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THE SPINNING PARTICLE WITH CURVED TARGET

EZRA GETZLER

ABSTRACT. We extend our previous calculation of the BV cohomology of the spinning particle
with a flat target to the general case, in which the target carries a non-trivial pseudo-Riemannian

metric and a magnetic field.

1. INTRODUCTION

Unlike in other models which have been investigated, the BV cohomology of the spinning
particle with a flat target is nontrivial in all negative degrees [4], raising the question of whether
our understanding of the BV formalism is incomplete. In this paper, we show that these results
extend to the spinning particle with general target, in which the target carries a non-trivial pseudo-
Riemannian metric carrying a possibly non-zero magnetic field.

The quantum theory associated to this model is familiar to mathematicians as the Dirac operator
on a manifold; the magnetic field corresponds to twisting by a complex line bundle.

The BV formalism associates to a solution of the classical master equation

{[Sdt, [Sdt} =0

a vector field s on the space of fields, given by the explicit formula

i =0

In Section 2, we show in complete generality that the classical master equation implies that s> = 0.
Our proof of this statement employs a modified Batalin-Vilkovisky (anti)bracket which differs
from the usual one by a total derivative, and satisfies the graded Jacobi formula on densities,
without the need for any total derivative corrections. This bracket was introduced (in the ungraded
setting) by Soloviev [6] and applied to BV geometry in [3].

In Section 3, we derive the master action of the spinning article. With these technical details
out of the way, we calculate the BV cohomology of the spinning particle in Section 4: it turns out
that the description is essentially identical to the special case discussed in [4].

P. Mnév has remarked (private communication) that the model considered in this paper may
also be constructed by the method of Alexandrov et al. [1]. We discuss this reformulation of the
theory at the end of Section 3.

In Section 4, we discuss the quantum master equation for the spinning particle. One expects
neither anomalies nor renormalization in a quantum mechanical system, and this is confirmed
by our calculations: there is a potential contribution to the full action at one-loop (which in fact

vanishes for typical regularization schemes), and no higher-loop contributions.
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2. THE BATALIN-VILKOVISKY FORMALISM

In the Batalin-Vilkovisky formalism, there are fields ®;, of ghost number gh(®;) € Z and parity
O(®;) € Z/2, along with the corresponding antifields ®;, of ghost number gh(®;") = 1—gh(®;),
and parity p(®;) = 1 — p(®;).

We focus on the classical BV formalism for a single independent variable ¢ (classical mechan-
ics). Let O denote the total derivative with respect to t. Denote by .47 the superspace of all
differential expressions in the fields and antifields with gh(S) = j. The sum A of the super-
spaces A’ for j € Z is a graded superalgebra. A vector field is a graded derivation of the graded
superalgebra A. An example is the total derivative 0.

We denote by 0y ¢ : A’ — A7 the partial derivative

0
Ok,0 = PCEOk
and by 0y o : AJ — AJ the higher Euler operators of Kruskal et al. [5]

o

e = (79 (—0) Ohrr-
=0

When k = 0, dp.0 = o is the classical variational derivative.
A vector field £ is called evolutionary if it commutes with 0. Such a vector field is determined
by its value on the fields ® and the antifields ®:

¢ = Zz(ak ) Oh, + 0 (E(0])) Dy o)

i k=0
—Zpr( (@; >8Z+)

The operation pr is called prolongation.
The Soloviev bracket is defined by the formula

{f.9% = Z Jp(®)

[e.9]

S (000 )9 (0,079) + (1P (0, 4 1) (O10,9))

k,0=0
It is proved in [3] that the bracket { f, g} satisfies the following equations:
skew symmetry: {f, g} = —(—1)P(H+DE@O+D L4 £1

Jacobi: {(f, {g,h}} = {{f, g}, h} + (-1)PVTVEOTI g £ £, 1)}

linearity over 0: {0f, g} = {f,09} = 0{f, 9}

The superspace F = A/0.A of functionals is the graded quotient of .4 by the subspace 0.4 of
total derivatives. The image of f € A in F is denoted by [ f d¢, and the bracket induced on F by
the Soloviev bracket is denoted

{J fat, [ gdt}.
This bracket may also be written directly in terms of the variational derivatives:
(gt fodny = SO0 [ ((00,)Baz9) + (00 (001 1) Ge))
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The Batalin-Vilkovisky formalism for classical field theory involves the selection of a solution
of the classical master equation
{[Sdt, [Sdt} =0,
where S € A" is an element with p(S) = 0. When the antifields are set to zero, the expression
S(®,0) is the classical action.
Stated in terms of the Soloviev bracket, the classical master equation becomes the equation

) 3{s. 5} =05,
where S € A! is an element with p(S) = 1.

