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Cyclotomic analogues of
finite multiple zeta values

Henrik Bachmann?* Yoshihiro Takeyama! Koji Tasaka!

Abstract

We introduce the notion of finite multiple harmonic g-series at a primitive
root of unity and show that these specialize to the finite multiple zeta value
(FMZV) and the symmetrized multiple zeta value (SMZV) through an algebraic
and analytic operation, respectively. Further, we obtain families of linear rela-
tions among these series which induce linear relations among FMZVs and SMZVs
of the same form. This gives evidence towards a conjecture of Kaneko and Zagier
relating FMZVs and SMZVs. Motivated by the above results, we define cyclo-
tomic analogues of FMZVs, which conjecturally generate a vector space of the
same dimension as that spanned by the finite multiple harmonic ¢-series at a
primitive root of unity of sufficiently large degree.

1 Introduction

The purpose of this paper is to describe a connection between finite and symmetrized
multiple zeta values. We explicate this connection in terms of a class of g-series eval-
uated at primitive roots of unity. This construction provides new evidence and a
re-interpretation of a conjecture due to Kaneko and Zagier, thus relating finite and
symmetrized multiple zeta values in an explicit and surprising way.

For an index k = (ky,..., k) € (Z>1)" with k; > 2 the multiple zeta value (MZV)
is defined by

) =l k)= S

comkr
my > >me>0 1T m,
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We call the number wt(k) = Z;Zl k; the weight of k, r the depth of k and by Z we
denote the Q-vector space spanned by all such MZVs; this is a subalgebra of R over
Q. It is known that MZVs of the same weight satisfy numerous Q-linear relations. The
simplest example is ((2,1) = ((3) in weight three.

In [9], Kaneko and Zagier introduced the finite multiple zeta value (FMZV) (a(k),
defined by collecting the values

1
Y o modp (L.1)

p>mp>-->me>0

for all primes p, as an element of the Q-algebra A = (], Fp)/(@p F,). Let Z4 be the
Q-vector space spanned by all FMZVs, which is also a subalgebra of A over Q. The
FMZVs of the same weight also satisfy numerous Q-linear relations, for example

2Ca(4,1) + Ca(3,2) =0, (1.2)

which was first obtained by Hoffman [6l Theorem 7.1].

The FMZVs have a conjectural correspondence with certain real numbers (s(k)
lying in the ring Z, which are called the symmetrized multiple zeta values (SMZVs). In
the work [9] Kaneko and Zagier conjecture that there exists a Q-algebra homomorphism
Yrz 24— 2/((2)Z such that (4(k) is mapped to (s(k) modulo ((2)Z. It is shown
by Yasuda [19] that the SMZVs span the space Z. This conjecture would imply that the
FMZVs satisfy the same Q-linear relation as the SMZVs modulo ((2)Z and vice versa.
Although it still seems hard to prove this conjecture, a few families of relations which
are satisfied by the FMZVs and the SMZVs simultaneously are obtained by Murahara,
Saito and Wakabayashi in [111 [15].

In the present paper, we give several linear relations satisfied both by the FMZVs
and the SMZVs. This is achieved by examining the value of the finite multiple harmonic
g-series

q(k1—1)m1 o q(kr—l)mr

zn(kiq) = zn(k, ..o kriq) = >

n>mi>-->mp>0

(k1. k> 1)

[ma]it ... [ |k

at a n-th primitive root of unity ¢,, where [m|, = (1—¢™)/(1—¢q) is the usual g-integer.
We also consider the star version z%(k; ¢) which is defined by allowing equality among
the m;’s in the above sum. One of the main results of this paper is that the values
zn(k; () and 25 (k; ¢,,) have a natural connection with both the FMZVs and the SMZVs
as follows.

The FMZVs are naturally obtained by collecting the values z,(k; (,) for all prime
p- Note that the values z,(k; (,) and z;(k; (), for p prime, belong to the integer ring



Z[Cp) of the cyclotomic field Q((,) because the g-integer [m], at ¢ = (, is a cyclotomic
unit for p > m > 0. Let p, = (1 — (,) be the prime ideal of Z[(,] generated by 1 — (.
Note that Z[(,]/p, = F,.

Theorem 1.1. For any index k € (Z>1)", we have

(2p(k; () mod py,), = Ca(k), (Z;(k; ¢p) mod py), = Ci(k),

with (5 (k) being the finite multiple zeta star value defined by (1.1)) where the condition
p>my > >m, >0 s replaced with p > mqy > --- > m, > 0.

2mi/n

The SMZVs come into play by considering the case ¢, = e and taking the limit

of z,(k;(,) as n — oco. We shall later show that this limit always exists and that its
real part determines an SMZV.

Theorem 1.2. For any index k € (Z>1)", the limits

f(k> = lim Zn(k; eQm’/n)7 5*(1() — lim Z;(k, 627ri/n>

n—0o0 n—oo

exist and it holds that

Reg(k) =(s(k),  Re&™(k) = (5(k)

modulo ((2)Z where (§(k) is the symmetrized multiple zeta star value as defined in

Definition below.

Thanks to Theorem[1.1]and Theorem[1.2} the Q-linear relations amongst the z, (k; ¢,)
and the 27 (k; (,) give Q-linear relations for the FMZVs and the SMZVs. Let us illus-
trate one example. One should start from a relation for z,(k; (,,) which does not depend
on the choice of the n-th root of unity (,. It can be shown that the identity

(n* = 1)(n+5)
1440

n+ 2

225(4 1 Go) + (3,2 o) = .

