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K 1 BY GENERATORS AND RELATIONS

A. NENASHEV

Abstract. We give a· presentation by generators and relations for K 1 of an 8.!bi-
trary exact category. .
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their hospitality in 1995-96 during my work on the subje~t.

1. REVIEW OF THE G-CÖNSTRUCTION

In [GG] Gillet and Grayson attached a simplici8J. set G.21 to any exact c~tegory 21
and proved that IG.211 is homotopy equi~a.lent to QIQ21lrv 0IS.2lI, the equivalence
being natural in 21. Thus one can take the formula

for adefinition of the higher K -groups of 2L '.
An n-simplex in G.21 is a pair.pf triangular diagramS in Q{ of the form

Pn/,r~-I Pn/ n- I

r T

P2/ I ~ ... --.. Pn / I Poil 1 --.. ... --.. Pn / I

r T . T r
(1.1) )

PIfo ~ P2fo ~ ... '-t- Pn / o. PI fo .'-t- P2fo '-t- '... '-t- Pnio

T T r r r T
Po ~ PI '-t- F'2 '-t- ... '-t- Pn P~ --.. pI

~ p,' --..' ... --.. P~.1 ·2

subject to the conditions:

(i) the quotient index subtriangles in both dIagrams coincide;
(ii) all the squares commute;' .

(iii) all the sequences of the··form· 'pj -+"Pk -t Pk!i;- -PJ -+ ..Pk .-+ ·Pk / j , and·
Pj / i -t Pk / i -+ Pk/j with i ::; j ::; kare short exact sequences in 21.

In particular, a vertex in G.21 is a pair of objects (P, PI), and an edge connecting
(Po', P~) to (Pi, P{) is a pair of short exact sequences (Po -+ Pi -+ Pifo , P~ -+
P{ -+ Pi / O), with eqp.al cokernels. The i-th face of (1.1) amounts to deleting all the
objects whose indices contain i. I

Typeset by A.tvP- 'IFX
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2 A. NENASHEV

For instan~e; th~ faces of a geheric 2-simplex

P2/ 1 P2/ 1

1 J'
PI / O' ) P2/0 PI/ O ) P2/ 0 (1.2)

1 -I 1 1
) PI ) P2, Po' P;, ' P'

0 ) 2

t=

Po

are given by

dot = (Pt -t P2 -t P2/t,' .P{ -t P~ -t P2/d'

dtt' (PO -+ P2 -+ P2/ 0 " p~ -+ ~ -+ P2/ 0 )

d2t = (PO -t Pt -+ PI / O, P~ -+ P{ ~ Pt/o).

Let 0 denote a distinguished zero object in 21, then we let (0,,0) be the base point
, of G.21.· Given A E 21, the standard edge e(A) from (0,0) to (4, A) is given py

, ,
, 1 I
e(A) -:- (0 -+ A -+ A, O'~ A -+ A).

, 2. THE MAIN RESULT

Le,t 21 be an exact category.

Definition. A do~ble short exaet sequenee in 2t (~dse~. for s~ort) is a pair of

short. exact sequences °-+ A Ä B .E..4 C -+ 0, °-+ A A B 9\ C -+ °on the
s~me objects. Given su~h data, we will write them in the form

l = (A:8B~C).
h g~

(2.1)

, '/

,If A E 21 and a E Aut A, we will associate to Q two ds~s. 's

_ 0:

l(a)', (A===*A~O),
, 1

(2.2)"

and in this way a dses. should be thought of as, a generalization of an auto~or-

,'phism. :..-
For any äses. l of the form (2.1), we denote by e(l) the edge from (A, A) to

(B.B) in G.21 given by l. We assoc'iate to i a loop J.L(l) in G.21 giyen by

,e(l) ,(B,B)

(0,0)
, .

and let m(l) denote its class in K 1 (21) = 1Tt(G.21).
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Proposition 2.1. ([Ne2]) The elements m(l) are subject to the jolloWing two types
0/ relations in Kt{2t):

(i) 1//1 = 12 and 91 = 92 in (2.1), then m(l) = 0 (in this case, we will say that
l is diagonal). .

(ii) Suppose we are given a diagmm of the form

> A' l A· A" ,

~ ~ ~.

