EXPLICIT SHUFFLE RELATIONS AND A GENERALIZATION OF
EULER’S DECOMPOSITION FORMULA

LI GUO AND BINGYONG XIE

ABSTRACT. We give an explicit formula of the shuffle relation in a general framework
that specializes to shuffle relations of multiple zeta values and multiple polylogarithms.
As a consequence, we generalize the decomposition formula of FEuler that expresses the
product of two single (Riemann) zeta values as a sum of double zeta values to a formula
that expresses the product of two multiple polylogarithm values as a sum of other multiple
polylogarithm values.

1. INTRODUCTION

The decomposition formula of Euler is the equation

< (ko1 — [ sth1
(1)  ((r)¢(s) = Z ( ) )C(T—i—k,s — k) —1—2 ( . )C(s—l—k,r— k), r,.s>=2,
k=0 k=0
expressing the product of two Riemann zeta values as a sum of double zeta values. In this
paper we generalize this formula in two directions, from the product of one variable functions
to that of multiple variables and from multiple zeta values to multiple polylogarithms.
In fact, we obtain our formula in a general setting of shuffle algebras and quasi-shuffle
algebras in order to provide a natural framework to treat these special values uniformly
and to connect our generalization with the extended double shuffle relations of multiple
zeta values.

To motivate our generalization, we describe the relationship between Euler’s formula
and double shuffle relations of multiple zeta values. Multiple zeta values (MZVs) have been
studied quite intensively since the early 1990s [21], [30] involving many areas of mathematics
and physics, from mixed Tate motives [12, 29] and combinatorial number theory [3], 6, 22]
to quantum field theory [9]. Especially interesting are the algebraic and linear relations
among the MZVs. Because of the representations of an MZV as an iterated sum and as an
iterated integral, the multiplication of two MZVs can be expressed in two ways as the sum
of other MZVs, one way following the quasi-shuffle (stuffle) relation and the other way
following the shuffle relation. The combination of these two relations (called the double
shuffle relations) generates an extremely rich family of relations among MZVs. In fact,
as a conjecture, all relations among MZVs can be derived from these relations and their
degenerated forms, altogether called the extended double shuffle relations [24, 27]. A
consequence of this conjecture is the irrationality of ((n) for all odd integers n > 3.

Naturally, determining all the extended double shuffie relations is challenging and the
efforts have utilized a wide range of methods. One difficulty is that the shuffle relations
have not been explicitly formulated in terms of the MZVs. For example, to determine the

double shuffle relation from multiplying two Riemann zeta values ((r) and ((s), r,s > 2,
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one uses their sum representations and easily gets the quasi-shuffle relation

(2) ¢(r)¢(s) = ¢r,s) +C(s,7) + ((r +5).

On the other hand, to get their shuffle relation, one first uses their integral representations
to express ((r) and ((s) as iterated integrals of dimensions 7 and s, respectively. One then
uses the shuffle relation (or more concretely, repeated applications of the integration by
parts formula) to express the product of these two iterated integrals as a sum of T:S
iterated integrals of dimension r 4+ s. Finally, these last iterated integrals are translated
back to MZVs and give the shuffle relation of ((r)((s). Explicitly, this shuffle relation is
precisely the formula of Euler in Eq. (). Then together with Eq. (2), we have the double
shuffle relation obtained from ((r) and ((s).

In general, even though the computation of the shuffle relation can be performed recur-
sively for any given pair of MZVs, an explicit formula is missing so far. As this example
shows, such an explicit formula not only provides an effective way to evaluate the shuffle
relation, but also is important in the theoretical study of MZVs, especially the double shuf-
fle relations. There are several families of special values in addition to MZVs, such as the
alternating Euler sums [2], the polylogarithms and multiple polylogarithms [3, [13], espe-
cially at roots of unity [27], where the double shuffle relations are also studied [5l 27, [33],
but are less understood. Such an explicit formula for these values should also contribute
their study.

In this paper, we prove an explicit formula in a general double shuffle framework. Con-
sequently we obtain explicit shuffle formulas for the product of any two MZVs, alternating
Euler sums and multiple polylogarithms, thereby generalizing Euler’s formula. As a con-
crete example, we obtain, for integers 1,7 > 2 and s > 1,

o= 3 () () () () ()
ty > 2,t2,t3 21
+ (:j) (Zj)}c(tl,tz,ts»

t1 +t2 + 13
(3) =71+ 81+ s2
As another instance, for integers 71, s; > 2 and ry, o > 1, we have
ﬁ(T17T2)C(81732) =
Z t1—1 to—1 tz3—1 tg—1 + t1—1 to—1 tz3—1 ta—1
ri—1 ro—1 So—ty so—1 s1—1 so—1 ro—tyg ro—1
t1 2 2,t2,t3,ta 21

t1 +t2+1t3+14 =
r1+re2+s1+s2

t1—1 to—1 t3—1 t1—1 to—1 t3—1

ri—1 t1+t2—ri—s1 sa—tq s1—1 t1+t2—ri—s1 ro—ta

t1—1 to—1 t3—1 t1—1 to—1 t3—1
+ +

r1—1 t1+to—r1—51 so—1 s1—1 t1+to—r1—51 ro—1

XC(tlu t27 t37 t4>
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We hope this framework can be further extended to deal with other generalizations of
multiple zeta values that have emerged recently, such as the multiple g-zeta values [7,, 311 [32]
and renormalized MZVs [19] 20, 26].

The organization of the paper is as follows. In Section [2| we first describe the algebraic
formulation of double shuffle algebras and then state our main formula in two forms (The-
orem and Theorem . There we also give applications of the main formula to MZVs
and other special values (Corollary and Corollary , and illustrate its computations
in low dimensions in Section [2.4, The proof of the main formula is quite long. So sev-
eral lemmas are first proved in Section [3] Then these lemmas are applied in Section [4] to
prove the main formula by induction. As an appendix, Section |5 includes a shuffle product
formulation of the main formula.

Acknowledgements: Both authors thank the hospitality and stimulating environment
provided by the Max Planck Institute for Mathematics at Bonn where this research was
carried out. They also thank Don Zagier and Matilde Marcolli for suggestions on an earlier
draft and for encouragement. The first author acknowledges the support from NSF grant
DMS-0505643.

2. STATEMENTS OF THE MAIN THEOREMS

We first set up in Section |2.1]a framework of general double shuffles to give a uniform for-
mulation of the double shuffle relations for multiple zeta values, alternating Euler sums and
multiple polylogarithms. We then state in Section our main formula in two variations
in this framework. Applications of the main theorem to the aforementioned special values
are presented in Section 2.3} Computations in low dimensions and examples are provided

in Section 2.4]

2.1. The general double shuffle framework. We formulate the framework to state
our main theorems in Section 2.2l See Section 2.3] for the concrete cases that have been
considered before [3| [13], 22} 27, 133].

We first introduce some notations. For any set Y, denote M(Y') for the free monoid
generated by Y. Let H(Y') be the free abelian group ZM (Y') with M(Y') as a basis but
without considering the product from the monoid M (Y). When H(Y") is equipped with an
associative multiplication o, we use H°(Y') to denote the algebra (H(Y), o).

