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ABsTRACT. We give the classification of the configurations of the elliptic
curves on the Fano surface of a smooth cubic threefold. That means that
we give the number of such curves, their intersections and a plane model.
This classification is linked to the classification of the automorphism
groups of theses surfaces. The Fano surface of the Fermat cubic of P* is
the only one to contain 30 elliptic curves and we study its properties in
detail.
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Introduction.

Context of the study.

Let S be a minimal complex surface of general type, (g its cotangent sheaf,
wg the canonical sheaf and m > 0 be an integer. To the invertible sheaf w?m
is associated a rational map

Pm S — P(H°(S,wg™)")

called the m-th pluricanonical map. We know the importance of the pluri-
canonical maps ¢,, for the classification of the surfaces of general type. Since
the work of E. Bombieri [6] for m > 2 and A. Beauville [2| for m = 1, the
behaviour of the pluricanonical map ¢, is controlled by the values of m, by
the first Chern number and by the particular geometry of S. The following
results are classical [1]:

Theorem 0.1. A) The canonical sheaf of S is ample if and only if the surface
does not contain a (—2)-curve (i.e. a smooth curve C of genus 0 such that
C?=-2).

B) If m > 5, the rational map ¢p, is a morphism and if D =" C; is a 1
dimensional fibre of ¢, then its irreducible components C; are (—2)-curves.

Moreover, we know the configuration of these (—2)-curves: their dual graph
is one of the graphs Ay, (n > 1), Dy, (n >4) or E,, (n € {6,7,8}).

However, we are still far from having a complete classification for surfaces
of general type. It is expected that a finer classification will result from the
study of the subtler invariant g rather the study of the sheaf wg = A%Qg
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and we were lead in [19] to introduce the notion of “cotangent map of S”.
The definition of this map requires the following assumption:

Hypothesis 0.2. The surface S is a smooth complex surface of general
type. The cotangent sheaf g of S is generated by its space H°(Qg) of
global sections and the irregularity ¢ = dim H°({g) satisfies ¢ > 3.

Let us denote T the tangent sheaf of S,
m:P(Ts) — S

the projection onto S of the projectivized tangent sheaf, and Op(ry)(1) the
invertible sheaf on P(Ts) such that:

T (Op(1) (1)) = Qs.
We identify the space of global sections of Op(ry)(1) with H?(€2s). Since
the morphism H°(Q2s) ® Og — Qg is surjective, the morphism H°(Qg) ®
Op(1s) — Op(14)(1) is also surjective and defines a morphism:

¥ P(Ts) — P(H(Qg)*) = P41
Definition. The map v is called the cotangent map of S.

The image under 1 of a fibre 771(s) ~ P! is a line in P4~!. The cotangent
sheaf is said to be ample if the sheaf Op(7y)(1) is ample, and this is so if and
only if the fibres of the cotangent map 1 are finite. If p is a point of P91
such that the fibre ¢ ~!(p) is not finite, then p is the vertex of a cone in the
image of 1 and ¢ ~!(p) is 1 dimensional [19]. In this case, a 1 dimensional
irreducible component of 7(x~1(p)) is called a non-ample curve of S.

The morphism 9 is the analogue, for the cotangent sheaf, of the morphism
¢1 for the canonical sheaf. The non-ample curves play the same role for the
cotangent sheaf as the (—2)-curves do for the canonical sheaf. It is thus
natural to study these curves and their configurations.

The cotangent map ¢ is the object of a forthcoming paper [19]. In this
paper, we study the cotangent map and the configurations of the non-ample
curves on Fano surfaces.

These surfaces were discovered by G. Fano and interest in them has been
stimulated by the work of H. Clemens, P. Griffiths [8] and A. Tyurin [22],
[23] in 1971.

By definition, a Fano surface is the Hilbert scheme of lines of a smooth cubic
threefold F' — P*. This scheme is a surface S that verifies Hypothesis 0.2
and has irregularity ¢ = 5.

By the Tangent Bundle Theorem 12.37 of [8], the image of the cotangent
map v : P(Ts) — P(H°(2s)*) of S is a hypersurface F’ of P(H°(Qg)*) ~ P*
that is isomorphic to F'. Moreover, when we identify F' and F’, the triple
(P(Ts),m, 1) is the universal familly of lines on F'.

We will prove that for the Fano surfaces, a non-ample curve is a smooth
curve of genus 1. The main results presented here, which are similar to the
classical results A) and B) of Theorem 0.1 are:
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Theorem 0.3. A’) The cotangent sheaf of a Fano surface is ample if and
only if this surface does not contain smooth curves of genus 1.

B’) There are only 10 configurations of smooth genus 1 curves on the Fano
surfaces. We know a plane model of each curve, the number of these curves
and their intersection numbers.

Furthermore, we prove that the classification of the elliptic curve configura-
tions on Fano surfaces is equivalent to the classification of the Fano surfaces
with respect to a particular subgroup of their automorphism group.

In this study of the geometry of Fano surfaces, the elliptic curves will play
the the role that is devoted to the rational curves for classical examples of
surfaces e.g. the (—1)-curves on del Pezzo surfaces or the lines on hypersur-
faces. The counterpart is that the techniques used for these surfaces cannot
be applied here. It is the theoretic framework of the cotangent map that
raises the right questions and enables us to obtain well understood examples
of irregular surfaces of general type, lying in a 10 dimensional familly.

Statement of the results.
We have divided this work into three sections:
Section 1. In the first section, we start by recalling known facts about Fano
surfaces and the cotangent map and we introduce preliminary materials.
Let S be a Fano surface and let F' < P4 be the image of the cotangent
map . As this image is smooth, the general theory of the cotangent map
implies that a curve £ — S is non-ample if and only if F is smooth and
of genus 1. Moreover, if F is such a curve, the cone ¥, 7m*FE is a hyperplane
section of F.
We then prove that the automorphism group of the surface S and that of
F' are isomorphic and that the Néron-Severi group of S is generated, up to
index 2, by the divisors coming from its Albanese variety.
Section 2. In the second section, we establish the classification of config-
urations of smooth curves of genus 1 on Fano surfaces.
Let S be a Fano surface, ¢ : P(Tg) — P* be its cotangent map and F' be the
image of 9. If s is a point on S, we denote by L the line 1(7~1(s)) — F.
An important tool used to classify the configurations of elliptic curves is
the observation that we may associate to each elliptic curve £ — S, an
involutive automorphism og : S — S and a fibration vg : S — E. The
classification of the groups generated by these involutions then gives the
classification of the elliptic curve configurations.
The construction of the morphisms o and g is as follows:
Let us denote by pg the vertex of the cone 9, 7*E. For a generic point s in
S, the plane X, which contains the point pp and the line Lg, cuts the cubic
F along three lines :
1) the line Lg,
2) the line L., (in the cone 9, 7*E) passing through the vertex pg and the
intersection point of the line Ly and the cone ¢, 7*FE,
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3) the residual line L, such that :
XoF = Lg+ Ly,s + Loys.
The morphisms og and g satisfy the following proposition:

Proposition 0.4. Let E, E' be two different elliptic curves on S. The curve
E verifies E* = =3, the intersection number of E and E' equals 0 or 1 and:

(UEUE/)?’_EEI =1.

The curve E' is contained in a fibre of yg if and only if EE' = 1. If EE' =0,
then E' is a section of yg and E"" = op(E') = og/(E) is a third elliptic curve
on S such that EE" = E'E" = 0.

This Proposition implies that the dual graph of the elliptic curves E, E’, ..
gives the relations between two involutions op,op as a Coxeter-Dynkin
diagram. This fact will be used to determine the group generated by these
involutions.

Let F < S be an elliptic curve. The automorphism og acts on the space
H°(2g) and we denote by M,, € GL(H°(f2s)*) its dual representation. The
order 2 automorphism —M,, is an order 2 reflection of H°(Qg)*. Let £ be
the set of smooth curves of genus 1 on S. We denote by Gg the complex
reflection group generated by the morphisms:

—M,,, (E€é).

Let m, n > 0 be integers and let p be an integer dividing m. We denote by
¥, C GL,(C) the group of permutation matrices and A(m,p,n) C GL,(C)

m

the group of diagonal matrix D of order m such that det(D)» = 1. Let
G(m,p,n) be the complex reflection group generated by A(m,p,n) and %,
and let []? be the reflection group of order 2.

The following theorem gives the configuration classification of elliptic curves
on Fano surfaces:

Theorem 0.5. (Classification Theorem). Let ng be the number of elliptic
curves on S. If the group Gg is irreducible, then it is isomorphic to one of
the following groups:
Group Gs | {1} ||
0

21G(3,3,2) [ 24| 5 [ G(3,3,5)
ng 3 6| 10 30
Order of Gg | 1 6 241120 9720
Else, Gg is isomorphic to one of the following groups:
2 < [1?]1G(3,3,2) x []? ] G(3,3,2) x G(3,3,2) | G(3,3,3) x G(3,3,2)
2 4 6 12
4 12 36 324
Let E,E’ be in £. We know the intersection number EE' and we give a
plane model of E.
These configurations of elliptic curves and these automorphism groups acting
on a Fano surface do actually occur in an effective way.

—

S| ~
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To prove this Theorem, we use the classification of complex reflection
groups established by G. Shephard and J. Todd [20].

We give the following example to show the effectiveness of the Classifi-
cation Theorem 0.5: we not only have the dual graph of the configuration,
but we can also construct a Fano surface that contains a prescribed elliptic
curve.

