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1 - Introduction.

The special Lagrangian equation has been of growing interest since the landmark paper [6]
of Harvey and Lawson concerning calibrated geometries. In its classical form, the special
Lagrangian operator is a second order, highly non-linear partial differential operator of
determinant type. Explicitly:

SL(f) = arctan(Hess(f)) = Arg(Det(Id + iHess(f))).

This operator is closely related to the Monge-Ampère operator, which is among the
archetypical highly non-linear partial differential operators studied in detail in most stan-
dard works on nonlinear PDEs ([1] and [2] to name but two). Recent progress was made in
the study of the special Lagrangian operator with the publication of a Bernstein Theorem
([8] and [20]) for convex solutions to the special Lagrangian equation. This result forms
a counterpart to the more classical Bernstein Theorem ([7], [3], [15]) of Jörgens, Calabi
and Pogorelov for the Monge-Ampère operator (the theorem being proven respectively in
2, 3 and 4 and then all higher dimensions). In [17], the author showed how the Bern-
stein theorem for solutions to the special Lagrangian equation may be transplanted to the
differential geometric setting, yielding a compactness result for special Lagrangian (and
Legendrian) submanifolds which are positive in a sense first described in [19] by Smoczyk.

Since it is defined in terms of an invariant function on the space of symmetric matrices,
the special Lagrangian operator may be used to define a notion of curvature for immersed
hypersurfaces. Indeed, if M is an (n + 1) dimensional Riemannian manifold, if Σ = (S, i)
is an immersed hypersurface in M , and if A is the shape operator of Σ, then we define
SLr

A by:
SLr

A = arctan(rA).

In fact, it is more useful to turn this on its head and define the special Lagrangian curvature
in terms of an implicit function derived from this function. We say that Σ is strictly convex
if and only if A is positive definite. In this case, we consider the following function:

SLA : R+ →]0, nπ/2[; r 7→ θ = arctan(rA).

This function is smooth, surjective and strictly increasing in r. It is thus invertible, and
the inverse function depends smoothly on A and θ. We thus define a smooth function ρθ

over the space of positive definite, symmetric matrices such that:

arctan(ρθ(A) ·A) = θ.

We call ρθ(A) the θ-special Lagrangian curvature of Σ. This notion of curvature generalises
more classical notions, and has an especially simple form when θ is a half integer multiple
of π. Indeed, when n = 2 and θ = π/2, the square of the special Lagrangian curvature is
the reciprocal of the Gauss (extrinsic) curvature, and when n = 3 and θ = π, the square of
the special Lagrangian curvature is the mean curvature divided by the Gauss curvature,
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and so on. In fact, continuing the analogy with the Monge-Ampère operator, the special
Lagrangian curvature is merely the counterpart to the Gauss curvature.

In [17] we also showed how the compactness result that we obtained for special Legendrian
submanifolds may be adapted to yield a slightly weaker compactness result for convex
hypersurfaces of constant special Lagrangian curvature. This compactness result may
then be applied to yield existence results such as the main theorems of this paper, which
treat foliations of quasi-Fuchsian manifolds and hyperbolic ends.

Let N be a compact, hyperbolic manifold of dimension n. The universal cover of N is
Hn. Let π1(N) be the fundamental group of N . This may be identified with a discrete
subgroup of Isom(Hn) = PSO(n, 1) such that:

N ∼= Hn/π1(N).

Let i : Hn → Hn+1 be a totally geodesic embedding of Hn into Hn+1. There exists a unique
homomorphism θ0 : Isom(Hn) → Isom(Hn+1) with respect to which i is equivariant.
The image of π1(N) under θ0 acts properly discontinuously on Hn+1. We say that a
homomorphism θ : π1(N) → Isom(Hn+1) is Fuchsian if it quotients through θ0. Let Ñ be
the quotient of Hn+1 under the action of θ(π1(N)). Since i is equivariant under the action
of θ0, it quotients down to a totally geodesic immersion from N into Ñ :

i : N → Ñ .

We refer to the pair (Ñ , i) as the extension of N . We say that an (n+1)-dimensional hyper-
bolic manifold is Fuchsian when it is the extension of a compact n-dimensional hyperbolic
manifold. Let End(N) provisionally denote the closure of one of the connected components
of Ñ \N . This is a hyperbolic manifold with smooth, totally geodesic boundary and is the
archetypical model for a hyperbolic end.

A quasi-Fuchsian hyperbolic end as an (n + 1)-dimensional hyperbolic manifold with con-
cave, pleated boundary (M̂, ∂M̂) which is isotopic to (End(N), N) for some hyperbolic
N (a precise definition is given in Sections 3 and 4). As a special case, a quasi-Fuchsian
manifold is a complete (n + 1)-dimensional hyperbolic manifold which is isotopic to the
extension of a Fuchsian manifold (see section 5). Let M be a quasi-Fuchsian manifold.
We recall in section 5 that M contains a canonical, compact, convex set which we call
the Nielsen kernel of M and denote by K. In the Fuchsian case, K is merely the copy of
N embedded in Ñ . The complement of K in M consists of two non-compact connected
components homeomorphic to N ×R. Each of these components is then a quasi-Fuchsian
hyperbolic end.

Much is known about three dimensional quasi-Fuchsian manifolds. In particular, the
Ahlfors/Bers isomorphism (cf. [14]) parametrises the moduli space of such manifolds by
the Cartesian product of two copies of Teichmüller space. This notion may be generalised
to higher dimensions in at least two directions. In the first case, one may continue to
study quasi-Fuchsian manifolds as the quotients of small deformations of Fuchsian rep-
resentations of the fundamental groups of compact hyperbolic manifolds (cf. [9]). This
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approach is complicated in many higher dimensional cases by rigidity. Alternatively, one
may remove one half of the quasi-Fuchsian manifold, and deform the remaining hyperbolic
end. In particular, the space of hyperbolic ends with pleated boundaries may be naturally
identified with the space of conformal structures over a compact manifold (cf. [11]).

In this paper, we prove first the following result, which partly generalises to higher dimen-
sions the result [13] of Labourie:

Theorem 1.1

Let M be a quasi-Fuchsian manifold, and let K be the Nielsen kernel of M . Let Ω be a
connected component of M̂ \K. Then, for all θ ∈](n− 1)π/2, nπ/2[, there exists a unique
foliation (Σr,θ)r∈]tan(θ/n),+∞[ of Ω consisting of convex immersed hypersurfaces such that:

(i) for all r, Σr,θ is a convex graph,

(ii) for all r, Σr,θ is of constant θ-special Lagrangian curvature equal to r,

(iii) (Σr,θ)r∈]tan(θ/n),+∞[ tends to ∂K in the Hausdorff sense as r tends to +∞, and

(iv) (Σr,θ)r∈]tan(θ/n),+∞[ tends to ∂∞Ω in the Hausdorff sense as r tends to tan(θ/n).

The notion of a convex graph is explained in Section 10.

Using analogous methods, we then obtain the following, slightly weaker, result in the more
general setting of quasi-Fuchsian hyperbolic ends:

Theorem 1.2

Let M be a quasi-Fuchsian hyperbolic end. Let K be the boundary of M . There exists a
unique open subset Ω ⊆ M \K and a unique foliation (Σr,θ)r∈]tan(θ/n),+∞ of Ω consisting
of convex immersed hypersurfaces such that:

(i) for all r, Σr,θ is a convex graph,

(ii) for all r, Σr,θ is of constant θ-special Lagrangian curvature equal to r, and

(iii) (Σr,θ)r∈]tan(θ/n),+∞ tends to K in the Hausdorff sense as r tends to +∞.

Moreover, if the minimal dimension of pleats in K is at least n/2, or if the complement
of the image of the developing map of the PSO(n + 1, 1) structure associated to M has
non-trivial interior, then:

(iv) (Σr,θ)r∈]tan(θ/n),+∞[ tends to ∂∞Ω in the Hausdorff sense as r tends to tan(θ/n).

It is shown in Section 4 how a PSO(n + 1, 1) structure is associated to a hyperbolic end.

Remark: We observe in passing that these results allow us to construct a large family
of non-trivial special Legendrian submanifolds in the unitary bundles of quasi-Fuchsian
manifolds and quasi-Fuchsian hyperbolic ends.

These results may naturally be placed in a larger context. They are both proven in three
stages. The first two stages comprise Lemma 7.3, which is a compactness result, and
Lemma 9.1, which shows that an equivariant immersion may be smoothly, equivariantly
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deformed to follow any smooth deformation of the homomorphism with respect to which
it is equivariant. We work with these lemmata inside Hn, and they are both valid for
all equivariant immersions of constant special Lagrangian curvature. It is only in the
third stage where the geometric properties specific to quasi-Fuchsian manifolds and quasi-
Fuchsian hyperbolic ends are finally used to localise the immersions in space, and thus
allow us to apply the continuity method, which is well known in the theory of PDEs. It
follows that similar results may also be obtained in any other situation where the geomet-
ric properties of the ambient spaces allow us to localise the immersions in an analogous
manner. One potential application of these techniques could be an alternative approach
to the study of PSL(2, C) structures carried out in [5] by Gallo, Kapovich and Marden.

