Max-Planck-Institut fur Mathematik
Bonn

Characteristic classes of symmetric products of complex
quasi-projective varieties

by

Sylvain E. Cappell
Laurentiu Maxim
Jorg Schirmann

Julius L. Shaneson

Shoiji Yokura

Max-Planck-Institut fir Mathematik
Preprint Series 2010 (79)






Characteristic classes of symmetric products
of complex quasi-projective varieties

Sylvain E. Cappell
Laurentiu Maxim
Jorg Schirmann

Julius L. Shaneson

Shoji Yokura

Max-Planck-Institut fir Mathematik Courant Institute, New York Univ.
Vivatsgasse 7 251 Mercer Street

53111 Bonn New York, NY 10012, USA
Germany

Dept. of Mathematics

Univ. of Wisconsin-Madison
480 Lincoln Drive

Madison, WI 53706, USA

Mathematisches Institut, Univ. Miinster
Einsteinstr. 62
48149 Munster, Germany

Dept. of Mathematics, Univ. of Pennsylvania
209 S. 33rd St.
Philadelphia, PA 19104, USA

Dept. of Mathematics and Computer Science
Kagoshima University

21-35 Korimoto 1-chome

Kagoshima 890-0065, Japan

MPIM 10-79






CHARACTERISTIC CLASSES OF SYMMETRIC PRODUCTS
OF COMPLEX QUASI-PROJECTIVE VARIETIES

SYLVAIN E. CAPPELL, LAURENTIU MAXIM, JORG SCHURMANN, JULIUS L. SHANESON,
AND SHOJI YOKURA

ABSTRACT. We prove a generating series formula for the characteristic classes of sym-
metric powers of complexes of mixed Hodge modules on the corresponding symmetric
products of a complex quasi-projective variety. As a special case, we obtain a generating
series formula for the Brasselet—Schiirmann—Yokura (intersection) homology Hirzebruch
classes of symmetric products. Moreover, after a suitable re-normalization procedure, we
recover as a corollary Ohmoto’s generating series formula for the rationalized MacPherson
homology Chern classes of symmetric products.

CONTENTS
1. Introduction 1
1.1. Statement of results 4
2. Proof of Theorem 1.1 7
3. Proof of Lemma 2.3 10
3.1. The Atiyah—Singer class transformation 10
3.2.  The case of symmetric products 12
3.3. Proof of Lemma 2.3 14
4. Comparison with Ohmoto’s Chern class formula 15
References 18

1. INTRODUCTION

Some of the most interesting examples of orbifolds are the symmetric products of alge-
braic varieties. The n-th symmetric product of a space X is defined by

n times
———
XMW =X x...x X /%,

i.e., the quotient of the product of n copies of X by the natural action of the symmetric
group on n elements, >2,.

Date: September 22, 2010.
Key words and phrases. symmetric product, generating series, mixed Hodge module, characteristic
class, Adams operation.
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The standard approach for computing invariants Z(X™) of symmetric products is to
encode the respective invariants of all symmetric products in a generating series, i.e., an
expression of the form

Sr(X) =Y T(X™) -t

n>0

provided Z(X ™) can be defined for all n. This is analogous to the zeta function of a
variety over a finite field. The aim is to calculate such an expression solely in terms of
invariants of X, so Z(X™) is just the coefficient of ¢” in the resulting expression.

There is a well-known formula due to Macdonald [Mac] for the generating series of the
topological Euler characteristic. A class version of this formula was recently obtained by
Ohmoto in [O] for the Chern classes of MacPherson [M]. Moonen [Mo] obtained generating
series for the arithmetic genus of symmetric products of a projective manifold and, more
generally, for the Baum—Fulton—-MacPherson Todd classes of symmetric products of any
projective variety. In [Za], Hirzebruch and Zagier obtained such generating series for
the signature and L-classes of symmetric products of rational homology manifolds. Also,
Borisov-Libgober [BL] computed generating series for the Hirzebruch x,-genus and, more
generally, for elliptic genus of symmetric products of smooth compact varieties. Generating
series for the mixed Hodge numbers of complexes of mixed Hodge modules on symmetric
products of (possibly singular) quasi-projective varieties have been recently obtained in
[MSa] by relating symmetric group actions on exterior products to the theory of lambda
rings (e.g., see [Yau]), but see also [MSS] for an alternative approach.

In this paper we assume that X is a (possibly singular) complex quasi-projective variety,
so its symmetric products X (™ are quasi-projective varieties as well.

The invariants of symmetric products considered in this paper are the homology Hirze-
bruch classes T, (X (™) of Brasselet-Schiirmann—Yokura [BSY] (also see [SY, Sch2, Yo))
and, for X pure-dimensional, the intersection Hirzebruch classes IT, (X™) studied by
Cappell-Maxim—-Shaneson [CMS].

