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Abstract

We prove a double-exponential upper bound on the degree and on the
complexity of constructing a Janet basis of a D-module. This generalizes
a well known bound on the complexity of a Grobner basis of a module
over the algebra of polynomials.

Introduction
Let A be the Weyl algebra F[X1,..., X,, 8LX1’ cee %] (correspondingly, the
algebra of differential operators F(X7, ---vXn)[ainv“-v%])- Denote for

brevity D; = aixi’ 1 <4 < n. Any A-module is called D-module. It is
well known that an A-module which is a submodule of a free finitely generated
A-module has a Janet basis. Historically, it was first introduced in [9]. In more
recent times of developing computer algebra Janet bases were studied in [5], [14],
[10]. Janet bases generalize Grobner bases which were widely elaborated in the
algebra of polynomials (see e. g.[3]). For Grébner bases a double-exponential
complexity bound was obtained in [12], [6] relying on [1] and which was made
more precise (with a self-contained proof) in [4].

Surprisingly, no complexity bound on Janet bases was established so far; in
the present paper we fill this gap and prove a double-exponential complexity
bound. On the other hand, a double-exponential complexity lower bound on
Grobner bases [12], [15] provides by the same token a bound on Janet bases.

We are interested in the estimations for Janet bases of A-submodules of A
The Janet basis depends on the choice of the linear order on the monomials (we
define them also for [ > 1). In this paper we consider the most general general
linear orders on the monomials from A'. They satisfy conditions (a) and (b)
from Section 1 and are called admissible. We prove the following result.

THEOREM 1 For any admissible linear order on the monomials from At any
A-submodule I of A' generated by elements of degrees at most d (with respect



to the filtration in the corresponding algebra, see Section 1 and Section 9) has
a Janet basis with the degrees and the number of its elements less than

(dl)

We prove in detail this theorem for the case of the Weyl algebra A. The proof
for the case of the algebra of differential operators is similar. It is sketched
in Section 9. From Theorem 1 we get that the Hilbert function H(I,m), see
Section 1, of the A-submodule from this theorem is stable for m > (dZ)QO(n)
and the absolute values of all coefficients of the Hilbert polynomial of I are
bounded from above by (dl)QO(n), cf. e.g., [12]. This fact follows directly from
(10), Lemma 12 from Appendix 1, Lemma 2 and Theorem 2. We mention that
in [7] the similar bound was shown on the leading coefficient of the Hilbert
polynomial.

20(n)

Now we outline the plan for the proof of Theorem 1. The main tool in the
proof is a homogenized Weyl algebra "A (or correspondingly, a homogenized
algebra of differential operators "B). It is introduced in Section 3 (correspond-
ingly, Section 9). The algebra "A (respectively "B) is generated over the ground
field F by Xo,..., Xy, D1,..., D, (respectively over the field F'(X4,...,X,) by
Xo,D1,...,D,). Here X( is a new homogenizing variable. In the algebra hg
(respectively "B) relations (12) Section 3 (respectively (50) Section 9) hold for
these generators in "A.

We define the homogenization "I of the module I. It is a "A-submodule of
hAl. The main problem is to estimate the degrees of a system of generators of "I.
These estimations are central in the paper. They are deduced from Theorem 2
Section 7. This theorem is devoted to the problem of solving systems of linear
equations over the ring "A; we discuss it below in more detail.

The system of generators of "I gives a system of generators of the graded
gr(A)-module gr(I) corresponding to I. But gr(A) is a polynomial ring. Hence
using Lemma 12 Appendix 1 we get a double—exponential bound (dl)go(n) on
the stabilization of the Hilbert function of gr(/) and the absolute values of the
coefficients of the Hilbert polynomial of gr(I). Therefore, the similar bound
holds for the stabilization of the Hilbert functions of I and the coeflicients of
the Hilbert polynomial of I, see Section 2.

But the Hilbert functions of the modules I and "I coincide, see Section 3.
Hence the last bound holds also for the stabilization of the Hilbert functions of
I and the coefficients of the Hilbert polynomial of "I. In Section 5 we introduce
the linear order on the monomials from "A’ induced by the initial linear order
on the monomials from A! (the homogenizing variable Xj is the least possible
in this ordering). Further, we define the Janet basis of "I with respect to the
induced linear order on the monomials. Such a basis can be obtained by the
homogenization of the elements of a Janet basis of I with respect to the initial
linear order, see Lemma 3.

The Hilbert functions of the module " and the monomial module (i.e., the
module which has a system of generators consisting of monomials) Hdt("I) coin-
cide, see Section 4. Let °I, see Section 4, be the module over the polynomial ring
°’A = F[Xo,...,Xn, D1,...,D,] generated by all the monomials from Hdt("I)
(they are considered now as elements of °A). Then obviously the Hilbert func-
tions of the modules Hdt("I) and “I coincide. Thus, we have the same as above



double—exponential estimation for the stabilization of the Hilbert functions of

I and the coefficients of the Hilbert polynomial of </. Now using Lemma 13 we
. . 20(n) . c

get the estimation (dl) on the monomial system of generators of “I, hence

also of Hdt("I). This gives the bound for the degrees of the elements of the

Janet bases of "I and hence also for the required Janet basis of I, and proves

Theorem 1.

The problem of solving systems of linear equations over the homogenized
algebra is central in this paper, see Theorem 2. It is studied in Sections 5-7. A
similar problem over the Weyl algebra (without a homogenization) was consid-
ered in [7]. The principal idea is to try to extend the well known method due
to G.Hermann [8] which was elaborated for the algebra of polynomials, to the
homogenized Weyl algebra. There are two principal difficulties on this way. The
first one is that in the method of G.Hermann the use of determinants is essential
which one has to avoid dealing with non-commutative algebras. The second is
that one needs a kind of the Noether normalization theorem in the considered
situation. So it necessarily to choose the leading elements in the analog of the
G.Hermann method with the least ordx,, where X is a homogenizing variable,
see Section 3.

The obtained bound on the degree of a Janet basis implies a similar bound on
the complexity of its constructing. Indeed, by Corollary 1 (it is formulated for
the case of Weyl algebra but the analogous corollary holds for the case of algebra
of differential operators) one can compute the linear space of all the elements
z € I of degrees bounded from above by (dl)2o(n). Further, by Theorem 1 the
module Hdt(I), see Section 1, is generated by all the elements Hdt(z) with z € I
of degrees bounded from above by (dl)go(n). Hence one can compute a system
of generators of Hdt(I) and a Janet basis of I solving linear systems over F of
size bounded from above (dl)QO(n) (just by the enumeration of all monomials
of degrees at most (dl)zo(n) which are possible generators of Hdt([)). If one
needs to construct the reduced Janet basis it is sufficient to apply additionally
Remark 1 Section 4.

For the sake of self-containedness in Appendix 1, see Lemma 12, we give a
short proof of the double-exponential estimation for stabilization of the Hilbert
function of a graded module over a homogeneous polynomial ring. A conversion
of Lemma 12 also holds, see Appendix 1 Lemma 13. It is essential for us.
The proof of Lemma 13 uses the classic description of the Hilbert function of
a homogeneous ideal in F[Xy,..., X,] via Macaulay constants b, 42, ..., b1 and
the constant by introduced in [4]. In Appendix 2 we give an independent and
instructive proof of Proposition 1 which is similar to Lemma 13. In some sence
Proposition 1 is even more strong than Lemma 13 since to apply it one does
not need a bound for the stabilization of the Hilbert function. Of course, the
reference to Proposition 1 can be used in place of Lemma 13 in our paper.

1 Definition of the Janet basis

Let A= F[Xy,...,X,,D1,...,Dy], n > 1, be a Weyl algebra over a field F of
zero—characteristic. So A is defined by the following relations

X,X; = X;X,;, DiD; = D;D;, D;X, — X;D; =1, X,D; = D;X;, i#j. (1)



By (1) any element f € A can be uniquely represented in the form
f= > Firrosimgirgn X1t - X3 DIt DI, (2)
U15es0n,J15- 00 20

where all f;, . 4. ji,....5» € F and only a finite number of f;, . 4. ... are
nonzero. Denote for brevity Z, = {z € Z : z > 0} to the set of all nonnegative
integers and

i : (ilﬂ s 77;71)7‘ Jj= (jlﬂ .- 'jjn)a .fz}j = fil7...,in,j17...,j7‘1 ‘
X'=X"...X!n DI =D .. .Di, f=>,fi; XD, (3)
li| =d14...44n, i+J=0GE1+71,- 00+ Jn)

So 4, j € Z are multiindices. By definition the degree of f

deg f =degy, . x, p,. .p, f=max{li|+[j] : fij #0}.