These results provoke a number of questions, of which the two following are perhaps the
most interesting:

(i) Can Theorem 1.2 be completed, either by showing that the foliation is complete for
all quasi-Fuchsian hyperbolic ends or by proving the existence of hyperbolic ends whose
corresponding foliations are not complete?

(ii) In the spirit of [13] and [10], can these foliations be used to study the geometric
properties of the moduli spaces of different types of ambient hyperbolic manifolds?

The paper is arranged as follows:

(a) In Section 2, we show how the result is trivial in the Fuchsian case.

(b) In Sections 3, 4 and 5, we describe the ambient spaces in which we will be working. We
thus define hyperbolic ends, pleated immersions, flat conformal structures and hyperbolic
manifolds.

(c) In Section 6, we introduce the notion of Cheeger/Gromov convergence for manifolds
and immersed submanifolds. This is used in Section 7 to present the compactness result
that forms one of the main motors of this paper.

(d) In Section 8, we study the functional analytic properties of the special Lagrangian
curvature operator. We use these properties in Section 9 to obtain the local deformation
result that constitutes the second main motor of this paper.

(e) In Sections 10, 11, 12 and 13, we derive the consequences of the geometric properties
of the specific ambient manifolds that we are studying. These allow us to obtain in Section
14 a stronger compactness result, which then allows us to prove Theorems 1.1 and 1.2 in
Section 15.

I would like to thank Kirill Krasnov, François Labourie and Jean-Marc Schlenker for
encouraging me to study this problem, and, in the case of the last two, for useful suggestions
and observations on earlier drafts of this paper. I am also grateful to Werner Ballmann
for a helpful conversation concerning hyperbolic manifolds, as well as Ursula Hamenstaedt
for drawing attention to an error in an earlier version of this paper. Finally, I would like
to thank the Max Planck Institutes for Mathematics in Bonn and for Mathematics in the
Sciences in Leipzig for providing the conditions allowing me to carry out this work.
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2 - The Fuchsian Case.

We construct the foliation in the Fuchsian case. Let N be a compact manifold of dimension
n and of sectional curvature equal to −1, and let (M, i) be the extension of N . Let Ω be
a connected component of M \ N , and let N be the unit normal vector field over (N, i)
pointing into Ω. For all t ∈ R+, we define it : N → M by:

it(x) = Exp(tN(x)),

where Exp is the exponential mapping of Ω. We make the following observations:

(i) The family (it)t∈R+ defines a smooth foliation of Ω. Moreover, if we denote by Nt the
image of N under it, then Nt tends to N and ∂∞Ω as t tends to 0 and +∞ respectively.

(ii) By Lemma 8.1, the θ-special Lagrangian curvature of (N, it) is constant and satisfies:

ρθ(it) = tan(θ/n)/tanh(t).

It follows that the θ-special Lagrangian curvature takes values between tan(θ/n) and +∞.
Moreover ρθ(it) tends to +∞ and tan(θ/n) as t tends to 0 and +∞ respectively.

Theorems 1.1 and 1.2 are thus trivially true in the case of Fuchsian manifolds.

3 - Hyperbolic Ends.

Here we define hyperbolic ends and describe the topology of their moduli spaces.

For all m, let Hm+1 be (m + 1)-dimensional hyperbolic space. Let UHm+1 be the unitary
bundle over Hm+1. Let K be a convex subset of Hm+1. We define N (K), the set of
normals over K by:

N (K) =
{
vx ∈ UHm+1 s.t. x ∈ ∂K and vx is a supporting normal to K at x.

}
N (K) is a C1 submanifold of UHm+1. Let Ω be an open subset of N (K). We define E(Ω),
the end over Ω by:

E(Ω) = {Exp(tvx) s.t. t > 0, vx ∈ Ω} .

We say that a subset of Hm+1 has concave boundary if and only if it is the end of some
open subset of the set of normals of a convex set.

We extend the concept of convex boundary to more general manifolds. Let (M,∂M) be a
smooth manifold with continuous boundary. A hyperbolic end over M is an atlas A such
that:

(i) every chart of A has convex boundary, and

(ii) the transition maps of A are isometries of Hm+1.

We can construct hyperbolic ends using continuous maps into UHm+1. Let M be an m-
dimensional manifold without boundary. Let i : M → UHm+1 be a continuous map. We
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say that i is a convex immersion if and only if for every p in M , there exists a neighbourhood
Ω of p in M and a convex subset K ⊆ Hm+1 such that the restriction of i to Ω is a
homeomorphism onto an open subset of N (K). In this case, we define the mapping
I : M × [0,∞[→ Hm+1 by:

I(p, t) = Exp(ti(p)).

I is a local homeomorphism from M×]0,∞[ into Hm+1. If g is the hyperbolic metric over
Hm+1, then I∗g defines a hyperbolic metric over this interior. I∗g degenerates over the
boundary, and we identify points that may be joined by curves of zero length. We denote
this identity by ∼ and we define E(i), the end of i by:

E(i) = (M×]0,∞[)∪(M/ ∼).

Trivially, every hyperbolic end homeomorphic to (M × [0,+∞[,M) may be constructed in
this manner. Thus, if M̂ is an end, and if i : M → UHm+1 is a convex immersion such
that M̂ = E(i), then we say that i is the boundary immersion of M̂ .

Let Γ be a discrete subgroup of the isometry group of M . We denote by End(M,Γ) the
space of pairs (i, α) where:

(i) α : Γ → Isom(Hm+1) is a representation of Γ in Isom(Hm+1) and

(ii) i : M → UHm+1 is a proper, convex immersion from M into UHm+1 which is equiv-
ariant with respect to α.

The set End(M,Γ) is thus a subset of the set of continuous maps from M ∪Γ into
Hm+1 ∪ Isom(Hm+1). We furnish this set with the compact/open topology, which is to
say, the topology of local uniform convergence.

Suppose that Γ acts properly discontinously on M . We may trivially extend the action
of Γ over M to an action over E(i). By taking quotients, we see that every element
of End(M,Γ) defines a hyperbolic end over M/Γ × [0,∞[ which we denote by E(i, α).
We identify elements of End(M,Γ) with the corresponding hyperbolic ends. We observe
that, although i is only C1, we obtain a smooth hyperbolic structure over the interior of
M/Γ× [0,∞[.

Let M be an m dimensional compact, hyperbolic manifold. We identify the universal cover
of M with Hm and we identify the fundamental group of M with a discrete subgroup Γ of
Isom(Hm). Let i0 : Hm → Hm+1 be the canonical immersion and let α0 : Γ → Isom(Hm+1)
be the canonical homomorphism. We call E(i0, α0) the Fuchsian end of M . We define
quasi-Fuchsian ends in the following section.

4 - Pleated Immersions and Flat Conformal Structures.

Here we define pleated immersions and show how they may be derived from conformal
structures. This allows us to define quasi-Fuchsian hyperbolic ends.

We define a pleat to be the convex hull in Hm+1 of a subset of ∂∞Hm+1 containing at least
two distinct points. Trivially, if K is the convex hull of a subset of ∂∞Hm+1, then ∂K is
a union of pleats.
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Let i : M → UHm+1 be a convex immersion. We say that i is pleated if and only if it is
proper, and, for all p in M , there exists a neighbourhood Ω of p in M , a convex subset
K ⊆ Hm+1 and an open subset U of N (K) such that:

(i) ∂K is the convex hull of a subset of ∂∞Hm+1,

(ii) U is a union of inverse images of pleats, and

(iii) the restriction of i to Ω is a homeomorphism onto U .

We denote by Pleat(M,Γ) the subset of pairs (i, α) in End(M,Γ) where i is pleated.

Let M be an m dimensional manifold and let i : M → UHm+1 be a convex immersion.
We define ϕi by:

ϕi = −→n ◦ i.

We call ϕi the developing map of i. This mapping is a local homeomorphism from M into
∂∞Hm+1 and thus defines a PSO(m + 1, 1) structure over M . Likewise (see [11]), if ϕ is
the developing map of a PSO(m+1, 1) structure over M , then there exists a unique convex
immersion i such that:

(i) i is pleated, and

(ii) ϕ is the developing map of i.

We thus obtain an equivalence between developing maps of PSO(m + 1, 1) structures over
M and pleated, convex immersions, which we identify with hyperbolic ends with concave,
pleated boundaries.

