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On the integer points of some toric varieties

B.Z. Moroz

1. Let T be an algebraie torus defined over Q. We shall deseribe a dass of affine varieties over

Z, say {Xa}, eaeh of these vaneties X a contains a T- orbit Ya as a (Zariski) open dense

subset. Moreover, any two of these varieties are Q - (hut not, in general, Z- ) isomorphie.

Dur primary interest lies in studying the distribution of the integer points Ya(Z) in the

reallocus Ya(lR) of Ya. To this end, we develop a theory of ideals on T and, for a grossen

eharacter X of T, define a Draxi L - funetion L(T; s, X) known, [2], to be meromorphic in

the half·plane {si E C, Res> O}. The standard analytic argument gives now an asymp

totic formula for the number of integer points of bounded height; moreover ,under eertain

restrietions on Tone ean prove that the integer points are equidistributed with respeet to

a properly chosen measure on Ya(lR) , and in this case one obtains an asymptotic formula

for the number of integer points in a "smooth" domain on Ya(R). As an application of

these results, one can generalise and strengthen my results, [9], on the integer points of

norm - form varieties. Actually the theory developed here is applicable to a wider dass

of toric varieties assoeiated with T, however for a general torie variety the Diophantine

problem is not as dear-eut as in the special ease to be considered here.

As usual, Q, lR, C stand for the fields of rational, real, and complex numbers respectively,

and Z denotes the ring of integers in Qj we write B* for the group of units of a ring B. In

what follows a number field i~, by definition, a finite extension of Q, and GaI([(lk) denotes

the Galois group of a normal extension [(Ik of number fields. Sometimes [SI denotes the

cardinali ty of a (finite) set S.
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2. Let I( Ik be a fini te normal extension of nuniber fields, and let C at(I( Ik) denote the category

of algebraic tori defined over k which split over I(j let T E Cat(I(lk). The algebraic torus

T is uniquely defined by an integral representation p : G --+ GL(d, Z), G := Gal(I(lk)j here

d is equal to the dimension of T (as an algebraic variety). This representation is afforded

by the module of characters

... d
T = {xix E Z ,O'X = p(O')x};

let

be the dual module (given a set S, we write Sd for the set of columns of the length d with

entries in S, the upper affix ' denotes matrix transposition). For a commutative group
d

S and u in Sd,we let U
U = w with Wi = ,n W.?i(U),O' E G,p(O') = (rii(O')h~i,i~d. One

)=1

may view T as a (covariant) functor from the category of commutative k-algebras to the

category of abelian groups. Let A be a commutative k - algebra, and let B = A 0 K. One
k

sets, by definition,

T(A) = {O'la E (B*)d, 0'0' = a er for 0' E G} ,

where 0'( U 0 x) := u 0 O'X for 1l E A, x E I(,O' E G. Let I(I() and Io(I() denote the group

of fractional ideals of I( and the monoid of integral ideals of I( respectively. By definition,

I(T) = {ala E I(I()d, O'a = alT for 0' E G} ,

and Io(T) = I(T) n Io(I()d. To describe the structure of the group I(T) and of the moniod

Io(T) we introduce the following notation. For u E S, y' E Zd, let
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u y = v, v E Sd, vi = u Yi , 1 ~ i ~ d ( assuming S is a commutative group)j if Yi ~ 0 for

1 ~ i ~ d we write Y 2:: O. Let p be a prime divisor in k, choose a prime l' in Io(I() with

l'lp and write p = n (rl'y(p), where Cl' = {ulul' = p for u E C} is the decomposition
TE~

~
group at p and e(p) is the ramification index of p in K. Let

C· = {ala E t\ ua ~ 0 for u E C}, Cp:= C· n (T·)G p

We introduce the group

l(p)(T) = {aalao = rr (rp)TO ,a E (T·)G~}

TE~
P

of p-primary ideals, and the monoid

of p - primary intergral ideals.

If C· =f:. {O}, then on choosing a in C·\{O} and letting b = l: ua we see that t G =I- {O}
rrEG

(since b E t·G \ {O}). Conversely, if TG =f:. {O} one may choose a in t·G \ {O} as a basis

vector in t·, then a E C· and therefore C· =f. {O}. If TG =f:. {O}, the torus is to be called

i3otropicj if t G = {O}, then T is an~otropic. In what follows it is assumed that T iJ

iJotropic and C· =1= {O}, unless an explicit assumption to the contrary has been made.

Proposition 1. We have:

leT) = rr l(p)(T),
p

and

3
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furthermore, after a pOJsible change of basis in T, it may be aJsumed that Ip(T) generate"

the group I(p)(T). Here p range3 over all the prime diviJor" of of k.

d

Proof. Let b E I(p)(T), say b = Oa' We have bi = n bjidO') for (T E G, or bO' =
j=l

n (Tl' )0'-1 Ta = (Taa = (Tb, so that b E I(T). Moreover, if a E C* then Ta ~ 0 for

TE~

each T, and therefore b E Io(T). Thus I(p)(T) ~ I(T), Ip(T) ~ Io(T) for every p. Let

o E I(T); we write 0i = n (Tp)ai(T)bi with (p, b;) = 1. Since (TO = 00' for (T E G, it
rE~

l'
... G

follows that ua(T) = a(uT) for u E G; therefore we may let a(T) = Tb with b E (T*) l'.

This proves (1). Let now a E C*'{O}(C* i= {O} by assumption !), and let b = l: ua.
O'EG

On changing basis in t, if necessary, we may assume that a > 0; then b > O. Clearly,

b E C* n (t*)G. Let C E (t*)Gl', then Nb +c E Cpfor a sufficiently large positive Nj thus

C= Cl - C2, {CI, C2} ~ Cp' Therefore Cpgenerates (t*)Gp, as asserted.

d d
For a E I(T), let Na = n NO j and NK/ko = n NK/kaj. Clearly, NK/ko = pllall/e(p) for

j=l j=l
d ...

Oa E I(p)(T), where 11 a11:= l: lual, and lai := l: aj for aE T*. Let
O'EG j=l

C*(m) = {alaEC* ,lIall=m},

and let

/'i, = min {mim E Z,m > O,C*(m) i= <p} (2)

Let X : Io(T) -+ Cl U {O} satisfy two conditions : (i) it is multiplicative, that is X(OI 02) =

X(01)X(02) for Oj E Io(T),j = 1,2, and (ii) X-l({O}) = npEs1p(T) with 151 < 00 (here

151 stands for the cardinality of the set 5, and Cl := {zlz E C* ,lzl = l} ).
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The L-function of T associated to X is defined by a Dirichlet series

L(T; s, x) = 2: x(a)Na-~/"

aEI.,(T)

The series (3) converges absolutely for Res> 1 since

L(T; s, X) = II Lp(T; s, X)
p

with

Lp(T;.s,X) = .2: x(a)Na-~/K

aEI,,(T)

by Proposi tion 1, or

so that the Euler product (4) may be majorised by the product

II (1 + Np-Re~/e(p)(l + A.Np-Re~/Ke(p»))

p

(3)

(4)

(5)

with some positive A. Let ~ E fo(T), we say that ~ is a prime ideal if al~ :::} a = ~

for a E fo(T)\ {I}; a prime ideal ~ is called astriet prime if al~n :::} 3m(a = ~m) with

n, m ranging over non-negative integers. Let peT) denote the set of prime ideals, and let

P~t(T) stand for the subset of strict primes.

