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EXTENSIONS OF SIMPLE MODULES
FOR G,(p) -

Jiachen Ye

Abstract

Extensions of simple modules for the finite Chevalley group Ga(p) with
p > 13 are completely determined in this note.

1. Preliminaries

1.1 Computing all the extensions of simple modules for finite Chevalley
groups is an interesting task in the modular representation theory. Alperin
[1], Andersen, Jgrgensen and Landrock 4], Sin [18-21}, and Andersen [3] have
computed extensions of simple modules for SL(2,2%), SL(2,p"), SL(3,2%)
and SU(3,2"), Sp(4,2") and Suz(2™), G2(2"),G2(3") and 2G,(3™),
SL(3,p) and Sp(4, p), separately. In particular, Andersen (3] provides a way
of computing extensions of simple modules for finite Chevalley groups from
those for the ambient algebraic groups. In the present note, we shall com-
pute completely extensions between simple modules for the finite Chevalley
group of type G over the prime field JF, of p elements with p > 13.

1.2 Let K be an algebraic closure of IFy, and let G be a connected simply-
connected simple algebraic group of type Gz over K. We assume that G is
defined and split over the prime field F,. For n > 1 we denote by G,, the
kernel of the Frobenius morphism F™ on @, and by G(n) the finite group
consisting of the points of G over the field of p" elements, i.e., the subgroup
of G consisting of fixed points of the Frobenius morphism F” on G. In
particular, we write G2(p) in stead of G(1).
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We denote by T a split maximal torus in G and by B a Borel subgroup
containing T. Let R denote the root system associated with (G, T). We
choose a set of positive roots R4 in R to be

Ry ={a,f,a+ B,2a + B,3a + B,3a + 25}

such that B corresponds to —R4 = R_, where a and § are simple roots with
a short. We let X(T) be the character group of T, i.e., the weight lattice.
Then the Weyl group W of G acts on it, and the dot action of W on X(T')
is given by

w- A =w(A+ p), for all A€ X(T), weW

where p is half the sum of all the positive roots. We define the following
subsets of the group:

X(T)y ={A e X(T) | (\7Y) 20, v € Ry},
the set of dominant weights, and
Xa(T) ={X € X(T)+ | (A,7¥) < p", 7 simple root},

the set of p"-restricted weights. Here vV is the dual root of 7. Let w, and wg
be the fundamental weights corresponding to a and 3, respectively. Then we
write a weight A in X(T) in terms of A = rw, + swg = (r,s). In particular,
we have ‘

X(T)s = {A = (r,8) € X(T) | r,s > 0},

and

Xi(T)={A=(r,s) € X(T)]|0<r,s<p}
Finally we let C be the lowest alcove in X(T)4, i.e.,
Co= {’\ € X(T)'I' I (’\+Pva(¥) <p}s

where a is the highest short root in Ry. Then the ‘closure’ Cy of Cj is

a fundamental domain of the action of the affine group W, = ({syn | v €
Ry,n € Z}) on X(T), where s, , denotes the affine reflection defined by

Sy A =sy A+npy =2+ (np—(A+p,7"))v, A€ X(D).
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Then we see that there are 12 alcoves in X;(T). The fact that there are 6
positive roots in R and 12 alcoves in X(T) makes the computations here
much more complicated. We have to do these very carefully.

1.3 Recall that X(T)4+ parametrizes the simple G-modules via highest
weights. For A € X(T)4 we denote by L()) (respectively V(X)) the simple
G-module (respectively the Weyl module) with highest weight A\. When
A € Xn(T), the L(A)'s stay simple upon restriction to G(n) and any simple
G(n)-module is isomorphic to exactly one of these. For any G-module M
we denote by M!" the Frobenius twist of M, that is, the new G-module
structure on M defined by the composite

¢ £, ¢ — cLM).

Tt is well known that MI" is trivial considered as G,-module and that any
G-module that becomes trivial upon restriction to G, is of this form. The
simple modules for G, are the ‘same’ as those of for G(n), i.e., the restrictions

to G, of the L(A)’s with A € X,(T).
Let A € X(T)4. It has the unique decomposition,

A=A +p"Al, A€ X, (T) and X' € X(T)4. (1)
Then the Steinberg tensor product theorem asserts that
L(A) = L(A%) @ LM,
Since G(n) consists of fixed points of the Frobenius morphism, we get
L) = L)Y @ LY

as a G(n)-module.

1.4 For A € X,(T) we denote by Q.()) (respectively U,(A)) the injec-
tive G, (respectively G(n))-module, whose socle is L()). In particular, the
Steinberg module St, = L((p™ — 1)p) has the property that it is injective
both as a G, and as a G(n)-module. We have therefore

Stn = Qu((p" = 1)p) = Un((p" — 1)p).

Note that @n()) is a G-summand of St, ® L{(p" — 1)p — A*). Here A* =
—wo(A)(= A, because —w, = 1 for type Gz) is the highest weight of the
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dual module L(A)*(= L(A), because each simple G-module is self-dual), and
wy is the longest element in the Weyl group W of G. Therefore Qn(A) is
also injective upon restriction to G(n). Following Chastkofsky {5, Theorem
2] and Jantzen [15, Corollary 2], we decompose @,(A) into a direct sum of

Un(p)’s for all A € Xp(T),

[@n(A) : Un(Wlamy = Y [L(#) ® L(v) : L(A + p"v)la- (2)
veX(T)+

Here [Qn(A) : Un(p)lg(n) denotes the number of times of U,(u) appear-
ing as G(n)-summand of Q,()) and [M : L(n))g is the composition fac-
tor multiplicity of the simple G-module L(n) in M. Moreover, we have
[@n(A) : Un(MN)])Gny = 1, and if A # g, then [@Qa(X) : Un(pt)lg(n) # 0 implies
that (4 — X, ay) 2 p" -1, and (v,0y) <h-1.

We list all the decompositions of @1(A)’s for n =1 in Table 2.

1.5 Following Jantzen [14], we call a G-module p™-bounded if all its weights
u satisfy (u,7Y) < 2p"(h — 1) (h being the Coxeter number, and in our case
h = 6) for all v € R;. Also, we call a weight u p"-bounded if the same
inequality holds. It is well-known that when p > 2h — 2, Q,()) has a G-
module structure for all A € X,(T). Moreover, @,()) can be considered as
the injective hull of L(A) in the category of p"-bounded G-modules.

1.6  Andersen (3] provides a way of computing all G(n)-extensions from
a knowledge of G-extensions. Andersen [3, Proposition 2.7] shows that (no
restriction on p is needed here) for all A, 4 € X,(T) the restriction map

Extg (L(u), L(A)) — Extg(ay (L(1), L(A)) (3)

is injective. For p > 3h — 3, Andersen [3, Theorem 3.2] shows the following
theorem.

Theorem Let A and pu € X,,(T) be such that (u,ay) < (A, af). Suppose
that the distances between A (respectively u) and any facet that lies in the
‘closure’ of the alcove to which A (respectively p) belongs are at least 2(h—1)
(respectively h—1) (i.e., if p divides (A+p, ay } +c (respectively (u+p, ay ) +¢)

for some ¢ € Z, then |c| > 2(h — 1) (respectively h — 1)). Then
@D Homg (L(u), L(+") ® L(v')) ® Extg; (L(v), L()))

& Extgny (L(1), L()) (4)
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where the sum is taken over all p"-bounded weights v = v° + p™v! with
° € X,(T) and v! € X(T)+.