Let Γ be a discrete subgroup of the group of isometries of M . We define Dev(M,Γ) to be
the set of all pairs (ϕ, α), where:

(i) α : Γ → Isom(Hm+1) is a representation of Γ in Isom(Hm+1), and

(ii) ϕ : M → ∂∞Hm+1 is a local homeomorphism which is equivariant with respect to α.

The set Dev(M,Γ) is thus a subset of the set of continuous maps from M ∪Γ into
∂∞Hm+1 ∪ Isom(Hm+1). We thus furnish it with the compact/open topology, which is
to say, the topology of local uniform convergence.

The construction [11] of Kulkarni and Pinkall defines a bijective mapping Φ : Dev(M,Γ) →
Pleat(M,Γ), which sends a developable PSO(m + 1, 1) structure to its associated pleated,
convex immersion. However, since this construction depends on the global properties of
the developing map, it is not necessarily a homeomorphism. Indeed, in the case where Γ
is trivial, it is easy to construct a continuous family of PSO(m + 1, 1) structures whose
associated pleated, convex immersions do not form a continuous family.

Nonetheless, we can obtain results concerning continuity. Let g be any metric over
∂∞Hm+1 ∼= Sm+1 which is compatible with the conformal structure. Let ϕ : M →
∂∞Hm+1 be an equivariant local homeomorphism (i.e. a developing map) from M into
∂∞Hm+1. Following [11], we define Mϕ, the Möbius completion of M , to be the metric
completion of M with respect to ϕ∗g. Since any two metrics over Sm+1 are uniformly
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equivalent, this definition is independant of the choice of g when viewed as a topological
space, although not when viewed as a metric space. We thus fix g in the sequel. The map-
ping ϕ may then be uniquely extended to a continuous mapping from Mϕ to ∂∞Hm+1.
We have the following result:

Lemma 4.1

Let (ϕn, αn)n∈N and (ϕ0, αn) be elements of Dev(M,Γ). Let p be any point of M . Suppose
that:

(i) (Mϕn
, p)n∈N converges to (Mϕ0 , p) in the pointed Gromov/Hausdorff sense, and

(ii) (ϕn)n∈N converges locally uniformly to ϕ0 when these are viewed as mappings from
(Mϕn

)n∈N and Mϕ0 into ∂∞Hm+1 respectively.

The sequence (Φ(ϕn, αn))n∈N converges to Φ(ϕ0, α0) in Pleat(M,F ).

Proof: The hypotheses of this lemma ensure that the maximal balls defined in [11] con-
verge. It is these balls that are used to construct a pleated, convex immersion out of a
developing map. (Φ(ϕn, α)n) thus converges, and the result now follows. �

As before, let M be an m-dimensional, compact, hyperbolic manifold, and identify the
universal cover of M with Hm and the fundamental group of M with a discrete subgroup
Γ of Isom(Hm) = PSO(m, 1). Let i0 : Hm → Hm+1 be the canonical immersion and let
α0 : PSO(m, 1) → PSO(m + 1, 1) be the unique homomorphism with respect to which i0
is equivariant. Let N0 : Hm → UHm+1 be the exterior unit normal over i0. We define
ϕ0 : Hm → ∂∞Hm+1 by:

ϕ0 = −→n ◦ N0.

The mapping ϕ0 is equivariant with respect to α0 and defines the developing map of a
PSO(m + 1, 1) structure over Hm which quotients down to a PSO(m + 1, 1) structure over
M . We call this PSO(m + 1, 1) structure over Hm the Fuchsian structure of Hm and also
of M .

Let (ϕ0, α0) be an element of Dev(Hm,Γ). We say that this PSO(m + 1, 1) structure is
quasi-Fuchsian if and only if there exists a continuous curve γ : [0, 1] → Dev(Hm,Γ) joining
(ϕ, α) to the Fuchsian structure, (ϕ0, α0), such that Φ ◦ γ is also a continuous curve in
Pleat(Hm,Γ). We say that an element (i, α) of Pleat(Hm,Γ) is quasi-Fuchsian if and only
if it is the image of a Fuchsian PSO(m + 1, 1) structure. In particular, we observe that a
quasi-Fuchsian hyperbolic end defined in this manner always has a pleated boundary.

5 - Quasi-Fuchsian Manifolds.

An interesting special case of quasi-Fuchsian hyperbolic ends is that of quasi-Fuchsian
manifolds. As before, for all m, let Hm be m-dimensional hyperbolic space. We identify
Isom(Hm) with PSO(m, 1). Let M be a compact n-dimensional, hyperbolic manifold. We
view π1(M) as a subgroup Γ of Isom(Hn).

We denote by Rep(Hn,Γ) the space of pairs (ϕ, α), where:
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(i) α : Γ → Isom(Hn+1) is a properly discontinous representation of Γ in Isom(Hn+1), and

(ii) ϕ : ∂∞Hn → ∂∞Hn+1 is an injective, continuous mapping which is equivariant with
respect to α.

The set Rep(Hn,Γ) is a subset of the set of continuous mappings from ∂∞Hn ∪Γ into
∂∞Hn+1 ∪ Isom(Hn+1). We thus furnish this set with the compact/open topology, which
is to say, the topology of local uniform convergence..

For all n, Hn embeds totally geodesically into Hn+1. This induces a homeomorphism α0 :
PSO(n, 1) → PSO(n + 1, 1) and an injective continuous mapping ϕ0 : ∂∞Hn → ∂∞Hn+1

which is equivariant with respect to α0. The connected component of Rep(Hn,Γ) which
contains (ϕ0, α0) is called the quasi-Fuchsian component. The pair (ϕ, α) is then said to
be quasi-Fuchsian if and only if it belongs to the quasi-Fuchsian component.

Let (ϕ, α) be quasi-Fuchsian. Since α(Γ) is properly discontinuous, it defines a quotient
manifold M̂α = Hn+1/α(Γ). In the sequel, we identify a quasi-Fuchsian pair and its
quotient manifold, and we say that a manifold is quasi-Fuchsian if and only if it is the
quotient manifold of a quasi-Fuchsian pair. In this case it may be isotoped to the extension
of a compact, hyperbolic manifold.

When n is equal to 2, the space of quasi-Fuchsian manifolds is well understood and is
parametrised through the Ahlfors-Bers isomorphism by the Cartesian product of two copies
of Teichmüller space (cf. [14]). In higher dimensions, much remains unknown about quasi-
Fuchsian manifolds, although one established construction technique involves bending hy-
perbolic manifolds about totally geodesic hypersurfaces (cf. [9]).

Let (ϕ, α) be quasi-Fuchsian. The image of ∂∞Hn under the action of ϕ is a higher
dimensional Jordan curve, and thus, by the higher dimensional Jordan curve theorem (cf.
[4]), it divides ∂∞Hn+1 into two open, simply connected, connected components. The
group α(Γ) acts properly discontinuously on each of these connected components. The
quotient of each component is thus homeomorphic to M , and the union of these two
quotients forms the ideal boundary of M̂α.

Let K be the convex hull in Hn+1 of ϕ(∂∞Hn). This is the intersection of all closed sets
with totally geodesic boundary whose ideal boundary does not intersect ϕ(∂∞Hn). This
set is equivariant under the action of α and thus quotients down to a compact, convex
subset of M̂α which we refer to as the Nielsen kernel of M̂α and which we also denote by
K. We observe that the boundary of K is a pleated hypersurface. Trivally M \K consists
of two quasi-Fuchsian hyperbolic ends, and it follows that quasi-Fuchsian manifolds may
be studied as a special case of the quasi-Fuchsian hyperbolic ends defined in the preceeding
section.

6 - Immersed Submanifolds and the Cheeger/Gromov
Topology.

Let M be a smooth Riemannian manifold. An immersed submanifold is a pair Σ = (S, i)
where S is a smooth manifold and i : S → M is a smooth immersion. A pointed immersed
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submanifold in M is a pair (Σ, p) where Σ = (S, i) is an immersed submanifold in M and
p is a point in S. An immersed hypersurface is an immersed submanifold of codimension
1. We give S the unique Riemannian metric i∗g which makes i into an isometry. We say
that Σ is complete if and only if the Riemannian manifold (S, i∗g) is.

A pointed Riemannian manifold is a pair (M,p) where M is a Riemannnian manifold
and p is a point in M . Let (Mn, pn)n∈N be a sequence of pointed Riemannian manifolds.
For all n, we denote by gn the Riemannian metric over Mn. We say that the sequence
(Mn, pn)n∈N converges to the pointed manifold (M0, p0) in the Cheeger/Gromov sense if
and only if for all n, there exists a mapping ϕn : (M0, p0) → (Mn, pn), such that, for every
compact subset K of M0, there exists N ∈ N such that for all n > N :

(i) the restriction of ϕn to K is a C∞ diffeomorphism onto its image, and

(ii) if we denote by g0 the Riemannian metric over M0, then the sequence of metrics
(ϕ∗ngn)n>N converges to g0 in the C∞ topology over K.