Let G be a given set. Define

G={z}U{n | bc G}
to be a set of symbols indexed by {0} LI G. Then the shuffle algebra [28, 25] generated by
G is
(5) H"(G) := ZM(G)
equipped with the shuffle product w that is defined recursively by
(a1a) u (b1b) = ai(aw (b1b)) + b1 ((a1a) wb),a1,b; € G,a,b € M(G)

with the convention that 1mb =b=buwl for b € M(G). Define the subalgebra
(6) HYG) :=Z® (@ree H" (G)x) € H™(G).
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For the given set G, let G be the set product

@I:Z>1XG:{U)Z:|: ]|S€Z>1,b€G}.

S
b
We will denote the non-unit elements in the free monoid M (@) by vectors

=[]

by, bk

o Gy

vi=v, ] =

Consider the free abelian group

H(G)=2zZM(G)= P zv, G°={1}.

7eGk, k>0

As in the case of the shuffle algebra from MZVs, elements of H'(G) of the form

s1—1 so—1 sp—1 .
) T )T Ty Ty Ty, S = 1,0, € G < i< k k> 1,

together with 1, form a basis of H(G). Since H(G) with the concatenation product is the
free non-commutative algebra generated by G, there is a natural linear bijection

(7) P HNG) — HHG), a3 ay, -l o [hem ] e L

k b1, b2, -+, bg

J— ~

Through p, the shuffle product w on H'(G) defined a product on H(G) by

(8) A, 7= plp~ (B)mp™'(9), [,V € H(G).

-~

Following our notations, we use H "™ (G) to denote this algebra.
Now assume that G is a multiplicative abelian group. Define G = Z-q x G to be the

abelian semigroup with the component multiplication: [ o ] . [ > } = [ s1te2 ] Then we
z z2 zZ1%22

define the quasi-shuffle algebra [23] on G to be

~ ~

9) 3G == ZM(G)

where the multiplication % is defined by the recursion
i, 1) 1, ) = i, (s, 7))+, [, 75514+ ), 57, i, v € G it 7 € MUG)

~

with the initial condition that 1«7 = v = UV x 1 for ¥ € M(G). See [106], 18] 23] for its

explicit description and its structure. We use fH*(@) to denote the resulting commutative
algebra (H(G), *).
We define a linear bijection

(10) 0:30(0) = 30(G), [ [T s ]
10k b1 by by,

whose inverse is given by

() o ICE) — 0@, [T e [
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Note that the action of  is defined by an action on the lower row of elements in f}C*(@)
which is again denoted by 6:
1 b bi—1
12 O(by, -+ . by) = (—, = ... Z27hy
( ) ( ) ) k’) (bl’ b27 ) bk )

The composition of p and 6 gives a natural bijection of abelian groups (but not as
algebras)

R o A s1—1 sp—1 51, 82, =, Sk
(13> n: :Hl(G) — X (G)v LTy Ty Xy Ty, < [ 1 b bg—1 ]
BB T oy
. . . 81,8k s1—1 so—1 sp—1
whose inverse is given by [ ] R e P B B

21,52k

Through 7, the shuffle product w on H{(G) transports to a product wm, on 5—((@),
resulting a commutative algebra H" (G) = (H(G), w, ). More precisely, for i, v € H(G),

(14) ﬂmnﬁ = 7](?771(/1) Illnil(D‘)).
Then we have the following commutative diagram of commutative algebras:
(H(G), my)

The purpose of this paper is to give an explicit formula for jiu, 7 which naturally gives
shuffle formulas for MZVs, MPVs and alternating Euler sums. However, as we will see
later, for the proof of this formula, it is more convenient to work with the product w, since

~

it is more compatible with the module structure on H*(G). This approach also allows us to
obtain a formula without requiring that G is a semigroup, further extending its potential
of applications that will be discussed in a future work.

2.2. The statement of the main theorem. We first introduce some notations. For
positive integers k and ¢, denote [k] = {1,--- ,k} and [k + 1,k + /¢ ={k+1,---  k+(}.
Define

1) 9= {0

In fact, in the definition it suffice to use one of the three conditions of the injectivity, the
disjointness of im(y) and im(¢), or im(p) Uim(¢) = [k + ¢]. We simply list them all for
case of application. Let @ € G*, b € G* and (p,¢) € Jip. We define dm(%w)l; to be the
vector whose th component is

— X j ‘f . - .
(16) (@ (o)) = { Zj 1fz = 58

o [k] = [k+],1:[f] = [k + (] are order preserving
injective maps and im(p) Uim(¢)) = [k + /]

= ayp-1(iyby-13), 1< <k+4,
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with the convention that agp = by = 1.

Let 7= (ri,--- ) € Z&;, § = (s1,---,80) € Z; and € = (t1,- -+ ,lyye) € Z5}" with
7]+ |5] = |t]. Here |F| = 1 + - - - +r4 and similarly for |5] and |]. Denote R; = ry+---+7;
forielk],S;=s1+---+s;forie[fJand T, =t; +---+t; fori € [k+{]. Fori € [k+{],
define

r; if i = ¢(j)
(17) Mo i = Mo (79,0 = { S; iti—o(j) ~ et@Seian

with the convention that rp = sy = 1.
With these notations, we define

( ti—1 ifi=1o0r
Ryl ifi—1,7€im(p) orif i — 1,7 € im(),
. ti—1
tv(@ﬂb) ~ P ’
(18) ez () = (Ti‘Rw1<[i]>‘5|w1(m>|> :
i1 otherwise.
- ( 2 ti— 2 h(w,w),j)
Jj=1 =1
\
Denote
B k-+( koo ¢
L) £ (e, w £, (o9 £, (o
(19) Crz = H H Crs H Cr s
i=1 J=1 7j=1

Now we can state our main theorem.
Theorem 2.1. Let G be a set and let H™ (G) = (H(G), m, ) be as defined by Eq. (@
Then for | 7?] e G* and | IS;} e Gt inﬂ-(mp(@)

7 §1_ t:(ip V) i
Lalmlsl= 2 e ]
ezt |i = 71+ I3

k+t o -
- > [T i
s am(«p,w)g 7
(@, %) € T =1
te Z8H 1l = 171 + 131

where cq(ﬁp 7/’)( ) is given in Eq. (.) and @ (, ) b 15 given in Fq. (@)

For the purpose of applications to MZVs and multiple polylogarithms, we give an equiv-
alent form of Theorem under the condition that G is an abelian group. For @ € G* and
7 € G*, we define

we have

-

a

w; if i = ¢(j) and either i =1 or i — 1 € im(yp),

2; if i =(j) and either i =1ori—1 € im(yp),
(1) (Wxew?)i = S i = (j) and i — 1 € im(y),

LA if g =1)(j) and i — 1 € im(p).
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Theorem 2.2. Let G be an abelian group and let H"™ (G) = (H(G), my, ) be as defined by

7 §1_ ACXD) a
[w]mn[g]_ Z Cﬁ; [13* Z
(v,9)
(p, %) € I e
te Z’;‘[, |t] = |71 + |51
(22) K+ ,
J— t_;( 7¢) ; t
- (II&o),.
(p, %) € T e i=1 ’

Ind k+¢
te 254 |l = |7 + |31

where cf;éf’w) (i) is given in FEq. and Wk, )27 s given in Eq. .

We will next give applications and examples of Theorem [2.2)in Section [2.3]and Section[2.4]
Theorem [2.2] will be shown to follow from Theorem [2.1] in Section [£.I} and Theorem
will be proved in Section Preparational lemmas will be given in Section [3|

2.3. Applications. In this section, Theorem is specialized to give formulas for multi-
ple zeta values, alternating Euler sums and multiple polylogarithms. We start with mul-
tiple polylogarithms and then specialize further to MZVs and alternating Euler sums. In
Section we demonstrate how to apply these formulas by computing examples in low
dimensions.