Example 0.6. Suppose that the reflection group Gg is isomorphic to Xs.

Then there is a scalar p & {1, %, %} such that the cubic F' is isomorphic to

o sy ad a2k — p(e Fag FazFag+as)® =0.

The Fano surface of F' has ten copies {E;;, 1 < i < j < 5} of the elliptic
curve

PP+ 28—z +y+2)>=0.
We have E;;Eq = =3 if {i,j} = {s,t}, EijEs = 1if {i,5} N {s,t} = 0 and
otherwise E;;Es; = 0. The dual graph of this configuration is the Petersen
graph.

Let us now discuss some consequences of our Classification Theorem:

Corollary 0.7. We can build an infinite number of Fano surfaces S that are
“singular” in the Shioda sense : their Picard number achieve the upper bound

25 = dim H'(S, Qg).

We remark that the classical examples of singular surfaces of general type
contain (—2)-curves in the case of Horikawa surfaces and double coverings
of the plane [18]. In our case, a Fano surface is embedded in its Albanese
variety and hence contains no rational curves.

Moreover, a Fano surface S of the above Corollary 0.7, has the following

property:

Corollary 0.8. The Albanese variety A of S is isomorphic to a product of
elliptic curves.

The relevance of this fact is that A carries a principal polarisation © and
that one of the main results of [8] is that (A, ©®) cannot be isomorphic (as a
principally polarised Abelian variety) to a product of Jacobians.

Recall that among the K3 surfaces, the Kummer surfaces are recognized
as those K3 having 16 disjoint (—2)-curves. The sum of these 16 curves is
divisible by 2 and the associated degree 2 cyclic cover is the blow-up of an
Abelian surface [17]. We have an analogous result for Fano surfaces with 12
elliptic curves as follows:

Let E be an elliptic curve, let A — E x E be the diagonal and define:

Ty = {z+2y=0} - EXE
T, = {20+y=0}— ExE.

Let Z be the blow-up of E x E at the points of 3-torsion of A and let D
be the proper transform of A + 715 + 15 in Z. The divisor D is divisible by
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3 and for each of the 81 invertible sheaves £ such that L& = Oz(D), we
denote by Sy — Z the associated degree 3 cyclic cover of Z branched over
D.

Corollary 0.9. There exists a unique invertible sheaf L such that Sp is
a Fano surface with 12 elliptic curves. By this construction, we obtain all
Fano surfaces with 12 elliptic curves. If & has no complex multiplication,
the Néron-Severi group of Se has rank 12 and is rationally generated by its
12 elliptic curves.

By the Classification Theorem 0.5, the number ng of elliptic curves verifies
0 < ng < 30 and we prove that the surfaces for which ng > 0 constitute a 7
dimensional space in the 10 dimensional moduli space of Fano surfaces.
The Picard number pg of a Fano surface S satisfies 1 < pg < 25 and we
prove that it is 1 for S generic. In fact, the number of elliptic curves is
linked with the Picard number pg: we have pg > ng unless ng = 30, in
which case pg = 25. The number ng is also the number of 1 dimensional
fibres of the cotangent map . This shows that the geometric properties of
1 vary non-trivialy with the Fano surface.

Section 3. In the third section, we study the Fano surface S of the Fermat
cubic F — P* = P(H°(Qg)*):

a:?—i—a:%—l—:c%—kxi—i—a:?zo.

The computation of the the rank of the Néron-Severi group of a given surface
is generally a difficult problem that is related to arithmetic questions such as
the Tate Conjecture [21]. A fortiori, to find a Z-basis also is a more difficult
question that may be treated for some cases such that the K3 surfaces or
hypersurfaces [7]. Knowing the image of the cotangent map of the Fano
surface S, we gain insight into its geometry and we compute its Néron-
Severi group.

Let p3 be the group of third roots of unity and let a € pug be a primitive root.
For s a point of S, we denote by Cs the incidence divisor that parametrises
the lines in F' that cut the line Ly = ¢(771(5s)).

Theorem 0.10. The surface S is the unique Fano surface that contains 30
smooth curves of genus 1. These curves are numbered:

5
B,

1<i<j<b, 6€ us.

1) Each smooth curve of genus 1 is isomorphic to the plane Fermat cubic
E:a®+y3+23=0.

2) Let EZJ and Eft be two such curves, then:

Loaf i, j3n{s,t} =0
B o .
E}E], = —03 if E@l = £,
eLse.



ELLIPTIC CURVE CONFIGURATIONS ON FANO SURFACES 7

3) The Néron-Severi group NS(S) of S has rank : 25 = dim H'(S,Qg) and
discriminant 3'8. These 30 elliptic curves generates an index 3 sub-lattice of
NS(S) and with the class of an incidence divisor Cs (s € S), they generate
the Néron-Severi group.

4) Let i,j,r s, t be integers such that {i,j,7,s,t} = {1,2,3,4,5}. There
exists a fibration v; : S — E such that the 3 singular fibers of ~; are

Bjr + Bstv B]S + Brt, Bjt + BTS

where By = By, = Zﬁeus Elfl for1<k<l<5.
5) The relations between the 30 elliptic curves in NS(S) are generated by the
relations :
Bj'r + Bst = Bjs + B’rt = Bjt + Brs
for all {i,j,r st} ={1,2,3,4,5}.

Given a smooth curve of low genus and with a sufficiently large automor-
phism group, it is possible to calculate the period matrix of its Jacobian
[5]. In this paper, we calculate the period lattice of the Albanese variety
of the 2 dimensional variety .S. This computation is used to determine the
Néron-Severi group of S.

Notations.

Let S be a surface, we denote by wg the canonical sheaf, K the canonical
divisor, Qg the cotangent sheaf and H°(Qg) its space of global sections. We
identify locally free sheaves and vector bundles over S. We identify elliptic
curves and smooth curves of genus 1: the invariants that we compute are
independent of the choice of a neutral element.

- ¢ € H*(S,7Z) and ¢y € Z are Chern classes of S.

- If D is a divisor, g(D) is its arithmetic genus g(D) = 3(D* + KD) + 1.

- e1,..,e5 is the canonical basis of C°, we also consider it as a basis of the
tangent space of the Albanese variety of a Fano surface (see next).

- 1,9, T3, x4, T5 denotes the dual basis of eq, .., e5, we also consider it as a
basis of H°(f2g) where S is a Fano surface.

- x = (21, T2, T3, Tq,T5) = Ei? x;e; denotes a point of C>.

- P4 is the variety of lines of C°.

- Cx (where x € €%\ {0}) is the vector space generated by the vector v or
the point of P* which corresponds to this space ; we will specify as need be.
- F < P* denotes a smooth cubic in P*.

- S is the Fano surface of the cubic F.

-Tpp — P* denotes the tangent projective hyperplane at a point p of F.

- (V1, V) the linear hull of two sub-varieties V; and Va of P4

- ps denotes the group of third roots of unity.

- « is a generator of us.



8 XAVIER ROULLEAU

1. MAIN PROPERTIES OF FANO SURFACES.
1.1. Definition and properties of the cotangent map.

1.1.1. General properties of the cotangent map. Let S)c be a surface which
verifies the hypothesis 0.2. In the introduction, we defined the cotangent
map

b P(Ts) — P(H(Qs)") = P7
by the surjective morphism H°(€2s) ® Op(ry) — Op(ry)(1). Here, we state
general results about this morphism which will be used in the sequel.
Let A be the Albanese variety of S and let ¢ : S — A be an Albanese
morphism.

Lemma 1.1. ([13| p.331.) The differential d¥ : Tg — 9*T4 ~ S x H°(Q2g)*
of the morphism ¥ is the dual morphism of the evaluation map H°(Qg) ®
Og — Qg.

Let p, : S x H°(Qg)* — H°(Qs)* be the projection on the second factor.
Lemma 1.1 implies:

Corollary 1.2. The cotangent map is the projectivization of the morphism:
prodd:Ts — H’(Qg)*.

Let us recall that 7 : P(Ts) — S is the projection. Let s be a point of S.
The restriction of the invertible sheaf Op(ry)(1) to the fibre 771 (s) ~ P! is
the degree 1 invertible sheaf. Hence the image under v of the fibre 771(s)
is a line Ly — P71
Let G(2,q9) = G(2,H°(Qg)*) be the Grassmannian of 2 dimensional sub-
spaces of H°(Qg)*. This Grassmannian also parametrises the projective
lines in P9~ 1.

Definition 1.3. The surjection H°(Qg) ® Og — Qg defines a map
G:S— G(2,9)
called the Gauss map of S.

By construction, the point G(s) represents the projective line Lg, in other
words:

Corollary 1.4. The point G(s) represents the plane:
prodis(Tss) C H°(Qs) .
For the 3 following propositions, we refer to [19].

Lemma 1.5. Let E be an elliptic curve on S. The curve E is a non-ample
curve and the image under ¢ of m*E is a cone.

Let pg be the vertex of this cone and let s be a point of E. The underlying
space of the point pg is the space:

prodis(Tg,s) — H°(Qs)"
where Tg s — Ts s is the tangent space of £ at s.
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In particular, the space pr o ds(Tg s) is independent of the choice of the
Albanese morphism ¢ (and of s € S).

Remark 1.6. This interpretation of the underlying space of pg is an impor-
tant key of the paper.