B' - ~ B" B" (2.3)

~ ~ .~
, C' C } C"-

which consists 0/ six double 'short exact sequences and is s'l1bject to the con­
dition: t~e first (the upper) arrows commüte with the first (the lelt) ones
and the, second (the - lower) arrows commute with the second (the, right)
ones. Let lA, la, and lc' (respectively, l', l, and l" ) denote the horizontal
(respectivdy, the 1.!ertical) d13.e13.'S in (2.3). Then we .have

!71(lA) - m(lB) + m(lc) = m(l') - m(l) + m(l").

Definition. We' de~ne V(2t) ~o ~e the abelian group with generators (l) for all
dses. '8 l subject to the above relations (i) and' (ii) posed on the symbols (l) rather
th~ on the elements ,"!,\l) of K 1 (21).

By Proposition 2.1; we have a well-defined homomorphism

m: V(21) -+ K1U21), (l) t--t m(l).

Consider the. c~tegory DSES(21) of all dses. 's in 21. We tan' make it an exact
categorY,-a short"exact'sequence~ofdses: IS"being"a 'diagram'\'Of't~e "form'·......." .. ' .

A' A A"

J, 1 1,
B', B. B" (2.4)

1 1 1
c' C C"

whe.re the columns are short exact sequences in 21 and the upper (the lower) hori­
zontal arrows commute with the upper (the lower) ones. We caJ). regard (2.4) as a
par~icular ~a.se of (2.3) in which the vertical dses. 's are diagonal. Thus in the same
notation, we have in V(21)

(2.5)
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0 0 0

·ll ~ ~
A

1
0 A

aß

II 1 ~ ß . 1'~ 1

1
... 0 J A J A

a

It' is a particular case of (2.3)-, hence we get in V(21)

(l(aß» ~ (l(a» + (l(ß)).

_It follows that we have a well-defined' homomorphism

(2.6)

. .
K o(Aut(21»/ I"V -t V(21), a r4 (l(a»,

where the equivalence relation iso generated by (A; aß) I"V (A; a) + (A; ß) for all
A E 21 and a, ß E Aut A. The left hand side group is known as the.group Kfet(2t)
of H. Bass (cf. [BaI], [Ba2], and [Ge]), and the composite map Kfet(21) -+ V(21).-+

. K 1 (21) ia also well-known (for instance, see [Ge]). If every short exact sequence
in 21 splits, then Kfet(21) -+ K 1 (21) is an isomorphism ([We], [Shl]). However, in
general.this map need not be either surjective or injective (see [Ge]), Le., Kfet does
not provi~e ci. good algebraic substitute for K 1 in the general case. ,But V(21) does .,
the job.

Theorem. Fdr'any exact category 2l', the map m: V(21) ....:., Ki'(21) "is an' isomor­
phism.

. ,

In [Nel] we have shown that for any element x E Kd21), there exists a dses.
1 such that x = m(l) (we use the. res'ults of {Sh2] and~ [Sh3] in our proof of this
fact). Thus m is surjective. In the present paper, we construct a homo~orphism
b: K 1U2l) ~ V(21) and show that b 0 m' = idv (21)' which implies injectivity of m~

3.. SOME LEMMAS ABOUT Kfet(21) AND V(21)

Lemma 3.1. Let A E 21. In the notation (2.2), we haue in 'D(21)
. ,

(i) (l(a)} = ([(a) for any a E Aut Aj
. O' .

(ii) (0~ A~ A) = (l(a- 1ß)) = (l(ßa- 1
) = (l(ß) - (l(a),

ß J •

a _ - --
(A~ A =:::; 0) _(l(aß-l) = (l(ß-1a) = (l(a) - (l(ß),

{3

for any (X, ß E Aut A.



Lemma 3.2. Let A E 21.
(i) 'rhe class 0/ the, automorphism'

(}A = ( 0 . lOA) E Aut(A ffi A)
. -lA

vanishs in Kfet (21).
(ii) The dass 0/ the d.s.e.s.