Proposition 2.1. The differential operator ad(f) = { f, =} is given by the formula

- Z akfkn
k=0
where fi, is the sequence of evolutionary vector fields
0 0
f, = Z(_l)(p(f)+1)p(<1> ) p <(5k o, f) 557 + (- 1)p(f) (5k,<1>jf) 3@) )

Proof. We see that

o0

> (i (v e <5é+j (Ok+j.0f) ae,cp+g)
.k =0
= Z (E) () 0 (Opyja f) 0" Byt 9)
1,7,k,£=0
= Z mn;—j) (ZJ;J) ot (Om,af) O™ (Or.a+9)
,5,,m=0

_ Z 0" (Omaf) O™ (Dparg),

£,m=0
and the analogous equation holds with the roles of ® and ®* exchanged. Summing over the fields
®;, the result follows. O

Given a solution of the classical master equation (4), the functions S and S give rise to the
evolutionary vector fields s; and s respectively, where the vector field sy is the vector field s of
(1). Define the vector fields

k41
Ok =8 — 5 ) _[st, Sh—t41].
=0
Lemma 2.2.
o0
3) 2 — Z P
k=0
Proof. The equation (d 4+ ad(S))? = 0 implies that ad(S)2 + d ad(S) = 0. In other words,
oo k+1
52 + Z Z ak—HSgSk_g_H Z 8k+15k,
k=0 £=0

which proves the result after a little rearrangement. O
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We can now prove the main result of this section.

Theorem 2.3. If S is a solution of the classical master equation (2), then the associated vector
field s satisfies the equation s> = 0.

Proof. The idea of the proof is that whereas the right-hand side is a vector field of (3) is a vector
field, the left-hand side is a differential operator of degree > 1. Taking the symbols of both sides,
we see that the symbol of this differential operator must vanish.

We now prove by downward induction in & that the vector fields o} vanish. Let K be the largest
integer such that o i is nonzero. (For the solution of the classical master equation associated to a
first-order field theory, K = 1.) Let ® be one of the fields of the theory having p(®) = 0 (that is, a
bosonic field), and take the (K + 2)-fold commutator of both sides of (3) with ®. The differential
operator s is a vector field, so the left-hand side vanishes, while the right-hand side equals

(K 4+ 2)!1 (09)E o (@),

It follows that o (®) = 0.
Next, we take the commutator with the antifield ®* followed by the (K + 1)-fold commutator
with ®: again, the left-hand side vanishes, while the right-hand side equals

(K +1)! (a<p)K((aq>>aK(q>+) + (K + 1)(a¢+)aK<q>)).

We have already shown that the second of the two term vanishes, and we conclude that o (®) =
0.

The vanishing of o (®) and o (®™) may be proved for fields ® with p(®) = 1 (fermionic
fields) by exchanging the roles of ® and its antifield & in the above argument. In this way, we
see that o = 0. Arguing by downward induction, we conclude that o3, = 0 for all k¥ > 0, proving
the theorem. t

The vector field s induces a differential on F, whose cohomology H*(F,s) is the Batalin-
Vilkovisky cohomology of the model. By Proposition 2.1, s equals the differential ad(S) induced
by taking Soloviev bracket with the solution .S of the classical master equation.

We may calculate the BV cohomology groups H*(F,s) using the complex

Vi=A @ At e,
where
0 -
A, G #0,

with differential
d(f+ge) = (—1)PW ag.
The symbol € is understood to have odd parity and ghost number —1, so that the parities of the

superspace A71! are reversed in V. This complex is a shifted differential graded Lie algebra,
with respect to the extension of the Soloviev bracket to V:

{fo+goe, fi+ge} ={fo, i} +{fo.n} e+ (—1)p(f1)Jrl {90, f1}e.

