ON EXACT SOLUTIONS OF THE COUPLED KLEIN-GORDON-SCHRÖDINGER AND THE COMPLEX COUPLED KDV EQUATIONS USING MAPPING METHOD

EMMANUEL YOMBA,

MAX-PLANCK INSTITUT FÜR MATHEMATIK, VIVATSGASSE 7, BONN D-53111, GERMANY.

DEPARTMENT OF PHYSICS, FACULTY OF SCIENCES, UNIVERSITY OF NGAOUNDÉRÉ, BO.POX. 454 NGAOUNDÉRÉ, CAMEROON.

Abstract. The mapping method is used by the aid of symbolic computation system Mathematica for constructing exact solutions to the coupled Klein-Gordon-Schrödinger equations and to the complex coupled KdV equations. The solutions obtained in this paper include Jacobi elliptic solutions, combined Jacobi elliptic solutions, rational solutions, triangular solutions, soliton solutions and combined soliton solutions.

1

2 E.YOMBA

1. Introduction

In the last past decades, directly seeking for exact solutions of nonlinear partial differential equations (NLPDEs) has become one of central theme of perpetual interest in Mathematical Physics. The existence of computer systems like Maple or Mathematica has greatly facilitated this task. There has been a great amount of activity aiming to find powerful methods for obtaining such solutions. We can cite, Bäcklund transformation [1], Darboux transformation [2], Jacobi elliptic function method [3], tanh-function method [4], sine-cosine function method [5,6], homogenous balance method [7], modified tanh-function method [8], Jacobi function expansion method [9,10]. Very recently, a unified method called the mapping method has been developed to obtain Jacobi elliptic functions, solitons and periodic functions to some NLPDEs [11-13]. Compared with the previous methods mentioned above, the mapping method gives more general solutions without much extra effort and without repetitive calculations. For example, in previous methods, Jacobi elliptic functions in terms of sn(ξ), cn(ξ), dn(ξ) may be obtained by applying sn-expansion, cn-expansion, dn-expansion. Thus many similar repetitive calculations have to be made. What is remarkable about the mapping method is that it allows one to find both Jacobi elliptic functions, triangular functions and soliton using the same and unique procedure. More importantly, the method permits the classification of the solutions depending on three parameters.

In this paper, we would like to apply the mapping method to the coupled Klein-Gordon- Schrödinger equations and to the complex coupled KdV equations to seek their explicit exact solutions. The key idea in this generalized indirect method, is to use the solutions of an auxiliary ordinary differential equation (the first kind Jacobi equation containing three parameters) to construct abundant families of Jacobi elliptic function solutions for the above mentioned equation. The new auxiliary ode reads [12] (^{dφ}_{dξ} )^2 = r + aφ^2(ξ) + b/(2)φ^4(ξ), (1) where r, a and b are constants. We shall construct the exact solutions the coupled Klein- Gordon-Schrödinger equations and to the complex coupled KdV equations by using the following solutions of Eq.(1)

ON EXACT SOLUTIONS OF THE K-G-S AND CC KDV EQUATIONS USING MAPPING METHOD3

φ(ξ) = sn ξ; cd ξ = cn ξ/dn ξ : r = 1, a = −(m^2 + 1), b = 2m^2; cn ξ : r = 1 − m^2, a = 2m^2 − 1, b = −2m^2; dn ξ : r = m^2 − 1, a = 2 − m^2, b = −2;

ns ξ = 1/sn ξ; dc ξ = dn ξ/cn ξ : r = m^2, a = −(m^2 + 1), b = 2; nc ξ = 1/cn ξ : r = −m^2, a = 2m^2 − 1, b = 2(1 − m^2); nd ξ = 1/dn ξ : r = −1, a = 2 − m^2, b = 2(m^2 − 1);

cs ξ = cn ξ/sn ξ : r = 1 − m^2, a = 2 − m^2, b = 2; sc ξ = sn ξ/cn ξ : r = 1, a = 2 − m^2, b = 2(1 − m^2); (2) sd ξ = sn ξ/dn ξ : r = 1, a = 2m^2 − 1, b = 2m^2(m^2 − 1); ds ξ = dn ξ/sn ξ : r = m^2(m^2 − 1), a = 2m^2 − 1, b = 2;

ns ξ ± cs ξ : r = 1/4, a = (1 − 2m^2)/2, b = 1/2; nc ξ ± sc ξ : r = (1 − m^2)/4, a = (1 + m^2)/2, b = (1 − m^2)/2; ns ξ + ds ξ : r = m^4/4, a = (m^2 − 2)/2, b = 1/2; sn ξ ± i cn ξ : r = m^2/4, a = (m^2 − 2)/2, b = m^2/2, i^2 = −1;

C/ξ : r = 0, a = 0 b = 2,

where C is a constant. The Jacobi elliptic functions sn ξ = sn (ξ|m), cn ξ = cn (ξ|m), and dn ξ = dn (ξ|m), where m(0 < m < 1) is the modulus of elliptic function, are double periodic and possess properties of triangular functions, namely

sn^2ξ + cn^2ξ = 1, dn^2 ξ + m^2sn^2 ξ = 1, d dξ sn ξ = cn ξdn ξ, d dξ cn ξ = −sn ξdn ξ, d dξ dn ξ = −m^2cn ξsn ξ. (3)

In addition, we see that other solutions are obtained from solutions (2) in case of degeneracies:

When m→ 0, the Jacobi elliptic functions degenerate to the trigonometric functions solutions of the given NLPDE i.e.

sn ξ → sin ξ, cn ξ → cos ξ, dn ξ → 1. (4) When m→ 1, the Jacobi elliptic functions degenerate to the solitonic solutions of the given NLPDE i.e.

sn ξ → tanh ξ, cn ξ → sech ξ, dn ξ → sech ξ. (5) Detailed explanations about Jacobi elliptic functions can be found in Refs.[14,15]. The other 9 Jacobi functions are all expressible in terms of sn ξ, cn ξ, dn ξ.

4 E.YOMBA

2. New exact solutions of S-K-S equations

i ∂ ∂t Ψ + ΔΨ + ρΦΨ = 0,

∂^2 ∂t^2

Φ − ΔΦ + μ^2Φ − ρ|Ψ|^2 = 0, (6)

which describes a system of conserved scalar nucleons interacting with neutral scalar mesons. Here, Ψ represents a complex scalar neucleon field and Φ a real scalar meson field. The real constant μ and ρ describe the mass of a meson and a couple constant respectively, Δ = ∂^2/∂x^2 +∂^2/∂y^2 +∂^2/∂z^2. Fukuda and Tsutsumi have studied (6) using the Galerkin method [16] . Their global solutions, asymptotic behavior and stability have been done in [17-22]. Some exact solutions of these equations have been found very recently by Darwish and Fan [23]. We will present here many new solutions which have not been obtained in [23]. In order to obtain the travelling wave solutions of S-K-S equations, we make the following transformation [23]

Ψ = U(ξ) exp(iη), Φ = V (ξ), (7)

where ξ = x + cy + dz + et, η = px + qy + Rz + st and reduce the system (6) the following odes

(1 + c^2 + d^2)U^{′′} − (s + p^2 + q^2 + R^2)U + ρUV = 0,

(e^2 − 1 − c^2 − d^2)V^{′′} + μ^2V − ρU^2 = 0, (8)

e + 2(p + qc + dR) = 0.

