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Introduction

To each isolated hypersurface singularity
f (tk,g) - {(€,0) , k = 3(4) , is associated an even lattice,
which is the homology group of the Milnor fibre in dimension
k-1 provided with the symmetric intersection form. This lat-
tice will be called Milnor lattice. One of the possible ques-
tions related to this lattice is the following: Which lattices
occur as Milnor lattices of hypersurface singularities? One
of the coarse invariants of the lattice is the signature
(uo,u+,u_) , where MM, resp. M_ is the number of zeros,
positive terms resp. negative terms on the diagonal after a
diagonalization of the qguadratic form over the real numbers.
Then for certain values of (po,p+) the answer to the above
question is wellknown: For H, = O these are the root lattices
of type An'Dn'EG'E7 and E8 (po = 0), and the orthogonal
direct sum of Ec.,E; resp. Eg with a two-dimensional radical
(uo =2) . For p_ =1 these are the lattices defined by the
graph T(p,q,xr) , 1/p+1/gq+1/r < 1 (cf. Fig. 2) plus a one-
dimensional radical (here ﬂo = 1) . So the "first" open case
is n, = 2, uo =0 ., If we restrict to the case k = 3 , then
the hypersurface singularities with LD 2 are pre-
cisely the (minimally) elliptic hypersurface singularities
studied and classified by Laufer [16] (cf. § 4). In this arti-
cle we compute the Milnor lattices of these singularities and
we calculate Dynkin diagrams of these singularities with
respect to geometric bases. We use these results to give an

arithmetic-combinatorial characterization of the occuring lattices.

The elliptic hypersurface singularities, which will be ab-

breviated EHS in the sequel, contain in particular all uni~



and bimodal singularites. These are precisely the hypersurface
singularities in the class of Kodaira singularities. The Ko-
daira singularities are normal surface singularites of arbitra-
ry embedding dimension, characterized by the resolution being

a Kodaira elliptic curve fitting into Kodaira's classification,
disregarding the embedding. These were studied in a joint paper
with C.T.C. Wall [11]. The present paper can be considered as

a sequel to this article. We computed in that paper the Milnor
lattices of all Kodaira singularities of embedding dimension
ebd < 5 ‘and gave a characterization of the occuring lattices.
One of the purposes of this paper is to extend as far as pos-
sible the results on Milnor lattices of that paper to the
larger and very natural class of elliptic Gorenstein singulari-
ties. The elliptic complete intersections were classified and
equations for them given by C.T.C. Wall. This will be published
elsewhere. Since the tables needed for the classification of
the occuring lattices are already lengthy for the hypersurface
case, and the enumeration of elliptic complete intersections
(not to think of the case ebd = 5 ) involves a lot of cases, an
analogous study of the Milnor lattices would be laborious. We
also believe that an extension of our results to the case ebd < 5
would be analogous. Therefore we restrict ourselves here to

the hypersurface case. We adopt the notation of thé above paper
and refer to it for all information’on the uni- and bimodal
singularities, and we concentrate ourselves here on the remain-

ing EHS .

The paper is organized as follows. In the first section
we introduce the EHS and enumerate their dual graphs. In

the second section we consider equations of the EHS . In the



third section we compute Dynkin diagrams with respect to dis-
tinguished bases. These are used to determine the lattice
structure of the Milnor lattices in § 4 . It turns out that
there are many strange connections between the Milnor lattices
of Kodaira singularities with ebd < 5 and EHS . In § 5

we present an algorithmic characterization of the occuring
lattices, which is an extension of the corresponding charac-
terization in [11] . We conclude in § 6 by giving examples
that the restriction to the case k = 3 1is a real restriction
concerning our original guestion: There exist singularities

of corank 4 with (uo,u+) = (0,2) .
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§ 1 The Elliptic Hypersurface Sinqularities

Let x be a normal singularity of the two-dimensional
complex space X and let n : M~»X be the minimal resolu~-

tion. The geometric genus h of X is the dimension of the

complex vector space H1(M,Ch) , Where Cﬂu is the sheaf of
holomorphic functions on M . A singularity (x,f) is called
Gorenstein, if there exists a neighbourhood U of X in X,
and a nonvanishing holomorphic 2-form on U - {5} . Examples
of Gorenstein singularities are isolated hypersurface singu-
larities, i.e. X = fiT(O) for a function £ : ¢3 - L , or
more generally isolated completg intersection singularities,

2+1 1

i.e. X = F_1(O) for a mapping F : T co .

If h =0 , the singularity is called rational. These
singularites were studied by many people, e.g. by Du Val [7].
The Gorenstein rational singularities are precisely the rational»
double points, i.e. the rational hypersurface singuiarities
of corank 2 . They can be characterized in many different ways,

see Durfee [6 ].

If h =1, the singularity is called elliptic. The ellip-
tic Gorenstein singularities were studied by Laufer |16} ahd
Reid [21]. They are precisely the minimally elliptic singulari-
ties of Laufer [16]. They have arbitary large embedding dimen-
sion, and the embedding dimension can be computed as follows.
Let E = ﬂ-1(§) be the exceptional set of M and E =K;}Ci
its decomposition into irreducible components. The fundamental

cycle 2 = ¢ ziC.l is the unigue minimal positive cycle Z
i

with Z .C. <0 for all i . We call the number D := -Z -2

the grade of the singularity. It is shown in [16] and |21] that



(a) the multiplicity of the singularity is max(D,2)

(b) its embedding dimension is max(D,3) .

Thus the elliptic hypersurface singularities (EHS) are pre-
cisely the elliptic Gorenstein singularities with D < 3 . For
D < 2 they have corank 2 and for D = 3 they have corank 3 .
The resolutions of the EHS have been classified by Laufer

{16] and Reid [21]. We enumerate the possible types.

We distinguish between 4 types of EHS . The fundamental

cycle 2 1is called almost reduced , if z, = 1 except for

nonsingular rational Ci’ Ci- Ci = -2 . The EHS of type 1 are

those with reduced fundamental cycle, i.e. z, = 1 for all i .

The EHS of type 2 are those with an almost reduced but not re-

duced fundamental cycle. The exceptional set E 1is in both

cases a Kodaira elliptic curve, i.e. an exceptional fibre of

a pencil of elliptic curves, imbedded in a certain way. For

the EHS of type 1 it is of type In(n > 0), II, IIT or IV

in Kodaira's classification, for type 2 it is of type IZ(n > 0),

I1*, 11I* or 1IV*. See [11] for more details.

The EHS of type 3 are those with a nonsingular rational

component C0 with z, = 2 and Co' CO = ~3 . Here the grade
D takes the values 2 and 3 , The exceptional sets look as
follows. All components are rational and nonsingular, E has
only normal crossings, and no two components meet more than
once. So the resolutions can be described by the corresponding
weighted dual graphs. We list the weighted dual graphs accor-
ding to Laufer's classification. We use the following notation:

To a component with normal degree ~b we associate a vertex

*bh .



We abbreviate

O= +3 .,

We give Laufer's notation for the dual graph, where we extend

the definition of &

n,#*,0 to the case n =

setting

= +
AO,**,o A*,o A&,o

0 for simplicity,

in this case. So n,m > O always. The condition

D < 3 yields

the following restrictions for the possible numbers b, > 2

i(bi—vZ) <1 .
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Finally the EHS of type 4 are those with a nonsingular

rational Co with z, = 3 and Co- C, = -3 . They all have
grade D = 3 , What is stated about the exceptional sets in

the previous case, is also true in this case. So the resolutions
can again be described by the weighted dual graphs, and we
again list these graphs with the above conventions. Here all

numbers bi have to be 2 .

b b
s ! » 2

+ A‘I,*,o

'
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In general the above weighted dual graphs do not completely
determine the associated singularity. We refer to [16] for the

nunbers of moduli of the deformations of the resolutions.



