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A DENSITY OF RAMIFIED PRIMES

STEPHANIE CHAN, CHRISTINE MCMEEKIN, AND DJORDJO MILOVIC

ABSTRACT. Let K be a cyclic totally real number field of odd degree over
Q with odd class number, such that every totally positive unit is the square
of a unit, and such that 2 is inert in K/Q. We define a family of number
fields {K(p)}p, depending on K and indexed by the rational primes p that
split completely in K/Q, such that p is always ramified in K(p) of degree 2.
Conditional on a standard conjecture on short character sums, the density of
such rational primes p that exhibit one of two possible ramified factorizations
in K(p)/Q is strictly between 0 and 1 and is given explicitly as a formula in
terms of [K : Q]. Our results are unconditional in the cubic case. Our proof
relies on a detailed study of the joint distribution of spins of prime ideals.
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Given a number field, let O, Cl, and CIT denote its ring of integers, its class
group, and its narrow class group, respectively. We will prove certain density

theorems for number fields K satisfying the following five properties:
(P1) K/Q is Galois, K is totally real, and C1* = CI;
(P2) the class number h = |Cl] of K is odd,;
(P3) the degree n of K/Q is odd;
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(P4) the Galois group Gal(K/Q) is cyclic; and
(P5) the prime 2 is inert in K/Q.

Recall that CIT is the quotient of the group of invertible fractional ideals of K
by the subgroup of principal fractional ideals that can be generated by a totally
positive element; in other words, C17 is the ray class group of conductor equal to
the product of all real places. If a € K is totally positive, i.e., if o(a) > 0 for
all real embeddings ¢ : K — R, we will sometimes write a > 0. If K is totally
real, then C1™ = Cl if and only if every totally positive unit in O is a square; see
Lemma 2.1. Hence, property (P1) can be restated as

(P1) K/Qis Galois, K is totally real, and OF :={uec O* :u > 0} = (0*)?.

Number fields satisfying properties (P1) and (P4) were studied by Friedlander,
Iwaniec, Mazur, and Rubin [FIMR13]. More precisely, Friedlander et al. proved that
if o is a (fixed) generator of Gal(K/Q), then the density of principal prime ideals
7O that split in the quadratic extension K(1/o(7))/K is equal to 1/2. Koymans
and Milovic [KM] extended the results of Friedlander et al. in two different aspects.
First, the number field K now needs to satisfy only property (P1), i.e., K/Q need
not be cyclic; second, density theorems about the splitting behavior of principal
prime ideals are proved for multi-quadratic extensions of the form K({y/o(m) :
o € S})/K, where S is a fixed subset of Gal(K/Q) with the property that o & S
whenever 071 € S.

Our main goal is to further extend these results to a certain setting where S =
Gal(K/Q)\{1}; in this setting, we in fact have o € S whenever 0! € S, and so our
work features a new interplay of the Chebotarev Density Theorem and the method
of sums of type I and type II. In particular, the densities appearing in our main
theorems are of greater complexity than those appearing in [FIMR13] or [KM].

Another innovation in our work is that by assuming property (P2), we are now
also able to study the splitting behavior of all prime ideals, and not only those
that are principal. While our generalization of “spin” to non-principal ideals may
appear innocuous (see Definition 3.1), it is of note that it still encodes the relevant
splitting information as well as that the study of its oscillations requires new ideas,
carried out in Section 6.

Let K be a number field satisfying properties (P1) and (P2), and let p be a
rational prime that splits completely in K/Q. We will now define an extension
K (p)/Q where p ramifies; this extension was first studied by McMeekin [McM18].
Let p be an unramified prime ideal of degree one in O. Let R,° denote the maximal
abelian extension of K unramified at all finite primes other than p; in other words,
Ry° is the ray class field of K of conductor poo, where oo denotes the product of
all real places of K. There is a unique subfield K(p) C Ry° of degree 2 over K; see
Lemma 2.2. Finally, we define K(p) to be the compositum of K(p) over all primes
p lying above p, i.e.,

K(p) = [ K ).

plp

As K(p)/Q is Galois, the residue field degree fr () /0(p) of p in K(p)/Q is well-
defined. Our goal is to study the distribution of fx(,)/q(p) as p varies. Note that
because p splits completely in K/Q, fx(,)/0(p) is equal to the residue field degree
Tk@)/x(P) of p in K(p)/Q for any prime p of K lying above p.
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To state our main results, we now introduce the relevant notions of density. For
sets of primes A C B, we define the restricted density of A (restricted to B) to be

where Aly :={p € A:N(p) < N} and B|y is defined similarly. When IT consists
of all but finitely many primes, then d(A) := d(A|II) is the usual natural density
of A.

Let 9& denote the set of rational primes co-prime to 2. For a fixed sign, 4, we
define the following sets of rational primes.

S = {pe 2§ : psplits completely in K/Q},
Sy ={peS:p==+1mod4Z},
F o ={peS: frpyl) =1}

Fy =5.NF.

Our main results are conditional on the following conjecture, a slight variant of
which appears in both [FIMR13] and [KM]. In the following conjecture, the real
number n € (0, 1] plays the role of 1/n from [FIMR13, Conjecture C,,, p. 738-739]

Conjecture C,. [FIMRI13] Let n be a real number satisfying 0 < n < 1. Then
there exists a real number § = 6(n) > 0 such that for all € > 0 there exists a real
number C = C(n,€) > 0 such that for all integers Q > 3, all real non-principal
characters x of conductor ¢ < @Q, all integers N < Q", and all integers M , we have

Y xl@)| <ot

M<a<M+N

We note that Conjecture C;, is known for n > 1/4, as a consequence of the
classical Burgess’s inequality [Bur63], and remains open for n < 1/4. Moreover, for
sums as above starting at M = 0, Conjecture C,, (for any n) is a consequence of
the Grand Riemann Hypothesis for the L-function L(s,x). We are now ready to
state our main results.

Theorem 1.1. Let K be a number field satisfying conditions (P1) — (P5). Assume
Conjecture Cy, holds for n = ﬁ For k # 1 dividing n let dy, be the order of 2

in (Z/kZ)*. Then for a fized sign +,

AFL]Ss) = s, and d(FIS) = S0
where
s+=1+H2%kk) I1 2 -1,
Y oy
k#1 i)
and

(k) [
so= [ @*2+n'a T @ -1,

k|n k|n
dy, even dj, odd
k#1 k#1
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where ¢ denotes the Euler’s totient function. In particular, when n is prime, writing
d= dn;
@+a%%@%i—m,@d—n%%) if d is odd,
(1, (28 + l)nT_l) if d is even.

The density d(F|S) is determined by the product of densities d(F|R) and d(R)|S)
where R is the set of primes satisfying a certain Hilbert symbol condition. Toward
computing the density d(R|S), the terms sy arise from counting the number of
solutions to this Hilbert symbol condition over (O/4)*/((0/4)*)%.

(S+, 87) =

TABLE 1. Densities from Theorem 1.1, computed for K of degree
n satisfying the necessary hypotheses.

n | d(Fy|Sy) | d(F-|S-) | d(F|S)
3 1/8 3/8 1/4

5 1/64 5/64 3/64

7| 15/512 7/512 11/512
9 | 1/4096 27/4096 7/2048
11| 1/32768 | 33/32768 | 17/32768
13| 1/262144 | 65/262144 | 33/262144
15 | 1/2097152 | 375/2097152 | 47/262144

In the cubic case, we have the following unconditional theorem.

Theorem 1.2. Let K/Q be a cubic cyclic number field and odd class number in
which 2 is inert. Then

1
a(FIs) = 7.
1 3
d(F+|S+) = g, and d(Ff‘Sf) = g

For our main results, we have assumed that K satisfies properties (P1)-(P5).
To start, we need properties (P1) and (P2) to define the extensions K(p)/K for
primes p that split completely in K/Q. Coincidentally, as mentioned above, prop-
erty (P2) also allows us to study the splitting behavior of all (not necessarily prin-
cipal) prime ideals. Property (P3) ensures that Gal(K/Q) contains no involutions.
While methods to deal with involutions do exist (see [FIMR13, Section 12, p. 745]),
incorporating them into our arguments is nontrivial and may pose interesting new
challenges in our analytic arguments. Properties (P4) and (P5) simplify our com-
binatorial arguments and allow us to give explicit density formulas. Removing the
assumptions of properties (P4) and (P5) would pose new combinatorial challenges.

To end this section, we give some examples of number fields satisfying (P1)-
(P5) so as to convince the reader that our theorems are not vacuous. First, many
such fields can be found within the parametric families given by Friedlander et
al. in [FIMR13, p. 712] and originally due to Shanks [Sha74] and Lehmer [Leh88],
namely

{Q(am) = meZp and {Q(Bm): m € Z}
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where o, and (3, are roots of the polynomials
fn(x) = 2% + ma?® + (m — 3)x — 1.
and
gm(z) = 2° + m2z* — 2(m3 + 3m? + 5m + 5)23
+ (m* + 5m3 + 11m? 4 15m + 5)x? + (m> + 4m? + 10m + 10)x + 1,

respectively. While Q(«,,) and Q(8,,) always satisfy properties (P1), (P3), and
(P4), for small m one can check for properties (P2) and (P5) using Sage or another
similar mathematical software package. For instance, if 87 is any root of

g7(x) = 2° + 492* — 10602 + 476522 + 619z + 1,

then Q(f7) is a totally real cyclic degree-5 number field of class number 1451 where
2 stays inert. We also note that one can use the law of cubic reciprocity to show
that the fields Q(«,,) always satisfy property (P5).

