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MACDONALD TOPOLOGICAL VERTICES AND BRANE CONDENSATES
OMAR FODA ' AND MASAHIDE MANABE 2

AsBsTrRACT. We show, in a number of simple examples, that Macdonald-type gt-deformations
of topological string partition functions are equivalent to topological string partition functions
that are without gf-deformations but with brane condensates, and that these brane condensates
lead to geometric transitions.

1. INTRODUCTION

We recall the topological vertex, its refinements and deformations, and ask what the physical inter-
pretation of a specific Macdonald-type deformation is.

1.1. A hierarchy of topological vertices.

1.1.1. Abbreviations. To simplify the presentation, we use 1. string, string partition function,
vertex, etc. for topological string, topological string partition function, topological vertex, etc.,
which should cause no confusion, as we only consider the latter, and use topological only
for emphasis when that is needed, 2. gt-string partition function, qt-quantum curve, etc. for
qt-deformed string partition function, qt-deformed quantum curve, etc. 3. refined as in refined
partition functions, etc., when discussing objects that are refined in the sense of [9, 10, 32];
otherwise, no refinement should be inferred, and unrefined is used only for emphasis when
that is needed, and finally, 4. the xy-version of - - - for the version of an object that is refined in
the sense of [9, 10, 32], and the gt-version of - - - for the version of an object that is deformed in
the sense of [50, 18].

1.1.2. The original vertex as a normalized 1-parameter generating function of plane partitions with
fixed asymptotic boundaries. In [2], Aganagic, Klemm, Marifio and Vafa introduced a system-

atic approach to compute A-model string partition functions using the vertex Cy,v,y, (x) ,

which we refer to as the original vertex." It depends on a single parameter x, and a set of three
Young diagrams, Y1, Y, and Y3, and has a combinatorial interpretation as a normalized par-
tition function of 3D plane partitions [45], where each box in each plane partition is assigned

a weight x. All plane partitions generated by Cv, v, v, (x) satisfy fixed asymptotic boundary

conditions specified by Y, Y, and Y3. Copies of Cy,v,v, (x) can be glued to form string
partition functions. Using geometric engineering [35, 36], these string partition functions
are identified with instanton partition functions in 5D supersymmetric gauge theories on
R* x S!, in a self-dual Q-background with Nekrasov parameters €; + €; = 0 [40, 41]. Using
the AGT/W correspondence [5, 51], the 4D limit of these 5D instanton partition functions
are identified with conformal blocks in 2D conformal field theories with an integral central
charge c.

Key words and phrases. Topological vertex. Brane condensation. Geometric transition. Topological string
partition function. Quantum spectral curve.

! To streamline the presentation, we make a number of departures from conventional notation. We state
these changes as we introduce them, and list them in section 2.1.1. In particular, we use x, instead of g, for the
weight of aboxinCy, vy, v, (x) .
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1.1.3. The refined vertex as a normalized 2-parameter generating function of plane partitions with
fixed asymptotic boundaries. In [9, 10], Awata and Kanno introduced a refined version of
Cy,v,vs (x) , and in [32], Igbal, Kozcaz and Vafa introduced yet another refined version of
the same object. In [7], Awata, Feigin and Shiraishi proved that these two refinements are
equivalent. In this work, we focus on the refined vertex Ry, vy,v, (x, y) of [32].% It depends

on two parameters (x, y) , and a set of three Young diagrams, Y, Y, and Y3, and has a
combinatorial interpretation as a normalized partition function of 3D plane partitions. Each
box in each plane partition is assigned a weight x or y as follows. One splits each plane
partition diagonally into vertical Young diagrams. Scanning the vertical Young diagrams
from one end to the other, a box in a plane partition is assigned a weight x if it belongs
to a vertical Young diagram that protrude with respect to the preceding Young diagram,
and a weight y if it belongs to a vertical Young diagram that does not. All plane partitions
generated by Ry, v,v, (x, y) satisfy fixed asymptotic boundary conditions specified by Y,

Y, and Y;. Copies of Ry, v, v, (x, y) can be glued to form refined string partition functions.
Using geometric engineering [35, 36], these refined string partition functions are identified
with instanton partition functions in 5D supersymmetric gauge theories on R* x §!, in a
generic QQ-background, with Nekrasov parameters €; + €, # 0 [40, 41]. Using the AGT/W
correspondence [5, 51], the 4D limits of these 5D instanton partition functions are identified
with conformal blocks in 2D conformal field theories with a non-integral central charge c.

1.1.4. The Macdonald vertex as a qt-deformation of the refined vertex. In [50], Vuleti¢ introduced
a deformation of MacMahon’s generating function of plane partitions, in terms of two
Macdonald-type parameters (q, t) . This deformation is independent of the refinement in-

’

troduced in [9, 10] and [32], as one can check by considering R/, , ,, (x, y) , the unnormalized
version of R, (x, y) , which is a refinement of MacMahon’s generating function, but is
different from that of [50]. In [18], Ry, v, v, (x, y) was deformed using the same Macdonald-

type parameters (g, t) that were used in [50], to obtain the Macdonald vertex qutl Yavs (x,y)?

Copies of M'y Yoy (x, y) can be glued to form gt-string partition functions that are 5D gt-
114213
instanton partition functions. The latter have well-defined 4D-limits and, for generic values

of (q, t) , contain infinite-towers of poles for every pole that is present in the limit g — ¢ [18].