For any (pure-dimensional) complex algebraic variety Z the classes T, (Z) and IT, (Z)
are defined as the images of certain distinguished elements by a natural transformation

Ty, : Ko(MHM(2)) — H; M (Z) ® Qly™],

where Ko(MHM(Z)) is the Grothendieck group of the abelian category of algebraic mixed
Hodge modules on Z [Sa2], and HZM(—) denotes the Borel-Moore homology in even
degrees. More precisely, by building on Saito’s functors (cf. [Sa2])

(1) gri DR : D'MHM(Z) — D?,,(Z)
(for D%, (Z) the bounded derived category of sheaves of Oz-modules with coherent coho-

mology sheaves), one first defines a motivic Chern class transformation MHC,, as follows:
the transformations grzf,7 DR induce functors on the level of Grothendieck groups, and we
let

(2)  MHC,: Ko(MHM(Z)) — Ko(Dly(2)) @ Zly*) = Ko(Coh(2)) ® Z[y*]

coh



CLASSES OF SYMMETRIC PRODUCTS 3
be given by
(3) — Z )'[H (gr" ,DR(M))] - (—y)".
(This is well-defined since grl’ DR(M) = 0 for almost all p and M fixed.) Then the

Hirzebruch class transformation 7, : Ko(MHM(Z)) — HBM(Z) ® Q[y*!] is defined by
the composition:

(4) T,, = td, o MHC,,
with
(5) td, : Ko(Coh(2)) — HEM(Z;Q),

the Baum-Fulton-MacPherson Todd class transformation [BFM] (linearly extended over
Z[y*']). This transformation T}, has good functorial properties, e.g., it commutes with
proper push-down. The above mentioned characteristic classes T, (Z) and IT, (Z) are
then obtained by evaluating the transformation 7, on the (class of the) constant Hodge
complex Q%

(6) T,.(Z) = T,.([Qz)).

and, respectively, for pure-dimensional Z, on (a shift of) the intersection Hodge sheaf
Ict:

H
(7) ITy* (Z) = Ty*([IO/Z])7
with IC'} := ICY[~dim(Z)]. We point out that both classes T, (Z) and IT, (Z) are ex-
tensions to the singular setting of the un-normalized cohomology Hirzebruch class 7,*(—)

appearing in the generalized Hirzebruch-Riemann—Roch theorem [H|, which in Hirze-
bruch’s philosophy corresponds to the un-normalized or non-characteristic power series

Q,(a) = if’eaa € Qly][[e]]. In fact the associated normalized or characteristic power
series (which we need in §4) is Q () == Qy(i‘il;y)) = — e(lﬁ/}ry) — ay, which defines the

normalized cohomology Hirzebruch class T;(—). If we specialize the parameter y of f;(—)
to the three distinguished values y = —1,0 and 1, we recover the cohomology Chern, Todd,
and L-class, respectively.

Moreover, as shown in [BSY, Theorem 3.1] and [Sch2, Example 5.2], the homology
Hirzebruch classes T, (Z) and IT, (Z) contain only non-negative powers of y, so one is
allowed to specialize the parameter y to the above three distinguished values y = —1,0
and 1, in particular to y = 0.

Over a point space Z = {pt}, the transformation T}, (as well as its normalization defined
in §4 below) reduces to the y,-polynomial ring homomorphism

(8) Xy - Ko(mHs?) — Zy,y™'],
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which is defined on the Grothendieck group Ky(mHs?) of (graded) polarizable mixed Hodge
structures by:

(9) Xy([H]) = dimeGri(H @ C) - (—y),

p
with F'* the Hodge filtration on H € mHs”. So, if Z is a compact variety, by pushing
down to a point the classes T}, (Z) and [T, (Z) (or their normalized counterparts from
§4), one gets that the degrees of their zero-dimensional components are the corresponding
Hodge polynomials x,(Z) and I'x,(Z), respectively, defined in terms of dimensions of the
graded parts of the Hodge filtration on the (intersection) cohomology of Z.

1.1. Statement of results. Let X be a complex quasi-projective variety, with n-th sym-
metric product X and projection m, : X® — X®. For a complex of mixed Hodge
modules M € D°MHM(X), we let the n-th symmetric power of M be defined by:

(10) M® = (7, MZ)E ¢ DPMHM(X ™),

where M® € D’'MHM(X™) is the n-th exterior product of M with the X,,-action defined
as in [MSS], and (—)* is the projector on the Y,-invariant sub-object. The action of
¥, on M® is by construction, compatible with the natural action on the underlying
Q-complexes (see [MSS] for details). In what follows, we regard the exterior product M®”
as an object in the category D**»MHM(X™) of weakly ¥, -equivariant complexes of mixed
Hodge modules on X™ (compare with [CMSS1, Appendix A]). As special cases of (10), it
was shown in [MSS] that for M = Q¥ the constant Hodge sheaf on X, one obtains:

(11) (@H"™ = Q).

Also, for X pure-dimensional and M = IC%¥ := IC¥[—dimX] the (shifted) intersection
Hodge sheaf on X, one has:

(12) (Jc'ﬁi)(") — 10

The main result of this paper is the following generating series formula for the Hirzebruch
classes of the symmetric powers M ™ € D*MHM(X ™) of a fixed complex of mixed Hodge
modules on the variety X:

Theorem 1.1. Let X be a complex quasi-projective variety and M € D* MHM(X). Then
the following identity holds in Y HBM(X™; Q[y*!]) - t":

(13) ZT(*y)*(M(n)) " = exp (Z U, (dT—yy (M) - i) ,

r
n>0 r>1
where

(a) d": X — X is the composition of the diagonal embedding i, : X ~ A (X) — X7
with the projection m, : X" — X,



(b)
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U, is the r-th homological Adams operation, which on HEM(X": Q) (k € Z) is
defined by multiplication by (and is then linearly extended over the corresponding
coefficient ring).