(1 - gn)5 +

(1 - Cn>2'z;(2v L; gn)
(1.3)

holds for any n > 1 and any n-th primitive root of unity ¢,. From (|1.3)) and Theorem
, one obtains the relation (T.2)). On the other hand, using 1—e?*/" = —27i /n+o0(1/n)
as n — 400 together with Theorem [1.2] we find

2C5(4,1) 4+ ¢5(3,2) =0 mod ((2)Z.

Thus we obtain a linear relation between the FMZVs and the SMZVs of the same form
from the identity ((1.3)).



We will describe one of such relations, which is a generalization of Hoffman’s iden-
tities (see [6, Theorems 4.5 and 4.6]) given by

Calk) = =Ca(k") and  Ci(k) = (—1)" ¢ (k) (1.4)

where kY is the Hoffman dual of k (see Section for definition) and k = (k,, ..., k)
is the reversal of k = (ky,...,k,). We will refer to the first identity as the Hoffman
duality and to the second equation as the reversal relation. Although both relations
do not hold separately for our object z7(k; (), their combination holds:

Theorem 1.3. For any index k and any n-th primitive root of unity (,, we have
2n(ks Go) = (1) KV Ga).
Combining Theorem and the relation
2 ) — (R ),

where the bar on the right-hand side denotes complex conjugation, we obtain the cor-

responding relation to (1.4]) for the SMZVs.

Theorem 1.4. For any index k, we have
(k) = —C5(kY) and  C5(k) = (—1)""¢5(k) mod ((2)Z.

Apart from the Kaneko—Zagier conjecture, the value z,(k; (,) itself might be worth
enlighting. One reason is that the product in the Q-vector space spanned by all
zn(k; ¢,)’s preserves the weight; that is, the product z,(k;(,)z,(k’;(,) can be rep-
resented as a Q-linear combination of z,(k”; (,)’s with wt(k”) = wt(k) + wt(k’). This
is not true for generic ¢, because the coefficients in the expansion of z,(k; q)z,(k’; ¢) by
the g-stuffle product are in Q[1 — ¢| (see [1, §2]). However in the case ¢ being a root of
unity, we have 1 —(, = 22,(1;(,)/(n—1) (see below), and the multiplication with
1 — ¢, gives a linear operator which increases the weight of z,(k; (,). Thus we deduce
the homogeneity with respect to weight.

Furthermore, by numerical computations, one can check that the number of linearly
independent relations over QQ among z,(k; (,)’s of weight k is stable for sufficiently large
prime p. In order to deal with these properties, we introduce a new object, which we
call a cyclotomic analogue of finite multiple zeta value. For this we define the cyclotomic



analogue A% of the ring A by

Acve = ( 11 Z[cp]/<p>> / ( D Z[cpmp)),

p:prime p:prime

which carries a Q-algebra structure (see [I4, Definition 3.1]). Note that the ring A%°
does not depend on the choice of the p-th primitive root of unity (,. Then we define
the cyclotomic analogue of FMZV and its star version by

Z(k) = (z(k; ) mod (p)), and  Z7(k) = (z,(k; ;) mod (p)),

as an element of A%¢.

Omne can prove that the Q-linear subspace of A% spanned by Z(k)’s is equal to
that spanned by the star version Z*(k)’s. We denote this subspace by Z%¢. Because
of the correspondence given in Theorem and the equality (p,)?~' = (p), we have
the natural algebraic projection ¢4 : Z9¢ — Z4 sending Z(k) to (4(k). We therefore
hope that the cyclotomic analogue may give a new perspective of and become a tool
for analyzing the Kaneko—Zagier conjecture. In this paper, we describe the algebraic
structure of Z%¢ and give some numerical experiments, which support the expectation
that all linear relations among Z(k)’s are obtained from the duality formula and a
variant of the double shuffle relations (see Theorems and and Remark [3.10).

The contents of this paper are as follows. In Section 2, after developing basic facts
on z,(k;(,), we first give the connections to FMZV and prove Theorem . After this
we discuss the limit n — oo and the connection to SMZV together with Theorem [I.2]
Then we prove the duality Theorems and [[.4] in Section [2.4] In the last section we
introduce the cyclotomic analogue of FMZV and describe their algebraic structure.
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2 Finite multiple harmonic ¢-series at a root of unity

2.1 Definitions

In this subsection, we define the finite multiple harmonic g-series and give some exam-
ples of the value of depth one at a primitive root of unity.

We call a tuple of positive integers k = (ki,...,k,) an index. An index k =
(k1,..., k) is said to be admissible if k1 > 2 or if it is the empty set ().

For shorter notation we will write a subsequence k, k, ...,k of length a in an index
as {k}*. When a = 0 we ignore it. For example, ({2}%) = (2,2,2), ({1}2,3,{1}!) =
(1,1,3,1) and ({1}°,3,{1}2,2,{1}°,4) = (3,1,1,2,4).

We define the weight wt(k) and the depth dep(k) of an index k = (ky,...,k,) by

wt(k) =ky + -+ k., dep(k) =r.
With this notation we can define the following g-series which will be one of the main
objects in this work.

Definition 2.1. Let n > 1 be a natural number and q a complex number satisfying
g™ # 1 forn>m >0 (to ensure the well-definedness). For an index k = (ky,...,k,)
we define

q(kl_l)ml L q(kr_l)mr

zn(k;q) = zn(k, ..o ke q) = >

n>mi>-->mp>0

()i [,k

and

q(k:l—l)m1 o q(kr—l)mr

Z;(kﬂ]) :Z;(lﬁ,...,k‘r;q) = Z -

’
RS> >SS0 [ml]q Ce

[m ]

where [m], is the q-integer

By agreement we set z,(k;q) = 0 if dep(k) > n and z,(0;q) = 22(0; q) = 1.
The above g¢-series z,(k;q) was also studied by Bradley [2, Definition 4] (see also
[22]). When k is admissible, the limit lim z,(k;q) converges for |¢| < 1 and it is called
n—oo
a g-analogue of multiple zeta values. It can be shown that lirr% lim z,(k;q) = ¢(k).
q—1 n—oo

Their algebraic structure as well as the Q-linear relation were studied by many authors
[T, 77, 12, 13}, 16, 17, 18, &21].