When (4) holds, if all Socg (L(»°) ® L(»!)) and all Extg (L(v), L()))
are known, then Extg(n) (L(s), L())) can be easily determined. Liu and the
author [17] determined all the extensions of simple G-modules for p > 13.
As a by-product we also computed Socg (L(A) @ L(v)) for all A € X;(T)
and v € {wa, wp}. In fact, we believe that our results are also valid
when p = 11, however, we have to do more, because the Jantzen condition
(A+ p,ay) < p(p— h — 2) is no longer satisfied for some p-bounded weights.
For convenience we shall still restrict ourselves here to the case p > 13 only.

1.7 Let A € X,(T) and define Rn(A) to be the G-module for which the
sequence

0 — L(A) — @a(A) — Ra(A) — 0
is exact. Then, we have for all p"-bounded weights v
Extg (L(v), L()) = Homg (L(v), Ra(})).
Restricting to G(n), we get for all u(# A\)€ Xo(T) an exact sequence

0— HomG(n) (L(P)a Qn(A)) —_— HOmG(n) (L(p), Ra(X))
— Extb(n) (L(p), L(A)) — 0.

I Qn()) = Ur(A) or [Qn(A) : Un(1)lG(ny = 0, then

EthG(n) (L(ﬂ.), L(’\)) = HomG(n) (L(#)a Rn(’\)) :

Moreover, Andersen [3, Lemma 2.2] shows that R,(}) is a G-submodule of
3, Qa(v°) ® L(v1)[7), where » runs over all p"-bounded weights, each with
multiplicity dim Ext}; (L(v), L(A)). Following Andersen [3], in order to prove
(4) is an isomorphism we need only to check that

Homg (L(p), L(+°) ® L(v')) = Homgn) (L(1), @u(+**) ® L(+")),  (5)

because (5) implies that L(g) is a G(n)-submodule of R,(A) C 3., @.(+**)®
L(v")[" if and only if L(y) is a G-submodule of the G-socle of R,(\) re-
stricted to G(n).

1.8 In the case n = 1, we have known Exty, (L(v), L(})) for all p-bounded
weights v from [17, Table 1] (note that v! € {0, w4, wg} for each v
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with Extg (L(v), L())) # 0), and Socg (L(+°) ® L(»')) from [17, Table 3
and Table 4] for all v as above. Then €, Homg (L(y), L(+°) ® L(+')) ®
Extg (L(v), L())) can be easily determined. On the other hand, we have

dim Homg,(p) (L(w), U1 (+°) ® L(v)) = [L(1) ® L(v") : L(+")]G(p)s
dim Homg (L(p), @1(+°) ® L(v")) = [L(p) ® L(+") : L(+°)]c. (6)

If Q:(+°) = Uy(v°), and if the highest weights of all G-composition factors
of L(u) ® L(v!) belong to the set X;(T), then

[L(#) ® L(v') : L(va = [L(1) ® L(+') : L(+")]gs(p)

and then

Homg (L(x), @:(+°) ® L(v')) = Homg,(p) (L{), U1 (+°) ® L(»')) .

For most pairs {), 4} we have Q;(v°) = U1(+?), and the composition factor
multiplicity of simple G-module L(»°) in L(g¢)®L(1!) is one, and the number
of times of L(u) appearing as G-summand of Socg (L(+°) ® L(v')) is also
one. So (5) holds, and then (4) holds for these pairs, even though we do not
assume that p > 3h — 3.

2. Computations

2.1 In this section we show how to compute Exté,(l,) (L(ps), L(A)) for all A,
p € X1(T). Write A = (r,s) and g = (u,v). Since

Exté, (py (L(n), L(X)) = Extg, () (L(A)*, L(1)")
= Extg,p) (L(A), L(1)) (M)

we may assume that 2u+3v < 2r+3s. We shall compute all G,(p)-extensions
case by case, and in Table 1 we list all 4 € X, (T) with 2u = 3v < 2r + 3s
for which L{pu) extend L()) non-trivially(for Ga(p)).

In Table 1, terms with a negative coordinate should as usual be dealt
with in the following way: If 4 = (u,v) with u = —1 or v = —1, then we
cancel g4 only. If 4 = (u,v) with u < =1 or v < —1, then there are a simple
reflection s in W and a weight x4’ = (u',v’) in the same column as g such that
s-u = y', and then we cancel x4 and g4’ simultaneously. The dimension of
Extéz(p) (L{#), L(A)) can also be read from Table 1, namely as the number
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of times p appearing in the row corresponding to A. Note that this number
is between 1 and 3.

2.2 Let u € X;(T) be such that Homg (L(n), L(+°) ® L(»')) # 0. Then
we have g < v° +v', where the partial ordering ‘<’ of X(T') is defined in the
usual way, A < p if and only if 4 — A can be written as a linear combination
of positive roots with non-negative integer coefficients. It is obvious that if
L(n) is a G-composition factor in L(p) ® L(v!), then n < p+v! < 10 4201,
and if L(n) is also a Gy(p)-composition factor in L(x) ® L(v!), then we
still have n < g+ v} < v + 20!, On the other hand, if Homg,(,) (L{x),
Q:1(v°) ® L(v')) # Homg,(p) (L(1), U1 (v°) ® L(v')), then there must be a
weight n(# v°) € X;(T) such that [Q1(+°) : Ur(n)]g,(p) # 0, and Homg,(p)
(L(p), Ur(n) ® L(v*)) # 0, and hence L(n) is a G(p)-composition factor in
L(p) ® L(v!). So we obtain from (1.4)

(*,a0) +p—1< (nag) < (V° + 200, a7), (8)

that is, p < (2v?,ay) + 1. In our case, 2 < (v!,ay) < 3, hence p < 7, which
contradicts our assumption. Furthermore, if

[L(1) ® L(v") : L(+°)]e # [L(1) ® L(v") : L(+*)]Ga(p)

then L(v®) must be a G,(p)-composition factor in a certain simple G-module
L(n) = L(n°) ® L(n*)!Y} with 5! # 0 being restricted to G3(p), and L(7) is
a G-composition factor in L(u) ® L(v!). Hence we get ° < ° + 5! and
W+p—1m < +pp! <+ <%+ 201, Then we get (8) for such
an 7, this is still a contradiction. Now we can conclude that if x € X;(T)
satisfies Homg (L(y), L(v°) ® L(v')) # 0, then

HomGz(p) (L(#)a Ql(uo) @ L(Vl)) = HomGz(p) (L(p), UI(VO) ® L(Vl))
= Homg (L(y), 1 (+°) ® L(v")) .

Hence we need only to check
Homg (L(k), L(+°) ® L(v')) = Homg (L(u), @:(+*) ® L(+))  (9)

in stead of (5) which is more complicated.

When (9) fails, in order to compute Ext};:(’,) (L(p), L(A)), we have to
determine Socg,(p)Ri1(A), and to decompose @Q;(A) (as an injective G2(p)-
module) into the direct sum of U;(n)’s (see (1.7)).
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Remark In general, we have p™(v!, oy ) < (0 +p"v!, ) < 2p"(h—1),
then (1, ay) < 2(h—1), and hence p" < 4h — 3. So our conclusion is always
true for p or n large enough.

2.3  We shall compute all non-trivial Extg;,(,) (L(), L(A)) in three cases,
and give examples to illustrate our method.

Case 1. When ) is far from the facets in an alcove C, we have
Homg (L(p), L(¥*) ® L(v')) = Homg (L(g), @:(+°) ® L(+')),

for all p-restricted weight u. Hence (5) holds for all 4 as above. We therefore
get all g for which L(u) extend L()) non-trivially(for Gz(p)).

