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Abstract

We refine (and give a new proof of) Nesterenko’s famous linear independence
criterion from 1985, by making use of the fact that some coefficients of linear forms
may have large common divisors. This is a typical situation appearing in the con-
text of hypergeometric constructions of Q-linear forms involving zeta values or their
g-analogues. We apply our criterion to sharpen previously known results in this
direction.

1 Introduction

1.1 Nesterenko’s criterion

In this text, we refine Nesterenko’s linear indepence criterion by taking into account the
existence of common divisors to the coefficients of the linear forms. Consider the following

situation:

(N) Let &,...,& be real numbers, with r > 1. Let 0 < o < 1 and § > 1.
For any n > 1, let 4y, ..., ¢, be integers such that

Z gz,ngz
=0

Let us recall a special case of Nesterenko’s criterion [14].

1/n
—a and limsup (" < B foranyic {0,...,7}.
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Theorem A (Yu. Nesterenko). Assume that hypothesis (IN) holds. Then we have

_ log o
log 3

Hypothesis (N) implies dimg Spang (&, .. - ,§,) > 2, because otherwise &, . .., § would
be integer multiples of a (possibly zero) real number &, so that all linear forms y ;_, ¢; »&;
would be integer multiples of £&. This is impossible since these linear forms tend to 0
without vanishing (for n sufficiently large). This remark shows that the first interesting
case is trying to get a dimension greater than or equal to three. This special case of
Theorem [Al reads as follows.

dimg Spang (&, ..., &) > 1

Theorem B. Assume that hypothesis (N) holds. If o < 1, then

dimg Spang (&, - .., &) > 3.

In other words, among &g, . .., &, there are at least three numbers that are linearly indepen-
dent over the rationals.

1.2 A refinement

We obtain the following improvement of Nesterenko’s criterion, the proof of which relies
on Minkowski’s convex body theorem and yields a new proof of Nesterenko’s Theorem [A]

Theorem 1. Assume that hypothesis (N) holds. For anyn > 1 and any it € {1,...,r},
let 6;,, be a positive divisor of {;,,. Assume that

(1) 6;p divides 8i11p for anyn >1 and any i€ {1,...,r —1}, and

(ii) (;’ divides 5]—+1 for anyn >1 and any 0 <i < j <r, with 6, = 1.
©,n i,n+1

Furthermore, assume that for any i € {1,...,r} the limit of 53{? as n — oo exists. Let
s = dimg Spang(&o, . .., &) — 1. Then we have s > 1 and

n—oo

S
af® > H lim (5,%”.
i=1
The conclusion of this theorem has to be understood as a lower bound for s, namely,

- log(a/ [ im, oo (5112") _
o= log 3 !

but is should be noted that the product contains s factors.

The following special case of Theorem , in which we let d, = lem(1,2,...,n), is
useful when studying linear independence of zeta values (see, for example, the proofs of
Theorems 3| and [5| below).




Corollary 1. Assume that hypothesis (N) holds. Let ey < --- < e, be non-negative
integers such that d5i divides {;,, for anyn > 1 and any i € {1,...,r}.
Let s = dimg Span@(gg, ..., &) — 1. Then we have s > 1 and

er+---+es—loga
log 3 '

Again the lower bound we obtain for s in this corollary actually depends on s itself.

Although Theorem [1| comes as a special case of a more general statement (see Theo-
rem |§| below), it is already interesting to see what happens when we just try to prove that
dimg Spang (&, .. .,&-) > 3, as in Theorem . Then we may assume, without loss of gen-
erality, that 6,, = --- = d,, for any n. In this case, the assumption of Theorem [1] is that
01, divides 01,41. Actually, we obtain the following stronger improvement of Theorem [B]
in which this assumption is replaced with a lower bound on the greatest common divisor
of 91, and 01 p41.

sz

Theorem 2. Assume that hypothesis (N) holds. For any n > 1, let &, be a common
positive divisor of 1, ..., by ,. Assume that

af < liminf (ged(8,, 6,41)) "

n—oo

Then
dimg Spang (&, ..., &) > 3.

The main interest of Theorem [2] is actually its proof, which is simpler than that of

Theorem [1] (cf. Sections [2.4] and 2.5 below).

1.3 Applications

A typical situation when our refinement becomes useful, refers to an arithmetic problem
for the so-called odd zeta values— the values of Riemann’s zeta function

=37

at odd integers [ > 1; see [1], [2], [7], [11], [20] and [22] for history and known results in
this arithmetic direction. The following theorem improves on previous bounds (i; < 145
and i < 1971) from [20, Theorem 0.3].

Theorem 3. There exist odd integers i1 < 139 and 15 < 1961 such that the numbers

1, ¢(3), ¢(ir), and((iz)

are linearly independent over Q.



Another but related application is devoted to arithmetic properties of the following
g-analogue of Riemann’s zeta function (|q| < 1):

o klflqk *©
G(l) = 1— ¢ = ZUZ—I(k)q )
k=1 k=1

where o;_1(k) = >4 d'~t. A usual setup for a number ¢ is to be of the form 1/p, where
p € Z\ {0,£1}. Although the irrationality of (,(1) and even the transcendence of (,({)
for any even positive integer [ are known, not so much is obtained for (,(I) with [ > 1
odd; we refer the reader to the works [10] and [12] for details. For example, F. Jouhet
and E. Mosaki show in [I0] that at least one of the four numbers (,(3), ¢,(5), ¢,(7), ¢,(9)
is irrational and give further results for the odd g-zeta values in the spirit of Theorem
above. Our next theorem sharpens the corresponding bounds from [10].

Theorem 4. Let q be a rational of the form 1/p, where p € Z \ {0,+1}. There ezist odd
integers 1 < 1o < 11 < 19 < 13 such that 19 <9, 11 < 37, 15 < 83, 13 < 145 and the numbers

1, Cqlio), Golin), Guliz), and ((i3)

are linearly independent over Q.

Our third application also appeals to arithmetic of the odd zeta values, but this time
we add log 2 to the set.

