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80. Foreword.

Here I begin the presentation of the proof of Theorem 4, which was formu-
lated in the Part 1 ([33]) and proved in [15]; this theorem plays important role
in my work ([18] - [36]). With this aim I prove here the following auxiliary
Theorem 6 , which is proved in [14] as Theorem 1.

Theorem 6. Let us consider the following difference equation:

1) S aw)ylv + k) =0,

withn € N, ax(v) € C fork=0, ..., nandv € N—1. Let
(2) ay € C, ai(v) € C, an(v) =1, ag(v) —ay =0O(1/(v + 1)),
where k=0, ..., n and v € N—1. Let further

(3) qe[,n]NZ,p=n—q,a; #0,

(4) Ti(z2) = Za;+kzk
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and suppose that the characteristic polynomial
(5) T(z) = a2
k=0

of the equation (1) satisfies the following equality:
(6) T(z) = 2T (2).
Form € N—1, let V,,, denote the C-linear space of solutions y = y(v) of the

equation

n

(7) S av)ylv + k) =0,

k=0

where v € m — 1 + N, related to equation (1). Then there exist C > 0 and
m € N such that V,,, splits into direct sum V) @ V.Y of two its subspaces V.
and V.. which have the following propeties:

a)

(8) V) ={y € Vi y(v) = O(1)(C/v)"/")};
b) if ¢ =n, then

(9) Vo =1{0};

¢) if ¢ < mn, then V. coincides with the space of solutions of a difference
equation of Poincaré type

P
(10) S byl + k) =0,

k=0
where p=n —q, bp(v) € C for k=0, ... ,pandv em—1+N,
(11) bo(v) #0, b,(v) =1,
forvem—1+N,
(12) bi(v) — agyy, = O(1/v),
where k=0, ... ,pandv em —1+N.
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81. Begin of the proof of Theorem 6.

Lemma 1. Let Cy > 1, m € N—1,my = [nCy|] + m and for the
coefficients of the equation (7) the following inequality holds:

Co
13 <
(13 ) < <0,
where k=0, ... ,n—1 andv € m —1+N. Let further C' > enCy. Then for

any solution y(v) of the equation (7) the following inequality holds:
(14) y(v) = 0(1)(C/v)"'",

where v € m — 1+ N.
Proof. If for some vy € my — 1+ N and all the k =0, ..., n — 1 the
following inequality holds,

‘y(V0+k)’ S Y5

then the inequality vy > nCj implies that the inequality |y(v)| < v will be
fulfilled for all the v € vy — 1 + N. Therefore, if

ly(mo + k)| < 70,

where k =0, ..., n — 1 then, in view of (13),

()| <7
forv € myg— 1+ N,
ly(v)] < 40Con/mg
forv emyg—1+n+N,

ly(v)] < 70(Con)?/(mo(mg + n))

forvemy—1+2n+N,
ly(V)] < 70(Co)"/(mo/n), =

['(mo/n)
Co)f =——F——
70(Co) C(mo/n + K)
for v € my — 14+ nk + N. But k = v/n + O(1); therefore the equality (14)
follows from the Stirling’s formula. B
Together with Lemma 1 we have proved the Theorem 6 for the case ¢ = n.
The following result was proved in [33]
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Theorem 5. Let the functin £(x) is defined on [0, +00), let {(x) decreases
together with increasing of the variable x in [0,400), let lim ({(x)) = 0 and
T—00

let £(x) > 0 for x € [0,+00). Let

(15) §(x/2) = O(§(z)),

when x — 00,

(16) lim (log(€())) /= 0.

Let ap(v) —ay = O(&(v)),k = 0, ..., n, when v — oo. Let further the

characteristical polynomial (5) of the equation (1) may be represented in the
form

(17) T(z) = Th(2)Tx(2),

where
(18) waa Ty(z Zuﬁz,p:u;:azzl

and absolute value of each root of Ti(z) is greater than the absolute value of
each root of Ty(2).
Then there exist m € N,

bo(v) eC,aa=0, ... ,p,vr e N+m —1,

and
ug(v)€C, 6=0,...,q,veN+m—1

such that

(19)  ba(v) =05 = O(E(V)), a=0, ..., p, by(r) =1, bo(r) # 0,

(20) us(v) —ug = 0(E(v)), B=0,...,q, u(v) =1,

where v € N+m — 1, and, moreover, the connected with the equation (1) the
equation (7) is equivglent to the equation