For example, take A = (r, s) in the top alcove with 2r +3s > 4p—2,r <
p—4,s8 < p—2, then the p-bounded weight v for which L(») extends L())
(for G) has the following values: (4p —r —3s —5,9),(-3p+r+3s+3,p—
§—2),(-3p+r+3s+3,2p~35—-2),(-3p+2r+33+4,3p—r—23—4),(2p—
r—2,—p+r+ s+ 1). Therefore, we have by [17, Table 3 and Table 4] that

Socg (L(—3p+r+3s+3,p—s—2)® L(0,1))
=2L(-3p+r+3s+3,p—3—-2)BL(-3p+r+3s+3,p—s—1)
SL(-3p+r+3s+3,p—s—-3)OL(-3p+r+3s+4,p—s5-2)
OL(-3p+r+3s+2,p—35-2)®L(-3p+r+3s+4,p—3s—-3)
®L(-3p+r+3s+2,p—3-1)L(-3p+r+3s+5,p—s-—3)
®L(-3p+r+3s+1,p—s—1)®L(-3p+7r+3s+6,p—s—3)
®L(-3p+r+38,p—s—-1)BL(-3p+r+33+6,p—s—4)
®L(—-3p+r+3s,p—23),

and
Socg (L(—4p+2r +3s +4,3p— 17— 25 — 4) @ L(1,0))
=L(—-4p+2r+3s+4,3p—1r—235—4)
®L(—4p+2r+3s+53p—r—2s—4)
®L(—4p+2r+3s+3,3p—r—2s—4)
@®L(—4p+2r+3s+5,3p—r—2s—5)
®L(—4p+2r+3s+3,3p—r—-25-3)
®L(—4p+2r+3s+6,3p—r—23~5)
®L(—4p+2r+3s+2,3p—r—2s-13),
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and

Socg(L(p—r—2,—p+r+s+1)® L(1,0))
=Llp—r-2,—p+r+s+1)®L(p—r—1,—p+r+s+1)
=L(p—-r-3,-p+r+s+1)®L(p—r—-1,-p+r+3s)
=L(p-r-3,-p+r+s+2)®Lp—r,—p+r+3)
=Lp-r—4,-p+r+s+2).

We can easily check for x4 which is one of the highest weights among the
above summands that dimHomg (L(p), L(»°) ® L(v')) = [L(p) ® L(v') :
L(+°))¢ = Homg (L(p), @1(v°) ® L(v')). So Case 1 can be done in this

way.

Case 2. When A is close to a facet in an alcove C, (9) no longer holds for
some p-bounded weights. In this case y is in a facet which lies in the upper
‘closure’ of an alcove. However, if we interchange the roles of A and g, then
(9) holds, and hence Case 2 will be done in virtue of (7).

For example, take A = (p — 4, ) in the top alcove with }(2p+7) < s <
p—3,u=(-2p+3s—1,p—~s—1)and p = (—2p+3s—4,p—s). Note that
v=(-2p+3s—1,2p—s—2)in this case, i.e.,, v* = (—-2p+3s—1,p— s — 2)
and »! = (0,1). We have

Homg (L(p), L(+*) ® L(+v")) = K,
whereas
Homg (L(u),1(+°) ® L(+')) = K ® K.
However, if we interchange the roles of A and u, then we have
Homg (L(p — 4,3),L(p — 1,5 — 1) ® L(0,1))
= Homg (L(p — 4,3),@Q1(p — 1,5 = 1) ® L(0,1)) = K,

and

Homg (L(p — 4,3),L(p — 1,5 - 2) ® L(0,1))
= Homg (L(p — 4,s),Q1(p— 1,5 — 2) ® L(0,1)) = K,
respectively. So (9) still holds in this case.
Case 3. When ) is too close to a facet in an alcove C, (9) no longer holds
for some p-bounded weights, even though we interchange the roles of A and

i. In this case u is close to a facet which lies in the upper ‘closure’ of an
alcove. We have to pay more attention to this case in the next subsection.
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2.4 Let us give an example to show how Case 3 can be done successfully.

Take A = (p—3, 3) in the top alcove with $(2p+5) <s<p-3, u=(-2p+

3s+1,p—s—2)and (—2p+3s—2,p—s—1). Note that v = (—2p+3s,2p—3s—2)

in this case, i.e., ¥® = (—2p + 3s,p — s — 2) and v! = (0,1). We have
Homg (L(p), L(+°) ® L(+")) = K,

whereas

Homg (L(p), @1 (v*) @ L(+v')) = K ® K.
Even though we interchange the roles of A and u, we still have
Homg (L(A), L(*+°) ® L(v')) = K,
whereas
Homg (L(A),Q:("V*) @ L(v')) = K @ K,
where *1% = (p - 2,s) and (p — 2, s — 1), respectively. So (9) fails. In order
to compute
Extg,p) (L(—2p+3s+1,p—3—2),L(p—3,3))
and
Extg,p) (L(—2p+3s—-2,p—s—1),L(p—3,3)),
we need to determine Socg, (;)R1(p—3, s) because ¢1(p—3,s) = Ui(p—3, s)
(see (1.7)). It is easy to see that
Socg,(p) (SocgRi(p — 3, 8)) = Socg,pRa(p — 3, ),
and
SocgRi(p—3,8) = L(-2p+3s,2p—s—2)® L(-p+3s—2,2p—2s—1)
Lp+1,s—2)® L(-2p+33,p—3—2)® L(3p— 35 — 2, 3).
By decomposing the tensor product of two simple G-modules we have
L(—2p+3s,p—s —2)® L(0,1) << 2L(—2p + 3s,p — s — 2)
®L(-2p+3s,p—s—1)PL(-2p+3s,p—5—3)
®2L(-2p+3s+1,p~-s-2)®L(-2p+3s—1,p—s—2)
®L(-2p+3s+1L,p—s-3)®L(-2p+3s—1,p—s—1)
®L(-2p+3s+2,p—3s—-3)P2L(—2p+3s—2,p—3—-1)
®L(-2p+3s+4+3,p—~s-3)BL(~2p+3s—-3,p—s—1)
®L(-2p+3s+3,p—s—4)®L(-2p+3s—3,p—3)
@& L(0,p—s—-2)® L(0,p—s—1),
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where «Z+ means that the two sides have the same G-composition factors.
Therefore, we get
Socg (L(—2p+ 3s,p— s — 2) @ L(0,1))
= Socg,(p) (L(—2p + 3s,p — s — 2) @ L(0,1))
=2L(-2p+3s,p—s—2)® L(-2p+3s,p—s—3)
®L(-2p+3s+1,p—9s—-2)®L(—-2p+3s—1,p—5—2)
O®L(-2p+3s+1,p—s-3)®L(-2p+3s—1,p—s—1)
®L(-2p+3s+2,p—5—-3)DL(-2p+3s—2,p—s—1)
®L(-2p+3s+3,p—s—-3)®L(-2p+3s—3,p—s—1)
®L(-2p+3s+3,p—s—4).
Similarly, we get
Socg (L(—2p +3s — 2,2p — 25 — 1) ® L(1,0))
= Socg,(p) (L(—=2p+3s —2,2p— 25 — 1) ® L(1,0))
=L(-2p+3s—-2,2p—2s—-1)DL(-2p+3s—1,2p—23—1)
OL(-2p+35—3,2p—2s—1)® L(—2p+3s—1,2p— 25— 2)
& L(—2p+3s—3,2p—2s)® L(—2p+ 35,2p — 25 — 2)
& L(—2p+ 35 — 4,2p — 2s),

and
Socg (L(1,s — 2) ® L(1,0)) = Socg,p) (L(1,s — 2) ® L(1,0))

=L(1,s—2)® L(2,s — 2)® L(0,s —2) ® L(2,s - 3) ® L(0,s — 1)
& L(3,s —3).
So we have
Extg,p) (L(-2p+3s+1,p—s—-2),L(p—3,3)) =K
Extg,p) (L(-2p+3s—-2,p—s—-1),L(p-3,8)) = K,
and hence (4) is still true. The same argument applies to all other pairs
{A, s} in this case.
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Table 1

