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Abstract

Let End /2 (A) denote thc algebra of all bounded A-operators in Hilbert mod­
ule /2(A) and End */2(A) denote thc C*-algebra of operators admitting an adjoint.
Throllgh GL (A) and GL*(A) we dcnote the correspondent grollps of invertible ele­
ments. In the present paper we pl'ove the contractibility of CL (A) and CL*(A) for
arbitrary C*-algebra A.

Let End 12(A) denote the algebra of all bounded A-operators in Hilbert Inod ulc 12( A)
and End *l2(A) denote the C*-algebra, of operators admitting an adjoint. Through GL (A)
and GL '"(A) wc denote thc corrcspondcnt groups of invcrtible e1cnlcnts. The qucstion on
thc contractibility of these linear gl'OUPS is very iIllportant in K-theory for constl'uction of
classifying spaccs and was thc subject of a nU1l1ber of papers. In [6,3, 7J tbc contl'actibility
of GL*( A) for llnital A was proved. The author llsed these results for constructing the
classifying spaces for r(p,q(X; A) in [8J. In [9] the authol' obtained anothcr proof of this
fact as well as a proof of the contractibility of GL (A) for unital A. In [1] was proved the
contracti biEty of GL* (A) for A with strictly positive elCll1ent.

In thc present paper we prove the contractibili ty of GL (A) and GL'" (A) for arbitrary
C*-algebra A.
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1 The first step of the homotopy

Definition 1.1. Thc set of the invertiblc elenlcnts of End "'l2(A) (eolTcspondently End
l2 (A)) we call the general linear group GL (A) (correspondently the f7l11 general linear
gr071IJ GI.*(A) ).
Relnark 1.2. The grollps GL (A) and GL"'(A) are open sets in Banach spaccs End 12(A)
anel End "'l2(A) correspondently, henee, by the ~1ilnor's theorell1 [5] they have hOll10tOpy
type of CVV-cOlnplexcs. So, by thc vVhitehead theorelll for t~e prüof of the eontractibility
of GI. (A) anel GL"'(A) it is sufficient to prove the following. Let /0 : S' --+ GI. (A)
be a continuous lnapping of a sphere of arbitrary diIllension, then f is hOlnotopie to
/1 : S' --+ 1 E GI. (A) (sitnilarly for GL-(A)).

So, let /0 : S' --+ GL (A) be a eontinuous Illapping. Any operator froll1 End l2(A) is rep­
resented by a 1l1atrix with entries fronl L1vl (A) C I'V = lV- (A) the universal envelopping
von NeU111ann algebra. Then the followillg 111apping (indusion)

anses. Let us denote the inlages of GL (A) and GL"'(A) under this 11lapping through

CL A(W) and GLA(W).
Let llS denote through PM the projection on the free Hf-module of finite type LM ,

generated by Cl, . .. ,CM,

L M = spanw(et, ... , CM)

along L~, anel through qj thc projcction Oll thc frce l-generatcd 111-module H/j , gcnel'ated
byej.

Lenllua 1.3 Lel.!( be a norm-coulpacl seI. of operato1'S fron/' End /2(A). Then fo'1' rL1lY n

and any E- > 0 ihere cxists k = k( E-, n) such that

VG E [(.

Proof. Let GI, ... , GN be a finite E-/2-net for J(. Fol' each Gi there exists such k(i) that

11(1 - Pk(i»)Gie,,11 < 'JE- (s = 1, ... ,n).
~n

Ir x E Ln, Ilxll ::; 1, then x = L~=l C8 0'8l 110:8 1< :I and for caeh i = 1, ... , N

If wc def1nc k = .lnax k( i), then for every G E !( there exists (,'io with IIG - Gio 11 < E
1=1, ... ,N

and

11 (1 - ]Jk ) G]Jn 11 :::; 11 (1 - ]Jk ) (G - Gio ) ]Jn 11 +
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+11(1 - ]Jk)Gio]Jn I1 < e/2 + e/2 = e. 0

Let e > 0 be so slnall that e-neighborhood of J( is containcd in Ci L .
\Ve would like to define a scquence of hOlnotopies in such a. way, that as a result

thc image of sphere will consist of operators nlapping S0111e S11 bsequence of basis vectors

{a:}~l C {ej}';;1 to another subsequence {aJ~1 c {ej}j;l' These sequcnces will not
depend on the choice of sES. 'vVc will definc honl0topies in GL (H/), but we will verify
that in fact they are i 11 Ci LA (H/).

'vVhi le reasoning we will define sequences of strictly increa.sing entire numbers k( i),
k'(i), k"(i), i E N+.