1.1.5. Limits of the Macdonald vertex. In constructing the original and the refined vertex,
(undeformed) free bosons that satisfy the Heisenberg algebra,

(11) [ﬂm, an] =n 6m+n,0 ’

play a central role [45, 32]. Similarly, in constructing the Macdonald vertex, gt-free bosons
that satisfy the gt-Heisenberg algebra,

1 _qlnl
gt _qt] _
(1.2) [ﬂm , 4y ] =n [m] Om+n,0 ,

2 We use (x, y) instead of (q, t) for the parameters, and Ry, v, v, (x, y) instead of Cvy,v,v, (t, q) for the
refined vertex of [32]. We reserve the parameters (q, t) for the Macdonald-type deformation parameters of
[50, 18] introduced in section 1.1.4.

3 We call the ratio x/ y a refinement, and in the limit x — y, the refined vertex reduces to the original one, and
we call the ratio g/t a deformation, and in the limit g — ¢, the Macdonald vertex reduces to the original vertex,
for x = y, or to the refined vertex, for x # y.



3

qt
YiYoY3

x =y, My, (vy) = €Yy, (x), whichis a gi-deformation of Cv, v, v, ().

play a central role. In the limitg — t, M (x, y) - Ry,v,v, (x, y) , and in the limit

1.2. The physical interpretation of the gt-deformation. It is clear by inspection of explicit
computations that the Macdonald parameter ratio g/t is a different object from either the
M-theory circle radius R or the refinement parameter ratio x/y.* The purpose of this work
is to shed light on the geometric and/or physical interpretation of the gt-deformation. To
do this, we consider simple string partition functions, and show that in M-theory terms, the
deformation g/t # 1 describes a condensation of M5-branes that lead to geometric transitions
that change the topology of the original Calabi-Yau 3-fold [23]. In conformal field theory
terms, we expect that it describes a condensation of vertex operators that push the conformal
tield theory off criticality [52].

1.3. Outline of contents. In section 2, we include comments on notation used in the text,
and definitions of combinatorial objects, including MacMahon’s generating function of plane
partitions, its refinement and gt-deformation, and in 3, include basic facts related to the orig-
inal topological vertex, the refined topological vertex, and their gt-deformations. In section
4, we give our first example of the equivalence of gt-deformation and brane condensation,
which shows that the refined gt-string partition function on C? is equivalent to a refined
string partition function on C? with no gt-deformation but in the presence of brane con-
densates, and in 5, we give our second example, which shows that a refined gt-deformed
partition function on C? with a single-brane insertion is equivalent to its counterpart (also
with a single-brane insertion) with no gt-deformation but in the presence of brane conden-
sates. In section 6, we discuss the relation of brane condensates and geometric transitions in
the context of unrefined objects, and in 7, we discuss the gt-quantum curves associated with
gt-partition function. Finally, in section 8, we collect a number of remarks, and discuss the
various parameters that can appear in topological vertices and the relation with conformal
field theory, and in appendix A, we collect useful skew Schur function identities that are
used freely in the text.

2. NOTATION AND DEFINITIONS

We collect comments on notation, definitions of combinatorial objects, including variations on
MacMahon's generating function of plane partitions that appear in the sequel.

2.1. Notation.

2.1.1. Deviations from standard notation. We use the variables (x, y) as box weights/refinement
parameters, instead of the variables (q, t) used in [9, 10, 32]. We use Ry, v, v, (x, y) for
the refined vertex instead of Cvy,vy,y, (t,q) as used in [32].°> We reserve the variables
(q, t) for the Macdonald-type deformation parameters that appear in the Macdonald vertex

M () of [18].

2.1.2. Sets. p is the set of negative half-integers (P1,P2,---) with p; = —i + 1/2, that is
(p P2 - ) = (— 1/2,-3/2,.. ) , and t is the set of non-zero positive integers (1,2, .. ) .

2.2. Combinatorics.

4 One can also introduce an elliptic nome p [29, 33, 53, 19], which is yet another parameter. In section 8.2,
we discuss what we know about the interpretation of the for parameters, R, x/y, q/t, and p.
> See section 3.2.2 for a more detailed relation.
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2.2.1. Cells in the lower-right quadrant. Consider the lower-right quadrant in R?, bounded by
the right-half of the x-axis and the lower-half of the y-axis. The intersection point of the x-
and y-axes to be the origin with coordinates (0, O) , the x-coordinate increases to the right,
the y-coordinate increases downwards. We divide this quadrant into cells of unit-length in
each direction. A cell O has coordinates (i, ]) , if the coordinates of the lower-right corner of

the cell are (i, ]) .

2.2.2. Young diagrams. Y is a Young diagram in the lower-right quadrant of R? that consists
of rows of cells of positive integral lengths y; > y, > --- > 0, and Y’ is the transpose of Y
that consists of rows of cells of positive integral lengths y| > y, > --- > 0. y] is the number
of (non-zero) parts in Y. The infinite profile of Y consists of the union of 1. a semi-infinite
line that extends from right to left along the positive, right-half of the x-axis, from x = oo to
x = Y1, 2. the finite profile of Y, and 3. a semi-infinite line that extends from top to bottom
along the positive, lower-half of the y-axis, from y = y/ to y = c0.°

2.2.3. Arms, legs and hook lengths. Consider a Young diagram Y, and a cell O0;; with coordinates
(i, ]) such that O;; is not necessarily inside Y. The arm A‘:‘ij’ leg LDi],, extended arm AEij,

extended leg Ly, , and hook H, = of Oy, with respect to the infinitely-extended profile of Y,
are,

(2.1) ADij :yl_ j, LDU :y]/_ i, AE’] :AD,']'+1I LE” :LDj]‘+1I HDij :Aujj+LD[j+1l

where y {is the length of the j-row in Y’, which is the j-column in Y. We also define,

ey mM=Y1, %I|Y||2=Z[AD+%], Sev=s (MP-IviR) = Y (5-1)

oeYy oeYy (z‘,j) ey

2.3. The framing factor. We use the notation fy (x) for the framing factor of the original
vertex [39, 2],

(2.3) fy (x) _ (_1)'Y' b
and,
(2.4) fy (x, y) _ (_1)'“ I

for the refined framing factor introduced in [48] of the refined vertex.

