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MODULI OF CUBIC SURFACES AND THEIR ANTICANONICAL
DIVISORS

PATRICIO GALLARDO AND JESUS MARTINEZ-GARCIA

ABSTRACT. We consider the moduli space of log smooth pairs formed by a
cubic surface and an anticanonical divisor. We describe all compactifications
of this moduli space which are constructed using Geometric Invariant Theory
and the anticanonical polarization. The construction depends on a weight on
the divisor. For smaller weights the stable pairs consist of mildly singular
surfaces and very singular divisors. Conversely, a larger weight allows more
singular surfaces, but it restricts the singularities on the divisor.

1. INTRODUCTION

The moduli space of (marked) cubic surfaces is a classic space in algebraic ge-
ometry. Indeed, its GIT compactification was first described by Hilbert in 1893
[13], and several alternative compactifications have followed it (see [14] [16] [12]).
In this article, we enrich this moduli problem by parametrizing pairs (S, D) where
S C P3 is a cubic surface, and D € | — Kg| is an anticanonical divisor. There
are several motivations for our construction. Firstly, it was recently established
that the GIT compactification of cubic surfaces corresponds to the moduli space
of K-stable del Pezzo surfaces of degree three [I7]. The concept of K-stability
has a natural generalization to log-K-stability for pairs, and our GIT quotients are
the natural candidates for compactifications of log K-stable pairs of cubic surfaces
and their anticanonical divisors. Therefore, our description is a first step toward a
generalization of [I7]. Secondly, a precise description of the GIT of cubic surfaces
is important for describing the complex hyperbolic geometry of the moduli of cu-
bic surfaces, and constructing new examples of ball quotients (see [1]). We expect
similar applications for our GIT quotients.

The GIT quotients considered depend on a choice of a linearization L£; of the
parameter space H of cubic forms and linear forms in P3. We have that H =2
P19 x P3. Although Pic(P® x P3) = Z(a) & Z(b), it can be shown that the different
GIT quotients arising by picking different polarizations of H are controlled by the
parameter t = % € Qs (see Sectionfor a thorough treatment). For each value of

t, there is a GIT compactification M (¢) of the moduli space of pairs (S, D) where
S is a cubic surface and D € | — Kg| is an anticanonical divisor. It follows from the
general theory of variations of GIT (see [19,[5], c.f. [10, Theorem 1.1]) that 0 < ¢ < 1
and that there are only finitely many different GIT quotients associated to t. Indeed,
there is a set of chambers (t;,t;1+1) where the GIT quotients M (t) are isomorphic
for all ¢ € (t;,t;41), and there are finitely many GIT walls t1,...,t, where the
GIT quotient is a birational modification of M (t) where 0 < |t — ¢;] < e < 1.
Additionally there are an initial and end walls tg = 0 and t;41 = 1.
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Lemma 1.1. The GIT walls are

to =0 tl:1 1t2:1 t3:§ t4:§ 1t5:g te = 1.
’ 5’ 3’ 7’ 9’ 13’

Given t € Qso, a pair (S, D) is t-stable (respectively t-semistable) if it is t-stable
(respectively t-semistable) under the SL(4, C)-action. A pair is strictly t-semistable
if it is ¢t-semistable but not t-stable. The space M (t) parametrizes t-stable pairs
and M (t) parametrizes closed strictly ¢-semistable orbits.

The GIT walls can be interpreted geometrically as follows. Let T be one of
the possible isolated singularities in a cubic surface (see Proposition , let w(T)
be the sum of its associated weights (see Definition . For example, the set

of weights for the A,, singularity is (%, %, ﬁ) and w(A,) = Z—ﬁ We define
Wall(T) == ﬁ - 3.

Theorem 1.2. There are 13 non-isomorphic GIT quotients M(t). Seven of these
quotients correspond to the walls t; in Lemma [1.1] and they can be recovered as
t; = Wall(T) for some isolated ADE singularity T in some irreducible cubic surface:

1 1
to = W&H(Ag) = O, tl = Wall(Ag) = g, tg = Wall(A4) = g
tg = Wall(A5) = Wall(D4) = %, ty = Wall(D5) = g
t5 = Wall(Eg) = % te = Wall(Eg) = 1.

the other six GIT quotients M(t) corresponding to linearizations t € (t;,tiy1),
i=1,...,6. All the points in M(ty) and M (tg) correspond to strictly semi-stable

pairs, while all other M(t) with t € (0,1) have stable points. The GIT quotient is
empty for any t & [0,1].

The quotient M (0) is isomorphic to the GIT of cubic surfaces and the quotient
M(1) is the GIT of plane cubic curves (see [I0, Lemma 4.1]). These spaces are
classical and have been thoroughly studied (see [15]). Henceforth focus on the case
te(0,1).

The next theorem gives a full of classification of ¢-stable pairs (S, D) appearing
in M(t). A nice feature of M(t) is that for each ¢t € (0,1) and each t-stable pair
(S, D), the surface S has isolated ADE singularities. Table [1| gives a summary
of the t-stable pairs (S, D) for each ¢ in terms of their worst singularities and
the intersection of the components of D. See Definition and Figure [2] for the
notion of worst singularity. See Table 2] to reinterpret D in the language of ADE
singularities.

Theorem 1.3. Consider a pair (S, D) formed by a cubic surface S and a hyperplane
section D € | — Kg.

(i) Let t € (0, %) The pair (S, D) is t-stable if and only if S has finitely many
singularities at worst of type As and if P € D is a surface singularity, then
P is at worst an Ay singularity of S.

(ii) Let t = % The pair (S, D) is t-stable if and only if S has finitely many
singularities at worst of type Ao, D is reduced, and if P € D is a surface
singularity, then P is at worst an Ay singularity of S.
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(iv)

(v)

(vi)

(vii)

(viii)
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t (0.3) : (33) 3
Slng(S) AQ A2 A3 A3
Sing(D) on smooth | isolated on | isolated on | isolated or
or A1 € S | smooth or |smooth or |cuspidal at
A eSS A1 €S A eSS
1 3 3 3 5 5
t (5,7) 7 (%:0) 9
Sing(S) Ay Ay As, Dy As, Dy
Sing(D) isolated or | tacnodal tacnodal cuspidal
cuspidal at | or mnormal | or normal | or normal
A e s crossings at | crossings at | crossings at
A eSS A €S A eSs
5 9 9 9
t (3:13) i3 (13,1
Sing(S) As, Ds As, Ds Eg
Sing(D) cuspidal normal normal
or normal | crossings crossings
crossings at | on smooth | on smooth
A eSS or A e S or A e S

TABLE 1. Worst singularities possible in a t-stable pair (S, D) for
each t € (0,1).

Let t € (%, %) The pair (S, D) is t-stable if and only if S has finitely many
singularities at worst of type As, D is reduced and if P € D 1is a surface
singularity, then P is at worst an A1 singularity of S.

Let t = %. The pair (S,D) is t-stable if and only if S has finitely many
singularities at worst of type Az, D is reduced and if P € D is a surface
singularity, then P is at worst an Ay singularity of S and D has at worst a
cuspidal singularity at P.

Let t € (%, %) The pair (S, D) is t-stable if and only if S has finitely many
singularities at worst of type Ay, D is reduced and if P € D is a surface
singularity, then P is at worst an Ay singularity of S and D has at worst a
normal crossing singularity at P.

