i denote the parameter. Associated to them, is the quantum
D-module D/I over the Heisenberg algebra of first order differential operators
on a complex torus. An element of I, gives a relation in the quantum coho-
mology of M, by taking the limit as A — 0. Givental [7], discovered that there
should be a structure of a D-module on the S!-equivariant Floer cohomology
of the universal covering LX of the loop space LX of X and conjectured that
the two modules should be equal. A Duistermaat-Heckman type integral over
semi-infinite cycles in ZS/(, plays formally the role of Fourier transform between
Sl-equivariant cohomology of L£X and differential operators. We attempt to
compute this integral by localization. We conjecture that localization holds,
as long as we do the following two things: first, fixed components are found by
considering maps from curves with at least one marked point, since a marked
point should be thought of as a trivial circle, shifted by the deck transforma-
tion corresponding to the degree of the curve. Secondly, the a priori infinite
dimensional, normal bundle to fixed components, is replaced by an index bun-
dle of the derivative of the deck transformation on £X. The conjecture is
proven, for toric manifolds with fd c1 > 0, for all nonzero classes d of rational
curves in X, where the linear o- model compactification is used. In that case,
the function generating the quantum D-module, is identified as the generating
function of S!-equivariant Eiiler classes of index bundles, of the deck transfor-
mations on £X , corresponding to classes of rational curves in X. A relation
with the Morse theory of the symplectic action functional, is also revealed.
For the general case, we use the space of stable maps and the computation of
the derivative of the deck transformation, is based on the description of vector
bundles on Riemann surfaces with a marked point, in terms of the semi-infinite
Grassmannian. An explicit conjecture is made, about how to handle this case.

1. INTRODUCTION

In this paper we will study the quantum cohomology and more generally the
quantum D-module structure, of symplectic manifolds by relating it to a certain
Duistermaat-Heckmann type integral, over a semi-infinite cycle in the loop space
of the manifold. A relation to Morse theory of the unperturbed symplectic action
functional on the loop space, is also revealed.

This program was initiated by Givental in [7] and provided the inspiration for
the methodology applied later in [8] in the context of Kontsevich’s space of stable
maps.
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In order to describe the main theorem and conjecture, let us briefly recall a few
things about quantum cohomology. We follow mainly Givental [8] in this introduc-
tory exposition.

Let (X,w) be a symplectic manifold and choose a compatible almost complex
structure J. Let also C denote a genus g Riemann surface. A pseudo-holomorphic
curve, is a map f : C — X whose derivative is complex linear. Unless otherwise
specified, from now on by a pseudo-holomorphic curve we will always mean one
that has genus 0. Let d € H(X,Z) be a homology class. Kontsevich [10], invented
the correct space parameterizing pseudo-holomorphic curves in X with £ marked
(smooth) points. It is called the space of stable maps and it will be denoted it by
My(X,d). To obtain a compactification M} (X,d), we must also allow reducible
curves with at worst double point singularities. In that case, by a map, we mean
of course a collection of pseudo-holomorphic maps, each defined on one of the
irreducible components of the domain, agreeing on the double points.

Let us consider M3(X,d). Its elements are equivalence classes of 4-tuples,
(f,z1.22,23) where f is the map and the x; ’s are the marked points. The 4-
tuple must satisfy the stability condition that it has at most a discrete group of
automorphisms. Two 4-tuples are equivalent, if there is an biholomorphism that
takes one to the other.

The space M3(X,d) is at worst an orbifold (Kontsevich [10]), if X is convex
(i.e., HY(C,f*TX) = 0 for all stable f). Main examples of convex spaces are
homogeneous spaces. Moreover M3(X,d) comes equipped with three evaluation
maps ev; : M3(X,d) — X for i =1,2,3 given by ev;(f,z1.22,23) = f(z;). Let a,b
be classes in H?*(X,C). Let (, ) denote the intersection pairing. Let also py,...p.
be classes in the Kihler cone K of X, which form a basis of H?(X,Z). The Kihler
cone is the cone in H?(X,R) which consists of all classes whose integral over any
(pseudo-) holomorphic curve is non-negative. Finally let d; = [ g Pi and q; = eti
be complex variables (which can be thought of as coordinates on a complex torus).
The quantum product a * b is defined by the property that

(axb,c) = Z q? L ev1*(a) A eva®(b) A evs™(c),
d

Ms3(X,d)

where ¢¢ = IT—, ¢;% and the sum is over all homology classes d of pseudo-
holomorphic curves. The number (a * b, c)q = fﬁg()gd) evi™(a) A eva™(b) A evs*(c),
is called a Gromov-Witten invariant (of the symplectic structure). It should be
thought of geometrically, as counting the number of curves in homology class
d, meeting classes dual to a, b and ¢, when the number of such curves is fi-
nite. Otherwise it is 0. The (small) quantum cohomology ring of X, is the ring
SQH*(X)=H*(X,Z)Q®C[lq,---,q-]] equipped with the quantum product.
The quantum product is commutative and associative. This last property is

highly nontrivial and makes for many interesting consequences by itself. It turns out
that the associativity can be reformulated as the flatness of the following complex
one parameter family of connections

kA d .

Vi=hd—Y A i

o i
acting on elements of SQH*(X), where i denotes the complex parameter. This is
called the Dubrovin or A-model connection and as we’ll see shortly, it is a more
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fundamental object than the quantum product. Givental in his remarkable paper
[8] found a formula for flat sections of Vj. It’s clear that for flat sections of Vj,
quantum multiplication by p; is translated to differentiation and therefore we may
expect that relations in the quantum ring may be translated to differential equa-
tions. This was formulated explicitly by Givental in the following fashion: We may
associate to Vj a certain D-module D/I over the algebra of Heisenberg differen-
tial operators. This has the property that if the operator D(hqia%i, gi, i) is in the
ideal I, then the relation D(p;*,g;,0) = 0 holds in the quantum cohomology ring
SQH*(X). Therefore the D-module appears to be the real quantum object while
the quantum ring arises as its “semi-classical approximation” when A — 0 !

To describe the D-module D/I we need to introduce a new ingredient. This is
the line bundle L; over Ms(X,d) which is the universal tangent line at the first
marked point, i.e., the line bundle whose fiber over [C, (z1,22), f] is the tangent
line to C at the first marked point. Denote by L1* the dual to L1, i.e. the universal
cotangent line at the first marked point.

Let 91 denote the first Chern class of L. Givental’s result [8] is the following:
Let G be the H**(X,C) valued function defined as:

1

(1) G(tla s atna h) = 6(t1p1+"'+trpr)/h(1 + Z qdevl*(
d

where d ranges over all non-zero homology classes of pseudo-holomorphic curves
and evy : Mo(X,d) — X is evaluation at the first marked point. Then the ideal T
is generated by all polynomial differential operators that annihilate the components
of G.

The object of this paper is to compute the quantum D-module and specifically
the function G, by integrating over semi-infinite cycles in the loop space. As will
be explained shortly, each component of G, is given by such an integral, which is
a sort of Fourier transform, from the S'-equivariant cohomology of the universal
covering of the loop space, to the algebra of differential operators in the variables
t1,...,t,. By fundamental semi-infinite cycle in the loop space, we mean the set of
all loops which are boundaries of holomorphic discs in X. Constraining the center
of the disc to be in a representative of a cycle in X, produces a semi-infinite cycle
for any homology cycle in X.

The connection between pseudo-holomorphic curves and the loop space is well
known and is of course due to the fact that the gradient flow of the action functional
is by pseudo-holomorphic cylinders. This implies, that the semi-infinite cycles are
Morse theoretic cycles for the action functional. The relation between the quan-
tum D-module and the loop space via the flow of the action functional, was first
explained by Givental in [7].

Such semi-infinite cycles are of course infinite dimensional, even in the case where
we bound the energy of the maps from discs and this is the main problem in working
with them. On the other hand, one tool we do have, is the obvious S! symmetry
that may allow localization to fixed components.

We attempt then, to compute the ”Fourier transform” integrals by S' localiza-
tion. The two main elements of our approach are: first, the computation of the
fized locus, involves maps from curves to X, with at least one marked point. The
idea being, that a marked point is a trivial circle, shifted by the deck transformation
corresponding to the degree of the curve. Secondly, the infinite dimensional normal
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bundle to a fixed component, has to be replaced by a finite dimensional (possibly
virtual) index bundle, of the derivative of the deck transformations.

We show that this approach gives the right answer for the case of toric manifolds.
In particular, we will explicitly construct £X and compute the deck transforma-
tions, which turn out to be Fredholm maps. A relation with the Morse theory of
the symplectic action functional is also revealed. Moreover, we will construct a
sequence of finite dimensional spaces, approximating £X and prove a version of
the previous result in that case.

We also study the case of a general symplectic manifold X using the spaces of
stable maps. We make an explicit conjecture about the computation in that case.

To explain in more detail, let us consider the space LX of free contractible loops
in X. We can define the action functional H by

H(7)=/D w,

where 7y is a contractible loop and D, a disc contracting it. It is multi-valued if
there are homologically non-trivial spheres. To resolve the ambiguity we lift it to
the covering space LX of LX, with covering group the group of spherical classes in
X. Assume for simplicity that X is simply connected, then Ho(X,Z) is generated
by spherical classes. Now as was mentioned before, H has the remarkable property
that its flow lines are pseudo-holomorphic cylinders. Moreover H is a Hamiltonian
function with respect to the obvious circle action on £X and the symplectic form
induced from the symplectic form on X. The critical manifolds correspond to trivial
loops and are copies of X, one for every degree d € H2(X,Z), i.e., for every floor of
the cover. Denote by X the copy on which H has value 0 and by X its translation
by d.

A formal application of the S* equivariant localization theorem suggests that
the (Floer) S* equivariant cohomology of £X should be simply FH*g: (LX) =
H*(X,C[[q,G']])(h) where C[[¢,¢~!]] is the group ring of the covering group.

Givental’s observation is that FH* 51(2)7 ) bears the structure of a D-module
over the Heisenberg algebra of differential operators. This is shown by extending
the classes {p1,...,p,} to equivariant classes {Pi,..., P} (see (29)). Then if we
think of the P, acting by multiplication and the ¢, by pullback it is easy to show
(32) that

[P}, Gi] = 0j 1
Givental conjectures that this D-module is the quantum D-module.
__Let now A denote the fundamental semi-infinite cycle, i.e. the set of elements in
LX which are restrictions to the boundary, of (pseudo-)holomorphic maps of the
standard two-disc, to X. Let also A denote formally, the Poincare dual to A and
tP denote Y., t; P
Then consider formally, the integral:

(2) /Ne%A:/ en .
L A

This integral is a sort of Fourier transform taking relations in the S'-equivariant
cohomology of £LX to differential operators in the ¢;.