(ci) (0,1)
A ~Affi A =:::; A

(~) (-1,0)

5

(3.-1)

, (3.2)

Für' consider the

-~) 0

---.) o.
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(ii) It follows from the 'diagram
~

o

II
A

A

A. NENASHEV

0, 0

'll II
(~)

t ,A'ffi A
(0,1) ,

~ A
(~) (-1,0). (3.3)

1 II (tA 1 III
(~) } A Ea A (0,1) ,

} A
(~) (0,1)

that the class of (3.2) in-J)(2t) equals (l(aA)), the latter vanishs by' (i). ' 0

Lemma 3.3. Let (A, B) be a veTtex in the base point component ofG.2t (i.e [Al =
[B] in K o(2t)).· .

(ir The class of.the automorphism

(
'0 1 ) .

aA,B = 1 . - A
O
E9B E Aut(A ffi B ffi A ffi B)

AEf)B
,(3.4)

(

, In this notation, the regular )
lines yield the first' arrows and
t~e dashed lines yield the second

a1TOWS 0/ the d.s.e.s., '

vanishs in Kret (2l).
'(ii) The dass 0/ the d~.e~.

AffiB
/ ';I, ""~

A. Ea B EB A ffi B
~'" 'Y; /

AEa'R
vanishs' in D(2L).

Prao/. (D Let (A -+ A' ~ N., B -t B' -t N) be an edge in G.21. Then we have a .
short 'exact sequenc.e in the category Aut(2l), '

o~ aA B 4 aA' B' -t aN N -t O., , ,

, ' Co~ider the 'matrix (~ ~ ~ I) over z. Since its determinant equals 1, it can

o 1 0 0
be represent'ed as a product of elementary matrices. Replacing the integer 1 by
IN E Aut N, we obtain the same representation for aN,N. Now the shart exact
sequences as in the proof of. Lemma.3.2(i) ,-,show that ~ the, dass of aN,N ~ vanishs .in
·Kfet (21). Tp,us the classes of o.A,B and aA',B' are equal. Since we cau connect
(A, B) to '(0, 0) by a sequence of edges, assertion (i) is proved. •

(ii) follows from (ir by,a diagram similar to (3.3). 0

. h g~

In the notation (2.1), we put IOP = (A~ B~ C).
ft 91
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Lemma 3.4.' (lOP) = - (l) in V(2l) for any d..s.e13. l.

Proof. Consider the diagram

A
h

B
91

C

j\.. h j\.. 92 /\
hfBh}

\ ,

91 Ea92} \

AEBA BEBB. GEBC

),) hEa"h 'j 91 Ea92 ),j.. \

h
-f\

92
A B C

h 91

The vert!cal dses.'s are of the type (3.2), heuce we.are done. 0

Lem~a 3.5.. Isomorphie d.s.e13. 's give rise to the same element of V(2f..).
. ,

Proof. It is an obvious particular case of.the additivity' (2..5). ·0

4. THE INVERSE MAP b : K I (2t.) -1. V(21)

Let G.21°. denote the hase point component of G.2t.. We will· assign a dses. to
any combinatorialloop in G.21° and show that this leads to a we,ll-defined homo-
morphism K I (21) = 7T"1(G.210) :-' 1)(21). '.

A (combinatorial oriented) loop in a simplicial set is a circular sequence of edges
like . 'e' -

3

+
e. e)

We attach plus or tnirtus to an edge if its orientation i~herited from the simplicial
set str~cture coincid'es with (respectively, is 'opposite to)" the' orientation of the' löop.
Thus a loop is a sequ'ence of edg~ el,' .. , en .and signs Cl, ... , cn E {+, -} such
that for each i = 1, . '.' , n

dOef = diei+l

dOei = dOei+1

dlei = dlei+l

. dlei = dOei+1

if Ci = Ei+l = +
if Ci = +, ci+l = ­
if Ci = -, Ei+l = +
if Ci = ci+l = -

(4.1)

under the convention en+l = el, cn+l = Cl. Condition (4.1) simply nleans that
the target of each edge coincide~ with the source o'r the next edge. where we use
the .words "saurce" and "target'" in the sense of the loop orien.tation, and the four
cases in (4.-1) mean that this~sense might be opposite to the sense inherited from
-the simplicial set structuI:"e. We consider the source of el as the base point of such
a "loop.
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, .
A free. (combinatorial oriented) loop is a loop up to a cycli~ permutation of

indices, Le. without base point..

