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anel
Mathematisches Institut
der Universität Bonn
Wegeierstraße 10
53115 Bonn

Program of the Mathematische Arbeitstagung 1995 (I)

Wednesday, J une 14, 1995

3:30 - 4:15 p.m.

5:00 - 6:00 p.m.

8:00 - 9:50 p.m.

Thursday, June 15, 1995

10:15 - 11:15 a.ID.

12:00 - 1:00 p.m.

5:00 ~ 6:00 p.m.

8:00 ~ 11 (?) p.m.

Friday, June 16, 1995

10:00 - 10:20 a.m.

10:30 - 11:30 a.m.

1:00 - 8:00 p.m.

Opening anel first pl'ogram discussion

M. KONTSEVICH (Berkeley and IHES)
The moduli space of a11 Calabi-Yau threefolds

Chamber Mnsic Concert: Knopp-Melan<;on Duo
Aula der Universität, Hauptgebäude (entrance from
"Am Hof' street across from BOlivier bookstore)

F. POP (Heidelberg)
Characterization of fieleIs by their Galois grollps

M. SMIRNOV (Princeton U.)
Radon transform anel the 4th Hilbert problem

T. MROWKA (Harvard)
Seiberg-'Vitten invariants anel 4-manifolds, I

Rector's Party
Festsaal eier Universitä.t, Hauptgebäude (entrance from
"Am Hof' street acr"oss from Bouvier bookstore)

Program discussion for the Saturday anel Sunday lectures

J. 1vl0RGAN (Coillmbia U.)
Seiberg-Witten invariants and 4-manifolds, 11

Boat trip to Unkel
Departure with "Carmen Sylva" near the Kenneely Bridge

All lectures will take place in the "Großer Hörsaal," ''''egelerstraße 10.

There will be teu br'eaks on Wednesday from 4:15 to 5 p.m. anel on other days (except Friday) from
11:15 to 12 a.m. and 4:15 to 5 p.m. At this time also mail will be distributed and you will have
the opporunity to pay your Ta.gungsbcitr'ag of 20 marks.

Lists of participants anel other informa.tion will be ava.ilable at the entrance of the lecture room.
All participants are requested to put their name on the list!

All Arbeitstagung participants anel those accompanying them are warmly invited to the chamber
music program on Wednesday evening and to the party Oll Thursday.



Max-Planck-Institut
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Gottfried-Claren-Straße 26
53225 Bonn

and
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WegeIerstraße 10
53115 Bonn

Program of the Mathematische Arbeitstagung 1995 (11)

Saturday, June 17, 1995

10:15 - 11:15 a.m.

12:00 - 13:00 p.m.

5:00 - 6:00 p.m.

Sunday, June 18, 1995

10:00 - 10:15 a.m.

10:15 - 11:15 a.m.

12:00 - 13:00 p.m.

5:00 - 6:00 p.m.

R. BORCHERDS (Berkeley)
Prod uct expansions of au tomorphic forms

F. DORT (Utl'echt)
Resolution of singularities by alterations (a report
on work of A.J. de Jong)

A. BUIUM (Romanian Acad.Sci. Bucarest)
p-adic jets, Manin maps and related questions

Progl'am discussion for the Monday and Tuesday lectures

C-L. CHAI (U. of Pennsylvania)
Density of ol'dinal'Y abelian varieties in the moduli space

R. TAYLOR (Oxford)
Galois representations and modular forms, I

E. LOOIJENGA (Utrecht)
On the tautological ring of Mg

All lectures will take place in the "Großer Hörsaal," Wegeierstraße 10.

There are daily tea breaks from 11:15 to 12 a.m. anel 4:15 to 5 p.m. At this time also mail will be
distributed and you will have the opporunity to pay your Tagungsbeitrag of 20 marks.

Lists of participants anel other information will be available at the entrance of the lecture roorn.
All participants a.re requested to put their name on the list!



Max-Planck-Institut
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Gottfried-Claren-Straße 26
53225 Bonn

anel
Mathematisches Institut
der Universität Bonn
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53115 Bonn

Program of the Mathematische Arbeitstagung 1995 (111)

Monday, June 19, 1995

10:15 - 11:15 a.m.

12:00 - 13:00 p.m.

5:00 - 6:00 p.m.

Tuesday, June 20, 1995

10:15 - 11:15 a.m.

12:00 - 13:00 p.m.

5:00 - 6:00 p.m.

G. FALTINGS (MPI)
Tate cycles

R. PINK (Mannheim)
Mumforel-Tate conjecture

B. LEEB (U. Bonn)
Rigiditiy of spaces of non-positive curvature

U. BUNKE (Berlin)
Spectral theory on sym metric spaces:
group cohomology anel (-functions

I. HAMBLETON (McMaster U.)
On topological similarities of representations
offinite groll ps

R. TAYLOR (Oxford)
Galois representations anel moel ular forms, II

Alllectures will take place in the "Großer Hörsaal," Wegeierstraße 10.

There are daily tea breaks from 11:15 to 12 a.m. and 4:15 to 5 p.m. At this time also mail will be
distributed and you will have the opporunity to pay your TagungsbeitnLg of 20 marks.

Lists of participants anel other information will be available at the entrance of the lecture room.
All participants are requesteel to put their name on the list!





Titel: lhe. ~o~li SPA.~ of A.\l ~l'l~i~ V~ *~teJZ.~l~
Autor: fv\, ko Vl-tS /LV \~

Adresse: LJ C. ß~r~ "" .....J. I ~ E S
Seite: 1

T"" 's ~ 0..\ \e.. \~ o..'a oc..e..~ Q."" 0 \ cl. l &.L..4... ~ H, Q..e.\~

(l'~ co~p&" ~~+--'"'1) Q,tI'\,A. 0.. t'.ll~+ ol's(...QVC2..~

~ A. S""r-()~i"''Yr (,'" s~ri"'~ ~~~)

+ rn"""'(t ~ 'PIZ (...(.4.i~ tl O~~ ""'

ST\<.\tJG T~~OI2'1' ,,~ sp~t.Q..-+~~ -Pot"
-



Autor:" M. ko n-t s.;z..v \cA, Seite: 2..

k'\LES REID'S MOPLtu SPACE' ('l~~ ~)

PPL - ~iV\\~I'O'" ~ J1~=- +k. ~ ~ b,t"d'='o~\ {~fLt~ ~
CO'N\.p~cA- C.OV'vlp&x 3-~\J.~ X VL.~~ kx -=0.1 Ti"X=o.

X \S. n.ot ~ \., \e r i '" ~ i'\.R r-<'l I J ~o s+ f)'\o\.}- -1~~ . ' ,
~f.tc. c.O~S1:\'Ll.~iO~ (~. c..l12..~R~"" R. F"'·-EJ.~~~)-

Cons. '\ ~r rtt:b ~ OV\Cll\ eu~~ C. ~"" X .
A ~ 0 cl s;: i-\. '<.A~.0 "", ""Il· C Q.re s ,,,,..C)O'~·"~
R.~ b..L otck...ct c ~ «p 'C.,l X J 01 0 ~ t i h +t<. r'.tJ2~
eC(..~ o~~r ~",,&( !\Ix., ~ (9(-",) (!) (!)(-I), c.. .

