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Abstract: We study the homotopy category hmf(R, W) of matrix factorizations of non-zero
elements W € R*, where R is an elementary divisor domain. When R has prime elements and
W factors into a square-free element Wy and a finite product of primes of multiplicity greater
than one and which do not divide Wy, we show that hmf(R, W) is triangle-equivalent with an
orthogonal sum of the triangulated categories of singularities Dging (Arn(p)) of the local Artinian
rings A, (p) = R/(p"™), where p runs over the prime divisors of W of order n > 2. This result holds
even when R is not Noetherian. The triangulated categories Dging (A (p)) are Krull-Schmidt and
we describe them explicitly. We also study the cocycle category zmf(R, W), showing that it is
additively generated by elementary matrix factorizations. Finally, we discuss a few classes of
examples.
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The study of open-closed topological Landau-Ginzburg models [1,2,3,4] defined on a Stein

manifold X [5] leads naturally to the problem of understanding categories of finitely-generated
projective factorizations over the non-Noetherian ring O(X) of holomorphic complex-valued
functions defined on X. The simplest interesting models of this type arise when X is an arbitrary
borderless, smooth and connected non-compact Riemann surface Y (which may have infinite
genus), with superpotential given by a non-vanishing holomorphic function W : ¥ — C. In this
situation, the ring R = O(X) is a so-called elementary divisor domain (see Appendix B), i.e. it
has the property that any matrix with entries from R admits a Smith normal form. Since any
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elementary divisor domain is a Bézout domain, this implies that any finitely-generated projective
R-module is free (see [0]), hence the relevant category reduces to the usual homotopy category
hmf(R, W) of finite rank matrix factorizations over R.

In the present paper, we consider a similar problem for any elementary divisor domain R
which has prime elements, showing that the triangulated structure of the category hmf(R, W)
can be determined explicitly for any element W € R* which is critically-finite, i.e. which can be
written as a product W = WyW,., where the non-critical part Wy is a square-free element of R*
and the critical part W, is a (non-empty) finite product of prime elements of R, each of which
has multiplicity strictly greater than one (we also require that Wy and W, are coprime). More
precisely, we will prove the following result, which can be viewed as a non-Noetherian extension
of the Buchweitz correspondence [7] to elementary divisor domains:

Theorem 0.1 Let R be an elementary divisor domain which has prime elements and W be a
critically-finite element of R with critical part W, = p{* ... p\", where p1,...,py (with N > 1)
are prime elements of R which are not mutually associated in divisibility and n; > 2. Then there
exist equivalences of triangulated categories:

hmf (R, W) ~ \/f\ilmiodR/@"i) = vz‘]\ileing(R/@ni» ) (0.1)

where mod g ,niy = Dsing(R/(p")) denotes the projectively-stabilized category of finitely-generated
modules (a.k.a. the category of singularities) of the ring R/(p™), a ring which is Artinian.

Our proof relies on the fact that matrices over an elementary divisor domain admit a Smith
normal form, which allows us to reduce the problem to understanding certain properties of ele-
mentary matrix factorizations (i.e. those matrix factorizations whose reduced rank equals one).
The latter were studied in [8] for any Bézout domain. The triangulated categories Dging (R/(p™))
are Krull-Schmidt and they admit Auslander-Reiten triangles; their Auslander-Reiten quivers
are determined in Section 2. Together with Theorem 0.1, this gives a complete description of
the category hmf(R, W) when the hypothesis of the theorem is satisfied.

The paper is organized as follows. In Section 1, we recall a few definitions and construc-
tions for matrix factorizations over Bézout domains. In Section 2, we discuss finitely-generated
modules over the quotient of a Bézout domain by a principal primary ideal. Section 3 consid-
ers the homotopy category of matrix factorizations over an elementary divisor domain for a
critically-finite W, giving the proof of Theorem 0.1. Section 4 discusses some examples, while
the appendices collect information about matrices over greatest common divisor (GCD) domains
and about elementary divisor domains (EDD).

Notations and conventions. We use the same notations and conventions as in [¢]. In particular,
given an element z of a unital commutative ring R, the symbol (z) € R/U(R) (where U(R) is
the group of units of R) denotes the class of z under association in divisibility. When R is a
GCD domain (see Appendix A) and z1,...,z, € R, the symbol (z1,...,z,) € R/U(R) denotes
the association in divisibility class formed by the greatest common divisors of x1,...,x,. The
symbol (z1,...,z,) denotes the ideal generated by z1, ..., z,. The symbol Z, stands for the field
7./27.,, whose elements we denote by 0 and 1. The symbol N denotes the set of natural numbers

including zero, while N* < N\ {0}.
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1. Matrix factorizations over a Bézout domain

Categories of matrix factorizations over a Bézout domain were studied in [%], to which we refer
the reader for more detail. In this section, we recall some definitions and constructions which
will be used later on. Let R be a Bézout domain and W € R* be a non-zero element of R.

1.1. Categories of matrix factorizations over R. As in [8], we consider the following categories:

e The R-linear and Zo-graded differential category MF(R, W) of finite rank matrix factoriza-
tions of W over R. Its objects are pairs a = (M, D) with M a free Zs-graded R-module of finite
rank and D an odd endomorphism of M such that D? = Widj;. Since W is non-vanishing,
the even and odd components of M have equal rank, which we denote by p(a) and call the
reduced rank of a; we have tkM = 2p(a). Choosing a Zo-homogeneous basis of M allows us to
identify M with the R-supermodule RP(@IP(%) whose Zj-homogeneous components are both
equal to the free module R®”(?), Then D is identified with a square matrix of size 2p(a) in
block off-diagonal form:

0w
o=l

where u and v are square matrices of size p(a) with entries in R. The condition D? = Widy,
amounts to the relations:
w =vu=WlI,q , (1.1)

where [, is the identity matrix of size p(a). Since W # 0, these conditions imply that the
matrices u and v have maximal rank. Given two objects a; = (M1, D7) and ag = (Ma, D2) of
MF(R, W), the Zs-graded R-module of morphisms from a; to ag is given by the inner Hom:

Homyr gy (a1, az) = Homp (My, Ma) = Hom%y (M, Ma) @ Homp (M, Ma)
endowed with the differential determined by the condition:
%ay,a2(f) =D2o f—(=1)"foDy , Vf€Homp{(M, M) ,

where k € Zs.

e The R-linear and Zy-graded cocycle, coboundary and total cohomology categories ZMF (R, W),
BMF(R, W) and HMF(R, W) of MF(R, W).

o The subcategories mf(R, W), zmf (R, W), bmf (R, W) and hmf(R, W) obtained from MF(R, W),
ZMF(R, W), BMF (R, W) and HMF (R, W) by restricting to morphisms of even degree. Notice
that hmf(R, W) is the usual homotopy category of finite rank matrix factorizations.

It is clear that MF(R, W), BMF (R, W) and ZMF (R, W) admit double direct sums (and hence
all finite direct sums of at least two elements). On the other hand, HMF(R, W) is an additive
category. Two matrix factorizations ay and as of W over R are called strongly isomorphic if they
are isomorphic in the category zmf (R, W). It is clear that two strongly isomorphic factorizations
are also isomorphic in hmf(R, W), but the converse need not hold. Matrix factorizations for
which M = RPI? form a dg subcategory of MF(R, W) which is dg-equivalent with MF (R, W).
We will often tacitly identify MF(R, W) with this subcategory. Given two matrix factorizations

a; = (R Dy) and ay = (RP?P2, Dy) of W with D; = [0 vi

w 0] and u;, v; € Mat(p;, pi, R), a

morphism f € Homy.¢(g (a1, az2) has matrix form:

_ [ feo 0]
/ [Ofii
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with fi5, fi3 € Mat(p1, p2, R) and we have:

B ) B 0 vz 0 fi5 — fop 0 v1
aa17a2(f)_D20f foDy= UQOfOf)_fiioul 0

1.2. The triangulated structure of hmf(R, W). The category hmf(R, W) is naturally triangulated
with an involutive suspension functor. This triangulated structure is defined as follows (see [9]
for a detailed treatment).

Definition 1.1 Let a = (M, D) be a matriz factorization of W, where

p=[ai

The suspension of a is the matriz factorization XM def- (M', D), where:

(M/)G d;f~ Mi (Ml)i d;f MG

and:
pdef. | 0 —u
e ]

Given two matriz factorizations ay = (My,D1) and ag = (Ma,D3) of W and a morphism
fe Homhmf(RJ/V)(al,az), its suspension X f coincides with f when the latter is viewed as an

element of Hom%(M{, M3).
It is easy to check that X is an endofunctor of hmf(R, W) which satisfies £? = dpme(r,w)-

Definition 1.2 Let a; = (M;, D;) for i € {1,2} be two matriz factorizations of W with D; =
{0 vi] and f :a; — ay be a morphism in hmf(R, W) with f = {f()() 0 ] Then:
u; 0 0 fii
e The mapping cone C(f) of f is the matriz factorization C(f) = (M, D) of W, where:
def. + i . o def. i 0 i def. 1 i
M:M@M Wlth M :Ml@M2 s M :Ml@MZ
and:
Ddgf' 0w , Withudgf' —o1 0 , vdg' [_ul 0]
u0 fiq vz foo v2
e The morphism ¢¢ : ag — C(f) is defined via the following diagram:
Mo

I I b

u

MioMO —s MO@ M — Mle M)

where 11 : MQO — M11 &) Mg and iz : M21 — M? &) M21 are the inclusions.
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o The morphism 1y : C(f) = Yay is defined via the following diagram:
MioMm) —s MOo M —2 s Mle MO
I
M = M0 = M

where w1 and o are the natural projections.

The following result is well-known (see [9] for details):

Theorem 1.3 The category hmf(R, W) is triangulated when equipped with the suspension func-
tor X and with the collection of distinguished triangles given by sequences isomorphic with those
of the form:

(

al i) as ﬁ) C(f) ! Zal R

where f: a1 — ag is any morphism in hmf(R, W).
Proposition 1.4 Let s be a unit of R. Then there exists a triangulated equivalence:
hmf(R, sW) ~ hmf(R, W)

Proof. Let @5 : zmf(R,W) — zmf(R,sW) be the functor which takes a factorization a =

(RPIP. D) of W with D = [2 8] into the factorization @,(a) = (R*1P, D®) of sW, where D® =

2 8(;} is a factorization of sW and leaves unchanged the morphism f = [fgo fm} from a; to
ii
as into itself. Using the explicit expression:
0 sv9 0 fi: — sfas 0 U1
s = D3 — foDi= 1 00 1.2
Dahaz(f) QOf fO 1 |:u20f@()_fﬁou1 0 ) ( )

we conclude that:
Dyof—foDi =0 <<= Diof—foDi=0 .