We refer to the sequence (ϕn)n∈N as a sequence of convergence mappings of the sequence
(Mn, pn)n∈N with respect to the limit (M0, p0). The convergence mappings are trivially
not unique.

Let (Σn, pn)n∈N = (Sn, pn, in)n∈N be a sequence of pointed immersed submanifolds in M .
We say that (Σn, pn)n∈N converges to (Σ0, p0) = (S0, p0, i0) in the Cheeger/Gromov sense
if and only if the sequence (Sn, pn)n∈N of underlying manifolds converges to (S0, p0) in
the Cheeger/Gromov sense, and, for every sequence (ϕn)n∈N of convergence mappings of
(Sn, pn)n∈N with respect to this limit, and for every compact subset K of S0, the sequence
of functions (in ◦ ϕn)n>N converges to the function (i0 ◦ ϕ0) in the C∞ topology over K.

7 - Compactness.

Let M be an oriented Riemannian manifold and let UM be its unitary bundle. Let
Σ = (S, i) be an oriented, immersed hypersurface in M and let N : S → UM be the
exterior normal vector field over i in M . We define Σ̂ = (S, ı̂), the Gauss lifting of Σ, to
be the immersed submanifold in UM given by:

Σ̂ = (S, ı̂) = (S, N).

In [17] we prove the following compactness result:

Theorem 7.1

Let M be a complete Riemannian manifold. Let (pn)n∈N be a sequence in M converging to
p0. Let θ ∈]0, nπ/2[ be an angle and let r > tan(θ/n). For all n, let (Σn, qn) = (Sn, in, qn)
be a pointed immersed hypersurface such that:

(i) in(qn) = pn,

(ii) Σn is convex and of constant θ-special Lagrangian curvature equal to r, and

(iii) Σ̂n is a complete submanifold of UM .

10
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There exists a complete, pointed, immersed submanifold (Σ̂0, q0) = (S0, ı̂0, q0) in UM such
that, after extraction of a subsequence, (Σ̂n, qn)n∈N converges to (Σ̂0, q0) in the pointed
Cheeger/Gromov sense.

Moreover, if θ is not a half integer multiple of π, then there exists a convex, immersed
hypersurface Σ0 in M of constant θ-special Lagrangian curvature equal to r such that Σ̂0

is the Gauss lifting of Σ0. In other words, if π : UM → M is the canonical projection,
then π ◦ ı̂0 is an immersion.

This allows us to deduce the following corollary:

Corollary 7.2

Let M be a complete, hyperbolic manifold with injectivity radius bounded below by ε > 0.
Let θ ∈]0, π/2[ be an angle that is not a half-integer multiple of π. For all r > 0, there
exists B > 0 which only depends on ε, θ and r (and the dimension of M) such that, if
Σ = (S, i) is a complete, convex, immersed hypersurface of M of θ-special Lagrangian
curvature equal to r and if A is the shape operator of Σ, then:

(i) ‖A‖ 6 B, and

(ii) the injectivity radius of Σ is greater than 1/B.

Proof: We only prove (i), since the proof of (ii) is almost identical. We suppose the
contrary and construct a sequence (Σn, qn) = (Sn, in, qn) of complete, convex, immersed
submanifolds of M of θ-special Lagrangian curvature equal to r such that, if An is the
shape operator of Σn, then (‖An(qn)‖)n∈N tends to infinity. For all n, let Σ̂n be the Gauss
lifting of Σn and let pn = ı̂n(qn). Trivially, Σ̂n is complete. Since the injectivity radius
of M is bounded below by ε, there exists (M0, p0) such that, after taking a subsequence,
(M,pn)n∈N converges to (M0, p0) in the pointed Cheeger/Gromov sense. By Theorem
7.1, there exists a pointed immersed submanifold (Σ̂0, q0) in UM0 such that (Σ̂n, pn)n∈N
converges to (Σ̂0, p0) in the pointed Cheeger/Gromov sense. Since θ is not a half-integer
multiple of π, there exists a convex, immersed submanifold, Σ0 in M0 such that Σ̂0 is the
Gauss lifting of Σ0. Trivially, (‖An(pn)‖)n∈N converges to the norm of the shape operator
of Σ0 at p0. This is absurd and the second result thus follows. �

Remark: This proof trivially also works in the much more general setting of Riemannian
manifolds of bounded geometry.

We thus obtain compactness for the immersed hypersurfaces themselves rather than just
their Gauss liftings:

Lemma 7.3

Let M be a complete, hyperbolic manifold. Let (pn)n∈N be a sequence in M converging
to p0. Let θ ∈]0, π/2[ be an angle that is not a half-integer multiple of π. Choose r >
tan(θ/n) and for all n, let (Σn, qn) = (Sn, in, qn) be a pointed, complete, convex, immersed
hypersurface of M of constant θ-special Lagrangian curvature equal to r such that in(qn) =
pn. There exists a pointed, complete, convex, immersed hypersurface (Σ0, q0) of M such
that, after extraction of a subsequence, (Σn, pn)n∈N converges to (Σ0, p0) in the pointed
Cheeger/Gromov sense.

11
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Proof: For all n, let Σ̂n be the Gauss lifting of Σn. By Theorem 7.1, there exists an
immersed submanifold (Σ̂0, q0), such that, after extraction of a subsequence, (Σ̂n, qn)n∈N
converges to (Σ̂0, q0) in the pointed Cheeger/Gromov sense. Moreover, since θ is not a
half-integer multiple of π, there exists an immersed hypersurface Σ0 in M such that Σ̂0 is
the Gauss lifting of Σ0. Let g and ĝ be the metrics of M and UM respectively. Let A0

be the shape operator of Σ0. The matrix of ı̂∗0ĝ with respect to i∗0g is Id + A2
0. This is

trivially bounded below by 1. By Corollary 7.2, it is also bounded above by 1 + B2. Thus
i∗0g and ı̂0ĝ are uniformly equivalent. It follows that Σ0 is complete and that (Σn, qn)n∈N
converges to (Σ0, q0) in the Cheeger/Gromov sense. The result now follows. �

8 - The Derivative of the SL-Curvature Operator.

Let N and M be Riemannian manifolds of dimensions n and (n + 1) respectively. The
special Lagrangian curvature operator sends the space of smooth immersions from N into
M into the space of smooth functions over N . These spaces may be viewed as infinite
dimensional manifolds (strictly speaking, they are the intersections of infinite sequences
of Banach manifolds). Let i be a smooth immersion from N into M . Let N be the unit
exterior normal vector field of i in M . We identify the space of smooth functions over N
with the tangent space at i of the space of smooth immersions from N into M as follows.
Let f : N → R be a smooth function. We define the family (Φt)t∈R : N → M by:

Φt(x) = Exp(tf(x)N(x)).

This defines a path in the space of smooth immersions from N into M such that Φ0 = i.
It thus defines a tangent vector to this space at i. Every tangent vector to this space may
be constructed in this manner.

Let A be the shape operator. This sends the space of smooth immersions from N into
M into the space of sections of the endomorphism bundle of TN . We have the following
result:

Lemma 8.1

Suppose that M is of constant sectional curvature equal to −1, then the derivative of the
shape operator at i is given by:

DiA · f = fId−Hess(f)− fA2,

where Hess(f) is the Hessian of f with respect to the Levi-Civita covariant derivative of
the metric induced over N by the immersion i.

Proof: This is an elementary calculation. Details may be found in the proof of proposition
3.1.1 of [12]. �

For r ∈ R+, we consider the operator SLr given by:

SLr(i) = arctan(rA(i)).

12
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Trivially, SLr(i) = θ if and only if ρθ(i) = r. Using Lemma 8.1, we obtain:

Lemma 8.2

Suppose that M is of constant sectional curvature equal to −1, then the derivative of SLr

at i is given by:

(1/r)DiSLr = −Tr((Id + r2A2)−1Hess(f)) + Tr((Id−A2)(Id + r2A2)−1)f.

This operator is trivially elliptic. We wish to establish when this operator is invertible.
We first require the following technical result:

Lemma 8.3

Let 0 < n < m be positive integers. If t ∈]0, π/2], then:

nsin2(t/n) > msin2(t/m),

With equality if and only if n = 1, m = 2 and t = π/2.

Proof: The function sin2(πt/2) is strictly convex over the interval [0, π/4]. Thus, for all
0 < x < y 6 π/4:

(1/x)sin2(x) < (1/y)sin2(y).

Thus, for m > n > 2, we obtain:

nsin2(t/n) > msin2(t/m).