The differential satisfies

dfa, b} = {da,b} + (—1)P @D+ {a, db}.
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Lemma 2.4. If f Sdt € F is a solution of the classical master equation (2), then
S=5+S8ee)
is a solution of the master equation
“4) dS+ 3{S,S}=o.
Proof. Applying the operator ad(S) to both sides of (2), we see that
545 45,53} = {5,05} = 043, S},
and hence that {5, S} = 0. O

For example, the Poisson structure of the KdV hierarchy (Dickey [2]; cf. [3]) gives a solution
of the classical master equation (4) with gh(.S) = —2 instead of 0, and gh(¢) = 1 instead of —1:

S=aT0%" + 2202t + 2T 02T 2T <.
The differentials d + s and d 4+ ad(S) on V* are equivalent, by the following proposition.

Proposition 2.5. Let P be the automorphism of V* defined by the formula
P(f4+ge)=f+ge+ (- Z(‘) sk+1f e

Then the differentials d + ad(S) and d + s on V are related by the equation
d+ad(S) = P(d+s)P~ L.
Proof. Written out in full, we have

(d+ad(S))(f +92) = 5./} + (1)@ dg + (—1PD {5, 1} + {5, ) ¢

o
= Z(‘)kskf—l—( 894—2( Okskf—l—ﬁkskg)
k=0
We see that
(d+ad(S)P(f +ge) =sf + (— 9)8g+2( ka—3k+1)+askg>
=sf+ (=1)P9 ag + Z ( L oks, 1 + 8kskg> €
= P(d+s)(f + g9),
where on the second line, we have used the vanishing of the vector fields o. U

3. THE CLASSICAL MASTER EQUATION FOR THE SPINNING PARTICLE IN CURVED TARGET

In this section, we construct the solution of the classical master equation associated to the
spinning particle in a curved target.

Let R? be a vector space with constant pseudo-metric 7,5 = 1(eq, €3). The target of the spin-
ning particle is an open subset U of RY, carrying a Riemannian pseudo-metric G = 9(0y,0,)
with the same signature as 7. Let g"¥ = g(dx*, dx") be the metric induced by g on the tangent
bundle. In other words,

g,u)\g/\’/ - 5Z
5



Similarly, let %°e, ® e, be the pseudo-metric induced on (R%)* by 7.

We will represent the pseudo-metric g#” by a moving frame w® = wj, dz". Geometrically
speaking, a moving frame is an isometry between the trivial bundle U x R with constant pseudo-
metric 77 and the tangent bundle of U. Equivalently, the one-forms {w®} satisfy the equation

g(wa’ wb) — nab’

or
_ a, b
g/Jl/ - nabw’uwy‘

We denote by wk the inverse of wz, in the sense that
a, bW __ gca
wy,wp, = 0p.
We may use the frame w® and its inverse w} to exchange contravariant and covariant indices p

1%
with upper and lower internal indices a: for example, A, = wh A,,.

The physical fields of the spinning particle (fields of ghost number 0) are as follows:

a) the position x*, which is a field of even parity taking values in U
b) fields p, and 8%, respectively of even and odd parity;
c¢) the graviton e and gravitino v, respectively even and odd.

In addition, the model has ghosts ¢ and vy (fields of ghost number 1), corresponding respectively
to diffeomorphism in the independent variable ¢ and local supersymmetry, which are respectively
odd and even.

The connection one-form w?, = w,%dz* € Q(U, End(R?)) is a matrix of one-forms on U
characterized in terms of the frame wj; by two conditions: it is skew-symmetric

b bb, @
Wa = ~TNaall W p,

and torsion-free, that is, satisfies the first Cartan structure equation
dw® + w% Aw® = 0.
Written in terms of components, this equation becomes

a a a b a , b _
Opwy, — Oywy, + wypwy, — wy“pw), = 0.

The curvature R", = LR, %pdatdz” € Q?(U, End(R?)) is a skew-symmetric matrix of two-

forms defined by the second Cartan structure equation
dw®y + w AW, = RY,.
Written in terms of components, this equation reads
a,uwuab - auwuab =+ Wuacwucb - Wuacwucb = Ruuab-
We will need the Bianchi identities for the curvature R, p: the antisymmetrizations of the ex-
pressions w{ R, q» and
8)\Ruuab + W)\CaR/u/cb - w)\ch;wca

in the indices {\, u, v} vanish.

