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TWO GENERATORS FOR THE MAPPING
CLASS GROUP OF A SURFACE

BRONISLAW WAJNRYB?!

Let F be an orientable surface of genus ¢ > 1, either closed or with one boundary
component. Let M be the mapping class group of F. Then M can be generated by
two elements.

1. Introduction.

Let F), - be a compact orientable surface of genus n with r boundary components.
Let M, be the mapping class group of Fy , l.e. the group of isotopy classes of
orientation preserving homeomorphisms of F), » which leave the boundary pointwise
fixed. We shall only consider the case of r = 0 or » = 1. Dehn proved in [D] that
M, r is generated by twists with respect to simple closed curves (see definition
1.) Lickorish proved in {L1] that twists with respect to curves ay,a,..., 2.,
82,83,...,0n (Fig. 1) suffice. He also proved that if we do not require the generators
to be twists then four generators suffice. In fact it is easy to find three generators
for M, ,. We can find homeomorphisms S (defined later) and E , a “rotation”,
such that the conjugation by S acts transitively on Dehn twists with respect to
o1,Q3,...,02, and the conjugation by E acts transitively on Dehn twists with
respect to 61,62,63,...,0, (67 = a1.) Thus S, E, and the twist with respect to a;
generate M, .. Humphries proved in [H] that M, . can be generated by 2n+41 twists
with respect to curves ay,as,...,a2,, 62 and that this is the minimal number of
twist generators for M, ;.

In this paper we prove that M, ,can be generated by two elements.

Theorem. Let F be a compact ortentable surface of genus n , either closed or with
one boundary component. Let M be the mapping class group of . Then M can
be generated by two elements.

The result is known for n < 2. For n = 0 the group M is trivial. For n = 1 the
group M is generated by twists with respect to curves oy and . For n = 2 the
group M is a quotient of the braid group Bs (see [B]) and hence can be generated
by two elements. So it suffices to prove the Theorem for n > 3.
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2. Definitions and notation.

We assume that n > 3 and that F' is a surface of genus n represented on Fig. 1.
The curve A on the right side of the picture is either the boundary of F or F' is
closed and A bounds a disk on F. F is oriented in such a way that the part of F
facing us has the usual orientation of the plane. On an oriented surface we have
the notion of left and right. If we move along a curve in some direction and u is
the velocity vector and v is a normal vector then v is to the right of u if the pair
(u,v) is negatively oriented.
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Figure 1

Definition 1. A (positive) Dehn twist with respect to a simple closed curve « (or
along « ) is an isotopy class of a homeomorphism A of F, supported in a tubular
neighbourhood N of «, obtained as follows: we cut F' along «, we rotate one side
of the cut by 360 degrees to the right (clockwise) and then glue the surface back
together damping the rotation to the identity at the boundary of N. If § is a curve
on F which meets « transversely at one point and if 3’ is the image of # under the
twist then 3’ is obtained by splitting a U at the intersection point and reglueing it
together into one simple closed curve, where 3 extends to the right into a (Fig. 2).
If @ and B meet at the far side of F', where the curves are denoted by broken lines,
then 8’ turns “left” into ¢, which means right according to the orientation of the
far side of F. For the inverse of a twist we have to interchange left and right .
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A Dehn twist with respect to a depends on the orientation of the surface F but
not on the orientation of the curve a . The twist along o will be denoted T .

By a curve we always mean a simple closed curve on F'. We shall say that curves
are equal if they are isotopic on F.

We compose homeomorphisms from left to right and we write the symbol of a
homeomorphism on the right side of the curve on which it acts. A conjugate of A
by B is denoted (4)B = B™'AB .

We let
S=TaTaz - Tas, and R=Ts _ T;'.

We denote by G the subgroup of M generated by R and S .



3. Proof of the Theorem.

We assume as before that n > 3 . In order to prove the Theorem it suffices to
prove the following proposition

Proposition. G = M, i.e. the group M is generated by R and S .
Lemma 1. Ifo is a curve, h is a homeomorphism and o = (a)h then Ty = (Ty)h.

Proof: Homeomorphism h~! takes a neighbourhood N’ of o’ onto a neighbourhood
N of a. Then T, twists N along « and h takes N back to N’ .
O

Lemma 2. Let a and § be simple closed curves on F.
(i) If a does not meet 8 then ToTs =TT, .
(1) If a and B meet transversely at one point then ToTgTy = TgToTp .

Proof: The first case is obvious. The second case is equivalent to T, 'TpT, =
TpTo Ty ! . By Lemma 1 this is equivalent to the fact that the curves (8)T, and

a)T7! are equal, which is clear from definition 1 .
’ 0

Lemma 3. (T,,)S =T4,_, fori=2,3,...,2n .

Proof: By Lemma 2 (T,,)Ta; = Ta, for |i — j| > 1 and (Tu,,, ) Ta; = (T, ) T30
fori=1,2,...,2n — 1. Lemma 3 follows .

Lemma 4. (6,)S™ =03p—m form=0,1,....2n-1 (Fig. 3 .)

Proof: For m = 0 we have §, = o2, (Fig.3 .) Suppose (6,)S™ = o3n—m for
some m . Let us apply S. For 7 < 2n — m the curve o2, is disjoint from «;
50 (02n—m)Ta; = 02n—m . Clearly (02n-m)Taz,_ = O2n—m—1 by definition 1, and
O2n—m—1 is disjoint from «; for j > 2n —m , thus (6,)S™"! = 09n—m-1 . Lemma
4 follows by induction .
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Figure 3
Lemma 5. (§,.1)S?" 2 =py and (6,—1)S*""* =ps (Fig. 4 .)