OnJ2. (2)c:~<Z..,*S -l~~ i~ ~lcLS ~",.o.s"iCA.lt~ .
.S"-+'4l \ c.oV\~~,"* ~i",i-kl1. ml\~(-I)-l) -'A..C.rv~~

tC( J to pO\~+S. W~ ~~ ~ oS \t\3:"c.(ltl"' Sp~~

X I wit\.... '\~~ r-& -h. c.. oS i"'}l{ \Cl\. t'i -H.e~ ~ =?- ltJ=0 .

S'+<t.~ ~ i=~,d: ~~{.jovu X'~ X' (~)C';(,"'f,)
.' fC' 3.c;...." c.c,J. ..

o~ H'(X, lJt) ~T~ <[ ·~ Htex cr)-T~ 0
's~ o~r- ofvI.o~~·O""l "" 0bs ~ ~c.A,·o h~.

I~ w.~ \.vlvlZ. .e\t\..DLlt eurv.t.s.J [C-:] Spct k ~t(x;~)

+~<l..'" T~- 0 Q,"" ",""o~li s pa.CR, )..toJ.(k') ls 1~1J"

}tO~lX') is s-\~1it-€c.( h(J S'i~\~rlhe.1 ~ x~ .
The...ore.~ As Q. V.~1-\ Qi eol S f)(l(,J2. Ho J()( ) t"V

~O~~":" - ) Je clo~"",,,'\ \/E.r (<[ f(d~ \i'1.(x.; Q)) Uioo,t~
,~ \-t" (j., Tj( \ ~ l'! 14:<
.f\..t s:~ t; -P; CA-k O""'f c.OM i~ -Pro..... c.co rJ. i "Ak.s I'" <C. :-

J)~orm.(.cl \lY\.O,,,,,i ~\ J X 'J ~r6h" +~ l)~", slrw.-/q.
~A.~ n" X.v_ 0 ., 1<' ,,=.O Cl"" '" H.L (x ': ~) ::= O.
S'-'4..~ h-\. ~~ ~ ~ l cl ~ G\.t'lL ot~ tv\.C (' P h .. c.... 4-0

C~>~x ~:l) ~ (s) ",~3) *"- ... ~(S'.JJ(S"3) C(.J,c..~{lj

Co V\ j e ~.ß... (M. Re. i ~ ) J,.t , oS c..o ~ V\..f c.A<.e{ .
Fo l;" 'I" \0-'1f 1l'O"'1' ~ ~ Cl.."'"~ i+- w/l.lo ~.(ciu..l
~ pli\~ ~; c..i\~ h.l 'b ...-\. -\\.,..1.. pl."y" i Oll I IM-( Q.""",,~ wtl ~ ~+ d.rlf~