Using the standard decomposition

gl bm gltemtim glhathambm gthrtha-2m
[m]’;l [m]gz = [m]lgﬁkz +(1-— Q)W (m, ki, ky > 1),

we see that z,(k; ¢) and z(k; q) are related to each other in the following way:

k) => zm@)+ > aw(l— g™ (K g), (2.1)
? Wt(k/)k</Wt(k)

Zn(k; (]) _ Z(_l)dep(k)—dep(a)zz(a; C]) + Z 5k,k’(1 _ q)Wt(k)_Wt(k/)Z;(k/; (]>,

a K’

(2.2)

where the sum ) __ is over all indices of the form (k;0k,0---Ok,) in which each O is
‘+’ (plus) or ‘,” (comma) and ¢y v and ¢y s are integers independent on n (an algebraic
setup of this translation formula was given in [7, Definition 1]). For example, it holds
that

+ (1= q) (20(4,1;9) + 20(3,2;9) + 220(5;9)) + (1 — ¢)*2 (45 ¢).

As mentioned in the introduction, we will be interested in the values z,(k;q) and
z¥(k;q) where ¢ is equal to a primitive n-th root of unity (,. Then they are well-
defined as an element of the cyclotomic field Q(¢,). The generating function of the
value z,(k; (,) of depth one is given by

3 zulks ) (1 _Q’Cn) - 1_(7;—‘75”)” +1, (2.3)

k>0

which can be shown by using the basic properties of the n-th root of unity (,. In
particular this shows that z,(k;(,) € (1 — ¢,)* - Q and for example we have

n—1 n?—1

20 (15 Cn) = 9 (1 —Cn) s Zn(2; Cn) = — 12 (1- gn)Q )
2 (n? —1)(n* —19)
720

2 (2.4)

24 (1 - Cn)3 ) Zn(4; gn) =

2n(35Gn) =

(1 - Cn)4




Remark 2.2. i) The formula (2.3)) implies that for k > 1

2n (K5 Gn) Br(n !
)=~ (k! )nk, (2.5)

where fi(x) € Qx] is the degenerate Bernoulli number defined by Carlitz in
[3]. Since the limit of Sx(n~') as n — oo is equal to the k-th Bernoulli num-
ber By, formula can be viewed as a finite analogue of Euler’s formula given
by ¢(k)/(—2mi)* = —By/2k! for even k.

ii) Since the ¢-stuffle product of the z,(k, ¢) is an example of a quasi-shuffle product
(see [5]) it follows that for all k&, > 1 the z,({k}"; ¢) can be written as a polynomial
in (1 —¢q)™z,(m;q) with 1 < m < kr (see [5], eq. (32)). By (2.3)) this implies
2({k}";¢0) € (1 = ¢u)* - Q for any k,r > 1. Moreover, one can prove

(="

i) =2 (1 Ja-ar aleyio) - 2= H (00 Ja- o

{3V C) = 1 (<n+2r+1> +(_1)T<n+r>) 1- )

n?(r+1) 3r+2 3r+2

by calculating the generating function Y- -, z.({k}";¢,) n* "' X Y™, However,
it might be difficult to get a simple formula of z,({k}";(,) for k > 4 with this
technique. This will be discussed in more detail in a upcoming work of the authors.

2.2 Connection with finite multiple zeta values
2.2.1 Definition of finite multiple zeta values

The finite multiple zeta values will be elements in the ring

(I (@n)

Its elements are of the form (a,),, where p runs over all primes and a, € F,. Two
elements (a,), and (b,), are identified if and only if a, = b, for all but finitely many
primes p. The ring A, which was introduced by Kontsevich [10, §2.2], carries a Q-
algebra structure by sending a € Q to (¢ mod p), € A diagonally except for finitely
many primes which divide the denominator of a.



Definition 2.3. For an index k = (ky, ..., k), we define the finite multiple zeta value

Ca(k) = Calky,... k) = ( Z ,ﬁ; mod p) cA

.o ok
p>mi > >me>0 my m, P

and its star version

C:l(k) = C_:l(kla cee 7kr) = ( Z Iq; mod p) c A.

e ok
p>m12~~2mr>0 ml mr p

2.2.2 Proof of Theorem [1.1]

Now we prove Theorem[I.1] which is immediate from the standard facts on the algebraic
number theory (see, e.g., [20]).

Proof of Theorem[1.1 For p prime and any p-th primitive root of unity (,, the ring
Z[(p) is the ring of algebraic integers in the cyclotomic field Q((,). Since the value
[mle, = (1= ¢")/(1 = () is a cyclotomic unit, 2,(k;(,) and 2} (k; () belong to Z[(,].
Let p, = (1 — (,) be the prime ideal of Z[(,| generated by 1 — (,. Since the norm
of p, is equal to p, we have Z[(,]/p, = F,. Now Theorem follows from [m].,, = m
mod p, for p >m > 0. ]

2.3 Connection with symmetrized multiple zeta values
2.3.1 Definition of symmetrized multiple zeta values

To define the symmetrized multiple zeta values, we recall Hoffman’s algebraic setup [4]
with a slightly different convention.