Let M be a left A-module given by its generators my,...,m;, [ > 0, and relations
Z QM 5, 1 S ) S k. (4)
1<5<1

where k > 0 and all a;; € A. We assume that dega; ; < d for all 4,j. By (4)
we have the exact sequence

AP 5 AT A 0 (5)

of left A-modules. Denote I = i(A*) ¢ A'. If I = 1 then I is a left ideal of A
and M = A/I. In the general case I is generated by the elements

(a”i,lv"'va”i,l)eAl) 1S1Sk
For an integer m > 0 put
Ap ={a :dega<m}, M, =n(A), IL,=InA,. (6)

So now A, M, I are filtered modules with filtrations A,,, M,,, I,,, m > 0,
respectively and the sequence of homomorphisms of vector spaces

0—>Im—>Afn—>Mm—>0

induced by (5) is exact for every m > 0. The Hilbert function H (M, m) of the
module M is defined by the equality

H(M,m) =dimp M,,, m>0.

Each element of A’ can be uniquely represented as an F-linear combination of
elements e, ;; = (0,...,0,X°D7,0,...,0), herewith i, € 7% are multiindices,
see (3), and the nonzero monomial X*D7 is at the position v, 1 < v <. So
every element f € A! can be represented in the form

f = Z fv7ixjev7i;j7 fmi,j € F. (7)

v,%]



The elements e, ; ; will be called monomials.
Consider a linear order < on the set of all the monomials e, ; ; or which is
the same on the set of triples (v,4,7), 1 <v <1, 4,5 € Z}. If f # 0 put

o(f) =max{(v,i,§) : fu,i; # 0}, (8)

see (7). Set
0(0) = —oo < o(f)

for every 0 # f € A. Let us define the leading monomial of the element
0 # f € Al by the formula

Hdt(f) = foij€v,i5

where o(f) = (v,4, 7). Put Hdt(0) = 0. Hence o( f —Hdt(f)) < o(f) if f # 0. For
f1, f2 € ALif o(f1) < o(f2) we shall write f; < fo. We shall require additionally
that

(a) for all multiindices 4, j,i',j’ for all 1 < v < lif iy <if,...,i, < i and
jl S]ia '7jn Sj';z then (Uvivj) S (Uvilajl)'

(b) for all multiindices i, j,4', 5/, ", 7" forall 1 < wv,v" <1 if (v,4,75) < (v, 4, 5")
then (v,i+i",j+j") < (v',&" +4", 5" +j").

Conditions (a) and (b) imply that for all f;, fo € A! for every nonzero a € A
if fi < fo then af; < afs, i.e., the considered linear order is compatible with
the products. Any linear order on monomials e, ; ; satisfying (a) and (b) will
be called admissible.
Set
Hdt(I) = ) AHdt(f).
fer

So Hdt(I) is an ideal of A. By definition the family f1,..., f., of elements of T
is a Janet basis of the module [ if and only if

1) Hdt(I) = AHAt(f1)+...+AHdt(f,), i.e., the submodule of A’ generated
by Hdt(f1), ..., Hdt(f) coincides with Hdt(T).

Further, the Janet basis f1,..., fi, of I is reduced if and only if the following
conditions hold.

2) fi,..., fm does not contain a smaller Janet basis of I,

)
3) Hdt(f1) > ... > Hdt(fm)-

4) the coefficient from F' of every monomial Hdt(f,), 1 <wv <1, is 1.

5) Let fo = Zm,j fav,ij€v,i,j be representation (2) for fo, 1 < a < m.
Then for all 1 < a < 8 < m for all 1 < v <[ and multiindices 7, j the
monomial fo , i j€v,i; € HAt(Afsz \ {0}).

Since the ring A is Noetherian for every considered I there exists a Janet basis.
Further the reduced Janet basis of I is uniquely defined.



2 The graded module corresponding to a D—mo-
dule

Put A, =1, = M, =0 for v < 0 and
gr(A) - @mZOAm/Am—la gY(I) - @mZOIm/Im—la gl"(M) - @mZOMm/Mm—l-

The structure of the algebra on A induces the structure of a graded algeb-
ra on gr(A4). So we have gr(4) = F[Xy,...,Xp, D1,...,D,] is an algebra of
polynomials with respect to the variables Xi,...,X,, D1,...,D,. Further,
gr(I) and gr(M) are graded gr(A)-modules. From (6) we get the exact sequences

0— Ip/Im-1— (Ap/Am_1) — My, /M1 — 0, m > 0. (9)
The Hilbert function of the module gr(M) is defined as follows
H(gr(M),m) =dimp My,/Mp—1, m>0.
Obviously

H(M,m) = Z H(gr(M),v), H(gr(M),m)=H(M,m)— H(M,m—1).
0<v<m
(10)
for every m > 0.
Denote for an arbitrary a € M by gr(a) € gr(M) the image of a in gr(M).

LEMMA 1 Assume that by,...,bs is a system of generators of I. Let v; =
degb;, 1 <i <s. Suppose that for every m > 0

Im:{z cby i €A, dege; <m—uy, 1§i§s}. (11)
1<i<p
Then gr(by),...,gr(bs) is a system of generators of the gr(A)-module gr(I).
PROOF This is straightforward.

So it is sufficient to construct a system of generators by,...,bs of I satisfying

(11).

3 Homogenization of the Weyl algebra

Let Xo be a new variable. Consider the algebra "A = F[Xy, X1,..., X, D1,
.., Dy] given by the relations

Xin = Xin, DiDj = DjDi, for all i,j,

D;X;—X;D; =X3,1<i<n, X,Dj=D;X; forall i#j. (12)

The algebra "4 is Noetherian similarly to the Weyl algebra A. By (12) an
element f € "A can be uniquely represented in the form

f= > Fiosooinsgingn X" X DI D], (13)

7;0;7;17~~~;7;n;j1;~~~7jn20



where all fiy .. in.i,...jn € F and only a finite number of fi, . i, j1,...j. are
nonzero. Let 4,7 be multiindices, see (3). Denote for brevity

= (ilv cee 77;71)? j,: (57'174' .- 7jn)7 fioﬂ',j = fi0:~~~7in7j1:~~~7jn
f=2000 fioig X' X D

By definition the degrees of f

(14)

deg f = degx, . x,.py,..p, f =max{io+[i| +[j| : fiyi; # 0},
degp, . .p, [ = max{|j| : fi,ij # 0},

degp f=max{jo : fipi; #0}, 1<a<n

degy f=max{in : fii; #0}, 1<a<n

Set ord 0 = ordx, 0 = +oc0. If 0 # f € "A then put
ord f =ordx, f =p ifand only if fe X4("A)\ X4TH("A), p>0. (15)
For every z = (z1,...,2) € "A! put

ordz = 1I;lilrgll{ord zi}, degz= lrrgl?%cl{deg 2}

Similarly one defines ordb and degb for an arbitrary (k X [)-matrix b with
coefficients from "A. More precisely, one consider here b as a vector with kl
entries.

The element f € "A is homogeneous if and only if f;, ; ; # 0 implies io+ |i| +
|7 = deg f, i.e., if and only if f is a sum of monomials of the same degree deg f.
The homogeneous degree of a nonzero homogeneous element f is its degree.
The homogeneous degree of 0 is not defined (0 belongs to all the homogeneous
components of "A, see below).

The m-th homogeneous component of "4 is the F-linear space

("A)m = {2z €"A : z is homogeneous & degz =mor z =0}

for every integer m. Now "4 is a graded ring with respect to the homogeneous
degree. By definition the ring "A is a homogenization of the Weyl algebra A.

We shall consider the category of finitely generated graded modules G over
the ring hA. Such a module G = Dm>moGm is a direct sum of its homogeneous
components G,,, where m, mg. are integers. Every G,, is a finite dimensional
F-linear space and ("A),G,, C Gpip, for all integers p,m. If G and G’ are
two finitely generated graded "A-modules then ¢ : G — G’ is a morphism (of
degree 0) of the graded modules if and only if ¢ is a morphism of "A-modules
and ¢(Gp,) C G, for every integer m.

The element z € "4 (respectively z € A) is called to be the term if and
only if 2z = Az; ... 2, for some 0 # A\ € F, integer v > 0 and z, €
{Xoy..., Xn,D1,...,D,} (vespectively z, € {X1,...,X,,D1,...,D,}), 1 <
w <.