Autor: M. \(OY\+SeVl~ Seite: 3

M\RROR SYMt-iET~'(' AN:]) ~')EOMcTRtr OF v4
W"- c.o~~ +r-t.<.e:.t -lo~ ~Q.~ C'( 3 -~ lel X ~ 0

~~~ '\.Y\ C\ ""'-A l "3-' h' t... c:...o "" tl ~
~ - ~eW.'. pi ~ 0.. s'd -..~ <- • b~}Q.. i ... 1-\ ~(X; <1:') ~([U"2

k3'0(X)c.(tbH. is ... \-ol\~ S ....bSpll.<.2 ~~~i,.

O\.-. b ~ ,\c.. H'( X. T;c ) -= k'2.,' ()(.) pC4..~~k~ .
;l~(x) ~= U HJ,°CX; c:.. <fz..b~L .is ~L~~~~~---\

X : M"",,a4 )(. <...o""-l ·

A-W\...I>~ · ~~ CL ~""e-b'o,""" ;'" Q.. J..o~;~ ,..,
.. ( ) Sw\ Z S) t41.(X;<f):l= (w) = I ~ . L1.3 (e}'p W

)( .3. I

C. ~ ~t\ O"\.A\ c.. ~ Ir

~r'Vt. ~ _ L~~ ~) :"- ~;
F<',L),CCw l, ~) (-:. t 2.. F(L)( C....J) ho.-..o)A-~~·"

-t'. Q.U\"'O~' "''''''~ "t qrU.. --~.
't.. A (X) : -= CJ t'l!c.W>~ ~ ol~-t~ t-ld.l J F <.1..)

"J ... (x) c <L ~"'Tl. <:\.:~ rk. I-l ix), ~3A~' .... LA..J~}L""
)

M\t'TOr S1~~t~: ~r- .,lu.q/ C Y 3 -tolJs k I Y
~A(j) fV I.ß('()~ ;tß(~),-vtA('()

( Gl .f..~~ ~'t """ l' .e.~(, Q.i~ r- +NlI '"S .f..o I' -....+i 0"'-' ) ,

·So\",,-hoV\J. ~ P\CA~- ~c...hs .e.~(.<-.ce..-h\O~i. 'd lV.~
Pr<.ol( c;\{ 0 ""-5, ~a r- I')u....... k r-s ~ l"4tI:-; 0 l.\Jl( I ClU'V.(~

Co~ !. i k lilA""; ",e,.r-S ~ I " c:..o i-..e ;e.. ß -Pol"'. QeiJ~
~W: -sf~<..Q v4. Ti h.ct.~ s+ret.k :t~(X)
Sih~klttti-kes i", no~\ etil'€.cA-\oh,\ a.re.
~I/a.\~ b}.; ei.~CJ.l'" ~+"cn.s kl~
:f-u.'-' olL\.~~ \ d Cl 5~ ~ r"1:l-\ b V1A ( C(j,V' v.e ~ .

tv\S \~ . <ll.. J-\..utli~ ~+U-~ .s+f'"4\-k. ~" ~ß:
~ ~ ~ i ,,~rd-tC4..~ I~

S" Cl.P..e. Ol"'" J. ~ l Vl~ lllc.l"')· +ca.
1+ ,~ Ct~~ ~ o~ L(.~ l-o ~ 1=o&oo\.n'..L r -t-f'Bt V' stor-~ .



Autor: M. k0\1\+seV I c.J., Seite: 4

Mf\STER. EQL.lAt\O)\J (0- v(L~ VL.i\~ ~s)

LQ..-t ~ L\.) bQ. ~ ~~lf\cA;o~ ~ ~~~'~
~~ =- ~ . T"'-c... ~\kr ~C{~h' 0"""- i.s· '.

FDlA.r-j€r trl:l. ... "'te""'" C~",. I=(t}= ~l"~(~:!r(.:~~.s~:)
G~I2.~.s._ MiN'"Ot" S~ """~~ .~iv~S 0.. s-ot ....·h'o'"" ,J .i.

, Y'\. 00 ~ "''''& 11"\ f)'-q.101~. .
<C.KClW\.'~~ et 42\~i 1e - .,Q., K-t.~\ ,a\U. \ S ol4..~· OlA'~ (D.\<.~~J~,,\

0) ~(l). q~,,"c.l~-w(.. ~r-.. . ;J

\) i= ('\.) (XtJ"t' J::' . -\.- \ Q (~) (x) Q (3) l S Co\. ~'c.. t.ot .....
~ ~ ) , , • I '" . ~ <:> ""'<I..~ " \ t> c.J' \ .s., e l.l k

~p\~~ Il..,.: ., 'b ~ c... J..... tu. c:.4l" K-.-, U ( i) .

Y'\"= .3 Q. -:. ~,~'l. X~ or- a.. t-\ 0~ i ~ ~b" ~ ~'~/A
v"\::. 9 Q: ~(~;'~)3 ac) t . +-~\\4J -IOf'k~
Y\ -=:. ~1- Q ~ s ~ - l,,-,VA. N"o..", \-

1+ i~ ~ c.crr-~ U~t- crf
c..~ ;"'cr ~ ~. v~r-i "hok.~ d
.,) r- x, ... ':X:If\+'\. (
v . ~ ~ ~o~~r

'() 1\ .... ~ ~

PHYSICS 0F TBAWS I TIOJ/S BETWEE;V elf.

A. S~~; fr- ~ i ~ 10 - oli~RII\~ I 0"'4 \ s+"''1 +k4o~

"f:l..~.~- I So ~ co'"~r-v(.cl c-kA~ , ~ ..t
0( I<,. 4: do~J s,.e...Qt- ~l ~-~~. ~oc.~~
~O~ i-o J.~-- = Li cx.~ So( eSLt.cn~_~)·

. ~.~

\)cI~('(. c~;~ a.:)- "1e.& i", x. Gto~>.-~Or~

~ \ vLS IX. W rt -t-oC" fO; ~+ -It~ o\:> ~~OH
i~ OIA..I' S pe). (ß. .. \~ ~ Cb.e~e.-k ~ \-t. ~ I'),
I t ~~.!. -\-Q Y\L\llI P~ ~ \"~ I t' h.t. Vl..O l'Y\.t VUf. ·

~ c&:. ~ J S. ~lA.l ~ b..e. I, S f e.c..i Cl \

l4..a-~~Cl.1.<\" S '1.b~~ t' tu lJ > j 1'\ K.



Auto~ M. k-o,,+ S1Wi~ Seite: 5"

- : ::~

1
!
,

c.~OOU2. Cl. h.o\O~~f~\c:. VOeU.~ "'~~~
U'oR... ~ K°(fJ \'-X) ~~~ \v6l \-=t -

~..e..f;",\t-IO~ "2: c..X \'io ~~c.,\CA.\ tCLri\~", i.f(.
'3 c.p ~ IR / RR.. (e. l <.q vo .e.) \ "2. =-0 4- 2- i ~ e. '<.., 1'4\. ..., .'a&,.

S.... vl.. ":ö~ "& h( S 1....'1\ \1\ i ""--'l I V a-et<.~ i '" ik
k-o~ lD~~ e.-&.ss (Ht.l..rv.i.'a- La. ......J'o .... CAI"6r-ttk~

~e>~tf'I ~ J . "'.

~ ~ blQJL. ~.\~ .~~~ ~'\~~;: uo2 CeJ
lD..e.tf~~·ko", at Lo-"",~.... ~ +~vjt~"\ ><
+11 c..o""" <:.Al ~ \ "\.~ '" IC\ rd-i .e J CJ ~ ....~ n...t..w
vn~!.~ ~s PC\.l'-h' c..i.Ä ~V\.J.. s~~ ph.'1 s 'Cd
~ \"'0'- &( t'& e..t.> "" h' V1A-'l,.l' ft·~!o • ( ~ U C>.." 4. "" i:i~ ""'3- J
c.o "'~ e..J.-lA~ Ce. V,,~) k-\o..- ~\<\.';{J-R.~ .
TI k'l~yLS ~ n c1k ( f:::;.~ j ) ",0_ , l> .... IL~.

'b \~J.&.. ~ t ~ L'l" \C4. "'~.., ~'" Slij ()()

~~V\~-
H. c.&~...,~, AOlv. MlC.-It. t.{?- ·(1'J83) I l0"1--l.3 0

r<. ' F n· ~ J~ "1 / Pro'. S'1 ~r' PtA ~ M4f1.. \,01 j-.J O~'1I}., IDYJ .... /J..,
14. ~.,\o( ;I t'1tA~. An.,. 2?8 (1'6?-) 32'-J3't
P. C(;(""M"~I PI. DiA/e, c. L;,.. flu...." R. $",1, i~"" r-a', ~ i

/V~d.. Phj~. ß 2.98 (19-8 1) '19~- SlS
n ~~l-1 T k ~ l, s cA., Co HIt ~. t11J1-n. .P~ s. 11' (/911/ e,~ 1--
~ /. ~ J-~~I

Q .Tl a.., , ,. P\ ?ss"'J ~ ~ /'1,. "''''4''' /'14 1t1" 1-./,s" 191j1. CY'C.ct , ~J.)

hL)(-t. :. ~ lOtefN",h Oht. <:.4'" .~ .~\~ C2-~\"

To·.. ·h.Q.F - t.h@X)('c'. ~Olh \. tO\l (S~~ 't.J '. ~.(l~)
S.,",-'0 .) ~ c..A:- '. ~ * Mo-)(. Wo ~ ~)O. { .. } +kR.. k«.l'p I
~' ~ ~~ ~ 'Kt ~s s ct.~~. •

~ .S+n> M\ "''Vl r / "M.p-t:~ 19.r0409 0
ß.Q-(U.~ 1). kom~o- (:\,S-k-tl~\O\4IQ,.. keop--"H;cJSO'fI'fS
c. .Vq.t.a.' ~-t~/gsoS02..i . r~ ~

/

1:b.~3t..k ... I~CA..l"""l~-k ~ ~re. ~t ~ ... l,li skd ~.



~I

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j

j



Titel: Ch;:;.racterization of fields by their Galois grou!?s

Autor: F 1 () r i an Pop

Adr~s~ Uni~er~ität Heirlelberq

Seite: 1

Let /'i, be an arbitrary field, K an algebraic closure of 1'\., and let G" = Aut (KIK)
denote the absolute Galois group of K. The aim of my talk was to present the
following result and to give the iclea of its proof:

Main Theorem. Let !( a71d L be finitely generated fields 0/ characteristic

zero. Then G K s:: G L im.plies L ~ !(. More precisely, there exists an /unctorial

bijection

Isom (L, !() -+ Out (G J(, CL),

where Out denotes outer isomorl,hisms 0/ profinite groups. Equivalently, /or

every isomorphism 0/ profinite groups cI- : CK -4 GL there exists a unique

isomorphism 0/ jields </>: L -+ !( such that

4>(9) = </>-1 94> (9 E GK),

henee in partie'tdar, 4> maps L isomorphically onto !{.

Questions relating the two basic objects jields !( on the aue side and
absolute Galois groups G K on the other side go back to the weH known Artin­
Schreier Theorem which mainly asserts that CK s:: CR implies that K is

real c1osed. The corresponding assertion for the p-adics is much more difficult
to prove, the beginning step being made by Neukirch for the case I< C Q.
This result of Neukirch was the starting point for the proof of the above Main
Theorem in the case dirn = 1, i.e., in the case K and L are number fields:

This is the Theorem of Neukirch-Ikeda-Iwasawa-Uchida. The next step was

made by the ~u.thor by solving the dilll: = 2 case, and a new different proof for
this case was recently given by M. Spiess.

Outline 0/ the proo/ 0/ the Main Theorem,

Let 4> : G J( -4 GL be as in the Main Theorem.

A) Let Vl (K) denote the space of all Zariski prime divisors of ](, and de­

note Vl (L) correspondingly. Then ~ gives rise to a functorial bijection c.p :

VI (K) -+ VI (L) which we call the loeal correspondence. From the construction
of cp it follows that for given v E V 1 (I() and the corresponding w EV1(L)