A=(r98) p = (u,v) with 2u + 3v < 2r + 3s, and EztE’(P) (L), L(up)) £ 0

2r+3s<p-15 none
r+4 35 =p—4,
r+2s=p-13,
2r+35=2p-5,
r+s=p—2
s< 3(p—-3),
r=p—1

s< ip—4),
r+3s=2p—4
r< 3(p-5)
r=s=p-—1

2r4+3s>p—-5, (p—r—3s-—05,s)
r+3s<p-—4

r+3s>p—4, (-p+2r+3s+4,p—r—25—4)
r+2s<p-3

r+28>p-3, (rp—-r—8-3)
2r+38<2p-5

2r+3s>2p-5, (2p—r—-38—05,s)
r+s<p—2,
r+3s<2p—4

r+3s5>2p—-4, (-2p+r+3+3,p—5-2) (—-2p+2r+3s+4,2p—r—25—4)
r+s5<p—12, (-2p+r+3s+4,p—58-2)
r>1 (-2p+r+33+4+2,p—-5-2)

(-2p+r+3s+4,p—5-3)

(—=2p+r+3s+2,p-85-1)

(-2p+r+3+5p—5-13)

(~2p+r+3s+1,p—-5-—-1)

1,s), (-2p4+3s+4,p—5-2) (-2p+35+6,2p— 28 —-5)
1(2p-4)<s, (-2p+3s+5p—5-2) '
s<p—4 (-2p+35+3,p—5-2)

(~2p+35+3,p—s-1)
(-2p+35+6,p~5-13)
(-2p+3s+2,p—5-1)
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A=(r8)

= (u,v) with 2u + 3v < 2r + 35, and Ezt}, 20y (L(A), L)) # 0

(0,3),
%(21’_ 2) S 8,
s<p-3

(1,?—3)

(in_ 2)

r+s>p-2,
r+38< 2p—5,
r<p-—1
r+3s=2p-35,
Ip+5) <,
r<p-—2
r+3s=2p-—4,
e+ <,
r<p-2

(-2p+35+4,2p—28—4)

(-2p+3s+4,p—58-2)
(-2p+3s+2,p—58—-1)
(-2p+3s+1,p—s-1)

(p_sil) (p_4v1)
(p——ﬁ,l) (P—4,D)
(P_alo) (P-7,2)

(p—3,0) (P"'2,0)
(P—4,0) (P—4,1)
(P—5l 1)

(-p+28+1,r)
(-p+2s,r)
(-p+28+2,r-1)
(-p+2s+3,r—1)
(—-p+2s-1,r+1)

3p—2r—3s—-6,—p+r+25+2)

(
(p—r—=2,—p+r+s+1)
(p—r—1,-p+r+s+1)
(p—r—=3,—-p+r+s+1)
(p—r—-1,-p+r+3s)
(p—-r-3,—p+r+s+2)
(p—r.—pt+r+s)
(p—r—4,-p+r+s+2)

(p—r—=2,—p+r+s+1)
(p=r=3,-p+r+s+1)
(p—r-1,-p+r+s)
(p—r—3,-p+r+s+2)
(p—ri—ptr+s)
(p=r—d=p+r+at2)

(-p+3s+2,p— 25— 3)
(-p+3s+1,p—25-3)
(-p+3s+3,p— 25— 4)
(-p+35,p—25—2)

(P-3,1)

(P_ 210)

(p-r-1,p—38-3)

(-p+38+2,p—5-2)
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A= (r,s) # = (u,v) with 2u+3v < 2r + 35, and Ezty, ) (L(}), L(p)) # 0
2r+3s<3p—6, (-2p+2r+3s+4,2p—r—~28—4) (p—r—-2,—p+r+s+1)
r+3s>2p-2, (Bp—2r—3s—6,—p+r+2s5+2) (p—r—1,-p+r+s+1l)
r4+s>p-1 (-2p+r+3s+3,p—5-2) (p—r-3,-p+r+s+1)

(-2p+r+3s+4,p—5-2) (p~r—1,-p+r+s)
(-2p+r+38+2,p—5-2) p-r-3,-p+r+s+2)
(-2p+r+3s+4,p—5-3) (p—r,~p+r+s)
(-2p+r+38+2,p—3s-1) (p-r—4,-p+r+s8+2)
(-2p+r+3s+5,p—5-3)
(-2p+r+3s+1,p—5-1)
(-2p+r+3s5+3,p—5-2)
(3,p-4) (?-21)  (0,p-3) (=62 (p-6,2)
(p—5,0) (P—4,0) (P—7,3) (P—4,1)
(p—-6,00 (p-171) (p—8,3)
(P-t.3p+2)  (0,4Cp-2) (1,2p-8))
(p—2,5(p—4)) (1,5(2p - 8))
2,4 -1) (0,320 - )
(3,3 -7) (2, k(2p - 11))
(3, 3(p—10)) (0, 5(2p - 5))
(4,1 - 10)) (5, }(2p - 11)
(0,5(p—14))
2r+3s=3p-6, (p—2,-p+r+s+2) (0,—p+r+25+2)
6<r<p-5 (p-r—3,p~-5-2) (p—r-2,-p+r+s+1)
(p—r-3,p—58-2) (p—r—-1,—-p+r+s+1)
(p—r—4,p—5-1) (p—r-3,-p+r+s+1)
(p-r—4,p-5-2) (p—r—1,-p+r+s)
(p—-r—-2,p—85-13) (p—r,—p+r+s)
(p-r-1,p-5-13) (p-r—~4,-p+r+s+2)
(p~r-5p-5-1)
r+3s=2p-2, (p—r—4,p-13) (r+2,5-2)
%(p+l)<_<r, (1,p-5s-2) (p-r-2,-p+r+s+1)
r<p—=6 (1,p—5-2) (p—r-1,-p+r+s+1)
(2,p-5-12) (p—r-3,-p+r+s+2)
(0,p—8-2) (p-r—-1,-p+r+s)
(Q,P—3-3) (p--r,——p+r+s)
(0,p—s5-1) (p—r—4,-p+r+s8+2)
(3,1’_3—3)
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A=(r8) = (u,v) with 2u + 3v < 2r + 35, and Eztg, ) (L(A), L(p)) # 0

r+3=2p-3, (p—-r-3,p-s5s-1) (r+1,8=-1)

jp+3) <, (0,p—5-2) (p=r—1,-p+r+s+1)

r<p-4 (1,p—-5—-2) (p—r—3,-p+r+s+2)
(1,p—s-3) (p=—r,—p+r+s)
(2,p—8—3)

r+s=p-1, (p—-s—4,8+41) (s+2,p-58-3)

4<r<i(p-1) (-p+2+2,p-3-2) (p-r-2,0)
(-p+2s+2,p—58-2) (p—r-10)
(-p+2s+3,p—58-2) (p—r-3,0)
(-p+2s+1,p—s5-—-1) (p—-r-3,1)
(-p+28+4,p—5-23) (p—r—4,1)

2r+3s=3p-5,
5<r<p-5

(P-3,3(p+1))

(—p+2s,p-s-1)

(p—1,-p+r+s+1)
(p—r—2,—-p+r+s+1)
(p—r-3,-p+r+s+1)
(p=r=1,-p+r+s)
(p—r,—p+r+s)

(p—1,3(p-5)

(p—r-—-3p-—8-2
(p—r—-1,p—5-13
(p—-r—4,p—5-1)

(1,5(2p-17))

(1, 5(p—5)) (1,3(2p-T1))

(0, %(p -5)) (0, %(21’ - 4))

(2,5(p - 8) (2,5(2p - 10))