Lelllllla 1.4 The're exists a hO'1notopy Ja I"V /2/3 anti a deco'mposition Ü1 W -ffilbc'l'l SU'tH

Ej = spanw( ek(j) , ... , ek(j+l)-l), restrided to satisJy JOI' eveTY F E f2/3( S) the folJowing
conrlitions:

F( ek(j») E Lk'(j), ekl(j)+l E F( EI EB ... EB Ej ), k(j) < k' (j) + 1 < k(j + 1) - 1.

In addition the hOlnot.opy is in Ci LA (Hf).

Proof. Let k(1) = 1. Let llS choose k'(l) > k(l) in such a way that (see Lenllna 1.3)

1 e
11(1- Pkl(l))F(ek(l))11 < 2"' 2"

for VF E J(. Let us define F' E Ci L by

F' = { Pkl(i) F
F'

on span w(ed,
on spanw(ed.l.

Let p( F')j = F'pj (F')-I be thc projection on F'( Lj ) along F'( LI)' Let llS detine

( L")-l (I") (/"')-1Y j := r ]J ,~ kll (1 )e j = Pkll (1) ,~ ej ,

(1::; j::; k'(1) + 1), while k"(l) > k'(1) + 1 is chosen in such a way, that Yj are thc free
generators,

k'(l)+l

11 L YjO'jll::;] => Ilajll :::; 2, j = 1, ... , k'(l) + 1,
j=l

anel

11 (1 - p( ji"lk"(I)) k"(i)+l 11 < ~ . ~ . 2(k'( 1) ~ ] )IIF' 11 '

VF E J( (Lenlllla 1.3). Let llS define (pO)) E Ci L as

{
p(I)(y') - e.

J - J'

p(I)x = F'x,
(j = 1, ... , k' (1) + 1)

x E (F')-l(Lt'(1)+l)
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and k (2) = k" (1) + 2.
Let now p(j), k(j), k'(j), k"(j) be al ready define for aH j ::; 17!. Let k(17! + 1) =

k"(177.) + 2. Let lIS choose k'(rn + 1) > k(rn + 1) in such a way, that fo1' every F E [(

(Lell1ma 1.~1). Let HS define F/ m +1
)1 E GI. by

F(m+1)1 ~ {Pk'(m+l) F(m) on Lk(m+l)'
- p(m) on (L k(m+l))l...

Let HS note, that sincc

F(m)( Lk(m)) C Lk'(m) C Lk'(m+l}l

then from rormula (2) we get:

F(m+l)'1 - p(m)1
Lk(m) - Lk(m) •

(1)

(2)

(3)

Let p(p(m+1)/)j = };,(m+I)/pj(F(m+I)/)-1 be thc projection on p(m+l)/(Lj ) along F(m+l)/(Lt).

Let us define

(1 ::; j ::; k'(1n +1) +1), whilc k"(nl. + 1) > k'(rn + 1) + 1 a,I'C chosen in such a wa,y that
Yj are [fee generators,

k'(m+l)+l

11 L Yjajll::; 1 =? II00jll ::; 2, j = 1, ... , k' (171, + 1) + 1,
j=l

anel

11 (1 _ (p(m+I)/) 11 ) I 11 ~ . _€_ . 1
P k (m+l) L k l(m+l)+l < 2 2m+ 1 2(k'( r/1. + 1) + l) 11 F(m+l)/11 '

VF E J( (Lelnnla 1.3). Let HS definc (F/ m +1
)) E GL by

{
F(m+I)(Yj) = ej, (j = ], ... , k'(l1l + 1) +1)
F (m+l)x ~ p(m+I)/x x E (/,"1(m+I)/)-l(ll.. )

. - .,' .Jkl(m+l)+l

VF E [(,ar, equivalently,
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If ß ::; k( rn +1), thcn by eonstruetion

F (m+l)'( ) p(m+l)'(L ) n Leß E k"(m+l) k'(m+l)+l,

k'(m+1)+l

P (m+l)'(eß) = ""'L...J ejo:j,
j=1

kl(m+l)+l

eß = L (F(m+I)')-l ej O'j,

j=l

k'(m+l)+l

eß = Pkll(m+l)eß = L Yjaj,
j=1

henee p(m+l)(eß) is elefincd by tohe first line of (5) anel

k'(m+l)+1

F(m+l)(cß) = L ejL'(j = p(m+l)'(eß),

j=l

so the changes "do not touch the changes on the previous step". (In general changes are
on

(p(m+1 )')-1 (p( F(m+1 )')kll (m+l) Dkl(m+1 )+1) =
= Pkll(m+l)( F(m+1)')-1 Lkl(m+1)+! C L k"(m+1)' )

Due to (1 - 5) anel the choiee of E there cxists the linlit

pli = ( lim p(m)) E CL VF E [(
m-too

anel the inclllccd lincar hOll1otopy 11/3 '"'J 12/3 also lies in CL. By (3) anel a,bovc reasoning
on the changes at the seeond part of each step the desireel conditions are fulfillecl. Tndeed,

by (2) F"(Ck(j)) E LkIU)l anel by (5)

F"-1(ek'(m+l)+d C Lk"(m+l),

henee

ek'(m+l)+l C F"(Lkll(m+l))'

Since thc projcctions on thc basis 1110dllles vVj anel their SlIl11S In 12(vll) are fronl
End l2(A), then the h0I11otopy also is in CL A (Hf). 0

2 The second step of the homotopy

Let

Now for caeh

F E [(2/3 = 12/3(8), r.p E [0, 7f /2], i E N+

we will define operators
.h (F, r.p) : 12(Hf) --+ l2 (W) .