This implies that the functor @, is well-defined and!:

Homsz(R,W) (ala a2) - Homsz(R,sW) (@s (a1)7 Ds (aQ))

The coboundary categories bmf(R, W) and bmf(R, sW) are also related to each other in a similar
way. More precisely, equation (1.2) gives:

b(szl,ag(f) =0 < Da1,a2(f) =0,
which implies the equality bmf(R, W)(a1,a2) = bmf(R, sW)(Ps(a1), Ps(az)). As a result, the
functor @, gives an equivalence of categories from hmf(R, W) to hmf(R, sW). Since the modules
of morphisms naturally coincide, we also conclude that &, maps distinguished triangles into

distinguished triangles. This follows immediately from what we proved here and from Theorem
1.3. O

1 Notice that the right hand side is always a subset of the left hand side for any element s € R. The equality
holds since s is a unit.
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1.8. Localizations. Let S C R be a multiplicative subset of R containing the identity 1 € R. Let
As : R — Rg denote the natural ring homomorphism from R to the localization Rg - g-1p

of R at S. For any r € R, let rg def. As(r) = 7 € Rg denote its extension. For any R-module N,
let Ng = SN = N ®pr Rg denote the localization of N at S. For any morphism of R-modules

f:N — N let fg def- f®ridgrg : Ng — N denote the localization of f at S. For any Zs-graded

R-module M = M° @ Mi, we have Mg = Mg @ M;, since the localization functor is exact. In
particular, localization at S induces a functor from the category of Zs-graded R-modules to the
category of Zs-graded Rg-modules.

Let a = (M, D) be a matrix factorization of W. The localization of a at S (see [8]) is the
following matrix factorization of Wg over the ring Rg:

as 2 (Mg, Dg) € ObMF(Rg, W)

This extends to an even dg functor locg : MF(R,W) — MF(Rg, Wg), which is R-linear
and preserves direct sums. In turn, the latter induces functors ZMF(R, W) — ZMF(Rg, Wg),
BMF (R, W) — BMF(Rg, Ws), HMF(R, W) — HMF(Rg, W) and hmf(R, W) — hmf(Rg, W),
which we again denote by locg.

1.4. Critically-finite elements. Since R is a Bézout (and hence a GCD) domain, the irreducible
elements of R are prime, which implies that any factorizable element (i.e. an element with finite
factorization into irreducibles) of R has a unique prime factorization up to association. A divisor
d of the element W € R* which is not a unit is called critical if d2|W. The critical ideal Ty of
W is the ideal consisting of all elements of R which are divisible by every critical divisor of W:

Jw L {r € R|djr Vd € R such that d*|W} (1.3)

The following notion was introduced in [3]:

Definition 1.5 A non-zero non-unit W of R is called:
e non-critical, if W has no critical divisors;
e critically-finite if it has a factorization of the form:
W =WoW, with W, =p"...p~ , (1.4)

where N > 1, nj > 2, p1,...,pN are critical prime divisors of W with (p;) # (p;) for i # j
and Wy is non-critical and coprime with W,.

The elements Wy, W, and p; in the factorization (1.4) are determined by W up to association,
while n; are uniquely determined by W.

Remark 1.1. Let W be a critically-finite element of R with decomposition (1.4). Then the Chinese
remainder theorem gives an isomorphism of rings:

R/(W) ~ R/(Wo) ® R/(We) .
When R is a Bézout domain, the ring:
R/(We) ~ R/(p{*) @ ... © R/(p\Y) ~ R/(p{* ... p\)

is Artinian and Gorenstein since R/(p;") are Gorenstein Artinian rings (see Section 2). However,
the rings R/(Wy) and R/(W) need not be Noetherian.
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1.5. Elementary matriz factorizations. A matrix factorization a = (M, D) of W over R is called
elementary if it has unit reduced rank, i.e. if p(a) = 1. Any elementary factorization is strongly

isomorphic to one of the form e, def (Rm, D,), where v is a divisor of W and D, def [u g] , with
def.

u = W/v € R. Let EF(R, W) denote the full subcategory of MF (R, W) whose objects are the

elementary factorizations of W over R. Let ZEF(R, W) and HEF (R, W) denote respectively the

cocycle and total cohomology categories of EF (R, W). We also use the notations zef(R, W) def-

ZEFO(R, W) and hef(R, W) def. HEFG(R, W) for the subcategories obtained by keeping only the

even morphisms. An elementary factorization is indecomposable in zmf(R, W), but it need not
be indecomposable in hmf(R, W).

2. Finitely-generated modules over the quotient of a Bézout domain by a principal
primary ideal

Let R be a Bézout domain and p € R be a prime element. In this section, we study the category
of finitely-generated modules over the quotient ring R/(p™) (with n > 2) and its stable category.

2.1. The rings A, (p). Fix an integer n > 2 and consider the quotient ring?:

Aa(p) < R/ (") .

Let m,(p) = pAn(p) = (p)/(p") and k, = R/(p). The following result was proved in [&].

Lemma 2.1 The following statements hold:

1. The principal ideal (p) generated by p is mazximal.
2. The primary ideal (p™) is contained in a unique mazimal ideal of R.
3. The quotient A, (p) is a quasi-local ring with mazimal ideal my,(p) and residue field ky,.

4. An(p) is a generalized valuation ring.

Remark 2.1. Let Z(Ay(p)) be the set of zero divisors, N(A,(p)) be the nilradical and J(A.(p))
be the Jacobson radical of A, (p). Then we have (see [0, Exercise 1.1]):

Z(An(p)) = N(An(p)) = J(An(p)) = mn(p)

Proposition 2.2 A,(p) is an Artinian local principal ideal ring, whose ideals are (p')/{p™) for
1=0,...,n.

Proof. Let I be an ideal of R such that (p™) C I C (p). Since A,(p) is a generalized valuation ring
by Lemma 2.1, its ideals are totally ordered by inclusion. Hence there exists ani € {2,...,n—1}
such that (p') C I C (p'~1). Suppose that I\ (p') is non-empty and take any element = € I\ (p?).
Then 2 = rp'~! for some r € R such that p doesn’t divide r, i.e. (r,p) = (1). Since R is a
Bézout domain, there exist a,b € R such that ar 4+ bp = 1. Multiplying with p’~!, this gives

p'~t = ax+bp’, which belongs to I since both « and p* belong to I. Thus p'~! € I, which implies

2 This ring will later on also be denoted by A for ease of notation.
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(p"~1) € I and hence I = (p'~!), contradicting the fact that the inclusion I C (p*~1) is strict. It
follows that every ideal of R/(p™) has the form (p’)/(p") for some i € {0,...,n}. In particular,
R/(p™) is an Artinian (and hence Noetherian) local ring. Since R is a Noetherian Bézout ring,
it is also a principal ideal ring. O

Remark 2.2. Since A, (p) has non-trivial divisors of zero, it cannot be a regular local ring. It was
shown in [10] that the global dimension of a generalized valuation ring which is not an integral
domain is necessarily infinite. Thus gldim(A,(p)) = oo. Also notice that A, (p) has length n as
a module over itself.

For simplicity, in the remainder of this section we denote A, (p) by A, the residue field k,,(p) by
k and the maximal ideal m,(p) by m.

2.2. The category mod,. Let mod, be the category of finitely-generated modules over A =
A, (p). Since A is Artinian, the following statements are equivalent for a A-module M by the
Akizuki-Hopkins-Lewitzki theorem:

e M is Noetherian.
e M is Artinian.
e M is finitely-generated.

e M has finite composition length.

Let A; = (p" %) /{p™) = p"~*A with i € {0,...,n} be the ideals of A, thus A9 = 0, A,_1 = m

and A,, = A. These form the finite ascending sequence:

O=AgCc A C...CA,_1CA,=A . (2.1)
Let V; < AJAn—i ~r R/(p%) (with i = 0,...,n) be the cyclically-presented cyclic A-modules
with annihilators Ann(V;) = A,_;. We have natural isomorphisms of R-modules p; : V; = A;
given by taking the element x + (p') (z € R) of V; ~r R/(p') to the element p"~‘x + (p") of
A;. Unlike the ideals A; (which can be viewed as non-unital A-algebras), the modules V; have
a unital A-algebra structure with unit 14 + A,,_;. This unit is not preserved by the R-module
isomorphisms ;. It is clear that the non-zero cyclic modules Vi,...,V, are indecomposable,
with endomorphism rings given by the local rings:

Ends(V;) ~ R/{p") , Vie{l,...,n}

Recall that a commutative ring R is called an FGC' (finitely-generated commutative) ring if
every finitely-generated R-module is isomorphic with a finite direct sum of cyclic modules. For
any FGC ring R, the finite direct sum decomposition of a finitely-generated R-module into
non-zero indecomposable cyclic modules is unique up to permutation and isomorphism of the
indecomposable cyclic summands [11].

Proposition 2.3 A is an FGC ring whose indecomposable non-zero finitely-generated A-modules
are the cyclic modules Vi, ..., V,. Moreover, the decomposition of a finitely-generated A-module
into non-zero cyclic modules is unique up to permutation and isomorphism of factors, hence
mod, is a Krull-Schmidt category.
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Proof. 1t is well-known that any module over a principal ideal ring decomposes as a direct sum of
cyclic modules [12]. In particular, A is an FGC ring. Uniqueness of the decomposition into non-
zero cyclic modules up to permutation and isomorphism of factors follows from [11, Proposition
3.4] since A is a generalized valuation ring. The indecomposable finitely-generated A-modules
coincide with the cyclic modules Vi,...,V,. See [13, Theorem 3.2]. O

Proposition 2.4 The only non-zero indecomposable A-module which is projective is Vi, >~ A= A.

Proof. Since any projective module over a local ring is free, it follows that a finitely-generated
A-module is projective iff it is free of finite rank. Such a module is indecomposable iff it has
rank one. Another way to see this is as follows. Since the non-zero indecomposable A-modules
are V; with i € {1,...,n}, it suffices to show that V; is projective iff i = n. The module 4,, = A
is projective since it is free. Thus it suffices to show that Vi,...,V,,_1 are not projective. Recall
that A,,_; = p'A is a principal A-module. It is well-known that such a module is projective iff
there exists an idempotent e € A such that p’/A = eA. Suppose that this is the case for some
i€{l,...,n—1}. Then we must have:

pPA=e*A=ed=p'A . (2.2)

If 2i < n, this amounts to Ag; = A;, which is impossible since the inclusions in (2.1) are strict. If
2i > n, then we have p*A = 0 and relation (2.2) amounts to p’/A = 0, which is impossible since
i belongs to the set {1,...,n—1}. O

2.3. Uniseriality. Notice that A is a uniserial ring and that the indecomposable cyclic modules
Vi >~ A; are uniserial modules of length i. The unique composition series of A; is given by:

0=AgC...C A
In particular, the only simple A-module is A1 ~r Vi ~g k. We have:
Vig1/Vi = Ajp1 /A ~ k

and the only composition factor of A; ~4 V; is k, with multiplicity i.

2.4. The Frobenius property. The following result shows that A is a Frobenius ring.

Proposition 2.5 The ring A is a commutative Frobenius ring. In particular, A is self-injective
and hence it is a Gorenstein ring of dimension zero. Thus:

; k ifi=0
7 ~
Ext’(k, A) ~4 {0 ifi40
Proof. 1t is clear that A has a unique minimal ideal, namely A;. Since A is a local Artinian

ring, it follows that A is Frobenius. This implies that R is self-injective and hence Gorenstein of
dimension zero. O

Since A is Noetherian and self-injective (i.e. quasi-Frobenius, which for a commutative ring is the
same as being Frobenius), it follows that a A-module is injective iff it is projective. In particular,
mod, is a Frobenius category. Notice that K4 = A is a canonical A-module. In particular, all
finitely-generated A-modules are reflexive.
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2.5. The Auslander-Reiten quiver of mod,. The following result allows us to describe the mor-
phisms between the modules V;.