Theorem 5. There exist odd integers i1 < 93 and io < 1151 such that the numbers

17 10g27 C(Zl)a and C(ZQ)
are linearly independent over Q.

In our proof of Theorem [5| we use a (seemingly) new hypergeometric construction of
linear forms in 1, log 2 and odd zeta values. We find rather curious that a ‘degenerate’ case
of our construction, when odd zeta values do not occur at all, resembles well the rational
approximations [I] from Apéry’s proof of the irrationality of ((3) (cf., for example, [7]);
this is the subject of our final Section [3.4]

Acknowledgments. We would like to thank Francesco Amoroso, Nicolas Raymond, Tan-
guy Rivoal, and Michel Waldschmidt, for useful discussions.

2 The linear independence criterion

In this part, we state (Section [2.1)) and prove (Sections [2.2| and [2.3) our main linear inde-
pendence criterion, as well as its special case (Section [2.4)) corresponding to Theorem
We gather some remarks in Section [2.5]



2.1 Statement

Our main result is the following statement, which contains Theorem [1|as a special case (by

taking @, = " and 7 = —(log @) /(log (3)).

Theorem 6. Let &, ...,& be real numbers, with r > 1. Let 7,7,...,7% > 0. For any
n>1and any i € {0,...,r}, let b;,, € Z. Forn > 1 and i € {1,...,r}, let 0;,, be a
positive divisor of {; , such that

i) 0;, divides d;z1.,, for anyn >1 and anyi € {1,...,r — 1}, and
) +1,

(ii) 5]’ divides (SJ—H for anyn > 1 and any 0 <i < j <r, with §, = 1.
n i,n+1

Assume that there exists an increasing sequence (Q,)n>1 of integers such that, as n — oo,
the following conditions are met:

QnJrl = Q?lerO(l)a

| < Ol
grgl%ﬁ\&,nl_% 7

Z Ez,nfz
=0

Oim = QUM foranyi e {1,...,7}.

— Q;T-{—o(l) 7

Let s = dimg Spang (&, ..., &) — 1. Then we have
SZT+y i+ 7

Remark 1. The existence of arbitrarily small non-zero linear combinations of &, .. ., &, with
integer coefficients implies dimg Spang(&o, - - - &) > 2, that is, s > 1.

Remark 2. In the statement of Theorem [6] and in all other linear independence criteria we
prove in this text, no assumption is made on whether &, vanishes or not. Actually, we can
always assume that £ # 0, because if {; = 0 then Remark [I] provides an integer i such
that & # 0, and we can consider the linear forms 0&; + 01,61 + - - -+ £.0& in (6,80, -2, &)-

The proof of Theorem @ splits into two parts. First we prove this result (in Section [2.2))
under the assumption that &g, ..., &, are linearly independent over the rationals. Next we
deduce the general case (in Section [2.3)).

2.2 Proof in the linear independence case

In this section, we prove Theorem [6] under the assumption of the Q-linear independence of
oy - -, & (that is, s = 7).

Denote by € the point (&, ..., &) € R"™"!, and by L, the linear form ¢, Xo+- - -+£, , X,
so that L, (&) = >"i_y lin&i-



Thanks to Remark , we may assume that & # 0 and even £, = 1 (dividing all &; by &
if necessary).

Let n be a sufficiently large integer. In what follows, o(1) stands for any sequence that
tends to 0 as n tends to infinity.

We take y
Or.n (3|Ln(£)|> '
R,=—"" and ¢, =0, 57— ,
2’Ln(€)| Hi:l 5i,n

so that
€, = Qw—(7+“/1+~--+%)/7“+0(1)
s .

Arguing by contradiction, assume that 7 + v, +--- 4+, > r. Now v, < 1 because 6,
divides ¢, ,,, hence lim,,_,o €, = 0.
Consider the set

C, = {(p'g,...,p;) eR™: |py| < 5 and, for any i € {1,...,r}, [0inpp&i—Di] < = sn}.

rmn 5r,n

The volume of C, is
I
ot 2
Since C,, is a convex body, symmetric with respect to the origin, there is a non-zero integer
point (pg,...,p.) in C,. Of course, (pj,...,p.) also depends on n, but we do not write it

down explicitly. Then rescaling

po=0,npy and p; = (;’”pg €Z foranyie{l,...,r}

)

we have
lpol < R, and |po& —pi|l <&, foranyie{l,... r}. (1)

Let k,, denote the least positive integer such that

Tvkn

|p0| < m

By definition of R,, we have k, < n since |py| < R,. Moreover, k, tends to infinity
with n thanks to , since €, — 0 and (1,&,...,&,) are linearly independent over Q. By
minimality of k,,, we have

[pol = Q. (2)

Now we can write

Z i k., Pi = Do Z Ui, §i + Z Ci e, (Pi — P0&s)-
i=0 =0 =0

On the right-hand side, the first term has absolute value equal to |poLg, (§)|, therefore less
than or equal to %57,,;% by definition of k,. If the second term has absolute value less than

6



the first one, then the absolute value of the right-hand side is less than 9,,. But it is
equal to the left-hand side, which is an integer multiple of 6,4, , since

)
p; is a multiple of  d;y,, mkn .
i ke

rn

ik
7n5i7n

Ui, 0i =L

(by condition and n > k,): it has to be zero. But then both terms on the right-hand
side would have the same absolute value, in contradiction with the assumption.
Therefore, using and we have

-
Po Z fi,kn fz'
i=0

Since k, < n and v, < 1, this implies

< Q1+0(1)8n-

Z Ci (i — Pobi)
i=0

)

1< Q;lc;%%(l)i?n < QLo — QL= ty)/rto(1)

which contradicts the assumption 7+~ 4 - -+, > r for n sufficiently large and completes
the proof of Theorem [6] under the assumption that &, ..., &, are linearly independent over
the rationals.