We also introduce a magnetic potential (connection one-form)

A= A,da* € QYU)
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on U, with associated field-strength (curvature) F' = dA, or in terms of components,
F,, =0,A, —0,A,.
We now turn to the construction of the solution S of the classical master equation associated to

a

the moving frame wj,

and magnetic field A,,. In all of our calculations, the antifield x:[ enters via
the expression

X;r = wh (:1:;’; + wubc pepTC — wubc 9:06).
Lemma 3.1. Let & € A and G € A~? be given by the formulas
> = (pu + Au)ax“ — %(nabeaaeb + Wyab 3x“9“96) +0ete+ oty
G = X:Lrp+a + ip+ap+b969dRabcd + %eraerbFab . %nabeialj— + C+6 4 'YJ%/]'
Then {3, X} = {G,G}} =0, and {£,G}} =T, where
T = -0k + op™pa + 5(060 6" — 07 06)
+0efe+0cte+ 00T+ 0Ty +9(Ap™?).

Proof. We may decompose both 3 and G into two parts, the first of which only involves the fields
{z*, pu, l’:,p+“}, and the second of which involves the remaining fields:

Yo = (pu + Ap) 0zt — L (1ap0°00° + wyap 0296"),
Y1 =0etc+oyTy,
Go = X pte + Lptap 000 R e + LptopttEyy — Lyt o,
G =cTe+~T.
The formulas {¥,X} = {G1,G1}} = 0 and
31,61} =0etTe+dctc+ OyYTap + 0y

are easily verified, and it is also clear that {3;, G; } = {G;, G;}} = 0if i # j.
The formulas

{20, Go} = —x 0t 4 Op*pa + 5 (005 0" — 0,596%) + 0(Aap™?)

and {Gp, Go} = 0 are a consequence of the structure equations and the Bianchi identities, together
with the corresponding equations /' = dA and dF = 0 for the magnetic potential and its field
strength. O

The interest of this result is that ad(T) = to 4+ dt; where tyo = 0 and

tl:_(x;r_eraaVAa)i_ (pa'i‘Aa)i_ 1 (9+ 9 _pe 0 >
0

ozl Opa 2\ 007 ofa
2,9 9
de  8c Yoy oy

The following proposition gives a method of constructing solutions of the classical master equa-

— e

tion.
Proposition 3.2. Let W € A! satisfy the equations {>, W} = 0 and

4G, W), W3 = 0.
7



Then S = X + {G,W} + (W + t1W)e is a solution of the classical master equation
dS+ 3{S,S}=o0.
Proof. The proposition is implied by Lemma 2.4, if we can prove the equation
HE+{GWE S+ {GW}} =W +t;W).
By the graded Jacobi relation, we see that
H{Z {6 WE 2+ {6, WhE = (42 + 3 (>, 2F) + 1{{{C, 6}, Wi, W}
—{G. {2 Wi} - 3G {{G. Wi Wi} + {T.w}.

Both terms on the first line vanish by Lemma 3.1, while the first two terms on the second line
vanish by hypothesis. The result follows from the formula

{T, W} =0oW + ot; W. O

We now consider the expression
) W = Ly®p.pye + LF3090%c + p 6%y — ety? € AL
It is clear that {3, W} = 0, and a somewhat lengthier calculation shows that

{46, W}, W} e A2

vanishes as well. It follows that

S=YX+{GW}+ (W+t;W)e

= (wfjpa + Au) ozt — %(nabﬁ“a@b + wuabﬁx“GQQb)

e (n“bpapb + Fab9“0b> + a6
Oet — "X py + 50 pf0 R ca — pHOUpu F” + 07 0°F "y + 5w,pd 0°0°V A Fye) e
oWt — X014+ ™0 py+ 2t — pTFy)y — P
— (0™ pappe + 3paby — ey — LE4090°c + ™ Agppe + Aafy)e

A~ TN N

+
+

satisfies the classical master equation dS + % {S,S} = 0. In this equation, we have denoted by
VI the covariant derivative of the two-tensor I with respect to the Levi-Civita connection w,,%y.

Corollary 3.3. If [ fdt € F* is a cocycle in the complex (F,s), where s is the vector field
associated to the solution S of the classical master equation, then [{G, f} dt € F k=lisacocycle
in F, called the transgression of f. In particular, the long exact sequence

— 5 H Y (As) —25 HY(As) — HY(F,s)

—

HY(A/C,s) —2— HO(A,s) — HO(F,s)

(Ays) —%— HY (A,s) —— H! — .

splits, in the sense that the morphisms O vanish.
8



Proof. Since {G, G} = 0, we have the equation

{2+ {6, Wk {6, 73} = {T. /} — {6 {= + {G, W}, r}}-
By hypothesis, {X + {G, W}, f}} = g is a total derivative. Thus

{2+ {6, Wi LG f}} =o0(f +taf +9).