Proposition 2 (i) The set peT) generates the group leT); (ii) there is a .5equence 0/

polynomials Qp(t) in Q[t] .5uch thai Qp(t) = l(mod t K
) for each p, and

L(T; s, X) = II (1 - X('l3)N'l3-~/")-l II Qp(Np-~/Ke(p»)

~E'P,t(T) p

for Res > 1.
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Proof. Since peT) ~ U [peT) and [peT) is generated by the finite set peT) n Ip(T),
p

assertion (i) follows from Proposition 1. Let 'Pp = P~t(T) n [peT); it follows from a

theorem on the solutions of linear homogeneous Diophantine equations, [14, theorem 2.5),

that

Lp(T; s, X) = TI (1 - x(i.l3)N~-"/K)-l Qp(lVp-~/Ke(p»)

i.l3E'PJ'

Identity (6) is a consequence of (4) and (7).

(7)

Remark 1. An element of Io(T) is called an integral ideal, the elements of U [peT) are
p

primary ideals. By Proposition 1, an integral ideal can be uniquely factorised into primary

ideals; however, factorisation of primary ideals into primes is not, in general, unique (cf.

[14]).

Needless to say, one does not expect the function

s ~ L(T;s,X) (8)

to possess an analytic continuation beyond the half-plane {siRes> I} of absolute con-

vergence of the series (2) for a generic multiplicative character x. In the next sections

we introduce grossencharacters, and following [2] prove that the function (8) allows for

analytic continuation to a meromorpruc function in the half-plane C = {siRes > ""/K, + I}

when X is a grossencharacter.

3. Let L be a number field, we denote by 51 (L ), 52 (L), So (L) the sets of all the real places,

all the complex places, and all the finite places of L respectively, and write

SocAL) := 51(L) U S2(L), 5(L) := 500(L) U So(L). As usual, Lp stands for the completion

of L,p E B(L); let 0 (and D) denote the ring of integers of k (and !(), then op (and D.,)
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stands for the ring integers in kp (and in ](l'), p E So(](), l' E So(](). Given a commutative

o - algebra A, let B := A 00 Ü, and let, by definition

T(A) = {ala E B*d, (ja = a
O' for (j E C} .

Let Cl' = Cal(](l' ]kp ) be the ramification group at l', and let

where 7r is a fixed prime in ](p. Clearly T(TIp ) "V ](p)(T).

Lemma 1. Let peSo(k), then T(kp) = T(op). T(Itp).

Proof. By definition,

and

where B p = kp ®k ]( , A p = op 00 D. Let oeT(kp ). Since B; = TI ](;l" one may
TE~

write 0:' = (... ,G'Tl ... ) with aTf(](;l')d; moreover, it follows from the equation (ja = alT

that a T = Tar-1. On writing 0'1 = f7r° with f E (Dp)d, a E f* one deduces from the same

equation that (7f = fO', (7a = a for (7 E Gl'. On the other hand, if a T = (Tf
T

-
1

)(T1r
TO

)

with a E (f*)Gl' and f satisfying (jf = fO' for (j E Cl' , f E (Üp)d then 0' E T(kp ). Since

A; = TI Ü;l'l the same argument shows that

TE~
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This proves the lemma.

Let jJ. be the rank of the Z-module TG.

Lemma 2. Let p E Soo( k), then

T(kp)-R;' x (Z/2Zr' x (SIr',
where rp i.! the rank of the Z- module tGp for a place p in 5 oo(!() above p.

(9)

Proof. Ir kp = !(p then T(kp ) = (k;)d, and (9) is immediate. Otherwise, kp = IR, !(p =

C, and we have:

T(kp ) = { Q:1Q:i = (... ,Q:ri, ... ), T E#p (1Q: = Q:u für (1 E G} ,

where GI' = {l,O"p}, and apO'li = Q1i for 1 ::; i ::; d. As in the proof of Lemma 1, it

follows that Ur = Tar-1, and O'p01 = a~p. Let 1 = {eI, ... ed} be a new basis in T such

that O"ei = ei for i ::; jJ. , 0" E G , O'pei = ei for i ::; r p , and O'lJei = -ei for i > r p • This

basis induces an isomorphism I : T(kp ) ~ (R*)rp x (51 )d p with dp = d - r p • This proves

the lemma.

Let Ak be the adele ring of k, and let ~ be a finite subset of S(k) with ~ 2 Soo(k)j one

introduces a group

T~(Ak) = TI T(kp) x TI T(op),
pE~ p~lfl

by definition, T( Ak) = u T~ (Ak ). The graup T (k) may be regarded as a discrete
~2Soo(k)

subgroup of T(Ak). Let Too(Ak) = n T(kp); by lemma 2, there is an isomorphism
pESoo(k)
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... d
with JJ + r = L rpl v :::; J1. + r. For x E T , a E T(A) we let x(o:) = n o:?, where A

pESeo(k) j=l

is an 0-(or a k-) algebra; it follows from definitions that x( 0:) E A* if x E t G , 0: E T(A).

Let

where, by definition, IßI = n Ißlp for ß E Ak,1.lp being the normalised absolute value
pES(k)

on kp. Clearly, T(A k )/T1(Ak) ~ (R+)Jl and we may write T(Ak) = (IR.+)Jl X TI(Ak) if we

embed (R,+)Jl in one of the groups T(kp),p E SCCl(k)j by the product formula,

T(k) ~ T1(Ak)' Obviously, Too(A k) = (R~)Jl X T~(Ak) with

T~(Ak)""" (IR~)r x (Z/2Z)V x (Sl)doo , and on writing

TJ(Ak) = T~(Ak) x n T(kp) x n T(op) one obtains
pE~\Soo(k) p~~

Tl (At) = U TJ (At). The main theme of the rest of this section is an interplay
4J2Soo (k)

between "idele groups", that is different objects defined in terms of T(Ak)' and "ideal

groups", that is some objects defined in terms of J(T). Let q:,p : J(p)(T) -+ T(IIp) be the

" Gpisomorpishm defined by <Pp : an 1-+ ( ••• , T7r
ra

, ... ) , a E (T*) . One defines a monomor-

phism

q:,(~) = II tPP
p~~

Lemma 1 that

J~(T) ~ T1(Ak), where we let j~(T) = II I(p)(T). It follows from
p~~

(10)

Let fo = n pm p
, m p E Z , m p ~ 0, and m p = 0 for p ~ <P; let fCCl be a subgroup of

pESo(k)

(Z/2Z)II, and write f = 00' foo )' For 0: E T(k) relation 0: = 1(t) means that

O:i = l(pmp ),l ::; i ::; d",p E So(k) and t(o:) E fOOl where t : T1(A k ) -+ (Z/2Z)V is the

natural epimorphism and T(k) is regarded as a subgroup of TI(Ak).