(3,5(p-8) (0,5(2p-1))

(2,p-3) (p-1,0) (p—4,0) (r-41) (-41)

(p—3,0) (p—5,0) (P—3v1) (P"5,1)

(P—5,1) (p_S:O) (p—2,0)

(p—ﬁ,?)
(P-2,30-1) (-130p-4) (0,5(2p —5))

(1!%(?’-7)) (1:%(21’—5))

2,3 -7) (1,32 - 8))
2r+35>3p-3, (-3p+2r+3s+4,2p—r—25—4) (3p—r—3s8-15,38)
r+25<2p—3, (-3p+2r+35+52p—-r—-25—-4) (-2p+r+3s8+3,p—8-2)
r<p—2 (-3p+2r+3s+3,2p—r—28—-4) (-2p+r+35+3,p—5-2)

(-3p+2r+35s+5,2p—r—25-75)
(-3p+2r+35+3,2p—r—25-13)

(-2p+r+3s+4,p—8—2)
(-2p+r+3s+2,p—8—2)
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A= (r,8) p = (u,v) with 2u +3v < 2r +3s, and E"’tcl:;,(p) (L(A),L(p)) #£0

2r+3s>3p-3, (-3p+2r+38+6,2p—r—25-5) (-2p+r+3s+4,p-58-3)
r+2s<2p—3, (-3p+2r+35+2,2p—r—25-3) (~2p+r+3s+2,p—5-1)
r<p—2 (p—r—2,—-p+r+s+1) (-2p+r+38+5,p—8—-13)

(p—r—2,-p+r+s+1) (-2p+r+3s+1,p—s5-1)

(p—r—-1,-p+r+s+1)

(p—r-3,-p+r+s+1)

(p—r=1,-p+r+s)

(p—r—38,—-p+r+s+2)

(p—r,—p+r+3s)

(p-r—4,-p+r+s+2)

2r+3s=3p-3, (l,-p+r+s-1) (r—-2,8)

6<r<p-3 (2,-p+r+s5-1) (p-rp—-8-2)
(0,-p+r+s-1) (p—-r,p—58-—2)
(2,-p+r+s-2) (p-r+1,p—28-2)
(0,—p+r+3) (p-r+1,p—8-3)
3, -p+r+s-2) (p—-r—-1,p—5-1)
(p-r—2,-p+r+s+1) (p-r+2,p—5-3)
(p=r=2,-p+r+s+1) (p—r-2,p-5-1)

(p—r—1,-p+r+s+1)
(p—r-3,-p+r+s+1)
p—-r-3,-p+r+s5+2)
(p=r,—p+r+5)

(p—-r—4,-p+r+s5+2)

2r+3s=3p—-4, (1,-p+r+s) (r-1,8)

4<r<p-3 (1,-p+r+s-1) (p—-r—1,p—-5-2)
(2,-p+r+s-1) (p—rp—5-2)
(p—r—2,-p+r+s+1) (p—r—-2,p-8-1)
(p-~1'—1,-—p+f+8+1) (p—r+1,p—s—3)

(p—r—3,-p+r+s+2)
(p—-r—4,-p+r+s+2)

r+2s=2p-3, (s,p—8-2) (-p+25+1,p-5-2)

b<r<p-4 (8,p—8-2) (=p+2s+1,p—58-2)
(8—-1,p—5-2) (-p+28,p—8-2)
(s+1,p—5-3) (-p+2s+2,p—5-3)
(s—1,p—-s—1) (-p+28+3,p—8-3)
(s-2,p—8-1) (-p+28s-1,p—s-1)
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A=(r38)

g = (u,v) with 2u + 3v < 2r + 35, and Ezth,(P) (L(X), L(w)) #£0

(P - 21 %‘(P - 1))

(3,P—3)

(l,p— 2)

(P_ 213)1
3(p+2) <3,
s< i(p-3)

(p-235(p+1))

(P— 1!3)1
p+1)<s,
s < 3(p—3)

Glp-1,3(0-3))
(3p-1),3(p-3))
(5(p—3),5(p-3))
(3(p+1),5(r-5))
(3(p=5),3(p- 1))

(p-3,1) (p—3,1)
(P_4!1) (P—2,0)
(P-42) (»-10)
(P_5’2)

(P— 2r0) (p—2,0)
(p-1,0) (p-3,0)
(P_3v1) (P_411)
(2p—3s-3,38)

(—p+3s,p—2s-2)
(-p+3s—-1,p—25s-12)
(-p+3s+1,p—25s-3)
(-p+3s-1,p—-23-1)
(-p+3s+2,p—235-3)
(-p+3s—2,p—28-1)
(0,s—1) (1,8-1)

(P -4, %(p + 1))
(1,3(r-8)

(0, 5(p - 8))
(2,5(p = 12))
(0, 5(» ~ 5))
(3,5(p - 11))
(1,3(p-2))
(2,3(p—5))

(-p+3s+2,p—5-2)
(-p+38+2,p—5-2)
(-p+3s+1,p—8-2)
(-p+38+3,p—-8-3)
(-p+3s+4,p—5-13)

(0,3(p—3))

(1! %(P - 5))
(2,3(p-5))

(p-5,1) (p-5,1)
(P-41) (p-6,1)
(P—4.0) (P—3,0)
(P_ 7:2)

(p-3,0) (p-3,0)
(P_210) (P—4,0)
(r-41) (p-51)

(-p+3s+1,p—5-2)
(-p+3+1,p—35-2)
(-p+35+2,p-8-2)
(~p+3s,p—5-2)

(-p+38+2,p—8-3)
(-p+3s+3,p—5-3)
(-p+3s—1,p—s-1)
(1,8-2) (2,8-2)

(2,3(2p-7))
(2,3(2p-1)
(3r %(21) - 7))
(3,3(2p — 10))
(4, %(QP - 10))
(0,3(2p - 4))

(~p+38+2,p—25-3)
(—p+3s+1,p—25-13)
(-p+3s+3,p—25—14)
(-p+38,p—25-2)

17



A=(r,8)

# = (u,v) with 2u +3v < 2r + 35, and Eztg ) (L(X), L)) # 0

(P‘— 1, %(p - 2))

(P— 1: %(P— l))

r+2s>2p-2,
r+3s < 3p-35,
r<p-—2

r+43s=3p-5,
7T<r<p-3

r+28=2p-2,
6<r<p-3

(4!1"' 3)

(0,3(2p - 4))
(2,520 - 7))

(1,3(2p - 5))
(1,5(2p - 5))
(0,3(2p-5))
(2,5(2p-8))
(3,3(2p - 8))

(4p—2r—35s—-6,-2p+r+2s+2)

(p—r=2,—p+r+s+l)
(p—r—=2,-p+r+s+1)
(p—r—=1,-p+r+s+1)
(p—r=3,-p+r+s+1)
(p—r—1,-p+r+s)
(p—r-3,-p+r+s+2)
(p—r,—p+r+8)
(p—r—4,-p+r+s+2)

(p—r—-1,p—5-3)
(p-r—2,-p+r+s+1)
(p—r—-2,—p+r+s+1)
(p—r—-3,-p+r+s+1)
(p—r—1,-p+r+s)
(p-r—-3,-p+r+s5+2)
(b-r,-p+r+s)
(p—-r—4,-p+r+s+2)

(s —2,0)
(p—-r-2,p—s5-1)
(p-r-2,p—8-1)
(p-r—-1,p—s5-1)
(p—r—3,p~5)
(p—-rp-s-2)
(p—r—-4,p-3)

(p—5,0) (p—6!2)
(r-6,2) (p—-17,3)
(P—4,1) (p_8:3)

(1,3(2p - 7))

(1,3(p-5))
(1,5(r-8))