§ 2 Equations

Equations for the EHS have already been given by Laufer
[16]. In Table 1 we have listed representatives of the func-
tions which do not in any case agree with Laufer's, but are
right equivalent to Laufer's functions. The functions are chosen
to be appropriate for the computation of distinguished bases,

cf. § 3 .

We compare the classification of EHS with Arnold's classi-

fication (({4]).

The EHS of type 1 are precisely the unimodal singularities,
the EHS of type 2 the bimodal. For corank 2 these singularities
have a nonzero 4-jet and for corank 3 the 3-jet defines a re-

duced plane cubic curve.

For D = 2 , the EHS of type 3 have corank 2 , zero 4-jet
and nonzero 5-jet and thus belong to the class N in Arnold's
notation. For D = 3 they have corank 3 and their 3-jet is of
the form xzy - Therefore they belong to the series V . Here
the repeated line x = O gives the component CO of the ex-~
ceptional set.

The EHS of type 4 have corank 3 and 3-jet x3 . Therefore

they belong to the series V' . Again the repeated line x

gives the component c, -

Denote by m the number of moduli of the function £ with
respect to right equivalence. By Arnold [4] one has: For an EHS
of type 1 , m > 1 . We conjecture that we have in fact an equa-
lity in all cases. For all EHS of corank 2 it can be checked

by the method of Arncld-Kushnirenko (cf.[4, p.20}). For the
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quasihomogeneous EHS the type number equals the inner modality
(cf. dlso [25]). The inner modality is also equal to the number of
moduli of the deformationsof the resolutions given by Laufer [16]

in the guasihomogeneous case.

We look.at the EHS of type 3 and 4 more closely. To each
EHS belonging to the v - series is associated an EHS belong-
ing to the N - series by the process of A - reduction de-
fined by C.T.C. Wall (cf. [23] for the following). Let
f(x,y,2z) = 0 be the equation of an EHS belonging to the v -

series, One can write f in the form
fix,y,2) = xzy + 2xb(z) + cly,z)
with ord b >3 , ord ¢ > 4 . Then the discriminant
Axf(y,z) = b(z)2 - ycly,z)

defines an EHS belonging to the N - series. Moreover the re-
solution graphs differ only by the selfintersection number of
one component. The Milnor numbers satisfy u(AXf) =1+ u(f) .
In general up to two different singularities of the V - series
can give the same of the series E . The singularities of the
series N with a nonzero 5-jet were classified by Wall. The
equivalence of names of Laufer and Wall is given in Table 1 .
For a notation for the singularities of the series vV we
follow Wall ﬁy prefixing V {resp. V#:) to the name of Axf
to obtain a name for £ . For the equivalence of names we
again refer to Table 1 . We shall use these names in the se-~

quel, where we abbreviate

- n
NA NA_ , NB_,, = NB
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There is no similar notation for the eight EHS of type 4 .
We therefore denote these singularities by VZi) 1 1 <8,
where the equivalence of names is again given in Table 1

There are 15 quasihomogeneous singularities among the EHS
of type 3 and 4 . We give the weights W, and degrees 4 of

these singularities in Table 2 .



Table 1

Dual Graph Normal de-~ Notation Equation Numbers M 3
grees bi
A_ +A_ +A_ +A_ +A 2,2,2,2,2 Nal Xtz 4,4,4,4
%, 0 ®*,0 %,0 *,0 *,0 rereres 0,0 TR
1 3 3 2 n+2
A*,0+An,**,Q+A*,o*A*,o 2,2,2,2,2 NAn,O (x"=27) (x +2 ) 4+n,4,4,4
1 2 n+2 2 m+2
A*,O+An,**,o+hm,**,o 2,2,2,2,2 NAn,m (2%-2) ((3~2) "+x Y (x +(x~z) ) 4+4m,4,4,44n
al +A +A 2,2,2,2 NB1 (xz—zz)(x3~z4) 4,5%,5,4
3,#%,0 ®,0 #,0 rerey 0(-1) S
1,n 2. .n+2, 3 4
Ai,**,c+An,**,o 2,2,2,2 NBO(~1) ((x%~2)"4+x ") (x"+(x-2) ) 4+n,5,4,5
1 2 2 3 3
1,n oy2, om#2 33
DS;*,O+Ah,**,o 2,2,2 NBO(O) {({x-2)"+x Y {x"+x{(x-2)7) 44n,6,4,5
1 2 2 3 5
E?,oﬂ*,oﬂ*,o 2,2 NBO“) (x"=27) (x"=27) 4,6,6,4
1,n 2, n+2, .3 .5
E?,Q+An,**,c 2,2 NBO(l) ((x~2z) +x Y (x4 (x-2)") 4+n,6,4,6
AL ww otPe o 2,2,2 NC (o) (x-2) (x*+ (x-2) %) 4,5,5,5
1 4 4
D - -
7'*'0+A*'° 2,2 NC(” (x~2) (x +x(x%~2) ) 4,5,5,6
N 1 5 6
7,%%,0 2,2 NF(O) x4z £,5,5,5
1 5 5
Dga*.o 2 NF“) x"4+xz 5,5,5,6
1 2.4 4
A*’°+A*'O+A”°+A*'O+A*’o 2,2,2,2,3 VNAO'O ¥X +y +2 3,3,3,3,3
4 2
Ru AL vw otRe By o 2,2,2,2,3 A o yxPryd 2y Pt oye Pt 3,3,3,3+4,3+3
’ ' ¢ . )

2a+3b=n+8

i+3=n




Table 1 (continued)

2a+3b=n+8

Dual Graph Normal de- Notation Equation Numbers M
grees b b
i
A, AL AL 2,2,2,2,3 vnai . yx2s (y-2277+ (y-22) 2y 2ay™ 4 (y-22) Y 34m,3, 3, 341, 345
’ ’ [ t ’ ’ 2a+3b=n+8 i+i=n
1 2 2 m+4
A*,0+A*,O+A¥,O+Am,**,0 2,2,2,2,3 VNAQ'm ¥x +~(y~z) -~%y~z) 3+m,3,3,3,3
#.1 B _ _ O+d, mid
A*,0+An,**,c+Am,**,o 3,2,2,2,2 v NAn, (2y~z)x +(y z) y +(y z}) +y 3+n,3+m,3,3,3
1 2 4 3 5
1 - — -
3,4%,0 Pw,0 0,0 212423 VNB, (_1) yx +(y-2) +(y-z) y-y 4,3,4,3,3
i,n 2 3 ab 5
[ ’ - - -
3,**,0+An,**,0 2,2,2,3 VNBO(—l) yx +{y=-2) "yt(y=-2) X -y 4,3,4,3+1,3+3
2a+3b=n+8 i+jen
: # 1 2.4 22 3
3,**,0+A*,0+A*,o 3:2,2,2 V'NB O( -1) YX +Y -Y Z -Xz 3,4,3,3,4
1,n 2 2.2 n+d 3
1 r
B3, %%,0"Pn, 4,0 3:2.2,2 VB, yx“+(y+2) TyTHy +x(y+z) 3+n,4,3,3,4
1 2 4 3 4
P, %,0%,0"%,0 2:2,3 VNBG (0 yx“+(y-2) “+(y-2) "y- (y-2)y 5,3,4,3,3
1,n 2 3 4 ab . .
DS,*,0+An,**,c 2:2,3 VNBQ(O) yx +(y-z) y-(y-2)y +(y-2) x 5,3,4,3+i,3+]
2a+3b=n+8 i+g=n
‘ # 1 2,1 4 22 5
DS’_)(_'Q-f-zk_“‘'0-1-15._,(‘'Q 3,2,2 v NBO(O) vx +—y +{y-2) Ty = (y-2) 3,4,3,4,4
I,n 22 n+d 5
DS,*,0+An,**,o 3,2,2 VﬁNBO(O) yX +(y 2)y +y - (y—-2) 3+n,4,3,4,4
1 3 6
37,0+A*,5+A*,o 2,3 v 0(1) yx +(y—z) +(y~z) y-y 5,3,5,3,3
1,n 2 3 a b s .
- - - +
E7,0+An,**,o 2,3 VNBO(l) yx“H (y-2) Ty+{y-2z) T x -y 5,3,5,3+i,3+]

i+j=n




Table 1 {continued)