We treat the case n = 1 separately. For t 6 π/4, the result follows as before. We therefore
assume that t > π/4. Since the function sin2(πt/2) is strictly concave over the interval
[π/4, π/2], it follows that sin2(t) > 2t/π, with equality if and only if t = π/2. However:

sin2(π/4) = 1/2 = (2/π)(π/4).

Since m > 2, it follows by concavity that:

msin2(t/m) 6 sin2(t),

with equality if and only if m = 2 and t = π/2. The result now follows. �

We now use Lagrange multipliers to determine critical points, and we obtain:

Lemma 8.4

If θ > (n − 1)π/2 and r > tan(θ/n), then the coefficient of the zeroth order term is
non-negative:

Tr((Id−A2)(Id + r2A2)−1) > 0.

Moreover, this quantity reaches its minimum value of 0 if and only if r = tan(θ/n) and A
is proportional to the identity matrix.

13
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Proof: For all m, we define the functions Φm and Θm over Rm by:

Φm(x1, ..., xm) =
m∑

i+1

1− x2
i

1 + r2x2
i

, Θm(x1, ..., xm) =
m∑

i=1

arctan(rxi).

Since the derivative of Θm never vanishes, Θ−1
m (θ) is a smooth submanifold of Rm. Let

(x̃1, ..., x̃m) be a critical point of the restriction of Φm to this submanifold. For all i, let
θ̃i ∈ [0, π/2[ be such that:

tan(θ̃i) = rx̃i.

Using Lagrange multipliers, we find that there exists η ∈ [0, π/2] such that, for all i:

θ̃i ∈ {η, π/2− η} .

Let k be the number of values of i such that θ̃i > π/4. Since θ > (n− 1)π/2:

k > m/2.

Choose η > π/4. Since θ̃1 + ... + θ̃m = θ:

η =
θ − kπ/2
2k −m

=
m(θ/m)− 2k(π/4)

m− 2k
.

If Φ̃m is the value acheived by Φm at this point, then:

Φ̃m = r−2(1 + r2)(m− 2k)cos2(η) + kr−2(1 + r2)−mr−2.

Since the function cos2 is concave in the interval [π/4, π/2], we have:

cos2(η) >
mcos2(θ/m)− 2kcos2(π/4)

m− 2k
,

with equality if and only if k = 0. Thus:

Φ̃m > mr−2(1 + r2)cos2(θ/m)−mr−2,

with equality if and only if θ̃1 = ... = θ̃m. This is non-negative, and is equal to 0 if and
only if r = tan(θ/m).

We now show that Φm attains its minimum over Θ−1
m (θ). We treat first the case θ >

(m − 1)π/2. The functions Φm and Θm extend to continuous functions over the cube
[0,+∞]m. Let (x̃1, ..., x̃m) be the point in Θ−1

m (θ) where Φm is minimised, and suppose
now that it lies on the boundary of the cube. Since θ > (m − 1)π/2, x̃i > 0 for all i.
Without loss of generality, there exists n < m such that:

x1, ..., xn < +∞, xn+1, ..., xm = +∞.

14
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Let (θ̃1, ..., θ̃m) be as before. We define θ′ by:

θ′ = θ̃1 + ... + θ̃n.

Since θ̃n+1 = ... = θ̃m = π/2, it follows that θ′ = θ − (m− n)π/2. Moreover:

Φm(x1, ..., xm) = Φn(x1, ..., xn)− (m− n)r−2.

Since (x̃1, ..., x̃m) minimises Φm it follows that (x̃1, ..., x̃n) is the minimal valued critical
point of Φn in Θ−1

n (θ′). Thus:

Φm(x1, ..., xm) = nr−2(1 + r2)cos2(θ′/n)−mr−2.

Let η ∈]0, π/2[ be such that:
θ = nπ/2− η.

We have:
ncos2(θ′/n) = nsin2(η/n), mcos2(θ/m) = msin2(η/m).

It follows by Lemma 8.3 that:

Φm(x1, ..., xm) > mr−2(1 + r2)cos2(θ/m)−mr−2.

It follows that (x̃1, ..., x̃m) cannot be the minimum of Φm over Θ−1
m (θ), which is absurd.

The result now follows in the case θ > (m− 1)π/2.

It remains to study the case θ = (m − 1)π/2. This follows as before, with the single
exception that it is now possible that x̃1 = 0, in which case x̃2 = ... = x̃n = +∞. However:

Φm(0,+∞, ...,+∞) = 1− (m− 1)r−2.

Now, r > tan((m− 1)π/2m). Thus, since m > 2:

r−1 6 tan(π/2m) 6 2/m.

Thus:
Φm(0,+∞, ...,+∞) > 1− 4(m− 1)/m−2 > 0,

The result now follows. �

This yields the following Corollary:

Corollary 8.5

If θ > (n− 1)π/2 and r > tan(θ/n), then DiSLr is invertible.

Proof: This follows immediately from the preceeding lemma and the maximum princi-
pal. �

Finally, we express this in terms of the derivative, Diρθ, of the θ-special Lagrangian cur-
vature, ρθ. We have the following result:

Lemma 8.6

Diρθ is Fredholm. Moreover, if θ > (n− 1)π/2 and r > tan(θ/n), then Diρθ is invertible.
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Proof: We trivially calculate Diρθ in terms of DiSLr. It follows by Lemma 8.2 that Diρθ

is Fredholm. Invertibility follows from the preceeding corollary. �

Remark: We therefore see that Diρθ is always invertible in exactly the cases that we wish
to study.

9 - Deforming Equivariant Immersions.

The results of Section 8 permit us to locally deform equivariant immersions of Hn in
Hn+1. Let Γ ⊆ Isom(Hn) be a cocompact subgroup acting properly discontinuously on
Hn. Thus Hn/Γ is a compact manifold. Let α : Γ → Isom(Hn+1) be a homomorphism.
Let θ ∈]0, nπ/2[ be an angle and let ρ ∈ R+ be a positive real number. Suppose that there
exists a convex immersion i : Hn → Hn+1 of constant θ-special Lagrangian curvature equal
to ρ which is equivariant with respect to θ. Thus, for all γ ∈ Γ:

i ◦ γ = α(γ) ◦ i.

We obtain the following local deformation result:

Lemma 9.1

Let (αt)t∈]−ε,ε[ be a smooth family of homomorphisms such that α0 = α. If θ > (n−1)π/2
and if ρ > tan(θ/n), then there exists 0 < δ < ε and a unique smooth family of immersions
(it)t∈]−δ,δ[ such that i0 = i and, for all t:

(i) ρθ(it) = ρ and,

(ii) it is equivariant with respect to αt.

Proof: This proof may be divided into two stages:

(i) We approximate the desired family by constructing a smooth, equivariant family of
deformations of i which are not necessarily immersions, and not necessarily of constant
θ-special Lagrangian curvature. First we construct a fundamental domain for Γ. Let p be
a point in Hn. Let P ⊆ Hn be the orbit of p under the action of Γ. Thus:

P = Γp.

We define Ω ⊆ Hn to be the set of all points on Hn which are closer to p than to any other
point in the orbit of p:

Ω = {q ∈ Hn s.t. d(q, p) < d(q, p′) for all p′ ∈ P \ {p}} .

Trivially, Ω is a polyhedron and a fundemental domain for Γ.

Using Ω, we now construct the family of deformations. For each t, we construct a (non-
continuous) deformation be defining it to be equal to i over the interior of Ω and then
extending this function to the orbit of Ω (which is almost all of Hn) by equivariance
with respect to αt. These deformations may trivially be smoothed along ∂Ω. The only
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complication is that the smoothing must be performed in an equivariant manner. The
following recipe allows us to achieve exactly this.

For any submanifold X ∈ Hn and for all ε > 0, let Xε be the set of all points in X which
are at a distance (in X) greater than ε to the boundary of X. That is:

Xε = {p ∈ X s.t. dX(p, ∂X) > ε} .

Choose εn small. For all γ ∈ Γ, we define (̃ınt )t∈]ε,ε[ over γΩεn by:

ı̃nt (p) = αt(γ)i(γ−1(p)).

This family is trivially equivariant with respect to (αt)t∈]−ε,ε[.

Choose εn−1 small. Let Fn−1 be any (n − 1)-dimensional face of Ω. We may trivially
extend (̃ınt )t∈]−ε,ε[ smoothly across a neighbourhood of F

εn−1
n−1 . Since every element of Γ is

of infinite order, there is no element which fixes any face of Ω (since otherwise it would
permute the domains touching that face, and thus be of finite order). It follows that,
by choosing εn and εn−1 small enough, we may extend this family further to a smooth
equivariant extension over every face in the orbit of Fn−1. We then continue extending
this family over every face of Ω until all (n − 1)-dimensional faces are exhausted. By
working downwards inductively on the dimension of the faces, we thus obtain a smooth
equivariant family (̃ıt)t∈]−ε,ε[ = (̃ı0t )t∈]−ε,ε[ which extends i.