The third equation of (29) in [23] should be replaced by e + 2(p + qc + dr) = 0. The solution of (8) can be expressed in the form

U(ξ) =

∑_n i=0 a_iφ^i(ξ), V (ξ) =

∑_l

i=0 b_iφ^i(ξ). (9) n and l are positive integers that can be determined by balancing the highest order of dispersive terms U^{′′} and V^{′′} with UV and U^2 respectively. Thus we obtain n=l=2. Therefore we may choose the following ansatz U(ξ) = a_0+a_1φ(ξ)+a_2φ^2(ξ), V (ξ) = b_0+b_1φ(ξ)+b_2φ^2(ξ), (10) where φ satisfies (1). Substituting (10) into (8) along with Eq.(1) and using Mathematica yields a system of equations of powers φ. Setting the coefficients of φ^i in the system of

ON EXACT SOLUTIONS OF THE K-G-S AND CC KDV EQUATIONS USING MAPPING METHOD5

equations to zero, we can deduce the following set of algebraic polynomials with respect to unknowns a_0, a_1, a_2, b_0 b_1 and b_2 namely: −(p^2 + q^2 + R^2 + s)a_0 + 2r(1 + c^2 + d^2)a_2 + ρa_0b_0 = 0,

−(p^2 + q^2 + R^2 + s)a_1 + a(1 + c^2 + d^2)a_1 + ρ(a_1b_0 + a_0b_1) = 0, −(p^2 + q^2 + R^2 + s)a_2 + 4a(1 + c^2 + d^2)a_2 + ρ(a_2b_0 + a_1b_1 + a_0b_2) = 0, b(1 + c^2 + d^2)a_1 + ρ(a_2b_1 + a_1b_2) = 0, 3b(1 + c^2 + d^2)a_2 + ρa_2b_2 = 0, −2r(1 + c^2 + d^2 − e^2)b_2 + μ^2b_0 − ρa^2_0 = 0, (11) −a(1 + c^2 + d^2 − e^2)b_1 + μ^2b_1 − 2ρa_0a_1 = 0, −4a(1 + c^2 + d^2 − e^2)b_2 + μ^2b_2 − ρ(a^2_1 + 2a_0a_2) = 0, b(1 + c^2 + d^2 − e^2)b_1 + 2ρa_2a_1 = 0, 3b(1 + c^2 + d^2 − e^2)b_2 + ρa^2 = 0.

e + 2(p + qc + dR) = 0.

We find the following a solution from the above mentioned system, namely a_1 = 0, b_1 = 0, a_0 = ±^{√1+c2+d2}_{2ρ}^√_{1+c2+d2−e2} [4a(1 + c^2 + d^2 − e^2) − μ^2], b_0 =

(1+c^2+d^2) 4ρμ^2(1+c^2+d^2−e^2) [8(1 + c

2 + d^2 − e^2)^2(2a^2 − 3br) − 8a(1 + c^2 + d^2 − e^2)μ^2 + μ^4], a_2 = ± 3b^{√1+c2+d2√1+c2+d2−e2} ρ , b_2 =^{−3b(1+c2+d2)}_ρ , s =^1_{μ2} [2(1 + c^2 + d^2 − e^2)(2a^2 − 3br) − (p^2 + q^2 + R^2)μ^2] +^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) , R = − e+2p+2qc

2d , (12) where p, q, r, a, b are arbitrary constants, and c, d, e are also arbitrary constants but they satisfy the following relation (1+c^2+d^2−e^2)^2 =^{μ4}_{8(2a2 −3br)} , 1+c^2+d^2−e^2 > 0, (13) Since 0 < m < 1, we should mentioned that the Jacobi elliptic function and the combined Jacobi elliptic function in (2) are such that 2a^2 − 3br > 0. Hence, the solution of Eq.(6) reads Ψ = ±^{√1+c2+d2}_ρ

[_1 2 √ 1+c^2+d^2−e^2 [4a(1 + c

2 + d^2 − e^2) − μ^2] + 3b √ 1 + c^2 + d^2 − e^2 φ^2(ξ) ] exp(iη) Φ =^{1+c2+d2}_ρ {^1

4μ^2(1+c^2+d^2−e^2) [8(1 + c

2 + d^2 − e^2)^2(2a^2 − 3br) − 8a(1 + c^2 + d^2 − e^2)μ^2 + μ^4] − 3b φ^2(ξ)}, (14.a) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [2(1 + c^2 + d^2 − e^2)(2a^2 − 3br) − (p^2 + q^2 +R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2 +d^2 −e^2)^2 =^{μ4}_{8(2a2 −3br)} , 1+c^2 +d^2 −e^2 > 0. (14.b)

6 E.YOMBA

Thanks to the arbitrariness of r, a and b, by choosing them properly into the ode (1) such that the corresponding solution φ(ξ) of this equation is one of Jacobi elliptic functions, or combined Jacobi elliptic functions, or rational functions in relation (2). We may have multiple kinds of solutions of Eq.(6). In the following , we consider several cases

Case 1. r=1, a=-(1 + m^2), b = 2m^2

Ψ_1 = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [−4(m^2 + 1)(1 + c^2 + d^2 − e^2) − μ^2] + 6m^2 √ 1 + c^2 + d^2 − e^2 sn^2(ξ)} exp(iη) Φ_1 =^{1+c2+d2}_ρ {^1

4μ^2(1+c^2+d^2−e^2) [16(1+c

2+d^2−e^2)^2(m^4−m^2+1)+8(m^2+1)(1+c^2+d^2−e^2)μ^2+ μ^4]−6m^2 sn^2(ξ)}, (15.a) Ψ_2 = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [−4(m^2+1)(1+c^2+d^2−e^2)−μ^2]+6m^2 √ 1 + c^2 + d^2 − e^2 cd^2(ξ)} exp(iη) Φ_2 =^{1+c2+d2}_ρ {^1

4μ^2(1+c^2+d^2−e^2) [16(1+c

2+d^2−e^2)^2(m^4−m^2+1)+8(m^2+1)(1+c^2+d^2−e^2)μ^2+ μ^4]−6m^2 cd^2(ξ)}, (15.b) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2)(m^4 − m^2 + 1))−(p^2+q^2+R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2+d^2−e^2)^2 =^{μ4}_{16(m4 −m2+1)} , 1+c^2+d^2−e^2 > 0 (15.c) Case 2. r = 1 − m^2 a = 2m^2 − 1 b = −2m^2 Ψ_3 = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [4(2m^2−1)(1+c^2+d^2−e^2)−μ^2]−6m^2 √ 1 + c^2 + d^2 − e^2 cn^2(ξ)}exp(iη) Φ_3 =^{1+c2+d2}_ρ {^1

4μ^2(1+c^2+d^2−e^2) [16(1 + c

2 + d^2 − e^2)^2(m^4 − m^2 + 1) − 8(2m^2 − 1)(1 + c^2 + d^2 − e^2)μ^2+μ^4]+6m^2 cn^2(ξ)}, (16.a) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2)(m^4 − m^2 + 1)−(p^2+q^2+R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2+d^2−e^2)^2 =^{μ4}_{16(m4 −m2+1)} , 1+c^2+d^2−e^2 > 0. (16.b) Case 3. r = m^2 − 1 a = 2 − m^2 b = −2 Ψ_4 = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [4(2−m^2)(1+c^2+d^2−e^2)−μ^2]−6 √ 1 + c^2 + d^2 − e^2 dn^2(ξ)} exp(iη) Φ_4 =^{1+c2+d2}_ρ {^1

4μ^2(1+c^2+d^2−e^2) [16(1 + c

2 + d^2 − e^2)^2(m^4 − m^2 + 1) − 8(2 − m^2)(1 + c^2 + d^2 − e^2)μ^2+μ^4]+6 dn^2(ξ)}, (17.a) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2)(m^4 − m^2 + 1)−(p^2+q^2+R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2+d^2−e^2)^2 =^{μ4}_{16(m4 −m2+1)} , 1+c^2+d^2−e^2 > 0. (17.b)