(11 %(P - 7))
0.5(-7)
(2, 5(p - 10))
0,5(p—4))

(r,2p—r—8-3)

(~2p+r+3s+3,p—5-2)
(—2p+r+3s+4,p—8-2)
(-2p+r+3s+2,p-8-2)
(—2p+r+3s+4,p—5-3)
(-2p+r+3s+2,p—8-1)
(-2p+r+3s+5p—8-3)
(-2p+r+3s+1,p—s5-1)

(r,2p—r—5-3)
(P—2,p-5-2)
(p-1,p-8-2)
(p—3,p-5-2)
(p—1,p—5-3)
(p-3,p—s—l)
(p—4,p—s5-1)

(r,8—1)
(s+1,p~86-2)
(s+2,p—-5-2)
(5+2,p—85-3)
(s,p—28-1)
(s+3,p—5-13)

(4.P—4)
(P— lvl)
(P"3.2)

(P— 2r1)
(P— 1!0)
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A=(r8)

# = (u,v) with 2u + 3v < 2r + 35, and Extg, ) (L(X), L(p)) # 0

Ga(p

(P - 21 8),
1p+1)<s,
s < 3(2p - 4)

(P— 118)1
ip+1)<s,
5 < 3(2p - 5)

(P-1,3(p-1))

(p-1,5(2p-4))

r+3s=3p-—14,
3<r<p-~-4

(2:1’_2)

(p-3,3(2p-1))

(r—-2,4(2p-2))

(2p-3s—2,—p+2s)
(p-2,p-5-1)
(0,s-1)

(1,s-1)

(1,8-2)

(2,5 -2)

(-p+3s+2,p—5-2)
(-p+3s+1,p~-5-2)
(—p+3s+3,p—5—3)
(-p+3s+4,p—5-13)

(%(P-F 1)! %(P - 3))
(3(p+3),3(p-5))
(3(p+5),3(p - 5))

(r-2,5(0-2)
(p~3,3(r-2)

(p—r—2,p—5-2)
(p-1p-5-2)
(p—?,p—8—2)
(p-2,p-5-1)
(p-3,p—5-1)

(P—4,0)
(P - 2:0)
(P - 3: 1)

(P_I)O)
(P— 211)

(1, 5(p-5))

(rp—-1, é(P -5))
(P-2,3(p-5)
(p-25(p-2)
(P -3, %(P - 2))

(0,3(p—4))

(p-1,5(p—14))
(P-2,3(p—4))
(P-3,5(p-1))

(-p+3s+1,p-5-12)
(~p+3s+2,p—s5—2)
(-p+3s,p—5-2)

(-p+3s+2,p—8-3)
(-p+38+3,p—s—3)
(~p+3s—1,p—s—1)

(p-1,p-25-2)

(P— 1:%(F-3))

(P— 11 %(P_ 2))
(P_ 1, é(P_ 5))

(p—r—-2,—p+r+s+1)
(p—r—2,-p+r+s+1)
(p—r-3,-p+r+s+1)
(p—r—1,~p+r+3)

(p—r—4,-p+r+s5+2)

(P-4,1) (p—4,1)
(#-31) (p-51)
(P_3,0) (p—2,0)
(P— 6’2)

(1! %(QP - 7))
(1Li@p-7)
(0,3(2p- 7))
(0,3(2p - 4))
(2, 3(2p - 10))

(0,1(2p - 5))
(1,1(2p - 5))
(1,1(2p - 8))
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A=(rs) s = (u,v) with 2u+3v < 2r + 3s, and Eztg, ) (L(A), L(p)) # 0

r+38>3p—-2, (d4p—2r—35-6,-2p+r+25+2) (-3p+r+3s+3,p—s5-2)
2r+3s<4p—-7, (-3p+2r+3s+4,3p—r-25s-4) (-3p+r+3s+3,p—5-2)

s<p-1

2r+38=4p-1,

(p-r—2,-p+r+s+1)
(p—r—-1,-p+r+s+1)
(p=r=3,-p+r+s+1)
(p—r—1,—p+r+3)
(p—r-3,-p+r+s+2)
(p—-r,—p+r+s)
(p—r—4,-p+r+s5+2)

(1,2p—r —8-5)

(~3p+r+38+3,p—5-2)
(-3p+r+3s+3,p—s5-1)
(-3p+r+3s+3,p—5-13)
(-3p+r+32+4,p—5-2)
(-3p+r+32+2,p—5-2)
(-3p+r+3s+4,p—8-3)
(-3p+r+3s+2,p—s-1)
(-3p+r+3s+5p—s5-3)
(-3p+r+3s+1,p—s-1)
(-3p+r+3s+6,p—s5-13)
(-3p+r+3s,p—s5-1)
(-3p+r+3s+6,p—5-—4)
(-3p+r+3s,p—-s)

(p—-r—4,p-5-2)

$Hp-3)<r, (p-3,-p+r+8+3) (p-r—4,p—5-2)
r<p-6 (p—r—2,~p+r+s+1) (p—r—4,p—5-2)
(p—r—1,-p+r+s+1) (p—r—4,p—5-3)
(p—r—3,—p+r+s+1) (p—-r-3,p—5-2)
(p—r—1,-p+r+s) (p—r—5,p—s5-2)
(p—r-3,-p+r+s5+2) (p—r-3,p—5-3)
(p—r,—p+r+s) (p—r—-5p—s5-1)
(p—r—4,-p+r+s+2) (p—-r—-2,p—5-13)
(p—r—6,p—s-1)
(p—r—T,p—5-1)
(p-r—1,p—s-4)

(p—r—=T,p—35)
2r+3s=4p—-6, (0,2p—r—s—4) (p—r-3,p—8-2)
ip=-1 <, (p=2,~p+r+s+2) (p—r-3,p—5-2)
r<p-35, (p—r—-2,-p+r+s+1) (p—r—-3p—8-2)

(p—r—1,-p+r+s+1)
(p—r-3,-p+r+s+1)
(p—r—L-p+r+s)
(p—r,—p+r+s)
(p—r—4,-p+r+s+42)
(p-r-5p—-5-1)
(p—r,p—s-4)

(p—-r-3,p—8-3)
(p—r—4,p—5-2)
(p—r—-2,p—5-13)
(p—r—4,p—-s5-1)
(p—r—l,p—s—3)
(p—r—-6,p—s5-1)
(p—r—ﬁ,p—a)
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A=(rs)

# = (u,v) with 2u + 3v < 2r + 3s, and Exty . (L(A), L(p)) # 0

(p—4,3(2p+2))

r+3s=3p-2,
2<r<p-6

r+3s=3p-3,
3<r<p-5

(p-4,3(2p+1))

(r-3,32p+1)

0,4~ 2))
(r—-2,3(2p-9)
2 32 -1)
(3,35(2p-17))
(3,4(2p - 10))
(4,3(2p - 10))
(0,5(2p - 4))

(p—r—-4,p—23s)
(r+2,8-2)
(p—r—2,-p+r+s+1)
(p—r—1,-p+r+s+1)
(p—-r—-1,-p+r+3)
(p—-r=-3,—p+r+s+2)
(p—r,—p+r+s)
(p—r—4,-p+r+s5+2)

(p-r-3,p-58-1)
(r+1,8-1)
(p—-r—-1,—-p+r+s+1)
(p—-r-3,-p+r+s+2)
(p~r,—p+r-+3)

(1,3(r—-4))

(P - 3r %(2;’ - 2))
(3,5(2r - 8))
(1,3(2p-5))
(4,5(2p - 11))

(L, 3(p-7)
(1, 3(p - 10))
(2’ %(P - 7))
(2, 5(p - 10))
(4, 3(r—13))

(1, 5(p-7))