In [19], we give a classification of the non-amples curves C according to the
sign of C? and we provide example of smooth non-ample curves of arbitrary
genus. We prove that a curve C' < S is non-ample and satisfies C? < 0 if
and only if C' is a smooth curve of genus 1. This enables us to prove the
following proposition:

Proposition 1.7. Suppose that the image F' of the cotangent map is smooth
and g =5. A curve C — S is non-ample if and only if C' is a smooth curve
of genus 1. In that case, the cone 1(m~(C)) is the hyperplane section of F
by the projective tangent space to the vertex of the cone.

The following proposition links the geometry of S to the geometry of the
image of the cotangent map:

Proposition 1.8. Let C' — S be a curve and let K be a canonical divisor
of S. The degree of the cycle ¥, 7*C equals KC.

1.1.2. Main properties of Fano surfaces. Let F' be a smooth cubic hypersur-
face of P*. The Hilbert scheme of lines in F is a smooth surface called the
Fano surface of F.

This surface S verifies Hypothesis 0.2 and has irregularity ¢ = 5. It has the
following important property (|8] or [22]):

Theorem 1.9. (Cotangent bundle Theorem). The image of the cotangent
map of S is a cubic hypersurface F' — P(H°(Qg)*) ~ P* isomorphic to the
cubic F — P*.

We fix an isomorphism between the spaces H°(Qg)* and H°(P*, Ops(1))
that allows us to identify the cubics F’ and F.

The Chern numbers of a Fano surface verify : ¢f = 45, co = 27. The
cotangent map has degree 6: there are 6 lines through a generic point of F'.
Let ¥ : S — A be an Albanese morphism.

Lemma 1.10. The Gauss morphism and the morphism 9 are embeddings.

Let s be a point of S and let Cs be the closure of all points ¢ such that
the lines L; intersects the line L.

Proposition 1.11. Let s be a point of S. The incidence divisor Cs is ample,
reduced, has self-intersection C2 = 5 and genus 11. The divisor 3Cy is
numerically equivalent to a canonical divisor of S.

1.1.3. Propreties of a non-ample curve on a Fano surface. Let S be a Fano
surface and let F' — P* be the image of its cotangent map 1. For a point
p of F', we denote by Tr, — P* the projective tangent hyperplane to F'
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at p. If £ — § is a non-ample curve, we denote by pg the vertex of the
cone (7 1(E)). As the Gauss map is an embedding, we have (7~ 1(E)) =
Y E.

By Proposition 1.7, a curve ¥ < S is non-ample if and only if F is a smooth
curve of genus 1. The fact that the 1 dimensional fibers of 1 are smooth
curves of genus 1 is known [8], [22] but it seems interesting to explain that
by the general theory of the cotangent map.

Proposition 1.12. Let E be an elliptic curve on the Fano surface S. The
cone Y,m*E is the section of ' by the hyperplane Tk, where pg is the vertex
of the cone, moreover:

E? = -3, C,E = 1.

Proof. By Proposition 1.7, the cone ¥, 7" E is the hyperplane section of F' by
Trpy, hence this cycle has degree 3. Let K be a canonical divisor of S. By
Proposition 1.8, we have KF = 3 hence E? = —3 and since K is numerically
equivalent to 3C, we obtain: ECs = 1. U

The following proposition is [8], §8 & §10.

Proposition 1.13. The Fano surface S contains at most 30 smooth curves
of genus 1. If S contains 30 elliptic curves, then the sum of these 30 curves
15 a bicanonical divisor.

1.2. The automorphism groups of the cubic and of the Fano surface,
Theta polarisation.

1.2.1. Study of the automorphism group of S and F. Let us denote by Aut(X)
the automorphisms group of a variety X. Let S and F' be a Fano surface
and its cubic. We prove here that Aut(S) and Aut(F') are isomorphic.

An automorphism h € Aut(F) is the restriction of an element of PGL(H°(2g)*)
and we denote by p(h) : S — S the automorphism of S such that:

Lony(s) = M(Ls)
for all s € S. Let A be the Albanese variety and let ¢ : S — A be a fixed
Albanese morphism. The tangent space of A at 0 is the space H?(2g)*. Let
7 € Aut(S) be an automorphism. There exists an unique automorphism 7’
of A such that the following diagram

s % 4
lrL
s % 4

is commutative. Let M, € GL(H°(2g)*) be the differential at 0 of the
linear part of 7/. The group Aut(S) acts also on the space H°(2g), and the
morphism 7 — M, is the dual representation of this action. Let us denote
the quotient morphism by

¢ : GL(H*(Qs)") — PGL(H"(Qs)").
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The following diagram sums up the used notations

Aut(F) — Aut(S) — Aut(A) — PGL(H’(Qs)").
) 7~ )

We have:

Proposition 1.14. For all h € Aut(F) C PGL(H°(Qs)*), the morphism
M,y raises h:
¢ (M) = h.
The morphism p is an isomorphism, and its inverse is the morphism defined
by :
Aut(S) — Aut(F)
T — ¢ (M,).

Once we have fixed the notations and with the help of the following
Lemma, it is easy to verify Proposition 1.14 ; we omit it.

Lemma 1.15. Let 7 be an automorphism of S and let s be a point of S.
The following diagram is commutative :

Tss " HOQg)
L drs L M
pTOd'&‘r(s)
Tsris) — —  H(Qg)”
Proof. The morphisms p, o d; (t a point of S) are defined in Corollary 1.4.
This results from the equality ¥ o7 =7/ 0 9. O

1.2.2. Theta polarisation. Let S be a Fano surface, let A be its Albanese
variety and let ¥ : S < A be an Albanese morphism. By [8], Theorem 13.4,
the image © of S x S under the morphism (s1,s2) — ¥(s1) — J(s2) is a
principal polarisation of A. Let 7 be an automorphism of S and let 7" be
the automorphism of A induced by 7. Let (s1, s2) be a point of S x S, then
: 7' (0(s1) — Y9(s2)) = H(7(s1)) — I(7(s2)). Thus:

Lemma 1.16. The automorphism 7' preserves the polarisation : 7*© = ©.

For a variety X, we denote by H*(X,Z); the group H?(X,Z) modulo
torsion. We denote by NS(X) = HY(X) N H?(X,Z); its Néron-Severi
group and by px its Picard number. For a divisor D in X, we denote its
Chern class by ¢;(D).

The author wishes to thank Bert Van Geemen for a useful discussion on the
following Theorem:

Theorem 1.17. a) If D and D’ are two divisors of A, then:

9 (DY (D) = /A %M’ ¢1(0) A 1 (D) A i (D).
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b) The following sequence is exact:
0 — NS(4) L NS(S) — Z/2Z — 0

¢) The Néron-Severi group of S is generated by 9*NS(A) and by the class of
an incidence divisor Cs (s € S). The class of 2C5 is equal to 9*(O).
d) We have pa = ps < 25 = dim H*(S,Qg) and ps =1 for S generic.

Proof. The morphism 9 is an embedding and the homological class of ¥(.5)

is equal to 5,03 ([4] proposition 7), this proves a).
Since © is a polarisation, the bilinear symetric form

Qo : H*(A,C) x H*(A,C) - C
defined by
o(n1,m2) //\361 ) AmLAng

is non-degenerate (Hodge-Riemann bilinear relations, section 7 chapter 0 of
[13]). As S and A have the same second Betti number [12] (2), this implies
that the morphism

H%(A,C) % H2(S,C)

is an isomorphism. It follows moreover, that the morphism
Hy(S) % Hy(A,Z)

is injective (where Hy(S) is H2(S,Z) modulo torsion).
By [10], 2.3.5.1, we have the following exact sequence:

Hy(S) s Hy(A,Z) — 2,27 — 0

and we know that this sequence is also exact on the left. By duality, this
yields:

0— H%(A,2) % H%(S) — 2/2Z — 0.
This implies that the sequence:

0 — NS(A) L NS(S) — 7/2Z — 0

is exact. The fact that 9*© = 2C follows from Lemma 11.27 of [8]. Since ©
is a principal polarisation, it is not divisible by 2, hence the class of Cs and
the image of ¥* generate NS(S), thus c).

By [12] (2), the space H'(S, Qg) is 25 dimensional. Let us call (improperly)
“Intermediate Jacobian” the Albanese variety of a Fano surface. By [10],
any Jacobian of a hyperelliptic curve of genus 5 is a limit of intermediate
Jacobians. By [15], the endomorphism ring of a Jacobian of a generic hy-
perelliptic curve is isomorphic to Z. If a generic intermediate Jacobian were
not simple, then also its limit would be non-simple. This is a contradiction,
hence the Picard number of a generic intermediate Jacobian is 1. U
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2. CONFIGURATIONS OF THE ELLIPTIC CURVES.

2.1. Configurations of 2 or 3 elliptic curves. Let S be a Fano surface
and F' be the image of its cotangent map. Let E — S be an elliptic curve
and pg be the vertex of the cone ¥, 7m*F.

For sub-varieties V1, Va of P4, let us denote by (V1,V3) their linear hull. Let
s be a point of S outside the curve E. The line L is not inside the cone
m*E and the plane X := (Lg, p) cuts the cubic F in three lines:

1) the line Lg,

2) the line L, (on the cone) through the vertex p and the intersection point
of Ls and the hyperplane T,

3) the residual line L, s such that :

XoF = Lg+ Ly + Lops.

The rational map vg : S — FE onto the elliptic curve is a morphism ; the
rational map o verifies 02 = 1 and is an automorphism of S because S is
contained in its Albanese variety.