2.3.1. Multiple polylogarithms. A Multiple polylogarithm value (MPV) [3, 13| [14] is
defined by

| g
(23) Lo = ), Ja—l

ny>->ng =1

where |z;| < 1, 8; € Zzy, 1 < i < k, and (s1,21) # (1,1). When 2z; = 1,1 < i < k, we
obtain the multiple zeta values ((sq,- -, sx) that we will consider in Section . More
generally, the special cases when z; are roots of unity have been studied [3] [6, [14) 27] in
connection with high cyclotomic theory, mixed motives and combinatorics, and have been
found in the computations of Feynman diagrams [10].

In the notation of [3], we have

Ligy o (21, 21) = A( Zi Z: ), where
(blv' o 7bk) = 0(217' T 7Zk:) - (Zl_la (2122)_17' o a(zl o 'Zk)_l)-
Here 6 is as defined in Eq. .

The product of two sums representing two MPVs is a Z-linear combination of other such
sums. This way the Z-linear span of these values form an algebra which we denote by

(24)

MPYV = Z{Lisl,...,sk(zl, cee ,Zk) | S; € Z>1, |Zz’ < 1, (Sl,Zl) 7é (]_, 1)}
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In the framework of Section[2.1]and 2.2} let the abelian group G be S' := {z € C* | || =
1}, and consider the subalgebra

WS =ze( @ z[TTT]) KB,

21,22, 42
[ ][0 ]

Then H*(G) coincides with the quasi-shuffle (stuffle) algebra [I4] 27] encoding MPVs, and
the multiplication rule of two MPVs according to their sum representations in Eq.
follows from the fact that the linear map

Li*: HG(5Y) — MPV, [ ™7™ [ Lig g (21, 5 2)

21,52k

is an algebra homomorphism. o
We also consider the shuffle algebra H™ (S1) and its subalgebras

J{%l(gl) = Z & ( Bapefopust artbro TaH" (gl)xb)
CHYS) = Z@® (@pesr H™(S)m) CH"(S).

They agree with the shuffle algebras [13, 27] encoding a MPV through its integral repre-
sentation [3, [13] 27]

. Ys=1 duy dU|§|
25 Lig, ... . (21, / / / )
(25) & filw)  fiz(ug)

Here

f.(u>: (21~-z¢)_1—uj:bi—uj ifj=s1+--+s,1<e<k,
AN u;j otherwise.

for the b; in Eq. . Thus A( Zl" . b ) has a simpler integration representation than
k

that of Li, ... 5, (21, -, 2). This is the fact that gives the simpler form of the shuffle formula
in Theorem [2.1] in comparison with Theorem 2.2}

The multiplication rule of two MPVs according to their integral representations follows
from the algebra homomorphism

Li™ j_(:%l(gl) - MPV? '1.81 11’1) x(s)k 1 by )\( 21’.“ ’zk ) = Lis1,-~~,8k(217'“ azk)a
1, Uk

where (2, ,2;) = 07 (by, -+, by) is defined in Eq. . Therefore, applying Li™ to the

two sides of Eq. we obtain

Corollary 2.3. Let 7 € Z&, and § € Z,. Let W = (wy, - ,wp) € (S") and 7 =
r1 1 S1 1

(21, -, 20) € (S")* such that | . 1# [ , | and [ . 1 # [ X |. Then

k+4

Lir(@) Lisg(2) = Y. 3 (HC (o) )th{wmw ?)

tezs’ |=I7+3] (p¥) €Dk =1

where ¢ )(z) is given in Eq. and Wk, )2 is given in Eq. .

!
s
S
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), Corollary
has the form

YESPYESEED SIS DI € (5 al0) YO

tezkt Jt=|7+ 5] (p¥) €Tk =1

S Oy

See Section |2.4|for examples in low dimensions. With the notation of )\(

2.3.2. Multiple zeta values and alternating Euler sums. Taking z; = 1,1 <7 < r, in a MPV
defined in Eq. and its integral representation in Eq. , we obtain the MZV and its
integral representation:

C(s1,-- ,86): = Z ;n%

ny>-->ng =1

- // /u 1J'flchfjl "'f;?ﬁa)

for integers s; > 1 and s; > 1. Here

1=y ifj=sy,8+ 8,000,851+ s,
filug) = { u; otherwise.

This is also the case when G = {1} in our framework in Section and 2.2 Then we
can identify G with Zsi and denote 7 = [ 77 ] = [ 77 | by 3 = 34, -+ 35, Then

21,52k 17"'71

5{*(@) coincides with the quasi-shuffle algebra H* encoding MZVs [23], 24] through the
identification 3s, - - - 3s, < %s, - %s,- We will use 34, - -~ 35, in place of z,, -+ 2, to avoid
confusion with the vector (z1,--- , z) in 7. H* contains the subalgebra

Ho =ZDL{3s, 3y | 51 = 1,51 > 1,1 <i <k, k>1}.

Likewise the shuffle algebra 9{“1(@) when G = {1} coincides with the shuffle algebra
H™ [22, 24] encoding MZVs, and there are subalgebras
L6[ = Z@Iog‘(ml’l Q J‘C%: Z@J‘le’l g J'C”J,

where HY coincides with J{‘f(é) defined in Eq. @) The natural isomorphism n : H'{' — H*
of abelian groups in Eq. restricts to an isomorphism of abelian groups

. 1 * s1—1 skl
n:Ho—Ho, ' w12y T Fsy 0 Bsy-

With the notation 3w, 3” := n(n~'(3')wn~1(3”)) from Eq. , the double shuffle rela-
tion of MZVs is simply the ideal generated by the set
{3/ Lunzll _3/ >|<3// | 3/’3// E j_(é}
and the extended double shuffle relation of MZVs [24] is the ideal generated by the set
{8y 3" — 3" %3", 31wy3" —51%3" | 3,3" € H5}
While the product 3" 3” simply follows from the quasi-shuffle relation, the evaluation of
3’ m, 3" involves first pulling 3’ and 3" back to J{{§ by 7, then expressing the shuffle product

n(3 ) wn(3”) as a linear combination of words in M (zg, 1), and then sending the result
forward to Hg by 1. While this process can be defined recursively (see Proposition ,
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the explicit formula is found only in special cases, such as when 3’ = 3,, 3" = 35 are both of
length one. As we have discussed in the Introduction, the explicit formula in this case is
Euler’s formula in Eq. (I]). See the recent papers [II, 4] for its proofs and see [8), BI] for its
g-analogs.

Our Theorem provides an explicit formula for m, and hence for the shuffie product
of MZVs in the full generality.

Corollary 2.4. Let ¥ € Z&, and § € Z, with r1,s1 > 2. Then

=Y (X TIdE0)d

ezt =+ (9¥)€Tk,e i=1

where cii(sﬁp’w) (i) is given in Eq. .

See Section for its specialization to Euler’s decomposition formula and other special
cases.

Proof. Since ((7) = Liz(w) and ((5) = Liz(Z) where the vectors @ and z have 1 as the
components, the vectors wx, )2 also have 1 as their components and thus are independent
of the choice of (,1) € Jgs. Then the corollary follows Corollary [2.3] O

Between the case of MZVs and the case of MPVs, there is the case of alternating Euler
sums, defined by

<(817"'78k;0-17”'70-k) = Z S1 Sk 7

n DR n
ny>-->ngp =1 1 k
where ; = +1,1 < i < k. This corresponds to the case when G = {1} in our framework.
More generally when G is the group of k-th roots of unity, we have the multiple polylog-

arithms at roots of unity [27]. We will not go into the details, but will give an example
in Eq. that generalizes Euler’s formula.