(1,5(p-8))
(1,3(p—8))
(1,3(p—8))
(1,5(p-5))
(1, 5(p-11))
(2,3(p—11))
(3, 5(p-11))
(4,5(p—14))

©,1(p=17)
0,4(p~4))
(0,3(p - 10))
(0, §(p - 10))
(2,5(p—13))
(3,3(-17))

(p-1,35(2p-5))
(1,3(2p-5))
(0,35(2p-5))
(2,5(2p-8))
(3,3(2p-8))

21



A=(r38)

# = (u,v) with 2u + 3v < 2r + 35, and Ezty, ) (L(A), L(p)) # 0

(r—23(2p—-1)

2r+3s=4p-35,
3(p+1) <3,
r<p-95

(T»P- 1)}
2<r,

r<i(p-5)

(O,P— 1)

(l,p— 1)

(%(P— 3),P— l)

2r+3s>4p-12,
r<p-—3,
s<p—2

(0,3(p—5))
(0,5(r—8))
(2,5(p-8)
(3,35(p—11))

(p—-r—2,p—-85-2)
(p—r-2,p-8-2)
(p=-r—-2,p-5-2)
(p-r—-2,p—5-13)
(p—r-3,p—-5-2)
(p-r-1,p-58-3)
(p—-r—4,p—s-1)
(p—r—-5p-58-1)
p—-r+l,p—s-—4)
(p—r—5p—3)

(P_r_zrr)
(p—r-3,r)
p—-r-1,r-1)
(p-r—-3,r+1)
p—-r—4,r+1)

(P_2)0) (p_ 1,0)
(P— 3!0) (P— 3’1)
(p_4:1)

(p-3,1) (r—4,1)
(P_Q!O) (p_4r2)
(P-1,00 (p-5,2)

(3(p-1),3(p-3))
(3(p~3),3(p-3)
(3(p+1),3(p-5))
(3(p-5),3(p- 1))

(-3p+r+35+3,p—8-2)
(-3p+r+3s+3,p—58-2)
(-3p+r+3s+3,p—-5-2)
(-3p+r+3+3,p—s5-1)
(-3p+r+35+3,p—5-3)

(p—1,3(2p—4))
(1,35(2p-7)
(2,5(2p-T))

(p—1,-p+r+s+1)
(p—r—-2,—p+r+a8+1)
(p—r-38,-p+r+s+2)
(p~r—1,-p+r+s)
(p—r,—p+r+s)

(p—2r-3,r)

(P— 3’0)

(P— 5r1)

(01 %(P - 3))

(-4p+2r+3s+4,3p—r—25-4)
(—4p+2r+3s+53p—r—25—-14)
(-4p+2r+3s+3,3p—r—28—4)
(—4p+2r+35+5,3p—r—25-5)
(-4p+2r+35+43,3p—r—-25-3)
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A= (rs) p = (u,v) with 2u + 3v < 2r + 3s, and Ezty, . (L(A), L(s)) # 0

2r+3s>4p—2, (-3p+r+3s+4,p—-5-2) (—4p+2r+38+6,3p—r—-25-15)
r<p-3, (-3p+r+3s+2,p—8-2) (—4p+2r+35+2,3p~—r—28-3)

5<p—-2 (-3p+r+35+4,p—28-3) (p-r—2,—-p+r+s+1)
(-3p+r+3s+2,p-85-1) (p—r—1,-p+r+s+1)
(-3p+r+3s+5,p—8-3) (p—r-3,-p+r+s+1)
(=3p+r+3s+1,p—s—-1) (p—r—1l,-p+r+3s)
(-3p+r+35+6,p—5-3) (p—r—3,—p+r+s+2)
(-3p+r+3s,p—8-1) (p—r,—p+r+s)
(-3p+r+3s+6,p—58—4) (p—-r—4,-p+r+s+2)
(=3p+r+3s,p—3) (4p—r—35-15,3)
2r+35=4p-2, (r-3,s (2,-p+r+s-2)
Jp+7 <, (p—-r+1l,p-8-2) B, -p+r+s-2)
r<p—4 (p—r+1l,p-58-2) (1,-p+r+38-2)
(p-r+1,p—5-2) B,-p+r+8-3)
(p-r+1L,p—s-1) (I,-p+r+s-1)
(p—r+2,p—58-2) (4,-p+r+s5-3)
(p—r,p—58-2) 0,—p+r+s-1)
(p—r+2,p-5-3) (p—r—-2,-p+r+s+1)
(p—r,p—s5-1) (p—r-1,-p+r+s+1)
(p—r+3,p-5-3) (p—r=3,-pt+r+s+1)
(p-r—1,p~8-1) (p—r—1,—p+r+3)
(p—-r+4,p-35-3) (p=r—=3,-p+r+s+2)
(p—r+4,p—5-14) (p—r,—p+r+s)
(p—r=2,p-2) (p-r—4,p+r+a+d)
2r+35=4p-3, (r—2,5) (1,-p+r+s-1)
Hp+3) <, (p—rp-58-2) 2,-p+r+s-1)
r<p—4 (p—rp-58-2) 0,~p+r+s-1)

(p-r,p—35-2)
(p=rp—s5-1)
(p-r+l,p-5-2)
(p—r—-1,p—s-1)
(p-r+2,p—5-13)
(p—r+3,p—5-3)
(p—-r+3,p—a—4)
(p—r-3,p—3)

(2,-p+r+8-2)
(0,-p+r+3s)
3,-p+r+s-2)
(p—r—2,—-p+r+s+1)
(p—r=1,-p+r+s+1)
(p—r—3,-p+r+s+1)
(p—r-3,-p+r+s+2)
(p—r,—p+r+9)
(p_r_4r_P+r+B+2)
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A=(r,8)

# = (u,v) with 2u +3v < 2r +3s, and Eztg ) (L(X), L(s)) #0

2r+3s =4p-—-4,
;(p+5) <,
r<p-—4

(P— 218)1
;(2p+4)<s,
§<p—3

(P-2,P_2)

(p-2,3(2p+2)

(p-r-1,p-5-2)
(p—r-1,p-5-2)
(p—r—-1,p—5-1)
(p—r,p—58—-2)

(p-r+2,p—5-3)
(p—-r+2,p—58-4)
(P_r_4!p—s)

(B8p—35-3,s)
(-2p+3s+1,p-58-12)
(—2p+3s+1,p—85—-2)
(-2p+3s5+1,p—5-2)
(-2p+3s+1,p-5-3)
(-2p+3s+2,p—58-2)
(-2p+3s8,p—5—-2)
(—2p+35+2,p—58-3)
(-2p+35+3,p—5-3)
(-2p+3s-1,p—8-1)
(-2p+3s+4,p—8-3)
(-2p+35-2,p-8—-1)
(-2p+3s+4,p—8-—4)

(3,?‘2)
(p—5,0)
(p—6,0)
(P— 7, 1)

(P""5,0)
(p—4,0)
(P - 5! 1)
(P— 8, 1)

(3,3(r—8))
(3, 5(r~8))
(3, 5(p—8))
(4,5(p—8))
(2,5(p-8))
(4,3(p-11))
(5,3(p —11))
(1,3(p-5))
(6,3(p— 11))
(6) %(P - 14))

(1,-p+r+3s)
1,-p+r+s-1)
2,-p+r+s-1)
(p-r—1,-p+r+s+1)
(p-r—3,-p+r+s+2)
(p-r—4,-p+r+s5+2)
(r—1,8)

(-2p+3s,2p—25-2)

(-2p+3s—-1,2p—25-2
(-2pr+3s+1,2p—25-3
(-2p+3s-1,2p—25—-1
(-2p+3s+2,2p—-25-3
(-2p+35-2,2p—-25-1
(1,s-1)
(1,s-2)
(2,8-2)
(p—6,2) (P—7.3)
(p_4’1) (p—8,3)
(Lr-2) (2,p-3)