Let t = % The pair (S, D) is t-stable if and only if S has finitely many
singularities at worst of type Ay, D has at worst a tacnodal singularity and
if P € D is a surface singularity, then P is at worst an Ay singularity of S
and D has at worst a normal crossing singularity at P.

Let t € (%, 2). The pair (S, D) is t-stable if and only if S has finitely many
singularities at worst of type As or D4, D has at worst a tacnodal singularity
and if P € D is a surface singularity, then P is at worst an Ay singularity of
S and D has at worst a normal crossing singularity at P.

Let t = 2. The pair (S,D) is t-stable if and only if S has finitely many
singularities at worst of type As or Dy, D has at worst an Ao singularity
and if P € D is a surface singularity, then P is at worst an Ay singularity of

S and D has at worst a normal crossing singularity at P.
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FIGURE 1. Pairs in M(t) \ M(¢) for each ¢ € (0,1). The dotted
lines represent the divisor D. The bold points are singularities of
the surface.

(i) Let t € (3,-%). The pair (S, D) is t-stable if and only if S has finitely many
singularities at worst of type As or Dy, D has at worst a cuspidal singularity
and if P € D is a surface singularity, then P is at worst an Ay singularity of
S and D has at worst a normal crossing singularity at P.

(z) Let t = . The pair (S,D) is t-stable if and only if S has finitely many
singularities at worst of type As or Ds, D has at worst normal crossing
singularities and if P € D is a surface singularity, then P is at worst an A
singularity of S.

(xzi) Let t € (19—3, ). The pair (S, D) is t-stable if and only if S has finitely many
ADEFE singularities, D has at worst normal crossing singularities and if P € D

is a surface singularity, then P is at worst an Ay singularity of S.

Our last theorem gives a full of classification of the pairs (S, D) associated to
each of the unique closed orbits in M (t) \ M (t) for each t € (0,1). Figure [1| gives
sketches of each of these pairs. Recall that an Eckardt point of a cubic surface S is
a point where three coplanar lines of S intersect.

Theorem 1.4. Let t € (0,1). Ift # t;, then M(t) is the compactification of
the stable loci M(t) by the closed SL(4,C)-orbit in M(t) \ M(t) represented by the
pair (So, Do), where Sy is the unique C*-invariant cubic surface with three Ag
singularities and Dy is the union of the unique three lines in Sy, each of them
passing through two of those singularities.

Ift=t;,i=1,2,4,5, then M(t;) is the compactification of the stable loci M (t;)
by the two closed SL(4, C)-orbits in M (t;)\ M (t;) represented by the uniquely defined
pair (So, Do) described above and the C*-invariant pair (S;, D;) uniquely defined as
follows:

(i) the cubic surface S1 with an As singularity and two A; singularities and the
divisor D1 = 2L+ L' € |- Kg| where L and L' are lines such that L is the line
containing both A1 singularities and L' is the only line in S not containing
any singularities;

(i) the cubic surface Sy with an Ay singularity and an A, singularity and the
divisor Dy € | — Kg| which is a tacnodal curve singular at the Ay singularity
of S;

(iii) the cubic surface Sy with a Dy singularity and the divisor Dy € | — Kg| which
is a tacnodal curve whose support does not contain the surface singularity;

(iv) the cubic surface S5 with an Eg singularity and the cuspidal rational curve
Ds5 € | — Kg| whose support does not contain the surface singularity.
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The space M (t3) is the compactification of the stable loci M (t3) by the three closed
SL(4,C)-orbits in M(t3) \ M(t3) represented by the C*-invariant pairs uniquely
defined as follows:

(i) the pair (So, Do) described above;

(ii) the pair (Ss, D3) where Ss is the cubic surface with a Dy singularity and and
Eckardt point and D3 consists of the unique three coplanar lines intersecting
at the Eckardt point;

(i) the pair (S%, DY) where S5 is the cubic surface with an As and an A, singu-
larity and the divisor D% which is an irreducible curve with a cuspidal point
at the Ay singularity of S5.

Notation used and structure of the article. Throughout the article a pair
(S, D) consists of a cubic surface S C P2 and an anticanonical section D € | —
Ks| =2 P(H?(S,0s(1))) Hence, D = SN H in the case for some hyperplane H =
{l(zg,...,23) = 0} C P}:. Whenever we consider a parameter t € (t;,t;11) we
implicitly mean ¢ € (¢;,t;41) N Q.

In Section 2] we describe in detail the GIT setting we consider. We introduce
the required singularity theory in Section [3] GIT-stability depends on a finite list
of geometric configurations characterized in Section We prove Theorem in

Section [}] We prove Theorems [1.2] and [T.4] in Section

Acknowledgments. Our article does an extensive use of J.W. Bruce and C.T.C.
Wall’s elegant classification of singular cubic surfaces [4] in the modern language
of Arnold. We thank R. Laza for useful discussions. P. Gallardo is supported by
the NSF grant DMS-1344994 of the RTG in Algebra, Algebraic Geometry, and
Number Theory, at the University of Georgia. This work was completed at the
Hausdorff Research Institute for Mathematics (HIM) during a visit by the authors
as part of the Research in Groups project Moduli spaces of log del Pezzo pairs and
K-stability. We thank HIM for their generous support and Cristiano Spotti, for
useful discussions and working together with us in upcoming applications of this
article. The final version of the article was completed while the second author was
a visitor of the Max Planck Institute for Mathematics in Bonn. He thanks MPIM
for their generous support.

Our results use some computations done via software. The computational results
are summarized in Appendix [A] The computations, together with full source code
written in Python can be found in [I1]. The code is based on the theory developed
in our previous article [I0] and a rough idea of the algorithm can be found there.
More detailed algorithms will appear in [9]. The source code and data, but not the
text of this article, are released under a Creative Commons CC BY-SA 4.0 license.
See [11] for details. If you make use of the source code and/or data in an academic
or commercial context, you should acknowledge this by including a reference or
citation to [I0] —in the case of the code— or to this article —in the case of the
data.

2. GIT ST UP AND COMPUTATIONAL METHODS

In this section, we briefly describe the GIT setting for constructing our compact
moduli spaces. We refer the reader to [L0] where the problem is thoroughly discussed
and solved for pairs formed by a hyperplane and a hypersurface of P**! of a fixed
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degree. Our GIT quotients are given by

— /(b .
M () = (P(H"(P®, 0ps(3))) x P(HO(P?, Ops (1 / 4,C
a (a, b

and they depend only of one parameter t := Z € Q0. The use of GIT requires three
initial combinatorial steps which are computed with the algorithm [9] implemented
n [I1]. The first step is to find a set of candidate GIT walls which includes all GIT
walls (see [10, Theorem 1.1]). Some of these walls may be redundant and they are
removed by comparing if there is any geometric change to the t-(semi)stable pairs
(S,D) for t =t; £ e for 0 < e < 1. The set of candidate GIT walls is precisely the
one in Lemma [I.I] and once Theorem [I.4]is proven this proves Lemma

The second step (see [I0, Lemma 3.2]) is to find the finite set Sy 3 of one-
parameter subgroups that determine the t-stability of all pairs (S, D) for all ¢.
For convenience, given a one-parameter subgroup A = Diag(rg,...,r3), we define
its dual one as A = Diag(—r3,...,—7g).