2.4. Examples. We now consider some special cases of Theorem [2.2 Corollary and
Corollary [2.4]

2.4.1. The case of r = s = 1. In this case ¥ = r; and § = s; are positive integers, and
W=w;, and 7= 2 are in G. Let { = (t1,t2) € ZZ;1 with ¢+t =11 + s1. If (p,9) € Iy 4,
then either p(1) =1 and ¥(1) = 2, or (1) =1 and (1) = 2. If (1) = 1 and (1) = 2,
then by Eq. (18]), we obtain

tﬂ’ , o t1—1 E’ , . to—1 .
crl(’ﬁlw)(l) o (m—l)’ Cr(l("osqf)(Q) o <t1+t2—r1—sl> =1
()

Ing ng t1—1
cWIZﬁﬁMMMW®:(1)

and thus

By Eq. , we have

U_J’*(%d,)g = (U)l, zl/wl).
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If (1) = 1 and (1) = 2, then by Eq. (1§)), we obtain
Ele) 1y — ( Bt L) (9) — ta—1 —
deom= (1) deve= (0 ) =

o) — ch(e) (1) th(%w)(g) _ (fl—l)

71,51 71,51 71,51 s1—1

and thus

By Eq. (21), we have wk(, )% = (21, w1/21). Therefore,

r1 S1 t1—1 t1,t2 t1—1 t1,ta
[P Ju [T ]= D [ J+ > [ ]
w1 21 r1—1 wi,21 /w1 s1—1 z1,w1/ 71
t1,t2 21,61 +t2=r1+s1 t1,t221t1+to=r1+s1
t1—1 t1,t2 t1—1 t1,t2
= > [ I+ > [ ]
t1—7r1 wi,21 /w1 t1—s1 z1,w1/ 71
t1,ta>21t1+to=r1+s1 t1,ta>1t1+to=r1+s1
s1—1 ri—1
. Z ri+k—1 |: r1+k,s1—k :| + Z s1+k—1 [ s1+k,r1—k ]
o k w1,21 /w1 k z1,w1 /71
k=0 k=0

by a change of variables k = t; — ry for the first sum and k£ = t; — s; for the second sum.
Then by Corollary [2.3] we obtain the following relation for double polylogarithms

s1—1 ri—1
. . ri+k—1 . s1+k—1 .
Ll?‘l (wl)Llsl (Zl) = E , ( o )LlTl-HC,Sl—k(wl? Zl/wl) + 2 : < 1+k >L151+k77’1k(217 wl/zl)7
k=0

k=0 :
where 71,51 > 1, wy,z; € St and (r,w;) # (1,1) # (s1,21). In the special case when
wy; = £1 and z; = £1, we have the following relation for alternating Euler sums

s1—1

C(r;wy)C(s1521) = Z (rﬁ:_l)((h + k,s1— k;wq, 21 /wy)
k=0
ri—1

n Z (81+:1><(81 —+ ]{j?’l"l — k, Zlywl/zl)7
k=0

when r1, 81 > 1 and (rq,wy) # (1,1) # (s1, 21).
Further specializing, when r1,s; > 2 and w; = 2z; = 1, we obtain the decomposition
formula of Euler in Eq. .

(26)

— [, Let

g
Z 21,22

2.4.2. The case of r = 1,s = 2. In this case [ r:} = [ " } and [

f= (t1,t9,t3) € Z3>1 with t1 +to + t3 = r1 + 51 + s2. There are 3 pairs (p, ) in Jy 5.
When ¢(1) = 1, (1) = 2 and 9(2) = 3, by Eq. (18)), we have

Ctj(geﬂp)(l) _ (tll)7 c{:(%w)(Q) _ ( ta—1 ) _ (tzl )7 c{’(“ﬂ’w)(i’)) _ (tsl)
71,8 ri—1 r1,8 t1+to—r1—s1 so—t3 r1,8 so—1

and thus
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By Eq. we have
*(p)Z = (W1, 21/ w1, 22).
Similarly, when (1) = 2, (1) = 1 and ¥(2) = 3, we have
£ t1—1 to—1 o .
Al _ ( 1 )( ? ) Wx(p, )7 = (21, w1 /21, 2122/ w1),

—

71,8 s1—1 So—t3

and when ¢(1) = 3, ¥(1) = 1 and ¥(2) = 2, we have
£ t1—1\ [ ta—1 - -
Cf«’l(?w) = ( ' ) ( ’ )a Wk (p, )7 = (21, 22, w1 /(2122)).
’ s1—1 so—1
Combining these computations with Corollary we obtain, for ry,s1,89 > 1 and

(Tlawl) 7é (17 1) 7é (51’21)a

. . t1—1 to—1 t3—1 .
Lin(wn Loz = 3 |(U0)(200) (50 Liorsmetwn o fun, 2

t,t2,t3 21
t1 +t2 +1t3
=r1+s1+s2

t1—1 ta—1 .
+ ( ' )( ’ )Ll(tl,tg,tg)(zlvwl/ZbleZ/wl)

s1—1 so—t3
t1-1) [t2-1 ).
+ (511> (sil)Ll(thtmts)('zb %25 wl/(zle))] :

Taking wy = z; = 29 = 1 (or by Corollary we obtain the relation in Eq. among
MZVs.

J =[] and |

w1, w2

] =[] Let

21,22

2.4.3. The case of r = s = 2. In this case [

g 3
Ny oy

F: (tl,tg,tg,b;) € Z4>1 with tl + tg + t3 + t4 =71+ 12+ S + So. Then there are <;1) =6

choices of (p, 1) € Ja.
If (1) =1, ¢(2) =2, (1) = 3 and ¢(2) = 4, by Eq. (1§), we have

W

=

+

o~

[\V)

+

~

w

|

3

=

|

5

V)

|

V)

&

~__

7 N

S g
Lo

o=

N———
@)
3 sh
“g
<
&
—~
=~
SN—

VR
w o+
(V) '
|
—_ =

N———

GE(E) = (
and thus
e = e e @ de e dem = () () (1) (40
, ) ) ) ) ri—1 ro—1 s2—14 s2—1
Similarly, if ¢(1) =3, ¢(2) =4, (1) =1 and ¥(2) = 2, then
CE(QO,’l/J) _ t1—1 ta—1 t3—1 ta—1
7 s1—1 so—1 ro—ty ro—1 ’

If (1) =1, p(2) =3, (1) = 2 and ¥(2) = 4, then

2
Jlew _ (01 21 a1
7,8 ri—1 t1+to—r1—s1 so—14 '

~—
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If (1) =2, p(2) =4, (1) =1 and ¢(2) = 3, then
= (0 () (2)
T8 s1—1 t1+ta—r1—s1 ro—tyg
If (1) =1, p(2) =4, (1) = 2 and ¥(2) = 3, then

(o, 1/)) t1—1 to—1 t3—1
=) s1—1 t1+to—r1—s1 so—1 )

If (1) =2, p(2) =3, (1) = 1 and ¥(2) = 4, then

((p qp) . t1—1 to—1 tz3—1
5 s1—1 t1+to—r1—s1 ro—1 )

Then from Corollary [2.4] we obtain Eq. (). We likewise obtain formulas for the products
of double multiple polylogarithms and double alternating Euler sums.