This should then be the component of GG, corresponding to the fundamental class
of X.
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Our main task, is to try and make sense of this integral. We try to use localization
in S'-equivariant cohomology in £X or in A and as already mentioned, one of the
main ideas is to use a "renormalized” normal bundle to the fixed components. This
renormalized bundle, turns out to be the index bundle of the derivative of the deck
transformations in directions defined by (pseudo-) holomorphic maps of curves, to
X. The maps of curves, with at least one marked point, are involved since they
correspond to the fixed components of the circle action, based on the idea, that a
marked point is a trivial circle.

The main results we prove are, first: if X is a positive toric manifold and Dg¢
denotes the derivative of §¢, then there is the exact sequence of bundles, over Xo:

(3) 0 — My, Xo > No™ — Myt =0,

where AT denotes the (infinite dimensional) positive normal bundle to Xg in
£X , with respect to H. The second map is pr,oD§¢ where pr, is the orthogonal
projection onto Ny™. Finally My(X) C LX, is the linear o-model compactification
of holomorphic maps of degree d to X and N M4(x)Xo is the normal bundle of X
in My(X).

Secondly we have that:

1
esi(Ind(pryoDgd|x,))’

(4) G = ¢tiprt+trpr) /R Z q°
dek

where Ind(pryoD@?|x,) denotes the index bundle defined on Xy, by the Fredholm
bundle map pryoDg?, where g, = e'*, dy = fd wp and ¢¢ =14 gD

This is theorem (4) in section (5).

The infinite dimensional space L£X is explicitly constructed in that section and
G¢ is computed. Moreover, a version of this theorem where finite dimensional
approximations to £X are used instead, is also proven.

In the general case we show first that over M2 (X, d), there is a sequence:
(5) 0—->Li Tveleg(X, d) — evl*NoJr — evl*/\foJr — 0,

which is exact up to homotopy. Here T".,, Ma(X,d) denotes the (potentially vir-
tual) vertical tangent bundle, with respect to the map ev; : My(X,d) — X and
L, denotes the line bundle over M2(X,d) which is the universal tangent line at
the first marked point. Moreover, the second map, over a point in My (X, d) cor-
responding to a (pseudo-)holomorphic map u : C — X, is the Fredholm operator
defined as follows: consider the first marked point x; and a small disc on C with
local coordinate z, around that point, such that z(z1) = co. Identify the space of
holomorphic sections of v*T'X over C minus the disc, with a closed subspace W
of H = L?(S',C"). Let HT denote the subspace of L?(S',C") corresponding to
functions with non negative modes. Then W = w(H™) for some Fredholm opera-
tor w: HT — H. Let pry : H — zH™ be the orthogonal projection. Finally, our
Fredholm map is the composition: priow|,;+ : 2HT — 2H™*. Tt is independent of
all choices, up to homotopy.

Note that if we did not restrict w to 2H™, we would get sections of the full
tangent bundle to M»(X,d) and not of the vertical tangent bundle.

Now, according to our result in the toric case, w should be interpreted as Dg?,
in the direction defined by v and we will use this notation.
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We then formulate the conjecture, that the exact sequence can be extended over
all of Mo(X, d).
In case the conjecture is true, we would have that:
(6) 1 _ esl(TUm}lMQ(X, d))
esi(L1)  esi(Ind(pryoDgd))

where eg1 denotes the equivariant Eiiler characteristic with respect to an S* action.
The action here is of course trivial on the base of our bundles but non-trivial on
the fiber. In the case of the index bundle it comes from rotating the S' that we
have marked on our curve C. On Ly we have eg1(L1) = h — 1.

This can be used in order to obtain a different and rather more illuminating
conjectural expression for the function G, that as we know generates the quantum
D-module. We have, conjecturally, that:

€g1 (TUEUIMQ (X, d))
es1(Ind(pryoDq?)) -

(7) G = e(tiprt-+trpr) /R Z qdevl*
dek

This formula for G, can be interpreted as similar to the one from the toric case,
where the integration has been pulled back from X to Mo (X, d) and eg1 (T ¢y, M2 (X, d))
is the Thom class, that allows us to pull back.

We will show in section (4), that the exact sequence over M3 (X, d) follows im-
mediately, from one over M3(X, d). This sequence is:

(8) 0 — TVep, M3(X,d) — evi*No T — evi* Nyt — 0,

We will show that over M3(X,d) this sequence is exact up to homotopy.

Here T .., M3(X, d) denotes the virtual vertical tangent bundle to M3(X, d) with
respect to the map evy : M3(X,d) — X.

We conjecture that this sequence can be extended over all of M3(X,d).

The argument that allows us to go from (8) to (5) extends without change, in
case (8) is extended over M3(X, d), therefore extension of (8) implies extension of
(5) over Mo(X,d).

The conjecture about extension of (8), will be the subject of a forthcoming paper,
so we will not discuss it further here.

These are all explained in section (4).

The structure of the paper is as follows: In the next section we gather the
elements of the theory of quantum cohomology that are needed and which are
contained mainly in [8]. In the third section we explain the original idea of Givental
[7] relating the quantum D - module and S! equivariant Floer homology of the
loop space, via a sort of ”Fourier” transform of semi-infinite cycles. Then our
conjectures are presented on how to compute the ”Fourier” transform of cycles
arising in Givental’s work. In the fifth section the toric case is treated.
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fir Mathematik in Bonn for the hospitality and excellent research conditions, when
part of this work was being completed.



QUANTUM COHOMOLOGY AND MORSE THEORY ON THE LOOP SPACE 7

2. THE QUANTUM D-MODULE

We gather here the basic facts about the quantum D-module that will be needed
later on. Let X be a Kahler manifold and let Ty, Ty,...,T,...,T,, be a basis of
H?*(X,7) where Ty is the identity and T7, ..., T, are classes in the Kihler cone K
that generate H?(X,Z). Recall that K is the cone of classes whose integral over
holomorphic curves is non-negative. Set p;, = T; for ¢ = 1,...r. The small quantum
ring is defined to be the vector space

SQH*(X) = H*(X,Z) Q) Clla1, - - -, 4]
equipped with the quantum product * already defined in the introduction. That
is, if (, ) denotes the intersection pairing and a, b, c € H?*(X,Z) we have

(9) (axbe)= ¢ / ev1*(a) A evy” (B) A evs” (0),
d

Ms3(X,d)

where ¢ = []'_, %, ¢; = €', d; = [,p; and the sum is over all homology
classes d € Hy(X,Z) of holomorphic curves. M3(X,d) is the Kontsevich space
of stable maps with three marked points, whose image has genus 0 and degree
din Hy(X,Z). SQH*(X) is graded if we assign cohomology classes their usual
degree and declare deg(q1% ...q,9") = 2 [,c1(TX). The reason for this grad-
ing is that fﬁg(xd) evi*(a) A eva™(b) A evz*(c) is 0 unless the sum of the degrees

of a,b,c is equal to the dimension of H:;(X, d) which, as computed in [10], is:
dimcM3(X,d) = dimeX + fd ¢1(Tx). Recall that the quantum product is commu-
tative and associative (see [8]).

Introduce now a one parameter family of connections with regular singular
points, depending on the complex parameter i and defined by

r dq,
(10) Va=hd -S> 2L\ p; «.

- i
V1 are called Dubrovin or A model connections, and act on power series in the g;
with coefficients in H?*(X,Z), in other words on elements of SQH*(X). As already
mentioned, one reason for considering these connections is that flat sections, if they
exist, will provide a passage from quantum product to differentiation and from
relations in the quantum ring to differential equations. Moreover, motivation for
introducing the connections comes from mirror symmetry. In fact in the Calabi-
Yau case they are the counterpart of the Gauss-Manin connection corresponding
to the mirror family. On the other hand, the reason for having a whole pencil of
connections is best understood from the point of view of the loop space and will be
explained in the next section.
Now in Givental [8] it is proven that:

Proposition 1. The connection Vy, is flat for any value of h.

The fact that Vy, is flat means that we can find flat sections. That is, sections s
such that Vs = 0.

One of the remarkable results of [8] is the explicit computation of the flat sections.
To describe them we introduce first the line bundle L1* over M4 (X, d) which is the
universal cotangent line at the first marked point, i.e., the line bundle whose fiber
over [C, (z1,x2), f] is the cotangent line to C at the first marked point. Let
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denote the first Chern class of L1*. Choose now basis TV, ..., T™ of H?*(X,Z)
such that (T%,T;) = 6; ;. We still have that Tp = 1 € HY(X,Z) and that p; = T;
for i =1,...r where p; € K are chosen to be a basis of H2(X,Z). Givental’s result
[8](corollary 6.3) is:

Theorem 1. The sections
T
Sq = eplnq/hT + T d < eplnq/h I} ,T >
’ LT 2 Wt 7"
dek,d#0
for 6=0,...m are flat and they provide a basis of the space of flat sections.
Here ¢¢ is notation for ¢1% ... g,%, plng is notation for piingi + - - - + prIng, and
T * plnq/hT
< eplnq/ﬁ T, >q= / g e T op) (e ) A eva™(Ty),
-’ 2 (X,d) b=

where M(X, d) is the space of genus 0 and degree d stable maps with two marked
points. Finally K is the cone in H2(X,Z) consisting of classes of holomorphic, genus
0 curves. It is dual to the Kéhler cone K. Note also that the matrix:

Ty
(1) sap = (s5,Ta) = ("5, To) + Y g <€pl"q/hh e T >a,
dek,d#0

is the fundamental solution matrix of the flat section equation.
Let us now explain the relation of the A-connection to the small quantum ring.
Let G be the following function with values in H**(X,C) :

1
(12) G = epl”q/h(]_ =+ E qdevl*(m
deR,d£0 !

where ev; : M2(X,d) — X is evaluation at the first marked point. Then G has the
property (and is determined by it): (G,T3) = (sg,1). Indeed,

)

(G, Tp) = (eplnq/h, Ts) + Z / eplnq/hevl ¢ YATs =
dek,d0 !
— @) S gt [ - fewy” (€)= (55,1)
dek,dzo U M2(Xd)
Therefore we have that
(13) G=> (s31)T"
B

Recall that Ty = 1 and therefore the components of J form the first row of the
solution matrix (sqa,g)-
The following proposition is due to Givental [8] (corollary 6.4):

Proposition 2. Let D(h‘h’a%w qi, h) be a polynomial differential operator that anni-
hilates the components of G. Then the relation D(p;*, q;,0) = 0 holds in SQH*(X).

