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ON THE STRUCTURE OF NOETHERIAN SYHBOLIC REES ALGEBRAS

S. Goto, H. Herrmann, K. Nishida, O. Villamayor

Let A be a Noetherian Ioeal ring and I an ideal of A. In
this paper we use a slightly generalized nation of a syrnbolie power

ren) of land eonsider R = I ren) . First we eharaeterize the
n-O

property of R to be Noetherian, by an equimultiplieity eondition of

some symbolie power r(k) . The main purpose of this note is to explore

the problem when R Hf :I@r(n)andG=6}I(n)/r(n+1)arecohen-
'nEZ n~O ~

Macaulay or Gorenstein algebras in the ense that 1\ is anormal domain
and ht I :::t 1 .

1. Introduetion

Let A be a Noetherian loeal ring and p a prime ideal of A.

The Noetherian property of the symbolie Rees algebra R:I n~op(n) was

studied by many authors (e.g. [9], [10], [16], [18],[20], [21]).

In this paper we use a slightly generalized notion of a symbolie power

I(n) for any ideal rand eonsider R = ID l(n) . We are interested
n~O

in the Cohen-Maeaulay ,and Gorenstein property of R.

First we eharaeterize the property of R to be Noetherian by an

equimultiplieity condition'of some symbolie power I(k) . Under this

aspeet the problem was already studied' in the ease that dim(A/I) = 1

([10, Corollary], [16,.Theorem 4]). Here we will show that for any ideal

I of an unmixed Ioeal ring A the symbolie Rees algebra R is Noethe­

rian if lek) ~s equimultiple (i.e. the analytie spread of I(k) eoinei-

des with ht 1 (k) ) for some k (see (3.3).). The eonverse ~s also true

if A/r(n) is Cohen-Haeaulay for large n (see (3.6).)

The main purpose of this note is to explore the problem when R ,

R' ~ n~zl(n) and G ~ n~ol(n)/I(n+l) 'are Cohcn-Maeaulay or Gorenstein

algebras in the ease that A is anormal domain and ht I cl. In

/ __ 0'\
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Theorem (4.1) we show that the fol10wing statements are equivalcnt:

R is Cohen-Macau1ay,

n' is Cohcn-Hacaulay,

G is Cohen-Macau1ay,

provided that the order of the c1ass [I] of I in the divisor class

group Cl(A) of A is finite. For the characterization of the Goren-

stein property we describe in Theorem (4.5) the relations between the

canonical classes [KA] , [KR] and [KR'] of A, Rand R' respec­

tively as follows:

[KR ] C [I] + [ KA]

[KR t] :::I [KA]

From the first equation we get that a'Cohen-Macaulay ring R ~s Goren­

s te in i fund only i f K
A

:: 1* : = lIomi\ (I, A) • The seeond equa t ion imp 1 ics

that a Cohen-Macaulay. ring Rt ar G is Gorenstein if and only if A

is so.

In section 5 we give some exarnples. In particular we consider the

following three conditions on A:

( i) A ~s quasi-unmixed,

(ii) A is reduced,

(iii) A is a .Nagata ring.

These conditions imply that A is unmixed but not vice versa. Now our

examples show that if we replaee the condition "A is unmixed ll by any

~wo of the couditions (i), (ii), (iii), then Theorem (3.3) is no more

true.

Thraughout this paper we use the fallowing notations:

(1) A is a Noetherian ring. If A is loeal we denate by m the

maximal ideal of A and by ~ the m-adic completion. We denate by

Q(A) the total quotientring of A.

I
": - "., -

.'

(2) If I is a proper ideal of A we denote the ordinary Rees ring

ntoIUtUCA[tJ ,where t is an indeterminate, by R(I) , and the exten­

\' ·In
t

n
C A[ t , t- 1 ]ded Rees algebra.·- k by R' (I)

nEZ
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(3) For a given Z-graded ring R we denote the k-th Veronescan

subring by R(k) .

(4) We deno te by .2. (il) the noa 1y tie s prcnc.l of an iden 1 il Hl a

loeal ring A .

. (5) If il is an idenl of Li Nocthcrinn ring A wc put

A* (a) c o~>O AssA(A/an ) where an means integral closure of an , und

A*(a) = U 0 Ass (A/a
n

) (See [ 14]) .
n» A'

(6} For a Krull domain A we denote the divisor class group of A

by Cl(A) , and [al is the class in Cl(A) of an ideal a 10 A.

3

For a finitely genera ted A-module M
n -

det M c [(A M) **] , where () * means

of rankAM = n , we define

the A-dual.

(7) If a ring A has a canonical module we denote it by KA .

Acknowledgement. We are thankful to Y. Yoshino for suggestions and

some stimulating diseussions during the preparation of this work.

2. Preliminaries.

In this seetion we reeall several results whieh playa key role in

our investigation of symbolie Rees algebras. For some of thern, in

particular for (2.10) and (2.11), we give new proofs based on Itoh's

paper [4].

Throughout this seetion I and J are ideals of A.

Definition (2.1).

A is a filtration of

We say that a family F = {F } of ideals ofn nEZ
A if F satisfies the following conditions:

( 1)

. (2)

F :J F 1 for aoy n EZ .n n+

F F c F for any n, mEZ •
n m n+m

(3) F
O

c; A .

When' this is the ease we put

R(F) = L
n~O

and
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R I (F) L
nEZ

GOTD et al.

Thcn R t (F) CI R(F) [u] , whcrc
-1

u Cl t

Definition (2.2). A filtration F I:: {F } is said to be ann nEZ
I-filtration (resp. I-stable) if Fn ::> In for any nE Z (resp. there

is an integer r such that F => rn-rF for any n;;: r .). Obviouslyn . r
F 1.S an I-f il tration if and only if F 1 ::> I .

Lenuna (2.3). Let F = {Fn}nEZ be an I-filtration. Then the follo­

wing conditions are equivalent:

( 1) F is I-stahle.

(2) R I (F) is module-finite ovcr R I (I)

(3) R(F) is module-finite over R(I)

(4) Ihere exists an integer such that n-r far anyr F cl n;;: r.
n

Proof. (1)~(4) und (3)~(2) are trivial.