More generally, we can look for special subfields of cyclotomic fields. Let m
be a prime number and (,, a primitive m-th root of unity, so that Q(¢,)/Q is a
cyclic extension of degree ¢(m), and suppose that n is an odd integer such that
©(m) = 0 mod 2n. For instance, we can take n to be a Sophie Germain prime and
then take m = 2n+1 to also be a prime. Suppose also that 2 is inert in Q({,), i-e.,
that 2 is a primitive root modulo m. We then define K to be the unique subfield
of Q(Cm + ¢1) of degree n over Q; K readily satisfies properties (P3)-(P5), while
for small n the property that CIT = Cl and property (P2) can be checked using
Sage. For instance, the unique degree-5 subfield of Q((191) has class number 11; it
is isomorphic to Q(S82) with 82 a root of the polynomial g, as above.

2. Two FAMILIES OF NUMBER FIELDS

We say a modulus m is narrow whenever it is divisible by all real infinite places.
We say a modulus is wide whenever it is not divisible by any infinite place. We
say a ray class group or ray class field is narrow or wide whenever its conductor is
narrow or wide respectively.

For m an ideal of O, let Cl;f1 denote the narrow ray class group of conductor
m. That is, Cl;"1 is the ray class group with conductor divisible by all real infinite
places with finite part m.

The following lemma gives several equivalent formulations of property (P1).

Lemma 2.1. Let K be a totally real number field. The following are equivalent.
(1) CIt = ClL.
(2) 0 = (0%)".
(3) Ewvery principal ideal has a totally positive generator.
(4) All signatures are represented by units.

Proof. Since K is totally real, O* /(0*)? = (Z/2)". Let K} :={a € K* : a > 0}.
Using the narrow modulus with finite part 1, by Theorem V.1.7 [Mil13], there is an
exact sequence,

1—0%/0F - K*/KY - ClIt - Cl—1

and a canonical isomorphism K* /KX = (Z/2)". Therefore O* /O = 0% /(O*)?
if and only if CIT = Cl. This proves that (1) is equivalent to (2). That (3) is
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equivalent to (1) follows from the definitions of the narrow and wide Hilbert class
fields.

Two units are equivalent in O* /O exactly when they share the same signature.
There are 2" signatures. Noting that (0*)? C OF and O*/(0*)? = (Z/2)", it
is therefore the case that (0*)? and O coincide exactly when all signatures are
represented by units. ([

Lemma 2.2. Let K be a number field satisfying properties (P1) and (P2). In other
words, suppose K is a totally real number field, Galois over Q, such that the class
number h is odd and O = (O*)?. Let p be an odd prime of K. Then the narrow
ray class field over K of conductor p has a unique subextension that is quadratic
over K.

Proof. Let Clg denote the narrow ray class group over K of conductor p. We first
show that Cll;|r has even order. We then show that the 2-part of Cl;' is cyclic.
Let h, denote the order of Clg. Let

Kyq:={aec K* :ordp(a—1) > 1, > 0},
O:,l = KPJ N OX.
Let n:=[K : Q]. By [Mill3, V.1.7], since K is totally real,

L2~ Dh
p— X . X :
(0% :0)
Since K is totally real and O = (0*)?,
(0% :0)) = (0% O)(0F : 0F ) =2"((0%)* : OF).
Therefore

_ _(p) —Dh
T (09)2:0F)

Consider the injection ((’)X)z/(ﬂ‘f’1 <~ (O/p)” coming from the canonical isomor-

2
phism in [Mill13, V.1.7]. The image is contained in ((O/p)x> so ((0%)?: 1)
divides (91(p) — 1)/2. Therefore hy, is even.

Now we show the 2-part of Cl;r is cyclic. Let L denote the maximal 2-extension
of the narrow ray class field over K of conductor p. Let E denote the inertia group
for p relative to the extension L/K and let Lg denote the fixed field of E. Since p
is odd, p is tamely ramified in L/K, so by [Mil08, 7.59], E is cyclic.

By Lemma 2.1, since OF = (0*)? and h is odd, ClI" also has odd degree over
K. Therefore there is no non-trivial even extension of K in which all finite primes
are unramified. All finite primes of K are unramified in Lg and [Lg : K] divides
[L : K]. Then since [L : K] is a power of 2, [Lg : K] =1 so E = Gal(L/Q).

O

We may now define the multi-quadratic extension K (p)/K as in Section 1.

Definition 2.3. Let K be a number field satisfying properties (P1) and (P2).
Given a prime p that splits completely in K/Q and a prime ideal p C O lying
above p, let K(p) denote the unique quadratic subextension of the narrow ray class

field over K of conductor p.
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Furthermore, let K(p) denote the compositum of the fields K(p°) as o ranges
over Gal(K/Q).

We note that while each of the fields K(p?) need not be Galois over Q, their
compositum K(p) certainly is. Hence the residue field degree of p in K(p)/Q is
well-defined, and we denote it by fx ) /0(P)-

For each number field K satisfying property (P1), we now define another family
of number fields parametrized by prime numbers p. In the following, we will use
the fact that for such K, a principal ideal always has a totally positive generator;
see Lemma 2.1.

Definition 2.4. Let K be a number field satisfying property (P1). Given a rational
prime p, a prime ideal p C O lying above p, and a totally positive generator o of
the principal ideal p", we define

K. (p) == K(Va).

Define K1 (p) to be the compositum of the number fields K1 (p°) as o ranges over
Gal(K/Q).

We note that property (P1), i.e., that O = (O*)?, implies that K (p) does
not depend on the choice of totally positive generator a. We also note, once again,
that although K (p)/Q is Galois, each of the extensions K (p?)/Q need not be.
As K (p)/Q is Galois, the ramification index and residue field degree of p, which
we denote by ek (p)/0(p) and fx, (»),0(p), respectively, are well-defined.

Now suppose that K satisfies property (P2), i.e., that h is odd, and that p splits
completely in K/Q. Then there are n distinct primes in K lying above p, and they
are of the form p?, where p is one such prime and o ranges over Gal(K/Q). Since h
is odd, each of the extensions K (p?)/K is a non-trivial quadratic extension whose
discriminant is divisible by a prime, p?, that does not divide the discriminant of
any of the other n — 1 quadratic extensions. Thus, the degree of K (p)/Q is n2™.

The following lemma describes how p can factor in K (p).

Lemma 2.5. Let K be a number field satisfying properties (P1) and (P2), let p be
a prime that splits completely in K/Q, and let K (p) be as in Definition 2.4. Then

(1) ek, m/alp) =2
(2) fK+(P)/@(p) € {1a2}

Proof. Let e = ek (py/0(p), let f = fk.(p)/o(p), and let g denote the number of
distinct primes lying above p in K (p). Then n2"™ = efg since K (p)/Q is Galois
of degree n2".

Because each prime p of K above p is ramified in Ky (p) with ramification in-
dex 2, and is unramified in K (p°) for all non-trivial ¢ € Gal(K/Q), the overall
ramification index of p in K4 (p)/Q is 2.

Finally, the residue field Z/p is cyclic and injects into O () /9. Therefore f | 2
because there are no cyclic subextensions of K (p)/K of degree greater than 2, and
p is assumed to split completely in K/Q. O

We will see in Corollary 3.7 that the residue field degrees of p in K(p)/Q and
in K4 (p)/Q are equal, and that the possible factorizations of p in K(p)/Q are the
same as in K (p)/Q. Hence, to prove Theorem 1.1, we will prove the analogous
results for the family of extensions K (p)/Q.
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3. THE SPIN OF PRIME IDEALS

Throughout this section, we will assume that K is a number field satisfying
properties (P1) and (P2), i.e., that K is a totally real Galois number field such that
0f = ((’)><)2 and such that the class number h of K is odd. We give the following
definition of spin, which extends the definition of spin from [FIMR13] in a natural
way so that it applies to all odd ideals (not necessary principal).

Definition 3.1. Let o € Gal(K/Q) be non-trivial. Given an odd ideal a, we define
the spin of a (with respect to o) to be
‘ e’
spin(a, o) = (cT‘T) ,
where o is any totally positive generator of the principal ideal a”, and where (—)
denotes the quadratic residue symbol in K.

The assumption O = ((’)X)2 is important for two reasons. First, part (3) of
Lemma 2.1 ensures that the principal ideal a” has a generator o that is totally
positive. Second, any two totally positive generators of a” differ by a square, so
the value of the quadratic residue symbol defining the spin does not depend on the
choice of totally positive generator a.

If a is an odd principal ideal and ay is a totally positive generator of a, then o}
is a totally positive generator for a”. As h is odd, we have

()= ()

so our definition coincides with that of Friedlander et al. in [FIMR13] for odd
principal ideals a.

