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Foreword

The two notes combined in this preprint can be read indepen-

dently of each other. They are linked together by some general

ideas which lie behind the applications of H.Weyl's equi­

distribution principle as e~~~pl'l,~ied",: _~~r- i.ns:~ance, in:
r • r __ .' _

J.W.S.Cassels, An introduction to diophantine approximat~on,

Cambridge University Press,' 1957 (Chapter VI, §§ 4,5).

S.Lang, Algebraic nurnber theory, Addison-Wesley Publishing

Company, 1970 (Chapter VI, § 2).

J-P. Serre~ Abel.ian l~adic. re.pres·e-~·t·ati?ri's:-a'Ii'd- elliptic

curves, Benjamin, 1968 (Appendix to Chapter I) .





-1-

Two years aga we proved a rather general theorem concerning

equidistribution of integral points on norm-form varieties (see

[1], equation (23». As a simple application cf the methods developed

in [1] we give here a result much stronger than one can expect to

obtain worki~g analytiQally (cf., e.g., [3]). Let, in notations of

[ 1 ] ,

d.
Uj(X) = {ala € m ]

and let

o
I g . (a) I <x j} , 1 ~ j ~ r ,

]

where we write, for brevity,

lyl = max \Yi l
1:;äi:;än

'for y = (y1' ..·.'y) , y. E CI: •n ~

Theorem. Suppose that k
j

is a totally complex Galois extension of

~ , 1 S j sr, and that the fields k 1 , •.. ,kr are arithmetically

independent~ Then

.....
~ 1-c (k)

N
1

(u (X) nV) = c
1

(k)·X+O(X 2 ), c
1

(k) >0, c
2

(k) >'0 • ( 1)

Notations. We retain the notations introduced in [ 1 l; ·in what follows
~

c
j

(k) , 1 ~ j $ 7 , and the O-constants depend at most on the sequence

of fields k. , 1 S j S r . Let E
2

be the set of all the
]

subsets of V of the form
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U1 = U x I , U E E , I = {tlt1 < t s t 2} ,

where t
1

and t
2

range over m+ and satisfy the condition t
1
<t

2
•

Lemma 1. The set u = U(X) n V, x > 0, is (E 2 ,p')-smooth and

c (k)
c (u ) = 0 ( (log _X) 3 )

where, as always, C(u) denotes the smoothness constant of u •

Lemma 2. We have

Lemma 3. We have

t (u (X) n V) - 0 (X) •

Proof of the theorem.- In view of lemma 1 and lemma 3, it follows

from the estimate (19) in [1] that

N (U(x)nv)
1

~

1-c
S

(k) ~

= b~t (U(X)nv) + O(X ), cS(k»O (2)

Since according to [2, theorem 2] -the constant b depends on k j ,

1 S j ~ r , only and since b > 0 , relation (1) is a consequence of

(2) and lemma 2.
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Proef of lemma 1. Let

be a system of fundamental units in k j . Suppose that

with

(lEg j (V . (1 ) nu . (X) )
] ]

and

e: = n i 1
'~ € j i ' n i € Z , 1 :s i :s 2d j - 1 ,

where a denotes the diagonal embedding of k.
]

into dj-dimensional

l! ..... ED a:

:IR-algebra

a:
"- ---I

V
1
idj times

defined in [1,§ 2]. It fellows from the definitions of

that the integers n i obey the following estimate:

n i = 0 (log X) •

Therefore there is a covering

(J and

f
U

p=1



with
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K" E E , f
P

a'= 0 (log X) ) , a d
:= 2 -r .

The assertion of lemma 1 is an easy consequence of this fact.

Proof of lemma 2. By definition,

X
lJ t (u (X) nV) = f dt lJ (U (X) n V0 (t» •

o

On the other hand,

u(X)nVo(h) = U1(x)nV1(h)x ••••• xUr(X)nVr(h)

and

for h>O . An easy ~omputati~ shows that

and therefore

(3 )

J:1(U(X)nVo (h» (4)

where y:= ~ • Lemma 2 follows from (3) and (4).
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Proof of lemma 3. It follows from the definitions.

Remark. Analogously one can prove that

taking

....
1-c

7
(k)

= b~' (u (X) nV) + 0 (X ) ,
..a..

c 7 (k»O ,

U(X)
..:.. ~

= {a Ia =
d.

(a
1

, ••• ,ar ), a
j

E:IR J
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Equidistribution of Frobenius classes

and the volumes of tubes

B.Z.Moroz

1. Let G be a compact Lie group that fits in an exact

sequence

1 ---> T ---> G -1-> H ---> 1 , ( 1 )

where T 1s an n-dimens1onal real torus and H 1s a finite

group. Given a countable index set P and a set of conjugacy

classes

in G, we are interested in the following, equidistribution

problem. Let

I • I P ---> JR
+

be a map satisfying the asymptotic formula (8) below and let

A c G . For each x in JR+ ' let

N(A,x) = card {pipEP, 0 nA*ftl, Ipl < xl .
p -

One studies the asymptotics of N(A,x) as x ---> ~ • Without

lass of generality we can assurne that A i8 invariant under



· -2-

conjugation, i.e.