Let z = ;% € A be an arbitrary element of the Weyl algebra A represented
as a sum of terms z; and deg z = max; deg z;. One can take here, for example,
representation (3) for z. Then we define the homogenization "2 € "A by the

formula
h, _ ydegz—degz;
z = E z; X, .
J



By (1), (12) the right part of the last equality does not depend on the chosen
representation of z as a sum of terms. Hence "z is defined correctly. If z € "A
then %z € A is obtained by substituting Xy = 1 in z. Hence for every z € A we

have ™z = z, and for every z € "4 the element z = "2 X}, where y = ord 2.
For an element z = (z1,...,2) € Al put degz = maxi<;<;{deg z;} and
hZ _ (hlegengdeg z1’ o hlegengdegzl ) c hAl.

Similarly one defines deg a and the homogenization "a = (a; j)1<i<k, 1<;<i for an
arbitrary k x [-matrix a with coefficients from A. More precisely, one consider
here a as a vector with kl entries. Hence if b = (b;;)1<i<k,1<j<i = "a then
bi,j = hai’ngegafdegaM for all Z,j

The m-th homogeneous component of "A¢ is

(hAl)mZ{hz cze Al degz=morz=0}

For an F-linear subspace X C A! put "X to be the least linear subspace of A
containing the set {"z : z € X}. If X is a (finitely generated) A-submodule of
Al then "X is a (finitely generated) graded submodule of "A!. The graduation
on "X is induced by the one of "A‘.

For an element z = (21,...,2) € "Al put % = (%1,...,%) € Al. For a
subset X C "Al put X = {% : z € X} C A" If X is a F-linear space then X
is also a F-linear space. If X is a finitely generated graded submodule of "A!
then X is finitely generated submodule of A'.

Now "I is a graded submodule of "A!. Further, I = I. Let ("I),, be the
m-th homogeneous component of "I. Then

h(Im) = ®0ijm(h1)ja m >0, (16)
(")) = Im, m>0. (17)

and (17) induces the isomorphism ¢ : ("), — I,. Set "M = "Al/"I. Hence
hM is a graded "A-module and we have the exact sequence

0 — " —hAl = " — 0. (18)
The m-th homogeneous component ("M),,, of "M
(M) = (“A) ) (1) = ALy /Iy (19)
by the isomorphism «. We have the exact sequences
0— ("1, — ("4, — ("M),, — 0, m>0. (20)

By definition the Hilbert function of the module "M is

H("M,m) = dimp("M),,, m > 0.
By (19) we have H(M,m) = H("M,m) for every m > 0, i.e., the Hilbert
functions of M and "M coincide.

LEMMA 2 Let by,...,bs be a system of homogeneous generators of the "A-
module "I. Then

gr(abl)v SRR gr(abs) € gr(A)l
is a system of generators of gr(A)-module gr(I).

PROOF By (17) 4("),,) = I,. Now the required assertion follows from
Lemma 1. The lemma is proved.



4 The Janet bases of a module and of its ho-
mogenization

Each element of "A! can be uniquely represented as an F-linear combination of
elements e, ;0.5 = (0,...,0, X" X*D?,0,...,0), herewith 0 < ig € Z, i,j € Z"}
are multiindices, see (3), and the nonzero monomial XéOX D7 is at the position
v, 1 <v <. So every element f € "A! can be represented in the form

f= Z Josioi,i€vioivis  Jusio,ig € F (21)

v,10,1,J

and only a finite number of f, ;,; are nonzero. The elements e, ;, ;; will be
called monomials.

Let us replace everywhere in Section 1 after the definition of the Hilbert
function the ring A, the monomials e, ;;, the multiindices ¢, ¢, ¢”, triples
(v,1,7), (v,i,'), the module I and so on by the ring "4, monomials e, , ;
the pairs (ig, 1), (i4,4'), (if,") (they are used without parentheses), quadruples
(v,i0,1,5), (v,if,4,5"), the homogenization "I and so on respectively. Thus, we
get the definitions of o(f), Hdt(f) for f € "A!, new conditions (a) and (b) which
define admissible linear order on the monomials of "A!, new conditions 1)-5),
the definitions of the Janet basis and reduced Janet basis of *I. For example,
the new conditions (a) and (b) are

(a) for all indices 4o, 4(,, all multiindices 3, j,i’,j" for all 1 < v < [ if ig < i,
i1 <, i, < and g1 < g1,y e < 4L then (v, 0,4, 5) < (v,45,7, 7).

(b) for all indices g, iy, iy, all multiindices 4, 7,4, j/,4"”, 7" for all 1 < v,v’ <1
if (v, i0,4, j) < (v',dg, 7', j) then (v, io +1ig,i+1",j+j") < (v/,ig +1ig, 7 +
i/l7j/ +j”)~

The Janet basis of "I is homogeneous if and only if it consists of homogeneous
elements from AL

Let < be an admissible linear order on the monomials from A!, or which is the
same, on the triples (v, 1, j), see Section 1. So < satisfies conditions (a) and (b).
Let us define the linear order on the monomials e, ;,,;; or, which is the same,
on the quadruples (v, ig,,7). This linear order is induced by < on the triples
(v,1,7) and will be denoted again by <. Namely, for two quadruples (v, %9, , j)
and (v', 1,4, j') put (v,i0,4,7) < (v',4(,4,4’) if and only if (v,,5) < (v',4, '),
or (v,i,7) = (v',#,7") but ig < if. Notice that this induced linear order satisfies
conditions (a) and (b) (in the new sense).

REMARK 1 If f1,...,fm is a Janet basis of I (respectively homogeneous
Janet basis of "I) satisfying 1)-4) then there are the unique cop € A (respec-
tively cq,8 € hA), 1 < a < B < m, such that

fa+ Z Ca,ﬂfﬂa 1§0z§m,
a<fB<m

is a reduced Janet basis of I (respectively reduced homogeneous Janet basis of

"), cf. [3].



LEMMA 3 Let f1,..., fm be a (reduced) Janet basis of I with respect to the
linear order <. Then "f, ..., "f, is a (reduced) homogeneous Janet basis of the
module " with respect to the induced linear order <. Conversely, let g1, ..., Gm
be a (reduced) homogeneous Janet basis of the module "I with respect to the
induced linear order <. Then %;,...,%,, is a (reduced) Janet basis of I with
respect to the linear order <.

PROOF This follows immediately from the definitions.

Let f € "A! and the module "I be as above. Then there is the unique element
g € "Al such that

9= E Gu,io,i,j€vsioyivis  Yuio,ig € Fh

v,10,,J

f—g €™M andif g, ,.i; # 0 then ey, ;. ; € Hdt("I). The element g is called the
normal form of f with respect to the module "I. We shall denote g = nf("I, f).
Obviously nf ("I, ("A!),,) C ("Al),, is a linear subspace and

nf("1, ("A"),,) = nf(Hde("1), ("A"),.)
for every m > 0. Hence the Hilbert functions
H("AY/",m) = H("A')Hdt("T),m), m >0,

coincide (the definition of these Hilbert functions, see in Section 3). Therefore,
see Section 3, also the Hilbert functions

H(I,m)= H(",m)= HHdt("I),m), m >0,

are equal. But Hdt("I) is a monomial ideal, i.e., it is generated by the monomials
Hdt(f), f € . Let A = F[Xq,...,Xn, D1,...,Dy] be the polynomial ring in
the variables Xy, ..., Xy, Dy,...,Dy,. Each monomial e, , ;,; can be considered
also as an element of “A!. Denote by I C °A! the graded submodule of €Al
generated by all the monomials e, ;. ; such that there is 0 # f € hI with
o(f) = (v,i0,1%,7). The Hilbert function

H(I,m) =dimp{(z1,...,21) €T : Vi(degz;i=m or z =0)}

Since the ideals “I and Hdt(") are generated by the same monomials their
Hilbert functions

HHAt("T),m) = H(’I,m), m >0,
coincide. Thus, we have

H(I,m)=H(I,m), m=>0 (22)

5 Bound on the kernel of a matrix over the ho-
mogenized Weyl algebra

LEMMA 4 Letk=1—1 and > 1 be integers. Let b= (b; ;)1<i<k,1<j<i be a
matriz where b; ; € hA are homogeneous elements for all i,5. Let deg bi; < d,

10



d>1, for alli,j. Assume that there are integers d; > 0,1 <1i <k, and d, > 0,
1 <5 <, such that
deg bi)j = di - d; (23)

for all monzero b; ;, and additionally mini<;j<i{d;} = 0 (hence d; < d, dj < d

for all i,5), d > 1. Then there are homogeneous elements z1,. ..,z € "A such
that (z1,...,21) # (0,...,0),

> bijz=0, 1<i<l—1, (24)
1<5<

all nonzero b; ;z; have the same degree depending only on i and
degz; < (2n+3)ld, 1<j<lI. (25)

Besides that, if all b; ; do not depend on X, (i.e., they can be represented as
sums of monomials which do not contain X,,) then one can choose also z1, ...,z
satisfying additionally the same property. Finally, dividing by an appropriate
power of Xo one can assume without loss of generality that min{ordz; : 1 <
i <1} =0.