The multiplication on the right-hand side of (13) is with respect to the Pontrjagin
product induced by

X s x) — xmtn) gy e N,

which in turn comes from the product X™ x X™ = X™"  with X,, X X, C Xpmin
acting on each factor. (Note that this Pontrjagin product is associative, commu-
tative, and with unit 1,, € Ho(pt), so that the exponential series on the right-hand
side of formula (13) makes sense (compare [Mo]).)

The proof of Theorem 1.1 makes use of the equivariant Hirzebruch classes of [CMSS1],
combined with the Lefschetz—Riemann—Roch theorem [BFQ, Mo|, which in the context of
symmetric products is related to the singular Adams—Riemann—Roch transformation for
coherent sheaves (e.g., see [FL, Mo, NJ).

If X is a projective variety, by pushing down to a point the result of Theorem 1.1,
we recover the generating series formula for the Hodge polynomials y, (X ) M™) (cf
[MSa, MSS]), namely:

(14)

DXy (X M) = exp (Zx s (X, M) - )

r
n>0 r>1

Indeed, over a point space, the map d" is the identity, and the r-th Adams operation ¥,
also becomes the identity transformation.

If we let M be the constant Hodge sheaf Q4 or the shifted intersection chain sheaf

IC"Y, respectively, we obtain by (11) and (12) the following special cases of formula (13),
as announced in [MSb]:

Corollary 1.2. For any complex quasi-projective variety X the following identity holds

in 3 HEM (X0, Qly)) - ¢*

n>0

(15)

> T (X)) " = exp (Z Uy (T (), (X)) - ﬁ) :

r
n>0 r>1

and, if X is pure-dimensional, then the identity

(16) ZIT = exp (Z U, (T, (X)) - %) ,
holds in ZHBM Qly]) - t".

n>0
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If X is smooth and projective, the formulae of Corollary 1.2 specialize to Moonen’s gen-
erating series formula for his generalized Todd classes 7,(X ™) (cf. [Mo, p.172]). Indeed,
as shown in [CMSS1], Moonen’s generalized Todd class 7,(Y/G), which he could only de-
fine for a projective orbifold Y/G (with G a finite group of algebraic automorphisms of the
projective manifold Y), coincides in this context with the Brasselet—Schiirmann—Yokura
(un-normalized) Hirzebruch class T}, (Y/G) considered in this paper.

We conclude this introduction with a discussion on important special cases of the for-
mulae (15) and (16) of Corollary 1.2.

If y = 0, the formulae for the corresponding classes Tq,(—) and [Ty, (—) should be
compared with Moonen’s generating series formula for the Baum—Fulton-MacPherson
Todd classes td, (X ™) of symmetric products of a projective variety (see [Mo, p.162-164]).
However, while these three classes satisfy the same generating series formula, they do not
coincide in general, except in very special cases, e.g., if X is smooth so that the symmetric
products X ™ have only rational (hence Du Bois) singularities (see [BSY, Example 3.2]).
If X is smooth and projective, by taking the degrees of the zero-dimensional components
in either (15) or (16), we recover Moonen’s generating series formula for the arithmetic
genus of symmetric products of a projective manifold (cf. [Mo, Corollary 2.7, p.161]):

(17) D Xa(X)" = exp (Z Xa(X) - t;) = (1 — )0,

n>0 r>1

Let us now consider the case y = —1, and assume that X is projective and pure-
dimensional. Then by taking the degree of the zero-dimensional components in (16), we
recover the generating series formula for the Goresky-MacPherson intersection cohomology
signature (X ™) of the symmetric products of X !, i.e.

() —xTH(x)

(18) Y o (x™) - = i+ =

n>0 (1-— t)ai(x)%m(x) ’

with x'(X) = x([/H*(X;Q)]) the intersection cohomology Euler characteristic of X,
see [MSa, MSS]. If, moreover, X is smooth, formula (18) was proved by Zagier [Za]. With
regard to characteristic classes, both formulae (15) and (16) specialize for X smooth and
projective to the generating series for Moonen’s class 7, (X ™) of symmetric products of
X. This differs from the Thom-Milnor homology L-class L,(X ™) by a renormalization,
defined by multiplying in each even degree by a suitable power of 2. More precisely, for
any projective G-manifold Y, with G a finite group of algebraic automorphisms of Y, one
has (cf. [Mo, Corollary 2.10, p.171]):

‘1’2T1*(Y/G) = \11271*(Y/G) = L*(Y/G)>

Here we use Saito’s Hodge index theorem, which asserts that if Z is a pure-dimensional complex
projective variety, its Goresky—MacPherson (intersection cohomology) signature o(Z) is obtained from
the intersection homology Hodge numbers of Z by the formula o(Z) = Ix1(Z), e.g., see [MSS] for an
abstract Hodge index theorem.
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with Wy the second homological Adams operation (as defined in Theorem 1.1). A formula
for the Thom—Milnor L-classes of symmetric products was originally obtained by Zagier
[Za] in the manifold context, and then re-proved by Moonen in [Mo] in the complex
projective case.