Proposition 2.6 Let R be a Bézout domain and a,b € R*. Then there exists an isomorphism
of R-modules:
Gab : Homp(R/{a), R/(b)) = R/(a,b)

which is determined up to multiplication by a unit of R. If a,b,c € R* are three elements and
f € Hompg(R/(a), R/(b)), g € Hompg(R/(b), R/(c)), then we have:

QQc(g o f) d;f. Sachbc(g)Qab(f) )

where Sqpe € (gac)czc(zbl)v)

Proof. The cyclic module R/(a) is generated by the element ¢, = 1 mod (a), while R/(b) is gener-
ated by €, = 1 mod (b). Consider the injective R-module morphism ¢, : Homg(R/(a), R/{b)) —
R/(b) which associates to f € Hompg(R/(a), R/(b)) the unique element ¢, (f) € R/(b) such
that f(eq) = vap(f)er- Let r € R be an element such that ¢u,(f) = rmod(b). Since apq(f)er =
af(e,) = flae,) = f(0) = 0, we have apq(f) = 0 in the ring R/(b), which is equivalent with
the condition blar. Writing a = a1dy, and b = bydy, with dgp € (a,b) and (a1, b;) = (1), this
is equivalent with the condition by|r, i.e. 7 € (b1). Hence the image of g, equals (b1)/(b). The
map (b1) > r — r/b; € R induces an isomorphism of R-modules v : {b1)/(b) = R/{a,b). Then
Qab def- Yab © pap : Homp(R/(a), R/(b)) — R/{(a,b) is the desired isomorphism of R-modules,
which acts as qu(f) = ‘p“glf ) = d“wgb(f ). Since dyp is determined up to multiplication by a unit
of R, the same holds for gu(f).

Given three non-vanishing elements a, b, ¢ of R and morphisms f, g as in the proposition, we
have:

(9o f)(ea) = g(par(fen) = vve(9)pan(fec
which gives @ac(g o f) = ©be(9)pap(f). Thus:

dacPbc(9)Pab(f) _ dacch

c = oy e(@)ab(f) = Sabetre(9)ap(S) -

Qac(gof) =

where: - (a.0)(b)
Sabe = ﬁch(Q)Qab(f) € m

Corollary 2.7 Let R be a Bézout domain and a,b,c € R* be three elements such that a|c and
blc. Then there exists an isomorphism of R/{c)-modules:

Homp, ) (R/(a), R/ (b)) = R/(a,b)

Proof. Restriction of scalars along the epimorphism 7 : R — R/(c) gives a full and faithful
functor 7* : Modpgy () — Modg. The composition qap © T/ g/ + Hompy (o) (R/{a), R/(b)) —
R/{a,b) is the desired isomorphism. 0O

Proposition 2.8 For any i,j € {0,...,n}, we have an isomorphism of modules:

HOHIA(VZ', V}) ~A Vm

in(z,5)
For any i€ {1,...,n}, we have an isomorphism of rings:

End,(V;) ~ R/(p%) .
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Proof. Follows immediately from Corollary 2.7. O

In particular, End(V;) is a commutative local ring with maximal ideal m; e (p)/{p*) and

residue field equal to k,. Consider the field:

T(V;) < End(V;, V) /mi ~k, .

Proposition 2.9 For any 0 < j <i <n, we have:
Vi Vi~ Vi

Moreover, the natural surjection g, ; : V, — Vi is a projective cover for all i € {1,...,n} and
the first syzygy of V; is given by:

2(V;) =ker(gni) ~ Vi—i

Proof. We have V;/V; = (p"~%)/(p"~7) ~p R/(p"~7) = V;_;, so similar isomorphisms hold over A.
Recall that V;, ~ A is a projective module. Since each V}, has a single maximal submodule (namely
Vi—1), we have rad(Vy) = Vj_; for all & € {1,...,n}. The induced map @y ; : V,/rad(V;) —
Vi/rad(V;) is an isomorphism since V,,/V,,—1 ~4 R/(p) ~4 V;/Vi_1. This implies that ¢, ; is a
projective cover by [14, Chap 1.4, Proposition 4.3, page 13]. It is clear that ker(gy ;) ~ V,—;. O

Proposition 2.10 Let f : V; — V; be an irreducible morphism in mod,. Then one of the
following holds:

1. f is injective and j =i+ 1. In this case, f fits into a short exact sequence:
0—>Vii>Vi+1—>V1—>O

2. f is surjective and j =i — 1. In this case, f fits into a short exact sequence:
0—>V1—>V;i>1/;,1—>0

Proof. Recall that an irreducible morphism f : V; — V; in mod 4 must be either a monomorphism
or an epimorphism [I14, Chap. V.5, Lemma 5.1]. Distinguish the cases:

1. If f is a monomorphism, then imf = V}, for some k£ < j. Since V; ~,4 imf, we must have
k =i and imf = V;. Thus ¢ < j. Moreover, imf must be a direct summand of any proper
submodule of V; which contains imf. Since no submodule of V; has a direct summand, we
must have imf = V;_; and hence j = ¢ + 1.

2. If f is an epimorphism, then ker f = V}, for some k < i. Since V; ~, Vi/ker f = V;/V}, ~4 Vi_y,
we must have i > j and k = i — j. Moreover, V; must be a summand of V;/M for any non-zero
submodule M of V; which is contained in ker f = V4, i.e. it must be a summand of V;/Vy = V,_;
for any s € {1,...,k}. Since none of the modules Vi, ...,V has direct summands, this means
that we must have k =1, i.e. i = j + 1.

The short exact sequences follow immediately from the above. 0O
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For any ¢ € {1,...,n — 1}, let s;,41 : V; = Viy1 be the inclusion. For any ¢ = 2,...,n, let
¢ii—1 : Vi = Vi_1 be the natural surjection. For any i € {1,...,n — 1}, we have an almost split
sequence (see [14, p. 141]):

0—V, L Vi @V 25V —0 |

—qii—1
Sii+1
irreducible by [, Chap. V.5., Theorem 5.3, p. 167]. Moreover, the Auslander-Reiten translation

7 = DTr is given by:

where g; = [ } and f; = [si,l’i , qu,i]. In particular, the morphisms s; ;1 and g; ;1 are

r(Vi)=V;, Vie{l,....n—1}, 7(V,) =0 .

(recall that DTr(P) = 0 iff P is a projective module). It follows that DTr acts trivially on
A-modules which have no projective direct summands. By [14, page 229], the class 5,1, of
si—1,; generates the T'(V;_1)°PP-vector space Irr(V;_1,V;) while the class g;y1,; of gi+1, gener-
ates the T'(Vj41)°PP-vector space Irr(Viyq,V;). Similarly, the class 5;;41 of s;;11 generates the
T'(Viy1)-vector space Irr(V;, Viy1) and the class g; ;—1 of ¢; ;1 generates the T'(V;_1)-vector space
Irr(V;, Vi—1). Thus:

o Irr(V;, Viq1) is generated by 5; ;41 over both T'(V;)°PP and T'(Viy1) -
o Irr(V;, Vi_1) is generated by g; ;—1 over both T'(V;)°PP and T'(Vi—1) .

It follows that the arrow V; — V;_q for i = 2,...,n — 1 and the arrows V;_1 — V; have trivial
valuation ( . The Auslander-Reiten quiver of mod A is shown in Figure 2.1.
Vi Va V3

Fig. 2.1. Auslander-Reiten quiver for mod, when n = 5. The single projective injective vertex is shown
in blue. The Auslander-Reiten translation fixes all non-projective vertices.

2.6. The category mod 4. Let mod , denote the projectively-stable category of finitely-generated
A-modules. Since any projective A-module is free, this category has the same objects as mod 4
and morphisms given by:

Hom (M, N) ¥ Homy (M, N)/Ps(M,N) , ¥YM,N € Ob(mod,) ,

where P4(M,N) C Homy (M, N) is the submodule consisting of those morphisms from M to
N which factor through a free module of finite rank. Since mod, is a Frobenius category, the
stable category mod 4 has a natural triangulated structure.

The first syzygy induces a functor (2 : mod, — mod, which is an equivalence of categories
since A is self-injective (see [14, Chap. IV.3]). Since A is a symmetric Artin algebra, we also have
D ~ Homy(—, A) and 22 ~ DTr = 7. Since DTr acts as the identity functor on indecomposable
non-projectives of mod,, we have DTr ~ idy0q N and hence 22 ~ id,,0q N The functor {2 is the
shift functor of the triangulated category mod ;.
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For i,7 € {0,...,n}, define:
i ifitj<n&i<j
ndef. oo B . ydef. . . )T ifi+j<n&i>j
6”(1)_m1n(lan 2)6{17'“7” l}a :U'n(l:j)_mln[én(z)aén(])}_ n—z1fz+]>n&2>]
n—jifi+ji>n&i<j

Notice the relations 6,,(i) = d,(n — i) and d,(n) = 0 as well as: =
pin (i §) = pn(G,1) = pn(n =1, 5) = pm(i;n = j) , pn(in) =0 . (2.4)
Proposition 2.11 For any 1 <i,5 <n—1, we have:
Hom,(V;,Vj) =4V, n(i,5)
Proof. A similar statement is proved in [15, Lemma 2.3]. For completeness we sketch the proof.

Proposition 2.8 gives an isomorphism of A-modules:
Homx(V;, Vj) ~4 Vmin(i,j) ~4 pnfmin(i,j)A _ pmaX(nfi,n—j)A _ (pnii/l) A (pnfj/l) |

where we noticed that n—min(i, j) = max(n—4,n— j). The morphism f € Hom,(p" ‘A, p" 7 A)
factors through a free module iff? its image through this isomorphism lies in the ideal p"~*Ap" 7 =
p?" =3 A, Thus:

pmax(n—i,n—j)/l pn—min(i,j)/l

Hom(V;, V;) ~4 iAo T i

The denominator is isomorphic to 0 when ¢ + j < n. In this case we have:

Hom(V;, V;) ~2p R/ (p™n09)) = Vinin(i,5)

On the other hand, when 7 4+ j > n, we find:
<pmax(n7i,nfj)>

Hom(V;, Vj) ~a W

~ R/<pmin(n—i,n—j)> = Vmin(n—i,n—j) ,

where we noticed that 2n —i — j = min(n —i,n — j) + max(n — i,n — j). The conclusion follows
upon noticing that:

min(i, j) ifi+j<n

min(n —i,n—j)ifi+j>n

fin (1, ) = {

2.7. The Auslander-Reiten quiver of mod ,. For any A-module M, there exists an injective res-
olution:
M — My — My — ...

whose cohomology in degree one equals 2(M). Hence we have natural isomorphisms of A-
modules Ext!(N, M) ~, Hom 4(N, 2(M)) and any Auslander-Reiten sequence:
0—x 5y -4z 0 (2.5)

3 Asin [15, Lemma 2.3], this follows from the fact that the natural morphism of modules from V; ~ p"~%A to
V;¥ = Homa(p"*A, A) = Homa(Vi, Vi) 2 Vinin(i,n) = Vi is an isomorphism by Proposition 2.8.
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induces an Auslander-Reiten triangle:

x Ly L 720 o),

where ¢ € Hom 4(Z, X[1]) = Ext!(Z, X) is the extension class defined by the AR sequence (2.5).
As a consequence, the category mod , has Auslander-Reiten triangles which are given by:

i fi
In particular, V4, ..., V,_1 are indecomposable objects of mod 4, which have local endomorphism
rings. It follows that mod, is Krull-Schmidt with indecomposables Vi,...,V,_1. Moreover,

gi are source morphisms and f; are sink morphisms, which implies dimpy;) Irr(V;, Viy1) =
dimpy;, ) Irr(V;, Vigr) = 1 and dimpqy,) Ire(V;, Viey) = dimpgy,_ ) Tee(Vi, Vier) = 1 (see [16]).
Hence all arrows of the AR quiver of mod 4 have trivial valuation (1,1). The AR translation is
given by 7(V;) =V, for all ¢ € {1,...,n — 1}. The AR quiver of mod , is obtained from that of
mod 4 by deleting the projective vertex; an example is shown in Figure 2.2.