there exist "local" isomorphisms <P v : GKv -+ GLw. Thus there exist functorial



isomorphisms <Pu : Lw ~ ](v defined by cI> 11. The idea is to "interpolate" the

loeal isomorphism epu in order to get 4> with the desired properties.

B) We will say that a subset D C VI (]() is geonletrie if it is defined by the set

of a11 vVeil prinle divisors of SOlne quasi-projective, normal model X ~ Q of
!{ over Q. The next step in the proof is to show that the loeal correspondence

'P is geometrically contin'ltous, which nleans tha.t 'P maps every geometrie set
D of prime divisors of !{ onto a geometrie set of prime divisors of L. In this

proof we use in an essential way the fact that !( has eomplete, regular models.
Henee this step in the proof does not work in general. I)

C) Using again the loeal eorrespondenee one shows that cI> is eompatible with

the cyclotolnie charaeters. Thus using !(lunmer Theory one shows that for
every prime nU1l1ber f! cI> gives rise to an isonlorphisln J : L ~ i<, where '"

denotes the f! -adie cOlnpletion of the multiplicative groups of the fields. The
main problem now is to show that ~ 111aps the ima.ge of L x in L isomorphically
onto the image of !( x in L. For doing this one uses the induction hypothesis

as mentioned at A) and seconclly, the hilbertianity of the fields in discussion.

D) Next one shows that ~ is inclueecl by a fielcl isornorphisIn epf( : L ~ ]{, which

moreover, is funetorial. To finish the proof of the Main Theorem one replaces

!( by finite extentions, say Ai, and L by the eorresponeling finite extentions,

say N. Oue gets isoInorphislllS ep /11 : N ~ M, which by the funetoria11y, 0.11 are

compatible with each other. Hence we obtain a field isomorphisIn <p : L ~ ](

whieh defines cF.

Final com7nents

We finally want to relnark that the question/answers presented above fit into
the "anabelian geometry" of Grothenclieck, which roughly speaking means that
eertain eategories of S -schemes, eallec1 II anabelian" , should be mapped via the

fundamental group to fuH subeategories of the eategory of 0.11 profinite groups

with augmentation to ?Tl S anel outer isomol'phislllS. Eql1ivalently, if X and

1) On the meet.ing A. de Jong announced a. desingulariza.t.ion result. by "alterat.ions", which

nevertheless would suffice for our pUl'poses. Thus t.he Main Theorem seems to hold in all

characterisitcs.

2



Y are objects of SOlue anabelain category, there there should exist a functorial

bijection

The Main Theorelu a.bove gives a positive unswer to the Fundamental conjec­

ture 0/ the birational anabelian geometry in characteristic zero, which asserts
that via the fundanlental group the category of a11 finitely generated fields of
characteristic zero is equivalent to a full subcategory of the profinite groups and
outer isomorphisms of such groups.

There is already some progress in the stucly of anabelian curves, but here one
is far away from the "anabelian dream" of Grothendieck. One should mention
here the results of NakaIuura which essentially use deep results of Deligne and

Ihara on the arithmetic Galois action of the grouncl field on the geometrie

fundamental group of curves.

3
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Hilberts 4-th Problem, Radon Transform and Analogs of Differential Forms

Mikhail Smirnov

Princeton University and Max-Planck-Institut für Mathematik, Bonn·)

1. Introduction.

1

In his talk at the International Congress of Mathematicians in Paris in 1900 D.Hilbert formulated his
famous 23 problems. The 4-th problem was entitled "the problem of lines as shortest curves between two
points. " This problem was formulated quite broadly but it inspired a lot of works in geometry. The
motivation for this problem came from the Hilbert's own work on foundations of geometry.

The first progress on this problem was made by H.Hamel in 1903 [Ha]. It was followed by the work
of P.Funk in 1930 [Fu], J.Douglas [D] in 1942 and finally by aseries of works by H.Busemann [Bu] on the
geometry of geodesics. Later appeared a book by A.V.Pogorelov devoted to the Hilbert's 4-th problem.

The Hilbert's problem and its generalization that we deal with can be formulated as follows. To describe
all Finsler metrics 1) or more general Lagrangians whose extremals are straight lines. More generally this
problem can be formulated in this form: to describe all k-dimensional Lagrangians in Rn such that all
k-dimensional planes are their extremals (of course they have other extremals too).

The solution that is given here uses the Radon transform connected with a pair of Grassmannians
(section 6). The results on the Radon transform are described in details in the previous works [GS1], [GS2].
The solution that uses symplectic geometry will appear in the forthcoming paper of Alvarez, Gelfand and
Smirnov [AGS].

First, we describe Finsler metrics in Rn whose extremals are straight lines. They are solutions of a system
of PDE's and they can also be described as the image under the Radon transform of positive measures on
the space of hyperplanes in Rn.

Second, we describe all k-dimensional Lagrangians in Rn that have all k-dimensional planes among their
extremals. These Lagrangians are thr solutions of a system of PDE's and this system coincides with the
lower order terms of the Euler-Lagrange equations.

On the other hand, these Lagrangians are the images under the Radon transform of the measures on the
space of (n - k)-planes in Rn. This Radon transform, first defined in the previous work [GS1] is different
from the classical Radon transform, but the system of PDE's for k-Lagrangians can be interpreted as the
standard F.John's system of PDE's describing the image of this special Radon transform.

The k-dimensional Lagrangians introduced here are analogues of closed differential forms. Other ana­
logues of differential forms and De Rham cornplex were studied by M. Baranov and A.S.Shvarts [BS]. AI­
though their approach to the approach presented here have sirnilarities they are somewhat different.

2. Even and Odd Densities and the Crofton Formula.

*)From September 1, 1995 Colurnbia University, New York
1) Let us remind the definition of a Finsler metric. It is a function F(x, v) of a point x in the dornain in Rn

and a tangent veetor v E Tz that is srnooth in x, v, that is positive homogeneous in v: F(x, AV) = AF(x, v)
far all ,.\ E R, and such that the indicatrix of F defined as I ndz F = {v E Tz IF (x, v) = I} is a twice
differentiable closed convex! hypersurface in Tz. The Riernannian rnetric is a special example of a Finsler
rnetric when F(x, v) = v'quadratic form in v
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Consider in Rn a k-dimensional manifold M k
. Suppose M k has the following parametrization: M k =