(ii) We now modify this approximation to obtain the desired family of immersions. Since Ω
is relatively compact, there exists δ < ε such that, for |t| < δ, ı̃t is an immersion. Moreover,
we may suppose that for η > 0 sufficiently small, we may extend ı̃t smoothly along normal
geodesics to a smooth equivariant immersion from Hn×]− η, η[ into Hn+1. We thus view
(̃ıt)t∈]−δ,δ[ as a smooth family of immersions from Hn×]− η, η[ into Hn+1.

We denote by g the hyperbolic metric over Hn+1. We define the family (gt)t∈]−δ,δ[ such
that, for all t:

gt = ı̃∗t g.

The action of Γ over Hn trivially extends to an action of Γ over Hn×] − η, η[. For all t,
gt is equivariant under this action of Γ. We denote M = Hn/Γ and we obtain a smooth
family, which we also call (gt)t∈]−δ,δ[, of hyperbolic metrics over M×]− η, η[.

Let j0 be the canonical immersion of M into M×] − η, η[. Trivially, with respect to g0,
ρθ(j0) = ρ. As in Section 8, we view ρθ as a second order, non-linear differential operator
sending immersions of M into M×] − η, η[ into functions over M . Since infinitesimal
variations of immersions may be interpreted as functions over M times the normal vector
field of M in M×]− η, η[, the derivative Dρθ of ρθ may be interpreted as a second order,
linear differential operator from C∞(M) into C∞(M). By Lemma 8.6, the operator Dρθ is
invertible. After reducing δ if necessary, the implicit function theorem for non-linear PDEs
allows us to extend j0 to a smooth family (jt)t∈]−η,η[ of immersions of M into M×]− η, η[
such that, for all t, the θ-special Lagrangian curvature of jt with respect to gt equals ρ.
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For all t, let ̃t be the lift of jt from Hn into Hn+1. We now define it = ı̃t ◦ ̃t. Trivially,
(it)t∈]−δ,δ[ is the desired family of immersions, and existence follows.

Let (i′t)t∈]−δ,δ[ be another family of immersions having the desired properties. For δ suf-
ficiently small, the image of i′t is contained in the image of ı̃t. For all t, we thus project
̃′t = ı̃t ◦ i′t to an immersion j′t of M into M×] − η, η[. By the uniqueness part of the
implicit function theorem for non-linear PDEs, for all sufficiently small t, j′t coincides with
jt. Uniqueness now follows by a standard open/closed argument. �

10 - Graphs.

We aim to obtain uniform diameter bounds. We first make the following definition:

Definition 10.1

Let M̂ = M × [0,∞[ be a quasi-Fuchsian hyperbolic end. Let Σ = (S, i) be an immersed
hypersurface in M̂ . We say that Σ is a convex graph if and only if there exists f : M →
]0,∞[ such that:

(i) Σ coincides with the graph of f , and

(ii) the set {(x, t) s.t. x ∈ M & t 6 f(x)} is a convex subset of M̂ .

In this case, we define Int(Σ) by:

Int(Σ) = {(x, t) s.t. x ∈ M & t 6 f(x)},

and we call Int(Σ) the interior of Σ.

Remark: Observe that we insist that f be strictly positive. This is because hyperbolic ends
are singular at M × {0}.

This condition is preserved by continuous deformation:

Lemma 10.2

Let (M̂n)n∈N, M̂0 be quasi-Fuchsian hyperbolic ends such that (M̂n)n∈N converges to M̂0.
For all n, let Σn = (Sn, in) be convex, compact immersed hypersurfaces in M̂n such that
Σn converges to Σ0. Then Σ0 is a graph if and only if Σn is for all sufficiently large n.

Proof: For all n ∈ N \ {0}, let in : Hm → Hm+1 be the boundary immersion of M̂n. By
definition (in)n∈N converges locally uniformly to i0. Throughout the rest of the proof, we
identify hyperbolic ends and their submanifolds with the corresponding lifts in Hm+1.

Suppose first that Σ0 is a graph. Then it is transversal to the foliation of M̂0 = M0×]0,+∞[
by vertical geodesics. It thus follows that Σn is also a graph for all sufficiently large n.

Suppose that Σn is a graph for all large n. We first show that Σ0 does not intersect
the boundary of M̂0. Indeed, suppose that it did, then, by continuity, ∂M̂0 is an interior
tangent to Σ0. However, this is not possible, since ∂M̂0 is pleated and Σ0 is convex. It now
remains to show that Σ0 is a graph. We suppose the contrary, then there exists a point
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p ∈ Σ and a vertical geodesic γ : [0,+∞[→ M̂0 such that γ is tangent to Σ0 at p = γ(t).
We may assume that t is the lowest such point. Thus, by continuity, γ([0, t[) ⊆ Int(Σ0).
However, Σ0 is convex, and γ is thus an exterior tangent to Σ0 at p. This is absurd, and
the result now follows. �

11 - The Geometric Maximum Principal.

The geometric maximum principal allows us to control the location of each leaf of the
foliation. We have the following result concerning positive definite symmetric matrices:

Lemma 11.1

Let A be a positive definite symmetric matrix of rank n. If 0 < λ1 6 ... 6 λn are the
eigenvalues of A arranged in ascending order, then, for all k:

λk = Inf
Dim(E)=k

Sup
v∈E\{0}

‖Av‖/‖v‖.

Proof: Let e1, ..., en be the eigenvectors of A. We define Ê by:

Ê = 〈e1, ..., ek〉.

Let π be the orthogonal projection onto Ê. Let E be a subspace of Rn of dimension k.
For all v in E:

‖Aπ(v)‖2 · ‖v‖2 6 ‖Av‖2 · ‖π(v)‖2.

If the restriction of π to E is an isomorphism, then it follows that:

λk = Sup
v∈Ê\{0}

‖Av‖/‖v‖ 6 Sup
v∈E\{0}

‖Av‖/‖v‖.

Otherwise, there exists a non-trivial v ∈ E such that π(v) = 0, in which case:

‖Av‖ > λk+1‖v‖ > λk‖v‖.

The result now follows. �

This yields:

Corollary 11.2

Let A,A′ be two symmetric, positive definite matrices of rank n such that A′ > A. If
λ1, ..., λn and λ′1, ..., λ

′
n are the eigenvalues of A and A′ respectively arranged in ascending

order, then, for all k:

λ′k 6 λk.
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This result allows us to deduce a geometric maximum principal for hypersurfaces of con-
stant special Lagrangian curvature:

Lemma 11.3

Let M be a Riemannian manifold and let Σ = (S, i) and Σ′ = (S′, i′) be convex, immersed
hypersurfaces in M . For θ ∈]0, nπ/2[, let ρθ and ρ′θ be the θ-special Lagrangian curvatures
of Σ and Σ′ respectively. If p ∈ S and p′ ∈ S′ are such that q = i(p) = i′(p′), and Σ′ is an
interior tangent to Σ at q, then:

ρθ(p) > ρ′θ(p
′).

Proof: If A and A′ are the shape operators of Σ and Σ′ respectively, then:

A′(p′) > A(p).

It follows that:

arctan(ρ(p)A′(p′)) > arctan(ρ(p)A(p)) = θ = arctan(ρ′(p′)A′(p′)).

The result now follows since the mapping ρ 7→ arctan(ρA′(p′)) is strictly increasing. �

12 - Upper and Lower Bounds.

Let M be a quasi-Fuchsian hyperbolic end and let K be its boundary. For all d, let Kd be
the hypersurface in M at a distance d from K. Let Σ = (S, i) be a C0 hypersurface in M .
We say that Σ is convex immersed if and only if for all p ∈ S, there exists an open, convex
set Ω such that i sends a neighbourhood of p homeomorphically onto an open subset of
∂Ω. We now make the following definition:

Definition 12.1

Let M be a manifold and let Σ = (S, i) be a C0 convex, immersed hypersurface in M .
Let p be a point in S, let θ ∈]0, nπ/2[ be an angle and let r > tan(θ/n) be a positive real
number. The θ-special Lagrangian curvature of Σ at p is said to be at least (resp. at most)
r in the weak sense if and only if there exists a smooth, convex, immersed submanfold
Σ′ = (S, i′) of θ-special Lagrangian curvature equal to r such that Σ′ is an exterior (resp.
interior) tangent to Σ at p.

The geometric maximum principal can trivially be generalised to incorporate the case of C0

convex, immersed hypersurfaces. The following result allows us to obtain upper bounds:

Lemma 12.2

Let θ ∈]0, nπ/2[ be an angle. For all d > 0, the θ-special Lagrangian curvature of Kd is at
least tan(θ/n)/tanh(d) in the weak sense.
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Proof: Let N be a hyperbolic manifold and let i : Hm → Hm+1 an equivariant, convex
immersion of the universal cover of N such that M is the end associated to i. Throughout
the rest of the proof, we identify hypersurfaces in M with the corresponding lifts in Hm+1.