ON EXACT SOLUTIONS OF THE K-G-S AND CC KDV EQUATIONS USING MAPPING METHOD7

Case 4. r = m^2 a = −m^2 − 1 b = 2 Ψ_5 = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [−4(m^2+1)(1+c^2+d^2−e^2)−μ^2]+6 √ 1 + c^2 + d^2 − e^2 ns^2(ξ)} exp(iη) Φ_5 =^{1+c2+d2}_ρ {^1

4μ^2(1+c^2+d^2−e^2) [16(1+c

2+d^2−e^2)^2(m^4−m^2+1)+8(m^2+1)(1+c^2+d^2−e^2)μ^2+ μ^4]−6 ns^2(ξ)}, (18.a) Ψ_6 = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [−4(m^2+1)(1+c^2+d^2−e^2)−μ^2]+6 √ 1 + c^2 + d^2 − e^2 dc^2(ξ)} exp(iη) Φ_6 =^{1+c2+d2}_ρ {^1

4μ^2(1+c^2+d^2−e^2) [16(1+c

2+d^2−e^2)^2(m^4−m^2+1)+8(m^2+1)(1+c^2+d^2−e^2)μ^2+ μ^4]−6 dc^2(ξ)}, (18.b) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2)(m^4 − m^2 + 1)−(p^2+q^2+R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2+d^2−e^2)^2 =^{μ4}_{16(m4 −m2+1)} , 1+c^2+d^2−e^2 > 0. (18.c) Case 5. r = −m^2 a = 2m^2 − 1 b = 2 − 2m^2 Ψ_7 = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [4(2m^2 − 1)(1 + c^2 + d^2 − e^2) − μ^2] + 6(1 − m^2) √ 1 + c^2 + d^2 − e^2 nc^2(ξ)} exp(iη) Φ_7 =^{1+c2+d2}_ρ {^1

4μ^2(1+c^2+d^2−e^2) [16(1 + c

2 + d^2 − e^2)^2(m^4 − m^2 + 1) − 8(2m^2 − 1)(1 + c^2 + d^2 − e^2)μ^2+μ^4]−6(1−m^2) nc^2(ξ)}, (19.a) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2)(m^4 − m^2 + 1) − (p^2 + q^2 + R^2)μ^2] +^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1 + c

2 + d^2 − e^2)^2 =^{μ4}_{16(m4 −m2+1)} , 1 + c^2 + d^2 − e^2 > 0. (19.b) Case 6. r = −1 a = 2 − m^2 b = 2m^2 − 2 Ψ_8 = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [4(2 − m^2)(1 + c^2 + d^2 − e^2) − μ^2] − 6(1 − m^2) √ 1 + c^2 + d^2 − e^2 nd^2(ξ)} exp(iη) Φ_8 =^{1+c2+d2}_ρ {^1

4μ^2(1+c^2+d^2−e^2) [16(1 + c

2 + d^2 − e^2)^2(m^4 − m^2 + 1)) − 8(2 − m^2)(1 + c^2 + d^2 − e^2)μ^2 +μ^4]+6(1−m^2) nd^2(ξ)}, (20.a) where ξ = x+cy+dz+et, η = px+qy−^{e+2p+2qc}_{2d} z+{^1_{μ2} [4(1+c^2+d^2 −e^2)(m^4 −m^2 +1)−(p^2 +q^2+ R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2+d^2−e^2)^2 =^{μ4}_{16(m4 −m2+1)} , 1+c^2+d^2−e^2 > 0. (20.b) Case 7. r = 1 − m^2 a = 2 − m^2 b = 2 Ψ_9 = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [4(2−m^2)(1+c^2+d^2−e^2)−μ^2]+6 √ 1 + c^2 + d^2 − e^2 cs^2(ξ)} exp(iη) Φ_9 =^{1+c2+d2}_ρ {^1

4μ^2(1+c^2+d^2−e^2) [16(1 + c

2 + d^2 − e^2)^2(m^4 − m^2 + 1) − 8(2 − m^2)(1 + c^2 + d^2 − e^2)μ^2+μ^4]−6 cs^2(ξ)}, (21.a) ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2)(m^4 − m^2 + 1)−(p^2+q^2+R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2+d^2−e^2)^2 =^{μ4}_{16(m4 −m2+1)} , 1+c^2+d^2−e^2 >

8 E.YOMBA

0. (21.b) Case 8. r = 1 a = 2 − m^2 b = 2 − 2m^2 Ψ_{10} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [4(2 − m^2)(1 + c^2 + d^2 − e^2) − μ^2] + 6(1 − m^2) √ 1 + c^2 + d^2 − e^2 sc^2(ξ)} exp(iη) Φ_{10} =^{1+c2+d2}_ρ {^1

4μ^2 (1+c^2+d^2−e^2) [16(1 + c

2 + d^2 − e^2)^2(m^4 − m^2 + 1) − 8(2 − m^2)(1 + c^2 + d^2 − e^2)μ^2+μ^4]−6(1−m^2) sc^2(ξ)}, (22.a) ξ = x+cy+dz+et, η = px+qy−^{e+2p+2qc}_{2d} z+{^1_{μ2} [4(1+c^2+d^2 −e^2)(m^4 −m^2 +1)−(p^2 +q^2+ R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2+d^2−e^2)^2 =^{μ4}_{16(m4 −m2+1)} , 1+c^2+d^2−e^2 > 0. (22.b) Case 9. r = 1 a = 2m^2 − 1 b = 2m^4 − 2m^2 Ψ_{11} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [4(2m^2 − 1)(1 + c^2 + d^2 − e^2) − μ^2] − 6m^2(1 − m^2) √ 1 + c^2 + d^2 − e^2 sd^2(ξ)} exp(iη) Φ_{11} =^{1+c2+d2}_ρ {^1

4μ^2 (1+c^2+d^2−e^2) [16(1+c

2 +d^2 −e^2)^2(m^4 −m^2 +1)−8(2m^2 −1)(1+c^2 +d^2 − e^2)μ^2+μ^4]+6m^2(1−m^2) sd^2(ξ)}, (23.a) ξ = x+cy+dz+et, η = px+qy−^{e+2p+2qc}_{2d} z+{^1_{μ2} [4(1+c^2+d^2 −e^2)(m^4 −m^2 +1)−(p^2 +q^2+ R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2 +d^2 −e^2)^2 =^{μ4}_{16(m4 −m2+1)} , 1+c^2 +d^2 −e^2 > 0. (23.b) Case 10. r = m^4 − m^2 a = 2m^2 − 1 b = 2 Ψ_{12} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [4(2m^2−1)(1+c^2+d^2−e^2)−μ^2]+6 √ 1 + c^2 + d^2 − e^2 ds^2(ξ)} exp(iη) Φ_{12} =^{1+c2+d2}_ρ {^1

4μ^2 (1+c^2+d^2−e^2) [16(1+c

2 +d^2 −e^2)^2(m^4 −m^2 +1)−8(2m^2 −1)(1+c^2 +d^2 − e^2)μ^2+μ^4]−6 ds^2(ξ)}, (24.a) ξ = x+cy+dz+et, η = px+qy−^{e+2p+2qc}_{2d} z+{^1_{μ2} [4(1+c^2+d^2 −e^2)(m^4 −m^2 +1)−(p^2 +q^2+ R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2 +d^2 −e^2)^2 =^{μ4}_{16(m4 −m2+1)} , 1+c^2 +d^2 −e^2 > 0. (24.b) Case 11. r =^1_4 a =^{1−2m2}_2 b =^1_2 Ψ_{13} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [2(1−2m^2)(1+c^2+d^2−e^2)−μ^2]+^3_2 √ 1 + c^2 + d^2 − e^2[ns(ξ)± cs(ξ)]^2} exp(iη) Φ_{13} =^{1+c2+d2}_ρ {^1