{X(SI, ... , Sk) ERn, where sEnk E Rh} We want a functional

to be independent on the parametrization of M k
. Then after a change of parametrization s ~ t, L must

change in the following way

L(x(t), :t~ I ••• , :t:) =det(~ )L(x(s), :~~ , ... , :lJxJ or

L(x(t), ::. ' ... , :::) = Idet(~) IL(X(S), ::" .. , :,:)

In the first case L is called an odd k-density, in the second case L is called an even k-density. The main
example of odd k-densities are differential k-forms. An example of an even k density is a k-dimensional
volume element.

Now let us explain what is a Crofton density or Grofton Lagrangian. It is an even density that has
some additional properties. Let us replace a manifold M k by its Crofton function. It is a function on the
set Hn,n-k of (n - k)-planes in Rn. The value ofthe function CrofM/o:(e) on the (n - k)-plane eis equal to
the number of interseetion points of M k and e. Grofton funetions carry almost all information about the
original manifold M k .

Grofton Lagrangians (or Crofton densities) are such densities for which the Crofton formula is valid: i.e.
there exists a measure J1(e)de on the set Hn,n-k of (n - k)-planes such that for every manifold M k E Rn

For example, according to the classical Grofton formula of the integral geometry an element of k-dimensional
nonoriented volume in Rn is an even Grofton k-density. A Grofton density depends on the measure J1(e)de
on Hn,n-k. We shall write an explicit formula for a Grofton density by means of a special kind of (n(n - k))­
dimensional Radon transform of the measure p,.

Example. Consider an even I-density L in R 2 given by the formula

Let us parametrize lines in R 2 by the equation X2 = aXI + b. In coordinates a, b the corresponding dual
measure Jj(a, b)dadb is

-1- a2 + 2b2

2(1 + a 2 + b2) ~ •

The extremals of the problem JL(xt{t), X2(t), xI(t), x2(t))dt are straight lines.

3. System of PDE for Lagrangians solving Hilbert's Problem.

Theorem 1. /f a funetion L(x; VI, ... , Vk) of a point x E Rn and k-tangent vectors Vi = (vI, ... ,vr) E

TxRn is an even Crofton density then it satisfies for all x and all VI, '''1 Vk: lvIi +... + IVk I;/;O the following
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equations:

i,j=l, ... ,k,

3

(1)

l =1, .. " k. (2)

If L is a junction of a point x E Rn and k-tangent vectors Vi = (vI, ... ,vi) E TxRn which is even in Vi

and satisfies (1) and (2) then it is a Crofton even k-density.
The density L defines a functional

S[Mk
] = r L(x(t), %t ' ... ,%t )dtl . , ,dtk.lOk 1 "

We want to find its extremal k dimensional surfaces. Let us write general Euler-Lagrange equations for
k-dimensional extremals xrn(t 1 , ... , tk ) of the funetional S. They are

where s = I, ' .. I k I m = I, ' , . , n,

Theorem 2. Differential operator (2) in the equations for a Crofton k-density coincide with the terms
of Euler-Lagrange operator for L which do not contain second derivatives in v:

8 k n . [)2
__+~~vs_

8x' L...J L...J p 8v' 8x i
p=l i=l p

(3)

From the last theorem it is possible to deduce
Theorem 3. An even k-density satisfies the Crofton formula if and anly if all k-planes in Rn are

contained among its extremals.

4. Finsler metrics in Rn whose extremals are sraight lines.

We consider l-Lagrangians L(x, x) that are even densities. If the indicatrix IndxL = {v E Tx : L(x, v) =
I} is convex (and twice differentiable) for all x then this Lagrangian is a Finsler metric.

Consider an even 1-density for which the Crofton formula is valid, It depends on a measure on the space
of hyperplanes in Rn and can be expressed through this measure by the Radon transform (see seetion 5 and
[GSl]).

Proposition 5. The indicatrix of the Croftan l-density with the positive dual function is strictly convex.

So such density is a Finsler metric whose geodesics are straight lines. For I-densities the equations
for Lagrangians whose geodesics are straight lines can be written in a particularly simple form. One cau
find them already in the work of Hamel [Ha] and Funk [Fu]. strangely enough, P.Funk who along with
Radon is the ((father of the Radon transform" did not notice how the Radon transform can be applied to
the Hilbert's 4-th problem, although he hirnself worked on that problem. H.Busemann [Bu2] noticed the
connection between the Hilbert's 4-th problem and the classical integral geometry in the sense of Buffon,
Crofton, Poincare and Chern, but not to the Radon transform.

Now let us write the equations for Crofton 1-density.



4

Theorem 4. An even l-density L(x, v) satisfies the Croftan farmula if and anly if

M.Smirnov

This is equivalent to the property that all extremals of I are straight lines.

Remark. These equations ean be deduced from equations (2) of the theorem 1 using the homogeneity
equations (1).

5. Radon transform for a pair of Grassmannians Gn + I ,n and Gn + I ,k and k-Lagrangians.

The Radon transform in the general situation maps a geometrie object on the souree spaee (function,
differential form, eonnection) into integrals of this objeet over some family of submanifolds in the souree
spaee. So it is a mapping from geometrie objects on the souree spaee into geometrie objeets on a target
spaee that is the family of submanifolds in the souree spaee.

Let us define now the Radon transform that is used here. Let p(() be a funetion on a manifold Hn,n-k

of (n - k)-planes in Rn. To eaeh X E Rn we associate a variety H x = {( E Hn,n-kl( passes through x}. To
every pair (x, f) where x ERn, and f is a k-subspace of a tangent space Tx we associate a pair: a variety
H x and a measure Ul on H x whieh is a k(n - k)-dimensional subvariety in Hn,n-k.

The even Radon transform is given by

tfJ(x,f) =Jp(()dO"l'

H",

We can write now an explicit formula expressing a Crofton density L in terms of J1 using the even Radon
transform eonneeted with a pair of Grassmann manifolds Gn+I ,n and Gn+I ,k. This transform will be defined
below. We shall do it in several steps.

1. We regard R: as an affine part of Gn+I ,n.

2. We go from the measure Il on Hn,n-k to the function j1 on a frame manifold En +1,k.

3. For every x ERn and k-tangent vectors VI, ... , Vk in the point x we eonstruet a differential k(n- k)­
form n on the frame manifold En,k' Aetually this form is eonstructed using not x but veetors UI, ... , U n

whieh spans n-spaee from Gn+1 ,n eorresponding to the point x.

4. The k(n - k)-form n can be pulied down from the frame manifold En,k whieh is a bundle over Gn,k

to a Grassmann manifold Gn,k and

Let us repeat this eonstruetion in details.

1. Compactification of Rn and Hn,n-k Let us consider R~ as an affine part of Gn + I ,n. Then the
set of all (n - k) planes in R~, which we have denoted by Hn,n-k, can be eompactified to the Grassmannian