Let Irr(T) = {(o:)la E T(k),a = I(n}, and let elf(T) = I~(T)/Irr(T) be the correspond

ing ray class group modulo f. The group Clf(T) is known to be finite, [lI} (cf. also [15,
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p148], and [2, p453)). By (10),

(11)

where Tf(k) := {0'10' E T(k) , 0' = 1(f)}. Let Tf(o) = T(o) n Tf(k); by a generalisation

of the Dirichlet unit theorem, [13],

Therefore

with lAI< 00.

(12)

where 1f := (Z/2Z)Vo X (51 )doo+r , Va ~ v. Let Tf(A k ) = foo x n Tf(op) with
pESo (k)

Tf(op) := {o:la E T(op),a = l(pm p )}, and let <.!5(f) = T l (A k )/T(k)Tf(A k ); we write, for

brevity, <.!5 := <.!5(f).

Proposition 3. We have

with (13)

Proof. It follows from Lemma 1 and equation (10) that

<.!5 '" T~(Ak) x rr T(kp)/Tf(op) x tP't(Iep(T)/foo.T(k)
pE't o

where we write, for brevity, ~o := ~\5oo(k). Since

relation (12) and the definition of elf(T) give (13) with

10
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Finiteness of the group 8 f follows from the relation IGI(T)I < 00, where GI(T) .

I(T)jlpr(T) is the dass group of T; here Ipr(T) := {(a)la E T(k)}.

Remark 2. As f varies, the groups Bf show to what extent the weak approximation

principle for the set ~o fails; in particular, it follows from the theorem on weak approx-

imation in an algebraic torus, [12, §7.3J, [15, §VI.6J, that Bf = {l} if (fOl D(](lk)) = 1,

where D(I(lk) denotes the discriminant of the extension l(lk.

Composing the map cl> (~) wi th the natural epimorphism T l (Ak) -4 G l one obtians a map

gen :I~(T) -4 (!5; we are interested in the distribution of integral ideals with respect to

the (normalised) Haar measure on ~.

4. Let X : TI(Ak) --+ Cl be a continuous homomorphism, then {plp E So(k),X(T(op)) -# 1} is

finite and, moreover, for each p inSo(k) there is an integer m such that

Therefore, on writing l' ~ f when f~ ~ foo and f~lfo, one may let

f(x) = min{fITf(Ak) ~ ](erx}· Composing X with 4>(~) for ~ = Soo(k) U <I- o , ~o =

{plp E So(k) , plfo} we define a multiplicative function X : l~(T) --+ Cl that can be

extended to a character X : fo(T) -+ Cl U {O} with X-I ({O}) = TI fp(T). This character
pE4t o

is said to be a (normalised) grossencharacter if T(k) ~ J(erx; let GrfeT) be the group of

all the grossencharacters X with fex) ~ f, and let Gr(T) := U GrfeT) be the group of all
f

the grossencharacters. It follows from Proposition :3 that GrfeT) = <Bef).1. j on the other

hand, Gr (T) = (T I ( A k ) j (T( k) ).1. by definition (here G.1. denotes the group of (continuous )

characters of a (locally compact) group G).
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Example 1. Let T = Gm,k, then the group Gr(T) coincides with the group Gr(k) of

all the normalised grossencharacters of k, and L(T; s, X), for X E Gr(T), is just a Hecke

L-function L(x, s) kno\vn to be a meromorphic function of s with the only pole at s = 1

when X = 1, and having no poles if X =1= 1.

Example 2. Let kolk be a finite extension of number fields, and let T = Resko/kTo,

where To is a torus defined over ko. Then T(k) = To(ko), and T(A k) = To(Ako)' [16];

therefore Gr(T) = Gr(To) , Grf(T) ~ Grf(To) if f is defined over k, and L(T; s, X) is equal

to L(To ; s, X) up to a finite number of Euler factors (ho\vever, f(X) is not necessarily equal

to the conductor, say fex), of X in Ta, although fex) ~ fex) over ko ).

Lemma 3 Let {T, Ta} ~ Cat([(lk), and let J : f: ---+ T* be a G-homomorphism. Then

there i" a natural homomorphi3m JA : To(A) ---+ T(A) for each k-algebra A.

Proof Let B = A0k!(. On writing JA(Q;) = ß with ßj = n Q;~ij for Q; E B·do , ß E B·d,
i

where d and do denote the dimensions of T and Ta respectively and where (ai;') lSi<d o is
. lSrSd

the matrix of the transformation J in an appropriate basis, one notes that JA (UQ;) = a J( Q;)

We are now ready to prove the following important result due to P Draxl, [2].

Proposition 4. For TEeat( [(I k), let X E Gr(T). There are number Jields kj and

characterJ Xj such that Xj E Gr(k j ) , k ~ kj ~ [( , 1 ~ j ~ B, and

B

L(T; s,X) = II L(Xj,s)L1(T;s,X),
j=I

(15)

where the function s t-+ LI (T; s, X) is holomorphic and has no zerOJ tn the half-plane
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C,..:= {sls E C,Res > "'~l} (with K, defined by (2)).

Proof The finite set C·(m) being G-invariant, one can write C·(m) = ~Lm) Di, where
1=1

Di = G.ai is a G- orbit. Thus

B(m)

L x(aa) = L Si(X) , Si(X):= L x(aa)' (16)
aCi Elp(T)
C1EC"'(m)

i=l

Let Bi = {ulu E G , U.ai = ai} be the stabilizer of ai, and let ki be the Bi-invariant

subfield of !(, so that Bi = Gal(!\'lki), 1::; i::; B(m). Let Ti = ReS1..'j/kGm,ki' we have

for u E G 1 T E "5.. }
I

One defines a G-homomorphism fi : 'it --+ f· by letting fi(e r ) = T.ai. By lemma 3, there

is a homomorphism fi : Ti(Ak) --+ T(Ak); let Xi = xofi, c1early Xi E Gr(Td, Moreover,

(17)

(18)

Suppose e(p) = 1 (that is, p~D(!{lk)), then p splits completely in ki,.and the sum in (17)

is equal to

Si(X) = L Xi(P),
Plp

where p ranges over all the prime divisors of p in ki ( we have identified Gr(Ti) with Gr( ki),

cf. Examples 1 and 2), On the other hand, if we take m = K, it follows from (5) that