2.3 Proof in the general case

In this section, we deduce Theorem [0] from the special case proved in Section [2.2

Thanks to Remarks [T] and [2, we have s > 1 and we may assume that & # 0. Take
1o = 0, and let 77 be the least positive integer such that £, and &;, are linearly independent
over the rationals. Define inductively i, for k € {0,...,s}, to be the least integer such
that &, &, ..., &, are linearly independent over Q. Clearly, we have 0 =7y <73 < -+ < 4
and, for any i € {0,...,r}, we can write & = Zf:o cij&; with ¢;; € Q and k € {0,..., s}
defined by iy <@ < ipyq (With iz, =7+ 1). For any n, this gives

D linki =) 0
i=0 j=0

by letting & = &;, and 0}, = Z::ij lincij. Let d denote a common denominator of the
rational numbers ¢; ;; note that d is independent of n. For any n and any j € {0,..., s},
dﬁ;m is an integer and, moreover, a multiple of ;, ,, since d;, ,, divides d; ,, for any 7 between
t; and 7.

Since |, ..., £, are linearly independent over the rationals, we can apply to these num-
bers the special case of Theorem |6/ proved in Section , with the linear forms Zj‘:o dt’; &,
the same sequence (Q)n>1 and the same 7, with divisors 0}, = §;, , for j € {1,...,s} and
exponents ; which satisfy v; = v;; > 5, because 9§, = 0;,, > d;,, for any j and any n.
This completes the proof of Theorem [6]



2.4 Proof of Theorem [2

The following statement implies Theorem [2}

Proposition 1. Let &, ..., & be real numbers, with r > 1. For any n > 1 and any
i€{0,....7}, let £;,, € Z. Let (0n)n>1 be a sequence of positive integers, such that 6, is a
common dwisor of 1,,..., 4., for anyn > 1. For anyn > 1, let H,, and ¢, be positive

real numbers such that

inl <
max \lin| < H, and

< ep.

> lin
=0

Assume that Y. l; ,& # 0 for infinitely many n and that

lim Hn€n+1 + Hn+1€n

= 0.
n—oo ng((Sna 6n+1)

Then we have
dlm@ Span@(an s 767‘) > 3.

Proof. Thanks to Remarks (1] and [2, we have dimg Spang(&o,...,&,) > 2 and we may

assume that & # 0, and even that & = 1. Since &1, ..., & play symmetric roles, we may
assume that &; is irrational. Let us argue by contradiction, assuming on the contrary that
dimg Spang (&, ...,&) = 2. Then &,..., &, are rational linear combinations of & = 1

and &;. Repeating the argument of Section [2.3] we obtain a positive integer d independent
of n and rational numbers £; ,, and ¢} , such that

Z Ei,ngi = K{),n + gll,ngl
=0

with dfy ,,, 0}, € Z of absolute value less than d'H,, for some constant d' independent of n;

moreover, d, divides d¢|,. Now consider the determinant

dty,, dl,

dfé),n—&—l d€/17n+1 = d2£’1,n+1( 6,n + gll,né) - d2£’1,n( E)m—i—l + gll,n—&-lé)

2u=|

which satisfies
|An| S dd,<Hn5n+1 + Hn-l—lgn) < ng((Sna 6n+1>

if n > N for some integer N. Now A,, is the determinant of a matrix in which all entries
in the second column, namely, df}, and df,,,, are integer multiples of gcd(dy, dni1)-
Therefore, A, = 0 for any n > N and for any such n the vector (d(; ,,,d¢; ,,) is proportional
to (dly y,dly ). This means that for any n > N there exists an integer ¢, such that

d%,N
ngcd(d%’N, d@’LN)

df’l,N
ngcd(d€67N, by n)

dty,, = c and df}, =c



This implies
lon + 0 N6
ged(dl y, dly y)

with ¢, € Z, in contradiction with the fact that f, + ¢} & tends to 0 without being
identically equal to 0 for n sufficiently large, and Proposition (1| follows. ]

/ /
0,n + gl,ngl = Cn

2.5 Remarks

In this section, we make some comments on the proofs given above.

In the case where all divisors ¢;,, are equal to 1, the proof of Theorem@ gives a new proof
of Theorem [A] while that of Proposition [I] yet another one in the special case of Theorem [B]
Nesterenko’s general result in [14] is exactly Theorem |§| in the special case d;, = 1, except
for one point: Nesterenko assumes that Q™" < 1> i lin&i] < Qn W whereas we
treat the case 71 = 7 only. Our method should generalize easily to the situation where
T1 # T9, but we do not write it down because the equality holds in all the applications we
have in mind. For the same reason, we did not try to replace Q with another number field,
though Nesterenko’s criterion can be generalized to this setting (see [3] and [I8]).

Nesterenko’s proof consists in obtaining a lower bound for the distance of € = (&, ..., &)
to any linear subspace of R"*!  defined over Q, of dimension t < 7 + 1. He proceeds by
induction on ¢, whereas we use in Section only the first step (namely ¢t = 1, see be-
low) of his induction. P. Colmez [4] writes down Nesterenko’s proof in another way (from
notes by F. Amoroso). Assume for simplicity that &g,... ¢, are Q-linearly independent
(the general case follows from this special case as in Section . For any sufficiently
large integer ng, one constructs by an analogous induction procedure a decreasing se-
quence ng > ny > --- > n, of positive integers such that the determinant A of the matrix
[€in;lo<ij<r is not zero. The easy case is when ny,...,n, are, roughly speaking, of same
size (for instance, if they are consecutive integers). Then replacing the first line with the
linear combination of the lines which is given by (&, ...,&), we obtain |A] < Q5 "W,
Since A is a non-zero integer, this gives » > 7 and completes the proof in this case. The
difficult part of this proof is to obtain some control upon ny, ..., n,. In Amoroso—Colmez’s
version of Nesterenko’s proof, the sequence ng > ny > --- > n, is constructed, and yields
the result 7 > 7, but there might be huge gaps between successive n; and n;;. It would
be very interesting to know whether such a sequence can always be constructed with n,
‘nearly as large’ as ng. This is what we do (in the case r = 1) in the proof of Proposition
(Section : for infinitely many integers ngy, we prove that ny = ng — 1 implies A # 0.
This kind of method is similar to the ones used by H. Davenport and W. Schmidt (see, for
instance, [5] and [6]).