If y = 1 and X is projective, by taking degrees in formula (15) we recover’s MacDonald’s
generating series formula for the Euler characteristics of symmetric products [Mac]:

(19) S (X = exp (Z Y(X) t—) = (1- 1),

n>0 r>1

Similarly, by taking degrees in formula (16), we obtain the generating series formula for
the intersection cohomology Euler characteristic x'# (X ™) of the symmetric products of
X, see [MSa, MSS]. Finally, after a suitable re-normalization (as explained in §4), formula
(15) specializes for the value y = 1 of the parameter to Ohmoto’s generating series formula
[O] for the rationalized MacPherson-Chern classes c,(X™) of the symmetric products of
X (see §4 for details):

(20) D e(XM) -t =exp (Z de (X)) - ’%) .

n>0 r>1

By similar arguments (as explained in §4), we get from Theorem 1.1 the following
generating series formula for the rationalized MacPherson-Chern classes of symmetric
products of a constructible sheaf complex F underlying a complex of mixed Hodge modules

M:

(21) S e (FM) -1t = exp (Z die.(F) - i) ,

n>0 r>1

which, for F = Qx the constant sheaf gives back formula (20).
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2. PROOF OF THEOREM 1.1

An essential ingredient in the proof of Theorem 1.1 is the Atiyah—Singer class transfor-

mation (cf. [CMSS1])
T,.(=;9) : Ko(MHMY(2)) — HEM(Z9) @ C[y*"],
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which is defined by combining Saito’s theory with the Lefschetz—Riemann—Roch transfor-
mation

td,(—; g) : Ko(Coh®(2)) — H;M (2% C)

of Baum-Fulton-Quart [BFQ] and Moonen [Mo]. These transformations are defined
for any complex quasi-projective variety Z acted upon by a finite group G of alge-
braic automorphisms. Here Ko(MHM%(Z)) denotes the Grothendieck group of equi-
variant mixed Hodge modules, which is identified with a suitable Grothendieck group
of “weakly” equivariant complexes of mixed Hodge modules (see [CMSS1, Appendix Al).
Also, Ky(Coh®(Z)) denotes the Grothendieck group of G-equivariant algebraic coherent
sheaves on Z. More details on the construction of the Atiyah—Singer class transformation
T,.(—;g) will be given in §3, as needed.

Yx
Let o € ¥, have cycle partition A = (ky, ko, - -+ ), i.e., k, is the number of length r cycles
incandn=>r-k. Let
(X)) — X
denote the composition of the inclusion of the fixed point set (X™)7 < X™ followed by
the projection 7, : X™ — X®). For a cycle A of o, we let |A| denote its length. Then

(X”)U ~ H (X\A|>A ~ H ((XT)O'r)kr ~ HAT<X)I<:T ~ Xkithato 7
A= cycle in o r ”

where o, denotes a cycle of length r, and A,.(X) is the diagonal in X”. Also, (X4 ~ X
diagonally embedded in X4, Here the inclusion X4l < X™ is given by X i X X, x -+ for
A = (j1, ja,---) and with X on the j-th place in X™. Then the projection 77 : (X")? —
X™ is the product (over cycles A of o) of projections

e X — x 14D
defined by the composition
T X = Ay (X) — xM - x (4D
with
T x40 — x©
A

induced by the Pontrjagin product. In the notations of Theorem 1.1, this amounts to
saying that 77 is the product of projections

& X~ A(X) S X7 X0

where each r-cycle contributes a copy of d".

Theorem 1.1 is a consequence of the following sequence of reductions (compare with
[Mo] for a similar argument):
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Lemma 2.1. For M € D! MHM(X) and every n >0, we have:

(22) T, (M™) = Zw (M o).
JEEn

Proof. This follows directly from [CMSS1, Theorem 5.4], by regarding the exterior product

ME" with its ¥,-action (as defined in [MSS]) as a weakly equivariant complex, i.e., as an
element in D> MHM(X™).

O
Lemma 2.2. If 0 € 3, has cycle-type (ki, ks, ---), then:
(23) T, (M*0) = [T (T, (M*:0)"
Therefore,
(24) n0 T, (M 0) = [ (AT, (M™50,) "

T

Proof. This is a consequence of the multiplicativity property of the Atiyah—Singer class
transformation, see [CMSS1, Corollary 4.2].
O

Lemma 2.3. The following identification holds in H3M (X)2Q[y*'] ¢ HEM(X)@C[y*]:
(25) Ty, (MP50,) = U, Ty (M),

with W, the r-th homological Adams operation, which is defined on HEM(X;Q) (k € Z)
by multiplication by rik and is then linearly extended over Q[y*!].

The proof of Lemma 2.3 is given in §3.

