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Abstract

We prove that a valuation domain V has Krull dimension < 1 if and only if for every finitely
generated ideal I of V[Xy,...,X,], fixing the lexicographic order as monomial order, the ideal
generated by the leading terms of the elements of I is also finitely generated. This proves the
Grobner ring conjecture. The proof we give is both simple and constructive. The same result
is valid for Priifer domains. As a “scoop”, contrary to the common idea that Grobner bases
can be computed exclusively on Noetherian ground, we prove that computing Grobner bases over
R[X1,...,X,], where R is a Priifer domain, has nothing to do with Noetherianity, it is only related
to the fact that the Krull dimension of R is < 1 opening the doors to a wider class of rings over
which Grébner bases can be computed (the class of Priifer domains of Krull dimension < 1 instead
of that of Dedekind domains).
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Introduction

Recall that according to [12] a ring R is said to be Grébner if for every n € N and every finitely gen-
erated ideal I of R[X1,..., X,], fixing a monomial order on R[X}, ..., X,], the ideal LT(I) generated
by the leading terms of the elements of I is finitely generated. The Grébner ring conjecture [6, 12]
says that a valuation ring is Grobner if and only if its Krull dimension is < 1.

We prove (Theorem 2) that a valuation domain V satisfies the property “for any finitely generated
ideal I of V[X7y,...,X,], fixing the lexicographic order as monomial order, the ideal LT(I) is finitely
generated” if and only if its Krull dimension is < 1. This proves the Grobner ring conjecture (at least
for the lexicographic monomial order), and also gives the first example of a class of non-Noetherian
rings satisfying the property above. The proof we give is both simple and constructive. The same
result is valid for Priifer domains (Corollary 3).

As a “scoop”, contrary to the common idea that Grobner bases can be computed exclusively on
Noetherian ground, we prove that computing Grobner bases over R[X7, ..., X,,|, where R is a Priifer
domain, has nothing to do with Noetherianity, it is only related to the fact that the Krull dimension
of R is < 1 opening the doors to a wider class of rings over which Grobner bases can be computed
(the class of Priifer domains of Krull dimension < 1 instead of that of Dedekind domains).

It is worth pointing out that a solution to the Grobner ring conjecture in case of one variable was
obtained in [11].
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2 The Grobner Ring Conjecture

1 The Grobner Ring Conjecture

Recall that a ring R has Krull dimension < 1 if and only if
Va,be R, IneN, Jz,yecR | a"(b"(1+ zb) +ya) =0. (1)

This is a constructive substitute for the classical abstract definition [2, 3, 7, 9]. For a valuation domain,
it is easy to see that (1) amounts to the fact that the valuation group is archimedean.

Recall that a valuation domain V has Krull dimension < 1 if and only if V(X) (where for a ring
R, R(X) denotes the localization of R[X] at monic polynomials) is a Bezout domain (see [9] for a
constructive proof).

For any ring R, one can define by induction the ring
R(Xy,...,X,) = (R(X1,..., X01)){Xp).

It is in fact the localization of the multivariate polynomial ring R[X7, ..., X,,] at the monoid

Sp={peR[Xy,...,X,] | LC(p) =1},
where LC(p) denotes the leading coefficient of p with respect to the lexicographic order on monomials
with X7 < Xo < --- < X,,.
As mentioned above, if V is a valuation domain with dimension < 1, then V(Xj,...,X,,) is a
Bezout domain with Krull dimension < 1.

The following lemma is immediate.

Lemma 1 Let A be a ring. A term aX* (where a € A and k € N) belongs to an ideal of A[X] of the
form (byX*x: X € A), where by € A and ky € N, if and only if a € (by; kx < k).

The following is the main result of this paper.

Theorem 2 For a valuation domain 'V, fixing the lexicographic order as monomial order, the following
assertions are equivalent:

1. For any finitely generated ideal I of V[X1, ..., X,], the leading terms ideal LT (I) is also finitely
generated.

2. If J is a finitely generated ideal of V[X1,...,X,], then JN'V is a principal ideal of V.
3. dimV < 1.

Proof. The implications “I. = 2. = 3.” are proved in [6] (see the proof of Theorem 11).

“3. = 1.” We proceed by induction on n. The result is obviously true for n = 0. Let I be a finitely
generated nonzero ideal of V[Xy,..., X,,], say I = (f1,..., fs). Denoting by K the quotient field of
V and setting A := ged(fi,..., fs) in K[X1,...,X,], we have I = (f1,...,fs) = (Ah1,...,Ahy)
for some coprime polynomials hy,...,hs € K[X7,...,X,]. Replacing I by aI for an appropriate
a € V\{0}, we may suppose that A, hy,...,hs € V[X1,..., X,]. As V is a valuation domain, there is
one coefficient a of one of the h;’s which divides all the others. Thus, one can write I = a A (g1, ..., gs)
where A, g1,...,9s € V[Xq,..., X, ged(g1,...,95) =1 in K[X4,..., X,,] and at least one of the g;’s
is primitive. In particular, it follows that ged(g1,...,g9s) = 1in V[Xq,..., X,]. As V(X1,...,X,,) is
a Bezout domain, denoting by J = (g1,...,gs), we infer that

JN S, #0.