On the other hand, our proof of Theorem [0]in Section [2.2]relies on a completely different
idea. In the case when all divisors 0,, are equal to 1, it can be summarized as follows (see
[9] for a translation in terms of exponents of Diophantine approximation). Dirichlet’s box
principle yields (under the assumption that &, ..., are linearly independent over Q)
very good simultaneous approximants py/po, ..., pr/po to &1/&o, ..., &/ with the same



denominator pg. This means that (&, ...,&,) is sufficiently close to the line generated by
(po, - - -,pr) in R™™and contradicts (if < 7) the lower bound proved in the first induction
step of Nesterenko’s proof (see above). Actually, this first step is very easy to prove directly
(without Nesterenko’s machinery for controlling the intersection of a linear subspace with a
hyperplane). Indeed, for some n (denoted by k,, in Section the hyperplane H,, defined
by 4o nXo+- -+, , X, = 0 has comparatively small height and is very close to (&, .., &),
hence to (po, - .., pr), so that (po,...,p,) has to belong to H,. But then the distance from
(&, --.,&) to Hy, is less than, or equal to, the distance of (&, ...,&,) to (po,...,p,); this
is too small, in contradiction with the lower bound for |L,(§)|.

At last, let us comment briefly on the optimality of our criterion. It is likely that the
conclusion s > 7+, + - -+, of Theorem [f| cannot be improved (see [8] and [9] for related
results when s = 1), so that another strategy has to be used for refining the lower bound

dimg Spang (1, €(3), C(5), C(7), .., ((a)) > o2)

1
~ 1+ 1log2 08

of [2], [16]. However, the assumptions of Theorem [6] can perhaps be weakened (even
though they are already weak enough to be met in all applications we have in mind).
Assumption is used in Section 2.3, whereas Assumption is used (with j = r) in
Section (and also with j = ig in Section . Such a refinement might come from a
different approach, like in Proposition [T where the assumptions of Theorem [6| are weakened
(for instance, the fact that ¢, should divide d,.1). It is interesting to point out that in

Propositionwe do not need to assume @), 1 = }L+O(1), nor to have a positive lower bound

for ‘Z;:O gz,né@ | .

3 Applications of the criterion

3.1 First application: Odd zeta values

For a pair of positive integers s and ¢ with ¢ < s, consider the (very-well-poised) hyperge-
ometric series

2(st) O i\ T (b —3) - T (k + 0+ )
hy = 2m1 );<k+§> EEIE . (3)

It is known [2], [16], [20] that, for some a;,, € Q,

s—1

ho = oy + > 0;nC(20+1). (4)

=1

First of all, we would like to summarize the auxiliary results from [20] (namely, Propo-
sitions 2.1, 3.1, and 4.1 with Lemma 4.5 there) and translate them for the linear forms ,

“).

10



Denote by o the maximal real zero of the polynomial
(prt+3) (=" —(@—t=9(+3)" (5)
it belongs to the interval |t + 3, +oo[. Introduce the function
fla)=(t+3)log(e+t+3)+ (t+3)log(z—t—1)
— (s 3)log(e +3) — (s +3) log (e — 3).

Consider the following product over primes:

o= 1
=1\ [ m<p<n

{n/p}eE

where

[ forl=0,1,...,t—1,

Egl_l— l l fOI‘l:1,2,...,t,
t+1/27¢

and { -} denotes the fractional part of a number.
Proposition 2. In the above notation,

log |h|

lim

n—oo n

= f(20)

and

limsup 08 |in| <Ref(0)=2(s—t)log2+ (2t + 1)log(2t +1) fori=0,1,...,s—1.
n

n—oo

Moreover, the rational coefficients of the forms satisfy
d>10; ay,, € Z and A2 e, €7 fori=1,...,5—1,

while the asymptotic behavior of 15 determined by

fi P ) (2 5) 33 (0(1) o) )
:2t¢(2)—i(w<1+%) +w(1+t+l1/2)), (9)

=1

where ¥(x) is the digamma function (that is, the logarithmic derivative of the Gamma
function) and v = —(1) is Euler’s constant.

11



The essential news settled after the work [20] is the proof of the so-called ‘denominator
conjecture’ by C. Krattenthaler and T. Rivoal in [I1]. They show that

dff_lao,n ez and di(s_i)ﬁai’n €? fori=1,...,s—1,

in other words, they get rid of the extra d,. Note that for primes p from the inter-
val \/(t+1)n < p < n, we have ord,d,, = 1 and ord,II,, > 1 unless {n/p} € E, =
[0,1/(t 4+ 1/2)[. The proportion of the latter primes is characterized by the quantity

1 1
R U B w( +t+1/2) vl
(t+1)n<p<n
{n/p}eEs

(cf. 20, Lemma 4.4]), but even this tiny improvement can be taken into account to sharpen
the arithmetic part of Proposition [2] Taking

2t—1
1L, = Hg) = H H pl_17 (10)
I= (t+1)n<p<n
{n/p}eE

we obtain the following result.

Proposition 3. In the above notation, the rational coefficients of the forms satisfy
dff’lﬁ;lao,n €z and di(sfi)”ﬁ;lai’n €Z fori=1,...,s—1, (11)
and the asymptotic behavior of 15 determined by

.o ﬁn N 1

:(2t—1)¢(2)—§¢(1+%>—g¢(l+t+ll/2). (12)

Proof (Theorem [3)). The collection of numbers under consideration is

(50751;527 <. 75571) = (17<<3)7C(5)7 s 7C(28 - 1))

Setting R
bin=d* ' a;, €Z fori=0,...,5—1,

from ([11)) we see that
2t b, fori=1,...,5—1,

hence in the notation of Theorem |I| we have r = s — 1, §;,, = d2,

logar = f(xg) +2s — 1 — @y

12



and
log 3 =2(s —t)log2 + (2t +1)log(2t + 1) +2s — 1 — @,.