Let D denote the Heisenberg algebra of differential operators on holomorphic
function on a torus with coordinates q; = eti. It is by definition generated by the
operators hqia%i = haiti and multiplication by ¢; = e'i. Let I be the ideal of all
polynomial differential operators D(hqia%i, gi, h) that annihilate the components of
G.
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Definition 1. The D - module D/I is called the quantum cohomology D - module
of X.

The proposition above shows that the real quantum object is the D - module or
equivalently the A model connection, while the quantum ring should be considered
as the semi-classical limit where i — 0 . Our objective is to compute the D -
module in terms of the loop space of X. We shall turn to this next.

3. EQUIVARIANT FLOER THEORY

Lets start first by considering the S!'-equivariant Floer homology of the unper-
turbed action functional H in the case of a general symplectic manifold which is
not necessarily toric.

Let (X, w) be a compact symplectic manifold. Let J be a compatible or calibrated
almost structure on X. By this we mean that w(v, Jv) > 0 for all nonzero v € TX
and w(Jv, Jw) = w(v,w). The symplectic form w along with J define an invariant
metric g on TX by g(v,w) = w(v,Jw). Let LX be the space of smooth maps
v : ST — X such that v(S?) is contractible. We call £LX the loop space of X. The
loop space inherits a symplectic structure 2 and an almost complex structure which
we shall denote also by J. To describe them lets first consider the tangent bundle
TLX. The tangent space of £LX at aloop v is T,LX = T'(v*TX), where I" denotes
the space of sections. In other words an element of T.,£X is a vector field along
the loop . Consider now the Kihler cone K C H?(X,R) of X. We have defined K
to be the cone of classes in H?(X,R) whose integral over any pseudo-holomorphic
curve is greater than or equal to zero. Assume that K is spanned by the classes of
symplectic two forms p1,...,p,. Let v and w be elements of T, LX then we define:

(14) Puly(v.0) = [ peto®)w(o)i.

It is not hard to show that the P are also symplectic. Moreover J induces an
almost complex structure by (Jv)(t) = J(v(t)). Finally T, £X becomes pre-Hilbert
with the inner product

(15) g~(v,w) = Qy (v, Jw),

where

Qy(v,w) = /S1 w(v(t),w(t))dt.

Introduce now action functionals

(16) Hi () = /D P,

’y

(17) Ho) = [ w
D’Y

where D., is a disk contracting the loop <. These are in general not well defined

since different disks contracting the same loop will not have the same symplectic

areas. The ambiguity in Hy, is clearly given by the periods

[
S
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where S is a sphere obtained by gluing two different disks contracting ~y, along their
common boundary. The functions Hj, become well defined only on the covering
of £LX with group of deck transformations the group of spherical periods of the
symplectic forms p1,...,pr. We shall denote this space by £X. We can describe
LX explicitly as equivalence classes of pairs (v, g) where v : S' — M is a loop and
g : D — X is such that glap = 7. Define (v, g1) ~ (7, g1) if and only if g1#(—g2)
represents a class A € Ho(X,Z) such that fA P.=0forall k =1...r. Observe
that by definition LX carries an action, denoted by - of the group I' of spherical
classes in Ho(X,Z) such that (A - (v, 9))#(v,—g) = —A for all A € I'. Notice that
we could have chosen a positive instead of a negative sign in the definition of the
action of T'. The reason for our choice will become apparent later (see footnote (3),

page 14). Note also that since w is a linear combination of p1, ..., p, it follows that
H is the same linear/\cgmbination of Hy,...H, and therefore also becomes a well
defined function on £X. Now it is not hard to compute that
(18) A0 == [ pulo(0)d,

s

where 4 denotes the vector field tangent to ~.

Notice further that £X and therefore £X , support an obvious S! action (e, y(e*?))
7(e!?+9)) . If we let Y denote the vector generating the Lie algebra of S' and Y
the induced vector field on £M then we have

(19) Y(v) =7
Equations (14),(18) and (19) reveal the fact that
(20) iyPy = —dHj,
for k=1...0 and

(21) ivQ = —dH.

In that case H}, is called a Hamiltonian function for P, and H a Hamiltonian for
Q. Y can be thought of as a symplectic gradient of H.

Consider now the flow of H. Let u(s,t) : R x S! — X be a flow line. Specifically
this means that

(22) - = VHus(t),

where u,(t) is simply u(s,t). On the other hand since 2 and J are compatible and
the metric on £X is given by (10) we have that

(23) VH =-JY.
Equations (22) and (23) imply then
ou ou
(24) L (TR
Therefore
ou ou
(25) 75 + Ja =0.

In other words u(s,t) is a pseudo-holomorphic map.
This is the key reason why quantum cohomology is related to the loop space.



QUANTUM COHOMOLOGY AND MORSE THEORY ON THE LOOP SPACE 11

Floer theory is Morse theory for the action functional H on LX. Notice that the
critical manifolds are copies of X, one of them corresponding to trivial loops and
the rest translations by the action of the group of deck transformations, i.e., the
group of spherical classes in Ho(X,7Z). This is easy to see using for example (21)
which identifies the critical manifolds as the fixed manifolds of the circle action.

Now the fact that £X is infinite dimensional pauses several hard problems one
needs to overcome in order to get a well defined theory. For example, for any
critical manifold both the negative and positive normal bundles of H are infinite
dimensional. Therefore the usual notion of index doesn’t make sense. Moreover
the standard Morse theoretic method of analyzing the topology of a space simply
doesn’t work. This is because we cannot describe the change in topology when
going through a critical manifold, by a gluing of the negative normal sphere bundle
since this is trivial! ! It was Floer’s idea to overcome this problem by constructing a
Witten type Morse theory where the index is defined by counting orbits connecting
critical manifolds. The key point to doing this in this case, is to use orbits of
bounded energy. In other words if u(s,t) : R x S! — X is a flow line, i.e. satisfies
(25), then define the energy of u by :

L Ou g, Ou
(26) B =3 [ [ GG

We say that u has bounded energy if F(u) is finite. In fact it is easy to compute
that when u is (pseudo-)holomorphic as is the case for flow lines, then

B(u) = /01 /Z ww.

Still to get a well behaved theory we have to perturb the flow equation by an extra
term using a periodic Hamiltonian. The critical manifolds then become points and
the theory can be used to prove the well known Arnold conjecture for periodic
Hamiltonians.

Floer [5] was able to rigorously construct a homology theory, now called Floer
homology,? using these perturbed holomorphic cylinders connecting periodic or-
bits. He then showed that Floer homology is isomorphic, with respect to additive
structure, to the singular homology of M with coeflicients in an appropriate ring of
Laurent series. It should be mentioned at this point that in [16], [12] and [14] it is
proved (in each work with different methods) that in fact the isomorphism between
Floer and singular homology, respects the ring structures if H**(X,Z) is equipped
with the Quantum product, and Floer cohomology with the so called, pair of pants
product.

The unperturbed Morse-Bott-Floer theory has been worked out to a certain
extent by Ruan and Tian in [16].

Following their paper, the space of connecting orbits between two critical levels
that differ by a class d € Hy(X,Z) should be taken to consist of maps

u:Rx S — X

1The negative normal bundle is trivial since any infinite dimensional bundle is trivial. Moreover
the infinite dimensional sphere is homotopicaly trivial.

2Floer constructed the theory and proved the Arnold conjecture for so called monotone mani-
folds (this means that the first Chern class of the manifold is a positive multiple of the symplectic
form). For general symplectic manifolds the theory was constructed in [11].
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that
1. are J- holomorphic
2.
E(u) = / uw < 00
Rx St
3.
lim u(s,t) = point
and

lim wu(s,t) = point,
§— 00
in other words the infinite cylinder closes up at the ends to give a sphere with
two point removed.
4.The homology class of the image of u is d.
If we denote the set of such maps u by My then we expect this space to have
the same dimension as the space of holomorphic spheres of degree d, the expected
dimension of which, is

dim X—|—/(31(TX).
d

Indeed the calculation of Morrison [13](p. 277) shows that if ¢ : P! — X is
holomorphic and X is a complex manifold then

(27) x(@*TX) = h° (P, ¢*TX) — W1 (P!, ¢*TX) = dim X + / c1(TX).
d

In any case we wish to consider Floer S' equivariant cohomology of LX so
following Givental [7], we bypass all that and try to use localization technics instead.
The localization theorem relates the equivariant cohomology of a space with a torus
acting on it, to that of the fixed components of the action. One way [1] of proving
this theorem rests on an analysis of the H*(point) = H*(P*°) = C[A] - module
structure of the equivariant cohomology ring. We refer to this paper or [2] for the
more general statement which refers to a torus action. For our purposes we only
need the S case. The result [1] then is that:

Theorem 2. Let M be an S* (finite dimensional) compact manifold. Let F denote
the (possibly disconnected) fized manifold of the action and let i : F — X be the
inclusion map. Then

i*: Hg,"(M) — Hg:*(F)
induces an isomorphism after localization to the field of rational functions C(h).

Notice that since F' is fixed it follows that Hg:™(F) = H*(F) ® C[h]. So the
meaning of this theorem is that, if the fixed manifolds are {F,} then there is an
isomorphism

®: Hg,"(M) — @PH"(F.,C(h))

and so

®(a) =Y AaCa

where C, € H*(F,) and )\, is a rational function in %
We would like now to apply this to the space £LX. Since it is infinite dimensional
this is only a formal application, not a rigorous one.
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With this qualification, since the fixed manifolds are copies of X, we expect,
after Givental [7], the S! equivariant Floer cohomology of £X to be as an additive
object,
where C[[g, g ]] is notation for the group ring A of the group I of spherical classes
in Ho(X,Z). In other words, instead of using a direct sum notation, we have used

the group ring to enumerate the fixed components of the action.
To be more specific, elements of the ring are formal series

A= Mg
del’
where \g € C, ¢* = €™ and we declare deg % =2 [, c1(T X).

Assume X is Kéhler and simply connected. X being simply connected implies
that I' = Ho(X,Z). We have choosen a basis {p1,...,p,} of the Kahler cone, now
let {A1,..., A} be the dual basis of I' = Hy(M,Z) in the sense that fAj Pk = 0j k.
Then if d = 3_, d;A; we let g = €*>™4r and ¢¢ = €™ = [ _, gi®*. In this
fashion the group ring A can be identified with the ring of formal Laurent series
A=Cllg,q ", @ a1

Now recall we have defined associated kéhler classes Py on LX. Denote by the
same name the pullbacks on £X. Let d, = d+ hiy be the Cartan differential, where
Y is defined by (19). Introduce now the equivariant differential forms

(29) P, =P, + hH,
and
(30) P=Q+hH.