(21) Zb y(v+a) =r(v),

where v € N — 1+ m and r(v) satisfies to the equation

(22) Zuﬁ riv+p5)=0



L.A.Gutnik, On the difference equations of the Poincaré type (Part 2)

with v € N—14+m.
Lemma 2. Let the conditions of the Theorem 6 are fulfilled and q < n.
Then there exist m € N,

boa(r) €eC,aa=0,...,p,v e N+m —1,
and

ug(v)€C, 8=0,...,q,veN+m—1
such that

(23)  ba(v) —ag,, =0(/v),a=0,...,p, b(v) =1,bo(v) # 0,

(24) ug(v) =01/v),B=0, ..., q, u,(v) =1,

where v € N+m — 1, and, moreover, the connected with the equation (1) the
equation (7) is equivalent to the equation (21) where v € N—1+m and r(v)
satisfies to the equation (22) with v € N — 1+ m.

Proof The Lemma is direct corollary of the Theorem 5. with T5(2) = 29
and {(z) =1/(z+1). 1

§2. The general plan of the construction of the spaces
VY and V.

First we take on the role of m in the Theorem 6 the m of the Lemma 2.
Let R,, be the linear over C space of all the solutions of the equations (22).
According the Lemma 1, there exists C' > 0, such that

(25) r(v) = 0()(C/v)""

for r(v) € R, and v € m — 1 + N. The connected with the equation (21)
map

(26) y(w) = r(w) = ba(w)y(v +a)

is a C-linear map of the space V,, onto R,, and the null-space VY of this
map is a C-linear subspace of V,,,, which coincides with the space of solutions
of the equation (10). The Theorem 6 will be proved, if after replacement
of m in the Lemma 2 by the bigger m € N we will constructed a splitting
monomorphism &, of the space R,, into V,, with the property:

(27) y(v) = 0()(C/w)"™,

for y(v) e V) = &n(Ry) and v € m — 1+ N,
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§3. On some linear normed spaces of sequenses of
elements of a linear normed space.

Let K be one of the fields R or C and L be a linear normed space over
K with norm p(z). In the case L = K" we fix as p(x), wehre z € K", the
maximum of the absolute values of coordinates of x in the standard basis,
ie.

(28) p(z) = h(x) = sup({|z1], ..., [zal}),
where

If L is a Banach space with the norm p, then K —algebra of all the linear
continuous operators acting in L will be denoted by 9" (L), and the norm
on M" (L), associated with the norm p will be denoted by p™~. So,

p~(A) = sup({p(AX): X € L, p(X) < 1}).

It is well known that the associciated with h norm on Mat,(C) is defined as
follows

(29) h™~(A) = sup ({Z|ai7j|:i:1, ,n}) ,

where A = (a;x) € Mat,,(C). The norms h and h™ coincide respectiely with
with the norms ¢, and ¢ considered in section 6 of the paper [33].

Let m € N, and let E,,(L) be the set L™ N of all the maps of the
set m — 1 + N into L. The set E,,(L) is a linear space over K, where the
muliplication of the elements by the number from K and addition of the
elements is defined coordinate-wise. The subspace of E,,(L) composed by all
the constant maps is isomorphic to L, and we identify this subspace with L.

We denote by 91V (£) the space of all the K —linear maps of the space L
in L. If ¢ € MY (L) and ¢ € MY (L), then ¢ o 1) denotes the composition of
operators ¢ and 1), so that (¢pov)f = ¢((¢0f)) for each f € L. For x € E,,(L)
let

Pm.co() = sup({p(z(v)): v € m — 1+ N}.

Let further
Enoo(L) ={x € Epp(L): pmoo(x) # 00},

Emo(L) ={x € En(L): lim p(z(v)) = 0},

E(L)=L+ Eno(L).
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Clearly, the space E; (L) consists of all the y € E,,,(L), for which there exists
lim(y) = lim (y(v)).
V—00

Let m e N—1, p € m -1+ N and ler r,,, be the operator of restriction
of the elements y € E,,(L) on te set m — 1 4+ N. Clearly, the map 7y, , is an
epimorphism of the space E,,(L) onto the space E,(L). If L is a K-algebra,
then E,,(L) is a K-algebra, where the muliplication and addition of the
elements is defined coordinate-wise; so, in this case 7, , is an epimorphism
of K-algebra E,,(L) onto K-algebra E,(L).