Dual Graph Normal de-~ Notation Equation Numbers M
gree b B
i
1 2 4 5
A%,**,0+A*,o 2,2,3 VNC(O) yX +(y-2) +y 4,4,4,3,3
' # 1 2 3 3
B % %,0t %0 3,2,2 VINC o, yx“+(y-2)y +(y-z) "% 3,4,4,3,4
1 2 4 4
Dy, otPu o 2,3 VNC yx +(y-z) +{y-z)y 5,4,4,3,3
1 2 3 5
D wo™Pmo 3,2 V“Nc(l) yx“+(y-2)y +(y-2) 3,4,4,4,4
, 1 2,43
7’**'0 213 WF(O) Yx +y +XZ 4'4,4'3,4
1 2 4 5
®3,%,0 3 VNF yx 4y +z 4,4,4,4,4
A, +A,  +A, 4 2,2,2,2 v ayteg? 3,3,3,3,3,3
1,%.0 1,9,0 {,%,0 1,%,0 1414 (1) P13
A, _+a,  +A 2,2,2 v x3aydoz2y? P« 3,3,3,3,4,3
4,#,0 '1,8,0 "1,%,0 1< (2) y-zy r31303%
3 4 22 5
+ ! -
Eﬁ,o AI"’°+R1"’° 2,2 V(B) Xty -2y +Z 3,3,3,3,4,4
! 3 3 3
A7'*’°+A1’*'° 2,2 V(d) x4y {y+z) +xy 3,4,3,3,4,3
A, +A 2,2 v 4 (y-2) 2% (y-z) Sty 4,4,3,3,3,3
4,%,0 4,%,0 ! (5} 1303130302
: , 3, 4 3
Alo,‘,o 2 V(S) X +y -XZ 4,413(3'4’3
, 3 2.2 3 5
36‘0+A4’*,o 2 V(7) X+ {y+z) Ty ey +{(y+z) 4,4,3,4,3,3
. 3 22 5 5
E6,0+ES,O V(B) x +{y-z) y ~{y~-z) " +y 4,4,4,4,3,3

-yl_.
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Table 2

a) Type 3

Sing. v, W, Wy d Sing. w w d

NA, o | 2 2 5 | 10 VNA, o 2 3 8

NC(oy | ¢ 5 12 24 VRC (o 5 8 20

NC.y | 6 8 19 | 38 V*Nc(o) 5 7 | 19

NF oy | 5 6 15 30 VNC (4, 8 13 32

NF 4, | 8 10 25 50 V“Nc(1) 8 11 30
VEE () 6 9 24
VNF (4, 0o 15 40

b) Type 4

Sing. Wy W w 4

Vi 3 3 4 12

Vi 6 7 9 27

Vie) 8 9 12 36
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§ 3 Geometric Bases

Let £ : (QB,O) - (€,0) be the germ of an analytic func-
tion with an isolated singularity at O . Let B, denote an
open ball of radius ¢ in E3 around O . Then for sufficient-

ly small g >>8 >> 0
X, = £7(65)n B
) €
is the Milnor fibre of f [18]. The homology group

H = Hz(xa,m)

provided with the symmetric intersection form <,> is

called the Milnor lattice of f . It is an even lattice of

rank y . In a geometric way one can define certain special

classes of bases of H : the distinqguished and weakly distin-

guished bases of vanishing cycles (cf. e.g. [10]). A method

for computing the intersection matrix corresponding to a dis-

tinguished basis of vanishing cycles is given by Gabrielov [13].

Intersection matrices for the uni- and bimodal singularities

were already calculated by Gabrielov. We apply his method to

compute intersection matrices for the other EHS. For that pur-

pose one has to look at generic hyperplane sections z = O for a
3

linear function 2z : € -~ € . For the uni- and bimodal singu-

I
larities one can choose 2z such that £ z has a singularity

=0
of type AZ’AB or D4 . For the other EHS one can choose z

as follows:

Type/Series Singularity of £ 2=0
Type 3: N A4

v D
Type 4: V! Eﬁ




-17 -

We have the following result:

Theorem 3.1

For each EHS there exists a distinguished basis of vanish-

ing cycles {emj M<i <y o1 3_n|3_Mj} . where the numbers

Mj are exhibited in Table 1 , with the following intersection

matrix. Here {emj} is ordered by the lexicographic order of

the pairs (m,3j) .

(i) The Dynkin diagram corresponding to the intersection matrix

of {e1j 1< J < u'Y is shown in Fig. 1 . Tt is a Dynkin

diagram with respect to a distinguished basis of f 220 for

suitable 2z .

(ii) We have the following relations:

i Smit> T <€13'815>
<Cpmj'Cmry> = 1V for |m'-mj =1,
<Smj'§m‘j'> = -<S1jls1j'> for
|m'-m =1, (m'-m)(3'-3) < O,
<CnjrCmrg>= O £or m'-m| > 1 or (m'-m)(3'-3) > O .
[ ammens erenes S
a) 4 3 2 4
b)
c) 1 - 5 %
A ’
. L/
3 6 4

Fig.1: Dynkin diagrams of f!z=o for elliptic £ belonging to
the series a) N , b) z c) X' .
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Remarks on the proof of Theorem 3.1

Let Pz(f) be the polar curve of f with respect to z ,
i.e. the set of critical points of the mapping (z,f):tl:3 - ¢2 .
and let Pz(f) =E¥I&_ be the decomposition of Pz(f) into
irreducible components. Let a, be the exponent of the first
term in the Puiseux expansion of the plane curve ti . Which

2 , and

is the image of I, under the mapping (z,f):¢3 -
where we take (z,f) as coordinates. In order to compute an
intersection matrix of £ , one has to compute the numbers @ .
the distribution of the critical points of fizze on the com-
ponents Pi of the polar curve and an intersection matrix of

a distinguished basis of vanishing cycles of f‘z=o satis-

fying certain conditions, in particular the condition that

i
fz=e

the cycles must vanish in the critical points of £ .
A convenient way of calculating the decomposition of T
into irreducible components and the numbers a is by computing

the beginning terms of the generalized Puiseux expansions
following Maurer [17]. Let us assume that no component of Fz(f)
lies in a coordinate hyperplane. Otherwise one can do the same
with fewer variables. In almost all cases the first step is
sufficient for the further calculations. For simplicity we treat
here this case, the general case is analogous. The first step
gives a "first approximation" of a parametrization of an ir-
reducible component Pi as followsg

(1)

a
- (%m

wéé%xga(fz ; v)
" (1) v

S
!