GG—"o—"ag—"0
v o %K

Fig. 2.2. Auslander-Reiten quiver for mod , when n = 5. The translation fixes all vertices.

2.8. The Calabi-Yau property of mod . Recall that A is a self-injective (a.k.a. quasi-Frobenius)
commutative ring. This implies that all finitely-generated A-modules are reflexive and that the
dual D(M) = Hom (M, A) of any finitely-generated module is finitely-generated [17, Theorem
4.12.21]. Thus D is an involutive auto-equivalence of mod,. Since A is self-injective, we have
mod 4 ~ mod, and hence D induces a well-defined involutive autoequivalence of mod A4 by [14,
Chap. IV.1, Proposition 1.9, page 106], which we denote by the same letter.

Lemma 2.12 We have:
D(V;)~a Vi, Vie{l,...,n}

Proof. For any i € {1,...,n}, we have:
D(‘/Z) = Hom/l(‘/iv Vn) =4 Vmin(i,n) =V,

where we used Proposition 2.8. O

Recall that an additive autoequivalence S of the R-linear category mod, is called a Serre
functor if we have natural isomorphisms of A-modules:

Hom 4(M, N) ~4 D(Hom (N, S(M))) , YM,N € Ob[mod ]

This implies that S is a triangulated auto-equivalence. The following proposition shows that the
R-linear triangulated category mod , is “1-Calabi-Yau”:

Proposition 2.13 The functor S = {2 is a Serre functor for mod,.
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Proof. Since mod, is Krull-Schmidt with indecomposable objects Vi,...,V,_1, it suffices to
show that we have natural isomorphisms in mod 4:

Hom (Vi, V) ~goa, D(Hom ,(V;, 2(V0))) , ¥i,j € {1,...,n—1} . (2.7)
Since 2V; ~4 V,,—;, Proposition 2.11 shows that the right hand side of (2.7) is given by:
D(Hom ;(V}, £2(V;))) ~a D(Hom 4 (Vj, Vi) 24 D(Vyi, (jn—1)) = DVini.5) =4 Vin(ig)

where we used relations (2.4) and Lemma 2.12. On the other hand, the left hand side of (2.7) is
given by:
Hom 4(V;, V) =4 'V, n(i,9)

Since all isomorphisms above are natural, we conclude that (2.7) holds since any isomorphism
in mod, induces an isomorphism in mod,. O

2.9. A triangle generator for mod . We say that a full subcategory C of mod , is closed under
extensions (also known as thick or épaisse) if, given any distinguished triangle:

X —=Y —7— NX)

of mod,, we have ¥ € ObC provided that X and Z are objects of C. We say that a full
subcategory C of mod , is isomorphism-closed (or strictly full) if any object of mod, which is
isomorphic with an object of C is an object of C. A full subcategory C of mod , is called saturated
if it is closed under direct summands. Given an object X of mod,, let (X) denote the smallest
triangulated subcategory of mod , which contains the object X and is strictly full and saturated.
This coincides with the smallest full subcategory of mod , which is closed under isomorphisms,
direct sums, shifts and direct summands.

Proposition 2.14 The smallest full subcategory of mod, which contains the object Vi = k,
and is closed under isomorphisms, direct sums, direct summands and extensions coincides with
mod 4. Hence:

(V1) = mod 4

Proof. Let T = (V1) be the smallest subcategory of mod , which is closed under isomorphisms,
direct sums, direct summands and shifts and such that any distinguished triangle of mod , for
which two objects belong to 7T lies in 7.

We first show by induction that the modules V; with ¢ = 2,...,n — 1 belong to 7. Consider
the AR triangle (2.6) for i = 1:

Vi v v o)

where we used the fact that Vo = 0. Since Vi € ObT, we have V5 € Ob7. Suppose now that
Vi—1 and V; are objects of T for some ¢ € {2,...,n — 1}. Considering the sequence (2.6) for ¢,
and using the fact that V; is an object of T, we conclude similarly that V;_1 & V11 is an object
of T. Thus Vj4; is also an object of 7 since 7T is closed under direct summands. We conclude
by induction that Vi,...,V,,_1 belong to 7. This gives the conclusion since T is closed under
direct sums and mod 4 is additively generated by the objects Vi,...,V,_1. O
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2.10. Equivalence between mod 4 and the category of singularities of A. Recall that the category
of singularities of A is the Verdier quotient:

DL (A) € DP(A)/Pert(4) |

sing
where D?(A) is the bounded derived category of complexes of finitely generated modules and
Perf(A) is the triangulated subcategory of perfect complexes. In our case, this category is

triangle-equivalent with mod 4, as we explain next.

Recall that the depth of a Noetherian A-module M is defined through:
depth (M) %< inf { dim Ext)y(k, M) > 0} .

This quantity satisfies the inequality:
depth 4 (M) < kdim(A/Ann(M)) < kdimA .

There is another way to formulate this for local rings. Let (R, m) be a local ring. Recall that
a sequence x1i,...,T, € m is called an M-sequence if x; is a non zero divisor in the quotient
M/{x1,...,zi—1) for all 1 <i <r. The depth of a module over a local ring (R, m) is equal to the
length of a maximal M-sequence. A Noetherian A-module is called mazimal Cohen-Macaulay
(MCM) if depth 4(M) = kdim(A). Let MCM(A) be the full subcategory of mod, whose objects
are the MCM modules.

Lemma 2.15 Any finitely-generated A-module M is mazimal Cohen-Macaulay. Thus MCM(A) =
mod 4.

Proof. This is well-known, but we sketch the proof for completeness. Since A is an Artinian
local ring, it has Krull dimension zero. On the other hand, the depth of any finitely-generated
A-module is zero since any element of m is nilpotent and hence a divisor of zero. O

Proposition 2.16 There exists an equivalence of triangulated categories:

D% (A) ~ mod,

sing
Proof. Since A is Gorenstein, there exists [7] a natural equivalence of triangulated categories
Dging(/l) ~ MCM(A), where MCM(A) is the projective stabilization of MCM(A). The conclusion

now follows from Lemma 2.15. O

2.11. Localization at U(A). Since A is a local ring with maximal ideal (p), the multiplicative set
A\ (p) coincides with the group of units U(A).

Proposition 2.17 Localization at the multiplicative set U(A) = A\ (p) of units of A induces
an equivalence of triangulated categories:

loc,, : mod 4 — modA(p)

Proof. Multiplication by any s € U(A) gives an isomorphism of the A-modules V; ~p A; for
each i € {1,...,n}. Since mod, is additively generated by Vi,...,V,, it follows that s acts as
an isomorphism on any finitely-generated A-module. In particular, the localization functor loc,
at the multiplicative set U(A) is an equivalence of categories between mod, and mod Ay Since
this functor is exact, it is an equivalence of exact categories. Since mod, is a Frobenius category,
it follows that the same is true for mod A and that loc, induces a triangulated equivalence loc,,
between the stable categories mod , and mod 4 . O
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Remark 2.3. We have a natural isomorphism of rings:

Ap) = Ry /(")

3. Matrix factorizations over an elementary divisor domain

Let R be an elementary divisor domain and W be a non-zero element of R.

3.1. Isomorphism classes in zmf(R,W). The Smith normal form theorem over an elementary
divisor domain (see Appendix B) allows us to characterize isomorphism classes of objects in the
category zmf (R, W).

Proposition 3.1 Leta = (R??, D) and o’ = (R”I"', D) be two finite rank matriz factorizations
0w , |0

" 0} and D" = [u’ O} Let di(v),...,d,(v)

and di(v'),...,dy(v") be respectively the invariant factors of the matrices v € Mat(p, p, R) and

v € Mat(p/, p/, R). Then the following statements are equivalent:

of the non-zero element W € R*, where D = [

(a) a and o’ are isomorphic in the category zmf(R, W).

(b) We have p = p’ and the invariant factors of v and v' are equal:

d;(v) =d;(v"), Vie{l,...,p}

Proof. By [8, Proposition 1.4], the matrix factorizations a and a' are strongly isomorphic iff
p = p' and the matrices v and v' are equivalent. Recall that u, v, u’, v’ have maximal rank since
W 0. Since R is an EDD, Proposition B.5 shows that v and v’ are equivalent iff p = p’ and
their invariant factors satisfy d;(v) = d;(v') for all i € {1,...,p}. O

The following result shows that any matrix factorization of W is naturally isomorphic in zmf (R, W)
to a direct sum of elementary factorizations.

Theorem 3.2 There exists an autoequivalence F' of the category zmf(R, W) such that:

1. F is isomorphic with the identity functor id, ¢ g w)-

2. For any matriz factorization a = (RPP, D) of W with D = {2 8} , we have:
F(a) = eq )@ ... Deq, )
where di(v), ...,d,(v) € R are representatives for the invariant factors of v, i.e. d;i(v) € d;(v)

forallie{1,...,p}.

Proof. For any v € Mat(p, p, R), choose invertible matrices A,, B, € GL(p, R) such that vy def.
AyvBy ! is in Smith normal form:

vy = diag(dy(v),...,dk(v),0,...,0) ,
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where dj(v) € di(v). For any matrix factorization a = (RI?, D) of W with D = [0 v} let

u 0
A, 0

Up = [ 0 Bu] and:

Dy ¢ UpDU; = (3.1)

0  ABjlT [0 v
ByuA;b 0 T lug 0

where uy = ByuA, 1 Since uv = vu = W, we have ugvg = voug = W. This requires that

ug is diagonal (we have uy = Wy, Uin the field of fractions of R), namely we have uy =
diag(u1, ..., u,), where u; = %. Since d;(v)|d;+1(v), we have u;lu;—1 and hence ug is the

reverse Smith normal form of wu:

up = diag(d,(uo), . .., di(ug)) -
Define Fy : ObMF (R, W) — ObMF (R, W) through:

déf. (

Fy(R?'?, D) := ag =" (R”'*, Dy) . (3.2)

Notice that ag coincides with the following direct sum of elementary matrix factorizations:
ap = €4, (v) b...D €d,(v)

Moreover, relation (3.1) implies DoUp = UpD, showing that Up is an isomorphism from a to
ap in zmf(R, W):
Up:a=ap . (3.3)

For any morphism f : @ — o/ in zmf(R, W) with a = (R, D), o/ = (R”1P, D") and D = [2 8],

, [0
b= {u/ 0
in zmf(R, W) it satisfies the condition D'f = fD. Define:

] , define a morphism Fi(f) : ap — af, in zmf (R, W) as follows. Since f is a morphism

ef. _
Fi(f) = fo € Up fU5" . (3.4)
!
where Up = [13 Jg} and Upy < U, = [fé g,} ,with A= A,, B= By, A = Ay and B = B,/.