~-1A~ = A for ~ E G ,

so that

(2 )

N(A,x) = card {pipEP, cr cA, Ip I :i x} •p (3 )

The manifold G inherits the natural Riemannian structure

from T. Let ~ be the Haar measure on G norrnalised by the

condition

lJ(G) = 1 ,

and suppose that A satisfies the fo~lowing condition:

(4 )

where aA denotes the boundary of A and where U5 (A) denotes

the 5-neighbourhood of A, i.e. the subset

{xix E G, p(x,A) < ö} (5)

here ö > 0 and p denotes' the Riemannian metries on G '. Con-
....

sider now the set G of all the simple characters of Gilet w
be an irreducible representation of G and let

(6 )
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In view of the isomorphisrn

one can choose a basis

{1l.]1SjSn}
-J

of T. Let-

n m..
A. = n ~j

1.J
tn ji e: Z, 1;$i;$1

1.
, ,

j=1

we write then

n
w (Ai) = n (1 + IIn. . I ) ,w (X) = max w (Ai)

j=1 1.) 1~isl

Theorem 1. If A sat~sfies (4) and

~ X «(Jp ) = g (X ) B (~) + 0 (b (x , w (X) ) ), X e: G,

pEP

Ipl<x

(7)

(8 )

where g(x)=1 if X is the character of the iderttical represen-

tation and g(x)=O for any ether character and where

00

\" -vL b(x,m)m =
m=1

< co (9 )

fer same v in m+ ' then (assuming (2) and (3»

Cl

_, _ (C(A) (b 1 (x,v) )(1+vn))
N\A,x)-~(A)B(x) (1+0 ll(A) B(x) • ( 1 0)
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we have

co
therefore there is a C -function

~ö G ---> [0,1].

sat1sfying the following conditions:

f ~ö(g)d~(g)=1, ~ö 1s H-invariant, ~ö(g)=O for g ~ U5({1}) •
G

Let f+ and f be the characteristic functions of Uö (!)

-1
= f f+~y)~ö(Y ß)d~(y)

G'

00

Then g+ € C (G)

are). Moreover,

and g+ is H-invariant (since and

so that

Thus
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\' g (a );$ N (A ,x) SL _ P

Ipl<x .

We write

g+ = L .c+(x)x
XE~ -

( 11 )

( 12)

and substitute (8) in (12) ta obtain

l: - g + ( 0 ) =C + ( 1 ) B (x) +0 ( L Ic + ( X) Ib (x , w ( X) » •
. - p -

!p!<'x x*1

It follows fram (12) that

( 13)

or recalling the definition of g+, f+ ' and ~ö '

c+(1)= f f+(g)d~(g) = ~(A)~~(Uö(aA»
G. -

Therefare it follows from (4) and (13) that

l: g+(Op)=l:l(A)B(X)+OCB(X)öo.C(A»+O( L lc+(x-) lb(x,w(x») • (14)

Ipj<x - x*1 -

Ta estimate c+(x) let us suppose that X satis~ies (7) and

(6) and write

G = U Thy' j (hy ) = y •
yEH
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Then (12) gives:

= f dll(a)
T

( 15)

In view of (6)

1
x (wh ) = LAi (a ) 'l' . . (h )

y i=1 11 y

Therefore

1
L L Wii (h ) f du (a) g + (ah ) Ai (a) •

1=1 y T - Y
yEH

( 16 )

It follows from (7) and the definition of g+ that (cf., e.g.,

[2,.§ 3])

f du (a) g= (ah
y

) Ai (a) = 0 (ö-\ln W(A
i

) -\I)

T

for each \I in Z n m+ . A classical argument (cf., e.g.,

[7, § 8.1]) shows that, in fact,

w(x) =O(W(A.», 1~i:Sl,
1

for a simple character X and that

.....

card {x IXEG, w (X) =m} = 0 (1), m E ~ I m ~ 1 •

In view of (9) I (14) I (17) and (18) I we conclude that

( 17)

( 18)
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(19 )

1

(
b 1 (X,V))l].+vn

Taking 0 =
B(x)

one deduees (10) from (11) and (19).

This eompletes the proof of Theorem 1.

Corollary 1. Assume that aA is eontained in an analytie subset

of dimension n-1 • Then relations (8) and (9) imply (10) with

cx=1 •

Proof. By_a. geometrie lemm~ diseussed in the 'Appendix to_this
- ~ ........... ~ .

an estimate

2. To describe an arithmetical application of theorem 1 let k

be a finite extension of W, the field of rational numbers, and

let W(k) denote the (absolute) Weil group of k defined as a

projective limit of the relative Weil groups W(Klk) , where K

varies over all the finite Galois extensions of k (cf. [9], ....