PROOF We shall assume without loss of generality that [ > 2. At first
suppose that that degb; ; = degb for all nonzero b; ;. Consider the linear

mapping o .
( A)mfdegb — ("4)

-1
m

. (26)
(zl,...,zl) = (Zlgjgl bi)JZJ)lSiSl—l.
. degb+ 2 2
m —dego+ 2n m+ 2n
() () @

then the kernel of (26) is nonzero. But (27) holds if

(1+m—|—§§—g—bdegb)(1+m+2ndiglb—degb)"'(1+m(iei2gb) < l—ll'

(28)
Further, (28) is true if (1 +degb/(m — degb))?™ < /(I —1). The last inequality
follows from m > (2n + 1)degb/log(l/(l — 1)). Hence also from m > (2n +
1)l degb. Notice that (2n + 2)id > 1+ (2n + 1)l degb. Thus, the existence of
z1,...,2 is proved, and even more all nonzero b; ;z; have the same degree which
does not depend on 4,j. Notice that in the considered case we prove a more
strong inequality degz; < (2n +2)id for all 1 < j <.

Suppose that aq,...,a; do not depend on X,,. We represent z; = Zj Zi)jX%,
1 <i <, where all z; ; do not on X,,. Let @ = max;{degx_ z;}. Obviously in
this case one can replace (21, ...,21) by (21,a5-- -, 2,a)-

Let us return to general case of arbitrary degb; ;. We shall reduce it to

the considered one. Namely, multiplying the i-th equation of system (24) to
Xmax,i{di}fdi
0

we shall suppose without loss of generality that all d; are equal.

d,
Let us substitute z;X,” for z; in (24). Now the degrees of all the nonzero
coeflicients of the obtained system coincide. Thus, we get the required reduction
and estimation (25). The lemma is proved.
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REMARK 2 Lemma 4 remains true if one replaces in its statement condition
(24) by
> zbi; =0, 1<i<l—1, (29)
1<5<i

The proof is similar.

REMARK 3 Let the elements b;; be from Lemma 4. Notice that there are
integers 0, > 0,1 <i <k, and 6; >0, 1 < j <I, such that

deg biJ‘ = 5]‘ - 5;

for all nonzero b; ;, and mini<;<x{0,} = 0. Namely, 0, = —d; + maxi<;<ip{d;},
0; = —dj + maxi<;<p{d:}.

6 Transforming a matrix with coefficients from
"A to the trapezoidal form

Let b be the matrix from Lemma 4 but now k,[ are arbitrary. Hence (23)
holds. Let b = (by,...,b;) where by,...,b; € "A* be the columns of the matrix
b (notice that in Lemma 1 and Lemma 2 b; are rows of size [; so now we change
the notation). By definition by, ..., b; are linearly independent over hA from the
right (or just linearly independent if it will not lead to an ambiguity) if and only
if forall z1,...,2; € hA the equality byz14...+bjz; = 0implies z; = ... = z; = 0.
By (23) in this definition one can consider only homogeneous z1, ..., ;. For an
arbitrary family by, ..., b from Lemma 4 (with arbitrary k,!) one can choose a
maximal linearly independent from the right subfamily b;,,...,b;. of b1,...,b;.
It turns out that r does not depend on the choice of a subfamily. More precisely,
we have the following lemma.

LEMMA 5 Let ¢j = > 1o, bizij, 1 < j < r1, where z;j € hA are homo-
geneous elements. Suppose that there are integers d;’, 1 < j < ry, such that
for all i, j the degree degz; ; = d; — d. Assume that cj, 1 < j < r1, are lin-
early independent over "A from the right. Then ry < r, and if r, < r there are
Critls---sCr € {biy, ..., bi } such that ¢;, 1 < j < r, are linearly independent
over "A from the right.

PROOF The proof is similar to the case of vector spaces over a field and we
leave it to the reader. The lemma is proved.

We denote r = rankr{by, ..., b} and call it the rank from the right of b,...,b;.
In the similar way one can define rank from the left of by,...,b;. Denote it by
rankl{by, ..., b }. It is not difficult to construct examples when rankr{bs, ..., b}
= rankl{by,...,b;}. The aim of this section is to prove the following result.

LEMMA 6 Letb be the matriz with homogeneous coefficient from "A satisfying
(23), see above. Suppose that degb; ; < d for alli,j. Assumethatk > 1> 1. Let
Iy = rankr{by,...,b;} and by,..., by, be linearly independent. Hence 0 <1y <.
Then there is a matriz (2;,)1<jr<i, With homogeneous entries z;, € "A and a
square permutation matrix o of size k satisfying the following properties.
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(i) All the nonzero elements b; ;zj, for 1 < j < | have the same degree
depending only on i, and

deg z;» < (2n+ 3)ld. (30)

(11) Set the matriz e = (€;;)1<i<k, 1<j<i; = obz. Then the matriz

¢!
€= e )

where €' = diag(e] q,...,€;, ;) s a diagonal matriz with Iy columns and

each e;j, 1 <j <y, is nonzero.

(iii) orde; ; > orde); ; for all1 <i <k, 1<j<I.

Besides that, if all a;; (and hence all b; ;) do not depend on X,, (i.e., they
can be represented as sums of monomials which do not contain X, ) then one
can choose also z;, satisfying additionally the same property. Finally, dividing
by an appropriate power of Xg one can assume without loss of generality that
minfordz;, : 1 <j<Ili} =0 for every 1 <r <l;.

PROOF At first we shall show how to construct z and e such that (ii) and
(iii) hold. We shall use a kind of Gauss elimination and Lemma 4. Namely, we
transform the matrix e. At the beginning we put

62(61,...,6[1)2(bl,...,bll).

We shall perform some "A-linear transformations of columns and permutations
of rows of the matrix e and replace each time e by the obtained matrix. These
transformation do not change the rank from the right of the family of columns
of e. At the end we get a matrix e satisfying the required properties (ii), (iii).

We have rankr(e) = {3. If [; =0, i.e, e is an empty matrix, then this is the
end of the construction: 2’ is an empty matrix. Suppose that I; > 0. Let us
choose indices 1 < ig < k, 1 < jo <y such that orde;, j, = min;<;<;, {orde;}.
Permuting rows and columns of e we shall assume without loss of generality
that (ig, jo) = (1,1).

By Lemma 4 we get elements w; 1, w;; € hA of degrees at most (2n + 3)2d
such that e; jwi,; = e1;w; i, 1 <4 <[y, and ordw;; = 0 for every 1 < ¢ < ;.
Set w' = (—w1,2,...,—w1,,), and w” = diag(wa,2, . .., wy, ;,) to be the diagonal

matrix. Put
1, w
w = 0. w"

to be the square matrix with [y rows. We replace e by ew. Now

where E5 2 has [y — 1 columns and

1?}151{0rdbj} =ordey = 1énjlgnll{ordej} (31)

(for the new matrix e).
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Let us apply recursively the described construction to the matrix Es9 in

place of e. So using only linear transformations of columns with indices 2, ...,
and permutation of rows with indices 2, ...,k we transform e to the form
€1,1, 0
’ 1, 0
— E/ E/ — 3
geT 2,17 2,2 y T 0, 7'

12 1!
E2,1 E2,2

where o is a permutation matrix and 7’ is a square matrix with {; — 1 rows (it
transforms Fj o), the matrix E§)2 = diag(es,2,...,€1,,1,) is a diagonal matrix
with {1 —1 > 0 columns, and all the elements e22,...,¢e;,,1, € hA are nonzero.
We shall assume without loss of generality that ¢ = 1 is the identity matrix. We
replace e by er. Conditions (ii) and (iii) hold for the obtained e and, more than
that, by (iii) applied recursively for (Fa 2, F 5, Ey 5) (in place of (e, ¢’,e”)), and
(31) the same equalities are satisfied for the new obtained matrix e.

Let By, = (e21,...,€;,,1)" where t denotes transposition. By Lemma 4
there are nonzero elements vy 1,...,v;,,1 € hA of degrees at most
(2n + 3)(max{dege;; : 1 <i<Il1}+ 1)} (32)

such that e; 1v11 = €;,;v;1 and min{ordvy j,0ordwvy;} =0forall 1 <i <l —1.
Let v = (—v2,1,...,—v;,,1)" and v” be the identity matrix of size [y — 1. Put

_ V1,1, 0
U/, U/I .

Let us replace e by ev. Put z = wrv, where the matrix z has [; columns. Recall
that without loss of generality o = 1 is the identity permutation. We have
e = (b1,...,b;,)z. These Gauss elimination transformations of e do not change
the rank from the right of the family of columns of e. It can be easily proved
using the recursion on [, cf. Lemma 8 below. Now the matrix e satisfies required
conditions (ii), (iii) and o = 1.