Then equations (20) and (21) imply that
dpPy =dpP =0

fork=1...r.
By definition of the A; we have:

/ WE = 5j7k~
A

J

Recall we have defined

Hy (v, 9) =/ g W
D

Recall also that I' acts on £X as the group of covering transformations (so in fact

£X /T = LX). Now if we identify ¢? with the covering transformation correspond-
ing to d € T we have that

1) G H) = Bl (3:9) = Hl(020) = [ = Hil(3:9) = 31
where g7 denotes the pullback.

Moreover, if we denote by P, wedge product by the equivariantly closed form
Py and also denote simply by ¢i the action of ¢ by pullback then we claim that

(32) [P}, k] = 05 1hqp.
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The proof is a simple calculation. First notice that:
gr(Pj) = Qj + hg H; = Q; + hHj — hdj yh = Pj — 6; 1h.
Next let a be an equivariant form then
[P}, gkl = Pigrer — @i (Pj)AGrer = Pigree — (P — 65 k) Adrar = 0 khgrr.

Moreover, the operators P; and ¢ for j,k = 1...r satisfy the relations

(33) [P}, Px] = [qj,qx] = 0.
Now let tq,...,t, be coordinates on C". Then we have
0
(34) [ha—tj, etk] = 5j)k€tk,

where ef* is thought of as an operator acting by multiplication on functions of

et ... el and h% for j = 1...r also act on such functions. The algebra D of op-
J
erators generated by e't,...e' and haitl, e ha%r is called the Heisenberg algebra

of differential operators. Relations (32) and (33) say that the S* equivariant Floer
cohomology F H 51*(2\)/( ) carries the structure of a module 3 over the Heisenberg
algebra D !

In our discussion of the A model connection, in the previous section, we also
encountered a D-module. That one consisted of operators which kill the first row
of the solution matrix of the flat section equation for the A connection. Givental’s
conjecture is that the two D - modules are in fact the same!

Of course there is no chance of proving this unless a rigorous S! equivariant
Floer theory of the unperturbed action functional is constructed. In case X is a
toric variety though, we will construct a model for the space £X in section (5). If
X is also positive, then we shall be able to prove that the D - module of our model
is indeed the same as the quantum D - module.

Notice than in the previous section, we used coordinates g; which are related to
the t; by gj = e'. It is also clear, that series in the ¢; with values in H**(X,C)
can be thought of as sections of a trivial bundle with fiber H?*(X,C), over the
(algebraic) torus obtained by the lattice H%(X,Z) (via complexification and expo-
nentiation). In particular this torus can be thought of as the (affine) toric variety
associated to a fan consisting of a single cone, namely the K&hler cone of X. The
g; are then identified with the toric coordinates.

Now having a D-module how can we associate a flat connection ?

Recall that from (28) we have:

(35) FH*s:(LX) = H*(M,Clq,¢; " - .., - '] (h).

Therefore H2*(X,Z) is embedded in FH*g (£X). Consider again the basis
To, ..., Ty, of H**(X,7Z). We then have

(36) Pk/\(T(),...,Tm):Ak(Tg,...,Tm),

where AF is a matrix with coefficients functions of ¢, and h. The coefficient func-

tions are expected to be holomorphic so they will not contain any of the ¢z '

3The reason for the choice of sign in the action of I on LM is precisely so that we end up with
eti instead of e~ %i.
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Define now a pencil of connections Vj acting on series in the ¢, with values in
H?*(X,C) by:

(37) Vi =hd - Z dﬂp,m

The connection Vj, is expected to be equal to the A model connection Vj con-
sidered in our discussion of quantum cohomology based on stable maps. This
means for example that V5 should be flat, i.e., that flat sections should exist. If
o =3 i 0 f;T} is a section then

Vio =0

is equivalent to the system

(38) i = (fo,...,fm)t:Ak(fo,...,fm)t fork=1...r.

Flatness of course means that (38) is integrable. To shed some more light we note
that (38) can equally be written as

(39)  PuA(Tos-- -, Tw)(fos- -y fm)' = (To,..., T, )hqk (fo,...,fm)t.

In other words the (m + 1)-tuple (fo,..., fm)" defines a D - module homomor-
phism between F H* g1 (Z}J( ) and the sheaf O of holomorphic functions on the torus.
Therefore we can reformulate our discussion in an invariant fashion by saying that
an element in Homp(FH*51(L£X),O) defines a locally constant sheaf V over the
torus. This sheaf defines in turn by the standard procedure a flat connection on
the sheaf Y = V ® O. As an aside we note that this may remind the reader of
the construction of the Gauss-Manin connection associated to a family of varieties.
The locally constant sheaf is there, the one associated to the integral cohomology
of the fiber. This is no accident since mirror symmetry identifies, in the case X is
Calabi-Yau, the A-model connection with the Gauss-Manin connection of a certain
family of Calabi-Yau manifolds.

Instead of concentrating on the connection lets look now at the D-module itself
and try to ﬁniij presentation or at least some relations. We have seen up to now
that FH*s1 (LX) is generated by H?*(X,Z) over the ring A. Geometrically an
equivariant Floer cycle associated to an element T € H?*(X,Z) can be constructed
as the boundary loops of all holomorphic discs whose center lies in a cycle repre-
senting the Poincaré dual of T. Now notice that the standard way to go between
the Heisenberg algebra and its presentation in terms of the P, and ¢ is via the
Fourier transform. This way relations that involve the later can be trag\s_f/ormed to
differential equations that involve the former. Indeed if " is in FFH*g1(£X) and we
denote t1 P; + - -+ 4+ ¢, P, by tP then consider the pairing

(40) (etP/h 1) = /N etP/h,
LX
We claim that
(41) (e!P/" R(P,q,h)T) = R(h% et h)(et/" 1).

In other words that the map
F:FH* (LX) — O
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given by
F(T) = (/")
is an element of Homp(FH* g (Z\)/(), 0).

Indeed we can do a bit better than that. If Cpr € FH* s (Z)v() is such that it
has the same localization T € H?*(X,Z) on every critical manifold, then

(42) (71" Cr, RP, W) = R !, 1)/ Cx, T),
and therefore the map -
Fr:FH* (LX) — O
given by
(43) Fr(D) = (eP/"Crp,T),

is an element of Homp(FH* g (Z\)/(), 0).
The reason is that

(/" Cr, GiT) = (G Letf/"Cr, T) = et* (P Cr, T)

and

(eP/hCr, PT) = (Ppett/hCp, T) = (hietp/ﬁc, r) = hi(e“’/ﬁcT, I).
Oty Oty

Thus we can find the differential operators and compute solution by computing
(e!P/". T if we can write down I and compute the integral.

Now let A denote the fundamental Floer cycle corresponding to the fundamental
cycle of X, i.e., the set of all boundary loops of holomorphic discs in X. Let A
denote formally the Poincaré dual to A and take I' = A in the above. We note
that if the cohomology of X is generated by classes in H?(X,Z), then polyno-
mials R(P,§,h) such that R(P,§,h)A = 0 generate all relations. So if Iy is the
ideal generated by such polynomials then F'H*g: (Z)v() = C[P,q,h]/Iy. The rea-
son for this is that if f(pi,...,pr) is a polynomial in the generators {pi,...,p}
of H*(X,Z) then the corresponding Floer cycle is Ay = f(Pi,..., P,)A since out
of all loops (boundaries of holomorphic discs) that have their center in X, this
pics the ones that are in the cycle Poincaré dual to f(p1,...,p,). It is clear now
that any polynomial Ry (P, g, k) such that Rq(P,§,h)Ay = 0 induces a relation
Ri(P,q,h)f(P1,...,P.)A = 0. Therefore relations stemming form A generate all
relations.

Up to this point our discussion of S! equivariant Floer theory of the unperturbed
action functional has followed Givental’s paper [7]. We would like now to propose a
conjecture about how to regularize the integral in (43). In the last section we shall
prove a version of it for toric manifolds.

4. A CONJECTURE ON THE REGULARIZATION OF THE FOURIER TRANSFORM OF
THE FLOER FUNDAMENTAL CYCLE

Recall first that we have chosen a basis {Tp,..., T} of H**(X,Z). We ar-
range that Ty = 1. Choose also a dual basis {T°,...,T™} of H*(X,Z) such that
(T;,T7) = §;;, where the pairing is the Poincaré pairing. Now to compute the
integral in (43) for T'= T3 and since the integrand is an equivariantly closed form,
we could attempt to formally use a localization theorem in equivariant cohomology.
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The theorem we need is a stronger version of theorem (2) mentioned before and it
is due independently to Berline-Vergne [3] and Atiyah-Bott [1].

Theorem 3. Let T be a torus acting on a (finite dimensional) compact manifold
X and let a be an equivariantly closed form in the Cartan model. Then

_ _YF
/M“ Z/ er(N7)

Where the sum is over all the fized components F' of the action and er(NF) indicates
the T equivariant Eiler class of the normal bundle, N to the fivred component F.
By ajp we denote the pullback of a to F' by the inclusion of F' into M.

Since £X is infinite dimensional an application of this theorem in our case can
only be done in a formal fashion. This formal application gives:

/ TeXk=r tk(Pr/+ ]y pr) ) _BiXa
Xa

44) Fr,(A) = PIhCr, A = )
(44) Fz,(A) /ﬁ\?e Ts es1(Ng)

deH,(X,Z)

where we have used the following notation. First recall that the action functional
H is a function on £X whose critical manifolds are the fixed components of the S!
action and therefore are just copies of X. Denote the copy of X such that H x =0
by Xo. The action of ¢ maps X to another copy of X which we denote by X4. Ny
denotes the normal bundle to X4. This is of course an infinite dimensional Q}pdle.
Notice now that Ny carries a representation of S (as a sub-bundle of TLXx,)
and splits to the direct sum of vector bundles according to the weights of this
representation. The Eiiler class eg1(Ny) is therefore some infinite product which
in general, will be divergent. Moreover recall that P, = Py + hHj and Pk| X, = Dk
and finally Hy|x, = fdpk.