(4) ~ (3): Since

geoerated over

\' n r
L F t cR(I)t

n,=r n
R(I) .

we know that is finitely

r Cl max{ol"" ,os} . Then if 0'= r , we have

c rn-rF cF, hence F c: 10
-

r F
. r n n r

be geoerated by

F
n

(2) 0::> ( , ): Le t

n, Os
c,t , ... ,cst

R' (F)

(c. E F , n. E Z)
1. n. 1.

1.

over

s homogeneous elements

R I (I) • We pu t

s o-n .
.L

1
1 1. c . c

1.= ~

Lerruna (2.4). Let F {F}· be aoy filtration. Thcn the
n nEZ

following conditions are equivalent:

( 1) R(F) is a Noetherian ring.

(2) [R(F)](k) is a Noetherian ring for any k>O .
(3) [R(F)](k) is a Noetherian ring for same k>O
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I Proof. (1) ~ (2) : follows from [3, Chapter 111, 1.3, Proposition 2].

5

(2)-(3):

(3)~(1):

Trivial.

Let 0 ~ i < k and put L.
1

l: F . t
nk

n ~ 0 nk+l
. Then

k-l .
R(F) I:J ,LoL.t1. and L. 1.S Noethcrian as an ideal of [R(F)]lk)

1.= 1. 1.

Hence F(F) is module-finite over [R(F)](k).

Definition (2.5). For ideals 1. and J 1.n A let 1 : <J>

= .U [1 : Ji J Then F = {In : <J> } nEZ is an I-filtration cf A .
1.'= 1 A

And we write RJ(I) := R(F) and R~CI) .- R' CF) .

The Noetherian property of RJ(I) and RJCI) was studicd by

Schenzel in [19], [21]. In the rest of this section we will deal with

these algebras from another point of V1.ew. For that we use the method

of ideal transforms, and within this frame the results of Itoh ([4])

will be essential. So we follow his notations.

Definition (2.6). Let T(I,A) = {XEQ(A) IInxcA for sorne n>o}.

If A is a local ring with the maximal ideal m , then we denate

T(m,A) by Ag.

Then we have the following two results of Itoh:

Proposition (2.7). ([ 4, (1.16)]) Let A be a residue ring of a

local Cohen-Macaulay ring such that depth A ~1 Then Ag is a finite

A-module if and only if dim(A/p) ;;: 2 for every pE Ass ACA)

Proposition (2.8).

equivalent:

([4, (3.2)]) The following conditions are

(1) T(l,A) 1.S a finite A-moduie.

(2) 6 = AssA(Q(A) / A) n V(I) is a fini te set and (A p) g is a

finite Ap-module for every pE/)..

The next lemma gives the link between R~(I) and an ideal trans­

form of R' CI) .
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Lenuna (2.9).

GOTD et al.

Let a = JR'(I) + uR'(I) • Then we have:

R'J(l) ... 'l'(ll,R'(l»

-1
Proof. Let Q = Q(R'(I» . Then R'(I)cA[t,t ]cQ. We take any

tPET(a,R'(I» i.e. antpcR'(I) for sorne n>O. Then

untpcR' (I) CA[t,t- 1 ] so tpE A[t,t- 1] • Furtherrnore, sinee JnlPcR' (I).,

all eoeffieicnts of lP are in Im: Jn [ur some n, so we 1l3ve

lP E RI J (I) . Conversely, take any 1JJ E R I J (I) For n
. n -1 n

get u 1JJE.A[t ] cR' (I) and 'J 1JJcR' (I) . Therefore

sorne ,!J." henee 1JJ E T (ll, RI (I» .

large enough we

a9.1JlER' (I) for

Theorem (2. 10) • (e.f .. [19, (6.4) )]) Let A be a leeal ring with

the maximal ideal m. Then the following eonditians are equivalent.

( 1) R (I) 1S module-finite over R(I) .
m

(2) !J.,(I~+}J/p) <dim(~/p) for any P EAss f\ .

may assume that A is camplete. Put

·Proof. First we note that,since, (In : <ffi»~ c In~ : <m*> ,we

a = mR' (I) + uR'(I) . Theo by

(2.3) and (2.9) condition (1) holds if and only if T(ll,R'(I» is module-

finite over R'(I) • In this proof we put R' = R'(I) and Q'='Q(R') .

(1) ~ (2) : Assume that there is a prime ideal p E Ass A such that

.t(l + p /p) = dim(A/p) Then we know by [14, (4. 1)] that

m/PEA*(I+p/p) , hence we find by [14,'(3.18)] a prime ideal PEA*(uS)

such that P n A/p = rn/p , where s:= R I (I + P/p) • Since

dimSp C R,(uSp ) = by [14, (4.1)], we have PEMins(S/uS)

Let 1JJ: R ' -> S be the natural surjection and put p* = ker lJ1 ,
-1 . ,

'p' = tlJ (P) . Then p' E Ass(R' luR') cAss(Q/R') , and therefore

P' CAss(Q'/R') nV(a) • This implies that (R'(I)pl)g is module-finite

over R'(I)p' by (2.8). Sinee p*R'p' EAss(R'p') , we have

~im(R'p,/p*R'p,)'=2 by (2.7). Hence we obtain dimSp 2:2, which

is a eontradiction.



GOTO et .:11.
7

(2) ~ (1): Let /), :a ASB
R

, (Q'IR') n V(il) CAss
R

, (R' luR') . Since 6.

is 'a finite set, it is enough to show that dimeR' p,/Q) ;;;: 2 for any

Q E Ass R' pi by (2.7) und (2.H).

Q E Ass(R I p') such

P E Ass A , where

Now we assurne that there exists a prime ideal

that dim(R'p,/Q) Sl . Then Q = p*R'p' for Borne

p* denotes the kernel of the natural surjection

1JJ : "n' -> S eR' (I + p/p) . We put P c IJJ(P') • Then dirn Sp :;; 1 .

Since uEp we have PEHin(S/uS). This implies PEA*(uS) . Hence

we get m/p c p n Alp EA* (I + p/p) and so 9.(r + p/p) = dim(A/p) .

But this is a contradiction to condition (2).