B

Lp(T; s, X) = 1 +~ S;(X)Np-' + 0 (NP-< Re6)(K+IJ/K), (19)

where B := B (K, ), Equation (15) and the assertion of Proposition 4 follow from (16), (18),

(19), and (4).
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Remark 3. Equation (15) defines the function (8) in the half-plane CII:; by Proposition

4, it is holomorphic in CII: \ {1} and has a pole of order

b(X) := card {j 11 '5: j ~ B Xi = 1} (20)

at s = 1. Proceeding by induction on ffi, one can continue this function to a meromorphic

function in C+ := {sls E C , Res> O}, [2]. It is an interesting open problem to describe

the class K. of tori for which L-functions (8) are meromorphic in C. This class is closed

with respect to the restrietion of scalars (Example 2). By example 1, Gm,k E /C. More

generally, given extensions kilk , 1 ::; j '5: v, of number fields one defines a norm-form

toru~ T by letting

T(A) = { +~ E !JBi

the L-functions of this torus T are known to have the line {sls E C , Res = O} as their

natural boundary far analytic continuation, unless either 111 ~ 1, or 111 = 2 aod (k i : k] = 2

for i EI, 1:= {i11 ~ i ~ V , ki i= k}, in which cases TE K., [4], [8].

Remark 4 By construction, if X ='1 then b(X) = B. The converse assertion is not,

in general, true (cf. for instance, [5]); however, if C*C K) generates t* then a weaker

implication

b(X) = B => X is of finite order (21)

has been proved, [2], to hold true. vVe do not know whether (21) holds for any torus T.

A well-known argument (cf, for instance, [7]) rooted in the classical analytic number theory

allows us to deduce the following estimates for character sums over integral ideals and over

prime ideals from Proposition 4.
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Theorem 1 Let X E Gr(T). Then

L: x(a) = yPx(logy) + D(y1- i )" > 0
aE1o(T)
Na<.,"

(22)

where Px(t) ~ a polynomial 0/ degree b(x) - 1 i/ b(x)~ 1, and Px(logx) = 0 if b(x) = 0;

(23)

We omit the proof of this theorem.

Let, in notation of (13),

so that

l1l ...... 7.(0) t'Il
v = f x '00'

(24)

(25)

where 1j(0) = (51 )doo+r is a flat torus. Let grf(T) be the subgroup of Grf(T) consisting of

all the characters of finite order; clearly,

(26)

Corollary 1. Let A E (80; let N(A, y) = l~(a, y)1 with

~(A, y) := {ala E Io(T) , (0, fo) = 1 , gO)(o) E A, Na < yK},

and 7l"(A, y) = 1m1(A, y)j with m1(A, y) := 9l(A, y) n peT). Then

(27)

and
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where

L:-:=_l L:
x 100

1 XEgrf(T)

Proof Relation (27) (resp. (28)) follows from (26) and (22) (resp. (23)).

Corollary 2. 11 Io(T) n A =1= if> then

N(A,y) = yPA(log y) + O(yl-i)" > 0,

where PA (t) ü a non-vanühing polynomial 01 degree "lower than B.

Proof By (28),

pr( ""'+ Y Y'Tr{If T), Y) = LJ b(X)-/-(1 + 0(1)) ~ -/-;
og y 09 Y

x

therefore it follows from (27) that N(I;r(T), y) > y. Let 0 0 E Io(T) n A. Clearly

so that N(A, y) 2:: N(Ifr(T), yN0;1) ~ y, and (29) follows from (27).

(29)

Remark 5. Let T be a smooth subset of ~(o) (inthe Sense of [6], [7]), let m(T, A, y) =

m(A,y) n gen-leT), and let m(T,A,y) = ~(T,A,y) n peT). If the torus T satisfies con-

dition (21) and B = 1, then the considerations of [6], [7] may be easily adopted to the

present situation and one can prove asymptotie formulae for the number of integral ideals

191(T, A, y) land for the number of prime ideals Im(T, A, y) I. Thus in this case both integral

and prime ideals from a given dass A in <.5 0 are spatially equidistributed in the sense of E.

Hecke. If eondition (21) is satisfied hut B > 1, we ean still obtain an asymptotie formula

for Im(T, A, y)1 gaining, however, ooly apower of log y in the errar term.
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Corollary 3. S1.LpP0.3e that B = 1, and let 'H = {xix E grf(T) , heX) = l}j write H =

'Hl.. Then
y

1r(A,y) = _1_ J~ +o(ye-il~) for A E H,
IHj log y

2

and 1r(A, y) = O(ye-il~) for A rt H. Moreover, if A E H then (29) holdJ with

(30)

Praof. The estimates for 1r(A, y) follow from (2&). The last assertion follows from (27)

and (30).

Remark 6. Already in the case of norm-form tori relation (29) (with PA(t) i= 0) does

not imply that the dass A contains infinitely many prime ideals, [5J. One should note

that if B = 1, then a better estimate ".. (A, y) = O( y1-1/,..+1) for A =I=- H follows from the

definition of the charaeters Xj , 1 ~ j ~ B, in (15).

5. Let T E Cai(I(IQ) with [l( : Q] = n. For a E J(T), we define an affine tone variety X a

as follows. Let Qi = t w;i)Z, 1 ~ i ~ dj let us introduce a set of independent variables
)=1

{ X ij 11 ~ i ::; d , 1 ~ j ~ n} and wri te

n n

'"' (i) '"' (i)ti = L XijWj ,ati:= L XijaWj for a E G , 1 ~ i ::; d.
j=1 j=1

The variety Xa is defined by the set of equations:

ai = tt7 a E G; (31)

this is a system of polynomial equations with integral rational eoefficients, so that Xa is

a variety of dimension d defined over Z. The torus T may be embedded in )(a as an open
d

subset Ya defined by the condition TI tj =1= O. We shall study the distribution of integer
i=1
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points Ya(Z) in the real locus Ya(IR). By defini tion, T00 ( AQ) = T( IR) and therefore, by

lemma 2, Too (..4Q) ~ IR~+IJ x (Z/2Z)V X (51 )doo with v = r + J-l , v + doo = dj by

construction, Ya(IR) is homeomorphic to Too(AQ)' Thus there is a homeomorphism

(32)

to describe this homeomorphism explicitly, let us choose a basis {ei 11 :::; i :::; d} in t

satisfying the same conditions as in the proof of lemma 2: ei E TG for i ~ J-l , ei E tGp

for i ~ r + J-l, and apei = -ei for i > r + J-l; here p is a fixed prime in 5oo(I() and ap

denotes the generator of Gp if Soo(I() = 52 (](), Gp = {I} with doo = 0, r + J-l = d if K is