4μ^2 (1+c^2+d^2−e^2) [(1+c

2 +d^2 −e^2)^2(16m^4 −16m^2 +1)−4(1−2m^2)(1+c^2 +d^2 − e^2)μ^2 + μ^4] −^3_2 [ns(ξ) ± cs(ξ)^2]^2}, (25.a) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [^{(1+c2+d2−e2)(16m4 −16m2+1)}_4 − (p^2 + q^2 + R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2 +d^2 −e^2)^2 =^{μ4}

(16m^4 −16m^2+1) , 1+c

2 +d^2 −e^2 > 0. (25.b) Case 12. r =^{1−m2}_4 a =^{1+m2}_2 b =^{1−m2}_2 Ψ_{14} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [2(1+m^2)(1+c^2+d^2−e^2)−μ^2]+^{3(1−m2 )}_2 √ 1 + c^2 + d^2 − e^2[nc(ξ)± sc(ξ)]^2} exp(iη) Φ_{14} =^{1+c2+d2}_ρ {^1

4μ^2 (1+c^2+d^2−e^2) [(1 + c

2 + d^2 − e^2)^2(m^4 + 14m^2 + 1) − 4(1 + m^2)(1 + c^2 + d^2 − e^2)μ^2+μ^4]−^{3(1−m2 )}_2 [nc(ξ)±sc(ξ)]^2}, (26.a)

ON EXACT SOLUTIONS OF THE K-G-S AND CC KDV EQUATIONS USING MAPPING METHOD9

where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [^{(1+c2+d2−e2)(m4 +14m2 +1)}_4 − (p^2 + q^2 + R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2 +d^2 −e^2)^2 =^{μ4}_{(m4+14m2 +1)} , 1+c^2 +d^2 −e^2 > 0. (26.b) Case 13. r =^{m4}_4 a =^{m2−2}_2 b =^1_2 Ψ_{15} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [2(m^2−2)(1+c^2+d^2−e^2)−μ^2]+^3_2 √ 1 + c^2 + d^2 − e^2[ns(ξ)+ ds(ξ)]^2} exp(iη) Φ_{15} =^{1+c2+d2}_ρ {^1

4μ^2 (1+c^2+d^2−e^2) [(1+c

2 +d^2 −e^2)^2(m^4 −16m^2 +16)−4(m^2 −2)(1+c^2 +d^2 − e^2)μ^2 + μ^4] −^3_2 [ns(ξ) + ds(ξ)]^2}, (27.a) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [^{(1+c2+d2−e2)(m4 −16m2 +16)}_4 − (p^2 + q^2 + R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2 +d^2 −e^2)^2 =^{μ4}_{(m4−16m2 +16)} , 1+c^2 +d^2 −e^2 > 0. (27.b) Case 14 r =^{m2}_4 a =^{m2−2}_2 b =^{m2}_2 Ψ_{16} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [2(m^2−2)(1+c^2+d^2−e^2)−μ^2]+^{3m2}_2 √ 1 + c^2 + d^2 − e^2[sn(ξ)± i cn(ξ)]^2} exp(iη) Φ_{16} =^{1+c2+d2}_ρ {^1

4μ^2 (1+c^2+d^2−e^2) [(1+c

2 +d^2 −e^2)^2(m^4 −16m^2 +16)−4(m^2 −2)(1+c^2 +d^2 − e^2)μ^2+μ^4]−^{3m2}_2 [sn(ξ)±i cn(ξ)]^2}, (28.a) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [^{(1+c2+d2−e2)(m4 −16m2 +16)}_4 − (p^2 + q^2 + R^2)μ^2]+^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1+c

2 +d^2 −e^2)^2 =^{μ4}_{(m4−16m2 +16)} , 1+c^2 +d^2 −e^2 > 0. (28.b) Case 15 r = 0 a = 0 b = 2 There is no rational solution for this case.

Remark 1 When m→ 0, these solutions (13)-(26) degenerate as triangular function solutions of Eq.(6), namely Case 16. r = 0 a = −1 b = 2 Ψ_{17} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [−4(1+c^2+d^2−e^2)−μ^2]+6 √ 1 + c^2 + d^2 − e^2 csc^2(ξ)} exp(iη) Φ_{17} =^{1+c2+d2}_ρ {^1_{4μ2(1+c2+d2−e2)} [16(1 + c^2 + d^2 − e^2)^2 + 8(1 + c^2 + d^2 − e^2)μ^2 + μ^4] − 6 csc^2(ξ)}, (29.a) Ψ_{18} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [−4(1+c^2+d^2−e^2)−μ^2]+6 √ 1 + c^2 + d^2 − e^2 sec^2(ξ)} exp(iη) Φ_{18} =^{1+c2+d2}_ρ {^1_{4μ2(1+c2+d2−e2)} [16(1 + c^2 + d^2 − e^2)^2 + 8(1 + c^2 + d^2 − e^2)μ^2 + μ^4] − 6 sec^2(ξ)}, (29.b) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2) − (p^2 + q^2 + R^2)μ^2] +^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1 + c

2 + d^2 − e^2)^2 =^{μ4}_{16} , 1 + c^2 + d^2 − e^2 > 0. (29.c)

10 E.YOMBA

Case 17. r = 1 a = 2 b = 2 Ψ_{19} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [8(1+c^2+d^2−e^2)−μ^2]+6 √ 1 + c^2 + d^2 − e^2 cot^2(ξ)} exp(iη) Φ_{19} =^{1+c2+d2}_ρ {^1_{4μ2(1+c2+d2−e2)} [16(1 + c^2 + d^2 − e^2)^2 − 16(1 + c^2 + d^2 − e^2)μ^2 + μ^4] − 6 cot^2(ξ)}, (30.a) Ψ_{20} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [8(1+c^2+d^2−e^2)−μ^2]+6 √ 1 + c^2 + d^2 − e^2 tan^2(ξ)} exp(iη) Φ_{20} =^{1+c2+d2}_ρ {^1_{4μ2(1+c2+d2−e2)} [16(1 + c^2 + d^2 − e^2)^2 − 16(1 + c^2 + d^2 − e^2)μ^2 + μ^4] − 6 tan^2(ξ)}, (30.b) ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2) − (p^2 + q^2 + R^2)μ^2] +^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1 + c

2 + d^2 − e^2)^2 =^{μ4}_{16} , 1 + c^2 + d^2 − e^2 > 0. (30.c) Case 18. r =^1_4 a =^1_2 b =^1_2 Ψ_{21} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [2(1 + c^2 + d^2 − e^2) − μ^2] +^3_2 √ 1 + c^2 + d^2 − e^2[csc(ξ) ± cot(ξ)]^2} exp(iη) Φ_{21} =^{1+c2+d2}_ρ {^1

4μ^2 (1+c^2+d^2−e^2) [(1 + c

2 + d^2 − e^2)^2 − 4(1 + c^2 + d^2 − e^2)μ^2 + μ^4] −^3_2 [csc(ξ) ± cot(ξ)]^2}, (31.a) Ψ_{22} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [2(1 + c^2 + d^2 − e^2) − μ^2] +^3_2 √ 1 + c^2 + d^2 − e^2[sec(ξ) ± tan(ξ)]^2} exp(iη) Φ_{22} =^{1+c2+d2}_ρ {^1

4μ^2 (1+c^2+d^2−e^2) [(1 + c

2 + d^2 − e^2)^2 − 4(1 + c^2 + d^2 − e^2)μ^2 + μ^4] −^3_2 [sec(ξ) ± tan(ξ)]^2}, (31.b) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [^{(1+c2+d2−e2)}_4 − (p^2 + q^2 + R^2)μ^2] +

3(1+c^2+d^2)μ^2 4(1+c^2+d^2−e^2) }t, (1 + c

2 + d^2 − e^2)^2 = μ^4, 1 + c^2 + d^2 − e^2 > 0. (31.c)