Using standard formulas for the digamma function we can write the quantity in
by means of elementary functions only:

t t
1 27l 4l 7l
=3t——-—— |2t E E t 2 E | 1
Wy = < + ) l cO YR + 2 CoS %+ 1 0g Sin TS

—log2 +tlogt + (t— —) log(2t 4+ 1).

We now apply Theorem [I] With the choice s = 70, t = 10 we obtain

B logar — 3

= 2.0004232415 ... > 2,
log ¢

hence
dimg Spang (1, (3), {(5), .. ., ((139)) > 3;
in the same way, taking s = 981, t = 65 we get

1 _
108 = B4 5 003006048, . > 3
log 3
yielding
dimg Spang (1, ¢(3),¢(5), .. .,¢(1961)) > 4.
This computation implies Theorem [3] O

3.2 Second application: Odd ¢-zeta values

We now fix a number ¢ of the form 1/p, where p € Z\ {0, £1}. As in the previous section,
we take a pair of positive integers s and ¢ satisfying ¢ < s. With the help of the basic
hypergeometric series

h 2(5 t) Z 2k+n k tn)t” ) (qk+n+1>tn qk(S*t)Tlri’kak
(qk)%sﬂ
s—1
= apn(q) + Z @in(q)Gq(20 + 1), (13)
=1

where (b),, = (b;¢)n = [1i_,(1 — ¢"7'b) is the ¢-Pochhammer symbol, it was shown in [12]
(see also [10], where the ‘g-denominator conjecture’ is proved) that

I +o(1
dimg Spang (1, ,(3), G(5), ..., ((2s — 1)) > Q:T/WQ—OT(;\/%

13



as s — 00. The coefficients a;,(q) are, in fact, rational functions of the variable p = 1/q,
whose denominators involve only powers of p and of the cyclotomic polynomials

&)= [[ 0—™V) ezl deg,;(p) = ¢(j),  j=12....  (14)

In these settings, the g-analogue of the quantity d,, is the least common multiple of the
polynomials p — 1,p* — 1,...,p" — 1, which equals

Mertens’ theorem asserts that, for a real number p with |p| > 1,

log |du(p)] 3

n—co n2loglp| w2

The following statement summarizes the analytic and arithmetic results of [10], [12] for
the linear forms in the odd g-zeta values.

Proposition 4. In the above notation,

log |hy(q)]

= —t(s—t
n—co n2log p (s =1),

and | o2
: t

lim sup Og2|az,n(9)| < 5+

nooo  N2log|p| 4

Moreover, the coefficients of the forms (13| satisfy
(2s)!pM d,,(p)* taon(q) € Z[p] and
(28)!pMdn(p)2(s_i)_2a’i,n(q) S Z[p] f07” 1= ]-7 s 8T ]-7

fori=0,1,...,s — 1.

where

M= F(”IUT + m(”;_ Y (s +1)n— L@J

The arithmetic conclusion may be significantly sharpened using the argument
of [20, Section 4]: one just replaces primes by cyclotomic polynomials (cf. |21, Sec-
tion 1]). In order to state the resulting improvement of Proposition [4] we introduce the
p-polynomials

=

n( = ﬁ 2 H H (I)j(p)l_lv (16)
2 e

{n/j}eE
where the sets E; are defined in ().
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Proposition 5. In the above notation, the coefficients of the linear forms (13) satisfy

(23)!pMdn(p)Qs_lﬁn(p)_lao,n(q) € Z[p| and )
(25)!pMdn(p)z(s”')’2ﬁn(p)’lai,n(q) €Zp] fori=1,...,5s—1,

and the asymptotic behavior of s determined by

log IT,,(p)

Jllilon21og|p|_ = @t = (2 Z%(H) Zd’l( t+1/2)
t

:(t—21)2 :2<2t—1—t221> Z%( t+1/2>

where
o0

Yi(x) = % W) = _i :

w2 dx w2 = (z + k)?

denotes the (normalized) trigamma function.
Proof (Theorem [4]). In the notation p = 1/q € Z \ {0, %1}, set

lin = pMd,(p)*~ T (p)~ Ya;,(q) €Z fori=0,...,s—1.
To these linear forms in

(507 fla §2> e 758*1) = (17 CQ(3)7 C(I(5)7 R Cq(ZS - 1))7
we apply Theorem @ taking Q, = o8Il and 7 = —(log ) /(log ), where

s+2t2 3(2s—1) _,
4 + 2 —

loga = —t(s —t) +

and
s + 2t2 3(2s—1) _,
— ..
2 2 t

log 0 =

From we see that '
do(p)* ™ | i fori=1,...,5—1,

hence we may take &;, = d,(p)**' to meet the required conditions of Theorem @ The
existence of an odd integer 3 < iy < 9, for which (,(i¢) is irrational, is already shown
in [10]. The following choices of s and ¢ and Theorem [6] ensure the truth of Theorem [}

loga — 3 - 3/m
510, t—4. 11080733/ 300573456 > 2,
log 3
log o — .37
s—42, 1—6. 1_080=BH5) 3/ 400307071, >3
log (3
log o — .3 /72
s=73, t=8: 1- 2% (31+5ﬁ+7) 3 40108485236 .. > 4. 0
og

15



3.3 Third application: log2 and odd zeta values

As in the two previous sections, we take a pair of positive integers s and t with ¢t < s, but
this time we assume s to be even. Consider the hypergeometric series

= 27 ¢ oy T (k=) - T~ (k+n+3)
hn_2——zﬁr——?;<k+§> T+ /3 (18)
Its k-rational summand
- n Hjil(k —J) Hjil(k +n+ ) 2721 (2n)! B
Hy(k) = (2k +n)===— nlt (Il?ixk—+j/2)> (19)

differs from the corresponding one in (3 a little: the s products (n!/ H;LZO(/{ +7 ))2 in (3))

are replaced by 272" (2n)!/ H?Zo(k +7/2) in (18), and these two have similar asymptotics
as n — oo. This similarity allows us to compute, like in [2] or [20], the asymptotic behavior
of and of the coefficients in the ‘zeta’ decomposition of which we are going to
describe in the next statement.