Since Dy = UDDUl;]L and D, = UD/DUB,l, the relation D'f = fD implies Djfo = foDo,
showing that fy is a morphism from ag to af, in zmf(R, W). If f is the identity endomorphism,
then fj is the identity endomorphism. If g : @’ — a” is another morphism in zmf(R, W), then
we have (gf)o = UD”ngBI = UD//gUg,lUD/fUB1 = gofo- This shows that F = (Fp, F}) is
an endofunctor of zmf(R, W). Relation (3.4) shows that the isomorphisms (3.3) satisfy U}, f =
Fi(f)Up and hence give an isomorphism of functors:

U :idpmerw) = F

In particular, F' is an autoequivalence of zmf(R, W). O

The decomposition of a matrix factorization into elementary factorizations is generally non-
unique. The ambiguity in this decomposition can be characterized as follows.
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Corollary 3.3 The following statements hold:

1. If ey, ..., €y, are elementary factorizations of W, then we have:
€y, D...Dey, ~,mf(R,W) €dy ®...beq, , (3.5)
where: 5
dp € —— Vke{l,....n} ,
Or—1
with: ot
oL éA({Uil...Uik‘lﬁil<...<ik§n}) . (36)
Moreover, if vi|...|v, then we can take dy = vy for all k € {1,...,n} while if v1,...,v, are

mutually coprime then we have e,, & ... D ey, > mf(R,W) e?nfl B eyy..v,-
2. If a matriz factorization a = (RPYP, D) of W with D = [2 8] satisfies:

a zsz(R,W) €uq D...H Con

for some elementary factorizations e,; such that vi|...|vy, then we have n = p and v; € d;(v)
for alli € {1,...,n}. In particular, the strong isomorphism classes of matriz factorizations
of W are in bijection with finite ascending sequences of principal ideals I, C ... C Iy such
that W € I,.

Proof.

1. Let a @ e, @...®ey,. Then a = (R, D) with D = [28} where v = diag(v1, ..., ).

Since all non-principal minors of a diagonal matrix vanish, the determinantal invariants of
v coincide with 0y, while the invariant factors coincide with dz. The first statement now

follows from Proposition B.5. If vi|...|v,, then we have 8, = (vi...v,) and d,, = (vy).
If vq,...,v, are coprime then we have §; = ... = 6,1 = (1) and 9§, = (v1...vy), thus
di=...=dy-1=(1)and dy, = (v1...vy).

2. Follows immediately from Theorem 3.2 and point 1. above. O

Remark 3.1. The critical ideal Jy defined in (1.3) annihilates the module Homy,y¢ (g wy(e1, €2)
for any two elementary matrix factorizations e; and ey of W (see [3, Remark 2.2.]). Using this
fact, Corollary 3.3 implies Jy Homy,y¢(r,w)(a, b) = 0 for any two finite rank matrix factorizations
a,b of W (notice that an isomorphism in zmf(R, W) induces an isomorphism in hmf(R, W)).
In particular, hmf(R, W) can be viewed as an R/Jy-linear category. Since W € Jy, we have
a natural epimorphism R/(W) — R/Jw. Thus hmf(R, W) is in particular an R/(W)-linear
category.

Remark 3.2. Let v1 and vy be two divisors of W. Then 81(v) = (v1,v2) and d2(v) = (v1ve) and
the quantities (3.6) are d; = (v1,v2) and da = [v1, v2]. Thus (3.5) takes the form:

ev; D ey, Zzmf(R,W) €dy D eq, (37)
with dy € (v1,v2) and dy € [v1, v2]. If vi|ve and u; = W/v;, then we have ug|u; and:

Y(ew, @ ew,) ~smf(R,W) Cuz D Cuy
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since Ye,, = €_u; ~mp(rw) €u; (€€ [8, Section 1.7]). Corollary 3.3 shows that the subcate-
gory zef(R, W) generates zmf(R, W) under direct sums with the relations (3.7). At the level of
isomorphism classes, these relations correspond to the operation (I1,l2) — (Iy N I2, 11 + 1) on
principal ideals I, Io which contain W, where the RHS is a chain Iy N Iy C I; + Is of principal
ideals containing W.

3.2. Direct sum decompositions in hmf(R, W). The results of the previous subsection imply that
elementary matrix factorizations generate the category hmf(R, W) under direct sums.

Proposition 3.4 There exists an autoequivalence ¥ of hmf(R, W) such that:

1. W is isomorphic with the identity functor idym,e(rw)-

2. For any matriz factorization a = (RPP, D) of W with D = [2 S} , we have:

V(a) = eqy() ®--- D ed,w) >
where di(v),...,d,(v) are representatives for the invariant factors of v.

In particular, the subcategory hef(R, W) generates hmf(R, W) under direct sum. Thus any ma-
triz factorization a € Ob(MF (R, W)) is isomorphic in hmf(R, W) with a direct sum of a finite
collection of elementary factorizations.

Proof. Follows immediately from Theorem 3.2 upon taking ¥ to be the autoequivalence of
hmf(R, W) induced by the autoequivalence F' of zmf(R,W). O

Notice that the decomposition of an object of hmf(R, W) as a finite direct sum of elementary
factorizations need not be unique up to permutation and isomorphisms in hmf(R, W'). Moreover,
an elementary factorization need not be an indecomposable object of hmf(R, W).

Remark 3.3. For any Bézout domain R, let hef(R, W) be the subcategory of hmf(R, W) which
is additively generated by elementary factorizations. In [3, Conjecture 3.4] it was conjectured
that the inclusion functor:

¢ : hef(R,W) — hmf(R, W)

is an equivalence of R-linear categories when W is a critically-finite element. Proposition 3.4
proves this conjecture when R is an elementary divisor domain, under the weaker hypothesis
that W is any non-zero element of R. It is an open question whether all Bézout domains are
elementary divisor domains.

3.8. Cones over morphisms between elementary factorizations. Let e,, and e,, be elementary

matrix factorizations of W and set u; < W /v;. By [8, Proposition 2.2], morphisms f : e,, — €,
v2

in hmf(R, W) have the form f = r- [ 8 ,91 ] , where r is an arbitrary element of R and d € (v1,v2)
d

is a ged of v and we.
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Proposition 3.5 Let f : e, — ey, be a morphism in hmf(R, W) corresponding to the element
r € R. Let:

(1}1,’1)2,U1,U2,7")('U1) ViU

def.
€ and ( = — 3.8
¢ (v1,v2) ‘ 3 (38)
Then there exists an isomorphism in zmf(R, W):
C(f) Zamt(r,w) €c D ec - (3.9)

Proof. Let d € (v1,v2) be a ged of vy and ve. Using Definition 1.2, we find that the mapping
cone of f is given by:

0O 0 —u1 O
- 0O 0r- %2 V9
C(f) - vy 0 0 O

. . . . . def. | —v1 O def. | —up 0
Since R is an elementary divisor domain, the matrices A = [ vll ] and B = [ 1)12 ]
T UQ .= V2
d d

can be reduced to Smith normal form (see Appendix B). Furthermore, since AB = W we can find
invertible matrices P and () such that PAQ and () BP have normal forms. Let £ € (vl, U, T - %1)
(65} 0
0
common divisor of all entries of A, which we can take to equal £&. On the other hand, we have

Then PAQ = [ , where «; are invariant factors of A. By definition, «; is a greatest

g = % = —% = (. Hence the Smith normal form of B equals

o
£ w |- We conclude that
0

C(f) is isomorphic in zmf(R, W) with the matrix:

00%0

Let s def. (v1,v2,u1,u2) € R/U(R) and b = (v(lvlv)Q)

(v1,uz) = (s)(b). Thus:

€ R/U(R). By [8, egs. (2.4)], we have

U1 = (sb,rb) = (s,7 .
(m,w,r' (vl’vz)) = (sb,7b) = (s,7)b , (3.10)

which shows that (3.8) holds. O

Corollary 3.6 Let f : e,, — ey, be a morphism in hmf(R, W) which corresponds to an element
r € R and let & and ¢ be as in Proposition 3.5. Then f is an isomorphism in hmf(R, W) if and
only if the following relations hold in R/U(R):

& W/€) = (G, W/() = (1).

Proof. The morphism f is an isomorphism in the additive triangulated category hmf (R, W) iff
C(f) is a zero object. By Proposition 3.5, this happens iff both e; and e are zero objects. By
[8, Corollary 2.11], this is the case iff (£, W/§) = (¢, W/{) = (1). O
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3.4. Primary matriz factorizations. Recall that an element of R is called primary if it is a power
of a prime element.

Definition 3.7 An elementary factorization e, of W is called primary if v is a primary divisor

of W.

Let e, be a primary matrix factorization of W. Then v = p’ for some prime divisor p of W and
some integer i € {0,...,n}, where n is the order of p as a divisor of W. We have W = p"W;

for some element W7 € R such that p does not divide W7 and u = p"~*Wj. Thus (u,v) =
(pmin(i,n—i))‘

Definition 3.8 The prime divisor p of W is called the prime support of e,. The order n of p
is called the order of e, while the integer i € {0,...,n} is called the size of e,.

3.5. A Krull-Schmidt theorem for hmf(R, W) when W is critically-finite. Recall that an object
of an additive category is called indecomposable if it is not isomorphic with a direct sum of
two non-zero objects. A Krull-Schmidt category is an additive category for which every object
decomposes into a finite direct sum of objects having quasi-local endomorphism rings.

Theorem 3.9 Let W be a critically-finite element of R. Then hmf(R, W) is a Krull-Schmidt
category whose non-zero indecomposables are the nontrivial primary matriz factorizations of W.
In particular, hmf(R, W) is additively generated by hefo(R, W).

Proof. By [3, Proposition 3.1] and [3, Theorem 3.2], any elementary matrix factorization decom-
poses into a finite direct sum of primary matrix factorizations. On the other hand, any matrix
factorization of W decomposes as a finite direct sum of elementary factorizations and hence also
as a finite direct sum of primary factorizations whose prime supports are the prime divisors of
W. By [, Proposition 2.24], every primary matrix factorization has a quasi-local endomorphism
ring. O

Corollary 3.10 Let W € R be an element of R which has a finite prime decomposition. Then
hmf(R, W) is a Krull-Schmidt category whose indecomposables are the nontrivial primary matrix
factorizations of W.

Proof. Write W = Wyp(* ... p\~, where p; are the critical prime divisors of W, n; > 2 and Wy
is the product of the non-critical prime divisors of W. Then Wj is non-critical and we can apply
Theorem 3.9. O

Remark 3.4. Theorem 3.9 proves [3, Conjecture 3.5] when R is an elementary divisor domain.

3.6. The category hmf,(R, W) and its equivalent descriptions. Let p be a prime divisor of W of
order n. Let hmf,(R, W) denote the smallest strictly full? subcategory of hmf(R, W) which is
closed under direct sums and contains all those primary factorizations of W which have prime
support p. Propositions 3.4 and [2, Proposition 3.1] imply that hef(R, W) is additively generated
by its strictly full subcategory hefo(R, W) whose objects are the primary factorizations of .

4 TLe., full and closed under isomorphisms.
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Lemma 3.11 A matriz factorization a of W is an object of hmf,(R, W) iff Hom(eq,a) = 0 for
any prime divisor q of W such that (q) # (p).