Let s,t be two points of the curve £ — S. The line L cuts the line L; at
the vertex of the cone ¥, 7*FE: hence s is a point of the incidence divisor C}
and there exists an effective divisor R; such that:

Ci=E+Ry.

Theorem 2.1. a) Let t be a point of E — S. The divisor Ry is the fibre at
t of yg and has genus 7. The morphisms yg and og verify ygog = VE.

b) The automorphism —M,, € GL(H°(2g)*) is a complex order 2 reflection.
The underlying space of the vertex pp € P* is the eigenspace of Mg, with
eitgenvalue 1.

¢) Let E' < S be second elliptic curve with E # E', then 0 < EE' < 1.

d) The automorphisms op and o verify:

(UEO'E/)?VEEI =1.

e) If EE' =1, then the fibration v contracts E’.
f) If EE' =0, then there exists a third elliptic curve E" such that

op(E') =op(E) = E".
Moreover the curves E' and E" are sections of yg.

Let us prove Theorem 2.1. Let ¢ be a point of £ — S. If s is a generic point
of Ry = Cy — E, then the line Ly cuts the line Ly — ,7*E. By definition,
vEs =t and s is a point of y5t. This proves that R; is a component of y5t.
Conversely, we have R? = (C; — E)?> = 5 — 2+ (—3) = 0, hence R; is the
fibre at t of vg.

A canonical divisor K is numerically equivalent to 3C}, hence KR, = K(Cy—
E) =12 and R, has genus 129 + 1.

The plane X (s € S) is equal to the plane X, s hence vgs = ygogs.

Let E' — S an elliptic curve. Since Ry is a fibre, we have:

RE' = (C,— E)E'=1—-EFE' >0.
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If E = E', we see that vg has degree 4 on E. Suppose now that F # F,
then EE’ > 0 and hence 0 < FE’ < 1. This proves a) and c).

If EE' =1, then RFE =0 and E’ is contained on a fibre of g, hence e).
If EE' =0, then RyE’ =1 and E’' is a section of yg.

Let us describe the behavior of o and vg on E. If s is a point of S not
in E, we have:

Xs = (Lg, Lyps) -

The restriction of yg to E has degree 4, hence there are a finite number
of points such that ygs = s and the relation X, = (Ls, L,s) extends the
definition of the rational map s — X outside these points.
Let Y < Tk, be an plane that does not contain pg. The section of the cone
Yo' E = FTr, by Y is a plane model of E. Let us denote by + the law of
E — Y defined by chords and tangents and by the choice of an inflection
point of £ — Y. We have a translation of the equality:

XsF' = Ls + L'yEs + LO'ES
by:
S+ 0ogps=—7YEs
for all points s of E such that s # ~gs. Since o and g are regular

morphisms, this equality is true for all points of E.
Let us prove part b). Let ¢ : S — A be an Albanese morphism.

Lemma 2.2. (|8] 11.9) There is a point u, on A such that for all points

51,52,53 on S such that the lines Ly, Ls,, L, are coplanar, we have:

V(s1) + I(s2) + V¥(s3) = up.

For all s € S, the lines Ly, Ly,s, Ls,s are coplanar, hence the morphism
s — 0(s) +9(ogs) +Y(yEs) is constant. Let I4 be the identity of A and let

I'r: A—F

be the morphism such that 'y 09 = yg. Let I be the identity of H°(Qg)*.
The morphism I4 + 0% + ¢ o I'g is constant, hence:

Lemma 2.3. The differential of the linear part of $ol'g : A — A is the
endomorphism Ng € End(H®(Qg)*) such that :

I+ My, +Ng=0.

The image of Ng is the 1 dimensional tangent space of the curve J(E)
translated to 0. Since M,, has order 2, we see that the eigenvalues of M,
are —1 with multiplicity 4 and 1 with multiplicity 1. Hence —M,, is an
order 2 reflection.

For s a point of E, we have s + ogs = —vyps. Since the fibration has
degree 4 on F, there exists an order 2 point b of E such that ogs = s+ b for
all s in E. In particular, the differential M, is the identity on the tangent
space of the curve J(F) — A translated to 0. The underlying space of the
point pg corresponds to the eigenspace of M, of eigenvalue 1. This proves

b).
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Let E' # E asecond elliptic curve on S. Let us prove that (O’EO'E/)3_EE/ =
1.

Case F'E' = 1. Suppose that EE’ = 1. Let t be the intersection point
of £ and E’. With this neutral element, the curves E and E’ are elliptic

curves. Let s be a point of E’ different from ¢, then:
XE,sF =L+ L'yEs + LaEs-

Since the line L, cuts the line L; at the vertex pgr, the point ¢ is one of the
three points s, ygs, ogs and we see that ygs = t. thus E’ is a component
of v},t and ops = —s for all points s of E'.

Definition 2.4. Let us define g := ¢'(M,,) € Aut(F). This automor-
phism fix a point and a hyperplane of P4. It is called a homology.

Remark 2.5. Since op(s) = —s for all point s of E’, the endomorphism
My, is the morphism of multiplication by —1 on the tangent space to the

curve J(E') (translated to 0). Hence we have op(pr/) = ppr and pgs is the
intersection point of the line L; and the hyperplane of fixed points of of.
This implies that the points pg and pgs are the only vertices of cone on the
line L;.

Let s be a generic point of .S, then

0 Xps =05 (pp. Ls) = (P, Loys) = XB,ops:
hence:
o Xpsl = Loys + Lygoys + Logoys
But Xg F = Ls+ L5 + Ly hence:

o XpsF = LO'E/S + LO'E/'yEs + LO'E/O'ES'

Since ygoprs and ogygs are points of E, we see that ogpops = opiogs,
thus (cpop)? = 1.

Case F'E’ = 0. Suppose now that EE’ = 0. Let s be a point of E’. By
definition Xg ¢ = (pg, Ls) and:

XE,SF = Ls + L"/ES + LO'ES'

The point os is not a point of E’, otherwise the plane Xp s would cut the
hyperplane section 1, 7*E’ into two lines, and thus the cone ¥,7*E" would
contain the third and ygs would be a point of E’. The automorphism og
preserves S\ E and so the point ogs is not a point of E. This proves that
the surface S contains a third smooth curve E” = og(E’) of genus 1 and
that FE" = E'E" = 0.

For a point s of E’, the plane Xg s = (pg, Ls) contains the line L,,s and
the point pgr € Lg, hence:

Xgs = (pp, Ls) = <pE’7L’YES> = XE yps-
But we have
XE,SF = Ls + L'yEs + LO'ES
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and

XE'KYESF = L’YES + L’YE/’YES + LUE”YES‘
Since the points s, ygs and ogs are respectively points of E', E and E”, we
see that for all points s of E’:

Op'YES = OFS.

Hence the restriction of oz to E is a morphism from E to E” and o/ (E) =
og(E") = E”, this proves f).

Let s be a point of E’. The lines Ly, L., s and L, contain respectively the
vertices pgr, pg, and pgr. As s varies in E’, the plane Xp ¢ varies and the
linear hull of the points pg, pgr and pgr cannot be a plane. Moreover:

Remark 2.6. The line ¢ which contains the vertices pg, pgr, pgr lies outside
the cubic F', otherwise the curves ¥ and E’ would have a common point.
The line £ cuts the cubic F' at these three points.

Let s be a point of S. The homology g = ¢'(M,,,) verifies : op/(Ls) =
L;,, s, and furthermore:

&E/XE,O'EIS =op <pE7LaE/S> = <pE”7Ls> = XE”,S (1)
We have FXE,UE/S = LGE,S + L,YEGE,S + LUEUE,S. Hence
5E/FXE,O'E/S = Lg%/s + LUE/'yEUE/s + LO‘E/O‘EO'E/87

but by (1):
5E/FXE,O'E/8 = FXE”,s-
Since FXpn s = Ls+ Ly, ,s + Lo,,s, we see that ogropog = opr. So the
group generated by o, 0, ops is isomorphic to ¥3 and (opog)? = 1.
This ends the proof of Theorem 2.1. O
Let us now study the configuration of 3 elliptic curves.

Proposition 2.7. Let E1, Es and E be three elliptic curves on S such that
EWE = EbE =1. We have E1Ey = 0 and the curve F3 = O'*El(EQ) verifies
EsE =1.

Proof. Suppose E1FE> = 1. This implies that the line through pg, and pg,
lies on the cone ¥, m*E and hence goes through pp. But by remark 2.5, the
three points pg, pg, and pg, cannot be on a line. Hence EjFy = 0.

Since EEy = 1, we have oy, (E) = E and E3E = o}, (Eq)oy, (E) = EoE =
1. O

2.2. The graph of the configuration of the vertices of cones. Let P
be the set of vertices of cones on the cubic. Let us consider the following
graph G: the set of vertices of G is P and an edge links p € P to p' € P
if and only if the line through p and p’ lies outside F. let p be the vertex
of the cone that corresponds to the elliptic curve E — S. To simplify the
notations, we denote by ¢, € Aut(F') the automorphism ¢(My,,).

Let W be the sub-group of Aut(F") generated by the automorphisms t,, p €
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P. We have the three following relations between the generators:
a) for all p € P, t, verifies t?) =1,

b) an edge links p and p’ if and only if (t,t,)% =1,

c) otherwise (tpt,)? = 1.

The following corollary is a consequence of Proposition 2.7.