a totally real field. We introduce new coordinates, say,

d

Ui = II t7ii with (miih$i,i$d E SL(d,Z)
i=l

corresponding to the chosen basis {ed1 ~ i :::; d}. By (31),

Ui(a) E IR'" for i :::; r + J-l, and ui(a) E Cl for i > r + J-l , a E Ya(lR),

(33)

and the homeomorphism (32) may be described as follows: let a E Ya(lR) , then, by def

inition, lu(a) = b with bi = IUi(a)J for i ~ r + J-l , bi+i = 1::~:~1 for i ~ v I 1 ~ j ~

v , bi+v = ui(a) for i > v (here we let ti(a) = f: ai;'xp(w~i»), where 'xp : ]( ~ C denotes
. 1 )
)=

the isomorphism corresponding to p, and define U by (33)). Let

U(y) = {ala E Ya(lR.) , INt(a)1 :5 yK , ~:5 luia)1 :5 y für JI < j :5 v } ,

d

where Nt := n n (jti·
i=l rrEG

Proposition 5. ]/ T iJ an ani.!otropic toruj, then

card {U(y)nYa.(Z)} =c\(log yr(l+O(IO~Y»).C\> 0,

18
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where aoi = D for 1 ~ i ~ d, a = ao •

Proof If T is anisotrpic, then Io(T) = {I}. Therefore the map a 1---+ t(a) establishes an

one-to-one correspondence between Yao(Z) and T(Z). Relation (34) follows from the unit

theorem, [13].

Returning to our study of isotropic tori we are now ready to prove the following estimate

for the number of integer points in the "cube-like" domain U(y ).

Theorem 2. Let Zf = {ala E Ya(Z),t(a) = l(f)}. We have:

eard (Zf n U(y)) = c2y(log y)b (1 + O( 10; y)),

with C2 > 0 if Zf f:. </> , b ~ 0 , b E Z.

(35)

Prüof. The map t : a 1-+ t(a) is an one-to-one map from Ya(Z)to an T(Q), and

{(t(a))la E Zf} ~ Irr(T). Thus {(t(a))la E Zf} = {b.alb E A-1 n Io(T)}, where

A E Clf(T), a E A. Therefore (35) follows from (27) and the unit theorem [13]. Moreover,

if Zf f:. 4> then C2 > 0 by Corollary 2.

Remark 7. Introducing a height function h : Ya(IR.) -.. IR.+ one can rewrite the asymp

totic formula (35) as follows:

eard {ala EZf ' h(a):5 y} = C2y(lOg y)b (1 + O( 10; y)}

where h(a) := maxJJ<j~lI{INt(a)ll/K , IUj(a)1 , IUj(a)I-1
}. One should note that X a may

be regarded as an affine torie variety eorresponding to the eone C* (cf. for instanee, [3,

§1.2]). Let us recall now that a Draxl L-function L,.(T, C, z, x, S; s), [2], depends on two
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parameters: z in TC and a z-admissible eone C. In aur ease z E TC ,
d A

Zi = L: L: rij(0') for 1 :::; i :::; d, and C is a eone in T dual to C·. It is clear from the
uEGj=l

definitions that the ehoiee of z determines the height h. On the other hand, a different

ehoiee of the basic eone C· would lead to a different theory of ideals; a Diophantine problem

relating to such a generalisation is yet to be diseovered.

Remark 8. If B = 1 and eondition (21) is satisfied, one ean prove an equidistribu-

tion formula in the spirit of my work on norm-form varieties (see [7], [9] and referenees

therein). Namely, the number of integer points in a smooth subset of Ya(IR) is seen to be

asymptotieally proportional to the (properly defined) measure of this set.

Remark 9. Given a torus T defined over a number field k, one ean pass to the torus

Resk/QT and then apply the theory developed in this seetion.

Remark 10. In my work on norm- form tori (loe. eit.) a few questions have been left

open; as an applieation of the theory developed here, one ean now answer these questions.

Let T be the norm-form torus defined in Remark 3. First of all, we note that eondition

(21) is satisfied for the torus Res k /0..T sinee in this ease C· (K ) generates T·. Thus one

ean treat general norm-form tori without making additional assumptions on the fields

k, k1 , ... , kl!' Moreover, if k1 , ... , kll are linearly disjoint over k, then B = 1, and we obtain

a generalisation of results in [9] to arbitrary ground fields. Finally let us reeall that in the

previous work, [7J, [9], I restrieted myself to the variety given by the equations

rather than treating the original variety
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(here fj is a fuH norm-fonn associated to a module in kj , 1 ~ j ~ v). This restriction

mayaiso be removed now. In view of the detailed considerations in [9], we may omit the

details here.

Remark 11 We have not tried to obtain sharp error terms in the asymptotic formulae;

in (23) and (28) one can, of course, improve the error term slightly, even if we require the

estimates to be uniform in all parameters (cf [1]). Ta determine the exact value af I in

(22) and (29) may be af same interest also (cf. [7], where this question has been touched

upon in the case of norm-form tori). A preliminary report on this work, [10], may appear

elsewhere.
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Exercises in Analytic Arithmetic on an

Algebraic Torus

B.Z. Moroz

Dedicated to Professor F. Hirzebruch

with deep respect and gratitude

1. The multidimensional arithluetic of E. Hecke, [4], [5], [7], may be regarded as

a study in analytic nunlber theory on the torus Resk/QGm,k for a number field k

of finite degree over the field Q of rational numbers. Here we shall try to generalise

these considerations to an arbitrary algebraic torus defined over allumber field. After

applying Weil's restriction of scalars, if necessary, we may suppose that our torus T

is defined over Q; it splits over a finite normal extension ](J Q. Let G = Gal(]<1 Q)
be the Galois group of I<, let []( : Q] = n be its degree, and let cl = dimT denote

the dimension of T. Such a torus is uniquely defined by an integral representation

p: G~ GL(d,Z) ,

where Z is the ring of rational illtegers, [12] (cf. also [15]). Consider aG-module

]([x], x := {xiii 1 ~ i ~ d, 1 ~ j :s; n}, choose an integral basis {wd 1 :s; i ~ n} of

](IQ, and let
n

t· - '" ')'. 'w't - L-.t>'J )
j;;l

Equatiolls
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where

n d

t "" t':: '.= n t~jj(O') () ( ()) 1 < . . < da i := L...J xij aWj, I j=l J ,p a = Tij a , _ L, J _ ,
j=l

define an algebraic variety, say

.1\ = Spec Q[x]/ J ,

J being the defining ideal of .1\; thc torus T Inay be regarded as a Zariski open

subset of .1\ given by the condition n ti ;:j; O. 'Ve view .I\(z) as a generalisation
l~i~d

of the ring of integers of an algebraic nUlnber field (if T = Resk/QGm,k one may

identify .I\(z) with the ring of integers of k), and iIltend to play the usual game of

analytic number theory on this set.