Theorem (2.11). (c.f.[19, (5.6)]) The following conditions are

equivalent:

(1) RJ(I) is module-finite ovcr R(I) .

(2) 9..(r~ + QIQ) < dim(i'p/Q) for any pE Ver) n V(J) and any

QE ASS~

Proof. (1) ~ (2) ~ By (2.3) there exis ts an integer r such that

rn-r ~ In : <J> for any n ~ r • Let }J E V(I) n V(J) • Then

is
n-r n n

I A.- ==' I A : <J A > => I A : <PA
p

> . Therefore
p p p p

module-finite over R(IA) by (2.3). So we get
A P A

< dimtAp/Q) for any QEASSAp by (2.10).

(2)"'(1)~ We put R' a R'(I) and il = JR' + uR' . Then wc havc

T(a,R') = R'J(I) hy (2.9). Let /), c AssR,(Q(R')/R') nV(il) C

C Ass
R

, (R' luR') , which is n fini te set. \ole tnke nny P E Ö and put

p.'::! P nA . Then pE Ver) n V(J) , and from (2.10) and the assumption

we conclude that R' A (lA) is module-finite over R'(IAp) . This'. P P
P

implies that T(PR 'p ,R 'p ) is module-finite over R'p . Then

T(il,R') is module-finite over R' by (2.8).
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3. Finite $eneration of symbolic Rees algebras.

Throughout this section I is a proper ideal of a Noetherian ring

A and S denotes a multiplicative subset of A such that

InS ::>$.

Definition (3.1). Wewrite ren) =rnAsnA foreach nEZ and

we pu t R = R( {I (n) } n E Z) .

First we give a generalization of [20, Theorem (2.1)].

Theorem (3.2). Let A be a Noetherinn ring and I an iJcal u[

A • Then the following conditions are equivalent:

( 1) R r::r is a Noetherian ring.

(2) There ~s a pos~t~ve

< dim~/ Q for any

QE Ass rp .

integer k such that .Q..(I (k)"i\' + Q/Q) <
p

pE V{I (k» with p n s 'f tP and for any

(3)

(4)

There is a positive integer. k such that [r(k)]n c r(kn)

for any n 2: 1 .

There is a positive integer k such that [r(k)]n r(kn)

for all n» ° .

Proof. (1)~(3) comes from [3; Chapter 111, 1.3 Lemma 2], and

(3)..;. (4) is trivial:

(2).;1>(1): Put a=r(k). Then ansc<p and ii(o) =>!(kn) for

any 0'=0. Hence R(k) = R({a(n)} nEZ) . Let F = A*(a) , ~.e.
n

there is a positive integer r such thnt F = AssA(A/a) for aoy

n ~ r . Put F' = {p E F I}J ns "f <p} . We define an ideal J of A by

J = ! n
}J E F' P

A

if

if

F' f <P

f' = <p

Then an <J>ca(~) for all nEZ and

Hence we get RJ(a)cR(k) and [RJ(a)]n

n (n)
i\ : < J > = a for n f; r

[R(k)] for any r~r.
n
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Now the eondition (2) of the theorem implies that

by, (2. 11), so R(k) is also Noetherian. Henee R

(2.4) •

RJ(a) is Noetherian

is Noetherian by

9

(4) "* (2): Put a = I(k) Let pEV(a) and p n s :f ep • Theo for

n »0 have ,)0 (0) n n and so ,)11 11
llUY we c i\ =>41 <p>=> i\ <p> = i\

Henee Rp(a) is Noetherian. Then we get (2) by (2.11) .

As a eoro11ary we obtain the following theorem.

Theorem (3.3). Let A be an unmixed loeal ring and I and ideal

of A. If [(I (k)) ht (r(k)) for' some k 2: 1 , then R ~s Noetherian.

Proof. Let pE V(I (k)) and p n s ., ep • We have to show the inequa-

lity (2) of (3.2). Note that for any QEASS~ we have

2(1 (k){' + Q/Q) ~ 2(1 (k)) c ht (I (k)) ~ dim(A )
P Jl

dim~/Q) .

Therefore it is euough to show that ht(I(k)) <dirnA . If ht lek)

= dirn Ap • then pE Min(A!r (k» and so jJ n s = <p • PThis is a

eontradietion.

Proposition (3.4). Let A be a loeal ring. If A/rn is Cohen­

Maeau1ay for all n '= 1 , then 2(1) z::l dirn A - dim(A/I) • Ilenee, i f A

is quasi-unmixed, we have 2(1) c ht-r , i.e. I is equimultiple.

Proof. Put s = dimA/l and ehoose a subsystem of parameters

a
1

, ••• ,a
s

for A so that a
1

, ••• ,a
s

form a system cf parameters

for All. Then as a
1

, ••• ,a
s

is an A/ln-sequenee, we get

qIO = q n In for all n ~ 1 , where q = (a" ... ,a )A ~ Therefore
s'

G(I) IqG(I) ~ G(I + q/q) and this irnplies 2(1) = dim(A/q) = dirn A -s =

:::1 dirn A -dirn(A/I) .

Corollary (3.5). Let A bc a Ioeal ring as in (3.4) aud

F = {F } any filtration of A. If R(F) is Noetherian and A/F
n nEZ n

i8 Cohen-Haeaulay for 11» 0 , then 2(F
k

) = ht (Fk) for same k.
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Proof. By assumption, there 1S a positive integer k such---
that (Fk)n = Fkn for all n~l Therefore, taking k large enough,

we rnay assume that AI (F ) n is Cohcn-Hueuu1ay fur any n 2: 1 'rhenk
9.. (Fk ) = ht(F

k
) by (3.4) .

Frorn (3.3) and (3.5) we get the fo11owing theorem.

Theorem(3.6). Let A be an unmixed loeal ring and supposc that

A/I(n~ is Cohen-Maeaulay for n »0 • Then R is Noetherian if and

only if 9..(1 (k)) = ht(I (k)) for some k ~ 1 •

In the rest of this seetion we assume the fol1owing situation,

labelied by (*):

(*) (A,ffi) is a Noetherian normal loeal domain of dirn A -= d > 0 anu

ht I - 1 When this is the ease we ehoose in p~rticular S = A.......p ~ F P

where F c {p E H
1

(A) I c p} ,and H1 (A) denotes thc set of height

one prime ideals of A . Then we define ren) and R as in (3.1).