Lemma 1. In the above notation, we have

s/2
I = Gog + Q101082+ 0;n((20 — 1), (20)
=2
where ‘
21 ds Gon €7 and 2Y"d5 PG, € Z fori=1,2,...,5/2. (21)

Proof. The function is the product of integer-valued polynomials 2k + n,

" ki " (k+Intj
Hj_l( ])7 120717-.-,t_17 and Hj_l( | ])7 l:1727"'7t’
n:

n!
and of s copies of the rational function
—2n 2n (_ i (2n
272(2n)l  2-(2n)! =17
[k +4/2)  TLoh+)) & k+j/2

(22)

It follows from the Leibniz rule for differentiating a product (cf. [20, Lemmas 1.2-1.4] and
the formula below) that

Z]Z /f—l—j/?

with the property '
24nds i Ay € 7. (23)
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For a variable x in the unit circle |z| < 1, we now perform the summation

- z s 2K+
2%k -
2 Hulb Zx ZZ T ZZA JZ (k+ /2
“E3 (S E)
i=1 j=0 k=1 k=1
s..n 00 J _
+2_ 2 A (Z Z)
i=1 j=1 k=1 k=1 o 1/2
= ZLL; ZAz 0 v + 2(21 Li;(z) — Li;(x ZA’ pjyx 2!
=1 =1
S I 2k 262
_ZZA12JZ ; ZZA’LZ] 12 (24)
i=1 j=0 ki i=1 j=1 k=1 _1/2)
where
k=1

denotes the ith polylogarithm function. To compute the limit x — 17 in (24)), we use
Abel’s theorem for power series, the sum residue theorem in the form

n n 2n
> A+ > Argii =Y Resp—_jjp Hy(k) = — Resg—oo Hy (k) = 0,
- — —~

and the identity Li;(x) — Li;(2?) = — Li;(—x). Therefore,

= 10g2 . QZ A1,2j—1 —+ ZC(Z) (Z Ai,2j + (21 _ 1) ZAi72j_1>
1
_Z(ZAZQJZ]{ZJFZAZQ] 12; _1/2)) (25)

where we used the evaluations — Li; (—1) = log 2 and Li;(1) = ((¢) for i = 2, ..., s. Finally,
note that the parity of s implies from that

Ho(—k —n) = —H,(k),

hence AZ,_] = (—1)i_1Ai72n,j and 2?:0 Ai,?j = Z?:l Aiyzjfl =0 for i = 2,4, ., S This

17



implies the required decomposition with

g = Z(ZAz2ngZ+ZAZ23 12 1/2 )
al,n =2 Z A172J’,1, and (26)

CLG _ZAZl 12] 222 - )ZA%—LZj—l fori:2,...,s/2.
j=1

Using we arrive at the inclusions . O

We are now in power to sharpen the inclusions . in the way we already did in
Proposmons andi Note that for an integer N > 2 and a prime p > v2N we have

N (N +1/2) N
f— ': — —————————————
o, PO+ =y N = ] and oty S —ont = | ] e

where
lz]] = [2z] — =] (28)

(see the proof of Lemma |3| below for another expression of |[z]|).

Lemma 2. For the coefficients in the decomposition (20)), we have the inclusions

2 s T ', € Z and  2°"d5 2 I'G,, € Z fori=1,2,...,s/2, (29)

2n*n

where

I, = I® = H pr (/) (30)
£\ 2(t+1)n<p<2n

and the function 7(-) is defined as follows:

7(x) = n(z) = min{n(z,y), (2, y)}, (31)

ntea) = [(t+g)o+ 3+ (+ g -] - [5+5] - [5-] -2ed

Tg(x,y):u(t—i-%)x—i-gﬂ—i—u(t—f— )x——ﬂ uz yﬂ u——— —2t[x].

Proof. In the notation of the above proof of Lemma [I], we can write

A = ﬁ ;;_; (k) (b + %>>

fori=1,...,sand j=0,1,...,2n. (32)
k=—3/2

18



Taking into account the partial fraction decomposition and

§Z1<k —1) 511(1{5 +n+ l)
nlt nlt

—(-1)

k=—75/2

SD(2t+1Dn/24 (G —n)/2+1) D((2t + 1)n/2 + (n—5)/2+ 1)
nl'T(n/2+ (j —n)/2 + 1) nltT(n/2 4+ (n —5)/2 4+ 1)
for j =0,1,...,2n,

(33)

with the help of [20, Lemma 4.1] we conclude that any common multiple IT of the numbers
in , involving primes p < 2n only, can be used in sharpening the inclusions :

2¥nds M1 A;; €Z fori=1,...,sand j=0,1,...,2n.

In view of , it is enough to show that I1,, defined in is such a multiple. From
we see that

T((2t+1)n/2+ (j —n)/2+1) D((2t + 1)n/2 4 (n—5)/2+ 1)

d
T T T2+ (G —n)/2+1)  alT(n/2+ (n—j)/2+ 1)
_Jnn/p, (G =n)/p) for jeven, oy o)
7a2(n/p, (j —n)/p) for j odd,
and this implies the desired result. O

Lemma 3. The quantity can be written as follows:

2t—1
I, = I = H H P, (34)
=1\ /2(t+1)n<p<2n

{n/p}eE,
where the sets E; are given in . In addition,

~ [t/2] t
logIl,  _ t 1 1 7
li = =4l == 2t+= —1 =
e {2J ( t+2) lel 173 lel cot

27l
2t+1

1
+tlogt+ (H— 5) log(2t+1).
(35)

Proof. Using a simple identity |2z| = |z| + [z + 1/2], we see that the function is
nothing else but |« + 1/2]. This implies that 75(z,y) = 7 (x,y + 1), hence

T(z) = min{7m (z,y)}. (36)
yeR
Furthermore, it follows from that 71 (x + 1,y) = 7 (2, y + 1), hence the function 7(z)
is 1-periodic:
7(z) = 7({z}).
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Moreover, we have 71(z,y + 2) = 7(x,y) and 7 (x,—y) = 7 (x,y) implying that the
minimum in can be performed for y € [0, 1] only:

7(z) = min {7(z,y)}.