2.4. Splitting indices. Starting from a sequence a = (al,az,...), one can split the single
index I of any element 4; into two indices ij, so that a; — a;;. One way to split the indices is
in the following example.

6 In our notation, the positive half of y-axis is the lower-half that extends downwards.
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2.4.1. Example. We proceed in two steps. 1. Position the elements of the 1-dimensional
sequence (al, a,.. ) along the anti-diagonals of a 2-dimensional array, as in,

ai dp du
(25) (al,llz, .. ) = as ds
e

2. Map the array with single-index elements to an array with double-index elements, where
the double-indices are in conventional order, as in,

ay dy dg - a1 a2 d13
(26) as das (i a1 dx
g az1

Any such splitting of indices is far from unique. However, if the splitting rule is well-
defined, as in (2.5)—(2.6), then it is bijective, and all such splittings are in bijection via the
original 1-dimensional sequence.

2.5. Variations on MacMahon's generating functions.

2.5.1. Notation. To streamline the notation, we use the redundant notation M, , for MacMa-
hon’s original generating function of plane partitions, so that we can write M, for its refined

counterpart, and M Zty for the gt-version of the latter. MY, is the gt-MacMahon generating
function of Vuleti¢, and M1} = M.

2.5.2. M,,. MacMahon’s generating function of plane partitions is,

[o¢] [o0]

27) My =[] (1 _1xm] Ccep [Z 1 2]

m=1 = n (xn/z _ x—n/z)

The first equation in (2.7) is the definition of the MacMahon generating function. The second
is obtain by direct expansion of the logarithms of both sides. All xy- and gt-versions of this
equation, in the sequel, are proven similarly.

2.53. My,. The xy-version MacMahon’s generating function of plane partitions is [32],

(x/v)"”
(2-8) xy H 1-— xm T omagnl = eXp [Z (xn/z_x—n/z) (yn/Z_y—n/Z)

mn=1 nln

In the limit y — x, M, = M.

2.5.4. MI.. The gt-version MacMahon'’s generating function of plane partitions is,

(2.9) M1 = HH[ll_ZTm] =exp[z 1 n/z)z [11:;]]

i=0m n:ln(xn/z—x_

which is the gt--MacMahon generating function introduced by Vuleti¢ in [50]. In the limit
t—g, MZi - MZZ = M.
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preferred leg

y-leg z-leg

Y, Y Y, Y,

Ficure 3.1. The figure on the left represents the vertex Cv,y,v, (x) , and this
vertex has the cyclicsymmetry Cy, v, v, (x) =Cvy,v,Y, (x) =Cvy,v,v, (x) . The
figure on the right represents the refined vertex Ry, v, v, (x, y) and the Mac-
donald vertex MZ YaYs
and have the preferred leg. Note that Ry, v, v, (x, x) =Cvy,v, 'a (x) .

(x, y) . These two vertices break the cyclic symmetry

255 M Z; The xy-refined and gt-deformed version MacMahon’s generating function of
plane partitions is [18],

1—q'tx™y"" - (x/y)n/z 1t
(210) My, H H 1—gixmyr1  OF Zn(x"ﬂ—x‘”/z) (y2 =y~ (1“1”]

i=0 mn=1 n=1

In the limit y — x, Mzty =M and so on.

3. TOPOLOGICAL VERTICES

We recall basic facts related to the topological vertices introduced in section 1.1.

3.1. The original vertex of [2]. With reference to the figure on the left in Fig. 3.1, the nor-
malized version of the original vertex’ of [2] is,

B Crivav, (x) =xt"isy, (xp) ZSY Y ( p+Y3) SY,/Y (xF’+Y3)

= (<1) " Ay (x) wEr [H 1_an] Y sy (5777 sy (x077)

oeYs

Here xP*Y = (xP”Vl,xPZ*W,...), x = e~ %, where g, is the string coupling constant, and
SY,/Y, (x) is the skew Schur function defined in terms of a pair of Young diagrams (Yl, Y 2)
and a set of possibly infinitely-many variables x = (xl,xz, . ) In the second equality, we
have used the notation fy (x) for the framing factor (2.3), and the identities in appendix A.

3.1.1. Normalization. Cy,vy,y, (x) is normalized by M, such that Cy 44 (x) = 1. The unnor-
malized version is,

(3.2) C§1y2y3 (x) =MyxCy,v,v, (x)

7 In the present work, we use x for the weight of a box in a plane partition, instead of g in [2]. For a review
of the original vertex, see [38].
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31.2.CY y,y, (x) and M as partition functions. CY, y . (x) is the open topological A-

model partition function on C? with three special Lagrangian submanifolds. M, is the
closed topological A-model partition function on C?>. The figure on the left in Fig. 3.1 is the
toric web diagram of C?.

3.1.3. Choice of framing. One can choose the framing of Cv, v, v, (x) as,

(33) Cyl Y,Y; (x) 4

H fv, (x)ﬁ] Cvy,v,v, (x) , fi,fa €L,

i=1,2,3
where fy (x) is the framing factor (2.3).