Corollary 2.8. Let p1,ps and p3 be three elements of P. At least one edge
links two of the three vertices p1,pa,ps of the graph G.

There is no sub-group of W generated by some elements t,, which is isomor-
phic to (Z/27)3.

Proof. Let E; be the curve which corresponds to the vertex p;. If there are
no edge between vertices p; and p3 and between the vertices po and ps, then
FE1E3 = FrFE3 =1 and the Proposition 2.7 implies that £ FEs = 0. Thus an
edge links the vertices p; and ps. O

This Corollary of Proposition 2.7 may be reformulated as follows:

Corollary 2.9. The graph G is connected or G has two connected compo-
nents G, Ga such that two different vertices of a component G; are linked by
an edge.

Let us remark that if the graph G may be broken into two connected
components, then the group W is the direct product of two sub-groups.

Let P’ be a sub-set of P. Let G’ be the graph whose set of vertices is P’
and such that an edge links two points of P’ if and only if these vertices are
linked by an edge in G. Suppose that the three relations a), b) and ¢) above
are the only ones between the elements t,,, p € P’. Let W' be the Weyl group
generated by the automorphisms t,, p € P’.

Corollary 2.10. If the graph G’ is connected and has n vertices, then 1 <
n < 4 and the group W' is isomorphic to the permutation group of the set of
n+ 1 elements.

Proof. By the classification of the Weyl groups, the graph G’ must be isomor-
phic to one of the graphs A,, 1 <n < 4. The Weyl group W (A,,) associated
to A, is the permutation group of n + 1 elements. O

2.3. The classification of automorphism groups.

2.3.1. Restrictions on the complex reflection groups. Let P be the set of
vertices of the cones in the cubic F. Let us denote by Gg the group generated
by the morphisms —M,, where E — S is an elliptic curve. It is a complex
reflection group. For the basic definition of reflexion groups see [20], [9] or
[11].

Definition 2.11. Let G; and G4 be two reflection groups acting on spaces
Vi and Vi, we say (improperly) that G is a reflection sub-group of Go, if
there exists an injective morphism G; — G2 of complex reflection groups.
In this case, we denote the elements of G; and G2 by the same letters.
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The list of the 37 types of irreducible reflection groups was compiled by
G. Sheppard and J. Todd [20]. The type 2 reflection groups are the groups
G(m,p,n) (with m > 0,n > 0 integers and p dividing m) described in the
introduction. The type 3 groups constitute the familly [|" for n € N\ {0,1}
where the []™ is the group of morphisms z € C — £z, £ = 1.

Theorem 2.12. An irreducible sub-group of G generated reflections of or-
der 2 is isomorphic to one of the following groups:

(1}, [1%, G(3,3,n), G(1,1,n) =%, 2 <n < 5.

Proof. Let E — S be an elliptic curve, by Proposition 1.14 and Theorem
2.1, the automorphism ¢'(M,,,) fixes pointwise a hyperplane and the vertex
pE. By the Remarks 2.5 and 2.6, a projective line of P* contains at most 3
vertices of a cone, hence a 2 dimensional reflection sub-group of Gg contains
at most 3 reflections of order 2. The groups of type 4 to 22 are 2 dimensional
irreducible groups. They either have no or at least 6 reflections of order 2
(9] table p.395): none of these groups can be a reflection sub-group of Gg.

The groups numbered 25,29, 31, 32, 33,34 have either no or at least 40
reflexions of order 2 (|9] p.412). Since reflections of order 2 of Gg are in
bijection with elliptic curves on S and a Fano surface contains at most 30
elliptic curves (Proposition 1.13), none of these groups is a sub-group of Gg.

The groups 23, 28, 30, 35, 36, 37 are real reflection groups (|20] p.299) which
have been excluded by the Corollary 2.10.

The group 26 has a reflection sub-group isomorphic to the group number
4 already excluded ([20] p.302).

The groups 24 and 27 have two reflections R; and Ry of order 2 such that
(R1R2)* =1 (|20] p.299) and hence they cannot be sub-groups of Gg.

It thus remains to study the reflection groups of types 1, 2 and 3. Let M
be an irreducible sub-group of Gg generated by order 2 reflections.

Type 3. Fact: there exists n > 1 such that []" ~ M if and only if n = 2.

Type 2 and 1. The group G(m, p,n) (where p divides m € N* and n > 1)
is an n dimensional irreducible reflection group if and only if m > 1 and
(m,p,n) # (2,2,2). The representation G(1,1,n) = ¥, of the permutation
group breaks up into a 1 dimensional trivial representation and an n — 1
dimensional irreducible representation W (A,_1) called the standard repre-
sentation. The groups:

W(Ay), n € N*

constitute the number 1 reflection type in the Shephard-Todd classification.
Let m, p, n be integers such that m > 0, p divides m and n > 1. Suppose
that M is the group G(m,p,n). Theorem 2.1 implies that a group generated
by two reflections of order 2 of Gg is the diedral group of order 4 or 6. For
m > 1, the group G(m,p,n) has a diedral sub-group of order 2m generated
by two reflections of order 2. Thus the integer m is an element of {1,2,3} ;
moreover n < 5.
The group G(2,2,2) is not irreducible and is thus excluded. The groups
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G(2,1,n) with n > 3 and the groups G(2,2,n) with n > 4 contain sub-
groups isomorphic to (Z/27)3 generated by reflections of order 2. By Corol-
lary 2.9, such groups cannot be reflection sub-groups of Gg.
The reflection group ¥4 is isomorphic to the group G(2,2, 3) plus the trivial
representation. So G(2,2,3) is implicitly in the list of Theorem 2.12.
The group G(3,1,n) cannot be isomorphic to M because its order 2 reflec-
tions generate the sub-group G(3,3,n) # G(3,1,n).
By Corollary 2.10, if W(A,,) is a reflection sub-group of Gg, then n < 4.
The group ¥, is isomorphic to the reflection group W (A,_1) plus the trivial
représentation.

Hence, we have proven that M is isomorphic to one of the groups {1}, []2, G(3,3,n), G(1,1,n) =
Yn,2<n<5b. O

2.3.2. Classification of Fano surfaces. Here we classify the Fano surfaces
according to the configuration of their elliptic curves.

We need some notations and preliminary materials.
The order of G(m,p,n) is %mn_ln! and the number of its order 2 reflections

is m@ The group G(m, m,n) acts on the polynomial space of C". The

algebra of invariant polynomials is generated by the polynomials:

1=n
> At kefl,.,n—1}
=1

and by z1zs....z, (see [20]).

Let S be a Fano surface such that the group G(m,m,n) (m € {1,3},2 <
n < 5) is a reflection sub-group of Gg. Let Fgq be an equation of the image
of the cotangent map F'. There exists a morphism:

x:Gg — C*

such that Fg o N = x(N)Fgq for all N € G(m,m,n).

Let m € {1,3} and n > 1. We easily check that the only non-trivial mor-
phism from G(m,m,n) to C* is the determinant. We call a polynomial P
an anti-invariant of G(m,m,n) if Po N = (det N)P for all N € G(m,m,n).
We verify that:

Lemma 2.13. The only reflection groups G(m,m,n) with m € {1,3} and
n > 2 that possess an anti-invariant polynomial of degree < 3 are G(1,1,2),

G(3,3,2) and G(1,1,3).
For A3 — 1 # 0, we denote by E) the smooth plane cubic:
3+ + 2% — 3hayz = 0.

Its modular invariant is : j(E)) = w [1] p.36.
We denote by A the Albanese variety of S, by ¢ : S — A an Albanese
morphism, by e, .., e5 the dual basis of the basis x1,...,x5 € H°(Qg). If v

is a non zero vector, Cv is the vector space generated by v or the point of
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P* corresponding to this space, we specify as need be. We denote by j3 the
group of third roots of unity.

Let E — S be an elliptic curve. Let p be the vertex of the cone Y, m*FE
in the cubic F' < P*. This cone is the intersection of F and the projective
hyperplane Tr,. A plane model of the curve E is the intersection of this cone
with the hyperplane of fixed points of the homology ¢'(M,,) (see definition
2.4).

In the sequel, we proceed to the classification according to the dimension
of the studied irreducible reflection sub-group of Gg.

- 1 dimensional reflection sub-groups of Gg.

B If the group []? is a reflection sub-group of Gyg, there exist a basis
x1,..,x5 of H°(Qg) such that the image of the cotangent map is

F = {z{zy + G(x3, ..., w5) = 0}

where G is a cubic form. Let E <— S be the elliptic curve that corresponds
to the cone of vertex p = Ce;. It is easy to check that the intersection
of the cubic F' with the hyperplane {z; = 0} of fixed points of ¢'(M,,) is
necessarily a smooth cubic surface, hence:

Corollary 2.14. The fixed locus of the involution og : S — S is the union
of the curve E and 27 fixed isolated points.

Conversely, if G = G(z2, 23,24, 25) is a cubic form such that the surface
X = {G = z; = 0} and the plane cubic E = {G = x; = 22 = 0} are smooth,
then the cubic {z3xs + G(xa, ..., z5) = 0} is a smooth threefold. The moduli
space such pairs (X, F) is 7 dimensional. In other words: the moduli space
of pairs (S, E) where S is a Fano surface and E — S is a smooth curve of
genus 1 forms a 7 dimensional locus in the 10 dimensional moduli space of
Fano surfaces.

- 2 dimensional reflection sub-groups of Gg.