2. On choosing a fixed embedding Q C-...+ C we shall regard the field Q, the algebraic

closure of Q, as a subfield of the field C of complex nUlnbers. For a commutative

k-algebra A, k ~ C, let Ag = A ~ko !(, where ko = !( n k (the fields k and !( are

linearly disjoint over ko since !(IQ is nornlal). If one defines an embedding

in a natural way, T(A) lnay be viewed as a subset of Go-invariallts 1 where Go :=

Gal(I(lko), that is to say

T(A) = {t(a)1 a E And , at(a) = tO'(a) for a EGo}

n

(a word about notatioll 1 t(a) := (tl(a), ... 1 td(a)), tj(a) = E aijWj, a = {aul 1 ~
j=l

i ~ d, 1 ~ j ~ n}, tO' := (t11 ... ,t:t), etc.). Since

d

.Y(Q)\T(Q) ~ U f j 1 ej := {:tl :r E Qnd, .'tij = 0 for 1 ::; j ::; cl} ,
i=1

we may often replace .I\(A) by T(A) causing 110 damage to the type of problems

discussed hefe.
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Before proceeding any further let us introduce the C-module of characters

t = {xl x E Zd, ax = p(a)x for a E C} ,

and its dual

where the upper affix t denotes matrix transposition. The C-module

and its submonoid

1\10 = {t;J: I x E t, x 2: O}
d

furnish us with a convenient paratuetrization of T(A). Here t;J: := !J tfi, and x 2::: 0

means Xi 2: 0 for 1 ~ i ~ d.

3. Let I(K) and Io(I{) denote the group of fractional ideals of I{ and the monoid

of integral ideals of I{ respectively, and let

I(T)

Io(T)

d

- {211 2I. E I(I()d a2I.· = n 21~ij«(1) for (J E C, 1 ~ j ~ d} ,
, J i== 1 I

= I(T) n Io(I()d .

One defines the norm homomorphism lV: I(T) --. Q+. by letting N21 = n N21j
l~j~d

for 21 E I(T). \Ve say that 21 is a primartJ ideal if 2! E Io(T) and N21 is a prime

power in Q. For a rational prinle ]), let

Ip(T)(:= Ip) = {211 21 E Io(T), lV21 = pn for some n}

be the submonoid of p-primary ideals. To analyze the structure of I p let us introduce

the G-module of aue-parameter subgroups
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where ,uY := (U Y1 , ••. , 'U Yd ). Clearly, (ax)( lTUY ) = x(u Y ) if we let x( u Y ) := (uY)X = u Y'
X

for x E T, uY E lvlu •

. Let us choose a prime p in I(I() dividing p, and let

Gp={alap=p, aEG}

be the decomposition group of p, so that

p = n (rpY(p)
rmod Gp

where r ranges over G. Let 2{ E [pI then

In I(I() ,

2!j = n (rlJ )ßi( T)

TffiOd Gp

and

with

(1)

On the other hand,

and in particular

But

with

r- l 21
j

= lJ(a(e)p(T- 1 »i 21j

in view of (1). Therefore

with lJ 1m} ,

a(r) = lL· p(r- 1
) ,

and, moreover,

a . p(a) = a for a E GlJ '

where we write a(e) = a and denote by e the unit element of G. Thus (cf. (1])

(2)
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where

C* = {al CL E T* 1 a· CL ~ 0 for a E C} 1

and
Cp= C* n ey*)Gp

If C* # {O} let a E C"'\ {O}; clearly

L aa E (y",)G\ {O} ,
(TEG

so that TC # {O}, and T is not anisotropie. Therefore Ia(T) = {l}, and eonsequently

T(Z) = -,Y(Z) for an anisotropie torus T. Suppose now that T is not anisotropie (that

is te # {O}), then after apossible change of basis in T it luay be assumed that

C* n (t",)G # {O}, and in partieular Cti # {O}.

Let

x: fo(T) ~ Cl U {O}

be such a homomorphism that

here Cl := {z I Z E C, IZ I = I}. Let

with #8< 00

(3)

clearly

(4)

L(X, s) = L X(21)N21-"
~Elo(T)

where p ranges over all the rational primes, and

Lp(X, s) = L X(21)lV21-"
21E/p

Both the Dirichlet series (3) aod the Euler product (4) eonverge absolutely for

Re s > 1. By a well-known theorelu (going b~ck to D. Hilbert), the cone C· and
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therefore the monoid Ip are fini tely generated . The generators of Ip are the prime

ideals of T; it can be shown that the theorem on the uniqueness of factorization of

the primary ideals into primes does not hold in this generality. Let P(T) be the set

of all the prime ideals in Io(T), and let ~ E P(T); we say that ~ is a strict prime if

21[ ~n ==> (21 = ~m for some m) .

Let Ps(T) be the subset of the strict priInes. From a theorem in combinatorics, [14,

theorem 2.5], one concludes that

(5)

with Qp(x) E C[x}, Qp(O) = 1.

Lemma 1. For 21a E I p oue has

(6) N21a = pb{a) b(a)e(p) = a· z ,

with Zi =, E Tij(a); moreover, z E t c .
. (TEG,l$j$d

Proof. Let lVp = pf(p). It follows from (2) that

with bl = L Iral,
TIDOd Gp

where lai := t aj for a E T*. Since Cp~ (T* )Gp we have
j=1

Relation (6) follows now from the equation IGpl = e(p)f(p); the last assertion is

obvious.
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\Vrite now

(7)
00

Lp(X, s) = L p-n~ L X(21a)
n:::::O 1I'J".:::..,(p)q

~"EIp

For H ~ C, let CH= C* n (t-)H, anel let

ß(H) := min {a. zl a ~ 0, a E C;/}

By construction,

ß(H) = (Illin { L ]To:lla =I 0, a E CH}) ·rHj ,
TIllOd Jl

and therefore

(8) IHI ~ ß(H) < 00

(9)

By (7)-(9),

(10)

min ß(H) = ßo , ßo = ß( {e}) .
Ht;G

Lp(X, s) = 1 + L p-n~ L X(2!a)
e(p)n~ßo a·u:::o:(p)q

21 .. EI)"

Lemma 2. Both the Dirichlet series (3) anel the Eulcr product (4) cOllverge absolutely

for Res> ~.

P roof. It follows from (10) alld the defini tions (3) J (4).

Clearly

21a Elp 1 a·z=ß(Cp)~2!a lspnme.

7



Let

'Pm(T) = {21a l a E C*, a· Z = ßo}

be the set of the minimal primes. It follows from (5) that

(11)

where

(12) L(l)(X, s) = n (1 - X(ifJ)NifJ-,,)-l nQ(l)(p-")
t,pEP.(T)\'Pm(T) P P

with Q~l)(.'r) E C[:r], Q~l)(O) = 1, and the Euler product (12) converges absolutely

far Re s > ßo~l .