Lemma 2.1. The elements Sy 3 are A\, and i where A is one of the following:
A1 = Diag(1,0,0,—1) A9 = Diag(2,0,—1,—1) A3 = Diag(5,1,—-3,-3)
A4 = Diag(13,1, -3, —11) A5 = Diag(3,1,—1,-3) \¢ = Diag(9,1,-3,-7)
A7 = D1ag(5 5,—3,—7) s = Diag(1,1,1,—-3) A9 = Diag(5,1,1,-7)
)\10 = Dlag( -1 —1)

Let =) be the set of all monomials in four variables of degree k. Let g € SL(4, C).
Suppose g - S is given by the vanishing locus of a homogeneous polynomial F'
of degree 3 and ¢ - D is given by the vanishing locus of F' and a homogeneous
polynomial [ of degree 1. We say that F' and [ are associated to the pair (S, D).
Let A = Diag(rg,...,r3). Denote by S C =3 and D C Z; the monomials with

non-zero coefficients in F' and [, respectively. There is a natural pairing pairing
(v, A) € Z for any v € Zj,. We define

ue(g-S,g-D,A) = Irlelg(v A+t rnl%(xl,)Q

T4

Lemma 2.2 (Hilbert-Mumford Criterion, see [I0, Lemma 3.2]). A pair (S, D),
where D = S N H is not t-stable if and only if there is g € SL,, satisfying

e (S, D) = krgsafs{ut(g 8,9-D,\)} =0

Given ¢t € (0,1), and A € Sy 3 and i € {0,...,3}, the next step is to find the
pairs of sets N (A, z;) == (V¥(\, z;), B®(;)) defined as:
(2.1) VPN z) ={v e Zq | (v, \) +t{z;, \) > 0},
BEB(.Z‘i) = {Ik €= | k< Z}
which are maximal with respect to the containment order. For convenience, we

list them in the Appendix (see Lemma [A.1]).

Theorem 2.3 ([10, Theorem 1.4]). Lett € (0,1). A pair (S,SNH) is not t-stable
if and only if there exists g € SL(4,C) such that the set of monomials associated to
(9-8S,g- H) is contained in a pair of sets N (\, ;) as given in Lemma ,
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Given NF (X, z), define N)(\,z;) == (V2(\ 2;), B%(z;)) (see [10, Prop. 5.3])
where VO(\, 2;) x B%(z;) is equal to

(2.2) {(v,m) € VE(\, x;) x B®(x;) | (v, \) +t(m, \) = 0}.

Theorem 2.4 ([I0, Theorem 1.6]). Let t € (0,1). If a pair (S, SN H) belongs to
a closed strictly t-semistable orbit, then there exist g € SL(4,C), A € Sa.3 and x;
such that the set of monomials associated to (g-S,g- D) corresponds to those in a
pair of sets NY(\,x;) as given in Lemma .

3. PRELIMINARIES IN SINGULARITY THEORY

We recall the admissible singularities in normal cubic surfaces (see also [6, Section
9.2.2]).

Propositon 3.1 ([4] ). Let X be an irreducible and reduced cubic surface and p € X
be an isolated singular point. Then, the singularity at p is either a singularity of
type Ay, Dy with k <5, Eg, or a simple elliptic singularity of type Eg.

Definition 3.2 ([3| p.88]). A class of singularities T» is adjacent to a class Ty, and
one writes T7 < T if every germ of f € Ty can be locally deformed into a germ
in 71 by an arbitrary small deformation. We say that the singularity T5 is worse
than T7; or that T is a degeneration of T7.

The degenerations of the isolated singularities that appear in a cubic surface (or
in their anticanonical divisors, which are plane cubic curves) are described in Figure
(for details see [3, p. 88] and [2, §13]). The above theory considers only local

A A, Aj Ay As
Dy D5 Eg Es

FIGURE 2. Degeneration of germs of isolated singularities appear-
ing in cubic surfaces.

deformations of singularities. When we study degenerations in the GIT quotient
we are interested in global deformations.

Lemma 3.3 ([I8, Theorem 1]). Let V(T4,...T;) be the set of cubic hypersurfaces
in P for n < 3 with r isolated singular points of types T, ...T,.. The germ of the
linear system |Ops(3)| at any X € V(Ty,...T),) is a joint versal deformation of all
singular points of X if Y., p(T;) < 9 where p(T;) is the Milnor number of T;.

Recall that p(Ag) = k, u(Dy) = k and pu(Es) = 6. By checking carefully how
these singularities appear together in each cubic surface (see [, p. 255]) we conclude
that Y., u(T;) < 6 for all cubic surfaces with ADE singularities. Furthermore,
by looking at Table [2, we see that >_._; u(T;) < 4 for any plane cubic curve with
isolated singularities . Hence, Lemma [3.3] implies that for cubic plane curves and
cubic surfaces, any local deformation of isolated singularities is induced by a global
deformation.
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Definition 3.4 ([4]). A polynomial F' in n+1 variables is semi-quasi-homogeneous
(SQH) with respect to the weights (w1, ws,...,w,) if all the monomials of F' have
weight larger or equal than 1 and those monomials of weight 1 define a function
with an isolated singularity. In particular, the weights associated to the ADE
singularities Ay, Dy and Eg are

1 11 1 1 (k—2) 1 1 111

2772 k+1 )7 27722k —-1)k—1)" 27777727374 )7
respectively. Furthermore, the weight of Eq is (%, e %, %, %, %) These weights
are uniquely associated to their respective singularity.

Non-singular -
Nodal cubic Ay
Cuspidal cubic Ao

Line and conic intersecting at a tacnode | As

Line and conic intersecting in two points | 24,

Three lines intersecting in three points | 3A;

Three lines intersecting at a point D,
TABLE 2. Plane cubic curves and their singularities

Lemma 3.5 ([, p. 246)). If F(xzo,x1,x2) is SQH with respect to one of the sets
of weights in Definition we can, by a locally analytic change of coordinates,
reduce the terms of weight 1 to the normal forms for Ay, Dy, Eg, which are locally
analytically isomorphic to the following surface singularities:

A o 422 (k> 1), Dy: a7 el 422 (k> 4),
Eg: o3 + 23 + 22, Ey: o3+ 23 4 2 + 3z wows, A2 # —1.
and the resulting function will remain SQH.

Reduced plane cubic curves are completely characterized according to the num-
ber and type of their ADE singularities (see Table .

4. GEOMETRIC CHARACTERIZATION OF PAIRS

In this section we relate the classifications of pairs in terms of singularity theory
and the equations defining them. We have divided our lemmas in four groups:
classification of singular cubic surfaces, classification of pairs (S, D) with singular
boundary D, classification of pairs (S, D) where S is singular at a point P €
D and classification of pairs (S, D) invariant under a C*-action. We will denote
homogenous polynomials of degree d in n + 1 variables as f4(zg,...,Zs), g4, etc.

Singular cubic surfaces.

Lemma 4.1 ([4, Lemma 3]). Let F = xoz123 + f3(x0,21,22), P = (0,0,0,1),
Q = (0,0,1,0), H = {x3 = 0} = P? y and H; = {z; = z3 = 0} C H for

. (z0,21,2
1=0,1.
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(1) The singularities of {F = 0} other than that at P correspond to the inter-
section of C' = {xox1 =0} C H and C' = {f3 = 0} at points R other than
Q. Indeed, if multg(C - C') =k, then R is an Ag_1 singularity.