Let $ = Q(eq, e1) be the noncommutative polynomial algebra of indeterminates e
and e; over Q. Define its subalgebra ! = Q + $He;. We put e, = elg_lel (k>1) and
set for an index k = (ky,...,k;)

€k ‘= €, * €k, -

r

For the empty index () we set ey = 1. The monomials {ey} associated to all indices k
form a basis of H' over Q.

The stuffle product is the Q-bilinear map * : H* x H! — H! characterized by the
following properties:

lxw=wxl=w (weNH'),

exw * epw’ = ep(w x epw’) + ep(epw *x w') + epyp(wxw') (kK > 1,w,w € H).



We denote by $! the commutative Q-algebra $§' equipped with the multiplication .

As stated in [8, Proposition 1], there exists a unique Q-algebra homomorphism
R : 9! — R[T] satisfying R(1) = 1, R(e;) = T and R(ex) = ¢(k) for any admissible
index k EI For an index k we define the stuffle reqularized multiple zeta values Ry (T)
by

Ry (T) := R(ex) € R[T.
Note that Ry(T) =1 and Rx(T) = ((k) if k is admissible.

Definition 2.4. For an index k = (k1,...,k;) € (Z>1)" we define the symmetrized
multiple zeta value

r

Cg(k) = CS(kb ceey kr) = Z(_1)kl+m+kaRka”ka—ly--~7k1 (T)Rka+1:ka+2 ,,,,, kr (T)

a=0
and its star version
C5(k) = G5(ky,.. ky) = > Cs(kiO- - Ok,).
O s either a comma °,’
or a plus “+’

Kaneko and Zagier [9] showed that the symmetrized multiple zeta value does not
depend on T, i.e. we have

Cslhn, k) = D (=D)PF TR Ry 4 (0) Ry, 1, (0) €R. (2.6)

In general, one can prove the following lemma, which will be used in computing the

limit of z,(k; e?™/™) as n — oo.

Lemma 2.5. For any index k = (ky,..., k), the polynomial

r

> DR Ry b (T + X) Riey e (T — X) (2.7)

a=0

does not depend on T'. Hence it is equal to

T
Z(_1)lir.“JrkaRka,ka—l,-..,’ﬂ <X>Rka+1,ka+2 ,,,,, kr <_X)
a=0
!The map R is denoted by Z* in [§].

10



Proof. From the definition, we see that the polynomial (2.7)) is a sum of polynomials of

the form
+ Z )*Riya (T + X)Rpys-ago (T — X)

with some admissible indices k and K'.
For any index k = (kq,...,k,) and s > 0, it holds that

e1 x (efer) = (s + Destley + Z (efew(a) + €lexr(a)) + Z Leges ey,

where
k/(a) = (ki,.... ko +1,... k), k”(a) = (k1,. .. ko, L ka1, k).

Using this one can show by induction on s that

S T]
Ry x(T) = Rippe-s k(0) =
j=0

From this formula we see that the sum (2.8) without sign is equal to

Z Z Z ) Ri1ya—i x(0) Rypys—ai g (0) (T + X)y(T —“X)

a=0 j=0 (=0 ]‘
s—1 j
. T+ X) (T —X)
S S R a0 (0 T )
§I>0 a=j I '
JHI<s
5 s—m (T + X)) (T — X)
= (=1)*Rp1jsc(0) Raye-epo (0) D (_1)J< +'| 2 |
, ; . 4! [!
m=0 a=0 JjHi=m
4,1>0
= (=2X)" Y (=1)*Rfyex(0)Rpays—a 1 (0),
m=0 a=0

which shows that the polynomial (2.8)) does not depend on T, neither does (2.7)).

11

(2.8)

(2.9)

(2.10)

(2.11)

]



2.3.2 Evaluation of the limit

Theorem 2.6. For any non-empty index k = (ky, ..., k,) it holds that

27 - 7TZ
lim z,(k;e™n )= Z( D)otk Ry ek < >Rka+1, HQW,kT(— ?)

n—00
a=0

To prove Theorem. we rewrite the value z,(k; e2™/™). Let n be a positive integer.
When g = e*™/" we see that
=e n>m .
1 —qgm sin 2% -

s s Wt(k) n( j_2
20 (k; 627) = <672sin g) Z H ‘

n>mi>-->me>0 j=1

)

for any non-empty index k = (k1, ..., k). Decompose the set {(mq,...,m,) € Z"|n >
my > -+ >m, > 0} into the disjoint union

U{(ml,...,mr)EZr|n>m1>--->ma>mea+1>~-~>mr>0}

and change the summation variables m; to n; = n — mgep1—; (1 < j < a) and [; =
Matj (1 <j <17 —a). Then we find that

zp(k;en ) = (en —sin —

2mi (ﬂ'n . 7T>Wt(k)
m n

kat1-j=2)n; en ka+j—2)l;

xzzg(_l)z;;lkj Z H n”f )mlj Z H

n a+]
n/2>l1> >l >0 j=1 sm

n/2>n1>--->ne>0 j=1 7r

Motivated by the above expression we introduce the following numbers. For an

index k = (ky, ..., k) and a positive integer n, we define
SRS o mﬂ)
n/2>m1>-->my>0 j=1 71- n
6 T(kj—2)m;
A= H .
n/2>my>-->my>0 j=1 ; )

12



Then we see that

2mi mn . m\ Wtk
zn(k;en ) = (en —sin —
T n

X > (=1 A (g ka, o k) AS (Bagt, Kasas - ).

Now Theorem [2.6] follows from Lemma [2.5 and Proposition [2.7] below.

Proposition 2.7. For any index k it holds that

A (k) = Ry (log (g) ¥ ) +0 (M) (n— +o0),  (2.12)

n

where v is Euler’s constant and J(K) is a positive integer which depends on k.