3.1. Known Results. The main result in [FIMR13] can be stated as follows.

Theorem 3.2. [FIMR13] Suppose K is a number field satisfying properties (P1)
and (P4). Suppose n = [K : Q] > 3. Assume Conjecture C, holds for n = 1/n with
d =d(n) > 0. Let o be a generator of the Galois group Gal(K/Q). Then for all
real numbers x > 3, we have

Z spin(p, )| < x1 70t

p principal
prime ideal
N(p)<z

where 6 = 6(n) =

m. Here the implied constant depends only on € and K.

Friedlander et al. also proved an analogous result for the case when the sum-
mation is restricted to principal prime ideals p with totally positive generators
satisfying a suitable congruence condition.

By Burgess’s inequality, Conjecture C,, holds for n = 1/3 with ¢ = 4%;’ so Theo-
rem 3.2 holds unconditionally for [K : Q] = 3 where 6 = 5i=.

In [FIMR13, Section 11], Friedlander et al. pose some questions about the joint
distribution of spin(p, o) and spin(p, T) as p varies over prime ideals, where o and
T are two distinct generators of the cyclic group Gal(K/Q). In [KM], Koymans
and Milovic prove that such spins are distributed independently if n > 5, i.e., that
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the product spin(p, o) spin(p, 7) oscillates similarly as in Theorem 3.2. In fact, they
prove that the product of spins

H spin(p, o)

oc€eS

oscillates as long as the fixed non-empty subset .S of Gal(K/Q) satisfies the property
that o & S whenever 0~! € S. Moreover, their result holds for number fields K
satisfying property (P1) and having arbitrary Galois groups, i.e., not necessarily
satisfying property (P4).

The assumption in [KM] that o ¢ S whenever 0! € S is made because spin(p, o)
and spin(p, o~ 1) are not independent in the following sense. For a place v of K, let
K, denote the completion of K at v. For a,b € K coprime to v, the Hilbert Symbol
(a,b), is defined to be 1 if the equation az? + by? = 22 has a solution z,y, z € K,
with at least one of x, y, or z nonzero and —1 otherwise.

Proposition 3.3. [FIMR15] Suppose K is a number field satisfying properties
(P1) and (P4). Suppose p C O is a prime ideal and o € Gal(K/Q) is an automor-
phism such that p and p° are relatively prime. Then

spin(p, @) spin(p,o~!) = (@, a%)..

v|2

where o is a totally positive generator of p™ and the product is taken over places v
dividing 2.

Proof. This is essentially Lemma 11.1 in [FIMR13]. The proof uses the fact that

H(a,of’)v =1.

v

Since a > 0, (o, %), =1 for all infinite places v.
Consider v, a finite place not equal to p, p and not dividing 2. Since v # p, p°,
a and o are nonzero modulo v. Consider the equation

a’z? =1 — ay® mod v.

The right hand side and the left hand side each take on (M(v) + 1)/2 values, so
there is a solution by the pigeon hole principle.
It can not be the case that both x and y are 0. Suppose x Z 0 mod v. Since
v is prime to 2 and xz # 0, Hensel’s Lemma implies there exists a solution in the
completion at v. Therefore (o, %), = 1. If y is nonzero, a similar argument works.
Since a and a are relatively prime, (o, a?), = spin(p,0~!) and (a,a%)ps =
spin(p, o). Then since [[, (a, %), = 1, we are done.
O

In this paper, we study the joint distribution of multiple spins spin(p, o), o € S,
in a setting where there are in fact many o € S such that =1 € S as well. From the
discussion above, we see that this might involve combining the work of Koymans
and Milovic with the study of the products spin(p, o) spin(p, o) for various o.

3.2. Factorization and Spin. The spin of prime ideals is related to the splitting
behavior of p in both K (p) and K (p) as we will see in Proposition 3.6 and Corollary
3.7.
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Let R/, denote the narrow ray class field over K of conductor m. Let p be an
odd prime of K. Recall from Definition 2.3 that Lemma 2.2 gives the existence of
a unique quadratic subextension of R;r /K, denoted by K(p).

Proposition 3.4. Suppose K is a number field satisfying properties (P1) and (P2).
Let p C O be an odd prime ideal. Let o € O be a totally positive generator of p".
Then

K(p) = K(Vua)
for some unit u € O well-defined modulo (O*)2?. We denote the unit class of u
by ug(p) € 0% /(O*)2. Furthermore, ug(p°) = ug(p)° for any o € Gal(K/Q).

Proof. By [Koc00, 3.10.3,3.10.4], K(p) = K(v) for some v € O with minimal
polynomial over K Eisenstein at p. If f,(z) = 2 + c1z + ¢y € K|[z] is the minimal
polynomial of v over K, we could take v := 2y 4+ ¢; € K(p) and the minimal
polynomial of 4/ is 2% — (¢? — 4cp), which is also Eisenstein at p since p is odd.
Therefore we can assume the minimal polynomial of « over K takes the form
f+(z) = 2? — ¢ for some ¢ € O where f,(x) is Eisenstein at p.

If (¢) had a prime factor ¢ # p with odd multiplicity, then K(p) would be
ramified at q, which is impossible as K(p) C R;. Therefore (c) = pI* for some
ideal I C O coprime to p. Let b € O be a generator of I". Let a € O be a totally
positive generator of p”, which exists by Lemma 2.1. Raising to the power of h
gives (c)" = (a)(b)?. Since h is odd, we can write

, (h=1)/2\?
(1) ua =c ( 5 )

for some unit u € @*. Therefore

K(Vua) = K(Ve) = K(y) = K(p).
As K(p) C R;‘, we note that uo is a square in R;F.
If ua and va are both squares in Ry for u,v € O, then K(y/ua) and K (y/va)
are both contained in Ry . By Lemma 2.2, this implies K (y/ua) = K (y/va). Then

we can write

\/@:7"1 +’l"2\/w

for some r1,r € K. Then ua = r% + 2r 7o/ v + var% so one of r; or ro must be
0. Since ua generates a prime to an odd power, ua cannot be a square in K so
ro # 0. Then r; = 0 so ua = vars. Therefore ry is a unit and u and v represent
the same class in O* /(0*)2.

It remains to prove that ux (p?) = ug (p)? for any o € Gal(K/Q). Let p, ¢, and
« be as above, and let © be a unit in the class ug (p). It suffices to show that u? is
in the class ux (p”). Note that a is a totally positive generator of (p?)". Hence it
suffices to show that K(p?) = K(v/u’a’).

Now observe that since x? — ¢ is Eisenstein at p, 2 — ¢ is Eisenstein at p°.
Hence

K(p?) = K(Ve7) = K(V/ (ua)?),
by (1), as desired. O

Lemma 3.5. Suppose K is a number field satisfying properties (P1), (P2), and
(P5). Suppose a and b are distinct odd primes of K, and suppose « and (B are
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totally positive generators of a and b", respectively, such that 2 is unramified in

K(v/B)/K. Then
G- ().

where (-/-) denotes the quadratic residue symbol in K.

Proof. Since h is odd and b and a are coprime, we have

g ()= ("= ()= (2).

Similarly,

(-6 ()-0)

By the law of quadratic reciprocity for K [Neu99, Theorem VI.8.3, p. 415], we have

(5)-(2) e

v|200

where (-, ), is the Hilbert symbol on K and the product above is over all places v
lying above 2 and infinity.

For each infinite place v, we have (a, 8), = 1 since « is totally positive (and thus
also positive in the embedding of K into R corresponding to v).

By assumption, 2 is inert in K/Q, and we now prove that («,3), = 1 for the
place v lying above 2 as well. K,(v/B)/K, is unramified since 2 is unramified
in K(v/B)/K by assumption. If 2 splits in K,(v/B)/K,, i.e., if K,(vB)/K, is a
trivial extension, then § is a square in K, which means that az? + Sy* = 22 has
a nontrivial solution over K, with x = 0 and y = 1. Otherwise, if 2 is inert in
K,(v/B)/K,, then [Neu99, Corollary V.1.2, p. 319] implies that « is a norm from
K,(v/B) to K,. The corresponding norm equation gives a nontrivial solution of
ax?+ By? = 22 over K, with z = 1. In either case, we have shown that (a, 3), = 1

for the place v lying above 2.

We thus deduce that

B\ [«
(2)-(3):

which in combination with (3) and (2) yields the desired result. O

Given a rational prime p, fix a prime p above p and a totally positive generator
a of p". Recall from Definition 2.4 that K (p) is the composite of K (p°) as o
varies over all elements of Gal(K/Q), where K (p°) := K(v/a?). As before, denote
by K(p?) the unique quadratic subextension of the narrow ray class field over K
of conductor p°.

The factorization of p in K (p) or K(p) is determined by the factorizations of p
in each K (p?) or K (p?) respectively, which is in turn determined by the spin of p
with respect to o or o1, respectively.

For an abelian extension of number fields L/E and a prime p of E, let fr,g(p)
denote the residue field degree of p in L/E.

Proposition 3.6. Assume K satisfies properties (P1), (P2), and (P5). For a fixed
odd prime p of K that splits completely in K/Q and o non-trivial in Gal(K/Q),
the following are equivalent.
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(1) spin(p, o) =1,
(2) frEoyyxp) =1,
Fyortyc(®) =1
Proof. For vy € O, L := K(,/7), and q any prime of K, f7,/x(q) = 1 if and only if
is a square modulo g because the natural injective homomorphism of residue class
fields is surjective exactly when /¥ has a pre-image. If q is unramified in L/K,
then f7,/x(q) = 1 exactly when the quadratic residue (v/q) = 1.
Take p to be an odd prime of K splitting completely in K/Q, take a to be a

totally positive generator of p”, and take o € Gal(K/Q) non-trivial so that p is
unramified in K (p° ' )/K. Then fK+(pU—1)/K(p) = 1 if and only if

(,,) _ (p) — spin(p,0) = 1.