Corollary 1. The set

D(ß) = {al a E C·, a· z = ß} 1 ß > 0 ,

is a finite G-invariant set.

Proof. It follows from Lemnla 1 that D(ß) is G-invariant since z E jG; moreover,

a. Z = E laal ~ laI far aE C*, and therefore
O'EG

ID(ß)I ~ cal'd{ aj a E Zd, a~ 0, lai::; ß} < 00

Let
B

D(ßo) = UD;
i=l

be the decompositian of the set D(ßo) inta G-arbits

and let
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vVe have

(13)

with
(14) ~i)(s) == 0 (1 + x(Sll)p-ßo,,/e(p») ,

~EDj(p)

where f( s) is equal to an Euler product absolutely convergent far Re s > 2~ ~ ßo~l'

Let
H j = {al a E C, aa(i) = a(i)}

be the stabiliser of a( i), and let

k i == {xl x E !{, ax = x for a E Hd

be the subfield of !{ correspol1ding to Hi ; let

l~i~B ,

so that

Tt == { L a(a)al a EC, a(a) EZ}
amod Hj

There is an injective homomorphism Ii: Tt -+ T-, uniquely defined by the condition

Ii(a) = a· a(i); clearly Ii(Tt) coincides with the submodule [DiJ generated in t- by

D i . By construction 1

I(Td = {21] 211 E !(kd, 2{j = 2t?, 1 ~ j ~ di } ,

where C = U Hjaj, d j == IDil == [ki : Q]. Therefore we can defil1e a homomorphisIll
ISjSdj

as folIows: let Q31 E !o(k j ) with JVQ31 = pl for a rational prime p, and let Q3j = Q3? 1

1 ~ j ~ di ; then Q3 E !p(T;) , say Q3 = 21a with a E Tt', alld wc Inay set xi(Q3d ==
X(21 fi (a)) for the uniquely defined ideal 21/i(a) in !p(T). Let

(15) L(Xi,S) = n (1 - Xi(P)l\Tp-3)-1
PE/(kd
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Proposition 1. 'Ve have

(16)
B

L(X, s) = 0 L(Xi' ßos )L(2)(X, s) ,

where L(2)(X, s) is represented by an Euler product absolutely convergent for

Re s > ßo~l; moreover,

(17) Xi = 1 for 1:::; i :::; B <===> XIPm(T) = 1

so that .

Proof. In view of (11) - (15), it suffices to note that

Proposition 1 may be regarded as a formal counterpart of a theorem of Draxl's (cf.

(1), equation (2.1)).

4. Now we are ready to proceed to the lnain part of this investigation and to comment

on the structure of ~Y(z) as a discrete subset of ..-Y(IR). To begin with let

G2 = Gal(I<1 !( n R) ,

IG
2

1 = { 1 if!(~. R
2 otherwlse

Since both TItc'J and t C21tc are torsion-free there is a z-basis {ujl1 :s j :s d} of

T such that {ujll ~ j :s Jl} is a basis of t c , while {ujll :s j :s j.l + r} is a basis of
Tc'J. Clearly

and we can define a surjective 11lap

(
uj(a) )

ul(a), ... ,uJl+r (a)'···'luj(a)I'··· ,

10



where J.L + r + 'd1 = d, dl ~ 0, i > J.L + r. By a generalisation of the Dirichlet unit

theorem, [12], [13],
T(Z) ~ Zr X 21 with 12q < 00 ;

therefore T(R)/T(Z) ~ R~ X T, where

T = (51 )d-IJ X (Z/2ZYo

and 1'0 ~ tl + r.

Given a set

5 = {<X>} U So , So ~ {pi p is a rational prime} ,

let

and let

TA = U TA(S) .
151<00

Clearly TA = T(~), where ~ is the adele-algebra over Q. Let

T1 = {al a E 1'.4, Ix(a)1 = 1 for x E fG} ;

clearly T(Q) ~ T~ (if one identifies T(Q) with its image under the diagonal embedding

into TA). By a well-known theoreIll, [12], [15], T~/T(Q} is a compact group. We have

fol' a E Gp} ,

where p is a fi.xed prime in I(}() with plp. Therefüre there is a natural embedding

9 : Ip <-+ TA(S} with S = {<X>, p} such that g(Ip)q = 1 für q ~ S, and g(21a}p = a

für 21a E Ip, with a E T(Qp), a = 1fac, where c E OiJd, P = (1r), op being the ring of

integers of !(p; moreover, it Inay be assumed that g(Ip ) ~ T~ if one adjusts g(Ip)oo

properly. One extends 9 to an embedding
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Given a character

x: T~/T(k) ~ Cl ,

the set So = {pi Xp(T(Zp)) "f; I} is finite; for p ~ So we let xp = Xp0 g, if p E So let

Xp(Ip) = O. This procedure gives rise to the group Gr(T) of Hecke chamcter5

If X E Gr(T) then Xi E Gr(kJ), 1 ~ i ~ B, where Gr(k) denotes the group of all

the Grässencharakteren of a number field k. The following result may be regarded

as a corollary of Satz 1 in [1].

Corollary 2. Suppose that X E Gr(T). Then equation (16) defines L(X, s) as a

meromorphic function of 5in the halfplane {51 sEC, Re s > ßo~l}' with the only

possible pole at s = 1/ßo.

Proof. It is an immediate cOllsequence of Proposition 1 since L( Xi, s), 1 ~ i ~ B,
is a Hecke L-function of ki in this case.

The usuallnachinery of analytic number theory (see, for instance, [9] and references

therein) yields now the following results:

(18) card {pI pE P(T), Np < yßo} = B Kl:;u +0(ye-c y'Io8Y) ,
with c> 0 ,

and

(19) card {211 21 E Io(T), IV2! < yßo } = yp(logy) + O(yl-cr) ,

with Cl > 0 ,

where p(x) E C[x], degp = B - 1.
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The infinite component Xoo in the decomposition X= Xoo .n Xp Inay be regarded as
p

a character of T(R)jT(Z), say

Xoo: R~ x T ---+ Cl .

The grossencharacter X obtained from X is said to be nonnalised if XOO IR.? = 1.
vVrite

and let fo(x) = n pmp
, where

p

mp = min {mi Cl' E T(Zp), Cl' = l(lnod pm) => Xp(a) = I}

The pair f(X) = (foo(X), fo(x)) is said to be the conductor of X. Thc group Gro(T, f)
of all the normalised grossencharacters having a given eonduetor f is isomorphie to

Zd-p x 23(f), where 23(f) is a finite Abelian group. Moreover, ~(f) may be chosen

to eoineide with the subgroup of aH the eharaeters of finite order in Gl'o(T, 0. Let

~(f)l. = {2112! E Io(T), X(2!) = 1 for X E 23(f}} ,

and let

I~(T) = {21j X(21) # 0 für X E Gro(T, f)} .