Note that it suffices to prove (2.12) for A} (k) since

At (ky, ... k) (n: odd),
Tl ) + ()9 A ) (s oven),

A (k1. k) =

where the bar on the right-hand side denotes complex conjugation. For this we will
first consider the cases where the index k is admissible.

Lemma 2.8. Let k be an admissible index. Then it holds that

<1Og n)J1 (k) )

n

4509 = €19+ 0

(n — +00),

where Jy(k) is a positive integer which depends on k.

Proof. Set k = (ki,...,k,) and define for & > 1 the function
, k
gela) = el (27
sin @

Then it holds that | A} (k) — ((k)| < I + I, where

P O A C O

n/2>my1>-->my>0 j= 1m

ey o IR

m>n/2 m>my>-->mp>0 j=2 11 )

13



Since gi(z) = 1+ (k—2)ixz+o(z) (x — +0), there exists a positive constant C' depending
on k such that |g,(mm/n)—1| < Cm/n for all integers m and n satisfying n/2 > m > 0.
Using the identity

(H%) —1= Z(ﬁ%‘)@ -

a=1 j=1
and the inequality 0 < (sinz)~! < /22 on the interval (0, 5], we see that

1

[1<_Z 2 B k=l ph

a=1 n/2>my>->m;>0 my

Ci 1
= WIZ Z mk1 k2

e ombkr
a=1 n/2>my>->m;>0 M My

SOy sy

n/2>m>0 m>mo>-->mp>0 j= 2 M >

for some positive constant C'; which depends on k. Using the estimation

r m—1 r—1
1 r—1
- S (2 IOg m) )
m>mg>-->my>0 j= 2 s=1 S

we get

1 (logm)"~ (logm)—!
L+ 1, <0 - Z QY Z T

n/2>m>0 m>n/2

for some positive constant C5 which depends on k. Since k; > 2 it holds that

(logm)™! . (logm)! (logn) 1
Y. o n =0(ogn)), Y =0
n/2>m>0 m>n/2
as n — +00. This completes the proof. O]

Proof of Proposition[2.7. Lemma implies that the equality (2.12)) for A} (k) holds
if k is admissible. Let us prove that it holds also for the index ({1}, k) with any s > 0
and any admissible index k.
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Using the equality
o~ Zm T (k-2m enk=Um o eH(k-2m

n ojpn MT . k .
7 S 7" (ﬁ sin —m”) (ﬂ sin —m”)
sy n ™ n

k+1 ko

(2 sin )
for kK > 1 and n/2 > m > 0, we see that
AFMAT{1Y, k) = (s + DAY ({1}° k)

+ Z <Aj;({1}b‘1,2, {1}57° k) — ?A:({us,k))
+2Qmmwmwﬁmﬁwm—?ﬁmﬁ@,

where k’(a) and k”(a) are the indices defined by (2.10)). Therefore we obtain the desired
equality (2.12)) by induction on s from (2.9)) and
' 1
A (1) = log (ﬁ) ty— %Z +0 (—) (n — +00). (2.13)
m n

Let us prove (2.13)). From the definition of Al (1) we see that

T cos & T cos ™™ 1
Ar(1) = = n_ ) == o~ 5 TO| -
n (1) n Z (sin% 2) n Z sin ™% 2 i (n)

n/2>m>0 n/2>m>0 n

as n — +o00o. Hence it suffices to show that

cos &% 1
u Z — = log 2y v+ 0O <—) (n — +00). (2.14)
n sin 7% m n

n/2>m>0 n

Since the function f(z) = z~' — (tanz)~! is positive and increasing on the interval
(0,7), we see that

n—1

[Ti(E)es ¥ (-2 [T

n/2>m>0

Set g(z) = log (1 4 x) — log (cos &F). By direct calculation we have

[T G2+ e3),

15



O |
/2 f<E> dxzﬁ(g<z)+log (ﬁsinz>+logz> :
1 n s n s n 2

Since g(x) = x4+ o(z) (x — 0) and log (z™!'sinx) = o(z) (z — +0), there exist positive
constants ¢; and ¢y such that

n—1 241
2 2
/ f(ﬂ>da:2—cl+ﬁlogz, / f<E>d:c§02—i—ﬁlogz
0 n s 2 1 n s 2
for n > 0. Therefore we find that
cos 1 1
u Z — e = Z ——logz—i-O(—) (n = +00).
n sin °% m 2 n
n/2>m>0 n n/2>m>0
Using the asymptotic expansion
1 n 1
Z —:log——l—”y—i—O(—) (n = 400),
m 2 n
n/2>m>0
we get the formula ([2.14)). ]

2.3.3 Proof of Theorem [1.2]
For the later purpose we introduce the following complex numbers.

Definition 2.9. For a non-empty index k we define

¢(k) = lim z,(kien ) and €(k) = lim 25(k;e )

n—0o0 n—o0

and set £(0) = £*(0) = 1.

Theorem implies that

r

Ehr, k) = ()RR R Gk (W—i)RkaH,km ..... . ( - W—i>a (2.15)

a=0

and

(ky,. .. k) = > £(ky0---Ok,), (2.16)
O is either a comma *,’

or a plus ‘+’

which follows from (2.1 and (1 — e>/™)kz, (k;e*™/™) — 0(n — +o0) for k > 0. If

16



k = (ki,...,k;) is an index with k; > 2 for all 1 < j < r, we have the equalities
¢(k) = (s(k) and £*(k) = (§(k) from Definition and hence {(k), {*(k) € R.