By Proposition 3.4, K(p?) = K(y/(ua)?) where u is in the unit class ug(p).
Then fg(poy/x(p) = 1if and only if

(=)

Since p and p° are co-prime, and since 2 is unramified in K(1/(ua)?) because
K(y/(ua)?) € R}, by Lemma 3.5, ((ua)?/p) = (o/p”) . Therefore fr(pery i (p) =

1 if and only if
(po;) = spin(p,0) = 1.

O

Corollary 3.7. For a fized odd rational prime p splitting completely in K/Q, the
residue field degrees of p in the extensions K(p)/Q and K (p)/Q are equal to 1 if
and only if spin(p, o) = 1 for all non-trivial o € Gal(K/Q).

Proof. frpyo(p) = 1 exactly when fr(po)/x(p) = 1 for all 0 € Gal(K/Q). Sim-
ilarly, fx, (p)/o(p) = 1 exactly when fK+(p"_l)/K(p) =1 for all 0 € Gal(K/Q).
Apply Proposition 3.6. O

3.3. Summary of Strategy. Let II denote the set of odd prime ideals of K. Let
Ay :={p €Il :spin(p,o) = 1}.
It is a Corollary of Theorem 3.2 that for a fixed generator o € Gal(K/Q),

1
d(AU|H) = DX

and restriction to congruence classes does not change the density.
Let S be the set of rational primes that split completely in K/Q. By Corollary
3.7,

F:={pecS: fx, =1}
={eS: fxpyel) =1}
={pe S :spin(p,o) =1foral o #1 e Gal(K/Q)},
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where p is a prime of K above p. Letting F’ denote the set of primes of K above
primes in F', then
F'= () Ao,

o#l
the intersection taken over o € Gal(K/Q).
If the spins of a fixed prime ideal spin(p, o) and spin(p, T) were independent for
all non-trivial o # 7 € Gal(K/Q), then one might expect the density of F' restricted
to S to be 2=~ However, Proposition 3.3 gives a relation between the spins

of a prime ideal suggesting the following strategy towards a proof of Theorem 1.1.
Define

R:={p € S :spin(p,o)spin(p,c™ ) =1 for all o # 1 € Gal(K/Q)},

where p is a fixed prime of K above p. Observe that I C R C S, so if the limits
exist then
d(F|S) = d(F|R)d(R|S).

We will see that R is in fact a Chebotarev class, and so d(R|S) can be obtained
via classical Dirichlet methods. We evaluate d(F|R) in Section 6 using results
from [KM]. The value of d(R|S) is given by Proposition 5.3 together with Theorem
4.11.

4. A CONSEQUENCE OF CHEBOTAREV’S THEOREM

In this section, we use Chebotarev’s Theorem to prove that the primes of K
are equidistributed in My as defined below, where the mapping takes primes to a
totally positive generator considered in My. This contributes toward the density
d(R|S) of rational primes p that satisfy the spin relation,

spin(p, o) spin(p,o ') =1 for all non-trivial o € Gal(K/Q),

where p is a prime of K above p, restricted to the rational primes splitting com-
pletely in K/Q. We will also give this density restricted modulo 4Z. Theorem 4.11
and Proposition 5.3 together give the density of such primes satisfying the spin
relation.

Definition 4.1. For q a power of 2, define

M, := (0/40)*/ ((0/20)*)".
Note that My is a group with a natural action from Gal(K/Q).

Proposition 4.2. Let K be a cyclic number field of odd degree n over Q such that
2 is inert in K. Then

(1) My = (Z/2)"™ as Z/2-vector spaces,

(2) the invariants of the action of Gal(K/Q) on My are exactly £1.

Proof. Let U, := (O/m)*.
(1) Fix a set of representatives R for O/2 in O. Let R* be a subset of R
containing representatives for (0/2)*. Observe that {x +2y: 2z € R*,y €
R} is a set of representatives for Uy and #U,; = 2"(2" — 1). Therefore
elements of U7 are of the form (z + 2y)? = 2% mod 40 for x € R* and
y € R. Since #(0/2)* = 2™ — 1 is odd, the squaring map on Uz = (O0/2)*
is surjective and so #U? = 2" — 1. Therefore #M, = #U, /#U? = 2".



14 STEPHANIE CHAN, CHRISTINE MCMEEKIN, AND DJORDJO MILOVIC

Since My is formed by taking the quotient of Uy modulo squares, My, is a
direct product of cyclic groups of order 2.

For any a € O coprime to 2, write [a] as the projection of O in My.
Since every x € R* is a square in U, we can write down the isomorphism
explicitly with isomorphism

(4) My — 022 Fon  [x+2y =[1+20 'y = 27y

We see that My = {[1+2y] : y € O/2}.
(2) Let o be a generator of Gal(K/Q). The action of o on [1 + 2y] € My,
simply maps y to y°. Then we see that y = y? mod O/2 if and only if
y =0 or 1 mod O/2. These correspond to £1 in My.
(]

Lemma 4.3. The Hilbert symbol (-, )2 is well-defined on My.

Proof. We show that (o, 8)2 = (a4 4B, 8)s for any B € O coprime to 2, which
implies that (-, )2 is well-defined on (O/40)* x (0O/40)*. Suppose B € O is
coprime to 2. It suffices to show that (o, 3)2 = 1 implies (o + 4B, )2 = 1. Take
x,y,z € O not all divisible by 2 satisfying 22 — ay? = 822 mod 8. Since (0/20)*
contains all its squares, there exists C, D € O such that C? = a~'8B mod 2 and
D?=a"1'8"'Bmod?2. Take X =2+2Cz y =Y and Z = z + 2Dz, then one can
check that X? — (o +4B)Y? = 822 mod 8. O

Lemma 4.4. The Hilbert symbol (-, - )2 is non-degenerate on My.

Proof. Fix some o € O coprime to 2. We claim that (a + 4B,2)2 = 1 for some
B € O. Since (0/20)* contains all its squareroots, there exist some -, z € O such
that & = v? — 222 mod 4. Write x = v + 22’ for some 2’ € O, set B = 2/ + 22
and y = 1. Then 2% — (o + 4B)y? = 222 mod 8. This proves our claim.

Now suppose («, 8)2 = 1 for all 8 € O coprime to 2. Then taking B from the
above claim, (« + 4B, )2 = 1 holds for all 8 € O coprime to 2 by Lemma 4.3,
and for all g € O divisible by 2, by the above claim. Since the Hilbert symbol is
non-degenerate on Ko /K5 [Ser79, Chapter XIV, Proposition 7], this implies that
a+4B € O2. Hence [a] = [a + 4B] is trivial in My. O

For m an ideal of K, let &} denote the set of prime ideals of O co-prime to m.
For K, totally real with odd class number h such that O = (OX)Q, we can define

the following map.

Definition 4.5. For q a power of 2, define the map
r, :9?( — M,
p— o

where a € O is a totally positive generator of the principal ideal p".

Recall that as stated in Lemma 2.1, OF = (O~ )2 if and only if all principal ideals
have a totally positive generator. Since squares are trivial in My by definition and
0f = (OX)Q7 the map r, is well-defined. Note that r, commutes with the Galois
action, i.e. ry(p7) =rq(p)? for all o € Gal(K/Q).

For m an ideal of O, let Ji denote the group of fractional ideals of K prime to
m.
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Lemma 4.6. [McM19] For K a totally real number field with odd class number
satisfying the condition that O = (0*)2, the homomorphism Jz — My induced
by ry induces a canonical surjective homomorphism,

©q : CIF — M.

Proof. We expand on the proof of Lemma 3.5 in [McM19]. In [McM19], the result
is stated with more assumptions, but the same proof holds more generally.

The proof from [McM19] shows that ¢, is well-defined. We elaborate on the
proof of surjectivity provided there. Let

Ky :={a € K* :ords(a) =0}, and
K :={a€ K* :orda(a—1) > ords(q),a > 0}

We have the following commutative diagram of homomorphisms. The map g is
induced by the corresponding homomorphism in the exact sequence from class field
theory as in [Mil13, V.1.7] and the map 4 is induced by the canonical isomorphism
given in [Mill3, V.1.7].

(K /Km1)/ (K /K 1)? LR /() 2 M,

Fix X € M,. Consider (1,X) € (£)"™ x M,. Since 7 is an isomorphism, there
exists B € (Kn/Km1)/(Km/Km,1)? such that i(3) = (1,X). Since i(3) maps to 1
in the projection to (£)", 8 is totally positive. Since 8 > 0, we can choose a,b € O
totally positive such that 8 = a/b. (Writing S = a/b for any a,b € O, one could
then consider 8 = a?/ab). Then X = [ab™}].

The map vy takes (8 to the class represented by the fractional ideal (a)(b)~!.
Since a and b are totally positive, ¢,((a)(b)™') = [ab™!] = X and so ¢4 0 ¢ is
surjective, so @, is surjective.