(2) If £3(0,0,1) # 0, then P is an Ay singularity. Let k; = multg(H, - C"). If
both ko and k1 are both at least 2, then {F = 0} has non-isolated singulari-
ties. Otherwise P is an Ay, +1 singularity for {ko, k1} = {1,1},{1, 2}, {1, 3}.

Lemma 4.2. A pair (S, D) has an As singularity at a point P € D or a degener-
ation of one if and only if P is conjugate to (0,0,0,1) and simultaneously (S, D) is
conjugate by Aut(P3) to the pair defined by equations

w3 fo(z0, 1) + f3(x0,71,22) =0, li(zo, 21, 22) = 0.

Proof. Without loss of generality, we may assume P = (0,0,0,1). By Lemma
S has (a degeneration of) an Ao singularity at P if and only if it is given by the
equation xoz1x3 + f3(o, x1, 22) = 0. Any quadric fs(xg, 1) can be transformed to
xox1 or to a degeneration of zox; (e.g. x3) by a change of coordinates preserving
x9 and x3. The lemma follows because a hyperplane section D contains P if and
only if D is given by a linear form I (xg, 1, x2). a

Lemma 4.3. A surface S has an As singularity or a degeneration of one if and
only if it is conjugate by Aut(P3) to:
{z3fa(wo, 1) + 25 f1 (20, 21) + T2g2 (20, 1) + g3(x0,21) = 0}
Proof. By Lemma we may assume S = {xgr122 + f3(z0,21,22) = 0} and
P = (0,0,0,1). Moreover, the singularity is of type Ay with k > 3 if and only if
f3(0,0,1) = 0. Therefore f3(xo,x1,12) = 22 f1(x0,71) + T292(T0, 1) + g3(T0, 1).
(I

Lemma 4.4. A surface S has an Ay singularity or a degeneration of one if and
only if it is conjugate by Aut(P?) to

{x30l1 (20, 1) + 2023 + Taga(wo, 21) + g3(wo, 21) = 0}.
Proof. By Lemma the surface S is defined by the equation xgx1 25+ f5(x0, 21, Z2) =
0 where f3(zoz172) = 235 f1(70, 21) + 2292 (20, 1) + g3(20, 21) and ko = multg (Ho -
C’) 2 2 and k1 = multg(H; - C') > 1 if and only if P is (a degeneration of) an Ay
singularity. Notice that

ki = multo(H; - C') = dime (<x» ;(‘:1[10’9:11 93>) .

Therefore kg > 2 if and only if f1(0,1) = 0. Hence, f; = z¢. The lemma follows
from noticing that zox3 is conjugate to woxsli(zo, 1) by an element of Aut(P?)
fixing xg, x2, 3. O
Lemma 4.5. A surface S has an As singularity or a degeneration of one if and
only if it is conjugate by Aut(P3) to
{w3woli (w0, ¥1) + ToT2f1(T0, T1, T2) + f3(T0,71) = O}

Proof. As for Lemma we may use Lemma to assume that S is defined by
zor123 + 25 f1(x0, ¥1) + 292 (20, 21) + g3(0,21) = 0 and P = (0,0,0,1) is an A
singularity if and only if

/ . C[l'(),wl] >
ko =multp(H; - C') =dim| ———— | >3
0 ol ) <<$07f1 + g293)
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or equivalently f1(0,1) = 0 and g2(0,1) = 0. Likewise, f; = axg and go = boad +
b1xox1 and regrouping terms the proof follows. ([

In Figure 2] we see that the only non-trivial degenerations of a Dy singularity in
a cubic surface which are not a E¢ singularity are D5 and E§ singularities. Hence
the next lemma follows at once from [4, Case C].

Lemma 4.6. A surface S has a Dy singularity or a degeneration of one if and
only if it is conjugate by Aut(P?) to {w32? + f3(wo,z1,22) = 0}.

Lemma 4.7. A surface S has a D3 singularity or a degeneration of one if and
only if it is conjugate by Aut(P?) to
{fs(wo,21) + 22g2(20, 1) + 2023 + T523 = 0}.

Proof. By Lemma and Figure 2] we may assume that S is given by xzz2 +
f3(xo,x1,22) since Dy is a degeneration of Dy. Let H = {3 = 0} and C =
{z5 = f3(xo,21,22) = 0} C H and C' = {&3 = 29 = 0} C H. We can rewrite
f3 = 23g1(z0, 1) + 2292(70,71) + g3(x0,71). By [ Lemma 4], the point P =
(0,0,0,1) is (a degeneration of) a Dy singularity if and only if C' N C” consist of
at most two points. The equation of SN H C H localized at @ = (0,0,1,0) is
g1(z0, 1) + g2(x0, 1) + g3(x0, 1) = 0, and C'NC’ intersects in at most two points

if and only if
C
dimg ( 20, 21] ) > 2
(0, g1 + g2 + g3)
The latter is equivalent to take g1 = axo, which by rescaling x5 gives the result. [

Lemma 4.8. A surface S has a Eg singularity or a degeneration of one if and
only if it is conjugate by Aut(P?) to
{32 + wowaly (o, 21, 22) + f3(wo, 1) = 0}

Proof. Using the same notation as in Lemma and following [4, Lemma 4], S is
defined by z3z3 + 2391 (20, 1) + 2292(20, 1) + g3(w0, 21) = 0, and has (a degener-
ation of) an FEg singularity if and only if

dime (o) 28

Zo,91 + g2 + g3

The latter is equivalent to take g1 = z¢ and go = xol1(xo, x1). O

Lemma 4.9 (see [4, Case E]). A surface S has an isolated EG singularity if and
only if S is the cone over a smooth plane cubic curve given by f3(xg,z1,x2) = 0.

By Serre’s criterion, any hypersurface of dimension 2 is non-normal if and only
if it has non-isolated singularities, which are classified in [, Case E]:

Lemma 4.10. Any irreducible non-normal cubic surface is conjugated by Aut(P?)
to

{zsfa(xo, 21) + f3(20, 21) + T292(T0, 71) = 0}.
Lemma 4.11. A surface S is reducible if and only if it is conjugate by Aut(P?) to

{z0f2(xo, 1, 2, 23) = 0}.
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Pairs with singular boundary. Consider a pair (S, D) and a point P € D C S.
By choosing coordinates appropriately we can suppose that P = (0,0,0,1) and
(S,D)=((F=0),(F=H=0)) for F and H given as

(4.1) F = xo fa(2o, 21, 2, 23) + 23 f1 (21, 22) + 2392(21, 2) + f3(21, 22),
H= To

Lemma 4.12. A pair (S,D) has D with an As singularity at a point P or a
degeneration of one if and only if (S, D) is conjugate by Aut(P3) to the pair defined
by equations:

(4.2) zo fo(xo, 21, T2, 3) + 2322 + f3(21,22) = 0, zo = 0.

Proof. Without loss of generality we can suppose (S, D) given by ([.1)). The equa-
tion of (a degeneration of) a plane cubic curve in (xg = 0) with an A, singularity
at P is given by x2z3 + f3(21,x2) = 0, where the curve has an A, singularity at P
if and only if 23 has a non-zero coefficient in f3. Therefore D is as in the statement
if and only if in we take f; = 0 and go = 3. O

Lemma 4.13. A pair (S, D) has D with an As singularity at P or a degeneration
of one if and only if (S, D) is conjugate by Aut(P3) to the pair defined by equations:

zo f2 (o, 21, w2, x3) + 21 (23 + 2111 (21, 32, 23)) = 0, xo = 0.