Gn+I,n-k+IJ which is canonieally isomorphie to Gn +1 ,k. Consider two manifolds of frames: En + I ,kl the
manifold of k-frames in R n

+
1 and En + I ,n, the manifold of n-frames in R n +1

. They are bundles over Gn + I ,k

and Gn +I ,n correspondingly.

2. Construction of '[1. To every measure J1(()d( on Hn,n-k C Gn +I,n-k+l we eorrespond in a canonieal
way a function jj(w) of a k-frame w = (WI1' .. , Wk) E En +I ,k that has the property

'[1(Aw) = IdetAI-n
-

I '[1(w), for A E GL(k, R). (7)
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Beeause Gn + 1,n-k+l and Gn + 1,k are eanonieally isomorphie, every measure fJ on Gn + 1,n-k+l is isomorphie
to a measure J1' on Gn +1,k. We now eonsider a loeal eoordinate system on Gn +1,k given by

c: .n ::

1

°
where q = n-k+1. In loeal coordinates IIc~11 the measure J1' ean be written as J,L'(cl, ... , c%) dci dc%, where
J,L' (cl, .. ·,4) is a funetion of Ilc~ll. For a k-frame w' = (w~ I' •• , W~) E En +1 ,k with W~ =(cl, , c~,l, ... I 0),
... , W~ = (c1, ... , c~, 0, ... ,1) we define jl(w') by the equality

- ( ') _ '( 1 q)J.1. w - J.l Cl"" J Ck

and we extend jl for arbitrary w E En+l,k using (7).

3. Construction of a form O. Consider now a point x E Rn C Gn+1,n. We ean look at X as at the
n-subspaee Lx C R n +1

. Let u = (UI, ... , u n ) be a basis of Lx. Then any k-frame W = (WI I ••• , Wk) in Lx
ean be written in the unique way as

So when we fix a basis UI, ... , U n of Lx the eomponents of the matrix T = Ilt{11 form the loeal eoordinate
system on the manifold En,k of k-frarnes in Lx. We define differential forms 0'1, . .. , (J'k on En,k as

(J'j= L (-l)"tilt~J ... t~kdtfk+l ... dtfn, i=l, ... ,k

(Pl···Pn)

where s is the sign of the permutation (PI, P2, ... ,Pn)' Symbolieally (J'i ean be written as

tL dtl ...

~t)
t'l dtr dt~k

where we multiply differentials dt{ by the exterior produet.
For a basis UI, ... , Un of Lx E Gn+I ,n and k tangent vectors VI, ... , Vk E TxRn we define a differential

form 0 on En ,k as

= ji.«Ul ... un)T ) I. L. Pi, ..i,T;, "i,IO'1/\ .. .1\ O'k,
~l <"'<&k

where Pi1 ... ik =det (Vi'
V~k

V~:'l )
, and

v~
~k

t~' )

t 1k

k
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4. Pull down of n to Gn,k. We can see that when we evaluate form n on k(n - k) tangent vectors to
En,kl components of these tangent vectors which are tangent to the fibers of the bundle En,k ~ Gn,k does
not play any role. So n can be pulled down to Gn,k.

Theorem 5. Every Crofton k-density L(x; VI, ... , Vk) in Rn can be represented as

where n. is the form n pulled down to Gn,k and Ul ...Un is any n-frame spanning the space Lx E Gn+1,n
corresponding to the point x E Rn.

6. Nonlocal differentials and the Hilbert transfarm far l-Lagrangians.

We shall explain now in what sense even erofton I-densities can be viewed as "differentials" offunctions.
Let f be a function in Rn. The usual differential d/, which depends on a point x from Rn and a tangent

vector v from TrRn can be written as (df)(x, v) = [:00 ii'(t)f(x - vt)dt. Tbe nonlocal (or even) differential

of a function f is

(dO f)(x, v) =/+00 1
2
!(x _ vt)dt= [+00 fex + vt) + f(~ - vi) - 2f(x) dt.

-00 t Jo t

We suppose that f is such that this integral converges at infinity.

Theorem 6. Let fex) be a rapidly decreasing /unction in the Schwartz space S(Rn
). Let / be the Radon

transform of a function F(O') : f(x\, ... , xn ) = [: (0'\, .... ' O'n-l, Xn - (O'lXl +...+O'n-1Xn-l))dO'l ... dO'n-l.1

Let L(x, v) = dO F be an even differential 0/ the funetion F. Then

(1) L(x,v) is a Crofton density in Rn.

(2) Let D~nF(al, ... J an) ) be the "even partial derivative}) of F defined as

D~nF(al,"" an) = f f;F(erl J "" an - t)dt. Then the the dual measure tor L is j1.(a)da where

j1.(erI, ... , an) =D~nF(al,' .. , ern).

Let us remind that an even i-density is a function L(x, v) of a point x E Rn and a tangent veetor v at
the point x such that L(x, AV) = IAIL(x, v) for every A E R. An odd 1.density is a function O(x, v) of a point
x E Rn and a tangent vector v such that O(x, AV) = AO(X, v) for every A E R. Differential I-forms give a
specific example of odd I-densities, they are linear in v.

The I-density (H L)(x, v)

( )( )
_ 1 /+00 L(x - vt, v) d _ 1 J.+oo L(x + vt, v) - L(x - vt, v) d

HLx, v - P.V. - t - - t
11' -00 t 11' 0 t

is called the Hilbert trans/orm of a 1-density L. We suppose that L satisfy some growth conditions such that
its Hilbert transform exists.

The Hilbert transform of an even I-density is an odd I-density. The Hilbert transform of an odd I-density
is an even I-density.

Theorem 7. The Hilbert trans/orm 0/ a closed i-form with rapidly decreasing coejJicients is the Crofton
i-density. The Hilbert trans/arm 0/ a rapidly decreasing Crofton i-density L is a closed i-form. ("Rapid

decreasing oJ LI) means that L(x - vt, v) is a rapidly decreasing funetion oft Jor any fixed v and x). Let!

be a rapidly decreasing /unction, w =df is its differential and L = ~dO! is its nonlocal differential (which is
. 11'
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the Crofton l-density). Then (H L)(x l v) =w(x, v) and (Hw)(x, v) =L(x, v). So the Hilbert trans/arm maps
even differentials into odd ones and vice versa.

We can summarize properties of Crofton I-densities on the following diagram:

F Rllllnn lnlnsf~ f = f .Rlidon 1rliJt<;f. F

d n d

~ Ellen Ruoon ~. d ''I~ df •Odd RadtHl Ir. n

11 11

<p W
Crol'lon l-deru;jty CJoscd l-fOlDl

1. Crofton l-Lagrangians on the hyperbolic plane.

Consider the hyperbolic plane as an upper half-plane {(x, y) I y > O} with the metric dx
2

~ d
y

2 Take
y

z = x + iy. The upper half-plane is a model of the Lobachevsky geometry, where Lobachevsky lines are
vertical rays {(x, y) I x = xo, y > O} and half cirdes {(x, y) I (x - xo)2 + y2 = R2

l Y > O}.
Let us parametrize "lines" on the hyperbolic plane. To each half cirde {(x, y) I (x-xO)2+ y2 =R2,Y > O}

we correspond a point (= (1 +i(2 where (1 = Xo and (2 = R. Thus we parametrize almost all "lines" except
vertical rays.

The set of allIines which come through the point (x, y) forms a branch of a hyperbola (x - (t}2 + y2 = (~

on the dual plane (1, (2.
Let us as usual define even and odd I-densities and also define Crofton densities with respect to

dx 2 + dy2 v2 + v2

Lobachevsky lines. For example the length element 2 1 2 2 will be a Crofton I-density.
y y

Theorem 8. Even Crofton densities on the Lobachevsky plane satisfy the /ollowing equation

vi- O.

Crofton densities have the /ollowing integral representation through their dual measures on the set 0/ Loba­
chevskian fines:

Extremals 0/ arbitrary Crofton density are Lobachevsky lines.

8. Crofton Lagrangians as analogs of closed differential k-forms.