Remark 2 When m→ 1, these solutions (15)-(28) degenerate as soliton solutions of Eqs.(6), namely Case 19. r=1, a=-2, b = 2

Ψ_{23} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [−8(1+c^2+d^2−e^2)−μ^2]+6 √ 1 + c^2 + d^2 − e^2 tanh^2(ξ)} exp(iη) Φ_{23} =^{1+c2+d2}_ρ {^1_{4μ2(1+c2+d2−e2)} [16(1 + c^2 + d^2 − e^2)^2 + 16(1 + c^2 + d^2 − e^2)μ^2 + μ^4] − 6 tanh^2(ξ)}, (32.a)

where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2) − (p^2 + q^2 + R^2)μ^2] +^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1 + c

2 + d^2 − e^2)^2 =^{μ4}_{16} , 1 + c^2 + d^2 − e^2 > 0. (32.b) Case 20. r = 0 a = 1 b = −2

ON EXACT SOLUTIONS OF THE K-G-S AND CC KDV EQUATIONS USING MAPPING METHOD11

Ψ_{24} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [4(1+c^2+d^2−e^2)−μ^2]−6 √ 1 + c^2 + d^2 − e^2 sech^2(ξ)}exp(iη) Φ_{24} =^{1+c2+d2}_ρ {^1_{4μ2(1+c2+d2−e2)} [16(1 + c^2 + d^2 − e^2)^2 − 8(1 + c^2 + d^2 − e^2)μ^2 + μ^4] + 6 sech^2(ξ)}, (33.a) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2) − (p^2 + q^2 + R^2)μ^2] +^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1 + c

2 + d^2 − e^2)^2 =^{μ4}_{16} , 1 + c^2 + d^2 − e^2 > 0. (33.b) Case 21. r = 1 a = −2 b = 2 Ψ_{25} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [−8(1+c^2+d^2−e^2)−μ^2]+6 √ 1 + c^2 + d^2 − e^2 coth^2(ξ)} exp(iη) Φ_{25} =^{1+c2+d2}_ρ {^1_{4μ2(1+c2+d2−e2)} [16(1 + c^2 + d^2 − e^2)^2 + 16(1 + c^2 + d^2 − e^2)μ^2 + μ^4] − 6 coth^2(ξ)}, (34.a)

ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2) − (p^2 + q^2 + R^2)μ^2] +^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1 + c

2 + d^2 − e^2)^2 =^{μ4}_{16} , 1 + c^2 + d^2 − e^2 > 0. (34.b) Case 22. r = 0 a = 1 b = 2 Ψ_{26} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [4(1+c^2+d^2−e^2)−μ^2]+6 √ 1 + c^2 + d^2 − e^2 csch^2(ξ)} exp(iη) Φ_{26} =^{1+c2+d2}_ρ {^1_{4μ2(1+c2+d2−e2)} [16(1 + c^2 + d^2 − e^2)^2 − 8(1 + c^2 + d^2 − e^2)μ^2 + μ^4] − 6 csch^2(ξ)}, (35.a) ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [4(1 + c^2 + d^2 − e^2) − (p^2 + q^2 + R^2)μ^2] +^{3(1+c2+d2)μ2}

4(1+c^2+d^2−e^2) }t, (1 + c

2 + d^2 − e^2)^2 =^{μ4}_{16} , 1 + c^2 + d^2 − e^2 > 0. (35.b) Case 23. r =^1_4 a = −^1_2 b =^1_2 Ψ_{27} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [−2(1 + c^2 + d^2 − e^2) − μ^2] +^3_2 √ 1 + c^2 + d^2 − e^2[coth(ξ) ± csch(ξ)]^2} exp(iη) Φ_{27} =^{1+c2+d2}_ρ {^1

4μ^2 (1+c^2+d^2−e^2) [(1 + c

2 + d^2 − e^2)^2 + 4(1 + c^2 + d^2 − e^2)μ^2 + μ^4] −^3_2 [coth(ξ) ± csch(ξ)]^2}, (36.a) Ψ_{28} = ±^{√1+c2+d2}_ρ {^1_2^√_{1+c2+d2−e2} [−2(1 + c^2 + d^2 − e^2) − μ^2] +^3_2 √ 1 + c^2 + d^2 − e^2[tanh(ξ) ± i sech(ξ)]^2} exp(iη) Φ_{28} =^{1+c2+d2}_ρ {^1

4μ^2 (1+c^2+d^2−e^2) [(1+c

2 +d^2 −e^2)^2 +4(1+c^2 +d^2 −e^2)μ^2 +μ^4]−^3_2 [tanh(ξ)± i sech(ξ)]^2}, (36.b) where ξ = x + cy + dz + et, η = px + qy −^{e+2p+2qc}_{2d} z + {^1_{μ2} [^{(1+c2+d2−e2)}_4 − (p^2 + q^2 + R^2)μ^2] +

3(1+c^2+d^2)μ^2 4(1+c^2+d^2−e^2) }t, (1 + c

2 + d^2 − e^2)^2 = μ^4, 1 + c^2 + d^2 − e^2 > 0. (36.c)

All the above solutions are quite new and different from the ones reported in [21]

12 E.YOMBA

3. Exact solutions of complex coupled KdV equations The complex coupled KdV equations read u_t = 1 2 u_{xxx} − 3uu_x + 3(|v|^2)_x, v_t = −v_{xxx} + 3uv_x. (37) These equations were obtained, when Wu et al [24] considered a 4 × 4 matrix spectral problem with three potentials. (37) can degenerate to the well known KdV equation and the Hirota-Satsuma coupled equation when v=0 and Im(v)=0 respectively [25,26]. some exact solutions of system (37) were obtained by Fan and Chao [27] and by Hon and Fan [28]. We will apply the mapping method for constructing new exact solutions to the system (37). After making the transformation u(x, t) = U(ξ), v(x, t) = e^{iθ}V (ξ), where ξ = x+ct, θ = px+qt+R, system (37) becomes the following system of ordinary differential equations cU^′ − 1 2 U^{′′′} + 3UU^′ − 3(V^2)^′ = 0, cV^′ + V^{′′′} − 3p^2V^′ − 3UV^′ = 0, (38) (q − p^3)V + 3pV^{′′} − 3pUV = 0.

The third equation of system (16) in [28] should be replaced by (q−p^3)V +3pV^{′′} −3pUV = 0. The balance procedure gives n=l=2. Then we assume the following form of solutions U(ξ) = a_0+a_1φ(ξ)+a_2φ^2(ξ), V (ξ) = b_0+b_1φ(ξ)+b_2φ^2(ξ), (39) where φ satisfies (1). Substituting (39) into (38) along with Eq.(1) and using Mathematica yields a system of equations of powers φ. Setting the coefficients of φ^i in the system of equations to zero, we can deduce the following set of algebraic polynomials with respect to unknowns a_0, a_1, a_2, b_0 b_1 and b_2 namely: b_1(c − 3p^2 + a − 3a_0) = 0, −3a_1b_1 + 2b_2(c − 3p^2 + 4a − 3a_0) = 0, 3(bb_1 − a_2b_1 − 2a_1b_2) = 0.

6b_2(2b − a_2) = 0, (−2c + a − 6a_0)a_1 + 12b_0b_1 = 0.

2(−3a^2_1 − 2ca_2 + 4aa_2 − 6a_0a_2 + 6b^2_1 + 12b_0b_2) = 0, 3(ba_1 − 6a_1a_2 + 12b_1b_2) = 0, (40) 12(ba_2 − a^2 + 2b^2) = 0, b_0(q − p^3 − 3pa_0) + 6prb_2 = 0,

ON EXACT SOLUTIONS OF THE K-G-S AND CC KDV EQUATIONS USING MAPPING METHOD13

−3pa_1b_0 + b_1(q − p^3 + 3ap − 3pa_0) = 0, −3p(a_2b_0 + a_1b_1) + b_2(q − p^3 + 12ap − 3pa_0), 3p(bb_1 − a_2b_1 − a_1b_2) = 0,

3pb_2(3b − a_2) = 0.