Figure 4
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Proof: Let 6oy = (0p-1)5Te;Tay .. Ta, for a = 0,1,...,2n — 3 and r =
1,2,...,2n. 8490 = (8p—1)S°F1 .

For k =0,1...,n — 2 we define curves Ag 1, Ak 2, Ax,3 (Fig.5a) and curves uy 1,
tek,2, k3 (Fig. 8b for k < n —2 and Fig. 5¢c for k = n — 2 .) We prove by induction
on k that

(a) Oakon—2k—34i = Ap,; fori=1,2,3.
(b) O2k41,2n—2k—d+i=pts,i for 1 =1,2,3.
(c) (6n—1)S%*+2 = pp 5 .

We start with £ = 0 (a = 0) and apply the consecutive factors of S to 6, .
For j < 2n —2 curve q; is disjoint from d,_; 50 (d,-1)Ts; = én—y . By definition 1
(6n=1)Tapn_o = Ao (Fig.5a) so 8p2n—2 = Ao as required. Suppose that for
some k < n — 2 we have 05 2n-2k-2 = Ar,1 . Clearly (Ak1)Tag,_0n_, = Ak,2 and
(M,2)Tag,_an = Ak,3 so the equations (a) are true by the definition of 8, . For
J > 2n — 2k curve q; is disjoint from Ak 3 50 (6,-1)S?**+1 = A\ 3 . We apply again
the consecutive factors of 5. For 3 < 2n — 2k — 3 curve a; is disjoint from A; 3 .
Now we apply Tog,_ou_s t0 Aka . If & < n —2 we get the curve pg on Fig.5b . If
kE=n—2then 2n — 2k —3 =1 so we apply Ty, to Ap_2 3 . It is easy to see that
we get the curve pn—2 on Fig.5¢c . Thus g1 = (6n-1)S* 1 T0, .. . Tagn_oes =
02k+1,2n—2k~3 as required. Clearly (ux1)Tasn g2 = k2 a0d (1g2)Tann sy =
pk,s so equations (b) are satisfied. For 7 > 2n — 2k ~ 1 curve «; is disjoint from
k3 50 (60-1)S**2 = i 3 which proves (¢) . If k£ < n —2 we go on and apply
again the consecutive factors of S to g3 . For j < 2n — 2k — 4 curve ¢ is disjoint
from pr3 . It is easy to see that when we apply Ta,, _g_s tO fik3 we get Ay .
Thus 62x42,2n—2k—4 = O2(x41),2n—2(k+1)—=2 = Ak+1,1 - This completes the induction
step. From (c) we get

(5,1_1)82”_4 = HUn-=3,3 = P4 (F1g5b and F1g4 )

((571_1)52"_2 = Hn-23= P2 (Flg 5c and F1g4 )

Figure 5b
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Lemma 6. (v;)S? =6;_y fori=2,3,...,n (Fig. 1 .)

Proof: This is an easy exercise for a reader who followed the proof of Lemma 5 .

O
Let U = (R)5**~% . Then U € G and by Lemmas 4 and 5 U = T,,T,." .
Lemma 7. (6g)U = fork=2,3,...,n (Fig.1.)

Proof: Fig.6a shows curves & and p; . Clearly (6x)T,, = v1 (Fig.6b.) Now in
(v1)T,,! (Fig.6b) most of the picture “contracts” and we are left with v .
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Lemma 8. TalTé_zl, T, T and T52T5;1 belong to G .

a3z " ys

Proof: By Lemmas 6 and 7 we have (6x)US? = &x—; for k = 2,3,...,n . Thus
(RYUS*H)"3 = T52T6';1 . Now by Lemma 7 (R)(US*)"*U = T\, T} = To, T, .
Applying 5% we get , by Lemma 6, Tngg;l which is equal to T01T5_21 .

O

Lemma 9. T, Toa,To:Ts, = TeT5, Ty, (Fig. 1.)
Every factor on the left hand side commutes with every other factor in the relation.

Proof: When we cut F along the curves ay, a3, as and d; we get a disk with 3
holes (Fig. 7 .) The relation in Lemma 9 is the so called “lantern relation” . It was
proven in [J] .

O



Let W = To,T;;'T5,T;;' . By Lemma 8 W € G. By Lemma 9
W =TT T .
Let V = (R)S§%"~* . Then V € G and by Lemmas 4 and 5 V = T, T,.! (Fig.3
and Fig.4 .)

Lemma 10. {(e)V ™! =43, (a)V ' =ay, (as)V ™ =7, .

Proof: Clearly (¢)T,, = 2 (Fig.8a and Fig.8b .) When we apply T, to v,
(Fig. 8b) most of the picture “contracts” and we are left with d; .
Clearly o is disjoint from o4 and p4 so (a;)V = a; .
Finally (as)T,, = vs (Fig.8a and Fig.8c .) When we apply 7,.! to v3 again
most of the picture “contracts” and we are left with ~; .
O

Figure 8c

We can now complete the proof of the Proposition . By Lemma 1 and Lemma
10 we have (W)V~! = T;, T 'T.! € G . Now by Lemma 8

(To T, W6, T3, W6, T T N T Ty ) = T € G

By Lemma 3 T,, € G for each i . In particular T,, € G . Now T;5, € G by
Lemma 8 and G = M by the result of Humphries in [H] . This concludes the proof

of the Proposition and of the Theorem .
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