Each of 1110dules spanw( Fek(i)) anel spanwek'(i)+l is iSOl110rphic to Hf, so by [2] has a
vV-orthogonal cOlnpleIllcnt in l2( lIV).
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LenUlla 2.1
R? EB Rf := {spanW(Fek(i») EB spanwek'(i)+I}ffi

ffi{ F (spanwet(i») n (spanWekl(i)+d.L} = l2( Hf).

Proof. Let w E l2(lV) be an arbitrary e1en1ellt,

10 = V + u,

T'hen we can deCOIl1pOSe

'll E spanWek'(i)+I,

Hence VI E (spanwek'{i)+d.L, since by the construction Fek(i)l..ek'(i)+h anel

Hence, 10 = 1l + VI + V2 is the desired deCOll1position. 0

Corollary 2.2 (frol11 the proof) Hfe have Ihe /0//o101:n9 pad,1:t.ion 01 the idenhly

into threc complc'mentary projedions.

Lenl111a 2.3 Dei i > j J lhen

ek'(j)+1 E Rf·
Proof. ßy the eonstruetion Fek(j)l..ek'(i)+1 anel Fek(j) E F(spanwet(i»)' since ek(j)l..ek(i)'

Also ekl(j)+l l..ek ' (i)+l ' allel by thc construction

ekl(i)+l E F(E1 ffi ... ffi Ej ) c F((ek(j+l»).l).O

Let HS elefinc .h(F, <p) by

{

Ji(F, <p)(Fek(i)) = cos<p Fek(i) + sin SO ek'(i)+ll
Ji ( F, <p)( ekl(i)+I) = - sin <p FCk(i) + eos<p Ck'(i)+l,

Ji ( F', SO) (x) x: if x E RI.
Lemlna 2.4

Ji(F,so)(x) = {cos<p FCk(i) + sin<pck'(i)+l}(P-I(l- fJk'(i)+dx)k(i)+

+{- sin <p Fek(i) + eos<p Ck'(i)+I}(X )kl(i)+1 +

+(1 - Fqk(i) F-
1 )(1 - qk'(i)+1 )x,

where yj is the j -lh coordülale 'in lhe standard basis {Ci}'
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Proof. Let HS verify the coinciclense for the following three types of elenlents

x = Ck' (i)+l, X = FCk(ib :c E RJ.

Let x = ek'(i)+l, thcn the first anel the third lines in our expression vanish. The scconel
line is cqual to

{- silup FCk(i) + COS ep ekl(i)+l} . 1,

allel this case is elone.

Let now x = F'ek(i)' Then (1 - qkl(i)+l)( x) = x, since by construction Fek(i)l..ek'(i)+l'

allel the first linc is equal to

{cos ep Pek(i) + sin ep ekl(i)+l} (p-l (1 - qk'(i)+d x )k(i) =

= {cos 'P F'ek(i) + sin 'P Ck'(i)+l}( p-l Fek(i))k(i) =

= cos ep F'ek(i) + sin ep Ck'(i)+l'

the seconel line is equal to 0 by the salne argtlInent. The third line is equal to