3.2. The refined vertex of [32]. With reference to the figure on the right in Fig. 3.1, the
normalized refined vertex of [32] is,

1Yl + 1Y 1lyz? 1
34) Ry,v,v, (x,]/) = (_1) fri (x' y) xSl [H 1 _xLEyAD] X

oeYs

2 (5] B sy, (¥ ) svy (xTPy )

X
Y

where fy (x, y) is the refined framing factor (2.4). In the limit y — x,

(35) RY1 Y2Y3 (x’ y) - CYl Y2V (x)

3.2.1. Remark. The dependence on the Young diagram Y3 in Ry, v, v, (x, y) on the left hand

side of (3.5) is replaced by a dependence on its transpose Y, inCy, v, v, (x) on the right hand
side.

3.2.2. Remark. (t,q) in [32] become (x, y) in the present work, and the refined vertex
Cy,v,vs (t, q) in [32] is related to Ry, v, v, (x, y) in the present work by,

) [Y1l+Y2|

(3.6) Crivavs (19) = (-1 frs (2 y) Ryavivy (xy)

3.2.3. Choice of framing. One can choose the framing of Ry, v, v, (x, y) as,

(3.7) Ry, Y,Ys (x,y) - Ryivavs (x,y) , fufuBEZ

H fr, (x/y)ﬁ

i=1,2,3

3.2.4. Normalization. Ry, y,v, (x, y) is normalized by M,, such that Rgq0 (x) = 1. The
unnormalized version is,

(38) ﬂ;leh (x'y) :MXHR\/leYs (x/y)
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3.3. The Macdonald vertex of [18]. With reference to the figure on the right in Fig. 3.1, the
normalized Macdonald vertex of [18] is,

=7 1-gitateyd
qt _ q ¥ qt -1.-Y! qt -Y
(B9 My, (vy) = Hl_yl 1— qixloyho ;Pwv (v77) QY (x'y ™)
i=0 OeY;
ere X] an x| are the skew acdona an ua acdona unctions
Here P} d Q¥ v, he skew Macdonald and dual Macdonald functi

defined for a pair of Young diagrams (Yl, Yz) and a set of possibly infinitely-many variables
X = (xl,xz,. . ) .

qt

3.3.1. Choice of framing. No choice of framing of MY1 YaYs

none will be needed in the present work.

(x, y) was discussed in [18], and

. . qt
3.3.2. Normalization. /\/(Y1 YaYs

unnormalized version is,

(x, y) is normalized by M1} such that M, (x, y) =1. The

(3.10) ME () =MI MY L (%)

Y1Y,Y3 Y1Y2Y3
4. A qt—PARTITION FUNCTION FROM BRANE CONDENSATES

We give an example of a refined qt-deformed partition function that is obtained from its undeformed
counterpart via brane condensation.

4.1. From Mb5-branes to surface operators. Consider M-theory on,

(4.1) R*x S!'x X,

where S! is the M-theory circle, and X is a local toric Calabi-Yau 3-fold such that the topo-
logical A-model on X geometrically engineers a 5D SU(N) supersymmetric gauge theory on

R* x S! with ((D X) 2-equivariam parameters x, y acting on R* (Q-background) [35, 36]. We
introduce M5-branes on the submanifold,

(4.2) R>xS'xLcR*xS'x X,

where L = S! x C is a Lagrangian submanifold in X [28] such that an end-point of L is on
an edge of the toric web diagram [3]. The M5-branes geometrically engineer simple-type
half-BPS surface operators that reduce the gauge group to SU(N — 1) x U(1) on the surface
R?[26, 6, 13, 34].

4.2. From surface operators to primary-field vertex operators. The AGT/W correspondence
[5,51] relates a class of 4D N = 2 supersymmetric gauge theories on R* to 2D Toda conformal
tield theories. Each of these Toda conformal field theories is defined on a punctured Riemann
surface that is related to the Seiberg-Witten curve of the gauge theory and to the mirror
curve of the Calabi-Yau 3-fold X. The simple-type surface operators on the gauge theory
side correspond to vertex operators that, in turn, correspond to the highest-weight states
in irreducible fully-degenerate highest-weight representations on the conformal field theory
side [4, 17]. In other words, the M5-branes in (4.2) correspond to primary-field vertex
operators of fully-degenerate representations in Toda conformal field theory [37, 17, 49, 8].
From that it follows that a condensation of the M5-branes corresponds to a condensation of



Ficure 4.1. The vertex with two infinite stacks of branes with open string
moduli a = (al) =12’ b= (bl) 12 and framing factors f; and f,.

vertex operators. We expect that such a condensation leads to an off-critical deformation of
the chiral blocks in the conformal field theory of the type that leads to correlation functions
in off-critical integrable models. We will say more about this in section 8. In the following
we show that for X = €%, condensates of M5-branes lead to the gt-MacMahon generating
function (2.9).

4.3. A gt-partition function from two brane condensates.

4.3.1. The normalized version of the computation. Starting from the refined open string partition
function on C3, which is the refined vertex, we trivialize the Young diagram on one of the
three legs, and add a stack of infinitely-many branes on each of the two other legs. The

first stack has open string moduli a = (al, a,.. ) , and framing factor f;, and the second has

b = (bl, by, .. ) , and framing factor f,, as indicated in Fig. 4.1. The result is the open string

partition function®,

(4.3) ngj;fz) (a,b) = Nbranes Z [l_[ in (x’y)f

i RY] Yo (x’y) SY] (a) SY2 (b) 2
Yq,Y, \i=1,2

where N6 1S @a normalization factor, due to the introduction of the branes to be determined
in the sequel. Choosing ( fi, fz) = (—1, 0) we get

(4.4) Z,E;l'o) (a,b) = Npranes Z v_msYl/y (y‘p) Sy, (va) Syy/v (x_p) Sy, (—v‘lb) ,

Y1,Y2,Y

where v = x!/2/y'/2. Using the Cauchy identities in appendix A we obtain

= > L (v7'by,
(45) ZJEy ) ( menes [H - ll[b] ] [H M] ,

IJ=1 =1 (U”Ir y)

where L (a, x) is the quantum dilogarithm,

(46) L (a,x) = H (1 _axm_%) = €Xp [Z n (xn/Za_nx—n/2) ]

m=1 n=1

8 In the absence of the condensates, we have a closed string partition function on C3. The M5-branes that
condense are equivalent to open strings.