O

Lemma 4.7. [McM19] Assume K satisfies (P1) and (P2).
(1) For any a € My, the density of primes p of K such that p4(p) = a is 5.
That is,
1 1
d(r; (o)) = =_—.
(I'4 (Oé)) #M4 an

(2) Furthermore, the density does not change when we restrict to primes of K
that split completely in K/Q. That is,

1 1

AM, 2%

d(ry'(a) N 8'[S") =

Proof. See Lemma 4.3 in [McM19]. There the result is stated with more assump-
tions, but the same proof holds more generally. ([l
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Definition 4.8. Assume K satisfies (P1), (P2), and (P5). Let o € My. Let p be
an odd prime of K such that rq4(p) = «. The map

N:M, = (Z/4)*
a = Ng/gp) mod 47

is well-defined and N(a) = N(a?) for all 0 € Gal(K/Q).

Proof. By Lemma 4.7, for any o € My, there exists a prime p € 22 such that
ry(p) = o

Let p and q be (odd) primes of K such that ry(p) = rs(q). Let a be a totally
positive generator of p” and let B be a totally positive generator of q", where
h is the (odd) class number of K. Since r4(p) = ra(q), @« = 8 in My. Then
a = 72 mod 40 for some v € O. Since 2 is inert, a® = 37(77)? mod 40O for all
o € Gal(K/Q). Therefore M(a) = N(B)N(7)? mod 40. Since the norms are in Z,
N(a) = N(B) mod 4Z. O

We now state an extended version of Lemma 4.7 that handles the densities
restricted to primes of a fixed congruence class modulo 4Z.

Lemma 4.9. Assume K satisfies conditions (P1)-(P3) and (P5). For a fized
sign +, let S'. denote the set of primes of K laying above some p € S such that
p = £1mod 4Z. For any o € My, the density of p € Sy such that p4(p) = a is
given by

3 L. if N(a) = +1mod 4
d(r;'(a) N SL|SL) = { 5 (f;hef’wzse.

Proof. By Lemma 4.6, the map ry : 2% — M, from Definition 4.5 induces a
surjective canonical group homomorphism

(p4 . Cljlr —» ].\/.[47

which commutes with the action from Gal(K/Q). Define H := Art(ker(p4)) where
Art denotes the Artin map.

Let R denote the narrow ray class field over K of conductor 4. Define L to be
the fixed field of H in Gal(R] /K). Then ¢, induces a canonical isomorphism

Gal(L/K) = My,
which commutes with the action from Gal(K/Q).
Let Ky = {a € K* :ordy(a—1) > 1,a = 0} and O, := K, ; NO*. Since K
is totally real and OF = (0*)2,
(0% :0;,) = (0" : 0{)(0F 1 OF) = 2" ((0*)? O 1)-
Therefore by [Mill3, V.1.7],
[R} : K] | h2™(2" — 1)

where h is the class number of K. We know [L : K] = 2" since Gal(L/K) = My
and #M, = 2" by Proposition 4.2. Therefore [R} : L] is odd. Let F denote the
composite of K and Q(4). Since [F: K] =2, F C R}, and [R] : L]isodd, F C L
and [L: F] =271,
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Let T/ E be Galois extension of conductor dividing m, let p be a prime of F, and
let 7 € Gal(T/E). Let (p, T/E) denote the conjugacy class of Gal(T/E) containing
the Frobenius of p where p is a prime of T" above p. Let

Afp(r) = {p€ P : (n, T/E) = (1)},
A%E(T) = {p € T} :p lies above p € A%E(T)}.
Let o € My and let 0 € Gal(L/K) corresponding to « via the isomorphism

induced by 4. Note that Gal(L/K) <9 Gal(L/Q).
Fix a sign + and let 79 € Gal(Q(¢4)/Q) such that

A z{pef@é:pzilmodALZ}.

Q
oca/a(m)

Note that since n = [K : Q] is odd and [Q(¢4) : Q] = 2, Gal(F/K) = Gal(Q(¢4)/Q)
canonically. Let 7 € Gal(F/K) corresponding to 79 in Gal(Q(¢{4)/Q). Note that
Gal(F/K) < Gal(F/Q).

Recalling that ¢4 is induced by ry4, observe that

r;(a) = Af/K(U), S = Ag/Q(l), and S = A{é/K(T) ns'.
Then the density in question is

ds = d r; ()N S d Ag/@(l) m~’4£</K(‘7) m‘Ag/K(T)
= S AR ()N AE (1)

Consider 7 € Gal(F/K) taken to be the image of o under the natural surjection,
Gal(L/K) - Gal(F/K).

Note that & = 7 exactly when N(a) = +1 mod 4. If & # 7 then r;*(a) NS, =0
so the density in question is 0. We now assume N(a) = £1 mod 4 so that 6 = 7.
Then

AIL(/K(U) n A?/K(T) = 'Ai(/K(O-)'

Therefore

de —d Aﬁ/@(l)ﬂAf/K(a)
* AE (N AE (1) )

Restricting to primes of norm over Q less than IV, there are surjective maps of the
following indices

Al so() N AL e (0) v = A (o)l with index = # Stab(o)

and

Al o) MAR k (T) v — AR o(7)|n  with index = # Stab(7)

where Stab(c) and Stab(7) denote the stabalizers of o and 7 respectively under
the action from Gal(K/Q). Then by Chebotarev’s Theorem (see Theorem [Neu99,
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VII.13.4] for Dirichlet density or [Ser81, 4] for natural density) and by the Orbit-
Stabilizer Theorem,

_ #Stab(o) AZ o(0)
di = #Stab(T)d< Q(T)>
_ #Stab(0)d(A] (o))
% Stab(1)d(AL (1))
B # Stab(o)# (o) # (7)
- (#Stab(f)# Gal(L/K)> / (#Gal(F/K)>
_ # Stab(o)# (o)
# Stab(7)# (1) # Gal(L/F)
1
" #Gal(L/F)
1
2n71'

/ g

ol
o™
# (o

)
7)

O

Recall that Proposition 3.3 stated that for p a prime of K with totally positive

generator o € O, and for o € Gal(K/Q) a generator,
spin(p, o) spin(p,o 1) = (a, a”)s,
which motivates the following definition.
Definition 4.10. [McM19] Assume K satisfies (P1), (P2), and (P5) with abelian
Galois group. Let a € O denote a representative of @ € My. Define the map
* M4 — {:l:l}
. { 1 if (a,a%)2 =1 for all non-trivial o € Gal(K/Q),

-1 otherwise.

Observe that  is a well-defined map by Lemma 4.3. If (5) holds for some
a € O, then it holds for o for any o € Gal(K/Q). Therefore x(a) = x(a”) for all
o € Gal(K/Q).

Recall the map N : My — +1 from Definition 4.8. Let x denote the restriction
of x to

Mj = {a € My : N(a) =1}
and let x_ denote the restriction of x to
M, :={a €My :N(a)=—1}.

Define Sy to be the set of odd rational primes congruent to 1 mod 4 that split
completely in K/Q. Similarly, define S_ to be the set of odd rational primes
congruent to —1 mod 4 that split completely in K/Q. Recall

R:={p € S :spin(p,o)spin(p,c ') =1 for all ¢ # 1 € Gal(K/Q)}.
For a fixed sign +, define Ry := RN SL.
Theorem 4.11. Assume K satisfies properties (P1)-(P5). Then

#ker(x)

d(Rls) = T,
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ker(x ker(%_
A(R.|8) = TR g a(r_jso) = T,
Proof. That d(R|S) = #ker(x)/2" is proven in [McM19, 6.2], though it will also
follow from the proof that d(R4|S+) = # ker(%4)/2" "1 since d(S+|S) = 1/2 and
ker(*) is the disjoint union of ker(*;) and ker(x_) and R is the disjoint union of
R; and R_.

Recall the map ry from Definition 4.5. As shown in Definition 4.10, x(a) = *(a?)
for any 0 € Gal(K/Q) so x ory(p) = xory(p?) for any o € Gal(K/Q). By
Proposition 3.3, for each fixed sign =+,

Ry ={p€ St :xory(p) =1 for p a prime of K above p}.

For NeZi,let Ry y:={p€Ry:p<N}and Sy n:={pe Si:p< N} We
will prove that

#ker(x)
d(R4|S4) = —————=.
(R+[S+) AN

Then since K is cyclic of odd degree and 2 is inert in K/Q, we can apply Proposition
4.2 to get that #M, = 2". Then since half the elements of M, are in MZ‘ and half
in M, #M; = #M; =271

Let &+ denote a fixed sign and let  denote the opposite sign. Let S’i, ~ denote
the set of primes of K laying above primes in S1 n and let R’i’ n denote the set of
primes of K laying above primes in Ry n. Since primes in S split completely,

#ReN _ #R, n
#Se N #SL N

Let rq v denote the restriction of ry to Sy . Then R/ y is the disjoint union

LN = |_| (SQE,N n rﬁv(“)) )

a€cker(x4)

taken over elements o € ker(*y), i.e. elements of @« € My such that N(a) =
+1 mod 4 and *(«) = 1. Therefore

#Ry N # (SLy Nrih(@)

#Sh N #5% N

a€ker(x4)
By Lemma 4.9, for all « € ker(x4),

1 1

d(ry'(a) N SL|SL) = AME 2T
4
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Therefore
#(ShnNriy(@)
d(Ry|S:) = d(RY|SL) = lim >~ (8 ()
N—oc0 #Sél:N
acker(*4) )
_# (S k(@)
= Z lim g
aekor(rs) #5:n
= Y dryY(a)nSLsh)
a€cker(x4)
B 1 #ker(xs)
- Z on—1 "~ on—1 :
acker(x4)

5. COUNTING SOLUTIONS TO A HILBERT SYMBOL CONDITION

In this section, we will prove formulae for # ker(x4). Recall that K/Q be cyclic
odd degree n extension and 2 is inert in K/Q.