(1 - Fqk(i)P-l) Pek(i) = Fek(i) - Fek(i) = 0

anel this case is also done.
Let :r: E RJ, then

anel

qk(i)F-
1
(1 - fJk'(i)+d(l - Fqk(i)P-l)(1 - qkl(i)+d(Y) =

= (qk(i)F-
1

- qk(i)F-1qkl(i)+1)(1 - Fqk(i)F-
1

- qk'(i)+l + Fqk(i)P-1qk'(i)+d(Y) =

( J,-l F-l= qk(i) I - qk(i) qk'(i)+l-

-qk(i)F-
1
Fqk(i)F-

l + qk(i)F-lqkl(i)+lFqk(i)F-
1

-

-qk(i) F- 1
qk'(i)+ 1 + qk(i) F,-l qk'(i)+l qk'(i)+l +

+qk(i)P-l Fqk(i)P-l fJk'(i)+1 - qk(i) p-l qk'(i)+l Fqk(i)P-l qk'(i)+.)(Y) =

= (qk(i)F- 1
- qk(i)F-1qkl(i)+1 - qk(i)P-l + qk(i) F1

-
1 .0. p-1

_

-qk(i)F-1qk'(i)+l + qk(i)P-lqk'(i)+l+

+qk(i)P-1(jkl(i)+1 - qk(i)F-
1 ·0· F-1qk'(i)+.)(Y) = 0,

the first line vanishcs. The thircl line cvidently gives :r;. Sincc

qk'(i)+l {1 - Fqk(i)P-l )(1 - (jkl(i)+d(Y) =

= (qk'(i)+l - qk'(i)+IPqk(i)P-l)(l - qkl(i)+.)(Y) =

= (qk'(i)+l - O· F-1)(1 - qkl(i)+.)(Y) = 0,
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then the sceond line vanishes and this eOIllplete the proof. 0

Fron1 the representation in the previous len1lna is evident, that ,h( F: <.p) are in the
image of End 12(A). Nonn of the opcrator for every i, F E ]<2/3' <.p does not exeeed

(Co + l)Co+ (Co +1) + (1 + C6) = C.

Tbe operator ,h( F, <.p) has the following 111atrix

with respcet to decon1position

(

eos <P

Sll~ <.p
-Slllep O~)
eos <.p

o

(

eos <.p sin <.p 0)
- sin <.p cos <.p 0 .
001

In partieular his norn1 is also not lnore thcn C.
Let HS note that for every coordinate of surn of arbitrary veetors from 12(A)

wc ean write (hcre a~ = bj )

(bI + ... + b,s)*(VI + ... + b~) S; (bI +... + 6,s)*(61 + ... + 6,s) + E(6i - bj)*(bi - Vj) =
i:ftj

henee
(al +... + as,ftl + ... + as) S; S(({{I,{{I) +... + (as,a s)).

Let us define a [aInily J(F, ep) : [2(1-11 ) -t [2(1-11 ), by

J(F,ep)IF(EI$ ...$EJ ) = JIJ(F, <p)JIJ-dF, <.p) ... J1(F,<.p).
. .

Sy Len11na 2.3 this is a well-defined operator on a dense set and

J(F,<.p)(F'Ck(i)) = Ji(F,ep)(Fek(i))'

J (F, <.p)( Ck'(i)+l) = Ji( F, ep) (ek'(i)+l).

Let us show that these operators are bounded and invertible. Let

(7)

Yi + Xi E lt;,
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Yi = Fek(i)Oi = Fqk(i)F- 1(1 - qk'(i)+dy,

Xi = ek'(i)+Ißi = qkl(i)+l (y) 1

then
8

J (F', <.p)y = L Ji ( P, <.p) (Yi + Xi) + z =
i=)

"
= L [{COS rp Fek(i) + sin <.p ek'(i)+I}O'i + {- sin cp FCk(i) + cos cp ek'(i)+1 }ßi] + Z.

i=1

vVith (7) this gives

8 8

(J (F, cp)y, J (F, cp )y) :::; 5 (cos 2 <.p(2:: Pek(i)ai, L Pek(i)O'i)+
i=1 i=1

"" 8 "+sin2cp(2:: Fek(i)ai, 2:: Fek(i)ai) + sin2cp 2:: a;'oi + cos2r.p L ßtßi + (Z, Z)) :::;
i=1 i=1 i=1 i=l

8 8

:::; 5( (11F11 2 + 1)(2:: OiOi +L ßtßi) + (z, z)).
i=1 i=1

Let llS note, that

" " 8

L ßt ßi = 2::(~Ci, Xi) = L(Qk'(i)+IY, qk'(i)+lY) :::; (y, V)·
i=1 i=1 i=1

Also,
8 "" " "L 0:7 (ti = (p-I F 2:: Ck(i)Oi, 2:: p-I Fek(i)Cii) :::; cg(L Vi, LYi) =

i=1 i=1 i=1 i=1 i=1

8 8

= cg(L Fqk(i)F- 1(1 - qk'(i)+.)Y, L Pqk(i)P-I(l - qk'(i)+')Y) :::;
i=1 i=1

8 ~

:::; 2C5 ((2: Fqk(i)P-I y ,L Fqk(i) P-1y)+
i=1 i=1

8 S

+(2: PCjk(i)F- 1Cjk'(i)+IY, L Fqk(i) p-Iqk'(i)+IY)) :::;
i=1 i=1

" !J

:::; 2C6 (1IFI12(L fJk(i)P-I y ,L: Qk(i)F- 1y)+
i=1 i=1

" "+ 11 PI12(L: qk(i) P- 1
Qk'(i)+IY, L: qk(i) F- 1

fJk'(i)+IY)) :::;
i=1 i=1

8 8

:::; 2cg(Cg(P-l y , p-ly) + C5(2: p-lqk'(i)+lY,L F-1qkl(i)+IY)) :::;
i=1 i=1
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3 ~