We now have all the ingredients for proving Theorem 1.1.
Proof. For a given partition Il = (ky, ko, - -+ , k,) of n,ie., n =) k-7, denote by Ny the
number of elements o € ¥, of cycle-type II. Then it’s easy to see that
n!
kqlkol - 1k12k2 .7

Formula (13) follows now from the following sequence of identities:

ST M) S (M)

Np =

Coex,
t" - "
= Z ol Z Nn H (d:T(—y)*(MgT; UT))k
n TL. M=(k1,k2,-kn) r=1
11k 24 i

= > 2 k1!k2!...1k12k2...H(drT( 0, (M50 )) '

n Il= kl ko, k‘ r=1



10 S. E. CAPPELL, L. MAXIM, J. SCHURMANN, J. L. SHANESON, AND S. YOKURA

n tkr-T

- X Y - @Te.a™ie))”

n II=(k1,k2,kn) 7=1

- - tkT'T r Xr kr
- H kr!rkr'(d*T(—y)*(M §Ur))

r=1 \k,=0
- = 1 T Xr ¢ b
= H(Zﬁ (d*T(w*(M 30r>'7> )
r=1 \k,=0
- r X t
= Hexp ATy, (M5 0,) -
r=1
o0 tr
= exp (Z & Ty (M5 0,) - ;)
r=1
25 - t"
(:) exp (Z ‘Ifr (d:T(_yr)*(M)) . ?> 5
r=1

where in the last equality we also use the functoriality with respect to proper push-down
of the homological Adams transformation W,.

O

3. PrROOF OF LEMMA 2.3

The aim of this section is to supply a proof of the technical Lemma 2.3. We begin by
recalling in §3.1 the construction of the Atiyah—Singer class transformation from [CMSS1].
In §3.2, we specialize to the case of symmetric products and study in §3.2.1 how Saito’s
functors gr’ DR behave with respect to exterior powers (with the induced graded anti-
symmetric action). Before finishing the proof of Lemma 2.3, we indicate in §3.2.2 how the
Lefschetz—Riemann—Roch and Adams—Riemann-Roch transformations are related in the
context of symmetric products.

3.1. The Atiyah—Singer class transformation. Let Z be a (possibly singular) quasi-

projective variety acted upon by a finite group G of algebraic automorphisms. The Atiyah—
Singer class transformation

T,.(=59) : Ko(MHM®(2)) — H;Y(2%) @ Cly™]

is constructed in [CMSS1] in two stages. First, by using Saito’s theory of algebraic mixed
Hodge modules [Sa2], we construct an equivariant version of the motivic Chern class
transformation of [BSY](see also [Sch2, Yol), i.e., the equivariant motivic Chern class
transformation:

(26) MHCY : Ko(MHMY(Z)) — Ko(Coh®(2)) ® Z[y*'],
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for KO(Cth(Z )) the Grothendieck group of G-equivariant algebraic coherent sheaves on
Z. Secondly, we employ the Lefschetz—Riemann—Roch transformation of Baum-Fulton—
Quart [BFQ] and Moonen [Mo]:

(27) td.(—3 g) : Ko(Coh®(2)) — HSM (2% C)

to obtain (localized) homology classes on the fixed-point set Z9.

In order to define the equivariant motivic Chern class transformation MHC?, we work in
the category D*“MHM(Z) of G-equivariant objects in the derived category DPMHM(Z)
of algebraic mixed Hodge modules on Z, and similarly for Di’f}’:(Z ), the category of G-

equivariant objects in the derived category DY (Z) of bounded complexes of Oz-sheaves

with coherent cohomology. Let us recall that in both these cases, a G-equivariant element
M is just an element in the underlying additive category (e.g., DPMHM(Z)), with a
G-action given by isomorphisms

Yy M — g M (g€q),
such that ¢,q = id and g, = g.(¢) o ¢, for all g, h € G (see [MSa, Appendix AJ). These

“weak equivariant derived categories” D»“(—) are not triangulated in general. Neverthe-
less, one can define a suitable Grothendieck group, by using “equivariant distinguished
triangles” in the underlying derived category D(—), and get isomorphisms (cf. [CMSSI,
Lemma 6.7]):

Ko(D"MHM(Z)) = Ko(MHM®(Z)) and Ko(D"$(Z)) = Ko(Coh®(Z2)).

coh

The equivariant motivic Chern class transformation MHC? is defined by noting that
Saito’s natural transformations of triangulated categories (cf. [Sa2])

gri DR : D'MHM(Z) — D%,.(Z)

commute with the push-forward g, induced by each g € G, thus inducing equivariant
transformations (cf. [CMSS1, Example 6.6])

grf DRY : D*MHM(Z) — D25 (Z).

coh

Note that for a fixed M € D**MHM(Z), one has that grf DR%(M) = 0 for all but
finitely many p € Z. This yields the following definition (cf. [CMSS1]):

Definition 3.1. The G-equivariant motivic Chern class transformation
MHCS : Ko(MHM(Z)) — Ko(Dgi(2)) @ Z[y*'] = Ko(Coh%(Z)) ® Z[y™]
is defined by:
(28) MHCS(M]) := ) [erf, DRE(M)]-(=y)" = > (=1)" [H(gr", DRY(M))] - (—y)".
P 1,
The Atiyah—Singer class transformation is defined by the composition

(29) T,.(—; g) = td.(—;g) o MHCS,
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with
(30) td.(=39) : Ko(Con®(2)) — HZY (27 C)
the Lefschetz—Riemann—Roch transformation (extended linearly over Z[y*']).