We see then, that our first attempt to apply localization fails due to the infinite
dimensionality of the normal bundle to Xy in £X. To try to get around this we will
start by thinking in a dual fashion: Let A denote the set of pseudo-holomorphic
maps v : D — X where D denotes the unit disc with complex coordinate z = re®.
Recall that A denotes formally, the Poincaré dual to A, which is the set of all
loops which are boundaries of holomorphic discs. Let p™ : A — £X be defined by
pt(u) = ul,—1(e?). Then p*(A) = A. We will now attempt to compute Fr, (A) as
an integral over A and to do this we have to identify the fixed components of the
circle action and normal bundles to them. It’s clear that for a loop in A to be fixed
by the circle action, it has to actually be a point. This means that fixed components
come from pseudo-holomorphic maps u : P — X which are not initially in A but
should be added in as limit points. These trivial loops are of course interpreted as
points in X4 and in the simplest case, we will in fact get all of X .

We see from our discussion up to here, that the answer really depends on our
compactification of the space of pseudo-holomorphic maps from genus 0 curves.
Moreover, it becomes clear, that contributions only arise for degrees d, which may
be represented by pseudo-holomorphic maps from genus 0 curves i.e. for d € K.

Finally for now, let us mention that the simple situation described before, of
maps only from P! where a whole copy of X will appear for any degree d € K
does actually arise in the case of toric manifolds and the so-called gauged, linear
o-model compactification of genus 0 holomorphic maps. This will be explained in
the next section.
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To continue our attempt to use localization we denote by Fj the submanifold of
X4 which arises as trivial loops coming from degree d maps. We also denote by
NAF, the normal bundle to Fy in A

We then have:

y ) .
(45) FT (A) = / etP/hOT = / T ezk=1 tk(pk/h-Ffd Dk) S
’ A ’ desz(;X,Z) Fa ’ es1 (NaFa)

Now though, we see that we still have a similar problem as before, since N'a Fy
is infinite dimensional. However, here the number of incoming directions to Fy
is finite, since they correspond to degree d, genus 0 curves. On the other hand,
outgoing directions are given by the restriction of Ny to Fyj where Ny denotes the
normal bundle to Xy in £X and Ny = Ny™ @ Ny~ is the decomposition of Ny to
positive and negative normal bundles. Now since the circle action on LX is lifted
from that on £X and the action functional is lifted from a multivalued function
on £X, all the Ny can be identified. Of course they are infinite dimensional and
the same at every level d and as a first attempt to guess the correct approach we
propose to simply ignore them. This crude argument, will be replaced by the use of
a Fredholm map later on.

We are nevertheless, still left with a rather complicated state of affairs. The
way forward, depends on the compactification of the space of degree d maps. In
case we use the space of stable maps in order to model the space of connecting
flowlines, we may think that we need to have two marked points, namely we should
use M2(X,d). The two marked points could be interpreted as the initial and final
points of the flow and F; = eva(Mo(X,d)). It is a subtle point, that this in fact,
is not the way that we will proceed. Instead of attempting to define a Fredholm
map using the flow of the action functional in the loop space, we will use the deck
transformation maps . This will be clear in what follows in this section and in
the next when we look at toric manifolds. Nevertheless, there is still a relation with
Morse theory of the action functional. This just reflects the fact that as already
pointed out, the deck transformation will map the positive normal bundle at X to
the positive normal bundle at X.

Now, the gauged, linear o-model compactification My(X), that will be used in
the next section, is quite different than stable maps, in two respects. First, degree is
not preserved at the limit while it is of course preserved for stable maps. Secondly,
the domain of the maps is always a P! (no reducible curves). The degree though,
can also become 0 and in fact we get several copies of X in the space of maps, one
for each degree d; such that fdl w < fdw. In that case, F; = X4 and taking our
previous discussion into account, we will use Ny, X4 for Nz Fy. Note also, that
since the domain is always a P! there is circle action on the space of maps, by
rotation of the source.

Therefore in that case we expect:

(46)

o ” 1
B A B deh;(x)z) X, €g1 (NMd(X)Xd)
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Let us mention here, that it will also be convenient to consider all the functions
at once, by considering the H?*(X,C) valued function:

(47) F =Y eSim telpn/Itfym) 1

dek €g1 (NAXd)

Then

F =Y Fr,(A)T".
B=1

and in our case:

; - 1
48 F = E e tlon/htfyp)
e o es1 (N, (x)Xa)

We will see in the next section that this is in fact the correct answer in the case
of positive toric manifolds. In other words F' = G.

Now in order to approach the problem in the general case, the first think to
observe, is that since F; = ev;(M2(X,d)), it seems more convenient to try and pull
the calculation back to M3(X,d).

Recall that we are also interested in understanding the relation to the loop space
and the Morse theory of the action functional.

To do that, we will take our cue from a well known description of vector bundles
on Riemann surfaces with a marked point, via Fredholm maps on a Hilbert space.
This is explained in [15] (section 8.11), which we largely follow. Consider a genus
g Riemann surface C with a marked point z. Let E denote a rank n holomorphic
vector bundle on C. Consider a local holomorphic coordinate z around z such
that z(z) = oo. Identify the standard circle S' with the circle |z| = 1 on C.
Let H := L*(S',C") then H = H* & H~ where H* and H~ denote the spaces
of elements in the Hilbert space H with non-negative modes and negative modes
respectively. Let us also fix a trivialization of E over |z| > 1. We may now consider,
relative to this trivialization, the closed subspace W of H, consisting of functions,
which are the boundary values of holomorphic sections of E over the complement of
|z| > 1. Then (proposition 8.11.10 [15]) the orthogonal projection of W onto zH™*
is Fredholm and H°(C,€) and H'(C,€&) are respectively its kernel and cokernel.
Notice that equivalently we may say that W = w(H™) where w : HT — H is
an operator such that if pr, : H — H* denotes the orthogonal projection, then
proow is Fredholm. Let us denote by pry : H — zH™ the orthogonal projection
to 2HT. Then we have for priow : HT — zH* that H°(C,£) = Ker(pryow) and
HY(C,&) = coker(prow). Notice now, that we have chosen a trivialization of E,
over a disc around the marked point, and therefore an element of £L~GL(n,C) can
act on W without changing the bundle. Its action permutes all the trivializations of
FE over the disc around the point . However, it can be proven that W determines a
unique, up to homotopy, topological C™ bundle over C (with the fiber at = identified
with C™). This is proposition (8.11.6) in [15].

Now in our case, lets consider a (pseudo-)holomorphic map w : C — X and
a marked point x; on C and take F = u*TX. It is natural to take x = 3
and to consider the corresponding map pryow : H™ — 2zH*' as a map from
T|evl(w1)X @NO+|ev1(w1) to N0+|ev1(w1)-
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We claim then, that the previous discussion can be rephrased as the fact that,
over the open part, M3(X,d) the following sequence:

(49) 0 — T, M3(X,d) — evy*NoT — evi*Ny™ — 0,

is exact up to homotopy. Here, T, M3(X,d) denotes the virtual vertical tangent
bundle to M3(X,d) with respect to the map ev; : M3(X,d) — X. The second
map, over the point in Ms(X,d) corresponding to the map u, is just the Fredholm
operator, pryow|,y+ : ZHT — zZH™.

The reason that Ms(X,d) appears here, is that a smooth genus 0 Riemann sur-
face C, has a three dimensional group of automorphisms. This induces a nontrivial
continuous group of automorphisms of a pseudo-holomorphic map defined on C,
by which we need to mod out in the construction of the moduli space of stable
maps. Marking three points on C though, leaves us with no continuous group of
automorphisms and the virtual tangent space to M3(X,d) at such a map is given
by H°(C,&) — H'(C,&) = Ker(pryow) — Coker(priow).

We now claim that exactness of (49) implies that over the open part, Mo(X,d)
the sequence :

(50) 0— L1 ©T 0, Ma(X,d) — evi*No™ — evy* Nyt — 0,

is exact up to homotopy. Here T".,, M2(X,d) denotes the virtual vertical tangent
bundle with respect to the map ev; : Ma(X,d) — X and L; denotes the line bundle
over M3(X,d) which is the universal tangent line at the first marked point.

To show how (50) arises, let fts : M3(X,d) — My(X,d) denote the forgetful
map that forgets the third marked point. Along with the evaluation at the third
marked point evs : M3(X,d) — X, it is the universal family over M2 (X, d).

The map ft3 has a section s : M2(X,d) — M3(X,d) which is choosing the first
marked point. Then the exactness of (49) implies the exactness over s1(Mz(X,d))
of :

(51) 0 — TVeviofts 51 (M2(X,d)) — evi*NoT — evi* Nt — 0.
But s1*(T"cvi0pts51(M2(X,d))) = L1 @ TVev, M2(X,d) and exactness of (50)
follows.

Notice that nothing in our argument depends on the fact that we are working
over My(X,d). Therefore, if we manage to extend (49) over M3(X,d), then we
immediately have an extension of (50) over Mo (X, d).

Notice also, that the family of Fredholm maps defines an index bundle over
Ms(X,d) and we may think of every map as giving a shifting, in the splitting of
the normal bundle to positive and negative.

We propose now the following:

Conjecture 1. The sequences (49) and (50) can be extended over all of M3(X,d)
and Mo (X, d) respectively and remain exact.

From the above we see that, conjecturally:

(52) 1 _ esl(TUm}lMQ(X, d))

esi(L1) esi(Ind(pryow))
where eg1 denotes the equivariant Eiiler characteristic with respect to an S' action.
The action here is of course trivial on the base of our bundles but non-trivial on
the fiber. In the case of the index bundle it comes from rotating the S' that we

have marked on our curve C. On Ly we have eg1(L1) = h — 1.
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This can be used in order to obtain a different and rather more illuminating,
conjectural expression for the function G, that as we know generates the quantum
D-module. We have conjecturally that:

(T e, Mo (X, d))
53 G =e?M(1+ Aoy, S T en Ma(X, d))
(53) ( lg‘cq ! es1(Ind(pryow))

Now we may interpret Ind(priow) = Ly ® T%.,, M2(X,d) as the pull back
to Mo(X,d) of the "renormalized” normal bundle NaF,; and T, M2(X,d) as
the Thom class that allows us to pull back the integral to Mo(X,d). From the
Morse theoretic point of view, our formula is also very suggestive since we may
think of L, as corresponding to the direction tangent to the flow line itself, while
T% v, M2(X,d) corresponds to directions tangent to the manifold parameterizing
flow lines connecting X and Xy4. It may seem strange that Ny doesn’t appear
explicitly here but this is due to the fact, that we have implicitly identified all the
copies of X, by using the spaces of stable maps to model spaces of flow lines.

We will not go more into the general case here as this is the subject of a forth-
coming paper.