Ezample 2.10. Using (2.15)) one can write down the value £(k) of depth one:
—mi (k=1)

E(k) =4 2¢(k) (k>2,kiseven)
0 (k >3, k is odd)

We are now in a position to prove Theorem [I.2]

Proof of Theorem[1.3. The convergence is already proved. From (2.11)) we see that the
coefficient of T in the polynomial Ry(T") lies in Z for any a > 0. Hence the formulas

([2.6) and ([2.15) imply that Re(£(k)) — (s(k) is a polynomial of 72 whose coefficients
belong to Z. Therefore Re({(k)) = (s(k) modulo ((2)Z. The star version is then

immediate from ([2.16)). O]

2.4 Duality formula
2.4.1 Notation

For an index k = (ky,...,k,) we define its reverse k by

k= (kp ko1, k).

Let 7 : $ — $ be the monoid homomorphism defined by 7(e;) = eg and 7(eg) = e5.
Every word w € $' can be written as w = w'e; with w’ € . Then we set w¥ =
7(w')e; € H' and call it the Hoffman dual of w. We also define the Hoffman dual k"
of an index k by

Ekv = (ek)\/.

For example, the Hoffman dual of the word eses is given by
(ese0)” = (egepereger)’ = T(egepereg)er = erejepere; = ejejese; .
Hence (3,2)" = (1,1,2,1). Note that wt(k") = wt(k) for any index k.

2.4.2 Proof of Theorem [1.3

We will use the following fact.

Lemma 2.11. Suppose that n > 1 and (, is a primitive n-th root of unity. Then it
holds that (—1)"¢a" V2 = _1,

17



Proof of Theorem[1.5. Note that any index is uniquely written in the form
{1y L+ 1, {1 by + 1, {11 b,), (2.17)

where 7 and a;, b; (1 < ¢ < r) are positive 1ntegersE| Denote it by [a1,...,a.;b1,...,b,.].
Then we see that

[al,...,ar;bl,...,bT]V: [bT,...,bl;aT,...,al].

Now we fix a positive integer r and introduce the generating function

, Zhlars s aniby 0 Go) T a1 bt
K(xl,...,xr,yl,...,yr)zz (1 — (p)arttartbit+br—1 H(% i),

i=1

where the sum is taken over all positive integers a;,b; (1 < i < r). Then Theorem
follows from the equality

K(xy, ..o 2091, Ur) = K(=Yry oo o, Y15 — Ty ..., —T1). (2.18)

Let us prove (2.18)). It holds that

B

= ot 1
1+y > T mi):gm

a=2 B>m;>-->mg_1>A i=1 n

forn > B > A > 0, and that

o ol = 1 G
L T TG =Gy

for n > m > 0. Using the above formulas we have

n—1
K(ZL‘h...,xr;yla---,yr): Z H(]-_sz)

n>l>-->1->0 1=l

lj—1 1 ] I1 .
X : -
aHl <n1+yg)ﬂ1—$j—<é 1—<k(1+yr)gl—xr—<,a

l

L

where [p = n — 1. Rewrite the right-hand side above by using the partial fraction

2If r = 1, ([2.17) should read as ({1} 71, by).

18



expansion

o 1 B = B )
gX_g%:’Z;X_%H%_djl;[ﬂci—éj

B ot (P A (4)
_ 1 (—1)B¢,
e GITZi -G -6

=1

forn > B> A > 0. Then we find that

K(x1, . Ty Y1y Yr)

- Z ﬁ(l - Cfl)(_1)Z§:1(lj_1—tj)<§}':1( (92 +-(9))

n>t1 >0 > >t >1.>0 i=l,

r tj—l; lj—1—t;

gl

=1

l
1 1 1
X _ .
H( Cn (1+y)l—=z;— J>1_C£LT(1+yT)1_xT_CTtLT

Now change the summation variable ¢; and [; to n — [, 41_; and n —¢,1;_;, respectively
(1 <j <r). As aresult we get the desired equality (2.18) using Lemma [2.11] O

2.4.3 Proof of Theorem [1.4]
Theorem [I.4] follows from Theorem [I.2] and Theorem below, which describes the

reversal relation and the Hoffman duality for £*(k).
Theorem 2.12. For any index k, the following relations hold.
i) §(k) = (1) ¥ ¢(k), £ (k) = (~1)"® & (k)
i) & (k) = — & (k)
Here the bar on the right-hand sides denotes complex conjugation.
Proof. i) Changing the summation variable m; to n —m,41_; (1 < j <), we see that

Zn(E; eZm’/n) — (_e2rri/n)wt(k) Zn(k; 62”i/").

Taking the limit as n — 00, we obtain &(k) = (—1)V*®) ¢(k). The same calculation
works also for z*(k; e2™/™).
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ii) From Theorem [1.3|we see that £*(k) = (—1)"*0+1¢x(kV). Combining it with the
equality proved in i), we get the desired equality. O]

3 Cyclotomic analogue of finite multiple zeta values

3.1 Definition and examples

As an cyclotomic analogue of the ring A we define

AV = < H Z[Cp]/(m) / ( @ Z[Cp]/@)) .

p:prime p:prime
Similar to A (see Section [2.2]) the ring AV is a Q-algebra.

Definition 3.1. For an index k we define the cyclotomic analogue of finite multiple
zeta value Z(k) by

Z(k) = (z(k; () mod (p)), € A,
and its star version by
2'(k) = (5(k; ;) mod (p)), € A,

Recall that p, = (1 — () is a prime ideal in Z[(,] and that (p) = p5~". This gives a
surjective map

Z[Gl/(p) = Z[G) /pp = T,

for all prime p. Let ¢ be the induced Q-algebra homomorphism

0 AV — A,

(3.1)
(ap mod (p)), — (a, mod p,),.