Proof. Since hmf(R, W) is additively generated by hefy(R, W), it suffices to prove the statement
when a = e, is a primary matrix factorization. In this case, we have v = s* for some prime divisor
s of W and:

Homhmf(RW) (eq, a) = HOmhmf(R, W)(eqa esk) ~ R/(qa 5k> =R {?/(8) ifl EZ; ; Ez%

= (p), which

~—

Hence Hom(ey, a) vanishes for any prime divisor ¢ of W such that (q) # (p) iff (s
is equivalent with the condition that e, is an object of hmf,(R, W). O

Proposition 3.12 hmf,(R, W) is a triangulated subcategory of hmf(R, W).
Proof. The subcategory hmf, (R, W) of hmf(R, W) is strictly full by definition. Since hmf,(R, W)

is additively generated by primary factorizations of prime support p, [, Proposition 2.26] implies
that hmf,(R, W) is closed under suspension. Let a — b — ¢ — Ya be a distinguished triangle
of hmf(R, W) such that a and b are objects of hmf,(R, W). For any prime divisor ¢ of W such
that ¢ % p, the homological functor Homy,y¢(rw) (eq, —) takes this triangle into a long exact
sequence:

<o — Homyp e gw) (eq, b) — Homyp e pw)(eq, ¢) — Homypmerwy(eq, Xa) — ... (3.11)

Since b and Y'a are objects of hmf), (R, W), we have Homyy,¢( 1wy (€q, ) = Homyye gy (g, Ya) =
0 by Lemma 3.11 and the sequence (3.11) implies Homy, (g 1w (€q, ¢) = 0. Applying Lemma 3.11
once again, we conclude that c is an object of hmf,(R, W). Since triangles can be rotated, it
follows that any triangle in hmf(R, W) for which two objects are in hmf,(R, W) has all its
objects in hmf,(R,W). O

Proposition 3.13 For any prime element p € R, the ring R, is discrete valuation ring. In
particular, we have kdimR,) = 1.

Proof. The maximal ideal of Ry, is the principal ideal (p). The powers of this ideal form the
strictly descending sequence:

Ry 2 ()2 ®)2...

The same argument as in the proof of Proposition 2.2 (but with R replaced by R(;,)) shows
that these and the zero ideal are all the ideals of R,). In particular, any strictly ascending
sequence of ideals terminates and hence R(;) is Noetherian and thus a PID. Moreover, we have®
N1 (p') = 0. The zero ideal is prime since R, is an integral domain and we have (0) # (p).
Hence kdim R,y = 1, which implies that R, is not a field. O

Remark 3.5. Since any discrete valuation ring is a regular local ring, it follows that R, is a
regular local ring.

Proposition 3.14 Let p be a prime element of R and n > 0 be a positive integer. Then the

localization functor loc, : hmf(R,p") — hmf(R,,p") at the multiplicative set S, def. R\ (p) is
a triangulated equivalence.

5 If z € N2, (p*), then (x) C (p) for all i, which requires = = 0 since otherwise (x) would equal some (p?).
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Proof. Let W = p™. We have:

def

Spn {T€R|(T’p } {rER|rp } {rER[p,{’T} R\ (p

Hence [8, Proposition 2.15] implies that loc,, is an R-linear equivalence between hef(R,p") and
hef(R,),p"). Since R is Bézout (and hence Priifer), the localization R, is a (possibly non-
Noetherian) valuation domain and hence a Bézout domain. Since any local Bézout domain is an
EDD [18, Corollary 2.3], it follows that Ry, is an EDD. Since both R and R, are EDDs, the
categories hmf(R,p") and hmf (R ), p") are additively generated by hef(R,p™) and hef(R ), p").
Thus loc, is an R-linear equivalence between hmf(R,p") and hmf(R,,p"). This implies the
conclusion since loc), is a triangulated functor by [¢, Proposition 2.12]. O

Proposition 3.15 Let p be a prime divisor of W of order n. Then the categories hmf,(R, W)
and hmfy,(R,),p") are triangle-equivalent.

Proof. By [%, Proposition 2.12], localization at the multiplicative set S, = R\ (p) gives a trian-
gulated functor loc, : hmf(R, W) — hmf(R,), W},), which restricts to a triangulated functor:

locy : hmfy, (R, W) — hmf(R,), W) .

This restricts to a functor @ : hef,(R,W) — hef(R,), W,) which maps the elementary fac-

torization e, of W to the elementary factorization e}’o ; of Wp,. It is clear that the functor & is

P
essentially surjective. It is also fully faithful, since any element s € S, = R\ (p) acts as an
automorphism of each module Homy,¢(r,w)(epi; €pi) = R/ (pmin(i3)) by [8, Lemma 2.14]. Since
hef(R, W) and hef(R,, W) additively generate hmf(R, W) and hmf (R, W), we conclude
that (3.6) is a triangulated equivalence. On the other hand, the localization W), of W at p is
associated in the ring R, with the element p" € R,. This gives a triangulated equivalence
hmf(R,, W)) =~ hmf(R,),p") by Proposition 1.4. Composing this with (3.6) gives the conclu-

sion. 0O

Composing the triangulated equivalences of Propositions 3.14 and 3.15 gives a triangulated
equivalence hmf, (R, W) ~ hmf(R,p"). We have a commutative diagram of triangulated cate-
gories and triangulated equivalences:

hmf,(R, W)

hmf (R, p")
locy, locy,

hmf (R, Wp)

hmf(R,, p")

Proposition 3.16 The restriction to hmf,(R, p™) of the cokernel functor of hmf(R,p™):
Cok : hmfy(R,p") — mod(R/(p")) = mod (3.12)

s a triangulated equivalence.

Proof. Since Ry, is a local ring, the Eisenbud correspondence [19] gives a triangulated equiva-
lence:

cok : hmf(R() )—>modR< )/< ny



Matrix factorizations over elementary divisor domains 25
where cok is the cokernel functor of hmf(R(p), p"). By Proposition 3.14, localization at the
multiplicative set R\ (p) gives a triangulated equivalence:

locy : hmf(R,p") = hmf(R,,p") .

By Proposition 2.17, localization at the multiplicative set U(R/(p")) gives a triangulated equiv-
alence:

loicp : modR<p)/<pn> :> modR/<pn>

It is easy to see that we have the relation:
loc,, o Cok = cok o loc;,

which implies that Cok = loc,; L6 coko loc, is a triangulated equivalence. O

Explicit description of hmf(R,p™). Let p € R be a prime element and n > 2. By Theorem 3.9,
the indecomposable objects of the Krull-Schmidt category hmf(R, p™) are the non-zero primary
factorizations of the critically-finite element W = p™. For any 1 <i < k — 1, let:

0 p
€ = ey, = [pni 0] (3.13)

be the non-zero primary matrix factorization of W = p” corresponding to the primary divisor
v; = p'. For this factorization, we have u; = p"~* and (u;,v;) = (p™@"=9) #£ (1). Notice
that e; has order 6,(7), where 6, (i) was defined in (2.3). For any 7,5 € {1,...,n — 1}, we have
(v1,v2,u1,uz) = (P9, where u(i, j) was defined in (2.3). Thus [, Proposition 2.2] shows that:

Hompng (rpm) (€4, €5) ~r R/ (p"09))
is a cyclically-presented cyclic module generated by the morphism:

def. [ pdmin(ig) 0

6()(% v;) = 0 pi—min(i,j)
On the other hand, [2, Proposition 2.8] shows that the composition of morphisms is given by:
fog=p" P rsey(vi,v)

for all f = reg(vj,v) € Homyme(rpny(ej,ex) and g = seq(vi, v;) € Homyme(g pny(€i, €5), where
r,s € R and:

p(i,7,n) = max(i, j,n) —min(i, j, n) + min(i, n) — max(i, n) = max(i, j,n) —min(i, j,n) —[i—n| .
Since p" € Ann(Homy, (g pny (€, €5)), we can view hmf(R,p") as an A, (p)-linear category. The
triangulated equivalence (3.12) sends the primary matrix factorization e,, to the cyclic A, (p)-
module Cok(v;) = V;. For any i,5 € {1,...,n — 1}, we have:

Homhmf(R,p”)(eia ej) = R/<pﬂ(%])> = mAn(p)(%, VY]) )

where the last isomorphism follows from Proposition 2.11.
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3.7. Proof of the main theorem.

Proposition 3.17 Let W be a critically-finite element of R with decomposition (1.4). Then we
have an orthogonal decomposition:

hmf(R, W) = V¥ hmf, (R, W) ,

where V denotes the orthogonal sum of triangulated categories.

Proof. Theorem 3.9 and [8, Proposition 3.1] imply that hmf(R, W) is additively generated (and
hence also triangle-generated) by the triangulated subcategories hmf,, (R, W'). These categories
are mutually orthogonal by [%, Lemma 2.25]. O

We are now ready to prove Theorem 0.1.

Proof (of Theorem 0.1). The first equivalence in (0.1) follows from Propositions 3.17 and 3.16.
The second equivalence follows from Proposition 2.16. The fact that A, (p) is Artinian follows
from Proposition 2.2. O

4. Some examples

In this section, we discuss a few classes of examples to which the results of the previous sections
apply.

4.1. Holomorphic matriz factorizations over a mon-compact Riemann surface. Let Y be any
connected, smooth and borderless non-compact Riemann surface®. Then X is Stein by a result
of [20]. Moreover, any holomorphic vector bundle defined on X' is holomorphically trivial (see
[21, Theorem 30.3]), so in particular X has trivial canonical line bundle. The critical set Zy,
of any non-constant holomorphic function W : X — C consists of isolated points, so the to-
tal cohomology category HF (X, W) of holomorphic factorizations of W defined in [5] can be
identified with the total cohomology category HMF(O(X'), W) of finite rank matrix factoriza-
tions of W over the ring O(X') of holomorphic complex-valued functions defined on X (see [5,
Proposition 7.1]). In particular, the even subcategory HF?(X, W) can be identified with the ho-
motopy category of matrix factorizations hmf(O(X), W). When the set Zyy is finite, the category
HF(X, W) ~ HMF(O(X), W) coincides with the category of D-branes of a B-type open-closed
topological Landau-Ginzburg model with finite-dimensional on-shell state spaces (see [2,3,1]).
The non-Noetherian ring O(X) is an elementary divisor domain [22,23,24,25] whose prime
elements are those holomorphic functions having a single simple zero and no other zeros. For
each point z € Y, we thus have a prime element p, € O(Y) (a holomorphic function which
has a simple zero at z and no other zeroes) which is determined by z up to multiplication
with a non-zero complex constant. A critically-finite superpotential is a holomorphic function
W e O(X) of the form W = WyW,, where W € O(X) has only simple zeros (the number of
which may be countably infinite) while W, € O(X) has a finite number of zeros z1,...,z2ny € X,
each of which has multiplicity n; > 2 and differs from all zeros of W{. The critical set Zy,
of such a holomorphic function contains the set {z1,...,2zx}. In this case, Theorem 0.1 shows

that the triangulated category HFO(E , W) =~ hmf(O(X), W) is the orthogonal direct sum of

6 Notice that such a Riemann surface X need not be algebraic. In particular, & may have infinite genus as well
as an infinite number of Freudenthal ends.
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the Krull-Schmidt triangulated categories modo( £)/() associated with the points z;, whose

pa;
Auslander-Reiten quivers are entirely determined by the multiplicities n;. The Auslander-Reiten
quiver of mOdO(z)/(pZ?) has n; — 1 nodes and is of the type shown in Figure 2.2. Notice that
only the critical points z1,..., 2y “contribute” to the orthogonal decomposition of the category

hmf(O(5), W).