+ u)

g
Wi

aé-

N
N
£
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(i)
3

£ z=g 8T€ given by replacing 2z=t¢ in these egquations. In

with a EN,_ , a(;) € ¢\1{0l . The critical points of

most of the cases one can choose 2z and an equation £ in
the u = constant - stratum of the singularity, such that all
a(;)E:Rf\{O} and f£f(x,y,z) has real coefficients. Then the

critical points and critical values of £ are approxi-

z=€
mately real and one can use the method of A'Campo [1] resp.
Gusein-Zade [14] to compute the required intersection matrix
of f!z:O . The equations we used for calculation are given

in Table 1 . In some cases the intersection matrix of £ 2=0
is not that given in Fig. 1 . In these cases one still has

to do transformations to get the intersection matrix indicated

in the table.

In some few cases we did not succeed in finding such a =z
and f as above and also easier methods were not applicable.
In these cases we proceeded as follows. Using if possible
symmetry properties (complex conjugated critical points and
critical values)one can single out a set of possible inter-
section matrices for {g1j |1 <3 <u'l and determine for
which of these possiblities the intersection matrix of the
complete basis {smj} gives the right quadratic form. It
turns out in the considered cases that the remaining bases are
all equivalent to the corresponding basis of Theorem 2.1 under

the action of the braid group Zu (cf. [10]) . []

Using transformations which transform weakly distinguished
bases to weakly distinguished bases (like in [9]) one can de-
rive from this theorem the following result, which was partly

announced in {10]. Let S8 be a graph. For a vertex v € 8 ,
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the valence of v , val v , is the number of edges incident
with v . Let §(S) be the number of cycles of S of the
form VorVyres e Ve = Vo with val Vo = 3, val v, = 2 for
i¥0 . befine

g{(S8) = I (val v - 2} + r(s8) .
vVES
val v > 3

Theorem 3.2

Let f be an EHS which is not simply elliptic or of type

T
P.4q.,x
Then there exists a weakly distinguished basis B= {51,...,§u}

of f satisfying the following properties .

a <e e > =
) ~p=17 S 1 v
> = > = . > < 1< Y-
<ep,e > 0,<e 1,e > <e 2,e for 1 i u—2

b) For i,j e {1,...,u=2} , i#¥j , <Si'§j> € {0,1}
{(The matrix (_<3i'3j>)1 < 1,5 < -2 is therefore an in-
decomposable symmetric Cartanmatrix of negative type in

the sense of [15}).

c) The subgraph S of the Dynkin diagram corresponding to

{31,...,gu_2} has no vertices of valence >3 .

c) For £ of type 1 , ¢(8) =1 .

Remark
One can change the numbering of S8 to get other bases
which are also weakly distinguished bases of the same singula-~

rity (cf. [8,Abb. 2 b]).

Some of the possible graphs S for each EHS are con-
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sidered in § 5 . The types of the graphs considered are shown

in Fig. 2 .
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§ 4 Milnor Lattices

There are two ways to determine the Milnor lattices of
our singularities.

First we can compute these lattices from the resolutions
as in [11 , Chap.4 ]. In particular one has the following

formulas: Let

L =X0nN 3B€
denote the neighbourhood boundary of X . Then
uo = rk H(L,Z)
Hg tu, = 2h (Durfee [5]) .

This implies that the EHS are precisely the hypersurface singu-
larities defined by a function germ f :(EB,Q) ~ (€,0) with
bo Y uy =2 . In addition y F 0 only for the (unimodal)
simply elliptic singularities (uo = 2) and the (unimodal)

singularities = 1) . An analogous consideration

T

P.g,r (Uo
as in [11 , Lemma 4.4.1] yields the following estimation for
the minimal number ) (G) of generators of G = TH1(L) (where

the prefix T means the torsion subgroup):
r(G) < 4.

Alternatively we can use a basis of Theorem 3.2. We pro-
ceed here this way. The basis of Theorem 3.2 is a special basis
in the sense of {9 , Def. (1.2)]. This implies in particular
that

H=KLU,

i.e. H is the orthogonal direct sum of the lattice
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hence the sublattice determined by the graph S , and a uni-

modular hyperbolic plane U . We call KX the hyperbolic sub-

lattice of L , since it has signature (t_,to,t+) = {(p-3,0,1).
By the arguments of {11, (4.5)] it is uniquely determined by

H -

By the theorems of Nikulin [20] (cf. also {11, (4.5)]),
the lattice K 1is determined by the corresponding discriminant
quadratic form g : GH-»(D/z 7% or the corresponding dis-
-eriminant bilinear form b : GH X GH - @/Z . The finite qua-

dratic or bilinear forms are computed as follows (cf. also

(11, (4.7 .

Let S8 be one of the graphs of Fig. 2. First we get rid
of some of the cycles by transformations as in [8 , § 1,2] ,
possibly going over to a graph with less vertices defining a
stably equivalent lattice. Recall that two even lattices H1

and H2 are called stably equivalent, if there exist even uni-

modular lattices M1 and M such that H, L M H, L M, .

2 1 17 %2 2
Two lattices are stably equivalent if and only if they have the
same discriminant quadratic form. Then we extend the resulting
graph by connecting new vertices of length -1 or O to the
free ends, such that the new extended graph défines a unimodu-
lar lattice. We have thus constructed an imbedding of the
original lattice or a stably equivalent one into a unimodular
lattice. The orthogonal complement HY of the original lattice

H or the corresponding stably equivalent one is then described

by a matrix A of low rank. But
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and in particular
disc H = |det A|

where disc H denotes the discriminant of H , which is the

order of GH .

Thus the calculation of the discriminant bilinear form of H
(which together with sign H(mod 8) determines the discriminant
quadratic form of H [20,‘Theorem 1.11.3}]) is reduced to the
determination of the discriminant bilinear form of the lattice

J.

H™ of low rank,which amounts to the inversion of the matrix A .

The matrices A for the different types of graphs § are
listed in Table 5 . The resulting finite quadratic forms for

the EHS of type 3 and 4 are listed in Table 3 resp. 4 .

Here we use the following notation, which is also used in
[11] : Each finite quadratic form splits as the orthogonal direct
sum of the following forms:
(1) w;'k : m/pkza ~ @/27%Z , where a generator of zz/pkza isg
mapped to ep_k and where. p is a prime number, 8 a p-adic

unit and

m
]

(%) (Legendresymbol) € {+1,~1} for p#2

= g(mod 8) , € € {+1,-1,+5,-5} for p=2.

(9]
1

and

(2a) v, : @ /2%z e m/2*m - @/2  given by

1

(2 1
2k 1

2)
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(2b) u_ : w 2%z 0 = /2X%m - @/2%m  given by

1,0 1
- ( ) .
2k 1 0O

For the systematic description of series we augment this

notation by the discriminant quadratic forms of simple singu-

larities:
ap = % /(r+1)% , generator x , g(x) = (x+2)/(xr+1)
r
( u s r = 0{mod 8)
Vi T = 4(mod 8)
9, =X . e
D = = .
r w2’1 + w2'1 ,e€= %1 , r = -2e(mod 8)
9 w;'Z , € =*1 or *5 , r = -c(mod 8) .