Let us change the notation. Denote the obtained matrix z by z’. Let 2/ =
(215-++,2,) where z} is the j-th column of z’. Our aim now is to prove the
existence of the matrix z satisfying (i)—(iii). By Lemma 4 for every 1 <r <[y
there are homogeneous elements z;, € hA 1 < J <, such that (z1,,...,21,) #
(0,...,0),

Z bijzjr =0 forevery 1<i<lIly, i#r, (33)

1<j<l

and estimations for degrees (30) hold. Put the matrix z = (2;,)1<jr<i,. Let
z = (21,...,21,) where z; is the j-th column of z. Hence z; = (z1,r,...,21,)"

LEMMA 7 For every 1 <r <l; we have

Z bnjzjm 75 0. (34)

1<j<h

Further, for every 1 < r <y there are nonzero homogeneous elements g.., g, €
hA such that z.g! = 2.9,

14



PROOF Counsider the matrix (2’,z,) with /3 rows and I; + 1 columns. By
Lemma 4 there are homogeneous elements h1, . .., hj,+1 € "A (they depend on r)
such that (hi,...,h;41) # (0,...,0) and the following property holds. Denote
h= (hl, ceey hll+1)t, h = (hl, ey hll)t. Then

2'h + 2.hy 41 =0 (35)

(we don’t need at present any estimation on degrees from Lemma 4; only the
existence of h). Denote by b” the submatrix consisting of the first I3 rows of the
matrix (b, ...,b;,). Multiplying (35) to b” from the left we get

"R 4 2y = . (36)

But 4”7 is a diagonal matrix with nonzero elements on the diagonal, see (ii)
(for 2z’ in place of z). Hence by (33) and (36) h; = 0 for every j # r. Now
h # (0,...,0)" implies h, # 0 and h;,+1 # 0. Therefore, (34) holds. Put
gr. = h, and g, = hj;+1. We have z!.g/. = z,g, by (36). The lemma is proved.

T

Let us return to the proof of Lemma 6. Now (i)—(iii) are satisfied by Lemma 7.
The last assertions of Lemma 6 are proved similarly to the ones of Lemma 4.
Lemma 6 is proved.

7 An algorithm for solving linear systems with
coefficients from "A.

Let u = (u1,...,u)" € "AL. Let all nonzero u; be homogeneous elements of the
degree —d; + p for an integer p. Suppose that —d’;+p < d’ for an integer d’ > 1.
Let b = (bi,j)1<i<k, 1<j<i be the matrix with k rows and ! columns from the
statement of Lemma 6 (but now &k and [ are arbitrary). So degb; ; = d; — d} <d
for all 4,j. Let Z = (Z1,...,Z)) be unknowns. Consider the linear system

Z ZibiJ‘ = Uy, 1 Sj § l, (37)
1<i<k
or, which is the same,
Zb = u.
Denote
ordu = 1r£rlilgk{ord (I (38)

The similar notations will be used for other vectors and matrices. In this section
we shall describe an algorithm for solving linear systems over "4 and prove the
following theorem.

THEOREM 2 Suppose that system (37) has a solution over "A. One can
represent the set of all solutions of (37) over "A in the form

J+ 2",
where J C "Al is a "A-submodule of all the solutions of the homogeneous system

corresponding to (37) (i.e., system (37) with all uj = 0) and z* is a particular
solution of (37). Further the following assertions hold.
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(A) One can choose z* such that ord z* > ordu — v, where v > 0 is an integer
bounded from above by (dl)zo(n) (and depends only on d andl). The degree
deg z* is bounded from above by d’(dl)QO(n).

(B) There exists a system of generators of J of degrees bounded from above by
(dl)zo(n). The number of elements of this system of generators is bounded
from above by k(dl)go("),

Besides that, if all b; ; and u; do not depend on X, (i.e., they can be represented
as sums of monomials which do not contain X,,) then z* and all the generators
of the module J also satisfy this property.

PROOF Let l; = rankr(by,...,b;). Permuting equations of (37) we shall
assume without loss of generality that (b1, ..., by, ) are linearly independent from
the right over "A. Let o, 2, e, ¢/, " be the matrices from Lemma 6. Similarly to
the proof of Lemma 6 we shall assume without loss of generality that ¢ = 1.
Denote by b’ the submatrix of b consisting of the first I; columns of b, i.e.,
b = (b1,...,b;,). By Lemma 4 there are nonzero elements ¢ 1,..., ¢, of
degrees at most (32) such that e1 1¢1,1 = €;;¢;; and min{ordg¢; 1,0rdg;;} =0
for all 2 <4 <. Set ¢ = diag(q1,1,---,4,.1,) to be the diagonal matrix. Let
vy = ordes1gi,1. Then by Lemma 6 (iii) ord(b'zq) > vy. Let X;°6 = b'zq.
Then § is a matrix with coefficients from "4 and

5
5:<5//>7

where ¢ = diag(d1,1,...,0;,,1,) is a diagonal matrix with homogeneous coef-
ficients from A and all the elements on the diagonal are nonzero and equal,
ie., 655 = 011 for every 1 < j < [;. Besides that, ordd;; = 0. Fur-
ther, 6" = (8i ;)i +1<i<k,1<j<i,.- We have ord(uzq) > vy, since, otherwise,
system (37) does not have a solution. Obviously ordu < ord(uzq). Denote
u = (uf,...,u))t = X;"uzq € "Al. Hence ordu’ > ord(u) — 1. Consider the
linear system

Z5 =1 (39)

LEMMA 8 Suppose that system (37) has a solution over "A. Then linear
system (89) is equivalent to (37), i.e., the sets of solutions of systems (39) and
(37) over "A coincide.

PROOF The system Zb'z = uz is equivalent to (37) by Lemma 5. System
(39) is equivalent to Zb'z = uz since the ring "A does not have zero—divisors.
The lemma is proved.

REMARK 4 Since rankr(by,...,b) = 1 and by Lemma 6 for every l; + 1 <
j < 1 there are homogeneous zjj,21,j,---,21,,; € "A such that z;; # 0 and
bjzjj + D 1<r<y, Urzrj = 0 and all deg 2 ;, deg 2, j are bounded from above by
(2n+3)(Lh+1)d. Putuf = ujzjj+3 1 cpy, Urzrj, i +1 <5 < 1. Then system
(37) has a solution if and only if system (39) has a solution and u); = 0 for all
lh +1<j <. This follows from Lemma 8 and Lemma 5. But in what follows
for our aims it is sufficient to use only Lemma 8.
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REMARK 5 Assume that degy b;; <0 for all i,j, i.e., the elements of the
matriz b do not depend on X,,. Then by Lemma 4 and the described construction
all the elements of the matrices b, z,q,0,6’,8" also do not depend on X,,.

By Lemma 4 and Remark 2 for every I3 +1 < j < k there are homogeneous
elements g; ;, 95 € hA, 1 < i <1y, such that

95,5055 = 95,011, 1 <@ <1y,
all the degrees deg g, ;, deg g;, 1 <7 <y, are bounded from above by
(2n+3)(l1 + 1)(max{degd;; : 1 <i <k} +1)

and min; <;<;, {ord g; j,ord g;;} = 0. Hence ord g; ; =0 for every ; +1 < j <k
since ord d1,; = 0.

Denote h = 01,191, 41,01 +1911+2,1142 - - - Gk, k- S0 h € hA is a nonzero homoge-
neous element and ord h = 0. Set € = deg h. We need an analog of the Noether
normalization theorem from commutative algebra, cf. also Lemma 3.1 [7].

LEMMA 9 There is a linear automorphism of the algebra "A
a: A hA, a(X;) = Z (Oél)iJ‘Xj + Oég)i“ij),
1<j<n
a(D;) = Z (Oégijj + 01471')ij), a(Xo)=Xo, 1<i<n,

1<j<n

such that all as;; € F, degp a(h) = e. If degx h = 0 then one can choose
additionally o(Xy) = Xp, all a1,,; =0 for 1 <j <n—1and ag,; =0 for
1<j<n.

PROOF Recall that ord h = 0. Hence at first it is not difficult to construct
a linear automorphism  such that 5(Xy) = Xo,

B(X;) =61, X+ 02:D;, B(D;) =Ps3,:Xi + BaiDi, 1<i<mn, (40)

and B(h) contains a monomial ail,___,lvnle, ooy Din with a;, 4, # 0 and iy +
cootin =¢,ie,e=degp,  p, B(h). After that one can find an automorphism
v such that v(Xo) = Xo,

VX)) = > X, vD) = > Dy, 1<i<n, (41

1<j<n 1<j<n

and (v o B)(h) contains a monomial aDS with a coefficient 0 # a € F. Put
a = o 3. We leave to prove the last assertion to the reader. The lemma is
proved.