For all d > 0, we define id : Hm → Hm+1 by:

id(p) = Exp(di(p)).

Trivially Kd = (Hm, id). Let q0 be a point in Hm. Let π : UHm+1 → Hm+1 be the
canonical projection and let P0 be the totally geodesic hypersurface normal to (π ◦ i)(p0).
Let Pd be the immersed hypersurface at a distance d from P0. Kd is trivially an interior
tangent to Pd. by Lemma 8.1 the shape operator of Pd is equal to tanh(d)Id. Its θ-special
Lagrangian curvature at this point is therefore equal to tan(θ/n)/tanh(d). The result now
follows. �

Lower bounds are more involved. Let M be a quasi-Fuchsian manifold, and let K be its
Nielsen kernel. Let Ω be one of the connected components of M \ K and let K ′

0 be the
component of ∂K which does not intersect Ω (i.e. K ′

0 is the boundary component of K
lying on the other side of K from Ω). For all d > 0, let K ′

d be the level hypersurface in
Ω∪K at a distance of d from K ′

0. We have the following result:

Lemma 12.3

Let θ ∈]0, nπ/2[ be an angle. For all d > 0, the θ-special Lagrangian curvature of Kd is at
most tan(θ/n)/tanh(d) in the weak sense.

Proof: This is identical to the proof of Lemma 12.2. �

In the general case of hyperbolic ends, we obtain the following weaker result:

Lemma 12.4

Let θ ∈]0, nπ/2[ be a angle. For all 0 < m 6 n, there exists a function κm : [0,+∞[→
[0,+∞[ such that, if m is the minimal dimension of pleats in ∂M , then the θ-special
Lagrangian curvature of Kd is at most tan(θ/n)/tanh(d) in the weak sense. Moreover:

(i) for all m, κm(d) tends to +∞ as d tends to 0,

(ii) for all m, κm(d) tends to tan(θ/n) as d tends to +∞, and

(iii) for all m > n/2, κm(d) is strictly decreasing.

Proof: The proof is conceptually analogous to the proof of Lemma 12.2. The only differ-
ence is that, instead of using a totally geodesic supporting hypersurface, we use the normal
sphere bundle of a totally geodesic submanifold of dimension m. We define the function
λm,θ by:

λm,θ(r, d) = marctan(rcoth(d)) + (n−m)arctan(rtanh(d)).

We define κm(d) such that:
λm,θ(κm(d), d) = θ.

If Pd is the hypersurface of constant distance to such a bundle, then its θ-special La-
grangian curvature is equal to κm(d). Trivially, for any fixed r, λm,θ(r, d) converges to
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(n − m)π/2 and narctan(r) as d tends to 0 and +∞ respectively. It thus follows that
κm(d) converges to +∞ and tan(θ/n) as d tends to 0 and +∞ respectively. Finally, for
m > n/2, elementary calculus allows us to show that, for all fixed r, λm,θ(r, d) is strictly
increasing in d. Consequently, for m > n/2, κm is strictly decreasing, and the result now
follows. �

We now obtain upper and lower bounds for the distance between a hypersurface of constant
θ-special Lagrangian curvature and the Nielsen kernel in a quasi-Fuchsian manifold:

Lemma 12.5

Let M be a quasi-Fuchsian manifold. Let K be the Nielsen kernel of M . Let θ ∈](n −
1)π/2, nπ/2[ be an angle. Let D be the diameter of K. If r ∈]tan(θ/n),+∞[ and if
Σ = (S, i) is a compact, convex immersed submanifold of constant θ-special Lagrangian
curvature equal to r, then, for all p ∈ S:

arctanh(r−1tan(θ/n))−D 6 d(i(p),K) 6 arctanh(r−1tan(θ/n)).

Proof: Since Σ is compact, there exists a point p ∈ S such that d(i(p),K) is maximised.
Let d be the distance of i(p) from K. Σ is trivially an interior tangent to Kd at p, and
the upper bound now follows by Lemma 12.2 and the geometric maximum principal. The
lower bound follows Lemma 12.3 in an analogous manner. �

In the more general case of a quasi-Fuchsian hyperbolic end, we have the following result:

Lemma 12.6

Let M̂ be a quasi-Fuchsian hyperbolic end. Let K be the boundary of M̂ . Let θ ∈](n −
1)π/2, nπ/2[ be an angle. There exists a decreasing function δθ : [tan(θ/n),+∞[→]0,+∞[
which depends on θ and M̂ such that if r ∈]tan(θ/n),∞[ and if Σ = (S, i) is a compact,
convex immersed submanifold of θ-special Lagrangian curvature equal to r, then, for all
p ∈ S:

δθ(r) 6 d(i(p),K) 6 arctanh(r−1tan(θ/n)).

Moreover, if the minimal dimension of the pleats in K is at least n/2, then δθ(r) tends to
+∞ as r tends to tan(θ/n).

Proof: The proof of this is identical to the proof of Lemma 12.5, with the only difference
being that, in the last sentence, we use Lemma 12.4 instead of 12.3. �

13 - Diameter Bound for the Immersed Hypersurfaces.

Let (Mn)n∈N,M0 be quasi-Fuchsian hyperbolic ends such that (Mn)n∈N converges to M0.
For all n ∈ N∪{0}, let Kn be the boundary of Mn. Let θ ∈](n− 1)π/2, nπ/2[ be an angle
and choose r ∈]tan(θ/n),∞[. For n ∈ N, let Σn = (Sn, in) be a compact, convex graph
in Mn of θ-special Lagrangian curvature equal to r. In this section, we obtain uniform
diameter bounds for the (Σn)n∈N. We first require the following technical result which tells
us that if a curve of bounded geodesic curvature never approaches the same point twice
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(in some sense) then its length is bounded by a function of the volume of the ambient
manifold.

Lemma 13.1

Let M be a Riemannian manifold. Let R be the Riemann curvature tensor of M , let
Inj(M) be the injectivity radius of M , and let Vol(M) be the volume of M . Let B ∈ R+

be such that:
Vol(M), ‖R‖ 6 B, Inj(M) > 1/B.

Let γ : [0, L] → M be a smooth curve parametrised by unit length. Let d denote the
distance in M . There exists δ0,K > 0 which only depend on B (and the dimension of M)
such that, for all δ < δ0 and for all λ > 0, if:

|t− t′| > λ ⇒ d(γ(t), γ(t′)) > δ,

then L 6 Kδ−nλ.

Proof: Let n be the dimension of M . let Vn be the volume of the Euclidean ball in Rn

of unit radius. For all r > 0 and for all p ∈ M let Br(p) be the geodesic ball of radius r
about p in M . There exists r0 > 0 which only depends on B such that, for all p ∈ M and
for all r < r0:

Vol(Br(p)) >
1
2
Vnrn.

Choose N ∈ N. If L > Nλ, then there exists t0, ..., tN ∈ [0, L] such that, for all i 6= j:

|ti − tj | > λ.

Thus, for all i 6= j:
B(δ/2)(γ(ti))∩B(δ/2)(γ(tj)) = ∅.

By reducing δ0 if necessary, we may assume that δ0 < r0. Thus:
Vol(M) > 2−(n+1)(N + 1)Vnδn

⇒ N + 1 6 (2n+1/Vn)Vol(M)δ−n.

We choose K such that K = (2n+1/Vn)Vol(M). Thus, if δ < δ0:

N + 1 6 Kδ−n.

Consequently, if Ñ is the maximal such N , then:

L 6 (Ñ + 1)λ 6 Kδ−nλ.

The result now follows. �

Remark: Strictly speaking, we have proven this theorem in the case where M is com-
plete without boundary. The case where M is complete with concave boundary is proven
analogously, using geodesic half balls instead of geodesic balls.

This now allows us to obtain an upper bound for the diameter of each leaf of the foliation:

Lemma 13.2

There exists R > 0 such that, for all n:

Diam(Σn) 6 R.
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Proof: We suppose the contrary and obtain a contradiction. Since the sequence (Mn)n∈N
of quasi-Fuchsian hyperbolic ends converges, by Lemma 12.6, for all n, there exists Ωn ⊆
Mn and B > 0 such that:

Σ ⊆ Ωn, Vol(Ωn) 6 B.

Since (Mn)n∈N converges, we may assume that, for all n, the injectivity radius of Mn is
bounded below by ε = 1/B. For all n, let An be the shape operator of Σn. By Corollary
7.2, there exists B such that:

‖An‖ 6 B.

Moreover, we may suppose that, for all n, the injectivity radius of Σn is bounded below
by ε.