If e = (P ~ P' .:!..t, N, Q -4 Q' ~ N-) is an edge in G.2i, we put e+ = e and

e- ' (Q ~ -Q' ~ IV, P ~ P' -"\ N). ((NB: we change the sign of 1'.)' ;Let
J.L = (el, ... ,en;Cll ... ,cn) be a loop in G.21 with ~i E{+,-} and

Let
n

e(J.L).. = EB e~i,
i=l '

'(4.2)

i.e., we· take the term-wise direct st1J!lS of the first and the second short' exact
sequences that appear in .ei or ei accordingly tq ci = + or -, over all i. We
introduce an explicit notation for t1:J.e edge e(J.L),

Thus for instance, P(J1.) is the direct surn of those' Pi for which ci = + and those
Qi for which ci = -. .

We claim that the objects' ?(IJ) Ee Q' (IJ) and P' (J.L) Ee Q(IJ) are isomorphie. For
let 1 ~ i ~ n and '(P, Q) denote "the vertex between ei and ei+l' Then in each of the
four cases in (4.1), there is 'a copy of P and a copy of Q as a direct summand in both
expressions under question. (These copies correspond to the pair of indic~ (i, i+1). J
There might be other copies of P and' Q in P(J.L) Ee Q'(J.l) and PI(J.l) EB Q(J.L) if the
loop'~asses.through the vertex (P, Q) several times). For instance, in the third case

ei ei+l
( ..~ • ...... ") '\\Te have Pi = Pi +1 = P, Qi =. Qi+l = Q,

(P,Q)

ei ,~ (Q --t Q~ ~ Ni, P -t PI -t Ni)
..+ . " I"""' . - " . I .'

e i +1 =. (P -t Pi +1 --t Ni+ll Q -t Qi+l -t N i +1),

and the claim is obvious. Let

denote the isomorphisrri that takes -those copies ~f P (respectively Q) to each other,
for every vertex. ,

Given an' edge e = (P ~ P' .:!..t N, Q -4 Q' ~ N) endo~edwith an isomorphism
'Tl: P ffi Q' ~ P' ffi Q, consider the two short exact sequences

PtBQ
oelQ

P' EBQ
(...,,0)

N) , ,)

I rTl (4.4)

PEeQ
Ipeß

P ffi Q'
(0,6) ,

N) . )

•

•
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. .

Replacing the object PtfJQ' i:t:l the second short exact sequence by P' ffiQ by means
of 1] we obtain a double short exact sequence,. .

\

We put 1(/-L) ~ 1(e(/-L); 1](/-L)), and let b(/-L) = (l (/-L)) be its dass in V (21), fot any
loop /-L in· G.2l. A cyclic permutation of Indices gives rise to apermutation of the
direct summands in the whole procedlire, therefore it leads to an isomorphie dses..
Thus by Lemma 3.5, b(J-L) is well-defined for a free loop. .

Let /-L.I and /-L2 be free loops, and suppose that they have a co~on vertex (P, Q).

. . .

We define the product of J.LI·and J-L2 at (P, Q) by the right hand side of the above
. figure, i.e., we take the disjoint uilion of the sets of indices for fLl and /-L2 and put

them in the obvious cyclic order. LetfL denote the resulting loop. It might happen
that fLl or '/-L2 passes through (P, Q) several times. In order to make the definition
correct, we'fix a pair o( indic.es (i, i + 1) (respectively (j,j + 1)) such that (P, Q)
is the vertex between the i-th and (i + l)-tb edges of J.LI and between the j-th and
(j + l)-th,edges of fL2'

, . , . . ,
Proposition 4.1. b(J.L) ,= b(/-Lr) + b(J.L2) provided all the three loops are ,in G.2lo .

Lemma;4.~~ ~ Let·e·=· (P ~.p~·4.N,Q~!!'"Q~ .~-N).'.be.~n'edge'and~" . . " ,
1J, 1J': P ffi Q' ..:; P' ffioQ be isomorphisms. Let rP = 1]' EB 1J'-1 E Aut{P' ffi Q). Then
in V(21) we have
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Proof of the proposition. There is an obvious isomorphism

since both expressions cansist of the same summands. The difference between
7J(J-Ll) ffi 7J(J-L2) ap.d Tf(J-L) amaunts essentially to the difference between the isomor-
phisms .