3.2. The case of symmetric products. In this section we develop the prerequisites
needed in the proof of Lemma 2.3.

3.2.1. Multiplicativity and equivariance of grf DR.

Lemma 3.2. Let X be a complex quasi-projective variety and fit M € D’ MHM(X). Then
there is a ¥,-equivariant isomorphism of bounded graded objects in D°, (X"):

coh
(31) grf DRIM®) ~ (grF DR(M))™"

where the left-hand side underlies the weakly equivariant complex gr’ DR™ (M™), and
the X.-action on the right-hand side is the usual action on exterior products of graded
complezes.

Proof. Since X is quasi-projective, we can assume X is embedded in a smooth complex
algebraic variety M. We have D’MHM(X) ~ D*MHMy (M), by using the identification
of the category MHM(X) of mixed Hodge modules on X with the category MHMx (M)
of mixed Hodge modules on M supported on X ([Sa2, §4]). In this case, Saito’s functor
grE DR is given as the graded transformation associated to a filtered de Rham functor

DR : D"MHMx (M) — D%y, xF(Ouy, Diff)

taking values in Saito’s category of bounded filtered differential complexes on M whose
graded pieces have coherent cohomology sheaves of Oy-modules ([Sal, §2.2]). Moreover,
this filtered de Rham functor is induced from a corresponding functor of complexes

DR : C°'MHM(M) — C*F (D)) — C*F(Oyy, Diff),

associating to a complex of mixed Hodge modules on M the filtered de Rham complex of
the underlying complex of filtered right D,,-modules.
By [MSS, Remark 1.6], for M € C°MHM(M) there is a canonical map

can : DR(M™) — DR(M)®

commuting with the corresponding ¥,-actions as defined in [MSS]. This induces a %,-
equivariant map

gr(can) : grf DR(M®") — (grfDR(/\/l))gr
of the associated graded complexes. Moreover, gr(can) is a (graded) quasi-isomorphism, as
can be checked locally using a suitable “locally free” resolution as in [Sal, Lemma 2.1.17]

For M € C®MHMx (M), one has grf DR(M) € D (X) for all p, with grf DR(M) ~ 0
for all but finitely many p € Z.

Finally, by the multiple Kiinneth formula for push-forwards of mixed Hodge modules
([MSS, §1.11]), the induced X,-equivariant isomorphism (31) does not depend on the choice
of the embedding.

O
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3.2.2. Lefschetz—Riemann—Roch vs. Adams—Riemann—Roch. The following result is a gen-
eralization of a similar fact proved by Moonen in the case of (the class of) the structure
sheaf Ox (see [Mo, Satz 2.4, p.162]).

Lemma 3.3. Let o, be an r-cycle. Then for any G € D?
holds in HEM(X;Q):

(32) td,([G%] : 0,) = U, td.([G)).

Here G& ¢ D>>r (X7") is considered with the induced action of the symmetric group %,,

coh

and X ~ (X")or.

(X), the following identity

coh

Moonen’s proof for the special case G = Ox uses an embedding ¢ : X — M into a
smooth complex algebraic variety M, together with a bounded locally free resolution F
of i,G. Then i" : X" — M" is a ¥,-equivariant embedding, with F* a ¥,-equivariant
locally free resolution of (i,G)® ~ i7(G%"). For the calculation of td.([G¥"] ; 5,), one takes
suitable traces of the induced o,-action on the restriction of %" to M ~ (M")?". Such
traces are well-defined since o, acts trivially on the fixed point set M.

Starting with G € DP, (X) instead of Ox, Moonen’s proof applies therefore mutatis
mutandis to this more general context.

This leads to the following important consequence:
Proposition 3.4. With the above notations, the following identity holds:

U,td,([gry DRIM))) , ifp=q-r,

F DI Xry1. _
(33) td*([grp DR>(M™)];0,) = {0 , if pZ£ 0 mod r.

Proof. By taking the degree p part in (31), we have that:
(34) grf DR (M*) = @ gri DRIM)R--- R grl DR(M),
Z i—1495=pP

where the action of the r-cycle o, on the right-hand side is the (graded anti-symmetric)
action by cyclic permutations of the factors in the multiple exterior product of complexes
(as explained e.g., in [MSS]).