Since proving that LT([) is finitely generated amounts to proving that LT(J) is finitely generated,
one may suppose that I NS, # (. Moreover, by a change of variables “a la Nagata”, we can suppose
that I contains a monic polynomial at the variable X,,.
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From now on, denoting by A = V[Xj,..., X,,_1], the leading terms of polynomials in V[X1,..., X,)]
will be denoted using “LT” when considered as multivariate polynomials at the variables Xi,..., X,
and using “L” when considered as univariate polynomials at the variable X,, (i.e., in A[X,]). By
virtue of Theorem 3 of [11] and its proof, with A as above and X = X,,, (A being coherent [5], see
[1, 10] for a constructive proof), we have

L(I) = <Cl(X1,. . .,Xn_l)Xgl, N ,Cg(Xl, N ,Xn_l)Xge,Xgl%

for some a; < -+ < ay < m in N and ¢; € A. One can rewrite {aq,...ap} = {f1,...0,} with
B1 << B Forl1<j<r, weset

J; =LT({c; | ai <55)).

Now, for f € I, let us denote by LT(f) =uX{" - X" ' X" and L(f) = (--- +u X{* - X)"7") Xm
with w € V. If ,, > m, then LT(f) € (X]]*). Otherwise, as

LT(f) = LT(L(f)),

then by writing L(f) as an element of (c; X%, ..., ¢, X%, X") and using Lemma 1, one easily obtains
that

L(f) € 31. (XYY v oo v T3 (XPr,

Thus,
LT(I) =31 (XY o 4 3, (X5 (X,

By the induction hypothesis, all the J;’s are finitely generated and thus so is LT(]).
O

Corollary 3 For a Priifer domain A, fizing the lexicographic order as monomial order, the following
assertions are equivalent:

1. For any finitely generated ideal I of A[X1,...,X,], the leading terms ideal LT (I) is also finitely
generated.

2. If J is a finitely generated ideal of A[X1,...,X,], then JN A is finitely generated.

3. dimA <1.

Proof. The implications “1. = 2. = 3.” are as in [6].

“3. = 1.” Follow the proof previously given for valuation domains applying the general dynamical
technique as in [4, 6, 8, 9]. O

Remark 4 Over a valuation domain V (resp., a Priifer domain A) of Krull dimension < 1, given
an ideal I of V[X7,..., X,] (resp., of A[X1,...,X,]), and fixing the lexicographic order as monomial
order, LT(I) can be computed by computing a Grobner basis (resp., a dynamical Grébner basis) for
I as explained in [6, 12] but of course there will be no need of noetherianity to ensure the termination
of the generalized version (resp., the dynamical version of the generalized version) of Buchberger’s
algorithm, as it is ensured by the the fact that the Krull dimension is < 1. Here, it is worth pointing
out that the algorithm given in [12] which generalizes Buchberger’s algorithm to Noetherian valuation
rings contains a bug which is now corrected in a corrigendum [13] to this paper.



4 The Grobner Ring Conjecture
References

[1] S. Chakroun, A. Valibouze, I. Yengui, An algorithm for computing syzygies over V[X1,...,Xx], V a
valuation domain, in preparation.

[2] T. Coquand, H. Lombardi, Hidden constructions in abstract algebra (3) Krull dimension of distributive
lattices and commutative rings, in: Commutative ring theory and applications. Eds: M. Fontana, S.-
E. Kabbaj, S. Wiegand. Lecture notes in pure and applied mathematics vol 231. M. Dekker. (2002),
477-499.

[3] T. Coquand T, H. Lombardi, M.-F. Roy, An elementary charaterization of Krull dimension, From sets
and types to analysis and topology: towards practicable foundations for constructive mathematics (L.
Corsilla, P. Schuster, eds), Oxford University Press, (2005).

[4] A. Ellouz, H. Lombardi, I. Yengui, A constructive comparison between the rings R(X) and R(X) and
application to the Lequain-Simis induction theorem, J. Algebra, 320 (2008), 521-533.

[5] S. Glaz, Commutative Coherent Rings, Lectures Notes in Math., vol. 1371, Springer Verlag, Berlin-
Heidelberg-New York, second edition (1990).

[6] A.Hadj Kacem, I. Yengui, Dynamical Grébner bases over Dedekind rings, J. Algebra, 324 (2010), 12-24.

[7) H. Lombardi, Dimension de Krull, Nullstellensdtze et Evaluation dynamique, Math. Zeitschrift, 242
(2002), 23-46.

[8] H. Lombardi, C. Quitté, Constructions cachées en algébre abstraite (2) Le principe local global. in:
Commutative ring theory and applications. Eds: Fontana M., Kabbaj S.-E., Wiegand S. Lecture notes
in pure and applied mathematics vol 231. M. Dekker. (2002) 461-476.

[9] H. Lombardi, C. Quitté, I. Yengui, Hidden constructions in abstract algebra (6) The theorem of Maroscia,
Brewer and Costa, J. Pure and Applied Algebra, 212 (2008), 1575-1582.

[10] H. Lombardi, C. Quitté, I. Yengui, Un algorithme pour le calcul des syzygies sur V[X] dans le cas ot V
est un domaine de valuation, Preprint 2010.

[11] H. Lombardi, P. Schuster, I. Yengui, The Grobner ring conjecture in one variable, Math. Zeitschrift.
DOI: 10.1007/s00209-011-0847-1.

[12] I. Yengui, Dynamical Grébner bases, J. Algebra, 301 (2006), 447-458.

[13] I. Yengui, Corrigendum to “Dynamical Grobner bases” [J. Algebra 301 (2) (2006) 447-458] & to “Dy-

namical Grobner bases over Dedekind rings” [J. Algebra 324 (1) (2010) 12-24], J. Algebra, in press.