PffiQffiPffiQ . PffiQmPmQ
I I I I and, ~
pmQffiPffiQ PffiQffiPffiQ

accordingly ,ta what we change at the point (P, Q) in Figure 1. By the lemma, 0.

(l(J-Ll)) + (l(J.'2)) = (l(J:Ld ffil(J.'2)) = (l(/-L)) + (l(ap,Q)), where ap,Q is the matrix of
(3.4). Thus by Lemma 3.3 we are cl.one. 0

. 'For any' edge e = (P Ä P' ..2+ N, Q ~.Q; ~ N), let J.L( e) denote the loop~
(e, e; +, -) which goes along e to and back,

·c-
Lemma 4.3. /f e is an edge i~ G:21°, then b(J.'(e)) . O.

Proof. According to (4.2), we have e(J.L(e)) = e ffi, e- =

= (P ffi Q etEDß) P' ffi Q' '"'(ffi
o) N ffi N, Q ffi P ßfficr) Q' ffi P' 6ffi (-'"'() N ffi N). '

"In the notation (4.3)

P(J1.(e)) E9 Q' (J.'(e)) = P ffi QmQ' ffi P' ,

and the isomorphism 7J is the obvious permutation of summands. According to
(4.4), ..we form two short exact sequences

PffiQ.ffi.Qffi.P

and proceed to the cl ses.

affißffilffil
. )

l(J.L(e)) =

We keep using the way of displaying dses.'8 as in Lemma 3.3. Each Hne h~re means
an"obvious map, Le.."a, ß, 1p, etc.; -1 near a line means that we change the sign
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of the corresponding map; the. collection of dotted lines yields the second arrows in
the dses., and the regular lines yield the first arrows.

Consider the diagram

o

FffiQffiQffiP
" '.. ' ,

.. I ,
.. I • ,

I •
,1

l' "I" ,

l/' .. ~
I I

, , I ..
.' \ , ...

" ," .. ' .....
I , ... ...

P' ffi Q' ffi Q ffi P, .
\ .

\ I
.. 1

"-4
I ....
I \, \
f \
I \

: '-1\

(1'$6,0,0)

1

1

0·' .

NffiN
\

\ I
\ I

\ I '

"1,,
I \, \

/ .;
I I

I •

: -1

NffiN

The horizontal dses. 's here are diagonal. The middle vertical dses. is l(JL(e))~

The right vertical dses. is l(aN), it vanishs in 'V(21) by Lemma 3.2(1). The left
vertical dses. is isomorphie to l(ap,Q)OP (transpose the last copies of P ?ud Q).
By Len;tmas 3.5 and 3.3(H, its class 'vanis.hs in 'V(2!),. hence (l(JL(~))} = O. 0

For any loop p.. let j.L-l denote the· inverse loop (obtained from. I-' by changing
orientation) .

. Corollary 4.4. If J.L is in G.21°, th~n b(j.L-l) = -b{I-').

Proof. Let J.L = '(el, ... , en ;Cl, ... , €n) and define the loops /-Ln, J.Ln-ll J.Ln-.z, . .. by
the pictures

,

"'0

I· .

..
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Thc sign'"" above means that we apply Proposition ,4.1 and Lemma 4.3 and get
. .

, '

b(JL) + b(J.L-l) = b(J.Ln) = b(J.L~-d + b(JL(en))

= b(J.Ln-d = b(J-Ln-2) + b(J.L(en-1))"

= b(J.Ln-2) = b(J.Ln-J) + b(J.L(en-2))

=0 0

Next we want .to show that b(J.L) vanishs provided JL is the ,contour of a triangle.
We will prove a more general as:sertiort concerning admissible tripies of edges.

. .

Definition. An admissible tripIe 0/ edges in G.Q1 is a tripie r = (eIl e2, eJ) 'or the
form

cL'
1,1/0 P )
. ) 1/0

, a'
(P al,2 Po 0'2,2/1 p.' p' a 1,] '01 2,~/1. P. )

e2'= t"~ 2 ) 2/1l 1~ F2 ) 2/1
, a' ,.