Proof. We may assume that the equations of (S, D) are as in and P =
(0,0,0,1). By restricting to {zo = 0} = P? and localizing at P, the equation
for D is f1(z1,x2) + go(x1,22) + f3(x1,22) and by choosing coordinates appropri-
ately we may assume that L = {z; = 0} and C = {23 +21l1(71,22) = 0} are a line
and a conic intersecting at P, where [ is a polynomial of degree 1, not necessarily
homogeneous. Therefore D|,,—¢ has equation z(z3 + 2111 (21, 22,73)) so f1 = 0,
g2 = ax?, f3 = 2123 + 2101 (71, 72,0) and the result follows. O

Lemma 4.14. A pair (S, D) has D with a Dy singularity at P or a degeneration
of one if and only if (S, D) is conjugate by Aut(P?) to the pair defined by equations:
o f2(w0, 21, T2, 23) + f3(x1,22) =0, wo = 0.

Proof. We may assume that the equations of (S, D) are given as in (4.1). A plane

cubic curve as in the statement is given by a homogeneous polynomial f5(x7,z2)
in P? >~ {19 = 0}. By comparing with (4.1)), this is equivalent to have

(z1,%2,23)

leQQEO~ |

Lemma 4.15. A pair (S, D) has D non-reduced if and only if it is conjugate by
Aut(PP3) to the pair defined by equations:

zo fo(wo, 21, T2, w3) + 23 f1(w1, w2, 23) =0, zo = 0.

Proof. The result follows from (4.1)) by noting that any two distinct lines in P? are
projectively equivalent to any other two lines. (I

Lemma 4.16. A pair (S, D) has D = L+ C where L is a line and C is a conic
such that 3L € | — Kg| if and only if it is conjugate by Aut(P3) to the pair defined
by equations:

20 f2(T0, 21, 2, 23) + az’} = 0, li(zg, 1) = 0.



12 GALLARDO AND MARTINEZ-GARCIA

where L and 3L are conjugated to {xg = x1 = 0} and = {xo = 0}|g, respectively.
This surface has a point QQ € L C Supp(D) such that S has a singularity at Q
which is not of type A;.

Proof. Suppose (S,D) as in the statement. Without loss of generality, we may
suppose that the equation of S is as in (1), D = {zg + bzy = 0} and let D’ :=
{zog = 0}. Clearly L C Supp(D’) N Supp(D) and D = D’ if and only if b = 0.
In this case, the equation of D = D’ in {zg = 0} = P? is given by z3fi(z1,22) +
x392(x1,x2) + fa(x1,22) = 0 and 3L € | — Kgl| if and only if f; = go = 0 and
f3 = ax}. If b # 0, then z; = —52. Take 2o = 0 in . The equation of
D' = {xo = 0}|g is #3f1 + 2392 + f3 = 0 and D’ = 3L if and only if f; = g2 =0
and f3 = x3. But then, the equation of D in {zg + bz = 0} is x1(bfa + 22) and
C = {bfs + 23 = 2o + bz = 0}. It is a well known fact that the line L contains a
point @ at which S is singular and @ is not of type A; (see [15, p. 227]). O

Pairs (S, D) where S is singular at a point P € D.

Lemma 4.17 (see [4], Section 2, pp. 247-252]). Let S be a surface with a singularity
at P =1(0,0,0,1). Then, the equation of S can be written as

F = 23 fa(w0, w1, 22) + f3(x0, 21, 22).

Lemma 4.18. Given a pair (S,D), S is singular at a point P € D and D is an
Ay singularity at P or a degeneration of one if and only if (S, D) is conjugate by
Aut(P3) to the pair defined by equations:

(4.3)  aswoly(zo, w1, 22) + w33] + fs(21,22) + Tofo(w0, 21,22) =0,  m9 =0.
Proof. Without loss of generality we can assume P = (0,0,0,1). From Lemma
[417] the equation of S is
w3ha(z0, 71, 22) + ha(wo, 21, 72) =
= aow3z} + 2o f2(0, T1, T2) + f3(T1, %2) + 217391 (%0, T2) + T3ga(T0, T2).

By comparing with the equation in Lemma D has (a degeneration of) an A,
singularity at P if and only if g1(wo,22) = ax and go(z0, 72) = bxd + cwoze. The
lemma follows. O

Lemma 4.19. Given a pair (S, D), S is singular at a point P € D and D has an
Ajs singularity at P or a degeneration of one if and only if (S, D) is conjugate by
Aut(P3) to the pair defined by equations:

xly (o, w1, w2, T3) + To f2(01, T2) + Towsgr(T1,T2) + TThe (21, T2, w3) + 2125 = 0,
zg = 0.
Proof. Without loss of generality we can assume P = (0,0,0,1). From Lemma
the equation of S is
x3ha(wo, 21, 22) + h3(2o, 21, 72) =
= apr3y + Tow3g1 (21, T2) + T3g2 (1, T2) + q3(1, T2) + Toga(To, 21, T2).

By comparing with the equation in Lemma D is (a degeneration of) an Ag
singularity at P if and only if go(21,22) = apx? and g3(x1,72) = a123 + asx?as +
azx3wy. Hence, after rescaling z1, the equation of S is

2 2 3 2 2
agx3xy + Tox3g1(T1,T2) + agrirs + a1xy + axxiTa + azr1x5 + roq2(To, 1, T2)
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which is equal to
x?)ll(xo, x1,x2,x3) + o fo(x1,22) + xox3g1 (21, 22) + m%fh (w1, 22, 23) + sclyc%.

O
Pairs (S, D) invariant under a C*-action.

Lemma 4.20. Let (S,D) be a pair which is invariant under a non-trivial C*-
action. Suppose the singularities of S and D are given as in the first and second
columns of Table @ respectively. Then (S, D) is conjugate by Aut(P?) to ({F =
0},{F = H = 0}) for F and H as in the third and fourth columnns in Table [3
respectively. In particular, any such pair (S, D) is unique. Conversely, if (S, D)
is given by equations as in the third and fourth columns of Table @ then (S, D)
has singularities as in the first and second columns of Table @ and (S, D) is C*-
invariant. Furthermore the element A\ € SL(4,C*), as defined in Lemma given
in the fifth column of Table[3 is a generator of the C*-action.

’ Sing(.9) ‘ Sing(D) ‘ F ‘ H ‘ A ‘
P, = Ay, | Ay at each P, ToT173 + T3 To | Ao
1=1,2,3
P = Az, |D = 2L + LI, ToX1T3 + Clill‘% + .%‘QLL'% T3 Xg,

Ql = Ala Q17Q2 € La
Qg = A1 Slng(S’) NL = @

P = Ay | Azat Q ToT1x3 + CU().Z'% + 1‘%.’1)2 T3 | Ag
Q=4

P = A5, A2 at Q ZL'()QC% + xor123 + l"% XT3 )\6
Q= A

P=D, D, not at P 233 + 23 + 23 Z3 | Mg
P = Dj As not at P 313 + 1073 + 2310 x3 | Xg
P = E;4 As not at P 33 + w073 + 23 T3 | M

TABLE 3. Some pairs (5, D) invariant under a C*-action.