In the entry of V#kAn m '€ Z 1-2m (mod 8) and

’

Hi

ne) = 5% (mod 2) , nle) € {0,1),

It turns out that there are many relations among the
Milnor lattices of the EHS of type 3 and 4 and the singulari-
ties studied in [ 11]. There are many singularities with iso-
morphic Milnor lattices. If X and Y are singularities with

isomorphic Milnor lattices, we write

mn

X Y

There are also singularities with stably equivalent Milnor

lattices. We write
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if X and .Y have stably equivalent Milnor lattices. Some
of these relations are indicated in Tables 3 and 4 . In the
case of a series indexed by a number n , the singularities of
this series are only defined for n > O , but there are also
lattices defined for n,<nc< 0o, cf£. {11, Chapt. 5] . Sé

a relation involving a singularity name with index n < 0 re-
fers to the corresponding lattice. In all cases of pairs of
singularities with isomorphic Milnor lattices, also the mono-
dromy groups are isomorphic by [9] , but the characteristic

polynomials of the classical monodromy operators are different.

We point out two remarkable strange correspondances: The

quadratic forms of the left hand side of the rows of Table 3
correspond to the guadratic forms of the columns for I; for
g=1,2 of the tables in [11] in a certain way. We gé£ in parti-
cular other examples of hypersurface and complete intersection
singularities, which are not hypersurface singularities having
the same Milnor lattices. Five of the eight EHS of type 4 have
gquadratic forms whiéh are stably equivalent to the quadratic
forms of the top entries of the columns for I; for g=1,2,3,4

setting n=-3 in the tables in [11] .



D=l

=3

Table 3
13 1 s
"u-,o 3,8%,0 DS,*,O 27,0 AS.**,O D7.-l,o '\7,**.0 D9.*:0
Ay w0 ”‘n,n,o a0 A e ,0 o By o
+a',“,°
n n n
"0 W B o) ¥Bi1y X o) M1y L) N1
by=2, [16+min 184n 19+n 204n 19 20 20 21
16 12 8 4 8 4 5 2
-1 1 5 1, -1 ! -1
gum g |¥ 31"y, | ¥21M0g, |, ¥2.3 ¥2,1"2,1 Y51 Y21
all §iomt = -
o1 s =y, N
- g = - ot -
2,40 2,440 Zy,44n *E3, 40 1 2o 2 B3
13 n k11
M n VB 1) VB () VB (1) e o) VRC 4y ViF (o) e
ba3, |15+ 174n 1840 19+n 18 19 19 20
32+4n 2443 16+2n B4n 16 8 12 5
-1 1 -1 -5 5 -1 -1 -1
r - W, g W, g q W, W W, LIS w
i %0 gom Byen 3, 2,10%%,, A en 2,2%%2,2 "2,3 2,2"3,1 "5
r‘; : “HC ) “NF (o
- # = - -1 .
f.n 1,4 =NA 511 B W2
n n 1,
i, viNel_ ) Vsl vhe o, AT
bl- 3,{15+min 17+n 18+n 18 19
ba2,i32 8 20 19 10
1 g -1 -1 -1 1 -1
2,37 v 7.1*“03+u "5,1*%6+n ¥i9,1 Y2 5,1
Y
wén+d-2n (€)
2
- - o #
X} den =Ly 4en “34,4+n Ly ,-3




Al,*,o A4,*.-0 Eé,o A7,*,0 A4,*,0 Es,o Es,o
%0 140 Ay ,%0 By *0 Ay, %00 Bi0,%,0 a0 6,0
+A1,*,0 +A1,*,o +A1,*,o
+A1,*,0
Vin Vi) Vi3 Vie) Vis) Vi Vin Vis)
2,18 19 20 20 20 21 21 22
27 18 9 9 12 4 6 3
1 1"331*";1 "3,1*‘”';:1 "3?1*“';,1 “3,2 "“’;,1*,";,1 "-2-?2 "’3,1“’;,1 "1
"";1 *"%,1 “”":15,1
Swem =Wy 5 ST
“1,-3 01,3 2 w3 1,3 "E3,-3 213 E14

Legend for Tables 3 and 4:

We have indicated in an entry:

Name of the singularity

Milnor number i

digcriminant
discriminant quadratic form

singularities with isomorphic (=)

or stably egquivalent (~) Milnor lattices
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o=t 1z T(p,q,r)
[p
2
o=2: i = ~(p,q,x)
JRE
q+r
T(p,q,x)
P
g=3: ol t S 2 H(E;P.q,r,i)’

a i @ nltip.g.x,8)
p

O=4& ¢(t;,p,d,xr,s)

0

T(P:qpé)

. T[(_’g:_;pgq,r:f__)
el
=1
r t__/—\ 2 }I(E?:Prgtr:g)

pl@j

2
r s Inltip,q,x,s)
pit 1 g
r
T{t; ,p,q,x,8)
P |t q

Fig'z



Table 5:

T(Pc‘ltr) :

1-p 1 1
1 1-g 1
1 1 1-r
T{p,q,r):
1-p 1 1
1 1-g 1
1 1 8~x

I (Eithlr:_s_) H

(2-r -2 0
-2 4=t 1
0 1 1-q
o 1 1

Y 8] 0 O

i (E? 2 lglrlg) :

(2-x

-2 o}

-2 4-t 1
0 1 4-q
\\o 1 3

-~ 30 -~

T(p.qg,x):

/1-p 1 1 o )
1 1-q 1 o
4 1 4~1 -2
\_© 0 -2 °
T(plg’é) : T(E’i'-{) :
1-p 1 1 3-p 2
1 4-q 3 2 3~q
1 3 4-r 2 2
I(t; Z:q:rri) :
1 0 -2 4-t 1 1
1 0 o 1 1-q 1
- - 1 1 -
4-s 2 L 0 8 S/
-2
°)
n (EFP:Q:E__: ):
1 o 1-g O 1 1
3 1 o} A-r 2 -1
4-s o 1 2 4-s !
/
-1 1 -1 1 3-t
K‘ /




Table 5 {(continued)

m(ti,2,9,x,8):
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®(t;,p,q9,r,8):

/B—q 2 1 1 A /4-p -2 1
2 3-s 1 1 -2  4-qg Q
1 1 4-r -2 1 0 -y
1 1 -2 4~t 0 1 -2

N /

1 1 1
\
Tip,g,x) = Aq+r-2 + Ap-—Z

I(t:,p.,q,x,s)

= A

q+s-2

L T(p,xr,t-2)
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§ 5 Dynkin Diagrams

In this section we present an algorithm on graphs which
produces a set of graphs, such that the lattices defined by
these graphs are exactly the hyperbolic sublattices of the EHS
with w, = 2 . Moreover all these graphs occur as subgraphs
of Dynkin diagrams with respect té weakly distinguished bases

as in Theorem 3.2.

Let ? be the Dynkin diagram corresponding to an inde-
composable symmetric Cartanmatrix multiplied by -1 with only
O or 1 outside the diagonal. That means that S is a connec-
ted unweighted graph with no multiple edges. We assume in ad-
dition that S has no vertices of valence >3 . We recall the

definition of the transformation (c£. [11]) . Let D

, pa
be a subgraph of S ,which is an extended classical Dynkin
diagram, that is of type Kn,bn,EG,E7 or EB . Let e; bea
vertex of S , which is neither contained in D nor connected
by an edge to a vertex of D . Let w be the distinguished
isotropic vector of D , that is the sum of the longest root
of the corresponding finite root system and the additional vec-

tor. Let

1y _ . (1)
e, =W e, r & '=e,; for i#fl .