We apply the automorphism «. In what follows to simplify the notation we
shall suppose without loss of generality that a = 1. So h contains a monomial
aD;, with a coefficient 0 # a € F', where € = degh. It follows from here that

degDn 01,1 =degdy 1, degDn g5 =deggj;, i +1<j5<k. (42)
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Let 2z = (21,...,2;) € "A* be a solution of (39). Then (42) implies that one can
uniquely represent

=205+ Y, zsDh, h+1<j<k (43)
0<s<deggj,j

where 2}, 2, € "A, the degrees degp, zj, <Oforalllyj+1<j <k 0<s<
degp, gj;. Again by (42) one can uniquely represent

w, =611+ g u; Dy, 1<i<lI,
0<s<degdi,1

where u},u; , € "A, the degrees degp uj, < Oforalll <i <1, 0<s<
degp, gj;- Finally, by (42) for all iy +1 < j <k, 1 <i <1y, 0 <7 <degp, 95
one can uniquely represent

‘s S
D365 = 0jri01,1 + E j,ri,s Dy

0<r<degdi,1

where 6 ,.i, 0,5 € "A, the degrees degp, 8.5 < 0 for all considered j, 7,14, s.
Put

T={(r) : h+1<j<k&0<r<degg,,;},
J={(i,s) 1 1<i<li&l<s<degdii}.

Therefore,
Zi=— Z 2505 — Z Zjwr0jri +ui, 1<i<l, (44)
h+1<5<k (4,m)€T
Y Zbinis = e (i,8) €T (45)
(4,r)€T

Let us introduce new unknowns Z;,, (j,r) € Z. By (43)—(45) system (37) is
reduced to the linear system

> Zjbiris =i, (is) € J. (46)

(3,m)ET

More precisely, any solution of system (37) is given by (43), (44) where 2} € hA
are arbitrary and zj, is a solution of system (45) over "A (we underline that
here this solution z;, may depend on D, although one can restrict oneself
by solutions z;, which do not depend on D,,). Note that all ¢;,,, and ug,s
are homogeneous elements of "4 and there are integers d; ., (j,r) € Z, d; s,
(i,5) € J, p such that degdj s = dj, — d; ; and degu; , = —d} ; + p for all
(4,r) €Z, (i,s) € J. This follows immediately from the described construction.

Now all the coefficients of system (46) do not depend on D,,. As we have
proved if the coefficients of (37) do not depend on X,, then the coefficients of
(46) also do not depend on X,,, and hence in the last case they do not depend
on X,,D,.

If the coefficients of (46) depend on X,, we perform an automorphism X,, —
D, D,— —X,, X;— X;, D; — D;, 1 <i<n—1. Now the coefficients of
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system (46) do not depend on X,, (but depend on D,,). After that we apply
our construction recursively to system (46).
The final step of the recursion is n = 0 (although in the statement of theorem
n > 1, see Section 1; we are interested only in Weyl algebras). In this case
T =J = 0. Hence using (44) for n = 0 we get the required z* and J for n = 0.
Thus, by the recursive assumption we get a particular solution Z;, = 27,
(4,r) € Z, of system (46), an integer 11 (in place of v from assertion (A)) such
that
(J_I,Igrelz{ord 25} > (igl)iélj{ord ug = v, (47)

and a system of generators
(Za,j,r )(j,r)GI’ 1<a<p, (48)

of the module J’ of solutions of the homogeneous system corresponding to (46).
Notice that if the coefficients of (37) do not depend on X, then J’ is a module
over the homogenization F[Xg, X1,...,Xn_1,D1,..., Dyp_1] of the Weyl alge-
bra of Xi,...,X,-1,D1,...,Dp_1. But obviously in the last case (48) gives
also a system of generators of the ®A-module J” = "AJ’ of solutions of the
homogeneous system corresponding to (46). Put

Z: = — Z Z;—F,deml‘ + ’LL/Z-I, 1 <<y,
(J,r)eT
2= Y z.D5 h+1<j<k
0<s<deggj,;
25 =(21,...,21).

Then z* is a particular solution of (37). Put

Zoyi = — Z Za,j,r5j,r,i; 1 <i< l17 1<a< 67
(4,r)eT
s .
Zaj = Z ZagsDy, L+1<j<k 1<a<p,

0<s<degg;
281444 =0, L+1<1i,j<k, i#j,
28-11+j.5 = 9j5, L +1<j<k,

28-ti44i = —Gji 1 <0<, Lh+1<j<Fk.

Then J = El§a§6+k—ll "A(za1y s zak). Hence (a1, szak), 1 < a <
B4k —11, is a system of generators of the module J. By (47) and the definitions
of ', uj and u; , we have ord z* > ordu — v — v1. Put v =1 +v1.

LEMMA 10 All the degrees degd;;, degg;;, degdj i, degd;ris and v, see
above, are bounded from above by (nld)o(l), the degrees degul are bounded from
above d' + (nld)°W), the degrees degu!, degu; , are bounded from above by

d' (nld)®M). Purther, all ordu!, ordu! . are bounded from below by ordu — v.

Finally, in system (46) the number of ’equations #J is bounded from above by
(nld)°®) and the number of unknowns #I is bounded from above by k(nld)°™).

PROOF This follows immediately from the described construction.
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Let us return to the proof of Theorem 2. Applying Lemma 10 and recursively
assertions (A) and (B) for the formulas giving z* and J we get (A) and (B)
from the theorem. The last assertion (related to the case when all b; ; and u;
do not depend on D,,) has been already proved. The theorem is proved.

8 Proof of Theorem 1 for Weyl algebra

Let a be the matrix from Section 1. We shall suppose without loss of generality
that the vectors (a1, ...,a:;), 1 <i <k, are linearly independent over the field
F. We have dega; ; < d. This implies k& < l(d;f”).

Put the matrix b = "a. Let us define the graded submodules of "T

Jo="A(b11,...,b1a) + ...+ "Albka, ... ),
J,=Jo: (X)) ={zeA : 2X¥ € Jo}, v>1.

We have the exact sequence of graded "A-modules
hAk — JO — 0.

Further, J, C J,41 C " for every v > 0 and "I = |J,-,J,. Since "4 is
Noetherian there is N > 0 such that "I = Jy. So to construct a system of
generators of "I it is sufficient to compute the least N such that "I = Jy and
to find a system of generators of Jy.

LEMMA 11 "I = Jy for some N bounded from above by (dl)QO(n). There is a
system of generators by, ..., bs of the module Jy such that s and all the degrees

degb,, 1 <wv < s, are bounded from above by (dl)QO(n).

PROOF Let us show that the module Jy41 C Jy for N > v. Let u € Jy41.
Consider system (37). By assertion (A) of Theorem 2 there is a particular
solution z* of (37) such that ord z* > 1. Hence u € XoJy C Jy. The required
assertion is proved. Hence "I = J,,.

Let us replace in (37) (u1,...,w) by (U1 X{, ..., Ui X{§), where Uy, ..., U, are
new unknowns. Then applying (B) from Theorem 2 to this new homogeneous
linear system with respect to all unknowns Us,...,U;, Z1,...,Z, we get the
required estimations for the number of generators of J, and the degrees of these
generators. The lemma is proved.

COROLLARY 1 Let (ai1,...,a:1), 1 <i <1, be from the beginning of the
section and the integer N be from Lemma 3. Then for every integer m > 0 the
F-linear space

Am_,_N(al,l, .. .,al,l) + ...+ Am+N(ak71, .. .,aw) O I,. (49)

PROOF By Lemma 3 we have (Jo)min O XY (IN)m = X (M), Taking
the affine parts we get (49). The corollary is proved.

Now everything is ready for the proof of Theorem 1. By Lemma 11 and
Lemma 1 there is a system of generators of the module gr(I) with degrees

bounded from above by (dl)go(n). By Lemma 12 from Appendix 1 the Hilbert
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function H(gr(I),m) is stable for m > (dl)go(n).

function H(I,m) is stable for all m > (d)2°" .

Consider the linear order < on the monomials from "A’ which is induced by
the linear order < on the monomials from A’, see Section 4. Then the monomial
submodule I C °A! is defined, see Section 4, where ‘A = F[Xo, ..., X, D1, ...,
D,,] is the polynomial ring. By (22) Section 4 the Hilbert function H (I, m) is

stable for all m > (dl)Qo(n). Hence all the coefficients of the Hilbert polynomial
of I are bounded from above (dl)zo(n) . Therefore, according to (31) the module

I has a system of generators with degrees (dl)go(n). This means, see Section 4,
QO(n)

By (10) Section 2 the Hilbert

that the module Hdt("I) has a system of generators with degrees (dl)
Therefore, the degrees of all the elements of the Janet basis of "I with respect
to the induced linear order < are bounded from above by (dl)QO(n). Hence by
Lemma 3 Section 4 the same is true for the Janet basis of the module I with
respect to the linear order < on the monomials from A'. Theorem 1 is proved
for Weyl algebra.