Moreover we denate by R' and G the extended symbolie Rees algebra

R' ({r (n)} ) and the associated graded ring G} I (n) 11 (n+ 1)
nEZ n~O

respeetively.

Remark. Note that

situation (*), since

1(0) is the divisorializatioo of

I (n) = (PQF1nAp) nA = P~1I1 (A) InAp

in the

Theorem (3.7). In the situation (*f we assume that A is an un-

mixed loeal ring of dirn A 2: 2 and tha t Ap i s f ae tor ia1 [0 r a 11

p E Spee A....... {m} • Theo R is Noe therian if and ooly if ~(I (k)) < dirn A

for sorne k.

Proof. Let pEV(I) ....... {m} and pnSf<P So ht p;;: 2 and Ap 15

faetorial. Therefore r(k)A must be principa1 for any k since it is
p

a divisorial ideal of A by the fore-going remark . Hence we have for
~

p
any QE Ass Ap and k>O
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9ince ')J 19 unmixed. Therefore we get the claim of the theOrerri~3.2)
and [14, (4. 2) J.

Now we characterize the property of R to be Noetherian by the

order of. the class [1] of r in el(h) , which is denoted by

I[I] I ·

Theorem (3.8). In the situation (*), R is Noetherian if I[I] 1<00 .

The converse holds if A is a quasi-unmixed leeal ring and A/1(n)

1S Cohen-Maeaulay for n» 0 .

First we show:the following lemma.

Lennna (3.9). Let k be a positive integer and aS5ume that
. (k)
I = a A with a E AThen the following assertions hold:

11

( 1) k
at is a non-zero divisor on Rand C .

(2)

(3)

k
R/at R

k
G/at G

Proof. For any n ~ 0 we write n = ik + j with i 2: 0 and

OSj<k. Then we get r(n) == air(j) . This proves (2) and (3). To

show tha t atk is a non-zero divisor on G, we. assurne that x E r (n)

E
(k+n+1)

ax 1 sinee k + n + 1 = (i+1)k+j+1 , we have 1(k+n+1) =

i+1 (j+1) i+1
= a r and so ax = a y

x =. aiy E I (n+1) . Therefore atk

of course on R tao).

for same y E r(j+1) . Thcn

is a non-zero divisor on C (and

Proof of (3.8). The first assertion follows immediately from

(2) of (3.9). Conversely, let R be Noetherian and aS5ume that A 15

quasi-unmixed and Air (n) 1S Cohen-Maeaulay for n» 0 . By (3.5) we

have R.(r (k) = for some k > 0 • Then I (k) mus t be prineipal, and

.50 1[1]1 <k •

Corollary (3.10). In the situation (*) we assume dimA

R is Noetherian if and only if 1 [I] 1 < 00 •

2 . Then
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4. Cohen-Macaulay and Gorenstein propcrtics.

Throughout this scction A und I sntisry the (;onc.lition (*) uf

section 3. Assuming 1·[1] I < 00, we first investigate the Cohen-Macaulay

property of the algebras R, Rt and G dcfined in (*). 1hen we describe

the relations betwcen thc canonienl classcs of A, 'R und R I , which

lead in particular .to a characterization of the Gorenstein property of

R, R 1 and G. Note that the divisor c lass groups of Rand R I. are

availablc since these algcbras are Krull domains (Sec (4.3) .).

Theorem (4. 1) • Suppose that k = I[I] I < 00 Theo the following

statements are equivalent:

( 1) R is a Cohen-Maeaulny ring.

(2) R' ~s a Cohen-Macaulay ring.

(3) G is a Cohcn-Macaulay ring.

(4) l(n) is a maximal .Cohen-Macaulay module over A (i.c. a

Cohen-Macaulay module over A with the same dimension as A)

for OSn<k.

(5) 1 (n) is a maximal Cohen-Macaulay module for any n E Z .

Proof. By assumption there ~s an element a E A such that I (k) c a A •

(1)~(4): By (3.9) R is Cohen-Macaulay if and ooly if

T ::::l RI atkR CI A$ I (1) e ... Gl I (k-l) is Cohen-Macaulay. Note that any

system of parameters for A is a homogencous system of parameters

for T. Therefore conditions (1) and (4) are equivalent.

(4)<:=t:=;.(5) : We take any n E Z . Then I (n) 1.S isomorphie to one of

the ideals A, I(1), ... ,I(k-1) as we have seen in the proof of (3.9).

(2)~(3) : The element
-1

u = t is a homogeneous non-zero divisor

on R1 nnd wc havc R' I uR I ::: r. . Hcncc R' i~ Cohcn-H.1C:l1l1.1 y i f llnd

only if G is Cohen-Macaulay.

any

(5) oe> (3): We conclude from (5) thut dcpth (In) Ir (n+l)) CI d-l
A

nE Z . Therefore Air (1) is a Cohen-Hacaulay ring and

for
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(n) (n+l). . (1)
1 /1 1a a rnax1mal Cohen-Macaulay module over A/l ,i.c.

Gl.atkG = A/l (1) e 1 (1) /1 (2) GI ... fD I (k-1) /1 (k) is a Cohen-Hacaulay ring.
kMoreover G is a Cohcn-M:Icaul.:ty ring to~ Rincc :It 15 a nOll-Z;Cr.o

divisor on G by (3.9).

(2) ~ (4) : Condition (2) irnpl ies R' A[ t, t -1 ] is a Cohen-M.:tcaulay
u

ring, hence A must be Cohen-Macaulay and dim(A/l(1» c d- 1 •

Furthermore we know tha t GIatkG = All (1) m1 (1) 11 (2) 19 ... mI (k-l) 11 (k)

is a Cohen-Macaulay ring by (3.9), therefore depth (l(n) 11(n+1» =d-1
A

for O:S n < k . Then. 1 (1), 1 (2) , .•. ,1 (k-l) are maximal Cohen-Macaulay

A-rnodules by the dcpth-lemma applied to thc exact sequeocc

o --> 1(n+1) --> I(n) --> l(n) 11(0+1) ---> 0 q.e.d.