Proof. There is a unique surface S with three Ay singularities [4, p. 255] which
corresponds to the equation in Table[3] When a surface S has singularities A4+ Ay,
As+ Ay, Dy, D5 or Eg, and a C*-action, the equation for F' follows from [8, Table
3]. If S has singularities Az + 244, then [8, Table 3] gives that S has equation
x3f2(w0, 1) + 2311 (20, 71) = 0, where xoz; has a non-zero coefficient in fs, since
otherwise S is singular along a line. Hence, after a change of coordinates involving
only variables zy and x; and rescaling z3, we obtain the desired result. It is trivial
to check that each one-parameter subgroup A in the table leaves S invariant, and
therefore A is a generator of the C*-action.

Given H, denote Dy = {F = H = 0} C S. We need to show that for (S, D) with
prescribed singularities, Dy = D if and only if H is as stated in Table[3] Verifying
that for F' and H as in the table, the pair (S, D) has the exepected singularities is
stright forward and we omit it. We verify the converse.
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Suppose that S has three A, singularities. Then we may assume that F' =
ror173 + 3 and the singularities correspond to P, = (1,0,0,0), P, = (0,1,0,0)
and P3 = (1,0,0,0). There are only three lines Ly, Lo, L3 in S [4, p. 255], which
correspond to {zy = x; = 0} for i = 0,1, 3, respectively. Clearly any two of these
intersect at each of the points P;. Moreover Dy = D = 3 L; and D has an A,
singularity at each P;, as stated in Table [3]

Suppose that S has an Eg singularity at a point P and D has an Ay singularity
at a point Q # P and (S, D) is C*-invariant. Without loss of generality, we can
now assume that F' = x%xg + xoxg + xif, H = Y a;z; for some parameters a;
and P = (0,0,0,1). Since )4 is a generator of the C*-action, then A\, (t) - H =
apt' 'z + a1tz + agt'xy + ast~'3x3. Therefore Dy is C*-invariant if and only if
H = z; for some ¢ = 0,...,3. Notice that this happens every time the entries of A
are distinct. If H = x(, then Dy is a triple line. If H = x1, then Dy is the union
of a conic and a line, and therefore Dy does not have an As singularity. If H = x4,
then Dy has an A, singularity at P. If H = x3, then Dy has an A, singularity
at @ = (1,0,0,0) # P and Dy = D.

Suppose S has a Djy singularity at a point P, D has an Ajs singularity at a
point @ # P and (S,D) is C*-invariant. Reasoning as in the previous case, we
may assume e generates the C*-action, F' = $(2)£E3 + xoxg + m%xg, H = x; for some
1 =0,...,3and P = (0,0,0,1). If H = 2p or H = x5, then the support of Dy
contains a double line. If H = x5, then Dy has an Aj singularity at P. If H = z3,
then Dy has an As singularity at @ = (1,0,0,0) # P and Dy = D.

Suppose S has an Aj singularity at a point P and an A; singularity at a point
Q, D has an A, singularity at @ and (S, D) is C*-invariant. We may assume \g
generates the C*-action, F = wgz3 + xor123 + 23, H = x; for some i = 0,...,3,
P =1(0,0,0,1) and @ = (1,0,0,0). If H = x¢ then Dy is a triple line. If H = x4,
then Dy has a double line in its support. If H = x5, then Dy has two A,
singularities. If H = x3, then Dy has an A, singularity at @ = (1,0,0,0) # P and
Dy =D.

Suppose S has an A, singularity at a point P and an A; singularity at a point
@, D has an Aj singularity at @Q and (S, D) is C*-invariant. We may assume s
generates the C*-action, F' = xgx123 + 2073 + 2329, H = 24 for some i = 0,..., 3,
P = (0,0,0,1) and @ = (1,0,0,0). If H = @y or H = x; then Dy contains a
double line in its support. If H = o, then Dy has three A, singularities and if
H = z3, then Dy has an A, singularity at @ and Dy = D.

Suppose S has a D, singularity at a point P, D has a D, singularity at a point
Q@ # P and (S, D) is C*-invariant. We may assume the generator of the C*-action
is Ao, F' = 2223+ 23 + 23 and P = (0,0,0,1). If Dy is Ao-invariant, either H = z;
for some i = 0,...,3 or H = x1 — axs for a # 0. If H = xg, then Dy has a
D, singularity at P. If H = x1 or H = x5, then Dy has an A, singularity. If
H = x1 — awy with a # 0, then Dy = {2dx3 + (1 + %) 3 =0,19 = “L}1 has an Ay
singularity. If H = x3, then Dy has a Dy singularity at @ = (1,0,0,0) # P and
Dy = D.

Suppose S has an Ags singularity at a point P, two A; singularities at points Q1
and (Qo, D = 2L + L’ where L is a line containing ()7 and Q2 and L’ is a line such
that P,Q1, Q2 ¢ L'. Furthermore, suppose (S, D) is C*-invariant. We may assume
that A3 is the generator of the C*-action, F' = zor z3+ 1123+ 2023, P = (0,0,0, 1),
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Q1 = (1,0,0,0), Q2 = (0,1,0,0) and L = {z5 = x3 = 0}. Moreover, if Dy is A3-
invariant, either H = x; for some i =0,...,3 or H = xg—axy fora # 0. If H = g
or H =z, then Dy does not contain L in its support. If H = x5 or H = zg — ax1,
then Dy is reduced. If H = x5, then Dy = 2L+ L', where L' = {z1+x = x5 = 0}.
Since P5Q17Q2 ¢ L, then DH =D.

|

5. PROOF OF MAIN THEOREMS

We present the proofs of theorems and [[4] First, we reduce the amount of
pairs we need to consider to those with isolated singularities:

Lemma 5.1. Let (S, D) be a pair.

(1) If S is reducible or not normal, then (S, D) is t-unstable for t € [0,1).
(2) If D is not reduced, then, (S, D) is t-unstable for t € (1/5,1].

Proof. The case where S is reducible follows from [I0, Theorem 1.3]. If S is not
normal we may assume S is as in Lemma [£.10] Then p;(S, D, Ajo) =1 —t > 0. If
D is not reduced, we may assume (S, D) is as in Lemma Then p;(S, D, A3) =
—145t>0,if t > £. 0

Proof of Theorem[I.3 Let (S, D) be a pair defined by equations F and H. Notice
that Lemma [5.1| tells us that S being normal is a necessary condition for (S, D) to
be t-stable for any ¢ € (0,1). In particular S has a finite number of singularities,
since it is a surface. By Theorem the pair (S, D) is t-stable if and only if
for any g € SL(4,C) the monomials with non-zero coefficients of (¢ - F,g - H) are
not contained in N7 (X, z;) for any of the pairs of sets in Table 4 —characterized
geometrically in Section which are maximal for every given ¢, as stated in
Lemma AT and Theorem [2.3] This is equivalent to the conditions in the statement.
We verify the conditions for each t € (0,1). We will refer to the singularities of D
in terms of the ADE classification as in sections [3] and ] These will be equivalent
to the global description used in the statement of Theorem by Table

Suppose t € (0, %) and (A, z;) = (A3, 23). Then S cannot have an Ag singularity
or a degeneration of one. When (A, ;) = (A9, z3), we deduce that S cannot have
a Dy singularity or a degeneration of one (this condition is redundant since Dy is
a degeneration of Az). From (\,z;) = (A1, 72) or (A, z;) = (A2, 72) we deduce that
if P € D then P is a singular point of S of type at worst A;. We obtain the same
condition if (A, 2;) = (A2, 21). This completes the proof when ¢ € (0, ).