If L be an algebra with unity, let L* denotes the group of all its invertible
elements. Then

(L*)m71+N - melJrN;

we denote below (L*)™ N by E, (L*). Clearly,
Em(L*> = (Em(L))*

Let L = C", y € E,(L), and let y;(v) denotes the i-th coordinate of the
element y(v), where i =1, ..., n, v € m — 1 + N; then the space (E,,(C))"
contains an element w(y), which has y;(v) as the value of its i-th coordinate
at the point ¥ € m — 1 + N. So we obtain the natural isomorphism w of the
algebra E,,(C") onto (E,,(C))". This map w induces an isomorphism of the
algebra E,,(Mat,(C)) onto Mat, (E,,(C)).

Clearly, if L is a K — algebra, then each a € E,,(L) determines an acting
on E,, (L) K-linear operator p, € MY (Ey(L)), which turns any y € E,,(L)
into p,y = ay. On E,,(L) acts also K-linear operator 579" (£), which turns
any y € E,,,(L) in the vy € E,,(L) such that

(Vy)(v) =yl +1)

for any v € m — 1+ N. Let us consider the subring 2,,,(L) of the ring 9" (£)
generated by the operator 57 and by all the operators p,, where a € E,,(L).
Clearly,

(30) [ta © ' © fip © NV = flagry, © V',

where {r,s} C N—1, {a, b} C E,,(L). For each o € 2,,,(L)\{0g,,(1)} are
uniquelly defined the number deg(«) and representation of « in the form

deg(a)
(31) o = Z /’Ltlk © Vk7
k=0
where aj, € E,,(L) for k=0, ..., deg(a) and ageg(a) 7# Og,,(z)- Clearly, (31)
may be rewritn in the form

k=0
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where a,, = Og,, (1) for k € deg(a) + N. It follows from (30) that 2, (L) is a
graduated algebra, and if

p
(33) B=> oV € Un(L),
r=0
q
(34) Y=Y te,0 V" € An(L),
s=0
then
p+q
(35) BY=>">" tpgre. 0V
k=0 <r<p
0<s<q
r+s=k

clearly, deg(/vy) = deg(5)+deg(y), if b,(v)"¢c,(v+p) is different from 0 at least
for one v € m—1+N. Let 27 (L) be the ring generated by the operator 57 and
by all the operators p,, where a € E,’(L). Since sya € E.’(L),ifa € E, (L),
it follows, in view of (30), that (L) is a graduated subalgebra 20 (L) of
the algebra 2,,(L), each o € A, (L)\ {0, ()} admits a representation in
the form (31) with a, € E,7(L) for k=0, ..., deg(a) and Ggeg(a) 7 OE,.(L)

to each such « corresponds the limit operator

deg(a
(36) lim (o Z [Him(ag) © V7
and polynomial
deg(a
(37) Z lim(ay)2" € L[z].

If o = Ogy,,, (), then we put

lim(a) = Ogy,, (1), Ple, 2) = 0.
The equality (30) shows that the map
(38) a— P(a, z)

is an epimorphism of the algebra 20 (L) on on the algebra L[z]. We note
that, if @ € A,,(C), then Ker(a) coincides with the linear space of all the
solutions of the equation (7); moreover if v € 2(7(C), then the corresponding
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to « equation (7) is an equation of the Poincar’e type and P(a,z) is its
characterictical polynomial.

Let L be an algebra with unity. The set of all the o € 2,,,(L)\{Osy,,(2)}
which have the representation (31) with agega) € Em(L*) will be denoted
further by 2,,,(L)°. The set of all the a € ,,,(L)\{0a,,(z)}, which have the
representation (31) with ageg(a) = 1g,,(z) Will be denoted further by 2,,,(L)".
The set of all the o € 2,,(L)\{0x,,(z)}, which have the representation (31)
with ag € E,,(L*), will be denoted further by 2., (L)". Let further

(L) = A (L)° (A (L)", A (L) = A (L)Y () (L)
™A (L) = A (L)° ﬂmm(L)_)a le(L)va - %m(L)v (]Q[m([/)_>

le(L)OA_} _ le(L)O/\ ﬂ%m<L)—>; le(L)VA_) _ le(L)W\ ﬂg{m<L)—>

Clearly, ,,(L)°. consists of epimorphisms of the space E,,(L) onto E,,(L).
The above map 7, ,, induces epimorphism ry, , of the algebra 21,,(L) on the
algebra 2, (L) defined as follows:

if a € A, (L),
(39) a = Z:uak o vk7
k=0
then
(40) T’?n,,u(a) = Z /’er,u(ak) © vk’
k=0

where the operator v/ in (39) acts in F,,(L) and the operator 37 in (40) acts
in E u(L). Clearly, r7 , surjectively maps