If dirn A = 2 then 1 (n) is always a maximal Cohen-Hacaulay

A-module for all nE Z , 5 ince 1 (n) is the divisorialization of

In . This yields the following Corollary.

Corollary (4.2). If dimA c 2 and I[I] 1<00 , then R, R' and

Gare Cohen-Hacaulay rings.

To characterize the Gorenstein property of Rit R' and G we first

calculate the canonical classes of Rand R' .

We start with a lemma.

Lemma (4.3). Under the general assumptions of the section the

following assertions are true:

( 1) R .and R' are Krull domains.

(2) If P E H1 (R) or P E H1 (R I ) , then ht(pnA),Sl .
(3) If PEH

1
(R) and pnA i- 0 , then (p n A)R p= PR p .

(4) If PEH
1

(R) and QEH
1

(R) with pnA:::IQnA:,#0 ,

then P = Q •

13

Proof. (1) since

F = {p E H
1

(A) Icp} , we have
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(D)

For any p E H
1

(A)

hence. Rp C ~[at]

domains. Thercforc

there is an element a E A such that IAp = aAp ,

and R'p = A
p
[at,t-

1
] • These two rings are Krull

Rand R' are Krull domaio9 by ((I) anti [3, Chaptcr.

VII, 1.3, Example 3].

(2) We ooly consider the case where P E H1(R') • (The same prüof

works for P E H
1

(R) .) For every p E H
1

(A) we put

w(p) c {Q' E H
1
(R') I Q' n Acp} • Then by (11) we find the following

defining fami1y of ~iscrete va1uation rings for R' :

Now, if P E H
1

(R') , we have the fo11owing two cnses:

(i) R'p ;:I R' Q, f 0 r s ome Q' E w(p ) wi th P E f .

(ii) for some

p = P nA . Then

ring over A
p

we know

pR :::I PRp and sop

For (i) we obtain P n A = QI n A c p and for (ii) we have P n A = Qn A •

In both cases we get ht (P n A) :$ 1 •

(3) If P E H
1

(R) and P n A I- 0 we put

p E H
1

(A) by (2). Since Rp is a polynomial

that PRp E Spec Rp and 0 f. PRp c PRp • Hence

PRp 1::1 PRp .

(4) This fo1lows from the proof of (3).

By (2) of (4.3) the inc1usions AcR and AcR' satisfy the

condition PDE of Samuel ([3, Chapter VII, 1.10]). Hence there are

natural homomorphisms i: Cl(A) --> Cl(R) and

i 1
: Cl(A) --> CI(R') . The next proposition describes these homo­

morphisms.
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Proposition (4.4). (c.f.[22, Proposition 2.6]) With the assumptions

as above the following statements hold:

(1) i· is an isomorphism.

(2) i' is a splitting monomorphism.

Proof. (1) Let T = A ........ {O} • Then Cl(RT) = 0 since RT lS a

polynomial ring over the quotient field of A. This implies

CI(R) = <[p] I PEH
1

(R) , pnA., 0> , see [3, Chapter VII, 1.10]. On

the other hand, if P E H
1

(R) and P n A "1 0 , then p : = p n A E H
1

(A)

and i([p]) = [p] by (4.3) and [3, Chapter VII, 1.10, Prop. 14]. Hence

i is surjective. To show that i is injeetive we assurne Cu] E Ker i ,

where a is a divisorial ideal of A. Then there is a homogeneous

element f € R such thut ilRp Cl (Rp

pE H
1

(A) • Sinee Rp is flat over

So we have uRp = fRp . Therefore

[a] Cl 0 .

fur all

A , aRp
f E A und

P € 111 (R) • Now take

is also divisorial.

A = fAp . Ihis impliesp ,

is a splittingi'

be the homomorphism indueed from
-1 -1

t • Since R' c: A[t,t ] , we
u

[ 3, ehapte r VI I , 1. 10, Prop. 18] •

j : Cl (R ') -> Cl (R' )
u

Let(2)

the inclusion R' eR'· where u c
U '

identify CI(R') with CI(A) , s.
u

Then the composition joi' is an identity map. Hence

monomorphism.

Now·we describe .the relations between canonieal classes of A,

Rand R' .

Theorem (4.5). (c.f. [8, Theorem (e))). Suppose that A is a homo­

morphic image of a regular local ring and R is Noetherian. Then the

canonieal modules K
A

, ~ and ~, exist and we have the following

equalities:

(1) t~] = [I] + [K
A

]

(2) [Kn,] = [KA~ .

Here we regard [I] and [K
A

] as elements of Cl(R) (resp. Cl(R'))

via the group homomorphisms i (resp. i').
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To prove (4.5) we recall the following fact, which is well-known.

Lenuna (4.6). Let A bc a discrete vnluntion ring nnd M a fini.-

tely generated free A-module with a free basis h
1

, ••• ,h
n

. Suppose L

is an A-submodule of M gcoeratcd by gl, ... ,go such that M/L 15 a

n
torsion A-module. If g. :::% • E1 a.. h. (a.. E A) for 1:si ;$ 0 , then

J 1 = 1J 1 1J

where v denotes the normal~ed additive valuation of A.

We divide the proof of (4.5) iota two steps:

f 0 r ;s i sn, and 1e t Xl"'" Xn ' Y

n ;>.2 • Wc denate thc kerncls af thc

Proof of (4.5). in ease that I(i) c I i for all iEZ
----------~,----

I c (a
1

, ••• ,a
n

)A with a
i

1 0

be indeterminates. We muy nssumc

surjections

: Let

A[X
1

, ••• ,X
n

] ->R with

and

X. 1--> a. t
1 1

by J and J' respectively.

with
-1

X. 1-> a. t, Y 1-> u=t
1 1

Claim 1. The following equations hold:

(i)

(ii)

2
det(J/J ) c -[KR] + [KAR]

det(J'/(J
, )2) :::% -[KR'] + [KAR']

Proof. The equation (i) was already shown in the proof of [8,

Theorem, (c)] . The same teehnique as in [8] works for (ii): Actually

there is a regular Iocal ring S together with an epimorphisrn S -> A

by assumption. Let J
1

and J
2

be the kerneis of the natural surjec-

tions S[X 1,···,xn ,Y] --> A[X
1
,···,x

n
,Y] and S[X

1
,,,,,X

n
,V] _._.> H'

Tben by tensarizing with S the sequence O->J->J-> J t -> 0
1 2
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gives rise to a complex.of R'-modules

which is split exac t at prime ideals P E H
1

(R') . So we obtain (ii)

by [8, Lemma p. 183].