Hence {G, f} descends to a cocycle in F*~!. This shows that the connecting morphisms 0 in the
long-exact sequence vanish. U

We close this section by showing how to rewrite S as an AKSZ action. In AKSZ models, the
fields may be assembled into differential forms of homogeneous total degree: in our case, the sum
of a 0-form of ghost number & and a 1-form of ghost number £ — 1. These differential forms are
as follows:

x =t +dt {G, 2"} 0°=0°+dt{G,0°} pa=p.+dt{G,pa.}
c=c+dt{G,c} vy=v+dt{G,~}
et =et +dt{G,et} v =yt +dt {G, "}
The action S is the one-form component of the differential form
(Wi (X)Pa + Ap(x) — $wuap(x)0°0°)dx" — 10q,0°d0° + c de™ + y dap™
+1n%p.pre + L Fp(x)0°0%c + p, 0%y — e+,
where we recognize the expressions > and W of Lemma 3.1 and (5) respectively on the first and

second lines. The resemblance between the action in an AKSZ model and the Chern-Simons
action is clear after changing variables from the field p, to the field

P, = wz(x)pa + Au(x) — %wuab(x)GaOb.

4. CALCULATION OF BV COHOMOLOGY

The method of [4, Section 7] may be used to calculate the BV cohomology of the spinning
particle in the general case. Let O be the ring of functions on the target U C R? of the spinning
particle: we may take any of the standard structure rings of geometry, namely algebraic, analytic
or infinitely-differentiable functions, or even power series. Let A is the graded polynomial algebra
over O generated by the remaining variables of the theory, namely

{0° 2"} ps0 U {00, 0" pa, 0' ), 0°0F, 0™ om0
U {8%, 8%, d%et, 0T Y50 U {0, 0%, 0%cT, 0y }iso.
Let
Al = A* @cpy Cly, v ™)

be the localization of 4*, obtained by inverting the ghost .
Given a vector v with components v,, define

0

t(v) = n“bvaw.

If f € O, denote by V f the vector with components

(Vo =wh(0y +wusf).
9



We may interpret the function f as representing a section of a line bundle over U with connection
form wﬂbbda:“.

Let Q = #'...6% Given a function f € O and k > 0, consider the following elements of
Afkfl.

ST

A(f) = @H)Hefor,

Zi(f) = (k+ D)@H)F oy + (W) (VL

After application of the BV differential s to these expressions, the poles in ~ cancel, showing that
the following expressions are cocycles in A~* with respect to the differential s:

a(f) = s(Ar(f)); C(f) = s(Zk(f))-

Consider also the transgressions of these cocycles:

ar(f) = {G, ar-1(N)} Ge(f) = £G. Gr ()}

Let R be the quotient of the differential graded superalgebra A* by the differential ideal gener-
ated by the fields

{67 w? C} U {x:i_7 0:7p+a7 e+7w+7c+77+}

Denote by P,, ©% X* and T the zero-modes [ p, dt, [0*dt, [zt dt and [~ dt respectively.
Then R is the graded superalgebra

0[0%,P,, T/ (PaO%, %P Py + F,p(X)0"6°, T'?)

with differential I'Q, where Q is the differential operator

(©)
9 d 9 9 d
= wh(X)e* “p H(X)wp,(X)O° - o Fap(X)0" .
Q wa( )@ aXM—i_T’ aa®b+wc( )wﬂ b( )6 ( aan 6 8@a>+ ab( )@ an

We denote the element © ... ©% of R by the same symbol € as in .A°.

The map £° from O[©%, P,,] to A° which takes a function u to the corresponding function £°(u)
in the variables {z*, 6%, p,} induces a map from H°(R) to H°(A,s). Observe that £°(.(P)Q) =
—Go(1).

Similarly, the map from O[0%, P,] to A! which takes a function v to the element
£ (v) = yv+cQu
induces a map from H'(R) to H'(A,s). Define the transgressions of the classes £ (u) and £ (v):
£ u) = {6, ()} &(v) = {G.¢' ()}
The following theorem has the same form as in the special case where ¢g"” is constant and

A, = 0, discussed in [4].
10



Theorem 4.1.