2, (L)° onto A, (L)°, Ay, (L)Y onto A, (L)Y,
2, (L)" onto Au(L)”, Ay (L) onto A, (L),
2, (L) onto A, (L), 2A,,(L)°~ onto A, (L),
2, (L)Y~ onto A, (L)Y, Ay (L) onto A, (L) 7,
2, (L)Y~ onto A, (L)Y 7. Since the diagram

En(L) —% Eu(L)

is commuative and therefore

(41) T @ = T (Q) T,
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it follows that 7, , surjectively maps Ker(ry, &) onto
Ker(’r’zu(a)) Dy Ker(a).

Lemma 3. Ifu € m—1+N and a € 2,,(L)", then the operator «
bijectively maps Ker(ry,,) onto Ker(ry,,).

Proof. For m = p we have equality Ker(ry,,) = Og,, (1) and assertion of
the Lemma is obvious. Let p > m. Clearly,

Ker(rmy) = {2 € Bu(L): 2(v) = 0y, v € p—N—1},
Let o € A, (L)" has the form (39) with ao(v) € L*. If z € Ker(r,,,), and

(42) y = a(z),

then

(43) y(w) =) ar()z(v +k)
k=0

and therefore y(v) = 0p forv € u—1+N,if 2(v) =0 for v € p—1+N. On
the other hand for given y € Ker(ry,,) the coordinates z(v) in (42) must be
equal to O, if v € p — 1 + N, and the equalities

(44)
(i = j) = (ao)(u — ) (y(u =)= > anlp = el —j+ k)) :

determined successesvely and in the unique way the coordinatess x(u — 7)
forjel,p—m|NZ. N
Corollary 1. Let p € m — 1+ N and let a € ,,,(L)". If

g€ E,(L), z € E, (L), m<u, aec,(L)",

rmu(g) = (1 ,(@))(2),
then there exists a unique y € E,,(L) such that

a(y) = g, Tmu(y) = z;

Proof. Since r,,, is an epimorphism of E,,(L) onto E, (L), it follows that
there exists z € E,,(L) such that r,, ,(z) = « In view of (41),

Pmp((2)) = (r7,(@)) (rm,u(2)) = (ris W (@) (2) = T, (9)-

Then g — a(z) € Ker(ry,,). According to the Lemma 3, Ker(r,,,) contains
an element u such that g — a(z) = a(u). Let y = z 4+ u. Then

a(y) =g, Tmu(y) = rmu(z) = .

10
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If a(y) = rmu(y) = 0g,, 1), then y € Ker(ry,,), and the Lemma 3 implies
the equality y = Og,,(r). B

Corollary 2. Let p € m — 1+ N and a € A,,(L)". Then and ry,,
bijectively maps Ker(a) onto Ker(ry, (a)) = rpm(Ker(a)).

Proof. Let z € Ker(ry, ,(a)). Clearly, the conditions of the Corollary 1
are fulfilled for g = Op,, (1) and x. Therefore there exist a unique y € Ker(a)
such that 7, ,(y) = z.l

If for the equation (1) are fulfilled the conditions (2) then

(45) ar = (ag(1), ax(2), ..., ax(v), ...) € E{7(C),

where k = 0, ..., n. Moreover a, = 1g, (), for a in (39) Ker(a) coincides

with the linear over C space of all the solutions of the equation (1), polyno-

mial (5) is equal to P(a, 2) = P(rg,,(a), 2), where m € N, and Ker(r7,,(a))

coincides with linear over C space V;,, of all the solutions of the equation (7).
Let v be the element in Ej g, for which

where v € N—1. Clearly, 79 (0)En.(C) C Eo(C) for any m € N—1. Let
Ero(L) = 10m(0) Emeo(L), Ep(L) = L+ E7 o(L).

Let us consider the ring 20 (L) generated by the operator 7 and by all the
operators p,, where a € E,,(L)” and let

37(L) = {a € A (L): Pla,z) = 0}.

The Lemma 2 may be reformulated now as follows:

Lemma 4. Let a € A5 (C)NAY(C), and P(a,z) coincides with the
polynomial T'(z) in (5) and (6).