:::; 2CG (C3(Y, y) + C3(L Qk'(i)+IV, L Qk l (i)+lY)) :::;
i=1 i=1

:::; 2Cg (C3(Y, y) + Cci(y, y)) = 4Cg(y, V),

hence
3:J :J:J

(z, z) :::; :3((y, V) + (LYi, LYi) + (L Xi, LXi)) :::; 3(1 + 1 + 4C3)·
i=1 i=l i=1 i=1

V'/e get an esti mation, wh ich docs not depend on s, hence J (F, c.p) is a bouncled operator
as weIl as J(P,c.p)-1 = J(F, -c.p).

Lenlll1a 2.5 The Jamily oJ ope'J'fllo'rs .J (F, c.p) is conlinuous in

Proof. Let y E EI EB ... EB Es.

J ( F, c.p) Py - J (pI: c.p) F'y =
:J

= I: [{ cos ep Fek(i) + sin c.p ekl(i)+1 }O'i + {- sin c.p Fek(i) + cos c.p ekl(i)+! }ßi] + z-
i=1

3

- L [{cos c.p F' ek(i) + sin c.p ekl(i)+l }O'~ + {- sin r.p F'ek(i) + cos r.p ek'(i)+l }ß:] - z',

i=1

where

Fy = (YI +xd + ... + (x~ +Vs) + z,

Vi = Fek(i)O'i = (Pqk(i)P-
1 )(1 - qk'(i)+dFy,

Xi = ek'(i)+Ißi = Qkl(i)+I Fy,

, 0' '(I" P'-I)(l )F'Yi = l' ek(i)O'i = ; qk(i) I - qkl(i)+t Y,

, ß' F I
Xi = ek'(i)+1 i = Qk'(i}+1 y,

then
(J (F, r.p) Py - .J (P', r.p) F'y, J (F, c.p) Fy - J (F', c.p) F'y) :::;

3 3

:::; 7 [cos2 c.p(L Fek(i)(ai - O'D, L Fek(i)(ai - O'~))+
i=1 i=1

:J S

+ cos2 c.p(L( F - F')ek(i)O'~, L( F - F')ek(i)O'~)+
i=1 i=1

~ s

+ sin
2 c.p(L: Fek(i)(ßi - ß;), L Fek(i)(ßi - ß;))+

i=1 i=I

10



S 8

+ sin 2 c.p(E( P - F')ek(i)ß:, E(F - F')ek(i)ßD+
i=l i=l

8 8

+sin2c.p(E ek'(i)+l (O'i - 0<), E ek'(i)+1(Qi - Q~))+
i=l i=l

8 8

+ cos
2 c.p(L ek'(i)+l (ßi - ßD, I: Ck'(i)+ 1(ßi - ß:)) + (z - z', z - z')] :s;

i=l i=1

s S

:s; 7 [11 F - P'11 2(I: Q~* O'~ + L ß:* ßD+
i=l i=l

8 8

+(cg + 1)(I:(üi - O'~)*(ai - aD + L:(ßi - ßD*(ßi - ß;)) + (z - z',z - z')].
i=l i=l

Since

we gct
S

I:(O'i - O'~)*(Qi - aD =
i=l

8

= E(qk(i)(F- 1(1 - CJkl(i)+dF - P'-l(l - CJkl(i)+dF')y,
i=l

S

:s; 4 [2:(r;k(i)(P-l - F'-l)Fy,r;k(i)(p-l - P'-l)Fy)+
i=l

8

+ 2:(Qk(i)(p-l - p,-l )qk'(i)+l Py, qk(i)(p-l - F,-l )qk'(i)+l Fy)+
i=l

s

+ E(qk(i)F'-I(F - F')Fy,qk(i)F'-l(P - F')Fy)+
i=l

8

+ L(CJk(i)F"-lqk'(i)+I(F - F')FY,CJk(i)F'-lqkl(i)+l(F - F')Fy)] :s;
i=l

Since

(8)

wc gei
8 S

L(ßi - ß;)*(ßi - ßD = 2:(fJk l (i)+l(F - F')y, qk/{i)+l (F - P')y) :s;
i= 1 i=l

11



Hence
3 3 S 3

(z - z',z - Z') = (F(y) - LYi - LXi - F'(y) +LY; +LX~,
i=l i=l i=l i=l

3 3 3 S

F(y) - LYi - LXi - F"(y) + LY; + LX~) :::;
i=l i=l i=l i=l

S 3 S 3

~ :3(((F - F')y, (F - F')y) + (L(Yi - V;), L(Yi - yD) + (L(Xi - xD, 2:(Xi - x~))) S;
i=1 i=l i=1 i=l