4.2. Valuation domains. Recall that a unital commutative ring is called a generalized valuation
ring [20] if its elements are linearly preordered by divisibility, i.e. if any two elements x,y € R
satisfy one of the conditions x|y or y|z. The following characterizations are well-known [11,26]:

Proposition 4.1 Let R be a unital commutative ring. Then the following statements are equiv-
alent:

(a) R is a generalized valuation ring.

(b) The principal ideals of R are linearly ordered by inclusion.

(¢) The ideals of R are linearly ordered by inclusion.

(d) R is quasilocal and any finitely-generated ideal of R is principal.

(e) If x1,...,zy are elements of R, then there exists j € {1,...,n} such that (x1,...,x,) = (z;).
In particular R, is a generalized valuation ring iff R is a quasilocal Bézout ring.

A wvaluation domain” is a generalized valuation ring which is an integral domain. Denote by
K the field of fractions of an integral domain R. Then R is a valuation domain iff any z € K*
satisfies x € R or 1/x € R. An integral domain R is a valuation domain iff there exists a
totally-ordered Abelian group (G, +, <) (called the value group of R) and a surjective valuation
v: K* — G such that R = {x € K*|v(x) > 0} U{0}. In this case, (G, +, <) is torsion-free [27]
and order-isomorphic with the group of divisibility of R (see Subsection 4.4). In fact, a classical
result of Krull [28] states that any totally-ordered Abelian group arises as the value group of a
valuation domain. By Proposition 4.1, a valuation domain is the same as a quasilocal Bézout
domain. Moreover, [18, Corollary 2.3] shows that a valuation domain is an elementary divisor
domain and that any finitely-presented module over a valuation domain is a direct sum of cyclic
modules.

Proposition 4.2 Let R be a valuation domain. Then R has prime elements iff the (unique)
mazximal ideal of R is principal and different from zero. In this case, any two prime elements of
R are associated in divisibility.

Proof. By Proposition 4.1, R is a quasilocal Bézout domain. Thus Lemma 2.1 applies, showing
that any prime element p € R generates a maximal ideal. Since R is quasilocal, this ideal must
coincide with the unique maximal ideal of R, which therefore must be principal and different
from zero. By the same token, any two prime elements of R must generate the same ideal
(namely the maximal ideal of R) and hence they must be associated in divisibility. Conversely,
if the maximal ideal of R is principal and different from zero, then any generator of this ideal is
a prime element of R since maximal ideals are prime ideals. O

" In some references, generalized valuation domains are called “valuation rings”, while discrete valuation domains
are called “discrete valuation rings”.
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Proposition 4.3 Let R be a valuation domain with a prime element p and W € R be a non-zero
non-unit of R. Then the following statements are equivalent:

(a) W is critically-finite.
(b) We have W = up™ for some n > 2 and some unit u of R.
(c) We have W € (p™) \ (p"1) for some n > 2.

In this case, the category hmf(R, W) is triangle-equivalent to modp () -

Proof. By Proposition 4.2, the ideal m = (p) coincides with the maximal ideal of R. Since R is
quasi-local, we have U(R) = R\ m.

1.

(a) = (b). If W is critically-finite, then W = WyW, with W, = p™ for some m > 2 and some
square-free element Wy € R*. If Wy is a unit, then we can take u = Wy and n = m. If W)
is not a unit, then Wy € R\ U(R) = m and hence p divides Wy. Since Wy is square-free, it
follows that p does not divide u def- Wo/p, thus u belongs to the complement of m and hence
is a unit. In this case, we have W = up™*! and we can take n = m + 1.

. () = (¢). f W = up™ with u € U(R) and n > 2, then W € (p™). Since U(R) = R\ m, the

prime p cannot divide u, hence W & (p"1). Thus W € (p") \ (p"*1).

. (¢) = (a). Suppose that W € (p")\ (p"™1) for some n > 2. Then W = up” for some u € R\{0}.

Since W & (p"*1), the prime p does not divide v and hence v € R\ m = U(R) is a unit. In
particular, u is square-free and hence W is critically-finite.

The remaining statement follows immediately from Theorem 0.1. O

Ezample 4.1. We give several examples of non-Noetherian valuation domains.

1.

Let G = Z™ for some n > 2, totally ordered using the lexicographic order <j.. Since G is
not cyclic, it is not isomorphic to Z. Hence the valuation domain associated to (Z", <jex) is
not Noetherian (see Subsection 4.3). It has exactly one principal prime ideal which is also
maximal. Let e; for 1 < ¢ < n be the canonical basis elements of the free Z-module Z™. The
inequality e; <jex €j for ¢ < j implies that the principal filter 1 e; is prime. However, the
filters 1 e; for ¢ > 1 are not prime. For details on prime filters see Subsection 4.4.

. Let K be a field and x be an element which is transcendental over K. For any prime number

p, consider the tower of integral domains:
Klz)Cc Kjz'/?] c .- c K[z'/"" ) c ... .

For any k£ > 0, let m; be the maximal ideal of K [:Ul/ pk] which is generated by the element
21/P* _ The localization Ry = K[z!/ pk}mk at the multiplicative system given by the complement
of my, is a Noetherian discrete valuation domain. The ring R def. Uk>0L2 is a non-Noetherian
valuation domain of Krull dimension 1 whose value group is given by G = {2% |m € Z,k €
N} € Q (endowed with the order induced by the natural order of Q). The maximal ideal of

this valuation domain is the ideal generated by the elements z'/ P with k € N*] which is not
principal.

. Another example of the same type can be obtained by considering the direct limit of all rings

of the form K [z'/"] over all non-zero natural numbers n € N*. The resulting valuation domain
has value group Q. Therefore, it is not Noetherian. This valuation domain has no non-zero
prime element.
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4.8. Discrete valuation domains. A discrete valuation domain is a Noetherian valuation domain
which is not a field, i.e. whose maximal ideal is non-zero. By [0, Chap. II.1, Exercise 1.4], a
valuation domain is Noetherian iff its unique maximal ideal m satisfies N,,>1m™ = 0. Notice
that a valuation domain with non-zero principal maximal ideal need not be a discrete valuation
domain (see the Example 4.1). The following characterizations are well-known (see, for example,
[29, Proposition 6.3.4]):

Proposition 4.4 Let R be an integral domain which is not a field and let K # R be its field of
fractions. Then the following statements are equivalent:

(a) R is a discrete valuation domain.

(b) R is a valuation domain with value group isomorphic to Z with its natural order.

(c) Every prime ideal of R is principal [6, Chap. I1.1, Exercise 1.3].

(d) R is a principal ideal domain which has a unique non-zero prime ideal.

(e) R is a principal ideal domain which has a unique prime element p up to association in
divisibility.

(f) R is Noetherian and local and there is no ring S such that R C S C K.

(9) R is Noetherian of Krull dimension one and its mazimal ideal is principal.

(h) R is Noetherian of Krull dimension one and integrally closed.

(i) R is local with principal mazimal ideal m and we have Nyp>1m™ = 0.

In this case, the unique prime ideal of R coincides with the unique maximal ideal m and we have
m = (p), where p is the essentially unique prime element (called uniformizer) of R. Moreover,
the discrete valuation v : R — 7 satisfies v(p) = 1 and any non-zero ideal of R has the form
(p™) for some n > 0.

In particular, any valuation domain which is not a field and whose value group is not order-
isomorphic to Z is non-Noetherian. The following result (which follows immediately from Propo-
sition 4.3) recovers a statement which, in this Noetherian situation, also follows from the Buch-
weitz correspondence [7]:

Proposition 4.5 Let R be a discrete valuation domain. Fix o Z-valuation v : K — 7Z and
a uniformizer p of R. Then any critically-finite element of R has the form W = up™, where
n=v(W) > 2 and u is a unit of R. Given such an element of R, the category hmf(R, W) is
triangle-equivalent to modp (-

4.4. Constructions through the group of divisibility. Recall that the group of divisibility G(R) of
an integral domain R is the quotient K* /U(R), where K is the quotient field of R and U(R)
is the group of units. It is an ordered Abelian group when endowed with the order induced
by the divisibility relation. The group of divisibility of a Bézout domain is lattice-ordered. In
fact, any lattice-ordered Abelian group G is the group of divisibility of some Bézout domain R
which can be obtained explicitly from G by a construction due to Jaffard and Ohm (see [30,

]). There exists a dictionary between ideals of the Bézout domain R associated to G through
the construction given in op. cit. and the set of positive filters of G. Given a lattice-ordered
Abelian group (G, <) and an element = € G, the up and down sets determined by = are defined
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via T x e {yeGlz <y} and | x e {y € G|y < z}. A positive filter of (G, <) is defined to

be a proper subset F' C G such that:

1. F'is upward-closed, i.e. € F implies T x C F.
2. F is closed under finite meets, i.e. z,y € F implies inf(z,y) € F.

A positive filter F is called prime if G4\ F is a semigroup; it is called principal if it has the form
T x for some x € F. The natural projection 7 : K* — G induces a one to one correspondence
between proper ideals of R and positive filters of (G, <). Thus prime ideals correspond to prime
positive filters and non-zero principal ideals correspond to principal positive filters. For more
details and precise statements we refer the reader to [3, Section 5.2].

It is an open question whether every Bézout domain is an elementary divisor domain. Here
we consider a class of lattice-ordered Abelian groups which correspond to adequate Bézout
domains (see Definition B.8), which are special cases of elementary divisor domains (see [22,23]
and Appendix B).

Definition 4.6 Let (G, <) be a lattice-ordered Abelian group and let G = {x € G|z > 0}
denote its positive cone. We say that (G, <) is adequate or projectable if for every a,b € G*
there exist r,s € G satisfying the following conditions:

1. a=1r+s.
2. inf(r,b) = 0.
3. If t € G satisfies 0 < t < s, then we have inf(t,b) # 0.

There exists a simple criterion for detecting adequate groups. Let G be a lattice-ordered group.
For any b € G, define G = {a € G"|inf(a,b) = 0} and Gy = {a1 —az | a1, a2 € Gy }. It is easy
to see that Gy, is a lattice subgroup of G. Then [18, Theorem 4.7] states that (G, <) is adequate
iff G} is a summand of G for every element b € G™.

Proposition 4.7 [13] Let (G, <) be an adequate lattice-ordered Abelian group. Then:

1. The Bézout domain R associated to (G, <) by the Jaffard-Ohm construction is an adequate
Bézout domain (and hence also an elementary divisor domain).

2. The prime elements of R correspond to the principal prime positive filters of (G, <).

Proof. The fact that G is adequate was shown in [18]. On the other hand, any adequate Bézout
domain is an elementary divisor domain (see [22,23]). The second statement follows immediately
from the discussion above. O

If R is a Bézout domain with prime elements which is constructed from an adequate lattice-
ordered group as in Proposition 4.7 and W € R is a critically-finite element, then Theorem 0.1
applies to the homotopy category of finite rank matrix factorizations of W over R.