For all n, let γn be the minimizing geodesic in Σ̂n of maximum length. For all n, let Ln

be the length of γn. By hypothesis, (Ln)n∈N → +∞. For all n, the geodesic curvature of
γn in Mn is bounded above by B. Let δ be smaller than the injectivity radius of Σn for all
n. By Lemma 13.1, for sufficiently large n there exist two distinct points tn, t′n such that
|tn − t′n| > 2ε and:

d(γn(tn), γn(t′n)) 6 δ.

For any point p ∈ S, for all n ∈ N and for all r ∈ R+ let Bn(p; r) be the ball of radius r
about p in Σ̂n. For all n, since γn is a minimising geodesic, the distance in Σ̂n between
γn(tn) and γn(t′n) is greater than 2ε. Thus Bn(γn(tn), ε) and Bn(γn(t′n), ε) are disjoint in
Σ̂n. Moreover, since Σ̂n is a convex graph, they cannot intersect in Mn. Since we can
choose δ as small as we wish, we may place the centres of these two balls as close to each
other as we wish, and these two balls will thus be almost parallel in Mn. This is absurd,
again since the submanifolds are convex graphs. The result now follows. �

14 - Compactness.

We now obtain the compactness part of the existence result:

Lemma 14.1

Let (Mn)n∈N,M0 be quasi-Fuchsian hyperbolic ends such that (Mn)n∈N converges to M0.
Let θ ∈]0, nπ/2[ be an angle, and let r ∈]tan(θ/n),+∞[ be a real number. For all n ∈ N,
let Σn = (S, in) be a convex, compact, immersed hypersurface in Mn such that:

(i) Σn is a convex graph, and

(ii) the θ-special Lagrangian curvature of Σn is equal to r.

There exists a compact, convex, immersed hypersurface Σ0 = (S, i0) in M0 such that:

(i) Σ0 is a convex graph,

(ii) the θ-special Lagrangian curvature of Σ is equal to r,

and, after extraction of a subsequence, (Σn)n∈N converges to Σ0 in the Cheeger/Gromov
sense.
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Proof: For all n ∈ H∪{0}, let jn : Hm → UHm+1 be the boundary immersion of M̂n.
By definition, (jn)n∈N converges locally uniformly to j0. We obtain results for lifts of
hypersurfaces in Hm+1. The main technical difficulty in this proof involves showing how the
results for the lifts imply the corresponding results for the hypersurfaces in the hyperbolic
ends themselves.

Let S̃ be the universal cover of S and, for all n, let ı̃n : S̃ → Hm+1 be the lift of in. We
denote Σ̃n = (S̃, ı̃n). Let p be an arbitrary point of S and let p̃ be its lift. By Lemma 12.6
there exists B > 0 such that d(in(p),Kn) 6 B for all n. Thus by Lemma 7.3, there exists
a (possibly non-compact) pointed, immersed submanifold (Σ̃0, p0) = (S̃0, p̃0, ı̃0) in Hm+1

such that (Σ̃n, p̃)n∈N converges to (Σ̃0, p̃0) in the pointed Cheeger/Gromov sense.

By Lemma 13.2, there exists R > 0 such that Diam(Σn) 6 R for all n. Let g be the
Reimannian metric of Hm+1. For all n let dn be the distance over S̃ induced by ı̃∗ng. Let
γ be an element of π1(S). γ acts isometrically on (S̃, ı̃∗ng). Since there exists R′ such that
dn(p̃, γ(p̃)) < R′ for all n, we may take limits to obtain an isometric action of γ on S̃0.
Thus π1(S) acts isometrically on S̃0.

By Corollary 7.2, there exists ε > 0 such that Inj(Σn) > ε for all n. Thus, for all n,
dn(p̃, γ(p̃)) > ε. By taking limits, we thus see that the action of π1(S) on S̃0 is properly
discontinous.

For all n, let αn : π1(S) → Isom(Hm+1) be the homomorphism with respect to which ĩn is
equivariant. Trivially, for all γ, there exists R′ such that, for all n, d(̃ın(p̃), αn(γ)(̃ın(p̃))) <
R′. It follows that there exists a homomorphism α0 : π1(S) → Isom(Hm+1) such that
(αn)n∈N converges locally uniformly to α0. Trivially, ı̃0 is equivariant with respect to α0.

By Lemma 10.2, ı̃0 is a graph over j0. We thus quotient Σ̃0 = (S̃0, ı̃0) down to yield an
immersed submanifold Σ0 = (S0, i0) inside M̂0. Σ0 is complete and of finite radius, and
is thus compact. Moreover, it is a graph over K0. As in the proof of Lemma 9.1, we may
find a neighbourhood Ω of Σ0 and, for sufficiently large n, an open subset Ωn of M̂n such
that (Ωn)n∈N converges to Ω in the Cheeger/Gromov sense. For sufficiently large n, Σn

lies in Ωn, and it trivially follows that, within these open sets, Σn converges to Σ0 in the
Cheeger/Gromov sense. �

15 - Proof of the Main Results.

We begin by proving existence:

Lemma 15.1

Let M be a quasi-Fuchsian hyperbolic end with pleated boundary. Let θ ∈](n−1)π/2, nπ/2[
be an angle. For all r ∈]tan(θ/n),+∞[, there exists a convex graph Σ = (S, i) in M̂ of
constant θ-special Lagrangian curvature equal to r.

Proof: Let (Mt)t∈[0,1] be a continuous family of quasi-Fuchsian hyperbolic ends such that
M0 is Fuchsian and M1 = M . For all t, let Kt be the boundary of Mt. Let J ⊆ [0, 1] be
the subset defined such that t ∈ J if and only if there exists a convex graph Σt = (St, it)
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in Mt of constant θ-special Lagrangian curvature equal to r. Since M is Fuchsian, 0 ∈ J
and J is therefore non-empty. By Lemma 9.1, J is open, and by Lemmata 10.2 and 14.1,
J is closed. It thus follows that J = [0, 1] and the result now follows. �

We now prove uniqueness:

Lemma 15.2

Let M be a quasi-Fuchsian hyperbolic end. Let θ ∈](n − 1)π/2, nπ/2[ be an angle, let
r ∈]tan(θ/n),+∞[ be a positive real number and let Σ = (S, i),Σ′ = (S, i′) be convex
graphs in M . If Σ and Σ′ are both of constant θ-special Lagrangian curvature equal to r,
then they coincide. In otherwords, they are reparametrisations of each other.

Proof: We suppose the contrary. We first observe that by using the continuity technique
as in Lemma 15.1, Σ may be extended to a smooth family (Σs)s∈[r,+∞[ = (S, is)s∈[r,+∞[

such that, for all s, Σs is a convex graph of θ-special Lagrangian curvature equal to r. Let
K be the boundary of M . For all s, let fs be the function of which Σs is the graph. By
Lemma 12.6, fs tends to zero uniformly as s tends to +∞.

We define d, d′ : S →]0,+∞[ by:

d(p) = d(i(p),K), d′(p) = d′(i(p),K).

Without loss of generality, we may suppose that Inf(d′) 6 Inf(d). It follows that Σ′

intersects the family (Σs)s∈]r,+∞[ non-trivially. Let s0 be the supremum of all s such that
Σ′ intersects Σs. Since Σ′ is a graph, Inf(d′) > 0, and so s0 < +∞. By compactness and
continuity, Σs0 is an interior tangent to Σ′ at some point, but this is impossible by the
geometric maximum principal. The result now follows. �

These results may be now combined to prove Theorem 1.1:

Proof of Theorem 1.1: Existence and uniqueness follow from Lemmata 15.1 and 15.2
respecively. For all (r, θ), let Σr,θ = (S, ir,θ) be the unique convex graph in M of constant
θ-special Lagrangian curvature equal to r. In analogy to section 8, for all r, let Dir

ρθ be
the derivative of the θ-special Lagrangian operator abour ir,θ. The operator ρθ is defined
implicitely in terms of SLr, and it follows from Lemmata 8.2 and 8.4 that:

(Dir,θ
ρθ)ϕ = 1 ⇒ ϕ < 0.

For all r, let fr be the function of which Σr,θ is the graph. It follows that the family
(fr)r∈]tan(θ/n),+∞[ is smooth and strictly decreasing and thus that the family of hypersur-
faces (Σr,θ)r∈]tan(θ/n),+∞[ smoothly foliates an open subset of M \K. By Lemma 12.5 this
foliation converges to K and ∂Ω as r tends to +∞ and tan(θ/n) respectively. �

Likewise, we obtain a proof of Theorem 1.2:

Proof of Theorem 1.2: The proof of this is identical to the proof of Theorem 1.1 with
the exception that, in the last sentence, we use Lemma 12.6 instead of Lemma 12.5. The
case where the complement of the image of the developing map has non-trivial interior
may be treated by using an adapted version of Lemma 12.5. �
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