Fix a multi-index (q1,---,¢,) € Z", with >, ¢; = p. If ¢ = --- = ¢, = ¢ (with
p=q-r), we get by Lemma 3.3 that
(35) td,([grf DR(M)®T; 0,) = W, td,([grf DR(M)]).
Otherwise, the orbit of (¢q,-- - ,¢,) under the permutation action of o, on Z" has length

r. This implies:

j=1
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for G, := grf DR(M), q € Z. This can be seen as follows: choose an embedding i :
X <— M into a smooth complex algebraic variety M, together with a bounded locally free
resolution F, of i.G, (¢ € Z). Then

@ fg;(ql) b foﬁ(qr)
j=1

is a o,-equivariant locally free resolution of

" (@ Goi (@) @"Ngaz(q) .
j=1

Let A, : M — M" denote the diagonal embedding, with A, (M) ~ (M")°. Then

Ay (EB ‘7:01(111) O Foi(qr))
j=1

is a complex, whose components are direct sums of terms of the form
(For @ @ Fy) @ (€]-10m)

for .7:(;“ the k-th degree component of the complex F,, and with o, acting (up to suitable
signs) by cyclic permutation of order r on the summands in @®7_10n. So the corresponding

trace 1s zero.
Together with the additivity of td.(—; o, ), this yields (33).
O

3.3. Proof of Lemma 2.3. We now have all the ingredients for proving Lemma 2.3.

Proof.

Ty, (M*50,) = tdi(—;0,) 0o MHC; (M)
= td.(—;0,) (Z[grprRZT (M™)] -yﬁ)
p

= Y td([gr", DR (M™")];0,) -y

p

= > Utd.([grf ,DRM)]) - (y")"

q

— v, (Z[grzmwn - <y’“>q)

q
= U, (td, o MHC_,+(M))
= Ty, (M).

*
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4. COMPARISON WITH OHMOTO’S CHERN CLASS FORMULA

In this section we show how Ohmoto’s generating series formula (20) for the MacPherson—
Chern classes of symmetric products can be derived as a special case of a suitable re-
normalization of our formula (15). We begin with a general discussion on normalized
Hirzebruch classes.

The power series @, () = % € Q[y][[]] mentioned in the introduction is not
normalized, as its zero-degree part is 1+y, instead of 1. So one can consider the normalized
power series

Qy(al+y) all+y)

(36) Qy(@) = 1+ y - 1 — e—a(l+y) -y

which defines the normalized cohomology Hirzebruch class T\;(—) This specializes to the
cohomology Chern, Todd, and L-class, for y = —1,0 and 1, respectively.

In the singular context, the corresponding normalized homology Hirzebruch class trans-
formation 7. is obtained from the transformation 7, defined in (4) by a simple re-
normalization procedure (e.g., see [BSY]). More precisely, for a complex algebraic variety

Z we let fy* be defined by the composition

(37) T Ko(MHM(Z)) % HEM(2) 0 QIy*'] " 5" HEM(2) @ Qly*, (1+1)7"),

with the normalization functor W) given in degree 2k by multiplication by (1+y)~*. The
corresponding (normalized) characteristic classes associated to the (classes of) complexes

Q¥ and 1C"¥ will be denoted here by 7, y«(Z) and IT y«(Z), respectively. Asshown in [Sch2,
Proposition 5.21], the transformation fy* of (37) takes in fact values in HZM(Z) @ Q[y*!],
so one is allowed to specialize the parameter y of the transformation to the values y = +1.

It follows from [BSY] that T,.(Z) € HZM(Z) @ Q[y]. Moreover, by loc. cit., if y = —1
one gets that

(38) T 1(2)=c(2)®Q

is the rationalized homology Chern class of MacPherson [M]. Also, for a variety Z with
at most “Du Bois singularities” (e.g., rational singularities), we have by [BSY, Example
3.2] that

(39) Tou(Z) = td.(2),

the Baum—Fulton-MacPherson homology Todd class [BFM]. And it is only conjectured
that if Z is a compact algebraic variety, then

(40) IT\.(Z) = L.(2)

is the Goresky—MacPherson L-class of Z (cf. [BSY, Remark 5.4]). This conjecture is
known to hold in some special cases, e.g., if Z has a small resolution (cf. [Sch2, §5.1]),
or if Z = Y/G is a global projective orbifold (cf. [CMSS1, Corollary 1.2]), or if Z is
a compact complex algebraic variety with only isolated singularities, which is a rational
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homology manifold that can be realized as a global hypersurface in a complex algebraic
manifold (cf. [CMSS2, §4]).

For simplicity, the main results of this note are formulated only in terms of the un-
normalized Hirzebruch class transformation of (4). However, for the purpose of comparing
our formula (15) with Ohmoto’s generating series formula (20) for the MacPherson-Chern
classes of symmetric products of a quasi-projective variety [O], we need to say a few words
about the normalized version of our formula (15).