Solvng these equations, two kinds of solutions have been found a_1 = 0, b_1 = 0, p = 0, q = 0, a_0 = (4a + c)/3, b_0 = ±2(a + c)/3, a_2 = 2b, b_2 = ±b, (41.a) and a_0 = (a + c − 3p^2)/3, b_0 = 0, a_1 = 0, b_1 = ± √ b(2c − a − 3p^2)/ √ 3, a_2 = b, b_2 = 0, q = p(c−2a−2p^2). (41.b) Therefore the solution of (37) is given by u = 4a + c 3 + 2bφ^2(x + ct),

v = ±[ 2 3 (a + c) + bφ^2(x + ct)]e^{iR}, (42.1) and u^′ = a + c − 3p^2 3 + bφ^2(x + ct),

v^′ = ± √ b(2c − a − 3p^2) 3 φ(x + ct)e^{i[px−p(2p2+2a−c)t+R]}, (42.2) where p, c, R, a, b and r are arbitrary constants which should be chosen such that b(2c − a − 3p^2) > 0. As r, a and b are arbitrary constants, we may choose appropriate values for these parameters in order to obtain Jacobi elliptic function, combined Jacobi elliptic function and rational function solutions from relation (2). Therefore according to (2) abundant families of explicit and exact travelling wave solutions are found as follows for the complex coupled KdV equation (37). Case .1 r = 1 a = −(1 + m^2) b = 2m^2

u_1 =

−4(1 + m^2) + c 3 + 4m^2 sn^2(x + ct),

v_1 = ± [ 2 3 [−(1 + m^2) + c] + 2m^2 sn^2(x + ct) ] e^{iR}, (43.1) and u^′_1 =

−(1 + m^2) + c − 3p^2 3 + 2m^2 sn^2(x + ct),

v^′_1 = ± √ 2m^2[2c + (1 + m^2) − 3p^2] 3 sn(x + ct)e^{i[px−p(2p2−2(1+m2 )−c)t+R]}, (43.2)

14 E.YOMBA

u_2 =

−4(1 + m^2) + c 3 + 4m^2 cd^2(x + ct),

v_2 = ± [ 2 3 [−(1 + m^2) + c] + 2m^2 cd^2(x + ct) ] e^{iR}, (44.1) and u^′_2 =

−(1 + m^2) + c − 3p^2 3 + 2m^2 cd^2(x + ct),

v^′_2 = ± √ 2m^2[2c + (1 + m^2) − 3p^2] 3 cd(x + ct)e^{i[px−p(2p2−2(1+m2)−c)t+R]}, (44.2)

Case 2. r = 1 − m^2 a = (2m^2 − 1) b = −2m^2

u_3 =

4(2m^2 − 1) + c 3 − 4m^2 cn^2(x + ct),

v_3 = ± [ 2 3 ((2m^2 − 1) + c) − 2m^2 cn^2(x + ct) ] e^{iR}, (45.1) and u^′_3 =

(2m^2 − 1) + c − 3p^2 3 − 2m^2 cn^2(x + ct),

v^′_3 = ± √ −2m^2[2c − (2m^2 − 1) − 3p^2] 3 cn(x + ct)e^{i[px−p(2p2+2(2m2−1)−c)t+R]}, (45.2)

Case 3. r = m^2 − 1 a = (2 − m^2) b = −2

u_4 =

4(2 − m^2) + c 3 − 4 dn^2(x + ct),

v_4 = ± [ 2 3 ((2 − m^2) + c) − 2 dn^2(x + ct) ] e^{iR}, (46.1) and u^′_4 =

(2 − m^2) + c − 3p^2 3 − 2 dn^2(x + ct),

v^′_4 = ± √ −2[2c − (2 − m^2) − 3p^2] 3 dn(x + ct)e^{i[px−p(2p2+2(2−m2 )−c)t+R]}, (46.2)

Case 4. r = m^2 a = −(1 + m^2) b = 2

u_5 =

−4(1 + m^2) + c 3 + 4 ns^2(x + ct),

v_5 = ± [ 2 3 (−(1 + m^2) + c) + 2 ns^2(x + ct) ] e^{iR}, (47.1) and u^′_5 =

−(1 + m^2) + c − 3p^2 3 + 2 ns^2(x + ct),

v^′_5 = ± √ 2[2c + (1 + m^2) − 3p^2] 3 ns(x + ct)e^{i[px−p(2p2−2(1+m2 )−c)t+R]}, (47.2)

ON EXACT SOLUTIONS OF THE K-G-S AND CC KDV EQUATIONS USING MAPPING METHOD15

u_6 =

−4(1 + m^2) + c 3 + 4 dc^2(x + ct),

v_6 = ± [ 2 3 (−(1 + m^2) + c) + 2 dc^2(x + ct) ] e^{iR}, (48.1) and u^′_6 =

−(1 + m^2) + c − 3p^2 3 + 2 dc^2(x + ct),

v^′_6 = ± √ 2[2c + (1 + m^2) − 3p^2] 3 dc(x + ct)e^{i[px−p(2p2−2(1+m2 )−c)t+R]}, (48.2)

Case 5. r = −m^2 a = (2m^2 − 1) b = 2(1 − m^2)

u_7 =

4(2m^2 − 1) + c 3 + 4(1 − m^2) nc^2(x + ct),

v_7 = ± [ 2 3 ((2m^2 − 1) + c) + 2(1 − m^2) nc^2(x + ct) ] e^{iR}, (49.1) and u^′_7 =

(2m^2 − 1) + c − 3p^2 3 + 2(1 − m^2) nc^2(x + ct),

v^′_7 = ± √ 2(1 − m^2)[2c − (2m^2 − 1) − 3p^2] 3 nc(x + ct)e^{i[px−p(2p2+2(2m2 −1)−c)t+R]}, (49.2)

Case 6. r = −1 a = (2 − m^2) b = 2(m^2 − 1)

u_8 =

4(2 − m^2) + c 3 + 4(m^2 − 1) nd^2(x + ct),

v_8 = ± [ 2 3 ((2 − m^2) + c) + 2(m^2 − 1) nd^2(x + ct) ] e^{iR}, (50.1) and u^′_8 =

(2 − m^2) + c − 3p^2 3 + 2(m^2 − 1) nd^2(x + ct),

v^′_8 = ± √ 2(m^2 − 1)[2c − (2 − m^2) − 3p^2] 3 nd(x + ct)e^{i[px−p(2p2+2(2−m2)−c)t+R]}, (50.2)

Case 7. r = 1 − m^2 a = (2 − m^2) b = 2

u_9 =

4(2 − m^2) + c 3 + 4 cs^2(x + ct),

v_9 = ± [ 2 3 ((2 − m^2) + c) + 2 cs^2(x + ct) ] e^{iR}, (51.1) and u^′_9 =

(2 − m^2) + c − 3p^2 3 + 2 cs^2(x + ct),

v^′_9 = ± √ 2[2c − (2 − m^2) − 3p^2] 3 cs(x + ct)e^{i[px−p(2p2+2(2−m2)−c)t+R]}, (51.2)

16 E.YOMBA

Case 8. r = 1 a = (2 − m^2) b = 2(1 − m^2)

u_{10} =

4(2 − m^2) + c 3 + 4(1 − m^2) sc^2(x + ct),

v_{10} = ± [ 2 3 ((2 − m^2) + c) + 2(1 − m^2) sc^2(x + ct) ] e^{iR}, (52.1) and u^′_{10} =