The ray dass group H(f) := I~(T)/23(f).l is finite, [12J (cf. also [15]), and ~(f)

may be regarded as the group of charactcrs of H(f}. In a usual way one obtains the

following asymptatic fonnulae for tbe nUlnber of integral ideals and far tbe number

of the priIne ideals in a given ideal dass. Let A E H(f), we have

(20) card {pI pE P(T) n A, J"p < yßo }

= (L: -X(A)9(X)) (y~ + 0 (Ve-C2 v'IOgy)
xE~(f) J2 log U

alld

(21) card{21I21EA, lV2!<yßo}=y L:- X(A)Px(logy) +O(yl-cJ),
.\'E~(f)
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where C2 > 0, C3 > 0, E* := jH~hl E, Px is a polynomial of degree g(X) - 1 whose

coefficients may depend on x, g(X) := card{ill ::; i ::; B, Xi = I} (ir g(x) = 0 we

let Px. = O}.

Although our ultimate purpose is to investigate the distribution of integer poiots

00 JY in the real locus JY(R), the Inethods of this paper fall short of such a goal,

and we should be cootent with somewhat weaker rcsults 00 the integer points of

the variety Y' defined as follows. For a E ]{*d let f( a, a} = (aa)(a0' ) -1, aod write

f( a} : a 1--+ f(a, a), a E G; define an equivaleoce relation 'V:

€(a) 'V €(a') {:==} €(a) =E( a'}E(b) for some b in Et· ,

where EI( denotes the group of units of ](, aod let

A = {€(a}j a E /(*d, €(a, a) E Et· for a E G}

Let B be a set of representatives for AI 'V contaioing the identity €(O) (here f(O) :=

E( 1) 1 fi( 1, a) = 1 for 1 ::; i ~ d). \Ve set

Y=U~,
cEB

the variety v: being clefioed by thc equations

at = €(a}tO' a E G ;

clearly ~(O) = JY, so that JY ~ Y. The open subset ~ of v: defined by the condition
dnti "# 0 is a T-homogencous space, and we identify 'C::(R) with T(IR}. Moreover,

1=1

(t(a)) E Io(T) <==} a E 1i"(z) ,

with 1r := U V::. tviaking use of the theory developed here we 0 btain now an estimate
cEB

for the oumber of integer points on Y' in the "rectangular" compact domain U(y)

in T(IR) given as follows:

U(y) = {aj a E T(R), INt(a)j < yßo, y-l::; IUj(a}1 ::; y for IL + 1 ::; j ::; Il + r} ,

14



d

where lVt(a) := nn (otj)(a).
1=1 crEG

Corollary 3. Let 210 E I~(T), and let

.l'vJ(21o) = {al a E )~(Z), (t( a)) ~ 210 , (t( a)) E ~o(f)l.} .

We have

(22) card(U(y) n M(mo)) = Cl (mo)y(logy)b+ r (1 + 0 CO~y)) ,

with 0 ~ b ~ B - 1.

Proof. Clearly

a E M(21o) {:::::} (t( a)) = 21210 with 21 E A ,

where A E HO), 210 E A- I . By the unit theorem,

card{al (t(a)) = (t(ao)), a EM(mo) n U(y)} = c2(logyr (1 + O(IO~))

Relation (22) fol1ows from this estimate when combilled with (21).

Proposition 2. If T is anisotropie then

(23) card(X(Z) n U(y)) = C3(lOg yr (1 + 0 (IO~ y) )

Proof. In this case Io(T) = {l}, so that ",Y(Z) n U(y) eoincides with T(Z) n U(y).
Therefore (23) follows from the unit theorem.

Remark 1. The eonstants CI (210 ) and C3 can be explici tly e~alu~ted; if lvI(2!0) ~ {O}

(resp. ",Y(Z) ~ {O}) then cl(21o) > 0 (resp. C3> 0).
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5. Proposition 2 provides a eomplete solution of the problem of counting integer

points on an anisotropie torus, although further refinements in the spirit of [3] may

be probably obtained. Thus heneeforth we assurne again that the torus Tunder

consideration is not anisotropie. The deeper results on the spatial ("multidimensional" )

distribution of the integer points as weIl as of the integral (or of the prime) ideals

depend on the following eondition

(24) Xi = 1 for 1 ~ i ~ B => X E ~ (f) for some f

to be satisfied. If (24) holds and B = 1 then a complete analysis in the spirit of [8], [9],

[11] is possible. If (24) holds but B i:- 1 we ean still prove a spatial equidistribution

theorem for integral ideals gaining, however, only apower of logarithm of the

main term in the error term (this being insufficient for finer applieations to an

equidistribution theorem for integer points, as exhibited in [11]).

In view of (17), eondition (24) holds true (with an even stronger conclusion) if the

set Pm(T) of minimal primes generates the monoid Io(T) of integral ideals. The

following observation [1, Satz 1] lies deeper, and it is more useful.

Lemma 3. If C*(ßo) generates the group T* then (24) holds true. HereC*(m) :=

{afae C*,a.z=m},mEZ,m~1.

Proof. It is an immediate eonsequence of the last assertion in [1, Satz 1].

Example 1. The norm-form (or Vinogradov) torus T ean be defined as folIows. Let

k be a field of algebraic numbers of finite degree over Q; let kilk, 1 ~ i ~ v, be a

fini te extension. The torus Tk is defined by the following condition (cf. [1]):

Tk(B) = {bi b E rJ (B 0k k;r, N B0,k,jBb, = NB0k;/Bb;, 1::; i ::; 11 }

for any k~algebra B; we let T = Resk/QI'k. It follows fronl Lemma 3 that the torus

T satisfies (24), and therefore one can prove a theorem on the equidistribution of
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integral ideals having equal norms (cf. [8], where k = Q aod the fields k i are assumed

to be linearly disjoint over k). Moreover, if the fields ki , 1 ~ i ~ v, are linearly

disjoint over k then B = 1; therefore a eomplete theory in the spirit of (8], (9], [11]

(where we have assumed k = Q) ean be developed in this ease.

An open question. A Draxl L-functioo L(s, X) of an algebraic torus is known to be

meromorphic in the half-plane {81 sEC, Re 8 > O}, [1]. Moreover, if T is a norm

form torus considered in Exampie 1, then L(s, X) has the Iine {8ISEC, Re s = O}
as its natural boundary for analytie eontinuation, unless either #{il ki f; k} ~ 1, or

#{il ki # k} = 2 and (k i : k] :::; 2 for each i in which eases L(s, X) is meromorphic on

the whole complex plane, (6], [10]. Therefore we may ask under what conditions on

T the function 8 1-+ L(s, X) ean be analytically eontinued to a mcromorphie funetion

on C.
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