Instead we will now go back to the case of toric manifolds. In that case as
mentioned earlier, we have an alternate compactification called the (gauged) linear
o-model. For this model the fixed locus Fj is in fact X4 it is thus convenient to use
expression (48) and work over X instead of over the space of maps. Recall also that
according to our conventions, from the previous paragraph, the deck transformation
G~% maps Xo to X4. Due to the linearity of the model we will see that we may
identify the deck transformation and its derivative (linearization). There is a subtle
point here that will be clarified further in the next section: We may compute the
deck transformation itself that indeed maps Xg to Xy and thus also its derivative,
which maps Ny — Ajy. To remain in contact though with the approach we have
described here, we will identify all the X4 with X, using the deck transformations
and consider the derivative of the deck transformation as a map from Ny — Nj.

As support to our conjecture then, we will show in the next section, that there
is an exact sequence over Xy given by:

54 0— N, Xo = Nom = NyT =0,
d

where the second map is the composition of the derivative of the deck transforma-
tion ¢¢ composed with orthogonal projection.

We may now make an interesting observation: from this point of view we see that,
the the Fredholm map w, that we used in the general situation, should be interpreted
as the linearization i.e. the derivative, of the deck transformation, in the positive
normal directions to Xg. In the toric case, our model is essentially linear, so instead
of just the derivative we are able to compute the deck transformation itself.

We will then show in the next section, that if we use the exact sequence above
to compute DG?, then we have that:

r 1
F = et te(r/ht [, pr)
(%) Z e ’ esi (Ind(pryoDg?))

dex
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or equivalently

(56) F = e(t1p1+---+trpr)/h Z qd
dek

where Ind(pryoDg?) denotes the index bundle defined on X, by the Fredholm
bundle map pryoDg?. where g, = e'*, dj, = [,wi and ¢* = 1™ ...¢,% . Finally
we will show that ' =G

We will follow two different strategies in the toric case. The first, will be to con-
sider the actual space £LX which is infinite dimensional and to work with Fredholm
maps.

The second, will be to reformulate everything in terms of a sequence of finite

1
es1(Ind(pryoDq?))’

dimensional approximations of LX , by spaces parameterizing loops of arbitrarily
large but finitely many modes (in their Fourier expansion). We can then consider
a certain sequence of ratios of Eiiler classes that stabilizes for large modes and we
use this “stable ratio” in place of the equivariant Eiiler class of the index bundle
. We can then calculate F' explicitly. Finally, we invoke the calculation of G by
Givental [8] to show that F' = G.

We will see though that the infinite dimensional version of the story is in fact
more straightforward and transparent.

One more observation that needs to be made, is that we may use the negative
normal bundle instead of the positive one. This is equivalent to changing the sign of
the complex structure on X and from the point of view of Morse theory on the loop
space it corresponds to changing the sign of the action functional. Therefore we
Just replace the up going manifold starting from X with the down going one. Yet
another way of thinking about it, is that instead of using the map p™ : A — £X
defined by p*(u) = ul—1(e?), we consider p~ where p~(u) = u|,—1(e”*) and
compute the integral over p~(A). This has the effect of changing i with —A. In
the toric case this will appear as an exact sequence:

(57) 0— Ny )Xo = No™ = N~ — 0,

where again the second map is the derivative of the deck transformation composed
with orthogonal projection. This makes sense, since if a homology class d is rep-
resented by a holomorphic map, then —d is represented by an antiholomorphic
one.

As a final observation we note that Fr, for all 8 = 0,...,m are elements of

Homp(FH* 51 (E]\v4 ), O) and therefore define flat section of the A-connection. De-
note by A, the Floer-Witten cycle corresponding to Ti,. Then Ag = A. For a fixed

T, the functions Fr,(A,) simply give Fr, in a basis. They should be

fTﬁ (AOL) = Sa,ﬂ,

where (sq,3) is the fundamental solution matrix (6) of the A model flat section
equation. In this fashion we may identify Fr, with s namely, the flat section
found in theorem (1).

5. THE Toric CASE

Our goal in this section is to formulate and prove rigorously a version of conjec-
ture (1) formulated in the previous section, in the form of sequences (54) and (57).
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First we need to describe the set up. Our main references for toric varieties are
Fulton [6] for the algebraic geometric point of view and Audin [2] for the symplectic
side. Let X be a compact, smooth, Kéhler toric variety. We choose to think of it
as a symplectic quotient. To that end, in order to define X we start with an exact
sequence of lattices as in:

(58) 0272 —-72" -7 -0,

where the first map is called m and the second w. Tensoring the sequence with C
and exponentiating gives a sequence of algebraic tori :

(59) l1-C s - -,
Now tensoring (58) with iR and exponentiating gives a sequence of real tori
(60) 1-T -T"—-T¢ - 1.

These sequences define an embedding of C*! into C*" and of T into T™. Composing
this with the diagonal action of C*™ on itself defines the action

l l

(61) (@1, wn) = (JT A 2, [T ).

j=1 j=1

Associated to this, there is the moment map

p:C" — R
given by
1 n n
(62) W= u = m o Upn = 5(; ml,k|xk|2, ceey kzﬂml)k|xk|2).

If A € R is a regular value of y then X is constructed by symplectic reduction as
(63) X =X, =ptON)/Th

X comes equipped with the reduced symplectic form wy. For simplicity we shall
just denote it by w.

X is a Kéhler (and at worst) orbifold. The Ké&hler form is the reduction of the
standard Kéhler form on C". Notice further that there is a cone in R! defined by
the conditions that it contains A and that the differential of yx drops rank along its
walls. Reducing at any point in the cone gives a space topologically equivalent but
with a different Kdhler form. In fact we may identify this cone with the Kéhler
cone K of X.

Now recall that if (z1,...,z,) are coordinates on C™ then they can be thought
of as sections of corresponding line bundles Ly over X for £k = 1,...,n. The
divisor (z) is denoted by Dj. We call these divisors the toric divisors. Let vy =
m(wg) for k =1,...n where {ws, ..., w,} is the standard basis of Z™, then rational
equivalences among the Dy are given by the relations

n
(64) Z<eu*,vk>Dk:O for v=1,...,(n—=1),
k=1

where {e1*,...,e,_;*} is the dual of the standard basis of Z"~!. Let ay = c1(Ly).
The «y, are Poincaré dual to the Dy and (64) gives the additive relations among
them.
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It is known (see e.g. Fulton [6])that H?(X,R) is spanned by the aj and that
H*(X,R) is generated by classes in H?(X,R).

Now we would like to model somehow the space £X defined in section (3) as
a covering of the space of free contractible loops in X. We will construct two
different kinds of spaces. One is infinite dimensional, it will be denoted L. X and
it is really the space £X , us/ig\&smooth loops in X. The other will be a sequence

of finite dimensional spaces Ly X that approximate L., X as N — oo. To this end,
lets consider first, loops in C™ with a finite but large number of modes 2/N. To be
specific we shall consider loops which are in general of the form:

(65) 7: 81— C" with 4(e”) = (0(”), .., (™)),
where, if we let z = €, then
(66) Vi : Sl _ (C,

has Fourier expansion :
N
(67) wz = 3 ata,
v=—N

Our model Z;\\/'_)? for £X will be defined as follows : The space Z;@l of loops of
finite modes in C" is parametrized by the Fourier coefficients a,* and therefore is

just CP DN+ - Consider the C*! (or T') action on £xCn induced by the action
(61) on C™ defining X. By this we mean that the action on all the coefficients of
vk is the same as the action on xx. The moment map attached to this action is:

N n N n
(68) UN = %( Z Zml,k|auk|2v'--a Z Zml,k|auk|2)'

v=—N k=1 v=—N k=1
Define m as
(69) LnX = pn~t(N)/T,

where we have identified the Kéhler cones of X and £X. We can do this since the
subsets of R! where p and pn drop rank are clearly the same. This is just because
drops rank at some value if and only if some homogeneous coordinates are forced to
be zero. At the same value p drops rank since the corresponding sums of squares
are forced to be zero which in turn forces each of the squares to be zero.

We have described a sequence of finite dimensional spaces but it is equally easy
to construct the actual universal covering of the space parameterizing smooth loops
in X. We will develop the two versions of the theory in parallel and we will see
that there are advantages to working with the infinite dimensional space.

The main point up to now is that we would replace loops with finite number of
modes by loops that may have infinitely many modes i.e. we would replace N with
00. The moment map then changes in the same way and will be denoted by .
Then define Lo X = put(\)/T'. The space Lo, X is an infinite dimensional toric
manifold.

Now in general the Kéhler cone I will not necessarily be simplicial, but it can
of course be subdivided, to simplicial cones. Pick such a subdivision and consider
the simplicial cone containing the value \.
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Let {p1,...pi} be the basis of that cone such that
1
(70) W = Z )\jpj-
j=1

The fact that the cone is simplicial means that {p1,...p;} is a basis of H?(X,Z).
Moreover we have that

l
(71) Qg = ij,kpj.
Jj=1

If d is an element of Hs(X,Z) then we let

(72) 4= [

In that case we may identify d with the vector (dq,...,d;).

Next we need to consider the action functional Hpy associated to Ly X. Recall
that the action functional assigns to a pair (loop, contracting disc) the symplectic
area of the contracting disc. Recall also that we have fixed the standard Kéahler
form on C™ which is

(73) wo =) dsk Adty =5 > duy A dig,
k=1 k=1
where x;, = sy, + ity. Define first
(74)
HN(’)/) / Z spdty = Z/ Skdtk o Z/ dxk A dxk)
(1) k=1

where v is given by (65). In other words Hy is the (normalized) action functional

for loops in C™ or rather LnyC” to be exact.
An elementary calculation shows that
1 al 1,2 2
(75) Hy(v) =3 > vl + 4 e,
v=—N
ik
i0

To see this, it’s enough to notice that if a loop 7 : S* — C is given by (%) = e
then u : D — C such that u(re®?) = r*e**¥ contracts that loop. Moreover if z = re
is a coordinate on C then

27 1
/ u*(dz A dT) = / (du A d7) = / / —2ik*r* Y dr A df = —2mik
D D 0 0

Now Hy is thus far defined on C%but since it is invariant under the T action,
it actually drops to a function on £ X. We will still call that function by the same
name Hpy, and it is our action funct/i(_)\/ml.

Consider next the S! action on Ly X. It is induced by rotation on the source
circle, namely by the action e? — ¢/*+®)  This action induces an action on the
Fourier coefficients of a loop v by

(76) a,* — e*?q,k*
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It’s clear that Hy is the Hamiltonian function corresponding to this action on

LNC™ and consequently on LxX. This is in accordance with the general theory.
As we saw in equation (21), the action functional is indeed the Hamiltonian of the
circle action.