C

sh

3sH

C

3. PREPARATIONAL LEMMAS

In this section we prove some properties of the coefficients cﬂ(ip *) in our Theorem and
Theorem [2.2] in preparation for their proofs in the next section,
We recall some notations from Section Let ko0>1,7elk,, 5ell,, te Z’;g with

|t] = |] + |5] and (@, v) € Jis be given. For 1 <i<k+/, denote
_ o ifi= (),
(27) h(%d))ﬂ - h(%’l’)v(ﬂ?)ﬂ - { Sj le — 'l/)(j)

We note that, if we define

2 oo ={ Ly it i Eimie)

then Eq. can be rewritten as

ti—1 iti=1
(g1 orifi > 2 and e, (i), (i — 1) =1,

(29) C-:7(_, ﬂr/)) (7,) — ‘
i Zi [‘ .
(_Eltj Elh( :’(P),j) 1 7/ 2 aIld 80’[/)( )6 9w(7,— )

Also recall
k+¢

—

Feo ®,
Crg ||CT§'

For the inductive proof to work, we also 1nclude the case when one of k or ¢ (but not
both) is zero which corresponds to the case when ji or 7/ € 5{6(@) is the empty word 1. We
will use the convention that Z%, = {e} and denote || = 0. When k = 0, £ > 1, we will also
denote 7 = e, denote f : [k|(= 0) — [k + {] = [{] and denote Jo, = {(f,idg)}. Similarly,
when £ =0, k > 1, we denote §=e, f: [(] — [k + (] = [k] and T = {(idjx),f)}. Then the
notations in Eq. — still make sense even if exactly one of k and ¢ is zero. More
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precisely, when k& =0, £ > 1, we have Pt i), (e.3)i = Sis €f’idm(i) =—1,1 < i</ Also, for
any §and t € Z%, with |§] = ], we have

¢
£ i)
(30) Cos l}<_1) H5

—

e, then for any 7.t € Z21 with |7] = |t], we have Riidyy £).(7e)i = Tis

Similarly, =
<i <k and

if
Eidyf £(1) =1,

(31) LD H

We first give some conditions for the vanishing o

s
1

f if’”).

Lemma 3.1. Let k.0 > 1. Let 7 € ZE,, § € 7%, and t € Z5" with |7 + |5] = |t]. Let

©, € Jpe- encﬁ if and only if, for +
oo, Then E&% £ d onl 1<i<k+¢,
ti 2 hig)is » ifi=1orifi>2 and e, y(i)e,p(i — 1) =1,
Z ;= Zlh (ob)j > thj, ifi 22 and e,(i)ep (i — 1) = —1.

Proof. By definition, g(so ¥) 2 0 if and only if gsf (i) 4 0 for every i € [k +{]. Also

5

(Z) # 0 if and only if @ = b > 0. Then the lemma follows since

(=12 hpns =12 0) & (6> hos 2 1)

and

% % i—1 i—1 % 7
(tz‘ 12 5= hpwa > 0) © (—th > =12 =) hw, 2 —th)'
j=1 j=1 j j j=1 j=1

U

Lemma 3.2. Let k., 0,7, 3,t be as in Lemma 3.1,
(a) Let (p,¢) € Ipp. If (1) =1, 59 =1 andt, >r orif(l)=1,r; =1 and t; > s,

then
(60 TZJ) — O

=
S

Sish

C

ﬁl ‘*1

(b) If t; < min(ry, s1), then ¢ sf =0 for any (¢, ¢) € Tpp.

Proof. @ We only consider the case when ¢(1) = 1,51 =1 and ¢; > r;. The proof of the
other case is similar. Since ¢(1) = 1, we have ¥ (1) > 1. This means that h(ﬁz = r; for
©,

/—\

1 << Y(1) =1 and hp)pa) = S1. Suppose cf;g # 0. Then by Lemma we have
Y(1)-1 P(1)-1
ti =>r;for2 <i<Y(l)—1and Z ri+s1 > Y, t; by taking i = 1¢(1). From these two
J= Jj=1

inequalities, we obtain r; +s1 > t; and hence r; > t; since s; = 1. This is a contradiction.
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@ If t; < min(ry,s1), then t1 < h(,y)1. So by Lemma , for every (p, ) € I, we have

cf%(;’w) = 0. U
We next give some relations among the numbers cf;(sip’w) (1) as the parameters vary.
Definition 3.3. Let é; denote (1,0,---,0) of suitable dimension. So for any vector ¥ =
(21,29, - ,x1) and a € Z, we have
T —ae) = (ry —a,x9, -+ ,Tg).
Define
= (2, wy) = (2,0 a)

with the convention that (x,)" = e. For a function f on [k], let f* and f* be respectively the
functions on [k — 1] and [k| defined by

fila)=fle+1) =1, f(2)=flz) -1
with the convention that [0] = () and that, if f is a function on [1], then f* =f. Let f& and
[* be respectively the functions on [k + 1] and [k] defined by

fEO) =1, fa)=fla-1)+1, fy)=fly+1, 2<z<r+1L1<y<r

Also define

Tkep=1 = {(.¥) €I | (1) =1}, Tpepm=1 = {(¢,¥) € Tre | (1) =1}
Lemma 3.4. Let k,/ > 1. The map

(tia b) : jk,é,ap(l):l - jk—l,f) (QO, ’QD) = (¢ﬁ7¢b)

1$ a bijection whose inverse is given by

(%) 1 Temre = Tipp=ts (0, 0) — (0%, 0%).
Simalarly, the map

(ba ti) . jk,@ﬂ/}(l):l — jk’,@—la (907 1/1) = (Spb7 ¢ﬁ)

1s a bijection whose inverse is given by
()t Tppm1 = Teowy=1, (0, 0) = (05, 0%).

Proof. From the definition we verify that

() Tntp)=1) C Tp—1s
and

() (Th-10) € Thpp(iy=1-
Then to prove the first assertion we only need to show that (©*)¥ = ¢ and (¢°)* = o if
(1) =1, and that (gp&)tt = p and (w*)b = 1). We just check the first equation and leave the
others to the interested reader. First we have (¢*)%(1) = 1 by definition. Since (1) = 1,
we have (%)% (i) = (i) when i = 1. If i > 2, then by definition we have ©*(i—1) = ¢ (i) —1
and (")(i) = ¢*(i — 1) + 1 = (i), as desired.

The proof of the second assertion in the lemma is similar. O
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Lemma 3.5. Let k,(, 7,5, and (¢,) be as in Lemma .

(a) Let a and b be integers such that a < min(ty,71), b < min(¢y,s;). Then for all
i€{2,--  k+ L}, we have

Cr_ge, 5 75

and
t—be1,(p,h) /- (¢,
Cr*,g—eég(f i) = CF,(;O o)

(b) If (1) =1 and ry =t; = 1, then

(32) A1) = L6, 1<i<kHl-1,
with the notations in Definition (3.5, Similarly, if (1) =1 and s; = t; = 1, then
(33) G+ 1) =G, 1<i<kro—1.

Proof. @) We prove the first equality. The proof for the second equality is similar. Since
a < min(ry,ty), we have ¥ — aé; € Z’;l and £ — aé, € Z’;{K. For better distinction, we will
use the full notation h, 4 (7, defined in Eq. instead of its abbreviation h, ). Then
we have

Y if 3 £ (1)
34 h F—aé' 3 i f— (907'[:[])7(7‘75)71 K . )
(34 (P (eetS) { how) s —a ifi=p(1).