S

::; 3(IIF - F'11 2 (y,y) + ('L[(F'qk(i)P-l)(l - qk'(i)+dFy - (F'fJk(i)P'-I)(l- qkl{i)+l)F'U] ,
i=1

S

L[(Fqk(i)P-l)(l - qk'(i)+dpy - (P'qk(i)F'-l)(l - qkl(i)+dF'y])
i=l

3 3

+(L qk'(i)+l (F - P')y, 2: qkl(i)+l (F - F')y)) :::;
i=l i=1

3

:; 3 (11 F - F'11 2 (y, y) + (l: [( F - F')qk(i)F- 1Fy + (F - F')qk(i)F-1qk'(i)+1 Fy+
i=l

+F'qk(i)(P-1 - P'-I)Fy + F'qk(i)(P-1 - F'-I)fJk'(i)+l F'y+

+F'qk(i)F'-l(F - F')y + P'qk(i)F'-lqkl(i)+!(F - P')YJ,

3

L [( F - P')qk(i) p-l Fy + (F - F')qk(i)P-l (jk'(i)+1 Fy+
i=1

+F'qk(i)(F- 1
- F'-I)Fy+ F'qk(i)(P- t - p'-I)qkl(i)+IFy+

+F'qk(i)F'-I(F - F')y + F'qk(i)F'-lqk'(i)+dF - P')y])+

+IIP - F'II(y, y) :::;
S 3

:::; 3(211 F' - F'11 2 (y, y) +G{(L( F - F')qk(i)Y, L( P - P')qk(i)Y)+
i=1 i=1

s s

+(L( P - P')qk(i)P- 1 fJk'(i)+1 Py, L(F - F')qk(i) p-lqk'(i)+1 Py)+
i=l i=l

3 S

+(L F'qk(i)(F- 1
- P'-I)Fy L F'qk(i)(P- 1

- F'-l)Fy)+
i=l i=l

S s

+(L F'qk(i)(p-I - F'-l)Qkl(i)+l FY,L F'qk(i)(P- 1
- F'-I)fJkl(i)+lFy)+

i=l i=l

12



8 8

+(2:: P'qk(i) F'-l( P - P')y, L P'qk(i) P'-l(P - F')y)+
i=1 i=l

8 ~

+(2:: P'qk(i)F'-l qk'(i)+l(F - F')y, 2:: P'qk(i)P'-lqk'(i)+I(F - F')y)) ::;
i=l i=l

::; 3(211F - ji"11 2(y,y) +6{IIF - F'11 2(y,y) +511 F - P'11 2Cri(y,y)}], (9)

(t helas t as (8)).
So,

IIJ(F, <p) - J(F', 'P'))I ::; CoIIJ(F, 'P)F - J(F', 'P')FII ::;

::; CoIIJ(F,<p)F - J(F',<p)F' + (J(F','P) - J(F',<p'))F' + J(F',<p')(F' - F)II ::;
::; € + 11.J(F',<p)F' - J(F','P')F'II,

where E --+ 0 while F' --+ F. Let us estiInate thc last norn1 again on y E EI ffi ... E~,

where (in the previous notation)

l'hen

~

J(F',<p)F'y - J(F',~)F'y = I:[{(cos'P - cOS'P')Fek(i) + (sin<p - sin<p')ckl(i)+I}O:i+
i=1

+{ -(sin 'P - sin 'P') Fek(i) + (cos 'P - cos 'P')ek'(i)+l}ßi] '

anel the estiInation froll1 the proof of the boundeness givcs now continuity. 0

Let us denote ek(i) = Cli, ek'(i)+1 = at, Ck(i+l)-1 = a?

Lenl111a 2.6 Thc1'e exists a homotopy 12/3 f"V 11, such thai fo1' fE/I (5) we haue

and which lies GLA (IV).

Proof. By the previous ICnll1Ht it is sufficient to define thc hornotopy by

where 'P = (4t - :3)(7[/2). 0
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3 The contractibility of CL (A)

Let us define [(i(F,'P), being IV-unital'y autolnorphismsof Ei when FE 11(5),O:S 'P ~ 7r.

vVe define for 0 ::; cp ::; 7r /2

eos cp aI + sin cp a?,
- sin 'P a] + eos cp a?,
x, if xl..spanw(a], a?),

anel for 1T /2 ::; <p ::; 1T -

{
J~~ (/~, cp) J~~I=: (~, 1TI;) (a~)
h I (! ,<p) A i (F, 7r / .... )(a, ) =
!{i( F, <p) [(j-l (F, 7r /2) (:l:)

eos(cp - (7r/2)) a? + sin(cp - (7r/2)) ai,
- sin(<p - (7r /2)) a? + eos(cp - (7r /2)) aj,
x, if :c.lspanw(aj,a?).