{J(er(N +ulg) + () + @) dt| f.9, g O} k>1,

{JE @ +a(N+ a0 +a (D) +G( dt‘
ue HYR/C), f,9.f € 0,5 € 0/@} =1,

HMF.8) = 3 {[(€) + &) + ao(F) + Gol9)) dt |
we HY(R),v e HY(R),f € O, g € 0/@} k=0,

{f{l(v)dt’veHl(R)} k=1,

0 k< —1.

The proof of the theorem follows along the same lines as in Section 7 of [4]. We use the
filtration on the complex (A*,s) associated to the parameter o = 0, which assigns bidegrees to
the fields and their derivatives according to the following table:

| (p,g) | (0" q")
z | (0,00 | (0,-1)
6 | (0,0) (0,—1)
p | (0,0) | (0,-1)
e | (2,0) (—1,0)
¥ | (2,0) | (=1,0)
c | (2,-1)] (-1,-1)
v (21| (-1,-1)

Here, p and p™ are the filtration degrees of a field ® and its antifield ®*, and ¢ and ¢™ are the
complentary degrees, such that gh(®) = p + ¢ and gh(®") = p* + ¢qT. We obtain a spectral
sequence EF? such that EFY = 0if ¢ > 0, and d,. : EF? — prtmartl

It is not a priori evident that this spectral sequence converges. We will see that, as in [4], d,
vanishes for » > 3. its convergence is proved by lifting the cohomology classes in E3 to the
explicit nontrivial cocycles in the original complex that were introduced above.

The differential dgy : Ef? — Eg’qH of the initial page Fj is as follows:

0

do = —(8pu —+ %8[ ,,]abax”eaﬁb - (A.J‘uab‘9 06" — FHVax )a
)i

0 0

b a

+ (naba(g + wuabaﬂfue )%ﬁ + w ox* ap’H'
L0 = O 92 4 o0 2

11



It follows that E is the tensor product of the algebra O, with generators X* = [ z# dt, and the
free graded commutative algebra with the following generators:

gh generators
—1|ET=[etdt, U = [¢Tdt
0 ©%= [0%dt, Py = [padt
1 C=[ecdt,T = [~dt

The differential d; : E?? — EP* is given by the formula
dy = —3 (n"P,P xjewer) 2 _p,en
1= =3 (PP Fu(X)976) g PO i
Cohomology classes in By = H*(F1,dy) take the general form
2 = ool + Y (14(£)] + [Bs(g)]).
3>0
where [bg] is an element of the ring

0[0%,P,, C, T/ (PaO%, %P Py + Fyp(X)0"6")

and
Aj(f) = 2(TF)TIER FQ - (IF) fu(P)Q, Bj(9) = (¥F) f 9,
for f,g € O[C,T.
The differential d : E5? — E§+2’q_1 is given by the formula

9 9
_ 2 2Y +1r_ ¥
dy = —CQ* ~TQ+T? 72 + 2E" T

where Q is the differential operator introduced in (6). The remainder of the proof of the theorem

is as in [4].

5. THE QUANTUM MASTER EQUATION

The Batalin-Vilkovisky formalism for quantization of a solution S of the classical master equa-
tion involves a series

S=S+) IS,
n=1
satisfying the quantum master equation
{[Sdt, [Sdt} +nfASdt = 0.

Expanding in powers of h, we see that this amounts to the sequence of equations

s[Spy1dt + %Z{fskdt,fsn,kﬂdt} +hfAS,dt =0, n>0.
k=1

Here, A is the differential operator

_ _1)P(®4) im (s &/
Affdt= 3 (—1ype / %Ltaff’t‘“ Daeesnoeerm)

D;

12



The operator A is ill-defined, owing to ultra-violet divergences. But in the case of the spinning
particle, there is a great simplification, since the only contribution to AS comes from the terms
—n® X Fpycand — X% of S, and we have

AS =A (fwg:v: (nabpbc + 9“7) + whw, g (fn“bpcpd"'pbc + 02'06167“7))
= Ca(—0uwl + whw, ) (n"pec + 6%)
= —(Cp slogdet (wz) .

where C' is a function of the cut-off A. (In fact, C'y vanishes in the heat-kernel regularization,
since the world-line R is odd-dimensional.) We see that S; = Cy log det (wz) Since {57, 51}
and AS; both clearly vanish, we also see that .S, = 0, n > 1. This shows that the solution to the
quantum master equation associated for the spinning particle with curved target is

S=85+Chlog det(wz).
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