The following equations hold:

17

(i) .

(ii)

2det(J/J ) = -[IR]

Proof. (i) We ·put

g. =aX.-a.X EJ
1 n 1 1 n

for 1 S i ~ n - 1

Let L be the R-submodule of M generated by the classes of

--g1 , ... ,gn-1 in M • Since JC = (gl"" ,8
n

- 1)C where C = B 2Q(A)

and since gl! ••. ,gn-1 form a regular sequence on C , we get

M: Q(R) c: L ~ Q(R), and the rank of thi s vec tor space over Q(R) is

n - 1 • Hence we get:

detM c - . L 9.,(T p)[P]
P E H1 (R)

where T = MIL (see [3, Chapter VII, §§ 4.5]). We want to show that

for any P E H
1

(R) , where vp is the valuation with respect to P .
For that it is enough to consider the ease where IA = a A or

p n p
IA c a A where p :::< P nA . (Note ht p :;; 1 by (2) of (4.3)).

p n-1 p

If IA = a Athen there exis ts an element Cl. E A such that
p n p 1 P

a. = CI,. a for all 1:;; i :;i n - 1 . We put
1 1 n

h. c X. - a.X E JB
1 1 1 n p for 1 ;S i ;S n - 1

since JB
p

=

we know that

(h
1

, ... ,h
n

_
1
)B

p
and since h

1
, ... ,h

n
_

1
form a Bp-sequence,

Mp is Rp-free and the images of h 1,··· ,hn- 1 in ~
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form a free basis over Rp • On the other hand we have

1.e.

a
n

a
n

a h.
n 1

a
11.

Therefore 2(Tp ) = (n-l)vp (a
n

) by (4.6), and this implies (*1) since

Vp(IR) = vp(an) ·

Next we assume IAp = a
n

_
1
Ap • Then there exists an element a

i
E Ap

such that a. = a. a 1 for 1::ii i ;S n • In this ease we put
1 1 n-

h. = X. - a.X E JB
1 1 1 n p for 1;S i ;S n-2

- a X 1 E JB
n 1\- JJ

Then we have

a
n

(gl,···,g 2,g 1)=(h1,···,h 2,h 1)n- n- n- n-
a

11

-al' .. -a 2-a 1n- n-

By the same argument as before we get 2(Tp) = vp (a
n

_ 1) + (n-2)vp (an)

and this implies (*1), since vp(u
n

_ t ) = vp(IR) . This provcs (i) oE

claim 2 since [an- 2R] = 0 .
n

(ii) Now we put B = A[X 1, •.. ,Xn,Yl H = J'f(J,)2 und,

g. = a X. -a.X for 1 ~ i :;; n - 1
1 n 1 l. n

g = X Y - a both contained in J'
n n n

Let L be the R'-submodule of M generated by the classes of

g 1 ' • •• , gn 1n M. Then
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detM =- 2 9.,(Tp )[P]
P E H1(R' )

where T = M/L . We want to show

for aoy P E H1(R') • For that it is enough to eonsic1er the ease where

IAp -= anAp and IAp = 8
0

-
1

Ap where p = p n A •

If IAp = anAp , there exis ts an element a i E Ap such that

a. = a. a for 1 ~ i :ii n-1 . We put
1 1 n

19

h. :::I X. -a.X
1 110

11 :::I X Y - a
n n n

for 1::;; i :;; 0-1

since J'Bp = (h 1, ... ,hn)Bp aod S1nce h 1, ... ,h
o

form a Bp-sequenee,

we know that ~ is R'p-free,aod the images of h
1

, ... ,h
o

in Mp

form a free basis over R'p . 00 the other hand we hnve

a
n

(gl,···,g 1,g) = (h 1,···,h 1,h)n- n 0- 0 a
o

Next we assume I~ = a
n

_
1
Ap • Then there exists an element ai EAp

such that a. :::I cx.a 1 for 1 S i'$n . In this ease we put
1 1 n-

h. = x. - a. X 1 for 1:;;i'$0-2
1 ~ 1 n-

h :::I X - a X
0-1 0 0 0-1

h r:::::t Xn- 1Y - a
0 n-1

Theo we have

(g 1 ' • • • , g 2' g l' g ) = (h 1 ' • • • , h 2' h 1 ' h )n- 0- 0 n- 0- n

a
n

-al··· -a 2- a l Y
n- n-

O ••• 0 0 a
n
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By the same argument as before we get

and this implies (*2),since an-lan =

Z(Tp) ~ (n-2)vp (an) + vp(an_,on)

a . This ,proves (ii) of claim 2.
n

20

Combining claim 1 and claim 2 we get (4.5) in the cnse whcre

I(i) ~ri forall iEZ

Proof of (4.5) in the general ense. Sinee R is Noethcrian, thcrc

exists a po~itive integer k such that ·(I(k»n c r(kn) for n,= 1 •

(1) We put S ~ LoI(kn)tkn . Then we are in the previous special

case and therefore [~:] = las] + [KAS] ,where a = lek) . Hence

KS .. K~* .. (ilKAS) ** (R.) for some R. E Z ,where () *' meaus the S-dual.

It is easy to see that R. = -k by passing to Sp for a prime ideal

pEH 1(A) • On the other hand, since R is module-finite over S , we

have ~==HomS(R,KS)' Nowweput Si =n~oI(kn+i)tkn for O:;ii;$k-l.

k-1 i k-l
Theo R 0::: .L

O
S. t ;;; .EIl

O
s. (-i) nnd so1= 1 1~ 1

k - 1
(B HornS (Si' (ilKAS)**) (i-k)

i=O

Therefore we may regard the canonical module of R as

~=

k-l
L [[ S : [S : aKAS]]

. 0 F F1 0:::

S.]tk- i
F 1

where F ~ Q(R) . For any PEH1(R) the ideal p = pnA has ht p ;:;1

Therefore we find elements a,b E A such that I p = aAp , (KA)p = bA
k ais

p

p
Theo we get aKASp -= a bSp and (5.) and therefore

1 p

(~)p~ ~~~ ak-ibSptk-i c (IKARt)p and (~)p c (IKARt)p

This implies [KR] = [IR] + [KAR] .