9 The case of algebra of differential operators

Denote by B = F(Xy,...,X,)[D1,...,Dy,] the algebra of differential operators.
Recall that A C B and hence relations (1) are satisfied. Further, each element
f € B can be uniquely represented in the form

f= Z fjl,...,janl...Df;L" = Z ijj,

J1seeerin 20 jezn

where all f;, ;. = f; € F(X1,...,Xy) and F(Xy,...,X,) is a field of rational
functions over F'. Let us replace everywhere in Section 1 and Section 2 A,
XD’ deg f = dethW.Xlewan [y dimp M, ey, foij € F, (v,4,7), (4,7),
(#,3)), (",3") by B, DI, deg f = degp, . p, frdimpx, . x,) M, €, fo; €
F(Xy1,..., X)), (v,9), 4, 3, " respectively. Thus, we get the definition of the
Janet basis and all other objects from Section 1 for the case of the algebra of
differential operators.

We define the homogenization "B of B similarly to "A, see Section 3. Namely,
hB = F(Xy,...,X,)[Xo, D1, ..., Dy,] given by the relations

Xin = Xin, DiDJ = DjDi, for all i,j,

Further, the considerations are similar to the case of the Weyl algebra A with
minor changes. We leave them to the reader. For example, Theorem 2 for
the case of the algebra of differential operators is the same. One need only to
replace everywhere in its statement A, "4 and X,, by B, "B and D,, respectively.
Thus, one can prove Theorem 1 for the case when A is an algebra of differential
operators (but now it is B). Theorem 1 is proved completely.

One can consider more general algebra of differential operators. Let F be a
field with n derivatives D1, ..., D,. Then K, = F[Dy,..., D,] is the algebra of
differential operators and similarly one can define its homogenization " K, by
means of adding the variable X satisfying the relations

D;D; =D;D;, XoD;=D;Xo, Dif—fD;= fp,Xo
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for all 4,5 and any element f € F where fp, € F denotes the result of the
application of D; to f. Following the proof of Theorem 1 one can deduce the
following statement.

REMARK 6 A similar bound to Theorem 1 holds for K,.

Appendix 1: Degrees of generators of a graded
module over a polynomial ring and its Hilbert
function.

We give a short proof of the following result, cf. [1], [12], [6], [4].

LEMMA 12 Let I C A’ be a graded submodule over the graded polynomial
ring A = F[Xo,...,Xn], and I is given by a system of generators f1,..., fm of
degrees less than d. Then the Hilbert function H(A'/I,m) = dimg(A'/I),, is
stable for m > (dl)go("H)
of A'/T are bounded from above by (dl)

. Further, all the coefficients of the Hilbert polynomial

20(n+1)

PROOF Denote M = A'/I. Let L € F[Xo,..., X, be a linear form in gen-
eral position. Denote by K the kernel of the morphism M — M of multiplication
to L. We have K = {z € A' : Lz =Y., fizi,&z € A}. Hence solving
a linear system over A, we get that K has a system of generators gi,...,g,
with degrees bounded from above by (dl)2o(n+1). Let B be an arbitrary associ-
ated prime ideal of the module M such that B # (Xo,...,X,). Since L is in
general position we have L ¢ B. Hence P is not an associated prime ideal of
K. Therefore, K = 0 for all sufficiently big N. So XiNgj € I for sufficiently
big N and all 7,j. Hence g; = > 1, ., ¥j,ifi where y;; € F(X;)[Xo,...,X,].
Solving a linear system over the ring F(X;)[Xo,...,X,] we get an estimation
for denominators from F'[X;] of all y;,. Since all g; and f; are homogeneous we
can suppose without loss of generality that all the denominators are X;/¥. Thus,
we get an upper bound for N. Namely, N is bounded from above by (dl)2o(n+1).
Therefore, the sequence

0— My, — Myt — (M/LM)yyi1 — 0 (51)

is exact for m > (d)2°""". But M/LM = A'/(I + LA!) is a module over
a polynomial ring of F[Xy,...,X,]/(L) ~ F[Xo,...,Xn—1]. Hence by the
inductive assumption the Hilbert function H(A'/(I + LA'),m) is stable for
m > (dl)zo(n). Therefore, (51) implies that the Hilbert function H(A!/I,m) is
stable for m > (d)2°""".
Obviously for m < (dl)
O(n+1)
above by (dl)?
the Hilbert polynomial of A!/I are bounded from above by (dl)
lemma is proved.

20(n+1)

the values H(A'/I,m) are bounded from
. Hence by the Newton interpolation all the coefficients of
2900 The

We need also a conversion of Lemma 12.

LEMMA 13 Let I ¢ A' be a graded submodule over the graded polynomial
ring A = F[Xo,...,X,]. Assume that the Hilbert function H(A'/I,m) =
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dimp(A!/T),, is stable for m > D and all absolute values of the coefficients
of the Hilbert polynomial of the module A'/I are bounded from above by D for

some integer D > 1. Then I has a system of generators f1,..., fm with degrees
D2()(n+1) '

PROOF Let us choose f1,..., fmn to be the reduced Grobner basis of I with
respect to an admissible linear order < on the monomials from A!, cf. the
definitions from Section 1 and Section 4. The degree of a monomial from A’ is
defined similarly to Section 1 and Section 4. We shall suppose additionally that
the considered linear order is degree compatible, i.e., for any two monomials
21,22 if deg z; < deg zo then z; < z5. For every z € A the greatest monomial
Hdt(z) is defined. Further the monomial ideal Hdt([) is generated by all Hdt(z),
z € I. Now Hdt(f1),...,Hdt(f,) is a minimal system of generators of Hdt([)
and deg f; = deg Hdt(f;) for every 1 < i < m. The values of Hilbert functions
H(A'"/HAt(I),m) = H(A'/I,m) coincide for all m > 0. Thus, replacing I
by Hdt(I) we shall assume in what follows in the proof that I is a monomial
module.

For every 1 < i < I denote by A; C A’ the i-th direct summand of A'. Put
I; =INA;, 1 <i <1 Then I ~ @®i<i<l; since I is a monomial module.
Further, for every 1 < o < m there is 1 < i < [ such that f, € I;. Let us
identify A; = A. Then I; C A is a homogeneous monomial ideal. The case
I, = A is not excluded for some 7. For the Hilbert functions we have

H(A'Y/I,m)= > H(A/I;;m), m>0. (52)

1<i<l

If (A/I;)p = 0 for some i then (A/I;)y, = 0 for every m > D. In this case the
ideal I; is generated by (I;)p. Hence in (52) for the values m > D one can omit
this index 4 in the sum from the right part. Therefore, in this case the proof
is reduced to a smaller [. So we shall assume without loss of generality that
(A/I)p #£0, 1 <i<l.

Further, we use the exact description of the Hilbert function of a homoge-
neous ideal, see [4] Section 7. Namely there are the unique integers b; o > b1 >
... 2 biny2 = 0 such that

RV AN BT DI (S A I C)

n+l 1<j<nt1 J
for all sufficiently big m and
bio=min{d : d>b;1 &Vm>d (53) holds}. (54)

This description (without constants b; ) is originated from the classical paper
[11]. The integers b, ..., b; n12 are called the Macaulay constants of the ideal
I;. Besides that,

. m+n+1 m—>b;;+7—1
h(z,m)-H(A/L,m)—( il >+1+ Z ( ; )20
1<j<n+1
(55)
for every m > b; 1, see [4] Section 7. By Lemma 7.2 [4] for all 1 < o < m if
fa € I; then deg fo < b; . Hence it is sufficient to prove that all b; 9, 1 <i </,

are bounded from above by D2y,
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By (52) and (53) the coefficient at m™~7, 0 < j < n, of the Hilbert polyno-
mial of A'/T is

n+1—j' Z b1n+1 J+ Z Z n+1 'va(bzn+l v) (56)

1<i<i 0<v<j—1 1<z<l

where 0 # p; is an integer and p;, € Z[Z], 0 < v < j — 1, is a polynomial
with integer coefficients with deg p; ., = j — v + 1. Moreover, |u;| and absolute
values of all the coefficients of all the polynomials f;, are bounded from above
by, say, 20(""). Denote b; = 3 <, bij, 0 < j < n + 2. By the condition of
the lemma all the coefficients of the Hilbert polynomial of A'/I are bounded
from above by D. Hence from (56) one can recursively estimate b, 41, by, ..., b1.
Namely, by41—j = (2”21D)2O(1+1), 0 <j < n. Hence by = (lD)go(nH). Notice
that bi,l S maxi<i<i bi71 S b1 for every 1 S ) S m.