In the dass of odd densities, densities for which the oriented analog of the Crofton formula is v~~~d:.la~e:·'~·'·':: ::" ,,::'"
exactly dosed differential k-forms [GSl]. They have analogous representation through Radon :t.ransform.
The PDE's for the image of this Radon transform are exactly conditions of dosedness of 'the for~.

Crofton k-densities give a good example of the integro-geometrietex prepr funetional. There were several
attempts recently to use integro-geometric funetiona.ls other then area in the funetional integral in QFT. For
example, Ambartsumian-Savvidi [SI] used for this Steiner funetional of the dassical integral geometry.
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p-adic jets, Manin maps and related questions

Alexandru Buium

Let p be an ocid prime integer and n E Z any integer number. We define the "deriva­
tive" of n with respect to p by the formula

an n - nP

8p . p

The map 0 = al8p : Z --+ Z is not additive and does not satisfy the Leibniz rule; in
a higher sense, however, this map plays the role of a derivation and may be used to
build a theory of algebraic differential equations whose solutions are integers in numbers
fields, and more generally in local fields. Then one can prove [B] arithmetic analogues of
some remarkable classical results about algebraic differential equations on varieties defined
over function fields, especially an arithmetic analogue of the Manin-Chai Theorem of the
Kernel and an arithmetic analogue of Cassidy's theorem on subgroups of simple algebraic
groups.

Here are the relevant definitions. We start by replacing Z by the larger ring R = z;r,
the completion of the maximal unramified extension of Zp; we also extend the operator
o to R by the formula ox = (cjJ(x) - xP)lp. where cjJ : R --+ R is the uniquelifting of the
Frobenius automorphism of the residue field k of R. For any integers n 2:: 0, N 2:: 1 let
R[T, T', ... ,T(n)]" denote the p-adic completion ofthe ring of polynomials R[T, T', ... ,T(n)],
each of the letters T, T', ... , T(n) standing for an N -tupie of indeterminates. Let XI R be
a scheme of finite type. An R-valued function t.p : X(R) --+ R will be called a o-formal
funetion 0/ order:::; n (intuitivelya "non linear differential operator") if for any point in
X there exist an affine Zariski open neighbourhood U C X, an integer N 2:: 1, a closed
embedding t : U --+ AN and an element <I> E R[T, T', ... ,T(n)r such that

t.p(P) = <I>(t(P), t(P)', t(P)", ... , t(p)(n)), P E U(R)

(Note that for P E U(R) we have t(P) E RN so it makes sense to consider t(P)', t(P)", ... E
RN). We denote by on(x) the ring of o-formal functions of order:::; n on X(R). If AIR
is a smooth commutative group scheme of finite type , by a o-character of A(R) we
understand a o-formal function 'ljJ : A(R) --+ R = Ga(R) (of some order n E N) which
is also an (additive) group homomorphism. Consider the intersection of all kerneis of
o-c~aracters:

A~(R) := n ]{er 'ljJ C A(R)

1



Clearly A"(R) contains the intersection

pOO A(R) := npnA(R) c A(R)
n

Here is our analogue of the Theorem of the Kernel [Man] [Ch]:

Theorem 1. Assume AIR is an abelian scbeme of relative dimension 9 with ordinary
c10sed fibre Aolk. Letqij(A) E l+pR, 1::; i,j::; 9 betbeSerre-Tateparameters. Assume
det((qij(A) - l)lp) E R X

• Tben A"(R) == poo A(R).

Note that the condition det((qij(A) -l)lp) E R X is satisfied for a generic choice of the
Serre-Tate parameters and is actually a condition on qij(A) modulo p2. So this condition
may be viewed as saying that AIR is "sufficiently general" , and is an arithmetic analogue
of the trace zero condition in the classical Theorem of the Kernel.

To formulate the next result assurne GI R is a smooth affine group scheme of finite
type. Let:r == (Jn)n be a sequence of Hopf ideals Jn C on(G), n ~ 0, such that
Jn+1 n on(G) == Jn. Intuitively such a sequence should be viewed as a sy~tem of "global
algebraic differential equations" (with respect to our operator J) that is "compatible with
the group law". For such a sequence :J set

:Jsol :== {P E G(R) ; tp ( P) == 0 f or all tp E Jn , n ~ O}

Intuitively :rsol represents the "set of solutions" of :r. Conditions (*) imply :r sol is a
subgroup of G(R); such a subgroup will be called a J-subgroup. A subgroup r c G(R) will
be said to be Zariski dense modulo p if the image of the reduction modulo p homomorphism
r c G(R) --+ Go(k) is Zariski dense in Go(k) (where Go denotes as usual the closed fibre
of GIR.) Finally, by a simple group over R we will understand, in this paper, a smooth
affine group scheme of finite type GI R for which Goik is a simple algebraic group; we
will say that GI R is good at p if either p =I 2, 3 in case Go is not of type An or p does
not divide n + 1 in case Go is of type An. Dur analogue of Cassidy's Theorem [Ca] is the
following

Theorem 2. Let GI R be a simple group, good at p, and let r c G( R) be a J-subgroup.
Assume r is Zariski dense modulo p. Tben r == G(R).

[B] A.Buium, Differential characters of abelian varieties over p-adic fields, Invent.
Math., to appear.

[Ca] P.Cassidy, The classification of the semisimple differential algebraic groups and
the linear semi-simple differential algebraic Lie algebras, J .Algebra 121, 1 (1989), 169-238.

[Ch] Ching-Li Chai, A note on Manin's Theorem of the Kernei, Amer. J. Math., 113
(1991),387-389.

[Man] Yu.I.Manin, Algebraic curves over fields with differentiation, Izv. Akad. Nauk
SSSR, Ser. Mat. 22 (1958), 737-756 == AMS translations Series 2, 37 (1964), 59-78.
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DENSITY OF ORDINARY ISOGENY

CLASSES IN THE MODULI SPACE

CHING-LI CHAI

Throughout this note k will denote an algebraically closed field of characteristic p > O.
For every abelian variety A over k one associates to it its p-divisible group A[pOO] =
lim A[pn]. We owe to Dieudonne-Manin the elassification of p-divisible groups. Especially
-----t

the p-divisible group A[pOO] of an abelian variety A of dimension 9 over k is determined
up to isogeny by a collection of 2g rational numbers Al, ... ,A2g, called the slopes of
A[pOO] , such that

The two extreme cases are
(a) (A is ordinary) Al = ... = Ag = 0, and Ag+1 = ... = A2g = 1 .
(b) (A is supersingular) '\1 = ... = A2g = ~ .

Experience has taught us that the ordinary abelian varieties exhibit behavior elose to
abelian varieties in characteristic 0, while supersingular abelian varieties have very different
properties. Alnong the nice properties of ordinary abelian varieties, we mention only
that the defonnation space of ordina:Q' abelian varieties have nice toroidal coordinates,
also called Serre-Tate coordinates, such that the deformation space has a canonical group
structure.

For fixed integers g, d 2: 1, denote by Ag,d the moduli space of abelian varieties A