10

To determine Ny, We normalize Z 95;1,0) (a, b) such that,

(-1.0) _
(4.7) lim Z,” (ab) =1,
so we take,
= 1
(48) menes = H -~

and obtain,

00 L —1b X 1/2
4.9) z!; - H ! 0= [i]
=1

Uﬂ[,

The introduction of the normalization factor fixed by (4.8) means that we subtract the con-
tribution of the brane-brane interactions between the two infinite stacks of branes, and only
consider the individual brane condensates at each leg.

4.3.2. The unnormalized version of the computation. The above calculation started from the
normalized vertex Ry, v, v, (x, y) If we use the unnormalized vertex R; Y2V (x, y) in (3.8),
we get the unnormalized brane partition function with two condensates,

7 (-1,0) B = (U_lblf )
4.10 Z, ,b) =M, -~
( ) Y (a ) y L L (vab ]/)

Splitting the index I — (i, j), as in section 2.4, and setting,

(4.11) ar — aj; = qixf_%, by — b;; = qi_ltxyf_%, ,j=12,...,
we find,
co L v b x 1—gitx™
’ _1,0) l]/ X y qt
(4.12) Zx( a;;, bii) = My | | | | —Mx
’ (] ]) yi,le(Wl]f =0 ma=1 L T-gixmyt '

Then we conclude that the refined open string partition function on C* with the two infinite
stacks of branes, with the moduli (4.11), agrees with the xy-refined g¢-MacMahon generating

function M Zty in (2.10) which gives the refined gt-deformed closed string partition function
on C3.
By taking the unrefined limit y — x in (4.12), we also obtain,

) (-1, e L bl,x 1 ¢
(4.13) Zx)(c v ((Zijr bij) =M, | [ 2=~ H H [1 ij] =M1,

i,le ”W =0 m=

where the right hand side is Vuleti¢’s gt-MacMahon generating function in (2.9) [50], and the
left hand side can be derived using the original vertex Cy, v, v, (x) as in [27].
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4.3.3. Remark. The relations (4.12) and (4.13) agree with the result that conformal blocks

computed using MZ? Y Y5 (x, y) are equal to those computed using Ry, v, v, (x, y) up to a

qt-dependent factor [18].

5 A qt-PARTITION FUNCTION WITH A SINGLE-BRANE INSERTION FROM BRANE CONDENSATES

We give an example of a refined qt-deformed partition function with a single-brane insertion that is
obtained from its undeformed counterpart via brane condensation.

5.1. A partition function with two brane condensates and a single brane. Consider the
same partition function as in section 4.3, but now with an additional brane (on the preferred
leg of the refined vertex that has no stacks of branes) with open string modulus U and a
framing factor f;, and two infinite stacks of branes (see Fig. 5.1),

1) 20 (Usa,b) =
menes Z [ H in (x’ y)flJ ﬂy1y2y3 (x’ y) Sy, (a) 5, (b) Syg (u)
Y1,Y,Ys3 \i=1,23

Here Ny anes is the normalization factor introduced in (4.3) and determined in (4.8), and the
Schur function sy, (LI) with a single variable U is non-zero only for Young diagrams with a

single row y; = d. Choosing the framing factors as ( fi, fa, f3) = (—1, 0,f ) , we get,
52) 2" (Ura,b) =

Mmsilfuww%”“UI;%@anva

Y1,Y2,Y3,Y oeYs;

?)_mSyl/y (y_Px_Y?’) Sy, (va) Syy/y (x‘f’y_yé) Sy, (—v‘lb) ,
where v = (x / y) v Using the Cauchy identities in appendix A, we obtain,

(10) (17 1) - 4 = L (070 %)
(5.3) Z, U;a,b) = Npanes 1-—v " ab —| X
y ( a ) b [”1:[1 ( d f) H L (Wz,y)

o 007 () )
.09 (1))

d=0 Hri:l (1_xm)

o (1 —a;x%) li- (1 —blxm‘ly‘%)

=1 (1 - alx%_d) =1 (1 - blxm—ly%)

4

where L (a, x) is the quantum dilogarithm in (4.6).

5.1.1. Normalization. Dividing the partition function with two condensates and a single-
brane insertion by its counterpart that has no single-brane insertion (4.5), we obtain the
normalized partition function,
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Ficure5.1. The partition function with a single-brane insertion that has an open
string modulus U and framing factor f;, and two infinite stacks of branes that

have open string moduli a = (al,az, .. ) , b= (bl, by, .. ) and framing factors
( fi, fz) By the inverse arrow in the preferred leg we assign the transpose
Y} of the Young diagram Y3, where we note the relation Ry, v,y, (x, x) =

Cy,v,v; (x) in (3.5).