Then there exist m € N and representation of the oprator 7“o>,m<04) i the
form

(46) 15 () = ¥p

such that

(47) Y € 2, (C) (A0 (C), & — v € 3,,(C),
(48) BeAL(C)(AL(C), deg(B) =p=n—q.

and P(B, z) coincides with the polynomial T1(z) in (6).

11
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Let C' > 0, nN. Let we,, denotes the element in Eyo(C), for which

(49) weal) = (5 )/

v+1

where v € N — 1. The Lemma 1 admits the following reformulation:
Lemma 5. Let m € N and « from (31) belongs to A, (C) and

deg(a) = n, a € 1 (0) Ep oo,
where k=0, ..., n— 1. Let further
Co > 1, qoo((rm(0)) " )an_r < Co,
where k =0, ..., n—1. Let
(50) C > enC.

Then Ker(a) C rom(wen)Emoeo(C) C Epo(C).
Fach A € E,,(MY(L)) defines a linear operator AY € MY(E,,(L)), such

that
(A7y)(v) = (AW)(y(v)),
where v € m — 1+ N,y € E,,(L). The operator A" is invertible if and only

if, when the operator A(v) is invertible for any v € m — 1+ N; in this case

the map
v (A()™

where v € m — 1 + N, will be denoted by A~'. So,
AT (v) = (A7) (v),

where v € m — 1+ N. Clearly, (AY)™' = (A"YHY. For A\ > 0 let T,, (L)
denotes the element of E,,(9MY (L)), for which ((Tux(L)(v))y)(v) = \y(v),
where v € m — 1+ N. Clearly,

(51) (T A (M (L) A)Y = (T A (L)Y AY = A (T a(L))",

T (L))" = lowv (g,n(2)), Tmaune (L))" = (Tonn (L)) (T (L)),
where A € Ep, (MY (L)), A >0, Ay >0 and Ay > 0. Let

Ena(L) = {y € En(L): pna(¥) = Pmoc((Tma(L))'y) < +oo}.

Then (Epm (L), pm.x) is a Banach space, and

Em,l (L) = Em,oo<L)7 Pm,1 = Pm,oco-
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Clearly, the map T,,, A(L) is an isometry of Ep,1(L) = En,o0(L) onto En, A(L),
and the map T, \(L)V™ is an isometry of (Eo1(L),po1) = (Eoeo(L), Po.co)
onto (Em (L), pma)-

Lemma 6. Let m € N—1 and a from (31) belongs to . (C) Then « is
bounded linear operator on the space E, \(C) and

deg(ax)
(52) Prua(@) < 7 pra(a)
k=0
Proof. Since a € 27(C), it follows that a € E,,1(C) for k=0, ..., n
In view of (31), if y € E,, »(C), then
deg(a)
(@@)(W) = D ax)N Ny + k) =
k=0
deg(a)
N ap()NAT Ty (v + k)
k=0
and
deg()
(53) D aW)NNTFy(v + k)| <
k=0
deg(a)
P () Z pm,l(ak))\k-
k=0

The inequality (52) follows from (53). W
Lemma 7. If A >0, 60 > 0,

(54) A € Eng/n(M(L)),
then AY turns E,\(L) in Ene(L), and
(0™ )m.o/2(A) = sup({pmo(A"Y): y € Ema(L), pma(y) < 1}).
Proof. Let y € E,, (L) and 2z = (T, ,(L))"'y. Then
2 € Ena(L), pma(y) = pma(2).
Let B = (Trn /0 (M(L))) "t A. Then
B € Eni(M(L)), (07 )mo/a(A) = (p7)m1(B).
Therefore, in view of (51),

BYz € Epni(L), Trno(L)(BYz) € Epnp(L),

13
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Ay = ATz = AT, (L))

Tno(L))AY Ty n0(L)z =
Tono(L)(Tonnjo(MM(L))A) 2 =

L0 (L) (Tono/2 (ML) ' A) 2 € Eno(L).

Further we have
(07 )moa(A) = sup({p~ (/)Y A(v))): v €m =1+ N}) =
Sup({P((e//\) Aw)z(v))): 2(v) € L, p(2(v)) <L, vEm—1+N}) =
sup({p((07"A(v)y(v))): y(v) € L, p(y(v)) <N, v€m—1+N}) =
sup({p((07"((A"y) (1)) : y(v) € L, A"p(y(v)) < 1, v €m —14+N}) =
sup({Pm,0(A"y): y(v) € Epnn(L), pmna(y)) < 1}).