The map ¢ satisfies p(Z(k)) = Ca(k) and p(Z*(k)) = (4 (k).
Let us write down the formula for Z(k) of depth one. As a kind of analogue of 7 in
R, let

@ =(1-(), € AV (3.2)
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We introduce the numbers Gy, (k > 0) defined by

which are called Gregory coefficients. It is known that Gy # 0 for any k& > 0 (see [23]).
Proposition 3.2. For any k > 1, we have Z(k) = —Gyw* € @FQ*.

Proof. Let

1

hi(w) = G+ 1)

[[c-a) (=1

Then the generating function (2.3) can be written as

> (ki Ga) (1 _xcn)k = f: <— ‘Ool hj(")l‘j>l- (3.3)

oo
k=1 =1

Hence, for each k > 1, there exists a unique polynomial Dy (z) € Q[z] of degree at most
k such that z,(k;C,) = Dr(n)(1 — ¢,)* for all n > 1. Then

2p(k; Gp) = Di(0)(1 = ¢)*  mod (p)

for sufficiently large prime p. Therefore Z(k) = Dy, (0) @ for k > 1.
On the other hand, from (3.3 we see that

;Dk([))zk =-> (—Zhj(ow) =1- s (T3

=1 Jj=1
Hence Dy(0) = —Gy for k > 1, which complete the proof. ]
FExample 3.3. We have
1 1 1 19
Z<1) = 3w, Z(2) = w27 ( ) = __w?)’ (4) !

3.2 Algebraic structure

In this subsection, we examine an algebraic structure of Z(k)’s and Z*(k)’s.
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Recall that the stuffle product * is defined on $'. We also use another stuffle product
* characterized by

lxw=wxl=w (weHN,

exw * epw’ = ep(w K epw’) + ep(epw * w') — epyp(wrw') (kK > 1, w,w' € HY).

In addition we need an extension of $'. Let C = Q[h] be the polynomial ring of one
variable . We set ' = C ®g H' which is viewed as a C-module. Then the C-bilinear
maps *,, *, : 91 x H! — H! are defined by

Lx,w=wx,1=w, Ix,w=w*,1=w,
€U *q CpuW = €y (U *q eka) T+ €k, (eklv *q ’LU) + <6k1+k2 + h6k1+k2*1)<v *q ’LU),

€k U *q Chy W = €, (U *q €y W) + €y (€4,V Hq W) — (€41 + Py iy —1) (v %q W)

for v, w € H! and ki, ko > 1.

For simplicity, we introduce the following notation. Let v be a function defined on
the set of indices taking values in a Q-module M. Then, by abuse of notation, we denote
by the same letter v the Q-linear map $' — M which sends ey to (k). Similarly, for a
function I' taking values in a C-module M , we denote the induced C-linear map Hl - M
by the same letter I'. For example, I'(eq %, 1) =T'(2,1) +T'(1,2) + I'(3) + AT'(2).

We define the Q-linear action of C on A% by hz = wz (2 € AY°), where w is given
by . Then the C-linear maps Z, Z* : .%1 — A9 are defined by the properties
Z(ex) = Z(k) and Z*(ex) = Z*(k) for any index k. They satisfy

Z(w*gw) =Z(v)Z(w), Z*(vxq w) = Z*(v) 2 (w) (3.4)
for any v, w € H' (see [T, §2]).

Lemma 3.4. For any index k, we have

2

w Z(k) = " Tdep(k) £ 1 Z(eq * ex),
* o 2 *
wZ*(k) = WZ (e1 % ex).

Proof. 1t holds that
ep *g e = €1 x ex + hdep(k)ex, €1 %, ex = €1 x ex — hdep(k)ex

for any index k. Now the desired formula follows from (3.4) and Z(1) = —w/2. O
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Motivated by Lemma [3.4| we define the Q-linear maps L, L* : ' — H! by

2 2

Liey) = ———— (o) = ———
(€x) 2dep(k) +1 o (€x) 2dep(k) — 1

€1 % €k

for any index k. Note that if wt(k) = k then L(ex) and L*(ey) are written as a Q-linear
combination of monomials of weight k£ + 1. Using these maps we introduce the Q-linear
maps p, p* : H — H! defined by

p(h*w) = L¥(w), p*(W*w) = (L)*(w)  (k=0,weNn'),

with L°(w) = (L*)°(w) = w. Note that p(v) = v for v € $! and by Lemma [3.4 we get

~

Z(p(w)) = Z(w), Z*(p"(w)) =Z"(w) (weh) (3.5)
Now define the Q-bilinear maps *, % : ' x H' — H! by
vikw = p(vx,w), vEkw = p*(vk,w) (v,w € H')

and define for d > 0 the space

which is a Q-linear subspace of $'.

Proposition 3.5. (i) It holds that ) ¥ 9}, C 9} 4, and Hy *Hy, C Ny 4, for
dy,dy > 0.

(ii) Forv,w € H', it holds that Z(v¥w) = Z(v)Z(w) and Z*(v¥xw) = Z*(v) Z*(w).
Proof. (i) Note that, if we define the weight of A to be one, then the C-bilinear maps
*, and %, preserve the total weight. Hence the statement follows from the property
L($y) C 944y and L*(Hy) C Hyyq-

(ii) This follows from (3.4 and (3.5)). O
Corollary 3.6. For positive integers k, k', let k and X' be indices of weight k and k'.

Then the product Z(k)Z(K') (resp. Z*(k)Z*(K')) can be written as Q-linear combina-
tions of Z(a)’s (resp. Z*(a)’s) of weight k + k'.