B The anti-invariant polynomials of the reflection group G(3,3,2) yield
singular cubics. The invariants of the group G(3,3,2) are generated by the
polynomials:

T} + 23, T30, T3, 74, T5.
Up to a change of variables, the cubic F is:
= {az‘;’ + CL‘% + 3xyzol(x3, T4, 25) + x% + xi + azg — 3Azzxr4ws = 0}

where [ is a linear form and A € C.
The Fano surface has three skew elliptic curves ElﬁQ, B € us, where the

tangent space to the curve ﬁ(EfQ) (translated to 0) in A is C(e; — fe2) C
H°(Qg)*. The three elliptic curves have the following plane model:

x5 4 23 + 2 — 3\wzzgrs + 13 = 0.

Note that we also have studied the reflection group G(1,1,3) = X3 be-
cause its representation decomposes into the trivial one plus the standard
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representation W (Asg) which is equal to G(3,3,2). The dual graph of this
configuration is 3A4;.

- 3 dimensional reflection sub-groups of Gg.

B Suppose that G(3,3,3) is a reflection sub-group of Gg. There exist
coordinates z1, .., x5 and A3 # 1 such that:

F = {a} + 25 + 2§ — 3\z1mow3 + 2} + 23 = 0}

The group G(3,3,3) x G(3,3,2) is a reflection sub-group of Gg. The 9 points
C(e; — Bej), 1 <i < j <3, € pug are vertices of cones. The corresponding
elliptic curves :

Bl 1<i<j<3,B€us
are isomorphic to the curve Ey and are skew.

The 3 points C(eq — fes), 5 € us are vertices of cones. The corresponding 3
elliptic curves Ef5, 0B € us are skew and isomorphic to the curve E). For all

1<i<j<3,(B,7) € ui, we have:
B
EUEZ5 =1.
The Fano surface has 12 elliptic curves ; they constitute an abstract config-
uration (93, 39).
B The invariants of degree less than or equal to 3 of ¥4 are generated by:
af, o ok 42k ak ke {1,2,3)

Let F' be a smooth cubic defined by an element of this space. For 1 < i <
j <4, the point C(e; — e;) of P4 is the vertex of a cone ; let us denote by:

Eij — S
the corresponding elliptic curve. Let E;;, Eg be two such elliptic curves,
then E;;Es = 1 if and only if {i,j} N {s,t} = 0. The dual graph of this
configuration is the graph 3A4s.
- 4 dimensional reflection sub-groups of Gg.

B Suppose that Y5 is a reflection sub-group of Gg. There exist A\, u € C
such that the image of the cotangent map of S is:

i=5 i=5 i=5 i=5
P = {528+ A 003 2) — (3 w0 = 0}

i=1 i=1 i=1 i=1

For 1 <i < 5 <5, the point
pij = Clei — ¢;)

is the vertex of a cone and we denote by E;; — S the corresponding elliptic
curve. Let E;;, Fg be two such curves. We have E;;Fy; = 1 if and only if
{i,j}N{s,t} = 0. Let D be the sum >, . E;;. It verifies D? = 0 and we can
prove that D is a fibre of a fibration of S (same construction as Corollary
3.10).

By an appropriate change of variables, we can prove that the family
Fyu, A p € Cis 1 dimensional in moduli space of cubic threefolds and
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that any cubic which has 10 cones can be written as in the introduction. We

can further see that the Fermat cubic Fpo and the cubic F_s , are (up to
5?

isomorphism) the only cubics of this family for which the group ¢'(Gg) is

stricter in the automorphism group. The cubic F_3 , possesses an order 3

57
homology which commutes with the elements of ¢’(Gg). The dual graph of
this configuration of these 10 curves is trivalent Petersen graph.

- 5 dimensional reflection sub-group of Gg.
B The Fermat cubic:

i+ a2yt i o+l =0
is the only cubic stable under G(3,3,5). We study it in the next section.
We did not study the 4 dimensional group G(3,3,4). Its only invariants of
degree less than or equal 3 are

o3+ 25 4+ 23 4 23 and 23,

hence if G(3,3,4) is a reflection sub-group of Gg, the cubic F' is isomorphic
to the Fermat cubic.

Next, we have to study the case where the reflection group Gg is not
irreducible. Corollary 2.9 proves that :

Lemma 2.15. If the reflection group Gg is not irreducible, it is the direct
product of two irreducible reflection groups Wy and Wy such that if R1 and
Ry are two different reflections of order 2 of the group W;, we have :

(R1Ry)? =1.
The groups with this last property and listed in Theorem 2.12 are:
(12, G(3,3,2) or G(3,3,3).
B The case where one of the groups W; (i € {1,2}) of Lemma 2.15 is
equal to G(3,3,3) has already been studied. In that case
W1 x Wa ~ G(3,3,3) x G(3,3,2)

is a reflection sub-group of Gg.
B If []? x []? is a reflection sub-group of G, there exist coordinates such
that :

F = {221y (23, x4, 5) + 23l2(23, 24, 75) + 5 + 5 + 23 — 3\w32475 = 0}
where l; and [y are two linearly independent forms. The Fano surface S
contains two elliptic curves E, E’ such that EE’ = 1. The dual graph of this
configuration is the graph As.

W If G(3,3,2) x []? is a reflection sub-group of Gg, then there exist coor-
dinates such that:

F = {.%'i)) + l‘g — 3)\(131372l1(.%’4, .%'5) + $§l2(1‘4, $5) + l’i + Jﬁg = 0},

where [1 are [y linear forms. The Fano surface has three skew elliptic curves
that cut another elliptic curve. The dual graph of this configuration is the
graph Dy.
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B The last case is the group G(3,3,2) x G(3,3,2) for which the cubic is:
F= {x:l)) + 1’% + 3ari1xoms + x% + 1'2 + 3brsraxs + 1‘?) = 0}7

(a,b € C) and the Fano surface contains 3 skew elliptic curves Elﬁ2, B € us
isomorphic to the plane cubic

x5+ i+ (14 a®)a 4 3brarars = 0,

and three others skew elliptic curves Ef, o € p3 isomorphic to the cubic:
23 4 23 + (14 b*)a? + 3axzox5 = 0.

These curves verify E2,E], =1 (8,7 € p3). We define D by D = >s EV, +

E§4, it verifies D? = 0 and we can prove that D is a fibre of a fibration of S
(same construction as Corollary 3.9). The Fano surface has 6 elliptic curves
; they constitute an abstract configuration (33).

2.3.3. Consequences of the classification, examples. Let A € C, A3 # 1. The
Fano surface S of the cubic
Fy = {z% 4+ 23 + 23 — 3\zywonz + 2 + 23} — P!
possesses 12 smooth curves of genus 1 for which we use the notations of the
previous paragraph. Let E) be the elliptic curve
T3 4+ 2 4 2§ — 312003 = 0

with neutral element (1: —1:0). Let Y be the surface Y = E) x E}, let us
denote by A the diagonal and define

Th={z+2y=0} =Y

Ty ={2z4+y=0} =Y.
Any 2 of the 3 curves T, T», A meet transversally at the 9 points of 3-torsion
of A. We denote by Z the blow-up of Y at these 9 points.

Proposition 2.16. The Fano surface Sy is a triple cyclic cover of Z branched
along the proper transform of A + Ty + T in Z. The divisor
Kis =Y 2B+ Ejy+ By + Ejy
BEus
is a canonical divisor of S).

Proof. Let a € ug be a primitive root. The order 3 automorphism
frx—(x1: 20 axs : axy @ axs)

acts on F. We denote by 7 = p(f) the induced action on Sy. The fixed
locus of 7 is the smooth divisor E}; + E$ + Ejf‘; . The quotient of Sy by 7 is
a smooth surface Z’ with Chern numbers ¢ = —9 and ¢ = 9 and the degree
3 quotient map 7 : Sy — Z’ is ramified over E}; + B + Ejf;
The morphism

9= (’YE%?/VE&Q) iS5 =Y
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has degree 3 = (Cs — Ef5)(Cs — EZ{‘; ). It is left invariant by 7, hence there
is a birational morphism:
h:72 —Y

such that g = hon.

Let t be the intersection point of iy and Els and let ¥ : Sy — Ay be the
Albanese morphism such that ¥(t) = 0. It is an embedding and we consider
S\ as a subvariety of Ay. Let eq,..,e5 be the dual basis of x1,..,25. The
tangent space of the curve EZ < A, (translated to 0) is Vg = C(Be; — 3%¢;).

The tangent space of Ky X Ef; is Vo @ V,2. With the help of Lemma 2.3,
it is easily checked that the images under g of the curves Ej, E, Eff‘; are
respectively A, T7 and Tb.

Moreover, the morphism g has degree 1 on these 3 elliptic curves and con-
tracts the 9 elliptic curves E;;,1 < ¢ < j < 3. This implies that the image
under g of E}; + B + EZ{‘; is T1 +T» + A and Z’ is isomorphic to Z.

Let us remark that Corollary 0.9 of the introduction is equivalent to Propo-

sition 2.16. The fact that K45 is a canonical divisor is proven in [1], Lemma
17.1. ]

Let E,Z be an elliptic curve on S). We denote by Ffj Ay — Eg the
morphism such that I‘fj ol =ryps.
ij

Lemma 2.17. The degree of the morphism
I = ([, T35, 155, Ti5, T5) : Ay — By X Egg X Efy X Ej5 x Efj
divides 81.