(
0 ao,~ 0 O'~,~/o n p.' 0,2 p,' a 2 •2 / 0 P )

eJ = .ro ~.r2 ) .z2/0, 0~ '2 ) 210

subject to the condition . " ,

, . d' , , ,
(k1,2 0 aO,1 = aO,2' an a 1,2 0 aO,l = aO,2'

It looks like

~
eJ .

and we let JL(r) denote the loop formed by el, e2, and e3 with the orientation shown
in the figure;" Thus"'in- the' notation·discussed"above,"er~='·c2'"="'+-j'CJ =~-'-'; ,

We get two short exact sequences

P 0'1/0,2/0 P. 0'2/0,2/1 P.
1/0, ) 2/0 ) 2/1

from the diagrams

and P
O~/0,2/0 P. 0;,0,2/1

, 1/0' ) 2/0 ---.-+) P2/1

0'0 1 0' 1 ~ 1/0
' 0' a~,1/0

Po' P1 P1/ 0 Po 0,1 p' PIIO' ~ . ) 1 ' ~

11 101,~ . 10'1/0,2/0 11 1O~,2 1a~/o.:)/o
0'0,2' o~,~/o

, ,
Po ) P2 ) P2/0 Po' ° 0 .2 p.' ° 2 ,2/0

P2/0)0 2

1 1°2.2/1 10'2/0,2/1 1 ·1 a;,2/1 1a;/0.2/1

0 P 2/ 1
1

P2/1
1) 0 ) P2/1 ) P2/1



and we call

. ,
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01/0,2/0 02/0.2/1

L(T) = (P1/ O - ~ P2/ 0 - , l P2/d
0~/0,2/0 0;/0,2/1

13

l(J.L(r)) ==

the dses. associated to the admissible tripie' T.

. Notß that T provides the contour of a (uniquely determined} 2-simplex (see (1.2))
if and ooly if the associated dses. L(T). is diagonal? Le., if 0.1/0,2/0 = 0.;/0;2/0 and
0.2/0,2/1 = 0.;/0,2/1' Admissible tripies played an essential role in tqe. proof of
relation (ii) for the elements m(L} in [Ne2J.

Proposition' 4.5. Let T = (eI, e2, e3) be an admissibLe tripie ·in G.21o.. Then
b(IL(r}} = (l(r).

- Corollary 4.6. 1/ T is the contour 0/ a 2-simpiex in G.21o, then b(IL(r)) = O.
, . '

Proof 0/ the proposition. According to (4.2), we have e(J.L{r)) =.el ffi e2 ffi ej'" =

, .
00 IEBol 2EBoO 2 . Oi,1/0{B02,2/1$0;.2/0=(Po e PI ffi P~ . , , I PI EB P2 EB P~ ) P1/ Offi P2/ 1 ffi P2/0,

00 I {Bo~ :l$00 2 o~ 1/0$0; 2/1 (B( -02 ,2/0)
. P~ EB PI EB Po " , I P{ ffi.P2 EB P2" I P1/ O ffi P2/ 1 $. P2 / 0 )·

Thus in notation (4.3),

, '~(J..'(T») ffi Q' (IL(r)) = Po EB P~ EB P~ ffi P{ EB P~ EB P2,

p' (J..'( r)) EB Q(J.L(T)).= PI ffi P2 ffi p~ ffi p~ ffi P{ ffi Po,
• •• A

and the isorilorphism 1] is the obviqus permutation of suminands. We form two
short exact ~equences as in (4.4),

PoEBPIEBPoffiPo.EBP{E9Po --41 PO~PIEBPoEBP{EBP2'EBP2---+1 PI/OEBP2/1EBP2/0

and get the resulting dses.

.Po ffi PI ffi p~ EB P~ EB P{ ffi Po-~ -'~t f' .. "·t'"'--':1--"1J' - - - l1li\. '-' "" ~
I ",,~- ..... _~ ""',

" ,,' ;-<' --~\.~ .....
fl ffi Ä' EB p~'~ p~ EB ,P{. ffi'po

~~";:~-::.0:"". .
." ">!..... ..

Pli~"ffi ~/l ffi'~2/0

There are many ways to show that (l (J..'{T))) = (1 (r» in '0(21) by constructing
diagrams of the form (2.3) .. Here is.one of them.