As a consequence the fixed components of the circle action on £y X coincide with
the critical manifolds of Hy. We expect those to be copies of X and to correspond
to homology classes d € Ho(X,Z). Recall that we may identify the class d with its
period vector (di,...,d;) as in (72). Now the fixed components of the circle action

can be identified as follows: The action of T! on p~'(\) € LyC? = C"?N that
defines £y X is induced by the action in (61). When we take \; = z%,..., \; = 2%,
this becomes an S! action. Components in p~1(\) where the S! action from (76)
coincides with the one appearing as a one parameter subgroup of the T action

as above, will lead to fixed components in Z_]\\;X = p~Y(\)/T'. Thus making the
substitution

A1 :zdl,...,)\l = 2%
in (61) shows immediately that loops of the form

L ads L ind;
(T7) (@) = (@', g 2 ),

form a fixed component of the circle action on £y X. The T! action on C*(2N+1)
restricted to loops in C" of the form (77), restricts to the action (61) defining X.
Therefore the reduction of the space of loops of the form (77) will indeed be exactly
a copy of X. We shall name this component X,;. Notice that there is a more
illuminating way to write (77). According to (71) and (72) we have

l
(78) ij7kdj Z/ak,
j=1 d

where oy, as we said earlier, is Poincaré dual to the toric divisor Dy. Therefore we
see that X consists of loops of the form :

(79) ’y(z) = (alfdalzfdalﬂ'"7a‘nfdanzfdan)~

This immediately tells us that in order to be able to study Xy we must take N >
max{fd ai, ..., fd ap } which we will assume from now on whenever discussing X .

To recapitulate the set up, up to now we have defined the spaces £y X which as
N — oo approximate £X and action functionals

(80) HN : ﬁNX — R.

We have also described the critical manifolds X4 of Hpy, which are copies of X and

of course coincide with the fixed components of the circle action on Ly X.

Moreover notice that since Hy is the Hamiltonian of an S' action it follows
from general theory that it is a perfect Morse-Bott function. This is explained for
example in Audin [2]. In our case it also obvious from (75) which shows that indices
of Hy are even numbers. The so called lacunary principle (see e.g. Bott [4]) then
guarantees that Hpy is perfect. It’s also clear that Hy is non-degenerate in the
normal directions. o

Let us see here, how this goes over in the case of the space L, X. It is clear,
that all we have to do is replace N with infinity to define H., and everything else
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remains the same, with one important exception of course. H,, doesn’t have a
finite index. Both, positive and negative normal bundles to a fixed component X4
are infinite dimensional.

We note now the first advantage of looking at L., X and that is, that we may

easily identify the deck transformation §=¢ : Lo X — Lo X. It is just the action
induced on L., X by the mapping

(81) 1(2) = 1(2), - ml2) = (Fle¥im(2), ., e (2)

where, v : ST — C, has Fourier expansion : v(2) = Y.or __a,*z¥. Clearly v(2)

and §~%y(z) correspond to the same loop in X but they are different as elements
in Lo, X. Moreover considered as a map on homogenous coordinates, it is the very
familiar from functional analysis, shifting map on a Hilbert space. In other words:

ak to a’;H- oys for E=1...n. Or to be even more explicit, let Ly, denote the bun-
d

dle, over ﬁfo\o_)/( (or Z];_)?), associated to a,* and let T := D, l~/17,, @, f/n,l,,
then ¢~ defines a Fredholm bundle map from T to itself. Not to overburden the

notation, we will denote by G~%, both the map on 7" and on LoX.
Let us note, that we have an Eiiler sequence:

(82) 0=C =T —TLoX — 0,

—_~

where C! above denotes the trivial rank I complex bundle over £, X.

Note also, that this maps cannot be defined on Ly X even if we take N >

maz ([, o0, ..., [,an).
To go further, let us define £y to be a sub-bundle of T' given by:

(83) E; = @ -Z/I,V DD @ zmua

v [, on v [ an
then the normal bundle My to Xy in L/O\o_)? is:
(84) Na = Eq|x,.
This follows from the description of X, as
(85) Xa=(a" [ apse 0", 0)/T

where it is implied that all the other coordinates are zero. Therefore X is given
as the complete intersection of the toric divisors, whose sum is Fg .

Now, ¢~% induces a map from sections of Ey to sections of Ey. Moreover, §¢
induces a corresponding map shifting down, in a similar fashion.

Notice though, that considered as a Fredholm bundle map, either on T or be-
tween Ey and Ey4, our shifting map has neither kernel nor cokernel.

Let us define now E;T = ®V>fd o INJL,, oD ®V>fd @ I:n,,,. Let also B;~ =

Defyan L@ & Dy, Lny Then Eg = Eq" & By~
While ¢ does not induce a map on Ey (because it doesn’t preserve it) we may

nevertheless consider the map induced on Eot, by first restricting ¢¢ from T to
FEo" and then projecting back to Eo™.
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This Fredholm bundle map from Ey* to itself, over ,C/;i , is surjective but
clearly has a non-trivial kernel. It is the bundle

Jaoa Jaon

Td: @il,y@"'@ @En,v-

—_~—

Therefore we have an exact sequence of bundles over L., X:
(86) 0Ty — Ey™ — FEym—0

At this point we can hardly fail to introduce the gauged, linear o-model for
holomorphic maps from P! to X. We shall denote it by My(X). To deﬁne it,

simply consider loops v(z) = (y1(2), ..., vn(2)) where now, vx(2) = ZV o ak
The coefficients in such an expansion are in Cla¢ (TX)+dimX +1 and there is as
usual a T' action with an associated moment map g : Clact(TX)+dimX+l _, Rl

given by pg = (2’”1 S mgla e Sy clay* ). We then
define My(X) = pug~t(\)/T Tt parameterlzes holomorphic maps of degree k < d
from P! — X, where we use the notation x < d to signify that fn a; < fd «; for
i = 1,...,n. In contrast with the space of stable maps, degree can drop at the
limit of a family of maps. In particular M;(X) contains all X,; for K < d and thus
we find ourselves in the situation leading to equations (46) and (48). Let us then
compute eg1 (N, (x)Xa). It is clear that*:

fd «aq fd Ay
(87) est(Naryx)Xa) = [ (ax = vh)- T] (en —vh)
v=1 v=1
and that:
Sy J,an
(88) es1(Naryx)Xo) = ] (ea+vh)--- ] (on +vh)
v=1 v=1
And from equation (48) it follows that:
7‘ 1
]9 F= ek tePr/fitfypr) =
(89) dgé est (N, (x)Xo)
e(t1P1+---+tz;Dl)/h Z qd 1

T T (n vy TS (o 4+ vh)

where ¢¢ stands for ;% ... g% = elrdrtthd g5 ysual.
Finally, according to Givental’s computation of the function

_ _plng/h d 1
G=e (1+ Z q evl*(—h_wl))
dek,d#0
in [9] (Theorem (0.1), page (3) and its corollary: Example (a) page (4)) we have
that, if [,c1(TX) > 0 for all d € K and d # 0, then the function F as computed
above is indeed equal to the function G and therefore it generates the quantum
D-module.

4For more explanation on this, see the proof of proposition (4) below, where a similar calcula-
tion is done.
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We should make a comment here about how it is possible that the same answer,
for the quantum D-module, arises from the rather naive linear o-model and the
much more complicated space of stable maps. The two spaces have the same open
part and differ with respect to the compactification. According to Givental’s cal-
culation ([8], page 28), the contributions to the calculation of G for X = P" are
of two kinds. The first is exactly of the type corresponding to the linear o-model
compactification. The second kind happens to vanish ([8], lemma 9.7). In a way
then, the problem is linearized, since instead of having a summation over trees, we
end up with a summation over chains ([8], page 28). This is why, in the toric case
the linear o-model gives the correct answer.

We should also explain here, that we have taken Ny, (x)Xo above, instead of
N, My (x)Xa since we have identified X4 and Xg by the deck transformation. In any
case, using Ny, (x)Xa also gives a function that generates the quantum D-module,
since we have just changed h to —h.

We would like now to relate this discussion, to the one we had in the previous
section, using Fredholm maps, about the general situation.

In that case using spaces of stable maps and the evaluation map, we implicitly
identified all the X4. Here we do this by using the deck transformation ¢%: we have
that ¢%(X4) = Xo.

Let N = E;t|x, and N = E; " |x,. Then Ny = N @ N;. We will prove
the following:

Proposition 3. N;‘ and N are respectively, the positive and negative normal
bundles to X4 in Loo X, with respect to the action functional Hy,. An analogous
statement is true for LnX.

We postpone the proof for a bit later.
First we note that by restriction of (86) to X, we get an exact sequence:

(90) 0— Tylx, = NtTog—=NTsg—0,

where the second map is prog®.

To be explicit §% on Np™ = E(J|X0Jr =@, L1,® BD,o0 Lny = D, L1,,S
-+ @® @, Ln,, sends the section corresponding to v(z) = (y1(2),...,Vn(2)) where
k() = 3,20 @ 2" to the section corresponding to (z7Jay (), ..., 27 a0y, (2)).

Then pry is the projection.

Moreover it is clear that Ty|x, = NMd(X)XO' This statement makes sense, as

—~—

My(X) is a toric submanifold of £, X, given by the vanishing of (infinitely many)
homogeneous coordinates. To conclude, we just have to notice that X is a complete
intersection in My(X), of the divisors whose sum is Ty. Therefore we have the exact
sequence:

(91) 0— Nuyx)Xo = NTog - N5 —0

Notice finally, that in fact G¢ restricted to N, is exactly the derivative Dg¢ of
¢%, due to linearity of this map.
As promised, we have thus shown that:

Theorem 4.

(92) G = eltiprt+tip)/h Z qd
dek

1
es1(Ind(pryoDq?|x,))’
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where Ind(pryoDg?|x,) denotes the index bundle defined on Xq by the Fredholm
bundle map proDG?.

We see now, that the map w from the previous section should be interpreted as
the derivative of the deck transformation, in the direction defined by the map wu.
Moreover, for a map v : P! — X, cjd(/\/'(;r|u(0)) is the space W, in the semi-infinite
Grassmannian, from the previous section. Finally, in accordance to what we did
then, we project back to Ny |,(0)-

One way of thinking about it, is that we identify Xﬁd X4 via the deck trans-
formation but they have different normal bundles in £,,X.