Lemma 5.1. (—1,-1)y = —1.

Proof. Assume for contradiction that (—1,1) = 1. Consider a homomorphism v :
M, — {£1} given by [a] — (a, —1)3. Since the Hilbert symbol is non-degenerate,
and —1 is not a square modulo 4 in K, 1 is not identically 1. Therefore the size of
ker 1 is |[My|/|im | = 27~ 1.

For any [a] € My \ {£1}, we have (o), —1)2 = (a, —1)2 for any k. Therefore
1) is stable under the Galois action. The size of each Galois orbit is n except the
orbit of 1. But then n divides both |{[a] € My \ {£1} : ¥(a) = 1}| = {[o] €
M, () =1} —2=2""1 -2 and |{[a] € My : ¥(a) = —1}| = 2771, which is a
contradiction. O

Our aim is to count the number of elements in M, with a representative a € O
satisfying the spin relation

(5) (o, a%)2 = 1 for all non-trivial o € Gal(K/Q).

By Lemma 4.4, the property (5) only depends on the class of [a] € My.
Fix o to be a generator of Gal(K/Q). Write o) := o for k € 7.

5.1. The Hilbert symbol as a bilinear form on M,. By the Kronecker—Weber
theorem, K is contained in the cyclotomic field Q((j), where f is the conductor
of K. The conductor f is odd since we assumed that 2 is unramified in K. By
[FvzGS99, Theorem 4.5], there exists a normal 2-integral basis of Q((;), i.e. we
can find some a € Og(¢,) such that the localization of Og;) at 2 can be written
as Og(¢;),2 = Bgeaal(¢;)/@Z(z)a?. Similar to the classic result for integral bases

[Nar04, Proposition 4.31(i)], taking y = Trq(¢;)/x (@), then {y,y7, ... ,y"nil} gives
a normal 2-integral basis of K. Since Z g /2Z9) = 7Z/27Z and Ok 2/20k 2 = 020,

o

we know that y,y7, ...,y """ also form a normal Fy-basis of 0/20.
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Set aw = 1+ 2y. It follows from the isomorphism in (4) that

n—1
Mes {H[a(n]u"’ (U, -y Un—1) € IF?} .

i=1
Write (o, aqy)2 = (=1)%, ¢; € {0,1}. Note that (o), a())2 = (@, a(j—i))2. The
Hilbert symbol is multiplicatively bilinear, so we can represent (-, - )2 by the matrix

Co Cn—1 Cp—2 ... C1
C1 Co Cn—1 «-- Co
A= C2 1 Co c3
Cp—1 Cpn—2 Cp-3 Co
with respect to the basis [a(;)], 0 <4 < n —1. For any u = (ug,...,up-1),v =
(UOa s 7vn—1) S FS, we have
Ui vj _ (_1yufAv
Lot ITeg) | =0
i j )

Since (-, - )2 is non-degenerate on My by Lemma 4.4, the matrix A has rank n and
is invertible. Note also that A is symmetric.
Define the n x n Fo-matrix

01 00 0

0 010 0

00 01 ... 0
T1: . . . . . . 9

00 00 ... 1

1 00 0 ... O

Ty = T and Ty = I. Then [], of(‘lf), u = (ug,...,Un—1) € FY satisfies (5) if and
only if

(6) w'ATju=u"AThou=---=uTAT,_ju=0.

Since {Tp,T1,...,Tn_1} is a basis of GL, (F3), we can write

n—1
A=>"cTi, ¢ €T,

i=0
Then (6) becomes

uTTyu 0 1
ulTiu 0 0

(7) A . e<|. |,
ulT,_iu 0 0

There is the following one-to-one correspondence

U Fy — Fylz]/(z™ — 1)

u= (ugy...,Up-1)+— Fu(z) =uo+urxz + uox? + -+ uy_ 2™
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Define a map
B:F} > Fy 5 Fyfa] /(2™ — 1)
ur (W'Tou, uTTu, ..., 0T, ju) = 2" - Fy(2)Fy(1/x) mod (2" — 1).

Since A is invertible, we can set h(z) = W(A~1(1,0,...,0)). Then (7) becomes
B(u) € {0,h(x)}. Since A is symmetric, A~! is also symmetric, so h(x) =
2"h(1/x) mod (z™ — 1). In particular #ker(x;) = |B7(0)| and #ker(x_)
| B~ (h(x))].

5.2. The counting problem. Our aim is to obtain the size of the preimage of 0
and h(z) under B. For any polynomial f, let f* denote its reciprocal, i.e. f*(z) =
zdeef . f(1/x).

The first case B(u) = 0 implies (z™ — 1) | Fy(z)F (z).
Lemma 5.2. For any factor k # 1 of n, let dy, be the order of 2 in (Z/kZ)*. Also
set dy = 1. Consider the following factorisation in Fa|z],

(8) a =1 = fi(x)... fr(@) (@) S (),

where f; are irreducible and f; = fi for i = 1,...,m. Then > ._ degf; =
Zkln redy and r = Zk\n L and m = Zk|n my, where r1 = mq1 = 1, and

(W) o) if dy is odd,

() =9 100" ol
( 10 dy if dy, is even,

for k #£ 1.

Proof. Take f to be an irreducible factor of ™ — 1 in Fa[z]. Let 7y be a root of f in
an extension of Fy. Then 7 is a primitive k-th root of unity, where k is some integer
dividing n. Galois theory on finite fields shows that Gal(Fa(7)/Fz) is generated by

the Frobenius ¢ : z +— 22, Since ¢’ : 2 — 22 for any i € Z, we see that the order of
¢ must be dj, the order of 2 in (Z/kZ)*. Therefore deg f = di. The set of roots of
fis {v,0(7),©*(7), -, ™ 1(y)}, which is closed under inversion precisely when
dy is even. Therefore f is self-reciprocal if and only if djy is even. There are ¢(k)
roots of 2™ — 1 which are primitive k-th root of unity, so (2ry — myg)dx = ¢(k). O

Obtain the following factorisation in Fa[x] as described in Lemma 5.2,
) 1= i) o o) s () £ (),
where f1(z) = x4+ 1, f; are irreducible and f; = f* for ¢ = 1,...,m. Write

F, = G- H, where G = ged(Fy, 2™ — 1). Then for each &k = 0,...,r, we have
fi | Fu or f| Fy. This leaves us with 2"~™ choices for G. Since

-
deg ((¢" —1)/G) =n—>Y deg fi =Y (rk — my)d,
i=1 k|n
There are 22" =m8)de _ 1 choices for H # 0 mod (2" — 1)/@, so
(10)  ker(xy) =1+ [B710)\ {0} = 14277 (2Zwm(emmde ),
The second case B(u) = h(z). We count the number of u € F§ such that
(11) 2" - Fu(x)Fu(1/z) = h(z) mod (2" — 1).
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Fix a primitive complex n-th root of unity (,,. Consider the isomorphism
(Fola]/(z™ = 1))* = (Z[Cn]/2Z[¢a)) Fy(z) = Fu(¢n) mod 2.
Now (11) becomes

Fu(¢n)Fu(én) = h(¢,) mod 2.

Notice that h(¢,) = h(¢; 1) = h(¢,) is real. We compute from (9),
|(Z[Gnl /22[¢n]) " |
= |(Fafa] /(=" — 1))*]
= |(Fafa]/(f1)) % x (Fal2]/(fr))* x (Falz]/(fr12)) % x (Fal2]/(£)) |
= [J % — 1)2re=m.

k|n
Take g € Fa[z] such that
" —1

1 Ex”_1+m"_2+--~+x+1:x%g(x+x_1).
z

We can factorise g(x) = ga(x)...g,(z), where 2989 . g, (z + 7 1) = fi(x) for
2 <k <mand z9%€9% . g, (z +271) = fr(z)fi(z) for m+ 1 < k < r. Then since
(ZIGn + G 1/22]Gn + G 1)* = (F2lz]/(9)) %, we compute

[(ZICn + ¢ 11/2Z0G6n + 61| = | (Falz]/(9)) |
|(Fafa]/(g2))* x -+ x (Fa[2]/(gr)) "]

H (zdk/2 _ 1)mk (2dk _ 1)T‘k—mk.
kln, k#£1

Our goal is to compute the size of the kernel of the homomorphism
¥ (Z[Ga) /2Z[Ga])* — (ZlGn + G M/2Z[Gn + ¢ B BB.