By applying the normalization functor W(;_,y (note that due to our indexing conven-
tions, y is replaced here by —y) to the left-hand side of (15), we get the generating series
Y >0 f(_y)*(X (M), Applying the same procedure to the right-hand side of (15), we first
note that the normalization functor VU (;_y) commutes with push-forward for proper maps,
as well as with exterior products, therefore ¥(,_,) also commutes with the Pontrjagin
product and the exponential; finally, it also commutes with the homologica}\Adams op-
eration W, of Theorem 1.1. But W(;_,T(_,~ (X) is not in general equal to T_;, (X )]y
Only in the case y = 1 we get the following:

Lemma 4.1. With the above notations, the following identification holds:
(41) lim W)W, T, (X) = T (X) = (X) © @,

Before giving the proof, we need to recall from [BSY] that, if Z is a complex algebraic
variety, then the class of the constant Hodge sheaf [Q¥] is in the image of the natural
group homomorphism

(42) Yudg : Ko(var/Z) — Ko(MHM(Z)) , [f Y — Z] — [fiQ¥] ,

defined on the relative Grothendieck group Ky(var/Z) of complex algebraic varieties over
Z. Indeed, xnag([idz]) = [Q¥]. Therefore, the corresponding homology Hirzebruch class
T,,(Z) can be regarded as the image of the distinguished element [idz] € Ky(var/Z) under
the natural motivic Hirzebruch transformation (cf. [BSY])

(43) T,, : Ko(var/Z) — HEM(X;Q[y])
defined by pre-composing (4) with the group homomorphism ypqe. Similarly, one can
consider the normalized motivic Hirzebruch transformation T, := W4, o T} , which

maps [idz] to the corresponding normalized Hirzebruch class fy*(Z ) =T, ([idz]).

We next recall that the MacPherson—Chern class of an algebraic variety Z is defined by
co(Z) = c.(1z), with ¢, : F(Z) — HBM(Z) the Chern class transformation of MacPherson
[M] defined on the group F'(Z) of complex algebraically constructible functions.

Lemma 4.1 follows by applying the following identity of transformations to the distin-
guished element [idx] € Ky(var/X).

Lemma 4.2. With the above notations, the following identification of transformations
holds:

(44) lim Oy U, Ty, (7) = T1u(=) : Ko(var/X) — HEM(X;Q) .
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Proof. Since both sides of (44) are defined by functorial group homomorphisms, this iden-
tity can be checked on generators. So, by functoriality for proper push-downs, it suffices
to check it in the case when X is smooth. In this case, we can perform our calculations
dually, in cohomology. Formula (44) follows now from a simple manipulation with power
series, the main steps of which are sketched below.

The un-normalized cohomology Hirzebruch class T);(X) is defined by the power series

Qy(o) = i++eaa), hence T (X) corresponds to the power series Q(_,~ (a). By applying

the cohomological 7-th Adams operation to Q_,~ (), we get the power series f(a) :=
a(l—y"ere)
l—e—re

side of formula (15) amounts to replacing f() with the power series £@(!=%) (1 y)) The limit
of the latter, as y — 1, yields by 'Hopital’s rule:

The cohomological version of the normalization coming from the left-hand

11— —ra(l Y) =1 r\ ,—ra(l—y) o
lim ( ve ):lima( Y roy’)e — Ta:l—i—oz
y—1 1 — e—ra(l-y) y—1 —rae-ro(l-y) —_r

i.e. the power series defining the total Chern class in cohomology. This finishes the proof
of (44).
O

Therefore, by specializing to y = 1 in our formula (15), we recover as a corollary
Ohmoto’s Chern class formula [O]:

Corollary 4.3. For any quasi-projective complex algebraic variety X, the following for-
mula holds in Y, o HEM(X™M; Q) -t

(45) Z e (XM " = exp (Z die (X T) )

n>0 r>1
with c.(—) denoting the rationalized homology Chern classes of MacPherson [M].

The above arguments can be extended to obtain a generating series formula for the
rationalized MacPherson—Chern classes of symmetric products of a constructible sheaf
complex F underlying a complex of mixed Hodge modules M. For this, we use the
commutativity of the following diagram (see [Sch2, Proposition 5.21]):

Ko(MHM(X)) —— Ko(D!(X))
(46) f—u l J/Xstalk
HEM(X:Q) —  F(X)

Here, rat : D"MHM(X) — D?(X) is the forgetful functor associating to a complex of
mixed Hodge modules the underlying constructible sheaf complex, and ygtan is defined by
taking the Fuler characteristics of the stalk complexes. Then we have:
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Corollary 4.4. For any quasi-projective complex algebraic variety X and F = rat(M)
the underlying constructible sheaf complex of a complex of mixed Hodge modules M &
D*MHM(X), the following formula holds i}, -, HBM(X™M). Q) -t":

ev

(47) S e F ) i = exp (Y die#)- T

with C*(JT) = C*(Xstalk(f))'

The proof is exactly the same as above, based on the fact that the functor rat commutes
with symmetric products (see [MSS]), together with the identification of transformations:

(48) lim W (1) W, Ty, () = Toae(=)  Ko(MHM(X)) — HEY (X Q)
which follows from combining (44) with the proof of [Sch2, Proposition 5.21].

Finally, by using the localized Chern class transformation
c(—9) : Ko(D29(Z;C)) — HGM (X% C)

of [Sch1][Ex.1.3.2], with D>%(Z;C) the category of G-equivariant objects in the derived
category of constructible sheaf complexes of C-vector spaces, one can formally adapt our
proof of Theorem 1.1 to give a direct proof of formula (47) for any constructible sheaf
complex F € D’%(X;C) on a quasi-projective algebraic variety X. Details of this will be
discussed elsewhere.
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