When t = §, the maximal sets N (X, z;) are the same as for t € (0, 1) with
the addition of Nt€B (A3, x0), which represents the monomials of the equations of any
pair (S’, D) such that D’ is not reduced. Therefore (S, D) is $-stable if and only
if in addition to the conditions for ¢-stability when ¢ € (0, %)7 D is not reduced.
Hence (ii) follows.

Let t € (%, %) The maximal ¢t-non-stable sets N;”(\, ;) are the same as for
t = 1 but replacing the set N;”(X3, z3) with both N (A7, 23) and NP (X5, 23). A
pair (S, D’) whose defining equations have coefficients in N;*(\3,23), NP (A7, x3)
and N;¥(\s, x3) require that S’ has (a degeneration of) an Az singularity, S’ is not
normal or S’ has (a degeneration of) an A, singularity, respectively. The second
condition is redundant by Lemma Hence a t-stable pair (S, D) may now have
Aj singularities but not A4 singularities. However, the coefficients of the equations
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of (S8, D) cannot be in N(\g,z3) and hence S cannot have (degenerations of)
D, singularities. Therefore (S, D) is t-stable if and only if S has at worst As
singularities, D is reduced and if D supports a surface singularity P, then P must
be an A;-singularity and (iii) follows.

Let t = §. The maximal sets N;”(),z;) are the same as for t € (£, 1) with the
addition of N (\s,x0), which represents the monomials of the equations of any
pair (S, D’) such that D’ has (a degeneration of) an Aj singularity at a singular
point P of S. Hence (S, D) is é—stable if and only if it is ¢-stable for ¢ € (%, %) but
D does not have (a degeneration of) an As singularity at a singular point of P.
Hence (iv) follows.

Let t € (3,2). The maximal sets are N;”(),z;) the same as for ¢ = % but
replacing the set N (\s,z3) —parametrizing pairs (S’, D’) where S’ has (a de-
generation of) an A, singularity— with the set N;?(\g, z3) —parametrizing pairs
(S’,D’) where S’ has (a degeneration of) an Aj singularity. Hence a t-stable pair
(S, D) may now have A, singularities but not As ones. However, the coefficients of
the equations of (S, D) cannot be in N;”(\g, z3) and hence S cannot have (degen-
erations of) Dy singularities. Furthermore the restrictions for ¢t = % regarding D
still apply. Therefore a pair (S, D) is t-stable if and only if satisfies the conditions
in (v).

Let ¢t = 2. The maximal sets N;”(), z;) are the same as for t € (1,2) but
replacing the set N;°(\s,z0) —parametrizing pairs (S’, D’) such that D’ has (a
degeneration of) an Aj singularity at a surface singularity of S’—, for both the
set N;¥(Ng, vg)—parametrizing pairs (S’, D') such that D’ has (a degeneration
of) an A, singularity at a surface singularity of S’— and the set N;7(Xg,7¢) —
parametrizing pairs (S’, D’) such that D’ has (a degeneration of) an A, singularity.
Hence (vi) follows.

Let t € (2,2]. The difference between the maximal sets for N;”(X, z;) and for
Nga()\, ;) consists of three new sets (N7 (\g, 73), NZ(\s, 73) and NP (A0, z3)) and
three sets that do not appear for ¢ anymore (N2 (g, 23), N¥ (X6, 73), NP (A7, 23)).
The three new sets parametrize pairs (S’, D’) such that S’ has at least either (a
degeneration of) one Dj singularity , a degeneration of one Eq singularity or one
line of singularities, respectively. The three sets that are not maximal non-stable
sets for ¢ parametrize pairs (S’, D’) such that S’ has (a degeneration of) a Dy,
an As and a line of singularities, respectively. Hence, the only difference with
respect to ¢ = 2 is that we include pairs (S, D) such that S has at worst A5 or Dy
singularities and (vii) follows.

Let t = 2. The difference between the maximal sets for N(\, z;) for t €

35

(7, 5) and for N¥()\, x;) consists of replacing the set N;”(\3,z0) —parametrizing
9

pairs (S’, D) such that D’ is non-reduced— for the set N;¥(\g, zo) —parametrizing

pairs (S’, D’) such that D’ has (a degeneration of) an Ajs singularity. Hence a 8—

stable pair (S, D) is a t-stable pair for t € (%, g) such that D has at worst an Ag
singularity. Notice that D is still reduced by Lemma Hence (viii) follows.

Let t € (3,-%). The difference between the maximal sets for N (X, z;) for t €
(2,2) and for Nga(/\7 ;) consists of replacing the set N;”(X\g, 23) —parametrizing

pairs (S’,D’) such that S” has (a degeneration of) a Dj singularity— for the set
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NP (M4, x3) —parametrizing pairs (S’, D) such that S’ has (a degeneration of) an
Eg singularity. Hence (ix) follows.

Let ¢t = -%. The difference between the maximal sets for N;”(\, ;) for ¢ €
(2,2) and for NG (X, z;) consists of replacing the set N;”(Xg, z¢) —parametrizing
pairs (S’, D) such that D’ has (a degeneration of) an A, singularity at a singular
point of S, the set N?(\g, o) —parametrizing pairs (S’, D) such that D’ has
(a degeneration of) a Dy singularity— and the set N2 (\g,z¢)— parametrizing
pairs (S, D’) such that D" has (a degeneration of) an Aj singularity— for the set
N2 (A4, 29) —parametrizing pairs (S’, D’) such that D’ has (a degeneration of) an
A singularity. Hence (x) follows.

Let ¢ € (3%,1). The maximal sets N (), z;) are the same as for N (X, z;) but
13

removing the set Ni¥ (A4, x3), which parametrizes pairs (S’, D) where S” has an Eg
singularities. Hence such surfaces are now t-stable providing they do not violate
any other conditions. This concludes the proof of the theorem. (I

Proof of Theorem[I-]. Suppose (S, D) —defined by polynomials F and H— be-
longs to a closed strictly t-semistable orbit. By Lemma [4.20] and Lemma we
may assume that the monomials with non-zero coefficients of F' and H correspond
to the fourth and fifth columns in Table 5| Notice that for each pair (), z;), there
is a change o f coordinates that gives a natural bijection between N°(\, x;) and
NO°(\,23_;). Therefore about half of the values are redundant and we have two
possible choices for each F' and H if t # t1,...,t5 three choices if ¢ = t1,%9, 14,5
and four if ¢ = t3.

Notice that the pair (S, D) corresponding to F = xow3z; + 23, H = x5 is
strictly t-semistable by Lemma Suppose that (A, z;) = (A1, 22). Then F =
xoxsf1(x1,x2)+ f3(x1, 22) and H = g1 (x1,x2). After a change of variables involving
only z1 and z9, we may assume that F' = zozsx; + f3(z1,22). We will show that
the closure of (S, D) contains (S, D). Let v = Diag(1, 1,0, —2) be a one-parameter
subgroup. Then lim;_,oy(t) - F = zgz173 + br3 and limy_,oy(t) - H = x5. If b= 0,
then lim; ,oy(¢) - S is reducible, which is impossible as it is not t-stable for any
value of ¢ € (0,1) by Lemma Therefore b # 0 and by rescaling we see that
lim; ,0v(¢) - (S,D) = (S, D). Hence, the closure of the orbit of (S, D) contains
(S, D), which we tackle next.