We claim that 1 is surjective. Since (Z[(, + ¢, ']/2Z[¢, + ¢, 1])* has odd order,
every element is a square, so suppose 3% € (Z[¢, + ;Y /2Z[¢C, + ¢;1]) %, then
»(B) = B2 for any lift B € Z[(, + ¢, 1] of B. Therefore

[(Z[¢n]/2Z[Gn]) |
|im 9|
T syt -y
kln, k#1

(12) #ker(x_) = B (h(a)| = fker |

Putting in (10) and (12) the values of r and m in terms of n and d as in
Lemma 5.2, we have the following.

Proposition 5.3. For each k # 1 dividing n, let dy, be the order of 2 in (Z/kZ)*.
Then

(k) k
#ker(xy) =1+ H 9 %1 ( H 2% _ 1) :

k|n, diodd, k#1 k|n, dgodd, k#1
and

#reGo)= [ e*ren [ e -n,

k|n, dieven, k#1 k|n, diodd, k#1
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where ¢ denotes the Euler’s totient function. If n is a prime, then writing d = d,,
(1 Fot (28 1), (24— 1)%) if d is odd,
(1, (27 + 1)nd_1) if d is even.

In particular, when n =3, #ker(x4) =1 and # ker(x_) = 3.

(# ker(xp), # ker(x-)) =

6. JOINT SPINS

Fix a sign p € {+}. Recall that S, is the set of rational primes p = p1 mod 4
that split completely in K/Q, i.e., unramified and of residue degree 1 in K/Q, and
that F), is the set of p € S, of residue degree 1 in K(p)/Q. By Corollary 3.7, a prime
p € S, belongs to F), if and only if spin(p, o) = 1 for all non-trivial o € Gal(K/Q)
and any prime ideal p of K lying above p. Recall that R,, is the set of primes p € S,
such that spin(p, o) spin(p,oc~1) = 1 for all non-trivial ¢ € Gal(K/Q) and all prime
ideals p of K lying above p, so that F), C R,. In this section, we will prove the
following formula for the relative density of F), in R,,, denoted by d(F,|R,).

Theorem 6.1. Assume Conjecture C, for n = ﬁ Then
1

d(Fu|Ry,) = 2777,

Since each p € S, splits into exactly the same number of prime ideals in O, and
since R, is a set of primes of positive natural density, it suffices to show that

(13) Soooo1=27 S 14o(X(logX)h).
N(p)<X N(p)<X
p lies over peF), p lies over pER,,

Let 7 be a generator of Gal(K/Q), a cyclic group of order n. Then, by definition
of the set R,, a prime p € R, belongs to the set F, if and only if spin(p, 7%) =1
forall k € {1,2,..., ”7_1} The product

no1

13[ 1 + spin(p, 7)
2

=1

is the indicator function of the property that spin(p, 7%) = 1 forall k € {1,2, ..., "7_1}
Expanding this product gives

(14) o=z Y ] spin(p.o),

L oen
HC{r...r" 7 } 7€

n—1

where the sum is over all subsets H of {7,72,...,7°2 }. When H = (), the product
is 1 by convention.

Let L/K be an abelian extension with Galois group isomorphic to MY, and let
A denote the set of disjoint G-orbits of elements of MY, so that we can write

My = | | A
AcA

Each G-orbit A is then a collection of invertible congruence classes modulo 40
that are distinct modulo squares. Let Ay C A be the set of G-orbits A such that
spin(p, o) = spin(p, o~ 1) for all non-trivial & € G and for all prime ideals p such
that rs(p) € A. Note that a prime ideal p in O lies over a prime p € R,, if and only
if rq(p) € A for some A € Ayp.
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Summing (14) over all prime ideals p of norm N(p) < X, we get that

>oo1=2"7 Y S(X5H,A),

n—1
‘ﬂ(p)FSX HC{T,...,T 2 }
PELu A€A,

where

(X, H,A) = Z H spin(p, o).
N(p)<X o€H
ry(p)eA
The sums 3(X; 0, A) feature no cancellation and provide the main term in (13). It
then remains to show that

(15) Y(X;H,A) = o(X/1og X)

for each non-empty subset H of {r,..., T%} and each A € Aq. To this end, we
will use a slight generalization of Theorem 1 of [KM].

We cannot apply the results of [KM] directly for two reasons. First, the class
number h of K need not be 1 — this forces us to relate spin(a,o) to quadratic
residue symbols involving elements “smaller” than the totally positive generators of
a”. Second, the sums ¥(X; H, A) feature the additional restriction that rs(p) € A.
Since A is a collection of congruence classes modulo 40, the restriction that r4(p) €
A is reminiscent of the restriction to a congruence class as in [FIMR13, Theorem
1.2, p. 699]. Despite the similarity, there is a technical difference that we will
explain.

Fix once and for all a set C consisting of A unramified degree-one prime ideals in
O that is a complete set of representatives of ideal classes in the class group of K;
its existence is guaranteed by an application of the Chebotarev Density Theorem
to the Hilbert class field of K.

Now suppose that a is a non-zero ideal in O coprime to [, 9(p), and let «
denote a totally positive generator of a". As h is odd, the set {p? : p € C} is
also a complete set of representatives. Hence there exists p € C such that ap? is
a principal ideal. Let 7 denote a totally positive generator of the ideal p”. Let
ap denote a totally positive generator of ap?. Then off and an? are both totally
positive generators of the ideal (ap?)”, so we have

i = () < () s )< )

since h is odd. Note that for each p € C there is a bijection

(17) {a C O :N(a) < x,ap? is principal }
~{ap € D: N(ag) < 2N(p)?, ap = 0 mod p?}

given by a — «g as above. Moreover, ry(a) is the class in My of a totally positive
generator of a”, i.e., the class of o in My. Since squares vanish in My, the classes
of @ and ar?, and so also of al?, coincide in My. Hence, if A is a G-orbit, then

(18) ri(a) € A ifand only if of € A.

We will now prove the following adaptation of [KM, Theorem 1, p. 2].
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Theorem 6.2. With notation as above, let H be a non-empty subset of {1, ..., i 1.
Assume Conjecture Cy, holds true for n = 1/(|H|n) with § = d(n) > 0 (see [KM, p.
7]). Let € > 0 be a real number. Then for all X > 2, we have

S(X; H, A) < X'

where the implied constant depends only on € and K.

Note that the set H above is of size at most “51. Since Conjecture C,,, implies

Conjecture €y, whenever 71 < 72, we see that, conditional on Conjecture C, for
n= ﬁ, Theorem 6.2 implies (15) for each G-orbit A € Ay and each non-empty
subset H C {,... ,T%}, and hence also Theorem 6.1. It thus remains to prove

Theorem 6.2.
For a non-zero ideal a C O and a G-orbit A, let

(e A) = {1 if ry(a) € A

0 otherwise,

and let
Sq =r1(a; A) H spin(a, o).
ceEH
Then we have
E(Xa H7 A) = Z Spa
N(p)<X

where the summation is over prime ideals p C O of norm at most X.

Let F' be the integer defined in [KM, (2.2), p. 5]; it depends only on K. Moreover,
we can choose the sets C/, and C¢;, in [KM, p. 5] so that their elements are coprime

to [T,ec 9(p). Note that F is divisible by 32.
To deduce Theorem 6.2, it suffices to prove that

5
E Sp L K )(1 54\H\2n(12n+1)+6

N(p)<X
ptF

because F' has only finitely many prime ideal divisors.
The proof of Theorem 6.2 proceeds via Vinogradov’s method, with suitable es-
timates necessary for the sums of type I

An(z) = Z Sa,

Na<lz
(a,F)=1, m|a

where m is any non-zero ideal coprime to 7(m), and sums of type II

B(z,y;v,w) = Z Z VaWpSab,

N(a)<z N(b)<y
(a,F)=1(b,F)=1

where v = {vg}s and w = {wp}p are arbitrary sequences of complex numbers
of modulus bounded by 1. By [FIMR13, Proposition 5.2, p. 722] applied with
Y= W and 6 = 6%, the following two propositions imply Theorem 6.2.
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Proposition 6.3. Let § = §(|H|n) > 0 be as in Conjecture C|gy,. Let € > 0. For
any non-zero ideal m C O, we have

___ 5 _
(19) Z Sa K 1'1 54"‘H‘2+67
N(a)<z
(a,F)=1,m|a

where the implied constant depends only on K and e.

Proposition 6.4. Let € > 0. For any pair of sequences of complex numbers {v,}
and {wy} indezed by non-zero ideals in O and satisfying |vq|, |ve| < 1, we have

(20) Z Z VaWpSap K (x_ﬁ + y_ﬁ> (my)1+€»
N(a)<z N(b)<y
(a,F)=1 (b,F)=1

where the implied constant depends only on K and €.