3.3 Linear relations

In this subsection we discuss the dimension of the Q-vector space spanned by Z(k)’s
and Z*(k)’s. First we note the following fact.
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Proposition 3.7. For any k > 0, it holds that Z($);) = Z*($9}) as a Q-linear subspace
of AVC.

Proof. From (2.1)) we see that Z*(k) is represented as

77k = Y e @O Z(1),
wt(k’)kglwt(k)

where ¢ € Q. Lemma[3.4]implies that o™t 7(k') = Z (¥t (¢y,)), and
the weight of L¥'R~wtk) (¢}, is equal to wt(k). Hence Z*(k) € Z($}) for any index k
of weight k. In the same way we see that Z(k) € Z*(9;) if wt(k) = k from and
therefore Z($);) = Z*(93). O

For k > 0 we define the Q-linear subspace Z;” of AY° by
ZY = Z"(9%) = Z ()

There are two families of linear relations in Z;”°. First we have the duality below as a
consequence of Theorem [I.3}

Theorem 3.8. For any index k, it holds that
Z*(k) _ (—1>Wt(k)+1Z*(F).

Combining this with Proposition (ii), we obtain a variant of the double shuffle
relation [§] among Z*(k)’s. To describe it, we denote by § the Q-linear map ¢ : H! — $H!
sending ey to (—1)‘”(1‘)“617v for any index k. Note that the map J is an involution on

! and with this Theorem [3.8| can be stated as Z*(ex) = Z*(d(ex))-

Theorem 3.9. For any indices k and k', we have
Z*(ex * e — 0(0(ex) *0(exr))) = 0.
Proof. This follows from Proposition (ii) and Theorem (3.8 because
Z(8(8(ex) #6(ex))) = Z*(6(en) ¥8(en)) = Z*(3(ex)) Z* (8(exe)) = Z*(ex)Z*(en),

which is equal to Z*(ex * exr). O

Remark 3.10. Using Theorem and Theorem we have the following upper bounds

for the dimension of Z;”*:
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k 01234567 8 9 10 11 12

dimgZ><|1 1 1 2 2 4 5 8 12 17 27 38 57

For prime p > 2 and k& > 0, we denote by Z,(f ) the Q-vector space spanned by 2, (k; €2/P)
with wt(k) = k. Notice that dimg Z}gp) <p—1=1Q(¢) : Q]. Denote by dj, the numbers
in the second column of the above table. By numerical experiments, we observed that
for 1 < k < 12 we have dimg Z,gp) > dj, for primes p > di up to p = 113. We expect
that Theorem [3.8] and Theorem [3.9] give all Q-linear relations among the Z*(k)’s.

3.4 Kaneko—Zagier conjecture revisited

In this subsection we will give a new interpretation of the Kaneko—Zagier conjecture in
terms of the cyclotomic analogue of finite multiple zeta values Z (k). Let us first recall
the statement of their conjecture.

Conjecture 3.11. (Kaneko-Zagier [9]) There exists a Q-algebra isomorphism

CKZ - ZA — Z/C(Q)Z,
Ca(k) — (s(k) mod ((2)Z.

To give a new interpretation of this conjecture, we consider the QQ-vector space
spanned by all Z (k)

chc — Z*(f)l) — Z(ﬁl)

By Corollary [3.6this is a Q-subalgebra of A%°. The restriction of the map ¢ : AV — A
defined in (3.1]) to Z¢ gives the surjective Q-algebra homomorphism to the Q-algebra
Z 4 of finite multiple zeta values denoted by

(pAiszC—>Z_A.

For any index k it is p4(Z(k)) = Ca(k). On the other hand the relationship of the
Z(k) to the symmetrized multiple zeta values is not understood yet, but we expect the
following.

Conjecture 3.12. i) There exists a Q-algebra homomorphism

ps 1 29— Z/((2)Z,
Z(k) — (s(k) mod ((2)Z.
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ii) The equality ker ps = ker p 4 holds.
This conjecture is a re-interpretation of the conjecture by Kaneko and Zagier.
Theorem 3.13. Conjecture implies Congjecture [3.11]

We end this paper by giving some observation on the elements of the ideal ker ¢ 4
in Z9. As an easy consequence of the definition of ¢ 4 we obtain the following.

Proposition 3.14. We have ker p 4 = ZY° N w AYC, where w A% denotes the ideal of
A% generated by w.

Proof. This is immediate from ker p = w A%°. O

We now examine a class of elements in the ideal ker ¢ 4. Lemma implies that
wZY C Z9° Hence wZ%° C kerpy. However we expect wZY° # kerpy. For
example, by [0, Theorem 7.1] we have

Ca(4,1) = 2¢u(3,1,1) = 0. (3.6)

Therefore Z(4,1) —27(3,1,1) € kerp 4. If p4 = wZY this would imply that there
exists a relation of the form

a4(p)zp(4, L; Cp) + a3,171(p)zp(3, L1 Cp) = E ax(p)(1 — Cp)57Wt(k)Zp(k§ Cp) (3.7)
k
wi(k)<4

for large prime p, with ax(p) € Z[p]. On the other hand we observed for prime 5 < p <
113 by numerical computations that (1 — ,)*2,(1;¢,), (1 — (,)%2,(2,1; (), 2,(4,1;¢,)
and z,(3,1,1;(,) seem to form a basis of the Q-vector space spanned by all z,(k;(,) of
weight 5. We therefore do not believe that a relation of the form exists and expect
that Z(4,1) —2Z(3,1,1) is an element in ker ¢ 4 but not in wZe.

So far it is not known how to describe the elements in (ker ¢ 4)\@wZ%° in general.
For example, because of , we should have

2p(4,15Gp) — 22,(3,1,15Gp) é PZ[G,]

for all large prime p, which seems to be difficult to prove.
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