Lenlnla 3.1 The ho-motopy !(i (F, cp) a conlinuous funclion of F E JI (S) and cp unifo'1"1nly
wilh resped to i.

Proof. Since !(j (F, <p) is Hf-uni tary, then

ll!(j (F', <p') - [(i ( F, <p) I! ::;

:::; 11 !(i(F',<p') -!(i(F',cp)11 + lI!(i(F',<p') - [\i(F,cp)lI :::;

:::; IIJ\i(F', CP')!(i- 1 (F',<p) -111 + Ij[(i(F',Cp)!(j-1(F,cp) -111. (10)

Let us consider <p, <p' E [0, 7r /2] and <p, cp' E [7r /2, 7r], scparate1y. thcn it is c1ear, that thc
first SUl11111ancl can be estilnated by thc norn1 of the operator (,' : HIEt HI ---+ IV EB HI wi th
111atrix

(
cos( <p - cp') - 1 sin( <p - <p') )

- sin( <p - <p') cos(cp - <p') - 1 .

Let IIale1 + O:2e211 = 11 then 110'111:::; 1, IIa211 :::; 1 anel

IIG(O'lel + Q2e2)11 :::; llallillGe111 + Il a 2j111C,'e211 :::;

:::; {(cos2(<p - cp') - 2cos(cp - <pI) + 1) + sin2(<p _ cp')}1/2+

+{sin2(<p - cp') + (cos2 (<p - <p') - 2cos(<p _ <p') + 1)}1/2 =

= 2V2{1 - cast<p - <p')} 1/2 = 4sin I<p ~ <p'1 ~ 41<p ~ <p'1 = 21<p - <p'I·

Thc second sUlllIllanel in (10) is consta.ut while 7r /2 .:::; <p ::; 7r. Hence, let us consider
o :::; <p ::; 7r /2, hut since tltc choice of (Li, a?, aI cloes not elepcnd on F, then the second
SlUl1lnand vanishes. 0

Sincc we have got a unironn cstilnation, then fro1l1 it rollows
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Len11na 3.2 The farnily of A-ullilary ho'momorphisms [((F, r.p) of Hilberl nwdule 12( Hf),
defined (whell F E 11 (8), 0 ::; r.p ::; 1r) by lhe form ula

is conlin:u011.s in Fand <p, and

J{(F,O) = 1,

Let us define a homotopy I1 '" 12 by

o (11 )

vVhen l = 1 :

1 ::; l ::; 2.

!{(fd s), 0) = 1,

wheB t = 2 :
f2 (s) = !{ (11 (s), 1r) II (s),

thus by (11) we get the following statelnent.

Lenllna 3.3 The 'Tnapping fl is honwtopic in caJ A(VV) Lo 81tch /2, that

Now we reason as in (4]. \Vc can work now only with opera.tors 12(A) --+ l2(A), hut for
thc convinience of nota.tion we wi Il stay in GLA (Hf).

Len1111a 3.4 Lei fJf ~ l2(~V) bc generated by ~V-basis {ad, 1I1 = (11').1. ~ 12(W), then
/2 '" 13, where

Proof. vVith thc respect to thc decoll1position l2( Hf) = H' ffi f1 1 let us define the hornotopy
by the forn1tda

(
1 ß{3--v-t)).ft{s) = 0 I

Let

be the inverse of

so

(~t )
(~ ~),
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(01~) ('P 1jJ) = ( 'P + ßX 'I/J + ß~ ) = (1 0)
I X ~ ,X,~ 0 1 1

hence

'P = I, X = 0,

ß +'I/J, = 0,

,~=~, =1,

1/J +ß~ = 0,

anel

= ( ~

u,p(3~- t) ) (~ ß(\- t) )

ß(3 - t) + (3 - t)1/J, ) = (1 (3 - t) ·0 )
~, 0 1 '

Uß(3,- t) ) (~ ,p(3~- t) ) =

'I/J(~1-t)+ß~(~~-t)) = (1 (3-t).0)
,~ 0 1 .

so thc hOlnotopy is in GL. 0

Lenllna 3.5 The subsei V C GL, defined by

is contractiblc inside itself to 1 E GL .

Proof is jllst the san1e as in [4]. 0

Theorenl 3.6 The space GL (A) is contract.ible.