4) Z.) (Usa,b)

w xt(-)E ((_1)f+1 yIr ]
dZ‘:o ey (1)

We now show that for a suitable choice of the moduli (al,az, .. ) and (bl, by, .. ) , the nor-
malized partition function (5.4) of a single-brane insertion and two condensates is the gt-
deformation of the partition function on C? with a single-brane insertion (and no conden-
sates). The latter without the gt-deformation is obtained from (5.4) by setting the open string
moduli of the condensates to zero,

o - a;xz d (1 - blxm‘ly‘%)
Mo e

I= —a;xz m=1

(5.5) z.) (u;0,0) = i

5.1.2. Remark. By
() e
7., (1 - x’") '

the partition function (5.5) is expressed in terms of the Schur functions as

Z;g—l,o,f) (U,'0,0) _ Zx—%deSY (xp) sy ((_1)f y%f u]
Y
= Zx%(l_f)dzsy, (xp) Sy [(_1)f x“% y%f u]

Y

(5.6) S(d) (xp) :x%d(d—l) S(ld) (xP) =

(5.7)

Then, using the Cauchy identities in appendix A, the special cases of (5.5) that correspond
to f = 0,1, satisfy,
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(58) 2y (W 0,0) = (2 (w0, 0)]_1 - L (U%)

5.2. Thegt-deformationof Z ( 101) (U; 0, 0) . The gt-partition function on C 3witha single-

brane insertion with an open strmg modulus U, canbe computed using the Macdonald vertex
as,

© (o d g
69 2 ()= D () () - 3 [T T2 o

Y d=0

By Z, ( 101) (y‘%u; 0, 0) = z19 (U), this gt-partition function can be considered as the

qt- deformation of the undeformed partition function (5.5).

5.3. Identification. To identify the partition function in (5.4) with that in (5.9), we make the
choice of moduli,

(5.10) ar — a;;

_od. _ ioj-L+d _ A RS
l]—xaij—qlez , b1—>bi’].—xbij—ql tx"2, 0,j=1,2,...

instead of that in (4.11). In other words, in this case, the moduli of the brane condensates
now depend on the length of the single-row of the Young diagram that labels the Schur
function that characterizes the single-brane insertion, d. For this modified choice of moduli,
the normalized partition function (5.4) with a single-brane insertion and two condensates
becomes,

sz (vt ) = Yt 00 {Hﬂll qqu]( (1)),

d=0 i=0m

and we find,

(5.12) Z5 (v e, by) = Z [H Hll Z;t;m

i=0m=

=24 (U)

We conclude that the refined gt-partition function with a single-brane insertion (and no brane
condensates) coincides with its undeformed counterpart (with condensates) for a suitable
choice of the framing factors, and of the open string moduli of the condensates. Note that this
refined gt-partition function does not depend on y, and coincides with the result computed

by the original vertex Cvy, v, v, (x) in a similar way.

5.3.1. Back-reaction. We attribute the change in the choice of the moduli of the condensates
from that in (4.11) to that in (5.10) to back-reaction: due to the single-brane insertion, the
moduli of the condensates change.

6. gt-DEFORMATIONS AS GEOMETRIC TRANSITIONS

We discuss the relation of brane condensates and geometric transitions in the context of unrefined
objects.



14

6.1. Brane condensates and geometric transitions. Following Gomis and Okuda [21, 22],
brane insertions change the topology of a Calabi-Yau 3-fold via a geometric transition [23],
and a Calabi-Yau 3-fold with brane insertions is equivalent to a bubbling Calabi-Yau 3-
fold of a more complicated topology, but without brane insertions. Correspondingly, an
interpretation of the result in section 4.3 is that a brane condensate (which is infinitely-many
brane insertions) changes the topology of C° via a geometric transition, and C* with brane
condensates is equivalent to another Calabi-Yau 3-fold of a more complicated geometry,
but without brane condensates. To test this interpretation, we consider the gt-MacMahon
generating function M Zi in (2.9), which, as we showed in section 4.3, is equal to the open
string partition on C°® with two condensates, and interpret it as an undeformed (no brane
condensates) closed string partition function on a Calabi-Yau 3-fold with more complicated
topology than C3.

6.2. Gopakumar-Vafainvariants. The partition function Zx (x, Q) of the string on a Calabi-
Yau 3-fold X with (exponentiated) Kdhler moduli Q, is the generating function of Gopakumar-
Vafa invariants ng , € Z [24],

(6.1) Zx (x, Q) = exp Z i i % (xn/Z _x—n/2)2g—2 Qﬁn )
g=0n=1

peHy (X, 7z)

where we have followed the notation used in [38]. Namely, if i = (1, 2,..., bz) , where b, is
the second Betti number of X, S; is a basis of the second homology group H, (X, Z) , and
Q; are (exponentiated) Kdhler parameters, then for any = ) ;n[Si] € H, (X, Z) ,n; €7,
QFf = HiQ?" . Comparing MZ; in (2.9) normalized by M,, in (2.7) and the expansion in
(6.1), we find that ngo = =1, ng, = 0, for ¢ = 1,2,..., which are the Gopakumar-Vafa
invariants of a genus-0 manifold with infinitely-many homology 2-cycles 5. This agrees with
our interpretation of the gt-deformation in terms of a geometric transition driven by a brane
condensate, that is, the insertion of infinitely-many branes. In section 7, we identify this
geometry with that of an infinite strip, but before we do that, we consider a simple, but
important example.

6.3. A simple example of a geometric transition. In the special case of g = 0, t # 0, the
gt-MacMahon generating function (2.9) is,

(6.2) MO =M., - (1-txm)

m=1

m

This coincides with the undeformed closed string partition function on the resolved conifold,
which is the total space of O(-1)®O(—1) — P! with a single (exponentiated) Kdhler modulus
t, in agreement with the interpretation of the t-deformation of the MacMahon’s generating
function proposed in [47].° From the perspective of this section, what we have is the simple
geometric transition in Fig. 6.1.