Let i € {2,k +(}. If e, y(1)ep (i — 1) =1, then ¢ # ¢(1). Indeed, if i = (1), then
i — 1 must be in im(¢)), implying that e, 4(¢)ey (i — 1) = —1. Thus

t—aé (o, . t;i—1 ti—1 a , .
e - D=0 ) =,
(¢,%),(F—aéy,5),i— (¢,9),(7,5),i ™

If €40 (1)ep(t — 1) = —1, then either i = ¢(j) or ¢ — 1 = p(j) for some j € [k]. In either
case, we have 7 > ¢(1) since ¢ keeps the order. Thus by Eq. (34)), we have

oy

D e aini = O hew, @ — o
i=1 j=1

So
- t;—1 ti—1 -
r-aé1,s (tr=a)+ 30 8= 2 M), (7—azy .5 2 = 20 heew) (. T
J= J= J= J=

() Let (1) =1and r; =t =1. By Eq. 27), for 1 <i<k+¢—1,
L it l=00) ) i ifi=p()—1
(p) (7)1 s; ifi+1=1()) s;  ifi=1() —1
=+ -1 [ i = ()
s =) -1 s ifi=¢(j).
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Thus
(35) o)) i41 = Mgty 900 1 <6 < k40— 1.
Also, for 1 < i < k+ ¢ —1, since p(1) = 1, we have
i+lecim(p)eitl=p(),i€{2, -k} ei=¢(j—-1),j—1€[k—1] <icim(p).
Similarly, i + 1 € im(z)) < i € im(¢*). Thus
(36) (i +1) = (i), 1 <i<hk+0—1

We now verify Eq. for i = 1. Since p(1) = 1, either 2 = p(2) or 2 = (1). If
2 = ¢(2), then €, 4(2)e, (1) = 1 and so

(@) = () = () = ).
K ,,-.27 7'17 b

If (1) = 2, then €,4(2)e, (1) = —1. So by the condition that r =t; = 1, we obtain

t(p¥) _ t2—1 B =En S WY A -l WY Bt U RN AN ("R )
CF’g (2) - (t1+t2—r1—31) - (t2—s1) - (51—1) o <s1—1) o CFlvg (1)

Next consider ¢ > 2. By Eq. and Eq. , we have

.

( tit1—1 ) if 8%1/,(2' + 1)€%¢(i) =1,

£, (o) / - ho ), (7,8),i+171

Crg (1+1)= tip1—1 f 1 1
bl 55 if € Z“" 15 1) = — P

\ (Eltj_jgh(w,w),ms—),j) o )epu (i)

(
-1 . : :
ifeptp(@)epp(i—1)=1
(hwﬁ,w),(w,gﬁ,il) s ()0 ) 7
_ ( " )
i i ife’:‘u b(’i)e’fn b(i—l):—l
’_ ZER ) P )
L \E 0 5 et o

since t; = 1 and h(, ), 75,1 = 71 = 1. Therefore, we have cf;(gw’w) (1+1) = cg,’f;u’W)(z’) when
12> 2.

The proof for Eq. is similar. O

Lemma 3.6. Let k,(,7,5,t and (¢,) be as in Lemma .
(a) Suppose that ri > 2 and s; > 2. If t; > 2, then we have

(37) HAlod) _ J-anlew) | I (o)
If t; = 1, then we have

(38) L = o,
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(b) Suppose thatry =s1 = 1. If p(1) =1 and t; = 1, then we have
(39) Cg(gw W) _ cf; (Sf” %)
with the notations in Definition[3.3. If (1) =1 and t; = 1, then we have
(40) Ew) = ),
Ifty > 2, then we have
(41) e

(c) Suppose thatry =1 and s1 > 2. If p(1) =1 and t; = 1, then we have

E; k) ) 7
(42) GEV = L,
If (1) =1 and t; = 1, then we have
(43) cﬁ”(sf’w) =0.
Ifto > 2, then we have
(44) C?(g‘ﬂﬂ/’) — cf:’_“g_ll’(:p7¢)'

S
Similar statements hold when ri = 2 and s; = 1.

Proof. (a)) If ¢(1) = 1, then
L)y — (-1 _ (02 =2 _ F-éi(p) t—e1,(p)
Gg (1) = <T1_1) = (r1_2> + ( ) = Crgy (1) + ez (1),

Similarly, if ¢(1) = 1, we also have
(1) = LB (1) 4 L) (),

In either case, by Lemma .@ we have
C»(f w)( ) = Cl‘/l:lv(s@ﬂ/))(i) _ Cffﬂl,ﬂ%w) (i)

e

C

=

1.5 7 5—e
when ¢ € {2,--- ,k + ¢}. Hence
) k+0
t’ 7170 t7 7’[1}
LI
i=1
. L K+
= (e a O + e 22O [T )
=2
k+l k0
F_&1, (o) /- t—e1,(p)
= Hcﬂeﬂll,(sf )(2) +HCF,§€55(1¢ )(Z)
i=1 i=1
_ t_‘__‘ 7( 71/)) t_‘__‘ 7( 7"11)
= CF—*ll,sf) + Cfg'qgw

This proves Eq. . Eq (38) follows from Lemma (3.2 E (]ED
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(b) First we assume that t; = 1. For (,¢) € T, either (1) =1 or (1) = 1. If (1) =1,

then
£ (o)) _ (-l [0

H
enee ) k-t k-t e u
(@, t, t t’ (o, . t ,
Cﬁ(gso V) _ ch(f 111)( ) = ch(ﬁw UJ)( ) = H Cff,if ¥ )(Z) =l (f ¢)
i=1 i=2 i=1

This proves Eq. . The proof of Eq. is similar. The equality for ¢; > 2 follows from

Lemma . @

Suppose that ry =1 and s; > 2
Case 1: t; = 1. We consider the case of p(1) = 1. By Lemma 3.5 (b)) we have

i) = ),
Combining this with

we obtain
. ke e S -
t(py) L) o\ AN (RIS WNSSAN (2R S|
Crg = CF,§ (1) | | Cpi 5 (1) = Cri 5

since s1 — 1 > 1 and so ca(ia ¥) — 0, as needed.
=

Case 2: t; > 2. We w1ll consider the four subcases when (1) = 1 and ¢; < s;, when
(1) =1 and t; > s1, when ¢(1) = 1 and t; = 51, and when ¢(1) = 1.
If (1) = 1 and #; < s1, then

by Lemma If (1) =1 and t; > sy, then by L mmam @ we also have

So in these two subcases . holds
Now if /(1) = 1 and ¢; = s1, then
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In both subcases, by Lemma @ we always have

for ¢ > 2. Therefore,

B k+0 k0 )
(o) _ L) (o t=e1,(p ) (- _ t—e1,(v)
Crg = Crz (i) = Cfstl*l (i) = Cf,gjq
=1 =1
This proves ((44)).
The proof for the instance of r; > 2 and s; = 1 is similar. O

4. PROOF OF THE MAIN THEOREMS

We first show that, under the condition that G is an abelian group, Theorem and
Theorem are equivalent. Then we only need to prove Theorem This is done in
Section [4.2

4.1. The equivalence between Theorem and Theorem [2.2] We start with a
lemma.

Lemma 4.1. Let G be an abelian group. With the notations in Eq. (@, @ and ,
we have

-

(45) 0@ w (p)b) = O(@) (o) 0(b).