Then the new basis {§£1)} satisfies again <5§1),g§1)>= -2,

since <W,81> = <W,W> = 0 . If <gi1),g§1)> € {0,1} for 1ifl ,
(1)}

and the new graph S corresponding to {gi is connected,

then we define

(1)
TD'l(S) = §

(1)

If 8§ is not connected or if there exists an i#%l with
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[<g§1) (1)>} > 1, then =

D,1
for some i <e(1),e;1)>= -1 , we shall continue transforming

~1 ~

is not defined. If finally

as follows., Define (1i(j) to be the transformation

{E,‘;.--,Er} +{£1,.-.,§j_1,8f.(f ) f]+1,--a,f }'

N

where S¢ denotes the reflection corresponding to fi ; i.e.
i ~
~

Sg (x) = X + <x,f>f. .

. band -~ ~1 Nl
~i
Choose j1 with <e§1),e(1) = -1 and let
-~ ~J1

s _ o My .
39

(2)

Now there areagain several possibilites for the new basis e; s

a) l<e(2) ~i2) | > 1 for some i¥l .
b) ~§2),Eé2)> = -1 for some iFl with §§2) €D .
c) <212)'2£2)> e {0,11 for all ikl .
d) 7<3{2),3§2%r= -1 for some i¥l with Séz) € D .

In cases a) and b) is not defined. In case ¢) the matrix

p,1
(2

corresponding to {ei
(2)

)} is again a Cartan matrix and the cor-
responding graph 8 has no multiple edges. We define in
this case

TD,l(S) = 3(2) .

In case d) we continue as above until one of the other cases is
reached, choosing j2 and so on. One easily checks that cases
a),b) or c) are reached after finitely many, say N , steps,

and that T does not depend on the choice of the sequence

D,1
Jqedgee--sdy + if it is defined. The graphs different from S
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obtained by these transformations or sequences of these trans~
formations with the same D but different e, are called the

proper transforms of S .

To a graph S8 is associated a weighted graph §S' , called

the scheme of S , by replacing subgraphs
e, é

with wval e, = 2 for i=1,1 , val e; ¥ 2 for i=1,1 by an
edge weighted by 1 between e, ‘and e, . The weights of §°*
are called the weights of S , the underlying unweighted graph
the shape of s . If wval e, = 1 for i=1 or i=1 , then 1

is called an outer weight, otherwise it is called an inner

weight. Let S be a graph with weights Woseoo /W o ﬁe define
'®+ to be the operation which associates to S the graph of
the same shape with weights w1,w2,...,wi+1,...,wr , Where W,

satisfies the following conditions:

(i) LA is' not an outer weight which is adjacent to two inner

weights .

or wy = 2 and there is an adjacent weight wy = 2;
or w, = 3 and there is no adjacent weight wj = 2,
(iii) 1I1f Wi is an inner weight, then w, is greater than
or equal all the inner weights which belong to edges incident
with the same two vertices.
Let s, and s, be graphs of the same shape with weights
W (1) (2) (2)

1 reeesWp loTosp. Wyt Wl Wo define 5, <5, , if the
outer welghty arc Lhe same and the inner welghts satisfy
wi1) < wéz) . The differemce in the number of vertices is called
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the distance of S, and S, and denoted by § (84,8,) .

1 2
N

Let Y be a set of graphs as above. Define the set ¥)°
as follows. This is the set of all graphs R such that for

each chain

Ry < Ry< .o € R =R
with R, minimal and 6(Ri+1,Ri)=1,there isan 1< i<k
v
with R, € Y . Define ¥ to be the set of graphs R with R < S

for S€ ¥ and §(R,S) < 1 .

Let 'éf.i be the set of all graphs S with o0(8) =31 ,

which define a hyperbolic lattice. Using the above definitions

we shall define inductively subsets 3:1 , %i , S:i i Ri as

follows. Assume :fi is already defined. Then let

t

B,

1

L4

(0 (F) v ot @ (8,1~ R,

1

2N @,
Ri:= i\(lsi n (313'. v 3i))

N
Define ji+1 to be the set of all transforms of the set :E)i '

which lie in &,

14q ¢ under operations T

D,1° Fo; i=1 the sub~

diagram D can only be of type EG’E'? or EB , for i > 1
D has to be of type ﬁir or Er . Define

/N
- [o]
Wiqr= Qi) 0 Ry

Finally define T1

graphs of '3{’,1 . which have no proper transforms.

= @ and '131<:%€1 to be the set of all
With these definitions we have the following theorem

Theorem 5.1

(1) B, =¢ and thus g‘iafi:&i:ﬁ for i > 5 .
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(ii) The hyperbolic sublattices of the EHS with u, =2 of

type 1 are exactly those given by the graphs of Efi .

The possible schemes of graphs of 31 r 1< i< 4, are
given in Fig. 2. We adopt the notation of [11] , where the
case i=1,2 is already treated. We conclude with tables of
the above defined sets which are nonempty. We start with ¥, ,
which is the set of graphs corresponding to the 14 unimodal
exceptional singularities. Then Qe list the sets :Bi—1-' 3} .
E!i for i > 2 in the following way. We list the possible types
of graphs occuring in ffi . FPor each type we give a table of
those weights such that the corresponding graph is in 31 or
in the set 3}', which "bounds® the set ?i fxom below. In
the case that the weights define an element of $i , we in-
dicate the name of the cofresponding singularity in the associa-
ted entry. In the case that they define an element of 3}.,
we indicate the element of 35i—1 , of which this element is
a transform. Thus the set 31 is the set of those graphs
corresponding to the entries with singularity names, the set
3&_ is the set of those graphs corresponding to entries with
notations of graphs of ¥, , , and finally the set 35i—1 is
the set of graphs indicated in the entries of 3}_. This is,
however, not quite true for the case i=4 , where the sets
3:1 and 351_1 are bigger than the above sets. That means that

they contain other graphs of other types, but which are not re-

levant for the set 34 , and which we have not indicated.

In the case that there is a symmetry in the type of graph
considered, we give only a part of the table, so it has to be

completed according to this symmetry. By # in an entry we in-
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dicate that the corresponding graph does not define a hyperbolic
lattice. Since the table for the graphs & (t;,p.d.,¥r,s) (Table 9)
gets rather involved, we make here other conventions. We in-
dicate the region of graphs defining hyperbolic lattices by
drawing the line which separates this region from that for

which this is not true. Although many of the graphs of Sk

have more than one preimage in the set 353 , we only indicate

one.

The tables now give the result of Theorem 5.1. []

Remarks
1)Bach of the graphs of ffi s 1< i < 4 , corresponds to the
subgraph S of a weakly distinguished basis as in Theorem 3.2
of the corresponding singularity. Extend also the graphs of

"Bi ' ?i in an analogous way by two new vertices. Let S Eiﬁi
and R € 3;+1bez1transform of 8 and denote the corresponding
extended graphs by S' and R' . Then it seems that S' and
R' are equivalent under the group 7° generated by the braid
group Zu and the symmetric group ﬁu . This is the group of
transformations of weakly distinguished bases (cf. [10]). More~
over the operation induced on the graphs S and R is just

a transformation TD,I (resp. a sequence of thgse transforma-
tiops). Upfortupately we have pe genuryl progf fnr thiy fact,
but checked it in many cases.

2) Usually there corresponds to a relation S4 < S2 between

S

two graphs S € ﬁfi an adjacency relation between the

1772
corresponding singularities. So the tables also show some ad-

jacency relations between the EHS.
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3) The tables show that there are many graphs defining the same
hyperbolic lattice. There are many other graphs not contained
in one of the sets Ei defining hyperbolic sublattices of the
EHS with u_ =2 . In [11] we defined the notion of a small
fundamental valuation for a graph corresponding to ﬁn inde-
composable symmetric Cartanmatrix. Not all the graphs of the
sets 3& possess a small fundamental valuation, but one can
find for each EHS with u, = 2 a diagram (possibly not in any

of the sets 3} } with a small fundamental valuation.