9 What we call a t-deformation is called a Q-deformation in [47].
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geometric transition t

R

Ficure 6.1. The figure on the left represents the partition function with a single-
brane insertion on C?. The figure on the right represents the closed string
partition function on the resolved conifold. They are related by a geometric
transition.

7. qt-QUANTUM CURVES

We discuss the qt-quantum curves associated with the unrefined limit of the refined qt-deformed brane
partition function in section 5.

7.1. The quantum curve for Z7' (U) .

7.1.1. Two operators. Consider the operators U and V, where U acts as multiplication by a
variable U, and V acts as,

S

(7.1) Vi=xY
They satisfy the x-Weyl relation,

(7.2) vu =axUv,

and act on Z4! (U) , the unrefined limit of the refined g¢t-deformed brane partition (5.9), as,
(7.3) uze(u)=uzt(u), vz (u)=z"(xu)

7.1.2. The quantum curve. From (7.3), it follows that Z7* ( U) satisfies the x-difference equa-
tion,

ﬁ 1-q'V) - uﬁ 1-q'txV)

i= i=

74 AT (U V) 27 ( z'(u) =0,

which is the quantum curve related to Z7! (U) . As discussed below, (7.4) is a gt-version of the
quantum curve of C? in string theory [1, 16, 15, 25].

7.1.3. The classical limit of the quantum curve. Assumimg that the asymptotic expansion of
Ak (U) in the classical limit, g; = —logx — 0, has the form,

1 (¢ du’
(7.5) AL (U) ~ exp [—gf logV(U') 7 |

then V (U) is a solution of the equation,
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Ficure 7.1. The figure on the left describes the infinite chain of (—1, —1) curves
with Kghler moduli ¢t and gt!, and a brane insertion with the open string
modulus U. The figure on the right describes the infinite chain of (—2, 0) curves
with Kahler moduli g, and a brane insertion with the open string modulus U.

(7.6) AT (U V(1)) == i (1-4'v(u uﬁ 1-q'tv (U)) =0,
=0

i i=

which is the classical curve related to Z 1! (U) . This curve can be identified with the mirror

curve related to the infinite-strip geometry that consists of an infinite chain of (—1, —1) -
curves, see the figure on the left in Fig. 7.1 [31] (see also [20]). This infinite-strip geometry
agrees with the picture of infinite-stacks of branes, or equivalently brane condensates in
sections 4, 5 and 6. In the remainder of this section, we consider a number of spacial cases of
quantum curves.

7.2. Case 1. Choosing g = t, the brane partition function (5.9) reduces to the undeformed

’ (—1

partition function Z , 01) (x‘% u; o, 0) with a single-brane insertion on C? in (5.5),

-1,0,1

qq _ Y 1 i_ ' ) (v-1i7. _ -1 1
S ;H;ﬂ:l (o) (x2u;0,0) =L (xUx)

and we find the quantum curve,

(7.8) (1-v-u) z (u) =0

The classical limit, g; — 0, of the quantum curve (7.8) gives a mirror curve of C3[3],

(7.9) 1-U-V=0

In other words, the gt-quantum curve (7.4) is a gt-version of the quantum curve (7.8), and
(7.6) is a gt-version of the mirror curve (7.9).
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7.3. Case 2. Choosing g = 0 and t # 0, the brane partition function (5.9) reduces to,

) d m
e

d=0 =1

and we find the t-version of the quantum curve of C?,

(7.11) (1-V-u+tvu) z° (u) =0

Note that Z° (U) agrees with the undeformed brane partition function, up to framing
ambiguities, on the resolved conifold with the K&hler modulus ¢ [47], and the classical limit,
gs — 0, of the quantum curve (7.11) is the mirror curve of the resolved conifold [3],

(7.12) 1-U-V+tUV=0

In other words, the t-deformation of C?3 is the resolved conifold as discussed in section 6.3.

7.4. Case 3. Choosing g # 0 and t = 0, the brane partition function (5.9) reduces to,

= 1
(7.13) Z7° (U) = . ue,
( ) ;) | H;i:l (1_ qlxm)

and the g-version of the quantum curve of C 3 s,

z7° (u) =0

(7.14) [ﬁ (1-4'V)-U

i=0

VAR (U) agrees with the undeformed brane partition function, up to framing ambiguities
and a slight modification of the K&hler moduli, for the infinite chain of (—2, 0) -curves,

(7.15) 0(-2) @0(0) > P,

with the same K&hler modulus g for all P!, see the figure on the right in Fig. 7.1 [31] (see
also [20]). This infinite-strip geometry can be obtained from that in the figure on the left in
Fig. 7.1 by suitable blow-downs.!® The classical limit, gs — 0, of the quantum curve (7.14) is
the mirror curve of this strip geometry,

[o¢]

(7.16) [[(-4'v) -u=0

i=0
We argue that the g-deformation of C? is identified with the infinite-strip geometry in the
figure on the right in Fig. 7.1, and that this infinite-strip geometry is the result of a geometric
transition caused by the brane condensates.

10 Starting from the infinite-strip geometry on the left in Fig. 7.1, one can think of what happens in the limit
t — 0 as follows. Ast — 0, the Kédhler parameters t vanish, while the Kdhler parameters g/t diverge, and the
corresponding consecutive edges in the toric diagram combine in pairs to form a toric diagram that has edges
with finite Kéhler parameters 4. The new infinite-strip geometry is on the right in Fig. 7.1.
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8. REMARKS

We collect a number of remarks, with particular attention to the interpretation of the various pa-
rameters that can appear in topological vertices, and to the relation with conformal field theory.