Tonpjo(L)z =

(
(
|

Corollary. If A € E,,1(M(L)), then AY turns Ep, z(L) in E,, (L), and

(55) (P )ma(A) =

SUP({Pma(AYY) 1 y € Ena(L), pma()) < 1}) = (pma) " (AY) = (pj1)(AY).

Proof. The assertion of the Corollary follows directly from the assertion
of the Lemma for 6 = \. B

Clearly, if A > 0,60 >0, A € E,,x(MM(L)),B € Eg(9M(L)), then AB is
contained in E,, xg(MM(L)). Clearly, 7 maps E,, (L) in E,, z(L) and

(56) (Pm )™ (V) = A
Clearly, for any k e N—1, A€ E,,,("(L))

k

(57) (VoA = (J[(vFA) o v

k=1

Let L is a Banach space over th field K and A € E,, 1(9M"(L)). Let further
there exists A™! € E,,1(9M"(L)), and

(58) (P )ma(A) =p < 1/A.

Then, clearly, 9" (E,, »(L)) contains the linear operator

(59) (AT (v (A =

14
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and in view of (56) and (59),

(60) (Prm)(V = AY) 1) < p/(1 = pA).

According to (57), the equality (59) may be rewritten in the form

(61) (V=AY =AY (H(V”(A‘l))v) o .

k=0 \r=1

Lemma 8. (/21], Lemma 2, [15], Lemma 2) Let A € Mat,(C) an let
k is a maximal order of its Jordan blocks. Then there exists a constante
v*(A) > 0 with the following properties:

for any € > 0 there exists a norm pa. on C" such that

(62) pae < 7' (A)(max(1,1/e)" ',

(63) h < 7" (A)(max(1,€)* pac,

(64) (Pae)™ < (v'(A))*(max(e, 1/e)*'h7,
(65) ™ < (" (A))*(max(e, 1/e) " (pas)”™
(66) [Allsp < (pac)™ < [[Allsp + (sign(k —1))e,

where ||Al|sp denotes the mazimum of the absolute values of eigenvalues of
the matriz A. If, moreover,

(67) det(A) £ 0,

AT F > (sign(k — 1)),

then

©8) A7, < Gas (A < (A7) - (sign(k - 1))5)—1
Proof. Let C' € Mat,(C), det(C) # 0 and

(69) J=C1tAC

is a Jordan form of A. Let J is composed by s Jordan k; x k;-blocks J;,

where 7 = 1, ..., s and } k; = n. Let ¢ > 0, and let 7)) _ denotes the
i=1

diagonal m x m—matrix, which i — th diagonal element is equal to !

Y
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where i = 1, ..., m. Let further T denotes the n x n—diagonal matrix
composed by the blocks T,Q7E, where 2 =1, ..., s. Let

(70) 7(4) = max(h™(C™), H(C)),

(71) pas(X) = h((CTY)™'X),

where X € C". Then
(72)
Pae(X) < POV ((TY)HR(X) < v (A) max(1, (1/e)"Hh(X)
for X € C"; therefore (62) holds. Clearly,
(73)  h(X)=hCTY(CTY)™'X) < h(O)W(TY)R(CTY) T X) <

7" (A) max(1, " )pa(X)
for X € C™; therefore (63) holds. In view of 71,

(74) (Pae)”(B) = sup({pac(BX): X € C", pa(X) <1}) =
sup({R((CTY)'BX): X € C", h((CTY)'X) < 1}) =
sup({R((CTY) 'BCTYY): Y € C", h(Y) < 1}) =
R (CTY) ' BOTY),
where B € Mat, (C). The equalities (74) imply (64) and (66). It follows from
the equalities (74) that
(75) h™(B) = (pae)~(CTYB(CT) ™),

where B € Mat,(C). The equality (75) implies (65). Let det(A) # 0, and
let A is the diagonal n x n—matrix, which diagonal elements are equal to the
corresponding diagonal elements of the matrix J. If (67) holds, then

(76) (Tav)_l)JTav = A(E - N)7
where E is the unit n x n-matrix, N is a nilpotent n X n-matrix and
h™(N) < [[A™[sp(sign(k — 1))e, A~ (AT1) = |A7" |y,

(T2) )T = (E = N) A (pag) (A7) =
W (CTY)TATICTY) = = ((T) ') <

1A ] Y (1A |psign(k — 1))e)* =

k=0
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AT [sp(L = [A7 [sp(sign(k — 1)e) ™ = (1A [5p) ™" = (sign(k —1))e)~".
|
Corollary. If all the eigenvalues of the matrix A are symple, then