Proof. \",\IC have showl1, that f = Io I".J f.t : S -+ 1 E GL, whcre It [01' 0 ::; l :::; 3 is
definecl above, It(s) = 17t-3J3(S) for 3 ::; t ::; 4, if 1}r (for 0 ::; 'r ::; 1) is the contraction
fron1 the prcvious lenllna. All the homotopies are in GLA (lIV). In accorclance with thc
retnark froIn the beginning of the paper, it is sllfficient to c0l11plete the proof. D

4 The contractibility of GL*(A) and GL (A) in the case
Lf\/I (A) == f\/I( A)

Let 13 = LM(A) = ~1(A), thell any operator F' E EndI2 (A) is defined by the Inatrix Pj,
Fj E B. wlorcover, if x = (bI, b2 : • .• ) E 12(B), and we define

Fx = ( ... ,f Fjb;, ...)
1=1
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(i.c. the operator with the same Inatl'ix), then

1I F:clll2 (B) = 11 (Fx, I~x) IIB =

f (f F;b;) -(f F;b;) = ~~~ a- f (f F;b;)" (f F;bi ) a =
}=1 1=1 1=1 B lIall=l }=1 1=1 1=1 A

= ~~~ f (fF;b;a)* (fF;b;a) = ~~~ IIF(xa)11 2 ~
1I1111-1 }=1 1=1 1=1 A lI all=i

::; Stlp IIFI1211xal12 = IIF11211x11 2.
aEA

lIallz::i

Quite sitnilarly

sup 11 fr x IIl2 (B) = Stlp 11 F (x a ) 11 2= 11 F 11 2.
Ilx ll=l II z ll=l

lI all=l

Hence, the correspondencc

is a continuous iSorlletric indusion (anel *-ho111OIllorphis111 in the case of acljointahle op­
erators). Here (*) denotes that it is possible to put on this place both algebras.

Conversely, let G' E End (-)12( B), then this operator is denned by 111atrix 11 G} 11, C,') E B
(since B is a unital algebra). Let us define for a = (al, a2, ... ) E 12(A)

(,Ta = ( ... , f Gja;, . ..) .
t=1

Thcn we have thc conl111utative diagranl

12(A) y /2(8)
4- Ö 4- G
/2(A) y /2(8)

and to prove thc continllity of Ö ancl of the correspondence G f---t G it is sufficient to
prove: that the horiszontal inclusions are the iS0111etries, i.e.

00 00

11 L a7 ailiA = 1I L a7aillB,
i=l i=l

which follows froll1 the fact, that. A y B is an iSOIlletry:

IlailA = sup IlaxllA = IlalIB.
zEA

II z ll=l

Theoren14.1 I/ LM(A) = M(A), lhen GL*(A) and CL (A) are conb'actible.

Proof. It is evident: that
'"'F = F, C,' = C,

and we can identify End (")/2(A) anel End (")/2(8), as weIl as CL (")(A) anel CL (-)(8).
Since B is unital, then the statenlCt1t follows fr0111 [3, 6, 9]. 0
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5 Proof of the contractibility of GL*(A) in general
case

Theoren1 5.1 The !j'J'oup G L'" (A) is contl'aetible.

Proof.
The first way. Matrices of operators fro111 Enel '"l2(A) have the entries fron1 the unital
C*-algebra n-'l (A). The arglunent froll1 thc previous section gives the iSOlnetry betwcen
GL'"(A) anel GL'"(rvl(A)). Applying [9], [1] or [7] we finish the proof.
The second way. In this case we can choose k( i) anel k'( i) + 1 in such a way, that
(after SIllall hOlllOtOpy) the SYStCll1 {PCk{i), Ck' {i)+l} wOlllel be orthononnal (c.f. [9]). Then
J (F, <p) can be defincd as J (F, <p) lEi = Ji( F, <p) lEi : Ei ---7 Ei, anel to prove that it is
aeljointablc it is sufficicnt to provc that Ji is such an operator anel the 1101'111S of Jt are
bouneled unifonn in i.

(Fek{i)(ek(i)' F-
1(1 - qk'(i)+dx), y) = (Ck(i)(Ck(i)J F-1(1 - qk'(i)+d x ), F'"y) =

= (x, (1 - qk'(i)+d((F,")-lek(i))(ek(i)' F·y)),

(ek ' (i)+l (ek(i), F- 1(1 - (jk'(i)+d x ) 1 y) = (p-l (1 - qkl(i)+d x 1 Ck' (i)+l (ek'(i)+l, y)) =

= (x, (1 - Qk' (i)+l)(F,")-lek' (i)+I(Ck' (i)+hY))'

(Fek(i)(ek'(i)+l' x), y) = (Ck{i)(Ck' (i)+l' x), F'"y) = (x, ek'(i)+l (Ck(i), F'"y)),

(Ck' (i)+1 (Ck ' (i)+l' x), y) = (x, ek' (i)+l (Ck '(i)+l' y)),

(FCJk(i)F- 1 )* = (F*)-l qk (i)F*, (qk'(i)+d* = Qk' (i)+l,

heuce Ji is adjointable and the l1orn1S of Jt are uniforn11y bounded. The operators froll1
the other steps of hOl11otopy are adjointablc in this casc in a trivial way. 0
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