8.1. The AGT counterpart of brane condensation. We showed that the Macdonald-type
gt-deformation introduced in [50], when applied to topological string partition functions
[18], leads to gt-partition functions that are equivalent to partition functions without a gt-
deformation but with brane condensates. These brane condensates are surface operator
condensates, and their counterparts on the conformal field theory side of the AGT corre-
spondence are vertex operator condensates in 2D chiral conformal blocks. While this has not
been studied in any detail, we expect that these vertex operator condensates play, at the level
of conformal blocks, the same role that switching-on off-critical perturbations plays, at the
level of the correlation functions [52], and that results in correlation functions in 2D off-critical
integrable models. This expectation coincides with the results in [11, 12, 43, 44, 46].1

8.2. Four parameters. If we start from a 4D instanton partition function in the absence of
an Q-background, or an AGT-equivalent conformal block in a Gaussian 2D conformal field
theory with an integral central charge, there are four known ways to modify such a partition
function, or conformal block, and each of these ways is characterized by a parameter.

8.2.1. The radius of the M-theory circle, R. Topological string partition functions are 5D objects,
and the corresponding instanton partition functions live in R* x S!, where S is the M-theory
circle. For small R, one can think of the 5D instanton partition functions as R-deformations
of their 4D limits, in the sense that switching on R gradually is equivalent to including the
lighter Kaluza-Klein modes that are infinitely-massive in the R — 0, and that acquire finite
masses as R increases [30]. In 2D conformal field theory terms, switching R on is equivalent
to deforming the chiral conformal blocks away from criticality to obtain expectation values
of type-I vertex operators [14], in some off-critical integrable statistical mechanical models
[11,12, 43, 44, 46].

8.2.2. The refinement parameter x/y. Starting with 4D instanton partition functions in the
absence of an (Q-background, one can switch on Nekrasov’s (-deformation parameters, that
is €1 + € # 0. In the presence of a finite M-theory circle of radius R, setting x = e Re,
and y = R®%, this refinement is equivalent to setting x/y # 1. In 2D conformal field theory
terms, we modify the central charge of the conformal field theory while preserving conformal
invariance, and the underlying statistical mechanical model remains critical.

8.2.3. The Macdonald deformation parameter q/t. The q/t-deformation of [50, 18] is yet another
perturbation but, so far, no interpretation of this deformation is known. The purpose of this
work is to offer one such interpretation.

8.2.4. The elliptic nome p. In [53, 19], two versions of a vertex based on Saito’s elliptic defor-

—_—

mation of the quantum toroidal algebra U, [g/l\l) are proposed. In addition to the refinement

parameters (x, y) , and the Macdonald-type deformation parameters (q, t) , this vertex de-

pends on an elliptic nome parameter p and copies of the (q = t) -limit of this vertex can be
glued to obtain elliptic conformal blocks. The latter are equal to the elliptic conformal blocks

11 Gee further discussion on section 8.2.1.
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that were computed in [33, 42] by gluing copies of the refined vertex of [32], then gluing
pairs of external legs.

8.3. Three off-critical deformations. Aside from the refinement parameter x/y, which pre-
serves criticality, it appears that we have three parameters that push the underlying 2D
conformal blocks off-criticality, namely the M-theory circle radius R, the Macdonald param-
eter g/t, and the nome parameter p. One can show by explicit computation that these three
parameters coexist and that their effects are different, but it remains unclear how to interpret
these effects in statistical mechanics terms.

8.4. Summary. In[9,10, 32], arefinement of the original topological vertex was obtained, and
the physical meaning of this refinement was clear and related to switching-on a non-self-dual
QO-background. In [50], an independent Macdonald-type gt-deformation of MacMahon’s
generating function of plane partitions was obtained, and was used in [18] to gt-deformed
the refined topological vertex, but no physical meaning of this deformation was proposed.
In this work, we have presented a number of simple but clear examples of gt-deformed
topological string partition functions, and showed in sections 4 and 5 that, in these cases,
the gt-deformation is equivalent to switching-on infinitely-many brane insertions, or equiv-
alently brane condensates. In section 6, we showed that a Calabi-Yau 3-fold with a simple
topology in the presence of these condensates is equivalent to another Calabi-Yau 3-fold with
a more complicated topology without condensates, and argued that the condensates cause
the Calabi-Yau 3-fold on which the topological string theory is formulated to undergo a geo-
metric transition that changes its topology. Finally, in section 7, we studied the gt-quantum
curves related to the unrefined limit of the gt-partition functions studied in section 5, and
showed that their classical limit does indeed correspond to undeformed partition functions
on infinite-strip geometry, in agreement with the conclusion that the gt-deformation is equiv-
alent to brane condensates that drive a geometric transition. We expect these conclusions to
hold for gt-deformations of more complicated topological string partition functions.

AprpPENDIX A. USEFUL SCHUR FUNCTION IDENTITIES

The skew Schur functions satisfy the identities,

(A.1) Sy (xp) = x%’”sw (xp) ,

_ 1Ly12 1
(A2) sy (x77) = x2I"1 Hl—xHu’

oeY

(A.3) Sy/o (x) =Sy (x) ,
(A4) SY,/Y, (x) =0 forY;2Y,,
(A5) 5Y,/Y, (CX) = C|Y1|_|Y2|Sy]/y2 (X) , CE€ (D,
(A6) SY./Y, (xp+Y) — (_1) [Yal=1Y2l Syi/y; (x_p_y)

The Cauchy identities for the skew Schur functions are,
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(A7) ZSY/Yl ( Sy/yz ZSYQ/Y SY1/Y (Y) H [1 _1x'y'] ’
iYj

Y Y ij=1
(A.8) ZSY/Yl (%) sy ( ZSY oy (%) syyve (y) H (1+xy;)
Y Y ij=1
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