over k with a polarization of degree d2 . When d = 1, Ag,l is abbreviated to Ag. Study
of the fine structures of these moduli spaces was begun by Mumford in the late 1960's. In
the late 1970's Norman and Gort proved that the ordinary locus A~~~ in Ag,d is open
and dense. By the Iniddle of 1980's Inuch more information about these moduli spaces
are known, clue to Faltings' method of constructing arithmetic toroidal compactification
of Ag.

The theme of this talk is to study the geometry of Hecke correspondences on Ag. Since
we are in characteristic p, we will consider only the prime-to-p Hecke correspondences.
It is well-known that over the complex numbers the moduli space of principally polarized
abelian varieties has a uniformization as the quotient of the Siegel upper half space .f) g

of genus 9 by the Siegel modular group SP2g(Z). Moreover it has Hecke correspondences
coming from GSP2g (Q). The prime-to-p Hecke correspondences are those coming from

GSP2g(At)), where Ar) denotes the finite prime-to-p adeles for Q. We 8hall focus on
one problem about the orbits of these Hecke correspondences in characteristic p. First
we give a geometrie description of the .orbit under the prime-to-p Hecke correspondences.

Typeset by AMS-TEX



Suppose that x E Ag(k) corresponds to an abelian variety A x . The prime-to-p Hecke orbit

of x: denoted by GSp2g(AjP))(x), is the countable subset of Ag(k) consisting of all points
Y E Ag (k) such that there exists an isogeny rjJ : Ay ~ Ax with rjJ* (poIA:J = m . polA y for
some positive integer m, (m, p) = 1. We would like to know when the prime-to-p Hecke

01'bit GSP2g (Ar) )(x) is Zariski dense in Ag ?

Clearly a necessary condition for this question is that x has to be ordinary. Other­
wise GSP2g(Af))(x) will be contained in a divisor in Ag, namely the zero locus of the
determinant of the Hasse-Witt matrix.

Theorem. Jf x corresponds to an ordinary principally polarized abelian variety, then the

prime-to-p Hecke orbit GSP2g(At))(x) of x is Zariski dense in Ag.

The method is based on the following trivial principle: Suppose that a group G operates
on a scheme X , and Z is a closed subscheme of X stable under G. Then for any point
x E Z , the formal completion Z~ of Z at x is stable under the natural action of the
stabilizer subgroup G x on the formal completion Zx of Z at x. This principle also
holds for algebraic correspondences, for instance the prime-to-p Hecke correspondences
on Ag. In this case the stabilizer subgroup of a point x = [A] comes from the ring of
endomorphisms of the A, equipped with the Rosati involution coming from the principal
polarization of A. We shall give an example of a principally polarized abelian variety
whose Hecke orbit is dense using this principle.

Example. (M. Larsen) Assume that k = IFp and let E be an ordinary elliptic curve over
k, with its natural principal polarization AE. Let (A,)..) = (E, AE)EBg, 9 ~ 2, and let

x E Ag(k) be the corresponding point. Then GSp2g(AjP))(x) is Zariski dense in Ag.

Proo] 0/ Example. First of all , we show that x is a smooth point of the Zariski closure
Z of GSp2g(AjP))(x). The usual argument which shows that any orbit for a connected
algebraic group acting on an algebraie variety is smooth applies in this case: The smooth
locus of Z is a nonempty open subscheme Zsm of Z, which is stable under prime-to-p
Hecke correspondences and contains points of ~h(x) by definition. Hence x E Ze,sm.

Let 0 be the endomorphism ring of E. It is well-known that 0 is an order in an
imaginary quadratic number field, and 0 ®z 7lp ~ Zp x Zp. The semigroup

operates on (A,)..) = (E, AE )EBg as endomorphisms, whieh are t-power isogenies and pre­
serve the polarization up to f-power multiples. Also the elements in the semigroup S
induce i-power Hecke correspondences on Aglk. Consequently the formal completion
Z~ ~ A~,x of Z at x is stable under the natural action of S on the formal completion
A;,x of Aglk at x. Since (] ®z 7lp ::: 7lp x 7lp , GLg(O ®z Zp) n GSP2g((]?p) is isomorphie
to GLg (71 p ), and S is del1se in GLg (71p ) under this isomorphism. Therefore the formal
subscheme Z~ of A~,x is stable under the action of GLg (71p ) .

We will only use a tiny part of the above information at the level of the tangent space,
namely that the tangent space T x Z of Z at x is stable under the natural action of

2



GLg(Zp) on Tx(Ag/k). But we know that the action of GLg(Zp) on Tx(Ag/k) factorizes
through the natural surjection GL(Zp) --t+ GLg(IFp). Moreover as a representation of
GLg(IFp) the tangent space Tx(Ag/k) is isomorphie to the subspace ofsymmetric elements
in k ffig 0k k ffig . Now it is weIl known that the second symmetrie product of the standard
representation of GLg(IFp) is absolutely irreducible if p > 2. If p > 2, the invariant
subspace TxZ being nonzero, it has to be equal to Tx(Ag/k), and we conclude that
Z = Ag/k when p > 2.

When p = 2, one can still conclude that Z = Ag / k. For instance one can use the
stronger information that Z is stable under the action of GLg(Zp) , and use Serre-Tate
coordinates on Ag,x to perform computation with higher order deformations. We omit
the details here. 0

Naturally we would like to understand the stabilizer subgroup action on the deformation
space of supersingular abelian varieties as weIl. Unfortunately our understanding is very
limited in this case. This forces one to pursue a different method. We only outline the
strategy.

• (Step 1) We lnay assume that the Zariski cIosure Z of the prime-to-p Hecke orbit of
an ordinary point x is defined over IFp' For any ordinary lFp-rational point of Z
we can find a Shimura subvariety M containing x, which is essentially a product of
Hilbert-Blumenthal nloduli varieties. Then one is reduced to a similar question for the
density of the prime-to-p Hecke correspondences for the Shimura variety M. Of COUTse
the Hecke correspondences come froln a smalleI' group now. The Zariski closure of the
Hecke orbit in M will be denoted by Zl now.

• (Step 2) A calculation using the Serre-Tate coordinates shows that there are only a
finite number of possibilities for Zl.

• (Step 3) Combining a result of Ekedahl and Oort and a calculation at the boundary,
one deduce that Zl contains a supersingulaT point.

• (Step 4) Inspect the stabilizer subgroup action at the supersingular point. Even though
we have only very pOOl' understanding of this action, we still can rule out other possi­
bilities and concIude that Zl is indeed equal to M. Since M contains points of the
type discussed in the Example, one conclude that Z is indeed equal to Ag.

The following is a VERY INCOMPLETE list of references. Of course consulting them
will yield more information on the literature.
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