Table 6

T(p,q,r)
P | 4
2 3
2 3
2 3
2 4
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Table 7 Y &2
T(P:ch)
P q r r=r, =r0+1+n , 12> 0O
2 34 8 T(2,3,10) E3,n
2 |4le T(2,4,8) 24 n
3
3135 || 7,3, Q, n
2 5 5 T(2,6,6) W1’n
3 (4| 4 T(3,5,5) 1.a
T(plgls)
P Sq q+r=so q+r=so+1+n » > O
#

2 12 T(2,5,7) W1'n

$*
3 10 T(3,4,6) S1,n
4 9 T(4,4,5) U1’n
T(p.q.;)

= = = = = = = +
p q r r=r r r0+1 r ro+2 r r0+3 r ro+4 r ro+5 r=r 6
- e = m——

2 | 3| 8 T(2,3,11)|Ey | Eyq Eqq Eyq * *
2 4 6 T(2,4,9) Z1'1 217‘ 218 219 » »
30305 | T(3,3,8) 19, 4 |9 Q9 Qg * *

* ,
2 5 5 T{(2,6,7) W1'1 W17 W18 E3'3 E2O *

#
3044 ) T(3,5,8) |85 4 |54 S19 Wig Z49 *

—




Table 7 (continued)
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T(p,q,x)
P q r=4 r=>5 r= r=7 =8
2| 8 T(2,6,7) | W¥ W W
101 1,1 17 18
7 T(2,5,8) | Wy W, 5
3l 7| 3,56 | s S S
1214 1,1 16 17
6 T(3,4,7) | 8y 4 Sqe
4| 6| T4,5,5 | U, Uysg
5 T(4,4,6) | Uy
T(p,g,x)
p q r=4 r=5 r=
6 | 6|l T(4,5,5 | U, Uyse
5 T(4,4,6) | Uy
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Table 8 Y., 33
t:p,q,r,s)
]
P q r s t=3 t=4 t=5+n
_ = ———— e s
2 2 2 5+m,m>0 T(2,6,5+m) | NA
e - n,m
4 m(2,6,5+n)
#,
>
2 13 |2 5+mm0| T(4,4,5+m) | VNA ., VAL L4 e
4 T(4,4,4) VNAO’Q VNAn+1'o
3 T(4,4,4) T(4,4,5+n)
H(E; :Plﬂ:rlﬁ)
p r gq+s =3 =4 = t=6 =7 = +=9
2 | 2 || 94m,m0||T(5,5,4+m) o,m ml'm VNAZ’m VNAB’m vzm4’m etc.
8 T(3,5,4) |?(3,5,5) |T(3,5,6) |T(3,5,7) |T(3,5,8)|etc.
2 | 3 || 94n,0|lT(6,5,4+n)vNA vNB" wNBD vNB" »
e rmr— i,n (-1) (o) (1)
8 T(3,4,8) [T(3,5,8) [T(3,6,8) |T(3,7,8) *
H(E;qutrli)
!
p alrijt s=3 s=4 s=5 s=6 g=7 s=8 5=9
i n n n
: e
2 21| 2| 5,0 T(2,7,5+n1NA1'n NB ) NB ) NB |,
4 T(2,5.9) {T(2,6,9) |T(2,7,9) |T(2,8,9)
n n
i 3
2 3|2 |l amolria,s v | (v, v}
3 T(4,4,7) [T(4,5,7) |T(4,6,7) p
*
6 T(2,6,10) INC NE (o) NE ) *
5 T(Z,E__,lo) ml,o “C(o) NC“) »
a D & 2o v im0 v e 2 0 A m N o 4. a




Table 8 (continued)

H(E;,p,g,r,g)
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plr W q s=3 s=4 s=5 s=
n n
2|2 || 4m,m@0 | 6 || (4,5, 44m)|vNA_ e, Vel
n
5 T(3,6,4+n) v*rmn'1 v"NB(_l)
6 T(4,6,7) |T(5,6,7) T(6,6,7)
5 T(5,5,7) |T(5,6,7)
2 3 7 7 * * *
6 * *
5 T(3,7,9) * *
6 6 || T(4,6.8) vﬁNc(l) VNE *
_ 2l I B (e U M VR
5 6 || T(4,5,8) v‘*nc(o) E E
5, VNC
N T I R M o O A
1 #
6 || T(4 v
4 (4,4,8) V#NB(_.“ NC ) VtFNC(l)
7 3
] L 5 T(3,i,9) .-YEHE_(.ZE?._,._ v NC(O)
3 6 T(4,6,8) |T(5,6,8) |T(6,6,8)
5 T(3,5,8) |T(5,6,8)




Table 8 (continued)
H(E?fPIQIfts)
plalilr |s [|lt=3 t=4 t=5 =6 t=7 =8 t=9 t=10
e, |
2 2 6 7 T(Z,;Z_,;_g) NC(” NF“) * * * *
& T(Z,g,i_g) Nc(o) NF(O) NF(1) * * *
1
5 T(2,5,10) NB_,y | NC NC | * * *
4 T(2,5,10) T(2,6,10)] T(2,7,10) T(2,8,10)] * *
A R T FO | SRS SRR R sr=) ==l 0l == . IR R
1
5 7 T(2,6,7) NB(-O) NC(“ * * * *
1
® T2 Iy | | ®m * * *
1 1 1
> T(2,6,3) | NAy o {NBLyy My (M |t *
4 T(2,6,5) | T(2,6,6) | T(2,6,7) | T(2,6,8) | T(2,6,3)| *
4 7 T{2,6,7) | T(2,7,10) * * * *
= L~ — ,
6 7(2,6,6) | T(2,6,10) T(2,7,10) T(2,8,10)| * .
5 T(2,6,5) | T(2,6,6) | T(2,6,7) | T(2,6,8) | T(2,6,9)| *
4




Table 8 (continued)

n(tip,q9.xz,8) {continued)
Plaifr {s |t=3 t=4 t=5 t=6 t=7 t=8 t=9 t=10
=it :F =
2| 3ll6 |6 [|T.6.8 v’*ncm e * * * * *
5 || T(4,5,8) v‘*nc(o) NE VNE | * * * *
1 it
4 [T4,4,8 v”ﬁs(l) vie V“Nc(l) * * *
3 T(4Gi’§) T(4,5,8)| T(4,8.8) * * *
r e —— = e i o s s e st i s G s s e o e o o oo s e s e s s s e s i o S -
1 * * * * ¥*
5 |6 ||T(4,4,8) | VB vNe
1
5 T(4,4,_§__) VNB(_” VNC(O) VNC(H * * %* *
1 1 1
4 T(4,4,§) VNAl,o VNB(__” VNB(O) VNB(i) * * *
L 3 T(4,4,4) | T(4,4,5) | T(4,4,6) | T(4,4,) | T(4,4,8)| * *
4 & T(Slslg) T(Br'_;__,g) * * * * *
5 7(3,5,5) | T(3,5,2) | T(3,6,2) | 7(3,7,9| * # *
4 T(3,5,4) | T(3,5,5) | T(3,5,6) | T(3,5,2) | T(3,5,8)| T(3,5,2)| *
3