It remains to use the results of [20, Section 4] (already taken into account in Sections

and :

0r<ny1£11{7'1(:v y)} =1 forzeE, [=0,1,...,2t—1,

where the sets Ey, E1,..., Ey_q are defined in ; this gives us the desired form of
the quantity .
To compute the asymptotics in we apply [20, Lemma 4.4]:

log H i,
lim

Jim, Zl(/wﬂ w<1”>+/w/2,ndw<”)
([ e [ a())
S Em Z QZ/EQZ <__>_2EJ /Ltl//zj/t ( 9’?)

+ Z (21—1 - (-i)

I=[t/2)+1

:m+z§2j21(§_tl++1{2> 2@(”2 >
¥ i (21—1><H51/2_§

I=[t/2]+1

aoed) F )

I=[t/2]+1

where w; is defined in @D It remains to apply identities for the digamma function, and
the lemma follows. O

The following statement summarizes our findings in this section.

Proposition 6. For positive integers s and t with s even and t < s, the linear forms (|18)),
and their coefficients admit the asymptotics

log | Ay,
lim —0g| ’

n—o00 n

= f(20)
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and

1 ~in .
limsup% <Re f(0) =2(s—t)log2+ (2t + 1)log(2t +1) fori=0,1,...,5/2,
n

n—oo

where xy € ]t + %, +oo[ is the maximal real zero of the polynomial and the function
f(z) is defined in (@ Moreover, the coefficients in the decomposition satisfy
and the asymptotics of the quantities , is determined in (35)).

Proof (Theorem [5]). This time we have Q-linear forms in

(507517527 cee 755/2) = (1710g27g<3)7<(5)7 ce 7C(S - 1))7

whose coefficients are

Ui =25 T 0 €7 fori=0,1,...,5/2.

2n-"n

Then implies ‘
Aot | U, fori=1,2,...,5/2,

hence in the notation of Theorem (1| we have r = s5/2, §;,, = d3- *,
loga = f(xo) + 4tlog2 + 2s — @y

and
log 3 =2(s+t)log2+ (2t + 1)log(2t + 1) + 25 — @w;.
Applying the theorem with the choice s = 94, t = 11 we obtain

logav — 2
log 3
while the choice s = 1152, t = 67 results in

= 2.0064440535 ... > 2,

| loea=246) 50004403680 > 3.
log 3
This implies the required independence result. O

3.4 Triple integrals for rational approximations to log 2

The particular case s = 2, t = 1 of our construction in Section [3.3| is of independent
interest, since the corresponding series

~ “20(2n)1)* o oy [T (k=) - T (k +n + )
hn:2(—2 n('2 )'> ;<k+§> Hjio(k"}‘]/Q):_ *

(37)
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goes in parallel with Ball’s series

p 2 [Tj—o(k +5)*

for Apéry’s approximations to ((3). Switching to the classical hypergeometric notation [17]
and using

hy = 2nl2i<k + n) [Tj=a(k —5) 1T (b 40 4 )

22(2n) _ T(n+})  T(n+1/2)

W T JE

we can write the series in as the following very-well-poised hypergeometric series:

1),

Applying now Bailey’s transformation (see [17, Eq. (4.7.1.3)] or [22], Proposition 2]), after
a little reduction of the gamma factors we get the Barnes-type integral

7o I'(3n+3)I'(n+ 1)°T(n+ 3)*T(n + 2)?
" m[(2n + 2)3T(2n + 3)?

3n+2,22 41 n+l, n+1, n+3, n+1l, n+3
M2 2 +2,2n+2,2n+ 3, 2n+2,2n + 2

X 7Fg

o n+1 1 [>Tn+1+*T(n+ % +&T(n + % + {)F(—S)I‘(—% - &)

hn o de, (38
where the path separates the decreasing sequence of poles £ = —n — %, —-n—1,-—n— %, .
and the increasing sequence of poles £ = 0, %, 1,... of the integrand. The result can be

expressed as a triple real integral thanks to a theorem of Nesterenko [22 Proposition 1]:

- on+1 xn<1 _ Q:)nyn—l/Q(l _ y)nzn+1/2(1 _ Z)n_1/2
h, = drdydz. 39
=l (e rdydz 39

[0,1]3

On the other hand, using the duplication formula I'(z)['(z + 1) = /7 2'72T(22) and
the Barnes-type and Euler integrals for the Gauss hypergeometric function (see [I7), Sec-
tions 1.6.1 and 4.1]) we can transform further:

~ 1 [ T@2n+ 1420 (2n+2+28)0(—=1 -2
21 ) oo ['(4n + 3 + 2¢)
1 [ T2n+OT2n+ 14+ 6T (=E)

=2(2 1) — d

(2n+1) 2m'/_ioo T(4n+2+ &) :

T@n)T(2n+1) (20,20 +1 Pt (1 — )Pt

=2(2 1 F ’ —1)=2 d

(2n+1) ['(4n +2) 2 dn + 2 /0 (14 z)2nt1 T

and for the latter integral the decomposition
Tln = EL/OJL + Zilm 10g2 with dgnagin €Z and Eil,n cZ (40)
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is known (see, for example, [19]). The arithmetic inclusions in are much better than
the ones we have from Proposition [6} this suggests the existence of a ‘power denominator
conjecture’ for the linear forms constructed in Section[3.3] In addition, a more general form
of the triple integral in (39)) could be of use in study of the quality of rational approximations
to log2; it is due to a remarkable resemblance of such integrals with the ones used by
G. Rhin and C. Viola [I5] in proving the record irrationality measure for ((3). For a
different construction of rational approximations to log2 using the Rhin—Viola method,
we refer the reader to the paper [I3], where R. Marcovecchio obtains a new irrationality
measure for this constant.