=,

Proof. Let W = 0(d) and 2 = 6(b). Then by Eq. , we have w; = 1/a; when j = 1 and
w; = aj_1/a; when j > 2. Similarly, z; = 1/b; when j =1 and z; = b;_;/b; when j > 2.

Recall Eq. :
= A { a; i i=p(j),

(@o®)i = 47 i = ()).
If i = 1, we have

i b ﬁ - ail=w; if1=p(1 B
B(@u (D)1 = (@ (D)7 = { = o) _

Next let ¢ > 2. Assume that i € im(yp), say i = ¢(j) for some j € [k]. If i — 1 € im(yp),
then j > 2andi—1=¢(j —1). Thus

. 7 b),_ _
(@ (p)b)i @j
If i —1 €im(¢), then i —1 = (i — j). Thus
- G m gi, bz—
(@ (p)D)i aj A Zieg

Hence by Eq. ,

0(@w (p,0)b)i = (Wk(p)2)i
when ¢ € im(p). A similar argument shows that the above equality also holds when

i € im(¢). This proves ([45]). O
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Proposition 4.2. When G is an abelian group, then Theorem 15 equivalent to Theo-
rem [21.

Proof. By the definitions of ¢, m, and w,, we see that ¢ is an algebra isomorphism from

~ ~ ~

3 (G) = (H(G), my) to H (G) = (H(G), wy). Soforany [ " ],[ 7] € 5 (G),

B (k%ew) € Jrye
te Z54 | = |7 + |31

Sy — Ele0) £
b ]) = Z CF’;O [ G (4,4)b D

~ Sf’ﬂ}) € ke
tez84 18 = 17 + 18]

so( Dme(iD= X G, D)
(cp,d)) ejk,[ .
tez5tt |i = |7 + |31

a § 1 _ (o) t
Ang [ 0 }mn [ 9(5‘) } - Z C'F’,; [ e(am(%w)g) ]

. S:P,;ﬁ) € ke
tEZ£ Nt = |7 + |81

< |: 0(a) } 1y [ Q(SB’) } = Z C*’(g‘(p’w)[ ! - ] (by Eq )

(¢, %) € Tge e

FeZ5 1 = |7 + 131

e
—~
—
ST
[E—
=
hs)
—

Then the proposition follows from the bijectivity of 6.

4.2. Proof of Theorem In this section we prove Theorem 2.1} We first describe
recursive relations of m, that we will use later in the proof.

Let H ™ *(G) be the subring of 5™ (G) generated by [ 2 | with 5§ € Z’;l,ge GF k> 1.

Then
K (G) =Z @ H"™ T (G).

Define the following operators

[ s1+1,82,,8k

P :}Cmp+(é) — H™ (6)7 P([ g :|) - b1,b2,- b,

b1,b2, by

Y

Qi3 (G) = 3™ (G). @[, =10 ] @ =[]

b1, ,bg b,b1, by
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Proposition 4.3. The multiplication wm, on H™» (@) defined in Fq. 1$ the unique one
such that

P(&1) m, P(&) = P(& 1wy P(&)) + P(P(€&) 1, &), &,& € H™ T (G),

Qal(€1) 11, Qu(E2) = Qu (&1, Qu(&2)) + Qu(Qu(E1) my &), €1,62 € H™ (),

P(€1) mp Qb(E2) = Qu(P(€1) 1y &) + P (&1, Qu(&)), & € H™ T(G), & € H™ (),

Qu(&1) mp P(&) = Qu(&1m, P(&)) + P(Qu(&) mp &), & € H™ (G),& € 3™ H(G).
with the initial condition that 1w,& = &m,1 = ¢ for & € H™ (@)

Proof. Let H " (G) be the subring of H4(G) generated by words of the form wuz, with
b e G. Then

HYG) =Z o HTT(G).
Define operators
Iy HYH(G) — HNG), Ih(u) = zou,

Tpu, uF 1,
Ty, U =1,

I HY(G) — HYG), Lu)= {

for b € GG. Then the well-known recursive formula of the shuffle product
(ala) m (blb) = (11((1111 (blb)) + b1<<a1a) m b), as, by € E, a, be M(@)

can be rewritten as the following relations of Iy and I, I, a,b € G,

IO(U)LU]O( ) = I()(ULUI()(’U)) + I()(I[)(U)LU’U), u,v e j’fm+(§),

(46) L(w) wly(v) = I (uw I (v) + (L (u) wv), u,ve HYG)
[O(U) m[b(v) (ULuIb(U)) + Ib(Io(u) Lu’l)), u € j‘(:m—’—(@),?] € HI{I(E),
Ib(u) ur Io(v) (Um [O(U)) + Io([b(u) mU), u € J—Cl(@),v € ?CL{”(@)

Under the bijection p : H(G) — FH ™ (G) in Eq. (13), Iy and I,, b € G, are sent to P and
Qp, b € G, respectively. Further the relations in Eq. (46)) for Iy and I, (b € G) take the form
in Proposition . Finally, since w is the unique multiplication on H{(G) characterized by
its recursive relation Eq. and the initial condition 1wu = uwl = u, w, is also unique
as characterized. 0

Note that P cannot be defined by a left multiplication even though its counter part I
can.
For b € G*, recall the following notation from Definition

l_;' = (b,h ’b;c—1> = (an"' 7bk)

with the convention that b’ = e when k = 1. In the proof for Theorem we also need
the following lemma.

Lemma 4.4. Lett € ZH( L aeG* and b € G.
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(a) For any (p,v) € Jx_10 we have

—

3 :| (175

47 Qa, B
(47) ( AU (g b

with the notations in Eq. (@) and Definition .
(b) For any (p,v¢) € Jx—1 we have

@’ ()b

& (1,0)
48 - = -
( ) le([ dM(¢’¢)b/ ] Em(go*,l/)&)b
PTOOf. @ Let @ = (wl, cee ,warg,l) = d’w (%Qr/,)g and T = (7’1, cee ,TkJrg) ‘= Qu (@&ﬂp*)g.

By the definition of @),,, we only need to prove that

Ti:{al if1=1,

Since ¢©¥(1) = 1, we have 71 = a;. Now let i > 2. We have i € im(¢%) or i € im(¢*). If
i € im(p%), say i = ¢¥(j), theni—1 = ¢(j—1). Thus we have 7; = a; and w;_; = a_, = a;.
This shows that 7, = w,;_;. If i € im(¢*), say i = ¢*(j), then i — 1 = ¢(j). Thus 7, = b;
and w;_; = b; again showing 7; = w;_;.

(]E[). The proof is similar to that for Item. @ U

Proof of Theorem We prove the extended form of where one of £ and ¢, but not
both, might be zero. We prove this by induction on |7]+|3] > 1. If |F]+|5] = 1, then exactly
one of k£ and ¢ is zero. So exactly one of [ f } and [ ;} is the identity 1. Then by
and , there is nothing to prove. For any given integer n > 2, assume that the assertion
holds for every pair (7, §) with |7] 4 |5] < n. Now consider 7 and § with |7] + |5] = n. If one
of k or ¢ is 0, then again by and there is nothing to prove. So we may assume
that k,¢ > 1. There are four cases to consider.