-.gb_



Table 8 (continued)
n(tip,g,x,8)
pd als |z ||t=3 =4 £=5 £=6 7 =8 £=9 t=10
2§ 6|6 |5 |lre.6.8 * » " ,. .
T Ts s T(4,4,8) | 7(4,5,8) | T(4,6,8) * - *
4 |s |lra,s,8) * » .
I S TN | etiadunstt ESSRURUUROIOS SVUUNUEN SR | S R S
3]s T(4,4,8) | T(4,5,8) | T(4,6.8) * * M
A — ST S | == | == B o R SRS R S
Hsls|e ||raap vmato) e, | * . » »
5 |Te,4a5 e, |wwe (e, | » * .
4 |lrea,4,0) |vwn, vy, v | vy, | o * *
3 T(4,4,8) | T(4,4,5) | T(4,4,8) | T(4,4,D] T(4,4,8)] « .
I RN T | R R 0 TR 0 M W ! M. R |
4 le T(3,5,6) | T(3,6,9) | * * * * .
5 T(3,5,5) | T(3,5,9) | T(3,6,9) | (3,2, | * “ .
4 (3,5,4) | T(3,5,5) | T(3,5,8) | 73,51 | 73,58 | 73,59
3

- 9y -



Table 9 34 s

(P:rit) = (3,4,7)

C &

s/q 4

(p;r:t) = (3,4,6)

5 B
4 C
3 D

s/fg 3 4 5

(p,x,ty = (3,4,5),(5,4,3)

7

6

5

4 T(s52,7,3,9)

3

s/qg 3 4 5

¢(t7:Prqrr15)

(Plr:t) = (4'416)

5 E
T
4 C V(B)

3 c E ’

s/g 3 4 5

(pv«rlt) = (3,5,5)

6 F
5 G
4 H I
3 J
s/gq 3 4

(p,x,t) = (3,5,4)

4 H(i;.2,3,

i o
ha

s/g 3 4 5

(p’r,t) = (4'515)

> Vi6)
41X iy
3 L
s/g 3 4

(Plrlt) = (4,4,5)

6

51 1 V'(4) V'(s)

4| M Vi) |Via

3 M I ”

s/g 3 4 5 6

(prrlt) = (4,4,4)

2 Vig [Vin| Vs
MEIMEIMG
MEIMINME

=

s/qa 3 4 5 6

6 | N

5 I V'(4) V'(s)

4 | M V(z) V(4)

-3 o P l

s/qg 3 4 5

(p,x,t) = (4,5, 4)

s/q 3 4 5 6

(p,x,t) =(3,4,4),(4,4,3)

e iy

8

....H(E; 12:3,3,

I

7
6
5
4

3

o3}
~3

—Lf,.-



Legend for Table 9
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The following graphs of ‘3-'4 ~ {®(t;p,q,r,s)! are not indicated:

¢(4;2,6,4,s)

©(3;3,4,5,6)

= n(§?2r3:31§_)

n(é;21§lﬁll)

+ 3 <8 <1
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§ 6 Hypersurface Singularities of corank > 4 with

(yruy) = (0,2)

In this section we consider the hypersurface singulari-
ties of corank > 4 with (uo,u+} = (0,2) for a stably egui-
valent function germ £ : (mk,g) - {C,0) with k =z 3 (mod 4} .
We first look for gquasihomogeneous singularities with these
conditions. One can classify the possible weights and the de-
gree of a quasihomogeneous function defining such a singulari-
ty using the procedure of [11 , (4.3)].

Let £ : ¢7 -~ € be a quasihomogeneous function with

weights W, < W, € een £ Wo o4 Wy € N , and degree d , and

assume that f is nondegenerate, i.e. O 1is an isclated
critical point of £ . Then one can derive the following con~
dition for the corresponding singularity to have

(NO'H.,) = (0,2) :

7
(1) pX W < 3d < 2w
i=1 i
This condition shows that a function stably equivalent to a
cubic form .in 5 variables has y _ +yu, > 2 . Therefore all
singularities with (“o'“+) = (0,2) have corank ¢ 4 and we

may assume

o) Qu

(2) Wi S Wy S W3 KW, < Wg =W = Wy S

For the quasihomogeneous function f to be nondegenerate, the

following two necessary conditions have to be satisfied (cf. (3]):
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(3) For i=1,2,3,4 there exists a natural number n, and

and index j € {1,2,3,4} such that

d = n;w, + Wj .
(4) Let 4i,je {(1,2,3,4 , i#j , be given. Then a) 4
or b) d-w, for all 1leE€ {1,2,3,4 N\ {i,3} can be ex-

pressed as a linear combination of W and wj with non-

negative integers as coefficients.

Now one can determine in a combinatorial'way the possible
7-tuples of weights and associated degrees satisfying the con-

ditions (1)-~(4), and one gets the following four cases :

Weights L d | Equation p (disc| Notation
3,.3,.3..3,.2, .2 2
2,2,2,2,3,3,3 6 X1+X2+X3+X4+X5+X6+X7 16 164 016
4 2,.3 .3 2 2 2
6,8,8,9,12,12,12 24 x1+x1x4+x2+x3+xs+x6+x7 20 |16 O20
4 2 2. .2 2, .2, .2
8,10,11,12,16,16,16 32 x1+x1x4+x2x3+x2x4+x5+x6+x7 218 021
4 2,.3,.2 2,.2 .2
12,15,16,18,24,24,24 48 x1+x1x4+x3+x2x4+x5+x6+x7 221 3 C)22

These are all quasihomogeneous singularities of corank > 4 with

(uocu+) = (Olz) -

The first singularity is in Arnold's notation (cf.

46
[2]). This is a 5-modal singularity, so the numbers of moduli of

all these singularities are > 5 . A Dynkin diagram with respect

to a distinguished basis for O and O can-be computed by

16 20
Gabrielov's method [12]. Such a diagram is shown in [9, Fig. 6b]

where one has to delete row 6 for 020 , and row 4 and 6 for 016 .
The transformations in [9 , (4.3)] for O, Yield theDynkin dia~
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gram with respect to a weakly distinguished basis shown in

Fig. 3.

K

1 IJ‘—-‘]

111

it

.- I ;/ I-—a
@ —8

.

Fig. 3: A Dynkin diagram of 016

This diagram satisfies the conditions a) and b) of Theorem
3.2, but the corresponding subgraph S has also a vertex of
valence 4 . The number o¢(S) is again egual to 5 , the number
of moduli. The Milnor lattice turns out to be

H=D4.1.D4..LD4J..U_LU '

so in particular

AlGg =6 .

The singularity O is the first member of a whole family

16
of singularities of corank 4 with (uo,u+) = (0,2) , which are
all but O16 not quasihomogeneous. These are the following

singularities
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Notati
otation Op,q,r,s
Equation xp+xq+xr+xs+x XX +'x XX, +tX X X, tX. XX +x2+x2+x2
a TR R R T R Ky Xy b R Xy X P X XX P X X X P K X T Xy
H 4+ p+g+r+s
s (-1)64

Here § denotes the determinant of the intersection matrix,

which is equal to
(-n¥p(1) = (-1~ aisc(m) ,

where P(t) = det(t-Id—h*) is the characteristic polynomial
of the monodromy operator. This polynomial can be computed
by the Ehlers-Varchenko method [22]. (In the above gquasihomo-
geneous cases one can use the method of Milnor-Orlik [19]).
The value of § shows that all these singularities also

have (uo,u+) = (0,2) .

We do not know whether these singularities are all singu-

larities with these values of the invariants. So

Problem (cf. [24, Problem D})
Classify all function germs £ : (m7,o) - {(@,0) with an iso~
lated critical point at the origin, which have corank 4 and

(uo.u+) = (0,2) .
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