References
[1] R. APERY, Irrationalité de ((2) et ((3), Astérisque 61 (1979), 11-13.

[2] K. BALL et T. RIVOAL, Irrationalité d’une infinité de valeurs de la fonction zéta aux
entiers impairs, Invent. Math. 146 (2001), no. 1, 193-207.

[3] E. V. BEDULEV, On the linear independence of numbers over number fields, Mat.
Zametki 64 (1998), no. 4, 506-517; English transl., Math. Notes 64 (1998), no. 3-4,
440-449.

[4] P. CoLMEZ, Arithmétique de la fonction zéta, La fonction zéta (Journées X-UPS
2002), 37-164.

[5] H. DAVENPORT and W. M. SCHMIDT, Approximation to real numbers by quadratic
irrationals, Acta Arith. 13 (1967), 169-176.

[6] H. DAVENPORT and W. M. SCHMIDT, Approximation to real numbers by algebraic
integers, Acta Arith. 15 (1969), 393-416.

[7] S. FISCHLER, Irrationalité de valeurs de zéta (d’apres Apéry, Rivoal, ...), Séminaire
Bourbaki 2002-2003, exp. no. 910, Astérisque 294 (2004), 27-62.

[8] S. FISCHLER, Restricted rational approximation and Apéry-type constructions, in
Progress.

9] S. FiscHLER and T. RIVOAL, Irrationality exponent and rational approximations
with prescribed growth, in progress.

[10] F. JOUHET et E. MoOSAKI, Irrationalité aux entiers impairs positifs d'un g-analogue
de la fonction zéta de Riemann, arXiv: 0712.1762 [math.C0] (2007).

[11] C. KRATTENTHALER and T. RIVOAL, Hypergéométrie et fonction zéta de Riemann,
Mem. Amer. Math. Soc. 186 (2007), no. 875.

23


http://dx.doi.org/10.1007/s002220100168
http://dx.doi.org/10.1007/s002220100168
http://dx.doi.org/10.1007/BF02314624
http://www.math.polytechnique.fr/xups/xups02-02.pdf
http://matwbn.icm.edu.pl/ksiazki/aa/aa13/aa13112.pdf
http://matwbn.icm.edu.pl/ksiazki/aa/aa13/aa13112.pdf
http://matwbn.icm.edu.pl/ksiazki/aa/aa15/aa15132.pdf
http://matwbn.icm.edu.pl/ksiazki/aa/aa15/aa15132.pdf
http://arxiv.org/abs/0712.1762

[12]

F-9

C. KRATTENTHALER, T. RIVOAL et W. ZUDILIN, Séries hypergéométriques basiques,
g-analogues des valeurs de la fonction zeta et séries d’Eisenstein, J. Inst. Math. Jussieu

5 (2006), no. 1, 53-79.
R. MARCOVECCHIO, The Rhin—Viola method for log 2, Acta Arith. (to appear).

YUu. V. NESTERENKO, On the linear independence of numbers, Vestnik Moskov. Univ.
Ser. I Mat. Mekh. (1985), no. 1, 46-49; English transl., Moscow Univ. Math. Bull. 40
(1985), no. 1, 69-74.

G. RHIN and C. VioLA, The group structure for {(3), Acta Arith. 97 (2001), no. 3,
269-293.

T. RivoaL, La fonction zéta de Riemann prend une infinité de valeurs irrationnelles
aux entiers impairs, C. R. Acad. Sci. Paris Sér. I Math. 331 (2000), no. 4, 267-270.

L. J. SLATER, Generalized hypergeometric functions, Cambridge University Press,
Cambridge (1966).

T. TOPFER, Uber lineare Unabhéngigkeit in algebraischen Zahlkérpern, Results Math.
25 (1994), no. 1-2, 139-152.

C. VioLA, Hypergeometric functions and irrationality measures, Analytic number
theory (Kyoto, 1996), London Math. Soc. Lecture Note Ser. 247, Cambridge Univ.
Press, Cambridge (1997), 353-360.

W. ZUDILIN, |On the irrationality of the values of the Riemann zeta function, Izv.
Ross. Akad. Nauk Ser. Mat. 66 (2002), no. 3, 49-102; English transl., Izv. Math. 66
(2002), no. 3, 489-542.

W. ZUDILIN, On the irrationality measure for a g-analogue of ((2), Mat. Sb. 193
(2002), no. 8, 49-70; English transl., Sb. Math. 193 (2002), no. 7-8, 1151-1172.

W. ZUDILIN, Arithmetic of linear forms involving odd zeta values, J. Théor. Nombres
Bordeauz 16 (2004), no. 1, 251-291.

S. Fischler, Université Paris-Sud, Laboratoire de Mathématiques d’Orsay, Orsay Cedex,
1405; CNRS, Orsay cedex, F-91405, France.

W. Zudilin, Max-Planck-Institut fir Mathematik, Vivatsgasse 7, D-53111 Bonn, Ger-

many.

24


http://dx.doi.org/10.1017/S1474748005000149
http://dx.doi.org/10.1017/S1474748005000149
http://dx.doi.org/10.1016/S0764-4442(00)01624-4
http://dx.doi.org/10.1016/S0764-4442(00)01624-4
http://dx.doi.org/10.1070/IM2002v066n03ABEH000387
http://dx.doi.org/10.1070/SM2002v193n08ABEH000674
http://jtnb.cedram.org/item?id=JTNB_2004__16_1_251_0

	Introduction
	Nesterenko's criterion
	A refinement
	Applications

	The linear independence criterion
	Statement
	Proof in the linear independence case
	Proof in the general case
	Proof of Theorem ??
	Remarks

	Applications of the criterion
	First application: Odd zeta values
	Second application: Odd q-zeta values
	Third application: log2 and odd zeta values
	Triple integrals for rational approximations to log2