Ezxample 4.2. Let I be a non-empty set and let G be either the direct sum or the direct product
of a family of totally ordered groups (G;);cs indexed by I. Then the Bézout domain R associated
to G is adequate (see [18, Corollary 4.8]). The prime elements of the corresponding elementary
divisor domain R were described in [3, Section 5.2]. Let W be a critically finite element of R.
By Proposition 3.17 the category hmf(R, W) has an orthogonal decomposition indexed by the
critical prime divisors of W.
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4.5. Constructions through spectral posets. The spectral poset of a unital commutative ring R
is the prime spectrum Spec(R) endowed with the order relation < given by inclusion. For two
elements z,y of a poset (X, <), we write z < y if x < y and z is an immediate neighbor of y.
The spectral poset of any unital commutative ring satisfies Kaplansky’s conditions if (see [32]):

I. Every non-empty totally-ordered subset of (Spec(R), <) has a supremum and an infimum
(in particular, < is a lattice order).

II. Given any elements x,y € Spec(R) such that = < y, there exist distinct elements x1,y; of
Spec(R) such that < 1 < y; <y and such that 1 < y;.

A poset (X, <) is called a tree if for every x € X, the lower set | z = {y € X|y < z} is totally
ordered. One has the following result due to Lewis:

Theorem 4.8 [33] Let (X, <) be a partially-ordered set. Then the following statements are
equivalent:

(a) (X,<) is a tree which has a unique minimal element § € X and satisfies Kaplansky’s
conditions I. and II.

(b) (X, <) is isomorphic with the spectral poset of a Bézout domain.

Moreover, R is a valuation domain iff (X, <) is a totally-ordered set.

The Bézout domain in Theorem 4.8 is obtained by associating a lattice-ordered group G to the
poset (X, <) and applying the Jaffard-Ohm construction to G. The following result was proved
in [3]:

Proposition 4.9 Let (X, <) be a tree which has a unique minimal element and satisfies Ka-
plansky’s conditions 1. and II. and let R be the Bézout domain determined by (X, <) as explained
above. Then for each mazimal element x of X which belongs to the set

X*dg'{x€X|E|y€X:y<<x} ,

the principal positive filter 1 1, is prime and hence corresponds to a principal prime ideal of R.
Moreover, we have:

T1, = {f € Gy [supp(f)n | = # 0} (4.1)
and:
F,={fet1l,|infSy(z) € Sf(x)} = {f €1 1| IminSs(z)} , (4.2)

where: ot
$1(2) "< supp(f)n | @

A particularly simple example of elementary divisor domains is provided by those Bézout do-
mains R which are PM* rings, i.e. which have the property that any non-zero prime ideal of R
is contained in a unique maximal ideal (see Theorem B.7 in Appendix B).

Definition 4.10 A tree (X, <) is called a PM* tree if the following three conditions hold:

1. X has a unique minimal vertex 6 (called the root).

2. X satisfies Kaplansky’s conditions I. and II.
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3. X is branched only at the root, i.e. for every x € X \ {0}, there exists at most one element
y € X such that x < y.

Proposition 4.11 Let X be a PM* tree and R be the Bézout domain associated to X as
explained above. Then R is a PM™* ring and hence an elementary divisor domain.

Proof. Condition 3. in definition 4.10 implies that every element x € X \ {6} is bounded from
above by a unique maximal element of X. Since the elements of X \ {#} correspond to the
non-zero prime ideals of R, this implies that any non-zero prime ideal of R is contained in a
unique maximal ideal. Thus R is a PM™ ring. Since R is also a Bézout domain by Theorem 4.8,
we conclude by Theorem B.7 that R is an elementary divisor domain. O

Ezxample 4.3.

1. Let X be a tree with a unique minimal element which satisfies Kaplansky’s conditions I. and
II. Assume that the set of maximal vertices of X is countable. Then it was shown in [31]
that the associated Bézout domain R is an elementary divisor domain. As a simple example,
consider a countable corolla T as in [3, Example 5.8]. The vertices of T' are the elements of
the set N = Z>(, with the partial order given by 0 < x for every x € N* = Z~ and no further
strict inequality. The root of T is the element 0 € N while every maximal vertex x € N*
corresponds to a principal prime ideal of the associated Bézout domain.

2. If we replace each edge of the countable corolla T" discussed above with some finite tree, then
the collection of maximal vertices of the resulting tree 7" is still countable and the associated
Bézout domain R’ is an elementary divisor domain which need not be a PM* ring.

A. Matrices over a GCD domain

Recall that an integral domain R is called a GCD domain if any two elements f,g € R
admit a greatest common divisor (ged). In this case, any non-empty finite collection of elements
fi,--., fn € R admits a gcd and and lem, both of which are determined up to association and
whose classes we denote by:

(fi,--- fn) € R/U(R) and [f1,..., fa] € R/U(R)

The ged class (f) of a single element f € R coincides with the equivalence class of f under
association in divisibility.

Definition A.1 Let A € Mat(m,n,R) be an m by n matriz with coefficients from a GCD
domain R. For any k € {1,...,r}, the k-th determinantal invariant d;(A) € R/U(R) of A is
defined to be the gcd class of all k x k minors of A. We also define §p(A) = (1).

Proposition A.2 [35] Let R be a GCD domain. For any A € Mat(m,n, R), we have:
O0r—1(A)|6k(A) , VEke{l,...,tkA} .
Defining the invariant factors dig(A) € R/U(R) by:

0r(4)
du(A) 4 ) ooy O-1(A) #0 . Vke{l,...,rkA} |
+(4) { (1) ifdp—1(A) =0 €1 '
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we have:
di_1(A)|di(4) , Vke{2,...,tkA} .

Proposition A.3 [35] Let R be a GCD domain and A,B € Mat(m,n,R). If A and B are
equivalent, then rk(A) = rk(B) =1 and di(A) = dg(B) for all k € {1,...,7r}.

B. Elementary divisor domains

In this appendix, we collect some facts about elementary divisor domains.

Definition B.1 An integral domain R is called an elementary divisor domain (EDD) if for any
three elements a,b,c € R, there exist p,q,x,y € R such that (a,b,c) = pra+ pyb+ qyc is a GCD
of a, b and c.

B.1. Examples of elementary divisor domains. The following are examples of elementary divisor
domains:

e Any Bézout domain which is an F-domain (i.e. for which any non-zero element is contained
in at most a finite number of maximal ideals) is an EDD [306, Sec. 4]. In particular, any PID
is an EDD.

e The ring A of algebraic integers is an EDD [37, Theorem 5] which has no prime elements.

e The ring of entire functions defined on the complex plane is an EDD [22,38]. The prime
elements of this ring are the entire functions which have a single simple zero in the complex
plane.

e If R is an EDD with quotient field K and J is any integral domain such that R C J C K,
then J is an EDD [36, Sec. 4]. When R is a PID, it is known that any domain J of this type
is a PID and hence Noetherian.

e Any Kronecker function ring is an EDD [39].

e Any generalized valuation domains is an EDD. If Vi,...,V,, are generalized valuation do-

mains with the same quotient field K, then R det- N7, V; is an EDD [306, Sec. 4].

e The domains formed by Jaffard’s pull-back theorems are EDDs [36, Sec. 4].

e Let B be an EDD with quotient field K and let m be the maximal ideal of the power series
ring K[[z]] in one variable. Then R := B 4+ m is an EDD [30, Sec. 4].

e Let B be an EDD with quotient field K and X be an indeterminate. Then R := B+ X K[X]
is an EDD [410)].

e Let K be an algebraically closed field of characteristic different from two and let 21 be an
indeterminate over K. Let xo be a square root of x1, x3 be a square root of xo and so on.
Then the ring R := U2 K[z, 1/2,] is an EDD [306, Sec. 4].

B.2. Kaplansky’s characterization of EDDs.

Definition B.2 Let R be a commutative ring. We say that R satisfies Kaplansky’s condition
if for any three elements a,b,c in R such that (a,b,c) = (1), there exist elements p,q € R such
that (pa,pb+ qc) = (1).
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Proposition B.3 [11] An integral domain R is an EDD iff it satisfies the following two condi-
tions:

1. R is a Bézout domain.

2. R satisfies Kaplansky’s condition.

B.3. The Smith normal form theorem over an EDD.

Theorem B.4 [35] Let R be an EDD. For any matriz A € Mat(m,n, R), there exist matrices
U € GL(m, R) and V € GL(n, R) such that:

UAV' =D,

where Di; = 0 for all i # j and the diagonal entries d; def. Dj; (with i € {1,...,r}, where

r 9 kA < min(m,n)) are non-zero elements which satisfy the condition:

di|ds] . .. |d

In this case, the matrix D is called the Smith normal form of A. Moreover, the association
classes of dy. coincide with the invariant factors of A:

(dk) = dk(A) , Vk e {1,...,T}

Proposition B.5 [35] Let R be an EDD and A, B € Mat(m,n, R). Then A and B are equivalent
iff they have the same rank r and their invariant factors coincide:

dk(A) = dk(B) , Vke {1, .. .,T}

B.J4. Some special classes of EDDs. It is an unsolved problem (going back at least to [22])
whether any Bézout domain is an EDD. Here we mention a few special classes of Bézout domains
which are known to be elementary divisor domains. One special class is provided by those Bézout
domains which are PM*-rings.

Definition B.6 [12] A PM*-ring is a unital commutative ring R which has the property that
any non-zero prime tdeal of R is contained in a unique maximal ideal of R.

Theorem B.7 [13] Let R be a Bézout domain which is a PM* ring. Then R is an EDD.
It was shown in [11] that a Bézout domain is an EDD iff it has Gelfand range one.
Another special class is that of adequate Bézout domains [18,22,45].

Definition B.8 [22] A Bézout domain R is called adequate if for all a,b € R with a # 0, there
exist r,s € R such that a = rs, (r,b) = R and such that any non-unit s' which divides s satisfies

(s',b) # R.

Proposition B.9 [23] Any adequate Bézout domain is a PM* ring.
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Corollary B.10 [22] Any adequate Bézout domain is an EDD.

Remark B.1.1t is known that the inclusions:
{adequate rings} C {PM" rings} C {elementary divisor domains}
are strict (see [13,10]).

Theorem B.11 The ring O(X) of entire functions on any connected and non-compact border-
less Riemann surface is an adequate Bézout domain.

The case X = C of this theorem was established in [22,23]. This generalizes to any Riemann
surface using [24,25]. Since O(X) is an adequate Bézout domain, it is also a PM™ ring and hence
and EDD.

B.5. The Noetherian case. The following characterizations are well-known.

Proposition B.12 Let A be a Noetherian integral domain. Then the following statements are
equivalent:

1. A is an EDD.
2. A is a Bézout domain.
3. A is a PID.

In particular, matrices valued in a Noetherian domain A admit a Smith normal form iff A is a
PID. It is obvious that every PID is Noetherian.

Proposition B.13 Let A be an integral domain. Then the following statements are equivalent:
1. Ais a PID.

2. Ais a UFD and a Bézout domain.

3. Ais a UFD and a Dedekind domain.

4. Ais a UFD and has Krull dimension one (equivalently, any non-zero prime ideal is mazximal).

Proposition B.14 Let A be a Noetherian integral domain. Then the following statements are
equivalent:

1. Ais a UFD.
2. A is normal and its divisor class group vanishes.

3. Every height one principal ideal of A is principal.
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