Proof. Let T be the morphism I' composed with the morphism F{, x Fi; x
EY x Er x B — Ay. By Lemma 2.3, we can compute the differential dY
of T and we find | det(dY)|?> = 81, hence the assertion. O

Let « be a third root of unity.

Proposition 2.18. A) Let A € C be such that Ey has no complex multipli-
cation. The Néron-Severi group of Sy has rank 12. The sub-lattice generated
by the elliptic curves and the class of an incidence divisor Cs has rank 12
and discriminant 2.319.

B) Let X € C be such that Ey has complex multiplication by Q(«).

The Abelian variety Ay is isomorphic to a product of elliptic curves and the
Picard number of Sy is equal to 25 = dim H'(S,Qg).

Proof. If Ey has no complex multiplication, Lemma 2.17 implies that the
Néron-Severi group of A has rank 12 and Theorem 1.17 implies that the
Picard number of Sy is 12.

Suppose now that E) as complex multiplication by Q(«). Then Lemma 2.17
and [5] 5.6 (10) imply that the Abelian variety A, is isomorphic to a product
of elliptic curves and its Picard number is equal to 25. Theorem 1.17 implies
that the Picard number of S is equal to 25. U
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3. FANO SURFACE OF THE FERMAT CUBIC.

3.1. Elliptic curve configuration of the Fano surface of the Fer-
mat cubic. Let S be the Fano surface of the Fermat cubic F — P* =
P(H(Q2s)"):
x?+$§+x§+mi+x§ = 0.
Let eq,..,e5 € H°(2g)* be the dual basis of basis z1, ..., z5. The reflection
group G is equal to G(3,3,5), this group possesses 30 order 2 reflections.
Let pus be the group of third roots of unity, let 1 < ¢ < j <5 and let 5 € us.
The point:
p’fj = C(e; — Bej) € P*

is the vertex of a cone on the cubic F'. We denote by Eg — S the elliptic

curve which corresponds to the cone of vertex pg
Proposition 3.1. The Fano surface of the Fermat cubic possesses 30 smooth
curves of genus 1 numbered :

1) Each smooth genus 1 curve of the Fano surface is isomorphic to the Fermat
plane cubic B : x> +y> + 23 = 0.

2) Let E;E and Eft be two smooth curves of genus 1. We have :

| i) n st =0
Ez’ngt = -3 if Ez‘j = Egt
0 else.

3) Let E — S be a smooth curve of genus 1. The fibration g has 20 sections
and contracts 9 elliptic curves.
4) The automorphism group of S is isomorphic to G(3,3,5).

Proof. 1t is easy to check assertions 1) and 2). The assertion 3) results from
Theorem 2.1. For 4), we use the fact that an automorphism of F must
preserve the (3010, 1003) configuration of the 30 vertices of cones and the
100 lines that contain 3 such vertices. (]

3.2. The Albanese variety of the Fano surface of the Fermat cubic.
Let S be the Fano surface of the Fermat cubic £'. Our main aim is to compute
the full Néron-Severi group of S: this will be done in the next paragraph.
We first need to study the Albanese variety A of S.

3.2.1. Construction of fibrations. In order to know the period lattice of the
Albanese variety of S, we construct morphisms of the Fano surface onto an
elliptic curve and we study their properties.

Let 9 : S — A be a fixed Albanese morphism. It is an embedding and we
consider S to be a sub-variety of A. Recall that if 7 is an automorphism of .S,
we denote by 7 € Aut(A) the unique automorphism such that 7o = Yor.
The automorphism group G(3,3,5) (in the basis ey, .., e5 of H°(2g)*) is the
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analytic representation of the automorphisms 7/, (7 € Aut(S)). The ring
Z[G(3,3,5)] C End(H°(Qg)*) is then the analytic representation of a sub-
ring of endomorphisms of the Abelian variety A.
Let us denote by A% the rank 5 sub-Z[a]-module of H°(2g) generated by
the forms:
xi — Prj (i < j, B € us).

Let ¢ be an element of A%. The endomorphism of H°(Qg)* defined by
x — L(z)(e1 —e2) is an element of Z[G(3,3,5)]. Let us denote by I'y: A — E
the corresponding morphism of Abelian varieties where E < A is the elliptic
curve with tangent space (e; — e2). We denote by 74 : S — E the morphism
Fe o .

For 1 <i<j <5 and g € us, the space:

Clei — Pej) € H(25)"
is the tangent space to the elliptic curve Eg — A translated to 0.
Let Hi(A,Z) C H°(2s)* be the period lattice of A. The elliptic curve E has

complex multiplication by the principal ideal domain Z[«a| (where a € pg is
a primitive root). There exists ¢ € C* such that :

H(A,Z)NC(e1 — e2) = Z]a]c(er — e2).

Up to the basis change of ey, ..,e5 by ceq, ..., ces, we may suppose ¢ = 1.
Since G(3,3,5) acts transitively on the 30 spaces C(e; — Be;), we have:

Hi(A,Z) N C(e; — Pej) = Zlal(e; — Pej).
We define the Hermitian product of two forms ¢, ¢ € A* by :

k=5
(00 =" t(ex)l(ex),
k=1

and the norm of ¢ by: ||¢|| = \/(¢,¢). Let Cs be an incidence divisor.

Theorem 3.2. Let £ be a non zero element of A% and let Fy be a fibre of 7.
1) The intersection number of Fy and Ef] — S is equal to:

EZF( = |£(61 - ﬁej)IQ.
2) We have F,Cy = 2||¢||* and the fibre F; has genus:
g(Fy) =1+3]¢|*.
3) Let £ and ¢ be two linearly independent elements of A% C H°(Qg). The
morphism 1o = (e, ve) 1 S — E X E has degree equal to FyFy and :
2
FoFp = |7 ||¢]]” = (e.¢) (¢, ¢).

Remark 3.3. The known intersection numbers FgEZ- and F,Cy enable us to
write the numerical equivalence class of a fibre in a Z-basis given Theorem
3.12 below.
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Let us prove Theorem 3.2. The part 1) is easy:
For 1 < i < j <5 and § € us, the intersection EZ-Fg is the degree of
the restriction of ~, to EZ — §. It is also the degree of the restriction of
Iy to Eg — A. The degree of the morphism I'; on Eg is then equal to
|6(e; — Bej)[2. Thus FyE], = |€(e; — Be;)[>.

Let us study the genus of Fy:

Lemma 3.4. The fibre of Fy has genus 143 ||¢||* and CoFy, = 2|¢||* (where
s is a point of S and Cs the incidence divisor).

Proof. The sum X of the 30 elliptic curves of S is a bicanonical divisor
(Proposition 1.13). We have
Fy=> FE; =Y |le;—Be;)* =12]£]*.
1,5, 1,5,
2

Since Fy is a fibre, we have Fﬁ = 0 and F}y has genus 1+ 0+6”€”
The divisor 3Cj (a point s of S) is numerically equivalent to a canonical
divisor (Proposition 1.11). Thus: CsFy = 2 |¢]*. O

We identify the Chern class of a divisor of the Abelian variety A with an
alternating form on the tangent space H°(2g)* of A ([5], Theorem 2.12).
Let © be the principal polarisation defined in paragraph 1.2.2.

Lemma 3.5. The Chern Class of © is equal to:
5
i
a—= dx; N\ dx;
\/g ]Z; J J

where a is a scalar and i* = —1.

Proof. Let H be the matrix (in the basis ej,..,e5) of the Hermitian form
associated to ¢;(0©) (see [5], Lemma 2.17). The automorphisms 7/, (7 €
Aut(95)) preserves the polarisation © (Lemma 1.16). This implies that for
all M = (mjk)lgj?kg5 S G(3,3, 5), we have :

'‘MHM = H
(where M is the matrix M = (m;x)1<jk<5) and this proves that

2
H=—al
Neae

where I5 is the identity matrix and a € C. Hence: ¢1(0) = a% 235:1 dxj A
di;.

Since Hi(A,Z) N C(e1 — e2) = Z[a](e1 — ea), the Néron-Severi group of
the elliptic curve E is the Z-module generated by

n:Ldz/\dZ

V3
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where z is the coordinate on the space C(e; — e2).
Let £ = aijx1 + .. + asxs be an element of A%. The pull back of the form 7
by the morphism I'y : A — E is:

i _
Iynp=——=dl Adl.
e V@
The form I'jn is the Chern class of the divisor I';0 and ~v;n = 9*I';n is the
Chern class of the divisor Fy.

Lemma 3.6. Let £ and ¢' be two elements of A%, then:
FeFp = [0 || = (e.0) (¢ )
and Cl(@) = ﬁ Z;zi dx; N\ dz;.

Proof. By the Theorem 1.17, 9¥*¢1(©) is the Chern class of the divisor 2C;
(s € §) and:

20, Fy = 91 (©)9°Tin _/ Lt ©) AT

hence:

2C,F) = / O ajda;) A azdz) Adat > (Ajzr(day A dzy)
1<k<5

and:

I S
205F = (- Zakak)5' A/\ c1(0).
k=1 '

Since O is a principal polarisation, we have é fA A°c1(©) = 1, hence: 20,F, =
% |£]*>. We have seen in Lemma 3.4 that CsF, = 2||¢||>. Thus we deduce
that a = 1.