A fundamental observation that comes out of the previous discussion, is that
the Fredholm bundle map between positive normal bundles, that we constructed
using the deck transformation, doesn’t map between fibers over points which are
upper and lower endpoints of the flow of the action functional in loop space. We
saw that the fiber over (aj,...,a?) in X, is mapped to the fiber over the point in
X4 corresponding to the loop (a(lszd e, a}}zfd @n). In other words there is an
identification of all the X4 and in particular all the Fy as submanifolds of Xy, via
the deck transformations. This matches perfectly with our approach in the previous
section where the Fredholm map was a self map on a Hilbert space attached to only
one marked point on the curve. To be even more explicit, it is not right to think
of the Fredholm map mapping a Hilbert space attached to one marked point, to
one attached on another marked point. That would correspond in the toric model

to considering a map v(z) = (71(2),...,7(2)) where yx(z) = Zii%k a,*z¥ and

associating to it a Fredholm map from a Hilbert space at (ad, ..., a?) in Xq to one
1 n

at (a yeeer @ ).
Sy Jyan

Let us also note that we are assuming f 20k >0 for all £ and d in the Kahler
cone in order to only have kernel in our exact sequence . Otherwise we have also
cokernel and this just means that we have obstructions in the deformation theory.
From our point of view, it is not really a complication since we just work with
the index bundle which is well defined in K-theory. This is an example, of how as
described also in the general situation, in the previous section, we may have virtual
bundles appearing.

There is a corresponding sequence involving negative normal bundles and the
map pr_og—? that gives a formula where % changes to —#. This is:

(93) 0= Ny )Xo =Ny~ = No~ — 0.

It is now time to give the proof of the proposition (3). We give the proof for
Ly X and the proof for L., X follows from taking N = oo

Recall that Ly X = puny~1(N\)/T!, where A € R! has components A = (A1,...,\).
Therefore according to (68) we have

N n N n
]. k 2 1 k 2
(94) 5 VE_N ,;_1 mikla”| =M, 5 V;_N kg_l mykla|” = A

Now the action functional Hpy can be restricted to uy ~*()\) by using the relations

(94). Once we do this, then we have the function on £xX since Hy is invariant
under the T; action. In order to look in the normal directions of X4 and using the
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description of X4 found in (79), we work as follows:

N
(95) 2HN(Y) = ) v(jatf + -+ |a?) =
v=—N

2 n|2 2 n 2
= Y vat T+ D Ve +(/da1)|a1fda1| +-'-+(/dozn)|a franl?:

V;éfd aq V#fd Qn
Now substituting (78) in (95) we find :

(96)
l l

2 n 2 n

2Hy = Z vla, A Z via, |2+ij,1dj|a1fd | +---+ij,ndj|a 1, an|2'
vE [, a1 vE [, an j=1 j=1

Rearranging this sum gives :
(97)

2 n = 2 - 2
2HyN = Z vla, | - A+ Z vla, |2+d1 Zm17k|akfd apl oo d Zml,kmkfd anl -

v# [, a1 v# [, an k=1 k=1

Now we may use (94) to obtain

!
2HN:2Zdj)\j—|— Z 1/|a1,1|2—|—---—|— Z vla," P —
i=1 v [ o vy an

- 2 - 2
=2 DL dvmuple == D dimuglant

k=lvs [, ax k=1v [, on
Rearranging the sum once more we find :
1

l l
Hy =Y didts 3 =Y dimg)la Pty S -3 dimyala?
J

J=1 u;ﬁfdal J=1 u;ﬁfdan =1
and finally
1 1
(98) HN:/w—i—— 3 (V—/a1)|aul|2+.-.+— 3 (V—/an)|ayn|2.
d 2 = d 2 = d
vE [, a1 v [, an

Notice that the fact that Z;Zl dj)\j = [,w, follows from (70) and (72). Moreover
since Hy is quadratic, computing the Hessian is immediate and the proof of the
proposition is completed.

To be able to consider these Fredholm maps we need to work with infinite dimen-
sional Hilbert spaces. The reason becomes clear if we try to consider the shifting
map on a finite dimensional vector space. For example, while the forward shifting
has only cokernel on a Hilbert space, on a finite dimensional vector space it also
has kernel which in way is "artificial”, at least from the geometric point of view.

We will see that we may get around this difficulty and work with finite dimen-
sional spaces, especially in the case of toric manifolds by using the extra information
that we have, namely the knowledge not just of the derivative of the deck transfor-
mation but the deck transformation itself. To be more precise, instead of using the
derivative of the deck transformation and the induced map on normal bundles, we
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will use the deck transformation at the level of the bundles E+d, N l.e. the bundle

of homogeneous coordinates on Ly X.
We will prove the following finite dimensional version of the theorem::

Proposition 4. Let X be a toric manifold. For every class d € Ho(X,Z), there is
an integer N(d) such that the ratio of equivariant Eiler classes,

est (EYanlx,) _ est(ETanlx)
est(Etonlx,)  esi(NTon)

remains constant for all N > N(d).

(99)

In other words this ratio of Eiiler classes stabilizes. This allows us to define the
stable ratio.

+ +
Definition 2. Define the stable ratio Ziggz:igg = esels(fNﬂlf)O) to be the common

ratio es1 (BYa nlxg) _ es1 (BT nlxg)
eg1(Eto,nlxg) eg1(Nto,n)

for all N > N(d)

Theorem 5. Let X be a smooth toric variety of Picard number 1, and assume that
for every d € K — {0} we have fd c1(Tx) > 0. Then the stable ratio is equal to
es1 (N, Xo) and therefore if we let

es1(E1g|x
(100) F — e(tipitettip) /0 géqd #ﬂ):x(g’
then
(101) Fea.
where
G =i 3 qdevl*(h%%))

is the function defined in (12) (since q; = e'?).

We start by the proof of proposition (4): The normal bundle of the subset of C"2%
whose quotient by the T" action is Xg, is trivial of course and has fiber coordinates
given by all the variables in C"?" except for (a [yans- Ay, ). The normal bundle
of Xg is the quotient of the normal bundle to the subset (afd aree oAy, ). Recall

that ik,u is the bundle over £xX associated to a,* and define
Of course Ly ,, is isomorphic to Ly ,, for all v; and v, if we don’t take into

account the S' action but they are different as S' equivariant bundles according to
(76). Now let

(102) L% = Liy|x,,
then we have that
(103) Ldlw isomorphic to Ly, for all v,

where again the isomorphism is taken in the usual sense, not the S! equivariant.
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It is now straight forward to compute the S' equivariant Eiiler class of each of
the line bundles. We have that, if

N N
(104) Etyn = @ L, oo @ Loy,
v> [, v> [, an
then
N N
(105) NFan=ETunlx, = @ LYy & & @ Ly,
v> [y v> [y an

Note now, that our calculation from equation (98) gives the following informa-
tion: since Hy is hamiltonian for the S' action, we may read off the weights of the
action. We see then that the weights are shifted exactly so that the homogeneous
coordinates of X; have weight 0.

Finally since the S* action is given by (76) and using (98) we find that

(106)  esi(Dh%n) = e1(Liw) + (v — /ak)h ot (v — /ak)h,
d d
and therefore
N—[; o N—[f;on
(107) esiNTan)= [ (@a+vh)... ] (an+vh).
v>0 v>0

As a special case it follows that

N N
(108) 651(N+07N) = H(al +vh)... H(Ozn-f—l/h).
v>0 v>0

We then compute the ratio

es (Eranlx,) _ esi(Eranlx,) _
esi(Btonlx,)  esiNton)
).

| IGO0 PO § PR G20

Hljlvzl(al + Vh) Hl/ l(an + Vﬁ) B
1

125 (ar + vh) . TTS™ (n + wh)

It follows that indeed the ratio % is independent of N as long as
) 0

N is greater than N(d) = max{[,c1,..., [;an}. This concludes the proof of
Proposition (4).

The proof of Theorem (4) follows now easily from the proof of Proposition (4).
First note that the stable ratio is
651(E+d|X0) _ 1
es1(Eolx,) Hl{d:ol‘l (a1 +vh) .. de 1" (avn + Vh)
We may now compute the function F' of (100). We find that

(109)

(110)

(111) F = etmstim)/n g g est(Balx) _

E+ B
et es1(ETolx,)
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1
_ (t1p1+~~~+tzpl)/hz d
=e€ q a a 9
T (n  vh) LTI (b

where ¢¢ stands for ¢;% ... % = ettt thd a5 ysual.
Finally, according to Givental’s computation of the function

1
G = ePlmalh(1 4 Z qdevl*(—_ C))

in [9] (Theorem (0.1), page (3) and its corollary: Example (a) page (4)) we have
that, if [, c1(TX) > 0 for all d € K and d # 0, then the function F as computed
above is indeed equal to the function G and therefore it generates the quantum
D - module. This concludes the proof of theorem (4). It may finally be useful to
consider a simple example in order to clarify things a bit more.

Example 1. Let us consider the simplest example which is the complex projective
space P™. Let w be the class dual to a hyperplane. The Kdhler cone is a half line
and is generated by w. The toric divisor classes o are also all equal to the class
dual to a hyperplane. For d in Hy(P",Z) let dy = [ d = [, c;. Let g = e. Then
the function F of (100) becomes

1
t1w/h
q1 .
le:O d1 (w + h)nJrl
We may now expand F in the basis {l,w,wQ, RNALE I

F = Z fi(etl 5 h)wl
=0

Let < a,b >= an a AN'b where a and b are cohomology classes in P™. Clearly we
have f; =< F,w"~% > Moreover notice that < a,b >= Resoab%, Therefore

wh— ietlw/h dw
= Resg Q1 .
dlzo lcfl . ( + Vh)n+1 wntl
The easiest one to compute is fo :
t1w/h dw

fole',h) = Reso Z a®

(w + Vh)n+1 wn+1 :

dl 0
Therefore
0 tldl
‘ B e
fo(e 17h) - Z hd1(n+l)(d1!)n+1'
dl_O

The function fq is annihilated by the differential operator R(h o 9 el h) = (ha%l)”“—
etr. The quantum D - module of P" is the Heisenberg algebra modulo the ideal
generated by R. Finally the corresponding relation in the quantum ring of P™ is
R(p,q,0) = 0i.e., p" Tt = q. Indeed, the quantum cohomology of P™ is C[p, q]/(p"+! =
q) where p"*1 is computed by the quantum multiplication and p is the class of the
hyperplane. For a computation of the quantum cohomology in terms of the space of
stable maps see for example [8]. Notice also that the rest of the f; are also annihi-
lated by R. In fact we get a complete basis of solutions of the equation R = 0.
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