Now let m > maxi<i<; bj,1. By (55) if h(i,m) # 0 for some 1 <4 < then
m < D, i.e., m is less than the bound D for the stabilization of the Hilbert
function of A!/I. Thus, b; o < max{b; 1, D} by (54). Hence b; ¢ is bounded
from above by (1D)27""".

We have (A/I;)p # 0 for every 1 < i < [. This implies H(A'/I,D) > I.
Denote by c¢; the j-th coefficient of the Hilbert polynomial of the module AL
Now |¢;|D? > 1/(n + 1) for at least one j. Hence D""!'(n 4 1) > [ by the
12°"" is bounded from above by
D2°"™ | The lemma is

condition of the lemma. This implies that
D27ty Therefore, b; o is bounded from above by
proved.

Appendix 2: Bound on the Grobner basis of a
monomial module via the coefficients of its Hilbert
polynomial

Denote by C; = Z7 U --- U Z7} the disjoint union of [ copies of the semigrid
Zn = {(i1,...,in) = 45 > 0,1 < j < n}. A subset of C; which intersects
each disjoint copy of Z7 by a semigroup closed with respect to addition of
elements from Z" is called an ideal of C;. Any ideal I in C; has a unique
finite Grobuner basis V' = Vi, denote T = C; \ I. Clearly, I corresponds to a
monomial submodule in the free module (F[Xq,... ,Xn])l. The degree of an
element v = (k;é1,...,4,) € C;,1 < k < [ is defined as |u| = i1 + -+ + ip.
The degree of a subset in Cj is defined as the maximum of the degrees of its
elements. The Hilbert function Hr(z) equals to the number of vectors v € T'
such that |u| < z. Then Hr(z) = ) o, Cs2°, 2 > zo for suitable z,
integers co, . . ., ¢, where the degree m < n. Denote ¢ = maxo<s<m |cs|s! + 1.

PROPOSITION 1 (¢f. [6], [12], [{]). The degree of V does not exceed
(cn)zo(m),

PROOF An s-cone we call a subset of a k-th copy of Z" in C; for a certain
1 < k < of the form

P={X; =i1,....,Xj, , =lin—s} (57)
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for suitable 1 < j1,...,5n—s < n. The degree of (57) we define as |P| =
i1+ -+ +in—s (note that this definition is different from the one in [4]). By
a predessesor of (57) we mean each s-cone in the same k-th copy of Z'} of the

type

{le = il, . 7ij—1 = ip—lanp = ip — 1,ij+1 = ip+1, . ’Xj'n.—s = in—s}
(58)
for some 1 < p < n — s, provided that 7, > 1. Fix an arbitrary linear order on
s-cones compatible with the relation of predessesors.

By inverse recursion on s we fill gradually 7" (as a union) by s-cones. For the
base we start with s = m. Assume that a current union Tg C T of m-cones is
already constructed (at the very beginning we put Ty = @) and an m-cone of the
form (57) with s = m is the least one (with respect to the fixed linear order on
m-cones) which is contained in T not being a subset of Tp. Observe that each
predessesor of this m-cone was added to Ty at earlier steps of its construction.
Since the total number of m-cones added to Ty does not exceed c,,m! < ¢ we
deduce that the degree of every such m-cone is less than ¢, m! (taking into
account that the very first m-cone added to Ty has the degree 0).

For the recursive step assume that the current T} is a union of all possible
m-cones, (m — 1)-cones,...,(s + 1)-cones and perhaps, some s-cones. This can be
expressed as deg(Hyp — Hr,) < s. Again as in the base take the least s-cone of
the form (57) which is contained in 7" not being a subset of Ty. Observe that
each predessesor of the type (58) of this s-cone is contained in an appropriate
r-cone @, r > s, such that @) was added to T at earlier steps of its constructing
and Q C {X}, =i, —1}. Hence

Q= ip — 1. (59)

The described construction terminates when 7, = T. Denote by ts the
number of s-cones added to Ty and by ks the maximum of their degrees. We
have seen already that t,,, k,, < c.

Now by inverse induction on s we prove that t,, ks < (cn)Qo(WH) . To this end
we introduce a relevant semilattice on cones. Let C = {Cq s}a.3, 0< 8 <7,
be a family of cones of the form (57) where dim Cy 3 = . By an a-piece we
call an a-cone being the intersection of a few cones from C. All the pieces
constitute a semilattice £ with respect to the intersection and with maximal
elements from C. We treat £ also as a partially ordered set with respect to the
inclusion relation. Clearly, the depth of £ is less than n. Our nearest purpose
is to bound from above the size of L. For the sake of simplifying the bound we
assume (and this will suffice for our goal in the sequel) that v, < (cn)QO(m*a)
for s < a < m and v, = 0 when a < s, although one could write a bound in
general in the same way. Besides that we assume that the constant in O(...) is
sufficiently big. In what follows all the constants in O(...) coincide.

LEMMA 14 Under the assumption on the numbers v, < (cn)Qo(m_a>, s <
a < m of mazimal elements of all dimensions from C, the number of a-pieces in

)20<m*3>(s—a+1)+1

O(m—a)
L does not exceed (cn)? L for s < a < m or(cn when

o < S.
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PROOF For each a-piece choose its arbitrary irredundant representation as
the intersection of the cones from C. Let § be the minimal dimension among
these cones. Then this intersection contains at most § — a+ 1 cones. Therefore,
the number of possible a-pieces does not exceed

Z (en)2”" " 0at)

maz{a,s}<6<m

that proves the lemma.

Now we come back to estimating ts, ks by inverse induction on s. Let in
the described above construction the current T is the union of all added m-
cones, (m — 1)-cones,...,s-cones. Denote this family of cones by C and consider
the corresponding semilattice £ (see above). Our next purpose is to represent
Ty as a Z-linear combination of the pieces from £ by means of a kind of the
inclusion-exclusion formula. We assign the coefficients of this combination by
recursion in £. As a base we assign 1 to each maximal piece, so to the elements
of C. As a recursive step, if for a certain piece P € L the coefficients are already
assigned to all the pieces greater than P, we assign to P the coefficient ep in
such a way that the sum of the assigned coefficients to P and to all the greater
pieces equals to 1. Therefore, we get

Ty= > epP

PeLl

where the sum is understood in the sense of multisets. Hence

Hay (=) = ZeP(z—|P|+dimP> (60)

e dim P

for large enough z. We recall that deg(Hy — Hp,)) < s — 1.
Now we majorate the coefficients |ep| by induction in the semilattice £. The

inductive hypothesis on t, < (cn)Qo(mw) ,8 < a < m and Lemma 14 imply that

Z lep| < (cn)QO(m*A), s—1<Ax<m.
dimP=\

by inverse induction on A following the assigning e p. In fact, one could majorate
in a similar way also )4, p—, |€p| when A < s —1, but we don’t need it. The
)27 s < a < m and (60) entail that
the coefficient of Hr, (z) at the power z® does not exceed (cn)QO(mw) s—1<
a < m (actually, due to the inequality deg(Hr — Hp,) < s — 1 the coefficients
at the powers z® for s < a < m are less than ¢). In particular, the coefficient at
the power 2°~! does not exceed (cn)2o(m_s+l). Denote Hy — Hy, = 25"t 4.
By constructing Ty we add to it ts_1 = n(s — 1)! of (s — 1)-cones, which justifies

QO(mfsﬁ»l)

inductive hypothesis on k, < (cn

3

the inductive step for ¢ts_1 < (¢n)

To conduct the inductive step for ks_1 < (cn)2o(m_s+l) we observe that for
each (s — 1)-cone P added to T either every its predessesor is contained in a
cone of dimension at least s, or some its predessesor is an (s — 1)-cone as well.
In the former case |P| < (maXs<a<m ka + 1)(n — s+ 1) (due to (59)), while

in the latter case | P| is greater by 1 than the degree of this predessesor, hence
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ks—1 < (maxs<q<m ko + 1)(n — s+ 1) + t,—1. Finally, exploit the inductive
hypothesis for k,,, ..., ks, and the just obtained inequality on ¢5_1.

To complete the proof of the proposition it suffices to notice that for any
vector from the basis V treated as an 0-cone, each its predessesor of the type
(58) for s = 0 is contained in an appropriate r-cone, whence the degree of V
does not exceed (maxo<q<m ko + 1)n again due to (59) (cf. above).
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