Consider the diagram
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PQ~ Po e Pe E9 Po E9f'~~Po . ====4
...... 1 \..... .
, 1 '( /
, I,' Y
, , /1

I }',,'
, . I~ \
I I I, ... \

I . / I' "',
, / I \ \

I I I 1 ...

Po EB Po EB Po~ Po EB Po EB~Po

,,,,
J,,

I

Pl / OfJ1 Pl/O', ,
I
I

I
I

0< oe'~
I
I
I
I

, I

====:::t Pl/OEBP2/0E9P2/0EBPl/0
\,' I.. \ 0.: "

\ ," , ,

;, "
)''',

, I , . \
I \

" -1' \.'
Pl / OEBP2/l EBP2/ 0

...

, 0

Here the middle vertical dses. is l(J..'(r)) and the horizontal dses.'s are diagonal,
with the obvious arrows that d<:? not change the order of summandS. Let II and l"
denote the left and the right vertical dses. respectively.

Lemma 4.7. (l') '= 0.:

Proof. This dses. amounts to the direct sum' of the matrices (~~ ~) ap.d· (~ ~ ~ )
. .100 0 1 0

(the Po- and P~-part, respectively), under the map Kfet(21) -+ ·V(21). Both auto-
morphisnis vanish in Kfet (21) by the argument as in the proöf of Lemmas 3.2 and
3.3. 0 .

Lemma 4.8. (Z,") = (l( r)).

Proof.. Consider, t~e diagram

-1
l-t2,2 -+ 1

0 Pl / O EB Pl /O I . ;1/0 EB PvoI - I 1-+1,2-t2
/ . I

.~
I I

I I , I
I I , I

I I I, I,
cl.. rJ.' I

I -1 r:I.. 10/..'
I , I, I I I

I I I I, I J ,
I I , ,

J 1 1-+ 1,2-+3,3-+4,4-+2 I ,
.0 Pl/O EB p2 / 0 e P2/0 EB Pl / O I PI 10 e Plio EB P2./O EB P2/0

, " I
1-+ 1,2 -+ 4,3-+3,4-+2 I I ,

\ rf..' /- -1 I I '

~
,I ,

,
I I

. \ I
, ,

/ I
\ , ,

/
\(

, I I, / .
'0/.'

,
" ' I I

r\ I
I/., \

/ I
I ,

I/ -1\ I, I I

0 P lfO e P2 / l e P2 / 0 Pl / Oe P2/l EB P2/ 0

The notation at the horizo'ntal arrows shows the permutation of the direct sunl­
nlands, -1 means the change oe. the sign of the. corr~sponding identity map. The

upper horizontal dses. amounts to (~1 .~) ami vanishs in V(!X) by Lemma 3.2.
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The horizontal dses: in the middle is isomorphie to the direct sum of a.diagonal. (0 1) -dSßs. (the Pl/O~part) and a dses. which amount, to -1 0 (the P2/o-part).

Thus (l") equals to the dass of the fight vertical dSßs.. The latter is the direet
s~m of a rlses. of the form (3.2) (the Pl/O-part), a diagonal one (the P2/o-p~rt)~
and l (T). The lemma and the proposition are proved. 0 O· - . . -

. . 40f

r-J

ß(ff
rJ ,.., . ,....,

f , I \f1 t'
. .

By -the ..above lemmas, b(J-L) = ,b(IJ) + b(Jt(t)±l) .= b(J-Ld = b(IJ') + b(J-L(e)) -
. b(IJ'). 0 . .

According to the well-know:n combinatorial deseription for th~ fundamental group
of a simplieial set, it follows from the above lemmas that we have a well-defined
homomorphism

Proposition 4.10. b~ n: = idv (!;!).

Pro.of. .Let l be a dses., then'b(m( (l) )) ::= b(J-L(l)), where J-L( l) is the loop defined by
(2.2~). We can regard J.L(l} as an admissible tripie of edges, the associated dses.
being l. By Proposition 4.5, b(J-L(l)) . (l) and we are done. 0

This completes ~he proof of the theorem.
Remark. 'The diagrams in the proof of Proposition 4.5 are less complieated in

the case of J,l(l) than for an" arbitrary admissible tripie. We leave it to reader to
show directly that b(J.L(l}) = (l).
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