6.1. Proof of Proposition 6.3. The proof is very similar to the proof of [KM,
(2.5), p. 7], so we will outline the additional arguments necessary to prove Propo-
sition 6.3. For each non-zero ideal a, there exists a prime ideal p € C such that ap?
is principal. We can thus write

Am(x) = ZAm(x;p),

pec

where

An(z:p) = E Sa-
N(a)<z
(a,F)=1, m|a
ap? is principal

Since C depends only on K, it now suffices to prove that

5.
An(@ip)= > sa<a smAE’
N(a)<z
(a,F)=1, m|a
ap” is principal
for each p € C, where the implied constant depends only on K and e. We now use
the bijection (17), the formula (16), and the equivalence (18) to write

An(ip) = > M1 ()

ao€D, N(ap)<aM(p)? oEH
(a0,F)=1, aop=0 mod [m,p?]
oegeA

where [m, p?] denotes the least common multiple of m and p2. Again, since C and
so also the norms {N(p)},ec depend only on K, it suffices to prove that

/ _ « 1—5“#2"!‘6
(21) An(z) = Z H (O’(Oé)> LK, x SnlHl
a€D, N(a)<z occ€H
(o, F)=1, =0 mod m
aleA
uniformly for all non-zero ideals m. We have thus removed the issue of summing
terms involving spin(a, o) for non-principal ideals a. It remains to handle the con-
dition o € A. To this end, we split the sum into congruence classes modulo F,
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and we emphasize that F' is a multiple of 4. We get

Au@)= Y Alzp),
p mod F'
pEQ(A)

a
) towo = > I (55)
o(a)
a€D, N(a)<zo€H

a=p mod F

a=0 mod m
and where Q;(A) is the set of congruence classes p modulo F' such that (p, F') =1
and such that

a=pmod F = a" € A.

Note that |Q2;(A)| < F.

The sum A} (x;p) in (22) is identical to the sum A(zx,p) in [KM, (3.2), p. 9].
Hence, the bound for A(z,p) proved in [KM, Section 3] carries over to A (x;p),
which, in conjunction with the fact that F' depends only on K, implies the bound
(21) and hence also Proposition 6.3.

6.2. Proof of Proposition 6.4. The proof is very similar to the proof of [KM,
(2.6), p. 7], so we will outline the additional arguments necessary to prove Propo-
sition 6.4. Given z,y > 0 and two sequences v = {vq}4 and w = {wp }p of complex
numbers bounded in modulus by 1, recall that we defined

(23) B(l’, Y; v, w) = Z Z VaWpSap,
N(a)<z NY(b)<y
(a,F)=1 (b,F)=1

and that our goal is to prove that

(24) B(z,y;v,w) <k e (x_& + y‘é) (ﬂcy)lJrE

for all € > 0, uniformly in v and w. We can write
B(x,y;v,w) = Z Z B(x,y;v,w;phng
p1€C p2eC
where, for (p1,p2) € C X C, we set
B(x,y;v0,wip1,p2) = Y Y vaWesap:
N(a)<z N(b)<y

(a,F)=1 (b,F)=1
apf is principal bpg is principal

It suffices to prove the desired estimate for each of the h? sums B(z,y; v, w; p1, p2).
So fix (p1,p2) € C xC. Writing 1, 72, ag, and Sy for the totally positive generators
of the principal ideals p?, p%, ap?, and bp3, respectively, we obtain in a similar way
o (16) the formula

(25) spin(ab, 7) = (afo?fgo)> - <U(a0?0)) (U(ﬂﬁoo)> (0(50)3(11(50))
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Using the bijection (17), the formula (25), and the equivalence (18), we deduce that

(26) B(x?y;vvw;pl,pQ) = Z Z U;szjo(ﬁ(ao,ﬁo),
apg€D BoED
N(a0) <zN(p1)? N(Bo) <yN(p2)*
(o, F)=1 (Bo,F)=1
ap=0mod p;  Br=0 mod p2
(aoBo)€A
where

Qg 60
Vo = Vao)/p? | (W) and - wly = wisong 1 (cr(ﬁo)>

oc€eH occH

and where ¢(+, ) is the same function as the one defined in [KM, p. 19], i.e.,

ot 80 = T (o)

We further split the sum B(z,y; v, w;p1,p2) into congruence classes modulo F. As
F is divisible by 4, this will have the effect of separating the variables ag and By in
the condition (cofBy)" € A. We have

B(xvy;vvw;pDPQ): Z Z B(x7y;vaw;plap2;pl7p2)v
p1 mod F p2 mod F
(p1,p2)€Q11(A)

where
B(%%“aw%plypz?pl»/b) = Z Z Ugowlﬁlo(b(a()uﬂo)'
apg€eD Bo€D
N(ao) <xN(p1)? N(Bo) <yMN(p2)°
ap=p1 mod I By=p2 mod F
Here
vl = 1(ap = 0 mod pi) - vl
and
wj = 1(By = 0 mod p3) - wh,,
where 1(P) is the indicator function of a property P, and ;7(A) is the set of
(p1,p2) € (O/(F))* x (O/(F))* such that

ag = py mod F and By = p; mod F = (aoﬁo)h € A.

Note that |Q77(A)] < F2.
The sum B(z, y; v, w; p1, p2; p1, p2) has the same shape as the sum B;(z, y; ag, 5o)
in [KM, p. 19], and so the bound [KM, (4.5), p. 19] implies that

_ 1 _ 1
B(z,y;v,w;p1, P25 p1, p2) KKe (x oty 6") (zy) e

This finishes the proof of Proposition 6.4 and hence also of Theorem 6.2.
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7. PROOF OF MAIN RESULTS
Theorem 1.1. Let K be a number field satisfying conditions (P1) — (P5). Assume
Congecture Cy, holds for n = ﬁ For k # 1 dividing n let dy, be the order of 2
in (Z/KZ)*. Then for a fized sign =+,

. S4 Sy T+ s
where
¢(k)
sp=1+ [ 2% | [] 2*% -1,
d’,i‘JZd di‘&d
k#1 k#1
and
(k) (k)
= T1 ey [ e - ¥
d:.‘":}cn d);‘g}id
k#1 k#1

where ¢ denotes the Euler’s totient function. In particular, when n is prime, writing
d=d,,

n

( | (1 ot (28 1), (24— 1)%1) if d is odd,
S+,8-) = n—1
" (1, (27 + 1)T) if d is even.

Proof. By Theorem 4.11, d(R+|S+) = # ker(x+)/2("~ 1. Then d(R+|S1) = 51 /2"~
by Proposition 5.3. By Theorem 6.1, d(Fy|Rs) = 2~ (~1/2 Therefore

S
d(Fx|Ss) = d(Fe|Re)d(Rx|S1) = 55075775
Since d(F|S) = d(Fy|S4+)d(S4]S) + d(F-|S_)d(5_]5), and d(S+|S) = 1/2,
Sy Fs-
d(F|S) = S

O

Theorem 1.1 settles Conjecture 1.1 in [McM19]. This conjecture was originally
stated for number fields K which in addition to satisfying properties (P1) — (P5),
were also assumed to have prime degree. While as originally stated, this assumption
is necessary, it is artificial here. In [McM19], mg is defined as the number of
nontrivial Gal(K/Q)-orbits of M4 with representative o € O such that (o, @)y = 1.
Let s denote the number of elements of My with representative @ € O such that
(a,a%)2 = 1. When n is prime, s = mgn + 1.

Let E denote the set of rational primes p such that for p a prime of K above p,
spin(p, o) = 1 for all nontrivial o € Gal(K/Q). For a fixed sign let Ey denote the
set of primes of E congruent to £1 mod 4.

Conjecture 1.1 in [McM19] made two assertions, one regarding the density d(E|S)
of such primes restricted to those splitting completely in K/Q and one regarding
the overall density d(E) of such primes. The assertion regarding the restricted
density is correct and the assertion regarding the overall density is slightly off due
to a very simple oversight in the case in which p is not assumed to split completely

in K/Q.
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Theorem 7.1. [McM19, 1.1] Let K be a number field with prime degree satisfying
properties (P1) — (P5). Then

S S
d(E|S) = Smmpzr AUE) = S
Sy 5+
d(B]S+) = gppys  ond d(By) =~y

When n is prime, s = mgn + 1.

Proof. If p is a prime of K that does not split completely in K/Q, then for some
nontrivial o € Gal(K/Q), p° = p so spin(p,o) = 0. Therefore E C S so this F is
exactly the F studied in Theorem 1.1 and F4 = F.

Where s1 are as given in Theorem 1.1, s = #ker(x) = s4 + s— by Proposition
5.3. That d(E|S) = s/23"~1/2 and d(E4|S+) = 5+/231/2 then follows from
Theorem 1.1.

By Chebotarev’s theorem, d(S) = 1/n and d(S+) = 1/(2n) so breaking up the
overall density as d(E) = d(ENI|1)d(I) + d(E N S]S)d(S), we see that d(E) =
s/n206n=1/2 Similarly, d(E+y) = sq /n207=1/2,

When n is prime, each nontrivial Gal(K/Q)-orbit of My has n elements. As for
the trivial orbits, as in [McM19, 5.2], x(1) = 1 and x(—1) = —1. Therefore when n
is prime, s = #ker(x) = mgn + 1. O

Theorem 1.2. Let K/Q be a cubic cyclic number field and odd class number in
which 2 is inert. Then

1
1 3
d(F+|S+) = g, and d(F_‘S_) = g

Proof. For K a cyclic cubic number field with odd class number, by Theorem V'
in [AF67], all signatures are represented by units so by Lemma 2.1, CIT = CI. Tt is
a consequence of the classical Burgess’s inequality [Bur63] that Conjecture is true
for m = 3, as is shown in Section 9 of [FIMR13]. Therefore the result follows from
Theorem 1.1. a
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