(2) We use the same rnethod as in (1): Let

Theo

Hence

S! =
1

by the previous special case in the proof of (4.5).

()* means the Si-dual. Now we put

O:Si:;ik-l . Theo we get

k-1 -i k-l
R I = .LOS! t ==. IBo s! (i) and so1= 1 1= 1
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k-l

KR' ~ i~O HornS (Si,(KAS')**)(-i)

Therefore we may regard thc canonical module of R' as

where F' "" Q(R') • For any P E H
1

(R') considet' the ideal P = p n A •

Similar to (1) we find elements a, b € A such that K S' = bS' and
A p P

S! = a-iS I • Henee (K) kE1.. i bS I t i "" KR' and so
1 p R' P = icO a P A P

(K.n')p = KAR~ This implies [~I]:::I [KAR'] ,q.e.d. (4.5).

Remark (4.7). If k = I[I] I< lXl, one ean show the relations (1)

and (2) of (4.5) without using the eondition that A is a hamamorphic

image of a regular loeal ring, provided A has a canonieal module. The

reason is that in this situation S "" L I(nk)tnk is a polynomial
n;::O

_ ring over A. Therefore we have immediately KS ;:; K
A

S(-k) , and then

the same method works as before.

Finally we come to the charactcrization of thc Gorenstein propcrty

of R, Rand G.

Theorem (4.8). Let A be a homamarphie image of a regular loeal

ring. Then the following assertions are equivalent:

(1) R 15 a Gorenstein ring.

(2) R 1S a Cohen-Macaulay ring and 1* Si K
A

,where 1* =Haffi
A

(I ,A) .

Proof. By (1) of (4.5) we have

[~] =O~[I] + [K
A

] "" 0

~[KA] =-[1]:::1 [1*J

This praves the equivalenee of (1) and (2) of (4.8).

21
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Theorem (4.9).
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Let A be a homomorphic image cf a rgular local

ring. Then the following assertions are equivalent:

( 1) R' is u Gorenstein ring.

(2) R' is a Cohen-Macaulay ring and A is a Gorenstein ring.

(3) G is a Gorenstein ring.

(4) G is a Cohen-Macaulay ring and A is a Gorenstein ring.

Proof. (1)~(2) follows from (2) of (4.5). (1)~(3) and

(2}<em:>(4) are trivial since RI/uR' ~ G

Finally we collect some resul ts under the condi tion I [1] I < 00 •

Proposition (4.10). Suppose 1[1] I< 00. Then the following state­

ments are equivalent:

(1) R (rcsp. G) is n Curcnstcin ring.

(2) 1* g K
A

(resp. A is a Gorenstein ring) and l(i) 1S a maxi-

mal Cohen-Macaulay A-module for all i ~ 0 .

Proof. This follows from (4.1), (4.5) and (4.7).

Corollary (4.11). Supposethat dimA=2 and 1[1]1<00. Then

the following are true:

(1) R is a Gorenstein ring if and on1y if 1*;;:; K
A

•

(2) G is a Gorenstein ring if and ooly if A is a Gorenstein ring.

Proposition (4.12). Let A be a Gorenstein ring and 1[1]1< 00

Then R is Gorenstein if and only if 1(1) is principal.

Proof. Let k c 1 [I] I • If R is Gorenstein, then I (k-1) ;: 1* ;:

g K ;: A and so I (k-1) if principal. Hence k cl. Conversely if
A

1 (1) is principal, then R is a polynomial ring over A.• Therefore

R is Gorenstein.

Proposition (4.13). Let k r:: I [1] I< 00. If A has a canonical

module K
A

and if K
A

;;:; I , then the following conditions are cquiva­

lent:
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(1) R ~s a Gorenstein ring.

(2) k ~ 2 and l(n) is a maximal Cohen-Macaulay A-module for

n 1:11 0, 1

Proof. (1) => (2) : We have [K
A

] C [I] by the assumption K
A

=I •

On the other hand. we conclude from (1) and .(4.10) that [K
A

] = - [I] .

Hence [I] = - [1] and so 2[1] = 0 .

(2) oe> (1): Since [I] c - [I] "" [1*] , we have K
A

Ci 1<= 1* • Hence

R is Gorenstein by (4.10).

Proposition (4.14). Suppose that I [I] I< 00. If R is a Cohcn­

Maeaulay ring, then the fol10wing statements are equivalent:

(1) R(u) is a Gorens tein ring f or some n > 0

23

(2) The canonieal module of A exists and

Proof. (1)=>(2): By (4.10) we have [K
A

] C - [I(n)] :::I -n[I] .

(2) oe> (1): There is an integer i such that [K
A

] c i[I] . Let

k = I[I] I and take a positive integer n so that k divides n + i .

Then [I(n)] + [K
A

] = (n+i)[I] :::I 0 • Hence R(n) is Gorenstein by

(4.5), (1).

a Gorenstein ring.

Proposition (4.15).

nieal module with

Suppos e that d im A

k :::I I [RA] I < co. If

= 2 and A
I c K(k-l)

A

has a cano-

then R is

Proof. R ~s Cohen-Maeaulay by (4.2). Moreover we have

[I] = (k-l)[KA] = - [K
A

] • Henee R is Gorenstein by (4.10).

5. Exumples und remarks.

Throughout this seetion A is a Noetherian local r~ng with tlle

maximal ideal m.

First we consider the following three conditions on A
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(i) A is quasi~unmixed.

(ii) A is reduced.

(iii) A is a Nagata ring.