By Theorem 1.17, for { = a1z1 + .. + aszs and ¢ = byxy + .. + bszs € A,

FyFy = / — A (©) AT AT,

Since

1, 1 — —

g(%fdf/\df/\df’/\dﬁ’/\(/\:i = (3" aniinb;b; —arajb; bk) Aer(6),
' k#j

the result follows. |

Let ¢ and ¢ be two linearly independent elements of A%. The degree of
the morphism 7 ¢ = (¢, v¢) is equal to FyFjy because T (Ex{0}) =Fp €
NS(S), 7/,({0} x E) = F, € NS(S) and the intersection number of the
divisors {0} x E and E x {0} is equal to 1.

This completes the proof of Theorem 3.2. O
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3.2.2. Period lattice of A. We compute here the period lattice of the Al-
banese variety A in the basis eq, .., e5.

Theorem 3.7. The lattice H1(A,Z) is equal to:
Zla)(er —es) +Z[a)(e2 — es5) + Z]a)(es — e5) + Z[a(es — e5)
+1127Z[3a)(a’er + a’ey + aes + aeq + e5).

The image of the morphism ¥* : NS(A) — NS(S) is the sub-lattice of rank
25 and discriminant 223'® generated by the divisors :

Fypey, =Cs— B 1<i<j<5 B€psand Yy EJ.
1<j
Proof. By the preceding paragraph, we have :
Hi(A,Z) N C(e; — Pej) = Zla(e; — Bey),

hence Hi(A,Z) contains the lattice Ao = 3, 5¢,., Z[e](e; — Bej).
For 1 < i < j < 5,3 € pus, the differential of I'y,—pe; is the morphism
x — (z; — Bxj)(e1 — e2). Thus:
VA= ()\1, ..,)\5) S Hl(A,Z), A — ﬂ)\j S Z[a].
Let us define
A= {1‘ = (xl,..,x5) S C5/$z — ﬁ.%‘j S Z[a],l <i<j< 5,0 € /1,3}.
This lattice A contains Hi(A,Z) and is equal to
1
Zloler @ .. ® Zales ® ﬁZ[a]w,

where w = e + .. + e5. Let ¢ : A — A/Ag be the quotient map. The group
A/Ag is isomorphic to (Z/3Z)? and contains 6 sub-groups. The reciprocal
images of these groups are the lattices

Ao= ¢71(0) A= Ao+ 2Z7Zw
A= Ao+ ﬁZw A1 = Ao + Zw
Ao = Ao+ ;%HZw A= Ao+ 5Z[a]w.

These are the 6 lattices A’ which verify Ay € A’ C A, hence the lattice
H,(A,Z) is equal to one of these.

Let w be the alternating form w = ﬁ Zﬁj dxy A dzy (see Lemma 3.6).
We have

However
1 « 5

W, ——w) = —=
a—-1 a-1 3
is not an integer, hence A is different from H;(A,Z).
The Pfaffian of ¢1(©) relative to Hi(A,Z) is equal to 1 because © is a prin-
cipal polarisation. The Pfaffian of w relative to the lattice Ag is equal to 9,

hence Ay is different from H;(A,Z).

o
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We have Aj_, = @®Z[ale; and the principally polarised Abelian variety
(C%/A1_q,w) is isomorphic to a product of Jacobians. Since (4, c1(0)) can-
not be isomorphic to a product of Jacobians ([8], 0.12), H1(A,Z) # Ai_a.
The lattice A, is equal to:

Zlo)(er —es5) +Z[a)(e2 —e5) + Z[a](e3 — e5) + Z[a(ea — €5)

+%Z[3O&](O[261 +a’es + aez + aeyq +e5).

The lattices A; and A, depend upon the choice of o such that a?+a+1 =0,
hence the lattice Hy(A,Z) is equal to A,e.

Since Hi(A,Z) is known, it is easy to calculate a basis of the Néron-Severi
group of A ([5] chapter 5) and the image of the morphism ¥* : NS(4) —
NS(S5). O

3.2.3. Study of some fibrations, remarks. Let X be a surface, C' a smooth
curve, v : X — C a fibration with connected fibres. A point of X is called a
critical point of «y if it is a zero of the differential:
dy:Tx — v*Tc.

A fibre of ~ is singular at a point if and only if this point is a critical point
([1] Chapter III, section 8).
Let us suppose that C' is an elliptic curve. The critical points of v are then
the zeros of the form v*w € H°(X,x) where w is a generator of the trivial
sheaf Q¢.
Let us assume further that X verifies the hypothesis 0.2. A point x of X is
a critical point if and only if the line L, = (7~ !(z)) (¥ cotangent map,
the projection) lies in the hyperplane

{7'w =0} = P(H*(Qs)").

Let S be the Fano surface of the Fermat cubic F'. We give here examples
of fibrations which are of particular interest.

Notation 3.8. For 1 <1i¢ < j <5, we define B;; = Bj; = 256“3 Eg

Bletl <i<5band j <r < s < t be such that {i,j,r s,t} =

{1,2,3,4,5}. We define ¢; = (1 — a)x; € AY,.

Corollary 3.9. The fibration vy, : S — E is stable, has connected fibres of
genus 10 and its only singular fibres are given by:

Bjr + Bst, Bjs + Byi, Bji + Bys

The 27 intersection points of the curves Ejﬁr and EJ, (B, € us) constitute
the set of critical points of this fibration.

Proof. By Theorem 3.2, a fibre of v, has genus 1+ 3|1 — a|? = 10.

Let 6 € ps, h,k € {j,r,s,t}, h < k. The form ¥¢; is zero on the space
C(ep, — Bek), hence Eﬁk is contracted to a point and is a component of the
fibre of 7y, .

The divisor D1 = Bj, + By is connected, satisfies (Bj, + Bst)? = 0 and has
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genus 10. Its irreducible components are contracted by «y,,. Hence, it is a
fibre and vy, has connected fibres. Likewise, the divisors Dy = Bjs+ B, and
D3 = Bj; + B, are fibres of y,.

The 27 lines inside the intersection of the Fermat cubic and the hyperplane
{¢; = 0} correspond to the 27 intersection points of the curves Eﬁk and E;
such that : h < k,l <m and {i,h,k,I,m} = {1,2,3,4,5}. These 27 critical
points lie in the fibres D1, Do, D3. These 3 fibres are thus the only singular

fibres of ,, .
The singularities of D1, Dy and D3 are double ordinary and the surface
possesses no rational curve, the fibration is thus stable. O

W Let (ag,...,a5) € p3 be such that aj...a; = 1 and let
=(1-a)(arz1 + ..+ aszs) € A%
Corollary 3.10. The divisor
D= Y By
1<i<j<5

is a singular fibre of the Stein factorization of ~y.

Proof. The connected divisor D satisfies D? = 0, has genus 16 and by The-
orem 3.2, the irreducible components of D are contracted by .
Let w € H°(Qg)* be : w =e1 + .. + e5. We have

2

H'(A,Z) N Cw = 10‘

Z[3a)w.

The morphism z — (@121 + .. + asx5)w € End(H°(2s)*) is an element
of Z[G(3,3,5)]. It is the differential of a morphism I, : A — E’ where
E = (C/{2-Z[3a])w.

The morphism I'y has a factorization by I', and a degree 3 isogeny between
E" and E. The divisor D is a connected fibre of the morphism 9 o I}, the
Stein factorization of ~,. O

2
B The curve Ef] is the closed set of critical points of the fibration v(1—a)(z;4g2;)-
This fibration has only one singular fiber and this fiber is not reducted.
B We can construct an infinite number of fibrations with 9 sections and
which contract 9 elliptic curves. Let us take a € Z[a] and

(=21 —(14+(1—a)a)ze € AY.
Corollary 3.11. The 9 curves E%, Eﬂ and Elﬁ5 B € us) are sections of .
The curves E§4, E§5 and Efs (B € us) are contracted.
Proof. This follows from Theorem 3.2 and the fact that

[€(ex — Bes)| = [£(ex — Bes)| = [l(ex — Pes)| =1, (5 € pa)
|[€(es — Bea)| = [(es — Bes)| = |€(es — PBes)| = 0.
The fibration 7, has connected fibres. O
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3.3. The Néron-Severi group of the Fano surface of the Fermat
cubic.

Let S be the Fano surface of the Fermat cubic and NS(S) the Néron-Severi
group of §.

Theorem 3.12. The Néron-Severi group of S has rank 25 = dim H*(S, Qg).
The 30 elliptic curves generate an index 3 sub-lattice of NS(S).
The group NS(S) is generated by these 30 curves and the class of an inci-
dence divisor Cs (s € S), it has discriminant 3'8.
The relations between the 30 elliptic curves in NS(S) are generated by the
relations :

Bjr + Bst = Bjs + Brt = Bjt + BTS7
for indices such that 1 < j <r <s<t<5.

The Corollary 3.9 gives a geometric interpretation of the numerical equiv-
alence relations of this Theorem.

Proof. By Theorem 3.1, we know the intersection matrix Z of the 30 elliptic
curves. As we can verify, the matrix Z has rank 25. The intersection matrix
of the 25 elliptic curves different to the 5 curves

o a o o e
E13a E15? E247 E347 E45

has determinant equal to 32°. Moreover, this 25 curves form a Z-basis of the

lattice generated by the 30 elliptic curves.
By Theorem 3.7, the image of the morphism

NS(4) 5 NS(S)

is a lattice of discriminant 223'® generated by the class of Cy — EZ and
by > i<ici<s E}] Theorem 1.17 implies that NS(S) is generated by these
classes and the class of an incidence divisor Cs. This lattice is also generated
by the classes of the 30 elliptic curves and Cs. O
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