[10]). Let us recall that

W(Klk)

wit~ compact W
1

(K]k) and that W(Klk) i5 defined as a group

extension

1 ---> CK ---> W(K!k) ---> G(K!k) ---> 1 ,
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where C
K

denotes the idele-class group of . K and where

G(Klk) is the Galois group of" K over k • Let S(k) be the

set of all the prime divisors of k , and let

inertia subgroup and the Frobenius class in

I p

W(k)

and

for

0p be the

pES(k)

Consider a finite dimensional continuous representation

~ W(k) ---> GL(V)

acting in a complex vector space V let

= e for gE I }
P

be the subspace of I -invariant vectors and let X denote thep

character of ~ . We define x(op) to be equal to the trace of

the operator ~(~p) on Vp for ~pEop and notice that this

definition does not depend on the choice of Tp in 0p One

can show that the set

"So (w) := {p\pES(k), Vp * V}

i5 finite and that 1f1 factors through W(K!k) for a finite

extension Klk . We say that ~ is normalised if tp factors

through W1 (K[k) for a finite Galois extension Klk .

• Theorem 2. Let m be a finite set ofnormalised ("finite

dimensional continuous) representations of W{k) , let

v
m= {xix = trw for some ~ in m} ,
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and choose go in W(k) and € in the interval O<€<1

There is a positive constant a(m;go'€) such that

x d u
a (m; go ' €) J log u +0 (x exp (-c 1v' log x), C 1>0 , .

2

and

( 20)

(21 )

where C j , 1;$j:S3 '. and the implied by the O-symbol constant

depend at most on m (but not on go'€'x), .

Proof. Let Klk be a finite Galois extension such that each

$ in m factors through W1 (K\k) and let [K:k] = n+1 •

Consider the (closed) subgroup

n Ker $
$Em

of W(k) and let G = W(k)/GO . It follows from the definitions

that G fits into the exact sequence (1). We let

and denote by 0p the image of the Frobenius class under the

natural homornorphism
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~ W(k) ---> G .

the set 15 a conjugacy class in G.

Moreover, it can be deduced from the Heckeis Primzahlsatz, [1]
....

(cf. also [5, theorem 4]) that, for each X in G, we have:

x d u 1
1: x(crp )=g(x).5

2
log u + O(x exp(-c 4 og x )) (22)

log w(x)+v'log x
!p!<;:x'

with c 4 > 0 , "where jpl := Nk/Wp • Let

B = {gjgEW(k), IX (g) -x (go)l<e:

and let

A = lP(B)

v
for X E m}

The set aA may be regarded as a semialgebraic set, therefore

it satisfies (4) with C(A) and a independent of and

(cf. [1'"r, Corollary 4.5 J). "Estim~ te (:'20) --follows now

from theorem 1; in view of (22). To deduce the inequality (21,)

we appeal to ,[ 3, Proposition 5] (cf. also" [4, P .,461]' and

[ 6, Theorem 2, P • 99 ] ) .

Remark 1. Theorem ,2 may be regarded as a"generalization of both

Chebotarev's' density theorem'and-the pr~rne' number theorem for

grossenc~aracters due to E.Hecke. It-confirrns our conjecture

stated in"[3~ p.23] ,and in [6, p.139-140].
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Appendix. We reproduce here an argument kindly communicated to
" th

the author by Professor J-P.Serre in his letter of April 24 , 1986

(cf. also [8, p.145]).

Lemma. Let b' be a compact subset of the analytic set

c = {x Ix E lR
n , f (x) = O} ,

where f : N
lR --> JR is an analytic function, and let" d denote

the (real) dimension of C. Then

J dx < C (h-) ön- d for 0 < Ö < 1.

Uö(b)

(23)

Sketch' of the proof. It follows from the Hironaka1s theorem on

resolution of singularities that

l(b)
b C U B j , Bj =

j=1

where I := [0,1] and i5 a continuous map with the Lipschitz

property, i.e.

Therefore

l(h)

L
j =1

Let

(24)
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I(\I,N) = [ü ' \1;1 ] ,OS \I S N-1 ,

and let

Then

n
= O· « ö + 1) )

N

with an Q-constant depending at most on C
j

I 1 S j ~ l(h) I

and therefore

L f
v Uö(B. ""')

J I'V

d 1 n
dx = Q(N (6 + -) )

N

Choosing N to be equal to [t] one obtains an estimate

f dx = O(ö n- d) •

Uö(B j )

Relation (23) 1s a consequence of (24) and (25).

(25)

Remark 2. As it has been pointed out in [8],one should try to

prove this lemma by elementary methods making no use of the theory

of resolution of singularities.
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