These condtioos imply that A 1S unmixed. Therefore Theorem (3.3)

is also true if we rep1ace the assumption "A. is unmixed" by the con­

ditions (i), (ii), (iii). But in this situation we can give a simpler

proof for the claim of (3.3) provided that the residue class field of

A is infinite. (We use the same notations as in definition (3.1):

is an ideal of the

und put

J

We choose a minimal reduction J of ~ ~ lek)

T .'-- ) Jntkn. S1'ncen~O A is quasi-unrnixed and

principal class, we know by [17, Theorem 2.12] that

As sA(AIJn ~ Min
A
(Aj'?) = Min

A
(A/a) for n> 0 ,where Jll denotes the

integral closure of Jn. rhis implies in particular that any element

s € S is a non-zero divisor on A/an
. Therefore we have

anAs nA = an and so' a (n) c ~ . This shows

where T 18 the integral closure of T in A[tk ] If ht a > 0

Q(T) k n(k) is module-finitethen = Q(A[t ]) . therefore ovar T S10ce,
n(k)A is a'reduced Nagata ring. lf ht a :c 0 , then = A since A

1S reduced. In hoth cases R(k) is Noetherian, hence R itself is

Noetherian by (2.4).

The following three examples show that the claim of (3.3) under

the assumptions (i),(ii), ·(iii) becomes false if any of these three

conditions is omitted.

From now on we denote by

given prime ideal p of A

p(n) the n-th symb01ic power of a

'1 I 't1(0) <= pnA n A1n tle usua sense, 1.e. ~ p

Example (5.1). Let (A,m) he a two dimensional Nagata domain

with the normalization A such that A/A;: Alm. Suppose that A has

exactly two maximal ideals M and N with ht M ~ 1 , ht N = 2 and

Mn N = m • Furthermore we assume that M is a principal ideal and N

includes a prime element y. Such an example exists by [15, Appendix

E 21]. Note that A is not quasi-unmixed by [15, 34.6]; otherwise
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A has to satisfy the second chain-condition, hence A has to

satisfy the.first chain-condition. That would be a contradiction

to the fact thut M find N have different heights. We put P "" yA

and pcp n A • Then ht p = und the following assertions hold:

( 1) P(n) ;:<p~ for n~l .
(2) R.(p(n»

CI 1 .for n i;:; 1

(3) R "'" EB p(n) is not a Noetherian ring.n;;:O

Proof. (1) Since Ap = (A)p = ~ , we have pnAp = pOXp for

nE;O . Therefore

25

(2) Let M = x A Then we get from (1) (p (n» 2 "" ap (n) , whc;rc
n

a = xy ,and a E M n N = m •

(3) Assume that R is Noetherian. Then there

ger k such that (p(k»2 = p(2k) . This implies
2- -

(1), hence M~ = ~ , a contradiction.

is. a positive inte­

p2\t2 = p2~ by

Example (5.2). Let S = k[[X,"Y, zll be a formal power series ring

over a field k and let A CI S/(X2
,x.Y) =: k [[x,y,z]] • Then A is

a quasi-unmixed Nagata ring, but not reduced. We put P = (x,z)A .

Then P E H
1

(A) and the following assertions hold:

( 1) p(n) c n for(x, z )A nl;: 1

(2) 2(p(n» c 1 for nG:1

(3) R c
Ql p(n) is not a Noetherian ring.nl;: 1

Example (5.3). We use the noatious of (5.2). Since depth A = 1 ,

there is a leeal domain (R,n) such that ft == A by 111, Theorem 1].

Then R is quasi-unmixed and redueed, but not a Nagata ring (other­

wise A = ft would be redueed.). Let a = (x,y)A + m2
. Then

R/a n R ;;:; A/a , sinee a is n-primary. We get a n R~ n hence there

is an element fEn such thnt fllanR. Thcn m = (x,y,f)A .
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Replacing z by f we may assume zER from the beginning. Now we

put p = pnA Then ht p = 1 and the following assertions hold:

( 1) p(n) CI p(n)A for n~l

(2) R..(p(n)) r:::: 1 for n ~ 1

(3) s .- m p(n) is not a Noetherian ring.
n~O

Proof. (1) Since A/P,(o)A is Cohen-Macaulay, we have

ASsA(A!p(n)A) 1:2 MinA(A/p(n)A) • On the other hand V(p(n)A)CV(znA) =

1:2 {p,m} . Hence ASSA(A/p(n)A) = {p} und so p(n)A is P-primary.

Therefore we have p(n)A CI p(n) , since p(o)~ = pnAp = zo~

(2)

we get

Since (R!n) @ R(p (0)) ;: (A/m) t (A ~ R(p (0)));;; (A/m) ~ RCP (0))

~(p(o)) = ~(p(n» ~ 1.

(3) Assurne that S is Noetherian, then S0A~R =
R

Noetherian. But this contradicts to (3) of (5.2).

1.S

The next example shows that the "only if" part of (3.6) is not

true in general unless All (n) is Cohen-Macaulay for n» 0 .

Example (5.4). Let A ~ k[[X,Y,Z,W]] I(XY - ZW) = k[[x,y,z,w]]

where k[[X, Y,Z,W]] is a formal power series riog over a field k.

We put p::: (x, Z)A . Then p E H1CA) and the following assert ions hold:

( 1) for n '= 1

(2) t(p) 1:2 2

(3) A/pn is not a Cohen-Macaulay ring for n ~ 2 •

Finally we construct a Gorenstein symbolic Rees algebra using

the invariant theory.

is a Gorenstein ring.

S = ~[x,Y] be a polynomial ring and let
322put P c (X ,X Y,XY )R.• Then the symbolic

Example (5.5). Let
3 2 2 3R c ~[X ,X Y,XY ,Y] . We

Rees algebra R 1:2 m p(o)
n~1
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Preef. Let w be a primitive cubic reet ef unity and let G be

the ~ubgroup of GL2(1I:) generated by o =(~ ~) Then it 1S well-

known, thnt R u sC . He put P c XS Tllere(brc we obtuin
p(n)

;:: pn n R( ;:: (pn) C) for n~l , i.e.

Since R(P) = a:;[X,Y,Xt] and a acts on Xt as a(Xt):::I wX t

,.,e get

where Xt is taken with degrcc onc. llcncc R must bc iJ. Gorcnstcin

ring by [23, Theorem 1].

27
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