(2 − m^2) + c − 3p^2 3 + 2(1 − m^2) sc^2(x + ct),

v^′_{10} = ± √ 2(1 − m^2)[2c − (2 − m^2) − 3p^2] 3 sc(x + ct)e^{i[px−p(2p2+2(2−m2 )−c)t+R]}, (52.2)

Case 9. r = 1 a = (2m^2 − 1) b = 2m^2(m^2 − 1)

u_{11} =

4(2m^2 − 1) + c 3 + 4m^2(m^2 − 1) sd^2(x + ct),

v_{11} = ± [ 2 3 ((2m^2 − 1) + c) + 2m^2(m^2 − 1) sd^2(x + ct) ] e^{iR}, (53.1) and u^′_{11} =

(2m^2 − 1) + c − 3p^2 3 + 2m^2(m^2 − 1) sd^2(x + ct),

v^′_{11} = ± √ 2m^2(m^2 − 1)[2c − (2m^2 − 1) − 3p^2] 3 sd(x + ct)e^{i[px−p(2p2+2(2m2 −1)−c)t+R]}, (53.2) Case 10. r = m^2(m^2 − 1) a = (2m^2 − 1) b = 2

u_{12} =

4(2m^2 − 1) + c 3 + 4 ds^2(x + ct),

v_{12} = ± [ 2 3 ((2m^2 − 1) + c) + 2 ds^2(x + ct) ] e^{iR}, (54.1) and u^′_{12} =

(2m^2 − 1) + c − 3p^2 3 + 2 ds^2(x + ct),

v^′_{12} = ± √ 2[2c − (2m^2 − 1) − 3p^2] 3 ds(x + ct)e^{i[px−p(2p2+2(2m2 −1)−c)t+R]}, (54.2)

Case 11. r = 1/4 a = (1/2 − m^2) b = 1/2

u_{13} =

4(1/2 − m^2) + c 3 + [ns(x + ct) ± cs(x + ct)]^2,

v_{13} = ± [ 2 3 ((1/2 − m^2) + c) + 1 2 [ns(x + ct) ± cs(x + ct)]^2 ] e^{iR}, (55.1)

ON EXACT SOLUTIONS OF THE K-G-S AND CC KDV EQUATIONS USING MAPPING METHOD17 and u^′_{13} =

(1/2 − m^2) + c − 3p^2 3 + 1 2 [ns(x + ct) ± cs(x + ct)]^2,

v^′_{13} = ± √ [2c − (1/2 − m^2) − 3p^2] 6 [ns(x + ct) ± cs(x + ct)]e^{i[px−p(2p2+2(1/2−m2 )−c)t+R]}, (55.2) Case 12. r = (1 − m^2)/4 a = (1 + m^2)/2 b = (1 − m^2)/2

u_{14} =

2(1 + m^2) + c 3 + (1 − m^2)[nc(x + ct) ± sc(x + ct)]^2,

v_{14} = ± [ 2 3 ((1 + m^2)/2 + c) +

1 − m^2 2 [nc(x + ct) ± sc(x + ct)]^2 ] e^{iR}, (56.1) and u^′_{14} =

(1 + m^2)/2 + c − 3p^2 3 + 1 − m^2 2 [nc(x + ct) ± sc(x + ct)]^2,

v^′_{14} = ± √ (1 − m^2)[2c − (1 + m^2)/2 − 3p^2] 6 [nc(x+ct)±sc(x+ct)]e^{i[px−p(2p2+(1+m2 )−c)t+R]}, (56.2) Case 13. r = m^4/4 a = (m^2 − 2)/2 b = 1/2

u_{15} =

2(m^2 − 2) + c 3 + [ns(x + ct) + ds(x + ct)]^2,

v_{15} = ± [ 2 3 ((m^2 − 2)/2 + c) + 1 2 [ns(x + ct) + ds(x + ct)]^2 ] e^{iR}, (57.1) and u^′_{15} =

(m^2 − 2)/2 + c − 3p^2 3 + 1 2 [ns(x + ct) + ds(x + ct)]^2,

v^′_{15} = ± √ [2c − (m^2 − 2)/2 − 3p^2] 6 [ns(x+ct)+ds(x+ct)]e^{i[px−p(2p2+(m2 −2)−c)t+R]}, (57.2)

Case 14. r = m^2/4 a = (m^2 − 2)/2 b = m^2/2

u_{16} =

2(m^2 − 2) + c 3 + m^2[sn(x + ct) ± i cn(x + ct)]^2,

v_{16} = ± [ 2 3 ((m^2 − 2)/2 + c) + m^2 2 [sn(x + ct) ± i cn(x + ct)]^2 ] e^{iR}, (58.1) and u^′_{16} =

(m^2 − 2)/2 + c − 3p^2 3 + m^2 2 [sn(x + ct) ± i cn(x + ct)]^2,

v^′_{16} = ± √ m^2[2c − (m^2 − 2)/2 − 3p^2] 6 [sn(x + ct) ± i cn(x + ct)]e^{i[px−p(2p2+(m2 −2)−c)t+R]}, (58.2)

18 E.YOMBA

Case 15. r = 0 a = 0 b = 2

u_{17} = c 3 + 4C^2 (x + ct)^2 , v_{17} = ± [ 2 3 c + 2

C^2 (x + ct)^2 ] e^{iR}, (59.1) and u^′_{17} = c − 3p^2 3 + 2 C^2 (x + ct)^2 , v^′_{17} = ± √ 2[2c − 3p^2] 3 C (x + ct) e^{i[px−p(2p2−c)t+R]}, (59.2)

Remark 3 When m→ 0, the solutions (43)-(58) degenerate as triangular function namely Case 16. r = 0 a = −1 b = 2

u_{18} =

−4 + c 3 + 4 csc^2(x + ct),

v_{18} = ± [ 2 3 (−1 + c) + 2 csc^2(x + ct) ] e^{iR}, (60.1) and u^′_{18} =

−1 + c − 3p^2 3 + 2 csc^2(x + ct),

v^′_{18} = ± √ 2[2c + 1 − 3p^2] 3 csc(x + ct)e^{i[px−p(2p2−2−c)t+R]}, (60.2)

u_{19} =

−4 + c 3 + 4 sec^2(x + ct),

v_{19} = ± [ 2 3 (−1 + c) + 2 sec^2(x + ct) ] e^{iR}, (61.1) and u^′_{19} =

−1 + c − 3p^2 3 + 2 sec^2(x + ct),

v^′_{19} = ± √ 2[2c + 1 − 3p^2] 3 sec(x + ct)e^{i[px−p(2p2−2−c)t+R]}, (61.2) Case 17. r = 1 a = 2 b = 2

u_{20} =

8 + c 3 + 4 cot^2(x + ct),

v_{20} = ± [ 2 3 (2 + c) + 2 cot^2(x + ct) ] e^{iR}, (62.1) and u^′_{20} =

2 + c − 3p^2 3 + 2 cot^2(x + ct),

ON EXACT SOLUTIONS OF THE K-G-S AND CC KDV EQUATIONS USING MAPPING METHOD19

v^′_{20} = ± √ 2[2c − 2 − 3p^2] 3 cot(x + ct)e^{i[px−p(2p2+4−c)t+R]}, (62.2)

u_{21} =

8 + c 3 + 4 tan^2(x + ct),

v_{21} = ± [ 2 3 (2 + c) + 2 tan^2(x + ct) ] e^{iR}, (63.1) and u^′_{21} =

2 + c − 3p^2 3 + 2 tan^2(x + ct),

v^′_{21} = ± √ 2[2c − 2 − 3p^2] 3 tan(x + ct)e^{i[px−p(2p2+4−c)t+R]}, (63.2)

Case 18. r = 1/4 a = 1/2 b = 1/2

u_{22} =

2 + c 3 + [csc(x + ct) ± cot(x + ct)]^2,

v_{22} = ± [ 2 3 (1/2 + c) + 1 2 [csc(x + ct) ± cot(x + ct)]^2 ] e^{iR}, (64.1) and u^′_{22} =