Case 1. r; > 2 and s; > 2. Then by Proposition |4.3] and the induction hypothesis, we
have

L—
ST
e
E
As)
L—
S Wy
[E—
—~
L —
3
|
oL
[E—
~—
=]
hS)
—~
L—
"Iﬂl
Sl
D
[E—
~—

- XY e )

(0 9)€Tk,e '€ ZEYE |F |=|71+151-1

i—é1,(p, i—ér,(p, t
= Z Z (crz ,(;0 Dt Cf,;—lg(f d})) [

(0:9)€Tk,e '€ ZEYE |E | =71 +15],t2 22
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= 2 > L ] (vEe @)
(0:9)€Tk,e '€ ZEYE |E | =71 +15],t1 22 .
2

- > > ¥, 51 (b Ea @9)

(0 9)€Tk,e '€ ZEYE |F |=I71+]5]
Case 2. r; = s; = 1. We will use the notations 7', 5, and b’ in Definitions . Then

!

Jup [ 2] = Quu([ 1, Dmp@u([ 5 ])

= le([ /}mp[

= Qul Y > )

(P )€0k—1,0 f ZEL 1 | =|7+(51-1

+Qz1< Z Z C?,(;'M[ 5LU(:,¢)5' ] )

(0 )€Tk,e—1 e ZEL T JH]=|7+(51-1

t_; 7’Lp
= ) > A
(0% ,p%)

() ETk—1,0 T ZEHEL |i]=|71+|31 -1

e (1.0
+ Y > Al o -] (by Eq.(47) and (48))
() €0k e-1 e 2544 ]| +151—1 (ere™)

_ (%
=) 2w L]

(P ) €Tn,e,p(1)=1 Fe 211 Ji]=|71+]51-1

+ Z Z cf;’(so,b’d)ﬁ)[ = ~] (by Lemma [3.4)

g a i (%wb

S Oy

[

QL oy

QL 3y
—
E
A
L—
[STRNVY]
[E—
SN—

1) +Q-(]

ST
[STRNVSY

(P )€, (1)=1 e ZET 1 |f]=|71+[51-1

= Z Z (1,8),(0,9) (1,8)
o CF’g a l_;]
(P ) €Tn,e,p(1)=1 Fe 211 Ji]=|71+|51-1 ort)
B.(, (1,F
DY > AL M L] (by Ea. B9) and (@)
() €0k, b (1) =1 e 2851 1]l +]51-1 (ort)

— Z Z 67(?1?7(%1&)[ ) (1,8) ﬂ]
’ QT ()b

(0 )€Th,e te 2T JHl=|71+151-1

_ E(p0) a
a Z Z | G ()b )

(0 9)€Tn,e £ 1" [H1=|71+(8],t1=1



EXPLICIT SHUFFLE RELATIONS AND EULER’S FORMULA 25

L, i
- X > | B (by Eq. (d1)).
(0:¥)€Tke Fe Z’;ﬂﬂzmﬂﬂ (o)

Case 3. r; =1 and s; > 2. With the notations in Definitions [3.3} we write 7= (1,7”).

Let @’ = (wy, -+ ,w,). Then

(T[] =Qu([ 2 D, P D)

QL 3y

= Qu([ L 1w [;D+PA w70 ]

= le( Z Z Cg'(?w)[ =1 t b })
a’u (g, )

(P ) €Th—1,e e ZEL 1 |H1=|7+]5]-1

(o) d
+P( Z Z el du ol )

(0 ¥)€Tn,e te 2T []=|71+|51—1

- Z Z ez | i e o ]

(0 9)€Tk—1,e e ZEL 1 |H1=[7+[51-1

el [ TE T (by B, (47
LD RN DR S I (49 oF 1'»

(0:9) €Tk, te 2 []=|71+|51-1
- Z Z Cff(,s*
+ Z o) [ e _] (by Lemma

(0:9)€0e e ZE |H=|7+]51-1

=) 2.

(0 9)€Tk,e,0(1)=1 e 211 |i]=|71+|51-1

5 Lrente) [ T 1 (b B (@) and ()

7,5

Cg?,(%zb) (1,5)

A1 ()b

+
(0:9) €Tk, te Z [H=[71+|51-1

S e 0
. B ’ QI ()b
(o) €Tk, Fe ZET 1 |Hl=|71+]51-1
e, (p9) +eé1
Z ¢ [ ’ g} (by Eq. )
(0:9)€Tk,e te ZE [H]=|71+|51-1

_ ACXD a
B Z o [ G ()b J

(0:9)€Tk,e te ZH* [H1=[71+|5]

_|_
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Case 4. r; > 2 and s; = 1. The proof for this case is similar to that for Case 3. O

5. APPENDIX: A SHUFFLE FORMULATION OF THE MAIN THEOREM

The main body of the paper does not depend on this Appendix. Here we give another
formulation of Theorem in terms of shuffles of permutations for those who are interested
in a more precise connection between the main theorem and shuffle product.

Let integers k, ¢ > 1 be given. Let

Sk,0):={o €Sy |07 (1)< <o Mk),o (k+1) < <o ' (k+0)}
B ifl1<o(i)<o(j) <k
_{Uegk”‘ ork+1<o0(i)<o(j) <k+¢,

be the set of (k, ¢)-shuffles.
To state the shuffle form of our main theorem we need the following notations.
Define

49
(49) theni<j}.

. ~ 1 1<o(i) <k,
€t [k + €] — {£1}, 50(2)—{_17 E+1<oli) <kl
Let 7= (ry,--- ,rp) € Z5, and §= (s1,--- , s) € Z£,. Denote
E:("Qla"'ﬂ%kJrf)::(rla'”77nk7817"'73€>-

Let @ € G* and b € G*. Denote
57: (aly"' g, by, 7[)[)'
For o € S(k, ) we denote
dob = (Vo) Yo(hsn)-
We have the following equivalent form of Theorem [2.1]
Theorem 5.1. Let G be a set and let H™ (G) = (H(G), m, ) be as defined by Eq. (@
Then for | Z] e G* and [ ;} e G in H™ (CAJ), we have

. . k+0 t1 -
[ P ] 1y [ i } - Z (H (%(i)—l—%(1—€o(i)8a(i—1))iZi(tj—Na(j)))) [ am,b ]
=

o€ S(k,2), i=1
Ind k42
tez;l N8 = 171+ 151

with the convention that €,(0) = ,(1).

Proof. Let Jj o be as defined in Eq. . We have the bijection between S(k,¢) and I,
given by

1/ . 1/ QO(]) lfl <I{7,
50 SUET=TIRE B Fie Ao
That is,

| 1(4) if i € im(yp),
0 (i) = 0 (i) = {erw 1(3) ifieimg?i)-
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Thus we have

Ko—1(i), i € im(yp) To-1(), @€ im(p)
51 Ra(i) — ¢l (@) . . = 10 . . =h i
( ) (@) { K;k‘i”l,b_l(i)’ 1 &€ lm(l/}) { 81/1_1(2')7 1 E 1m(r¢) (p,3),
and
52) (Gu,b); = =4 Yetor PEM@) fragm, i€imlp) L g
(52) {@uob)i =00 { Vity-1(i), € iM(R) by-1(1), @ € im(y) (@ ()

By Eq. we have
(53) A ob = dmw (b

Let e, be the function [k 4] — {1, -1} defined in Eq. (28). Then for o = oy,
)=1eo()eklei=c'(j),i €kl ei=v(j),jc€kleicim(p) e e, (i) =1

So we have

(54) £0(1) = €y (i), 1<i<k+4
Now our theorem follows from Eq. (29), (51)), (53), and Theorem O
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