(77) (Pac)™ = [|Allsp-

If, moreover,

(78) det(A) # 0,
then
(79) (a4 = (Jla,,)

Proof. Since in this case k = 1, and, consequently, (78) implies (67), it
follows that the assertion of the Lemma follows directly from (66) - (68). B

Lemma 9. ([15], Lemma 2). Let are fulfilled all the conditions of the
Lemma 8 and let B € Mat,(C), e; > 0,

(80) (Pae)™ (B —A) <e,
then
(s1) (pac)(B) < | Allyp + (sign(k — 1))z + 1.

If, moreover, the inequalities (67) hold and
(82) HA_1H;p1 > (sign(k —1))e + ¢y,

then
(83)

-1

det(B) £ 0, (pac)~(B™) < ([|47 ) = (sign(k — 1)e — 1)

Proof. The inequality (81) follows directly from (66) and (80). If, moreover,
all the inequalities (67) and (82) hold, then let us to represent B in the form

(84) B=A(E—- A (A~ DB));

in view of (68), (80) and (82),

-1

(pae)” (A (A-B)) < (HA_le;l — (sign(k — 1))5) g < 1;
therefore the matrices (E — A™'(A — B))™!,

(85) Bl'=(E-AYA-DB)) A

17
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exist and
(Pac)~(B™Y) = (pae)~((E - AT(A-B))7A™) <
(Pae)~ (B = AT (A = B)) " )(pae)~ (A7) <
1— — x
(14-111,) = (sign(k = 1)e
<<HA—1||SP>_1 — (sign(k — 1))g> o
((IIAII\S,,)_l — (sign(k —1))e — )
n

Corollary 1. Let are fulfilled all the conditions of the Lemma 9, and all
the eigenvalues of the matriz A are symple. Then

(86) (pA,a)N(B) S ||A||sp+51-

If, moreover,

(87) det(A) #0, A7) > ey,
then
(35) Qet(B) £ 0.(pa ) (B < (|l —=1)

Proof. Since in this case k = 1, and, consequently, (87) implies (82), it
follows that the assertions of the Lemma follows directly from (81) - (83). W

Corollary 2. (/14], Lemma 3). Let are fulfilled all the conditions of the
Lemma 8, det(A) # 0,

(89) 0<e< (HA1||SP>_1/2
and let B € Mat,(C),

(90) (Pac)” (B —A) <e,
then

(91) (Pae)™(B) < [|Allsp + 2e,

the matriz B~' exists and
B -1
(92) (pa) (B < ([, —2¢)

Proof. Let us take ¢; = . Then (82) follows from (88) and (89). W

18
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§4. End of the proof of Theorem 6.

Let in accordance with (10)

p—1
(93) VAR AR vl
k=0
where by, € C + (19,0)E,,1C for k=0, ..., p— 1. In view of (23),
(94) hm(bk) = Qg+k
where k =0, ..., p— 1. Let
0 1 0 0
0 0 1 0
Br=1 : : S : ;
0 0 0o ... 1
—by —b1 —by ... —b,
B = w!(By), where w is the above isomorphism of the algebra E,,(Mat,(C))
onto Mat »(En(C)), and let
0 1 0 e 0
0 0 1 . 0
B~ = : : : . :
0 0 0 e 1
—ay —agy —Qro ... —agi, g

We take now on the role of the matrix A in the Lemma 8 and Lemma 9
the matrix B~. Since, in view of (3) a; # 0, it follows that (B~)~" exists.
We take now on the role ¢ in the Lemmata 8 and 9 and their corollaries the
number

(95) o= (IB)7,,) " /3

and we take
q = PBeo-

Since lim(B) = B~, it follows that we can (making use the operator r,, )
replace the number m on some bigger m, such that for C' from (49) and (50)
the inequality

(96) m = Cmax (1, (6 H(BN)*HSP)(]) ,

19
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holds and
(97) q(B(v) — B™) < &,

where v € m — 14 N. It follows from (95) and (97) that for B~ and B(v)
with v € m — 1 + N are fulfilled all the conditions of the Corrollary 2 of the
Lemma 9; therefore there exists (B(V))*1 for v €e m — 1+ N and

a~(BO)™) < (320 = 2e0) " = 3[[(BM) 7,
Consequenty, there exists B~ € E,, 1(Mat,(C)) and
(98) (@ )ma(B™) < 3[[(BM)7],,