1/2 + c − 3p^2 3 + 1 2 [csc(x + ct) ± cot(x + ct)]^2,

v^′_{22} = ± √ [2c − 1/2 − 3p^2] 6 [csc(x + ct) ± cot(x + ct)]e^{i[px−p(2p2+1−c)t+R]}, (64.2)

u_{23} =

2 + c 3 + [sec(x + ct) ± tan(x + ct)]^2,

v_{23} = ± [ 2 3 (1/2 + c) + 1 2 [sec(x + ct) ± tan(x + ct)]^2 ] e^{iR}, (65.1) and u^′_{23} =

1/2 + c − 3p^2 3 + 1 2 [sec(x + ct) ± tan(x + ct)]^2,

v^′_{23} = ± √ [2c − 1/2 − 3p^2] 6 [sec(x + ct) ± tan(x + ct)]e^{i[px−p(2p2+1−c)t+R]}, (65.2)

Remark 4 When m→ 1, the solutions (52) degenerate as soliton, combined soliton solutions , namely Case 19. r = 1 a = −2 b = 2

u_{24} =

−8 + c 3 + 4 tanh^2(x + ct),

v_{24} = ± [ 2 3 [−2 + c] + 2 tanh^2(x + ct) ] e^{iR}, (66.1)

20 E.YOMBA and u^′_{24} =

−2 + c − 3p^2 3 + 2 tanh^2(x + ct),

v^′_{24} = ± √ 2[2c + 2 − 3p^2] 3 tanh(x + ct)e^{i[px−p(2p2−4−c)t+R]}, (66.2) Case 20. r = 0 a = 1 b = −2

u_{25} =

4 + c 3 − 4 sech^2(x + ct),

v_{25} = ± [ 2 3 ((1 + c) − 2 sech^2(x + ct) ] e^{iR}, (67.1) and u^′_{25} =

1 + c − 3p^2 3 − 2 sech^2(x + ct),

v^′_{25} = ± √ −2[2c − 1 − 3p^2] 3 sech(x + ct)e^{i[px−p(2p2+2−c)t+R]}, (67.2) Case 21. r = 1 a = −2 b = 2

u_{26} =

−8 + c 3 + 4 coth^2(x + ct),

v_{26} = ± [ 2 3 (−2 + c) + 2 coth^2(x + ct) ] e^{iR}, (68.1) and u^′_{26} =

−2 + c − 3p^2 3 + 2 coth^2(x + ct),

v^′_{26} = ± √ 2[2c + 2 − 3p^2] 3 coth(x + ct)e^{i[px−p(2p2−4−c)t+R]}, (68.2) Case 22. r = 0 a = 1 b = 2

u_{27} =

4 + c 3 + 4 csch^2(x + ct),

v_{27} = ± [ 2 3 (1 + c) + 2 csch^2(x + ct) ] e^{iR}, (69.1) and u^′_{27} =

1 + c − 3p^2 3 + 2 csch^2(x + ct),

v^′_{27} = ± √ 2[2c − 1 − 3p^2] 3 csch(x + ct)e^{i[px−p(2p2+2−c)t+R]}, (69.2)

Case 23. r = 1/4 a = −1/2 b = 1/2

u_{28} =

−2 + c 3 + [coth(x + ct) ± csch(x + ct)]^2,

ON EXACT SOLUTIONS OF THE K-G-S AND CC KDV EQUATIONS USING MAPPING METHOD21

v_{28} = ± [ 2 3 (−1/2 + c) + 1 2 [coth(x + ct) ± csch(x + ct)]^2 ] e^{iR}, (70.1) and u^′_{28} =

−1/2 + c − 3p^2 3 + 1 2 [coth(x + ct) ± csch(x + ct)]^2,

v^′_{28} = ± √ [2c + 1/2 − 3p^2] 6 [coth(x + ct) ± csch(x + ct)]e^{i[px−p(2p2−1−c)t+R]}, (70.2)

u_{29} =

−2 + c 3 + [tanh(x + ct) ± i sech(x + ct)]^2,

v_{29} = ± [ 2 3 (−1/2 + c) + 1 2 [tanh(x + ct) ± i sech(x + ct)]^2 ] e^{iR}, (71.1) and u^′_{29} =

−1/2 + c − 3p^2 3 + 1 2 [tanh(x + ct) ± i sech(x + ct)]^2,

v^′_{29} = ± √ [2c + 1/2 − 3p^2] 6 [tanh(x + ct) ± i sech(x + ct)]e^{i[px−p(2p2−1−c)t+R]}, (71.2)

4. conclusion

Based on the mapping method and the use of symbolic computation system Mathematica, we construct explicit, rich and new solutions such as Jacobi elliptic function, combined Jacobi elliptic function, rational, triangular function, soliton and combined soliton solutions to the coupled Klein-Gordon-Schrödinger equations and to the complex coupled KdV equations. Acknowledgement.

This research was carried out during the author’s stay at the Max–Planck Institut für Mathematik in Bonn. I thank this institution for the generous hospitality and support. I thank Matilde Marcolli for useful discussions.

References

[1] Wadati M, Sanuki H, Konno K. Prog Theor Phys 1975;53: 419.

[2] Matveev VA, Salle MA. Darboux transformations and solitons. Berlin, Heidelberg: Springer- Verlag; 1991.

[3] Fu Z, Liu SK, Liu SD, Zhao Q. Phys Lett A 2001;290: 72. [4] Parkes EJ, Duffy BR. Comp Phys Commun 1996;98: 288. [5] Yan CT. Phys Lett A 1996;224: 77. [6] Yan ZY, Zhang HQ. Phys Lett A 1999;252: 291. [7] Wang ML. Phys Lett A 1996;216: 67.

[8] Elwakil SA, El-labany SK, Zahhran MA, Sabry R. Phys Lett A 2002;299: 179. [9] Liu SK, Fu ZT, Liu SD, Zhao Q. Phys Lett A 2001;289:69.

22 E.YOMBA

[10] Liu SK, Fu ZT, Liu SD, Zhao Q. Acta Phys Sin 2002;51:10. [11] Peng YZ. Chin J Phys 2003;41:103. [12] Peng YZ. Phys Lett A 2003;314: 401.

[13] Zhou Y, Wang M, Wang Y. Phys Lett A 2003;308:31.

[14] D.V. Patrick, Elliptic function and elliptic curves. Cambridge: cambidge University Press, 1973. [15] K. Chamdrasekharan, Elliptic functions. Berlin: Springer-Verlag, 1985. [16] Fukuda I, Tsutsumi M. J Math Appl 1978;66:358. [17] Shatah J. Commun Math Phys 1983;91:313. [18] Hayashi N, von Wahi W. J Math Soc Jpn 1978;39:37. [19] Ozawa T, Tsutsumi Y. Adv Stud Pure Math 1994;23:295. [20] Ohta M. Nonlinear Anal 1996;27:455. [21] Guo BL, Li YS. J Differ Equat 1997;136:356. [22] Wang BX. Math Method Appl SCI 2000;23:1655.

[23] Darwish, Fan EG. A series of new exact solutions for the coupled Klein-Gordon-Schrödinger equation in press in Chaos, Solitons and Fractals.

[24] Wu YT, Geng XG, Hu XB, Zhu SM. Phys Lett A 1999;255:259. [25] Hirota R, Satsuma J. Phys Lett A 1981;85:407. [26] Satsuma J, Hirota R. J Phys Soc Jpn 1982;51:3390. [27] Fan EG, Chao L. Phys Lett A 2001;285:373. [28] Hon YC, Fan EG. Chaos, Solitons and Fractals 2004;19:515.

E-mail address: eyomba@yahoo.com