Suppose that (A, z;) = (Mg, 71). Then F = 23 +x¢ fo(x2,23) and H = x1. After a
change of variables involving only o and x3 we may assume that F' = x‘;’ + xToTo2T3.
We can do similar changes of variables in the rest of the cases and end up with
F and H not depending on any parameters. Observe that since (S, D) is strictly
t-semistable, the stabilizer subgroup of (S,D) G(s,py C SL(4,C) is infinite (see
[7, Remark 8.1 (5)]). In particular there is a C*-action on (S, D). Lemma [4.20]
classifies the singularities of (.S, D) uniquely according to their equations. For each
t € (0,1), the proof of Theorem [I.4] follows once we recall the classification of plane
cubic curves according to their isolated singularities (see Table [2]). (I

APPENDIX A. MAXIMAL SETS OF NON-STABLE PAIRS

Tablehas all pairs of sets N (X, z;) = (V;Z(\, z;), B®(x;)) which are maximal
under the containtment order, for each ¢ € (0,1) and all A € S5 3 and z; € =;. Con-
sider ¢, A; and x; for one of the rows in Table[d] Suppose that a pair of polynomials
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’ A ‘ x; t H VI, ;) ‘ B®(x;) ‘ Sing(S) ‘ Sing(D) ‘ Lem. ‘

)\1 T2 (0,1) xgxo{l'o,xlé.%Q}, Lo, L1,T2 A2 P S D 42
{:'Eval»xQ}

Ao | @2 | (0,1) || @3{wo,x1}? {wo, 1, 22}3 T, 71,2 | Az PeD 4.2

)\2 xr1 (O, 1) LL";’, 1'0{1'07 xr1,T2, $3}2 o, T1 AQ PeD |416|

As | @ | (0,2] || ws{wo, w1} 23 {wo, 21}, xo,T1,T2,23 | As 4.3
xQ{x07x1}23 {1'0,1'1}3

As | w3 | (0,1) || zo{zo, x1, 72, 73}2 Tg, X1, T2, x3 | reducible |4.11|

>\9 €3 (07 %] 1'355%, {x07$17x2}3 o, L1,L2,T3 D4 |46|

)\3 o [%, %) $0{$0,$1,I2,1‘3}2, i) non- 4.15]
x2{x1, 09, w3} reduced

s s | (3.3] || {wo, 21}, @o{mo, ®1}?, | wo, @1, @2, 75 | Ay 4.4
xox3, Torz{To, 1}

>\7 €3 (%7 %] x3{m07x1}27 {$0,$1}3, o, L1,L2,T3 AOO 410
zo{wo, 1}

)\5 o [%, %] I%{zo,xl,xg,fg}, Zo, P D is A3 4.19
zo{w1, 2}?, zoxs{a, xa}, at P
x%{mlax27l‘3}) 3711'%

Xe | z3 | (3.2] || moxs{wo, 21}, %0, T1,T2,73 | As 4.5
900962{550,%1,132}7
{z0,21}?

)\6 o [%,%) SCQIL'g{I’o,I'l,fEQ}, o P D is A2 4.18
{55171'2}37 1’0{$0,$1,5U2}2, at P
T1T3

Xg i) [%, %) Io{io,xl,QZQ,l‘g}, i) D4 414
{$1,$2}3

Mo |z | (2,1) | z3{wo,z1}?, {zo,21}%, | wo, 21,22, 23 | A 4.10
$2{$0,$1}2

As | @3 | (2,1) | {=o, w1, m2}3 xo,x1,x2,%3 | Eg 4.9

Xe | z3| (23] {93072$1}23, zofzo, 1}%, | 20,21, 2,23 | Ds 4.7
$0$2, .’E0£C3

Xe | 2o | [3,%) || mo{wo, 21,22, 3}2, w123, zo Aj 4.13
I%{Il,xg,l’g}

A | w3 | (5.7%) || #das,  wowa{wo, 1,32}, | wo, w1, 22,25 | Eg 4.8
{J"val}g

M| @o | [5:1) || mo{wo, 21,20, 3}2, adas, Zg As 4.12
{21, 25}°

TABLE 4. Maximal non-stable sets for ¢ € (0,1).

F and H has monomials with non-zero coefficients only for monomials in V,® (), z;)
and B®(z;), respectively. Let (S, D) be a pair defined by F and H as in Section
Then the singularities of (S, D) correspond to a (possibly trivial) degeneration
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(A [z ] ¢ ] VO, ;) | BY(w:) |
A | wo | (0,1) || wo{xr,@atas, {w1,22}3 | 21,20
)\2 T (0, 1) SC?,I’(){IQ,l‘g}z X1
Ao | xo | (0,1) 23, {z0, 71} %3 To
As [ @o | tr =1 || a3{wo, 23}, zo{w2, 23}% | o
/\73 I3 tl = % l‘%{xo,l‘l},xg{xo,l‘l}z X3
)\5 ZTo to = % xll'%, Tox2X3, .’E%xg i)
/\5 T3 t2 = % 33%232, Tor1T3, .13033% T3
)\76 xo | t3 = % 117%.’1}371'0.%'2"133, :Eg x0
)\9 I3 t3 = % {1‘1, 172}37 I%Ig T3
X6 | 3 | t3 = % .%‘01'%,%056’1%3, :1:‘;’ T3
X | mo | tg = % {21, 22}3, 2023 Zo
/\76 xry | tg = g x%xg,xoxg,x%xg, T3
Xe | xo | ta = g xlxg,moxg,ﬁxg, o
A | 2o | ts5 = 1—93 2313, 013, T3 To
)\74 x3 | t5 = 1—93 x?,xox%m%xg T3

TABLE 5. Maximal non-stable sets for ¢ € (0, 1).

of the singularities appearing in the sixth and seventh entries of the corresponding
row. This is proven in the Lemma referred to in the eigth column of the table. The
notation A, denotes that S contains a line of singularities where the general point
is an A7 surface singularity.

Tablecontains all pairs of sets N (), z;) for each N (), z;) appearing in Table
such that the associated pair (S, D) is t-semistable.

Lemma A.1. Lett € (0,1). Consider each A € Sz 3 and each i = 0,...,3. The
pairs of sets NP (N, ;) = (VB (N, x;), B®(x;)) defined in [2.1)) which are mazimal
with respect to the containment order of sets are given in Table[])

Proof. Since Sy 3 is a finite set, there is a finite number of pairs of sets NP\, ;).
Finding the maximal ones among them is a straight forward computation which
can be carried out by software (see [9] for a detailed algorithm and [11] for the
code). O

Lemma A.2. Let t € (0,1). Consider each of the pairs of sets NY(\,z;) =
(VO(X, 2i), B%(2;)) defined in 2.2), for each (X\,x;) such that N(X, ;) is maa-
imal with respect to the containment order of sets, as described in Lemma [A.1]
Let (S, D) be a pair defined by polynomials F' and H such that its monomials with
non-zero coefficients corresponds to those in VO(\,z;) and B°(x;), respectively. If
the pair (S, D) is strictly t-semistable, then NP (), x;) correspond to those sets in
Table[3

Proof. Computing NP (A, z;) is immediate from the definition. Deciding if each
pair (S, D) is strictly ¢-semistable is a combinatorial application of the Centroid
Criterion [10, Lemma 1.5]. Both operations can be carried by software [I1]. O
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