In view of (96) and (49),

1/q
<

C

(99) (we () = (

1
min (1, (”(BN)_IH ) n(1,e0/2),
(58 96),(98) and (99), if

\/

where v € m — 1 + N. In accordance with

(100) 3B, < 2
then
(101) p=()ma(B™) <3[(B7)7,, < 55 < %

the algebra 9" (E,, »(C?)) contains the linear operator

(102) —((B™)Y Y (vo (B

k=0

—(B™)(lang,, a0 = Vo BT)) = (v - B
and, in view of the Lemma 7, its corollary, Lemma 6, (98),(60)

(103) (@) (7 = B < p/(1 = p)) <
3B, /A =3lB) ], ) < 6 [BH7,

'l
sp sp

For any y € En(C) and n € N let Y, , and Y denote the elements in
the space F,,(C"), wich are determined respectively by means the following
equalities:

(104) Yn,y(”) = ;

20
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0
(105) Y (v) = 5 ,
y(v)

where v € m — 1 + N. Clearly,

(106) pa(y) = ha(y) = pA(YF) = ha(Y},) < ha(Yay) <
max(L, [A]"")ha (V7).

where y € E,,(C). If

(107) Al <1,

then all the inequalities (106) turn into equalities. Let

Av) = (weq ()",

where v € m — 1 4+ N. In view of (99, for A = \(u) with p € m — 1+ N are
fulfilled all the conditions (100) and (107). Let z € (rom(we ) Em,oo(C) and

pm,l(TO,m(wC,q)_lz) = hm,l(ro,m(wc,q)_lz) =7

Then

(108) Pu) (Tmpuz) = Py (Tmpz) =
sup{(A(1)) " |(rmp2)(W)|: v € p— 1+ N} =

sup { (32) 0D Nrmpd) )]s v € p = 141) =

sup{ (TE) ) 0mye) 0] v € =148} <

sup{ A) N (rmpz) (V)] v e p—1+ N} <
sup {(A(¥)) " (rmu2) )]s v €m — 1+ N} =
R (P0.m (weg) ™' 2) = Pt ((rom (o) ™'2) = 7,

where y € m — 1+ N; consequently 7, ,z2 € E, 5., where g € m —1+N. In
view of (108),

p,u,)\(u) <}/;1ﬁ’m,uz> = hlu‘r)‘(u) <}/qﬁ’m,uz> S 77

where u € m — 1 + N. Therefore, in view of (62),

B (Vi) <
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¥ (B™)(max(1,1/20))" g (Yqﬁm,uz> <
7 (B™)(max(1,1/20) )"y,
where u € m — 1 + N. Consequently, in view of (103),

(109) QA (p) ((v - BV)‘l)Yqﬁm,#z) =

67" (B™)(max(1,1/20))*~ [|[(B™) 7],
where € m — 14 N. In view of (109) and (63),

(110) () (7= BY L) @) <

69(7"(B™))2(max(z0, 1/20))" " [[(BX) ]| .

where p € m—1+ N and v € p— 1+ N. It follows from the inequality (110)
for v =p € m —1+ N that

(111) n () (v = B)WYE,,) ) <

6(y"(B™))*(max(eo, 1/z0)~ | (B*) ],

For any X € C? let m(X) denotes the first coordiate of the column X, and
let m be the map of C? on C, which turns each X € C? into m(X). In view
of (111),

(112) h ()™ (x (v - BY L) ) <

6(v*(B™))*(max(zo, 1/20))P [(B™) 7],

where v € m—1+4N. Let p denotes the norm on (7o, (we 4)) Em.co(C), defined
by means the equality p(2) = pm.co((rom(wey))~'2), and let ¢ be the map of
the space (rom(weq))Em,0o(C) in E,, (C), such that

@N0) =7 (((v = BY W) )

for any z € (rom(weg))Emeo(C) and any v € m — 1 4+ N. It follows now
from (112) that ¢ maps (79.m(wecq))Em,co(C) into (1o, (weq))Emco(C), is a
bounded linear operator on (7o, (wc,q))Em.co(C), and

P~ (6) < 6v(v"(B))*(max(eo, 1/20)* " [[(BX) 7],

So, we can take now on the role of the mentioned in the section 2 the splitting
homomorphism &, the restriction of the map ¢ on the subspace Ker(v) of
the space (rom(we,q))Em,0o(C), where ¢ is a homomorpism in (46). W
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