. (3,}3""3)

(2, 3(2p - 10))
(1, %(2;)— 10))
(3,3(2p - 13))
(1,5(2p-17)
(4,3(2p-13))
(0,5(2p - 7))
L 52— 1)
1,3(2p - 4)
2,3(2p - 1))

(
(
(
(p—5,5(2p+2))

)
)
)
)
)
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A=(r,8) p-= (u,v) with 2u + 3v < 2r + 35, and Eztg, ) (L(A), L(n)) # 0

(r-2,52p+1)) (r—4,502p+1)) (1,5(2p - 8))
(2,3(-1) (0,5(2p - 8))
(2,3(0-7) (2,3(2p—11))
(2,5(0-17)) (0,3(2p—5))
(3,5(0-17) (3,3(2p - 11))
(1,3(p-7) (1,3(2p-2))
(4,3(p - 10) (2,3(2p~5))

(5, %(P - 10))
(5, 5(p— 13)

(r-3,9), (83p—3s5-2,1) (-2p+3s-2,2p—28—1)

3(2p+5) < 5 (-2p+3s,p—5—2) (-2p+3s—1,2p—-25 1)

§<p—-2 (-2p+3s,p—5-2) (-2p+3s-3,2p—25—1)
(-2p+3s,p—8-2) (-2p+3s—1,2p— 25— 2)
(-2p+3s,p—5-3) (-2p+3s—3,2p-25)
(-2p+3s+1,p—-5-2) (—2p+3s,2p— 25— 2)
(-2p+3s-1,p—5-2) (-2p+3s—4,2p~25)
(-2p+3s+1,p-85-3) (1,5-2)
(-2p+3s-1,p—5-1) (2,5-2)
(-2p+3s+2,p—5-3) (0,5-2)
(-2p+3s-2,p—s5-1) (2,5-3)
(-2p+3s+3,p~5-3) 0,8-1)
(-2p+35-3,p—s-1) 3,8-13)

(p-3,52p+4))

(-2p+3s+3,p—5—-4)

(p—6,5(2p+4))
(4,4(p - 10))
(4,3(p - 10))
(4,3(p - 10))
(5,3(p— 10))
(3,5(p—10))
(5,5(p—13))

(2,3(2p - 11))
(3,3(2p - 11))
(1,5(2p - 11))
(3,3(2p - 14))
(1,5(2p - 8))

(4,3(2p - 14))
(0,3(2p - 8))

(3,3(p-1)) (1,3(2p-2))
(6,3(p—13)) (2,5(2r-2)
(2,5(-17)) (0,5(2r-2))

(7,5(p - 13))
(7’ %(P - 16))

(2,5(2p-5))
(0,3(2p+1))
(3,3(2p - 9))
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A=(rs) g = (u,v) with 2u + 3v < 2r + 35, and E'zta’(},) (L(A), L(p)) # 0

(P-33(2p+2)  (p—45@p+2) (1,32 - 7))
(2, 1(p-8)) (1, 3(2p - 10))
(2,3 8)) (2, 3(2p - 10))
(3,3(p - 8)) (2,5(2p - 4)
0, 5(p - 5)) (0, 5(2p — 1))

(5, 5(p - 11))
(5, 3(p — 19))

(p—-1,s), (-2p+3s+2,p—58-2) (-2p+3s+2,2p—2s-3)

$(@p+1) < s, (-2p+3s+2,p—5-2) (-2p+3s+1,2p—25-3)

s<p-—3 (-2p+3s+2,p—5-2) (-2p+35+3,2p— 25— 4)
(-2p+3s+2,p—-5-13) (—-2p+3s,2p— 28 - 2)

(-2p+3+1,p—5-2)
(-2p+3s+3,p—8-3)
(-2p+3s+4,p—58-3)
(-2p+35+5,p—8-—3)
(-2p+3s-1,p—5-1)
(-2p+3s+5,p—3s~—4)

(p-1,p-2) (rP—-4,00 (p—4,0) (r-41) (p-31)
(p—4,l) (p—3,0) (p_sil) (p—3,0)
(p_5»0) (p—5,l) (P—Z,O) (p—6,2)
-7.1) (»-72

(p~-1,5(2p-1)) (1, 3(p - 5)) (1,3(2p-17))
(1,3(p-5)) (0,3(2p - 7))
(1,3(p-5)) (0, 3(2p — 4))
(1,35(»-8)) (2, 3(2p — 10))
(3,5(p—8))
(4,3(r-8))
(4, 5(p - 11))

(r-1,52p-2) (0, 5(p - 4)) (1,3(2p-5))
(0, 3(p — 4)) (1,3(2p - 8))
0,35(~7)
3,5(-7)

(3, 3(r - 10))
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A= (r,s) p = (u,v) with 2u + 3v < 2r + 35, and Exzt}, .\ (L(X), L(p)) # 0

Ga(p)
(I‘,p—l), (p—r—2,r) (p—r—2,p—l)
%(P*‘I)S"» (p—r—a,r)
r<p-—-4 (p-r—-1,r-1)
(p-r-3,r+1)
(p—r—-4,r+1)
(p—3,p—1) (1,p—3) (2,P"3) (llp_l)
0p-3) (2,p-4)
(in-z)
(p—2,p—-l) (11p—2) (lsp_3) (pr_l)
(2,P—3)
(3(p-1),p-1) (3(p—-5),3(p+1)) (3(p—3),(p-1))
(3(p— 1), 3(p+ 1))
Table 2
@1(0,0) U1(0,0)® U (0,p—1)® U1(2,p—- 1)@ U1(3,p— 1)

oUilp- L) Ui(p-2,1)0 U1(3,p—2)
®&Uh(3,p-3)® U1(5,p—4),

Ql(llo) U1(1,0)@U1(1,P— 1) ® U[(2,P— 1)@U1(3,p— 1)
oUi1(T,p-5)® Ui(p-1,1),

Q1(r,0) Ui(r,0)@ Ui(r,p- 1) Ui(r+1,p=1)®Ui(r+2,p- 1)
oli(r+3,p—-1ali(r+3,p—-2)dU1(2r+3,p—r—13)
eUi1(2r+5,p—r—4) 25:*5-1,-(1)—9),
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Q(5(p—1),0)

Qi(;(p - 5),0)

Qi(3(p—3),0)

Ql(f'. 0)

Ql(p - 5s 0)

Ql(p - 4r0)

Qi1(p-3,0)

Ql(p - 2: 0)
Ql(P - 11 0)

QI(O’ 1)

Q1(0, 8)

Q:(0, 3(p - 5))

Q1(0, 5(2p ~ 5))

Ui(3(p-7,000Ui(3(p-T).p-1)® U:i(3(p-5),p— 1)
o2 (3(p-3)p-1)oU(3(p-1),p-2)0 Ui(p-4,4)
@UI(P— 213):

Ui(3(p - 5),0)® Ui(3(p—5),p - 1) ® Ui (j(p - 3),p - 1)
olUi(3(p+1),p-2)0Ui(p-2,2),

Uiip-3),000 i(d(p-3),p - 1)@ Ui(d(p+1).p— 1)
@Ul(%(?+ 3):P_ 1)® U1(%(P+3).P-‘ 2):

Ul(r,O)GBUl(r,p— 1)@3 U1(1‘+ l,p- 1)@U1(!'+ 2,p—- 1)
@Ul(f+3,p— 1)®U1(1’+ 3,p— 2)
ip-1)<r<p-6,

U(p-50)0Ui(p-5p-1)aUi(p—4,p-1)
e2Ui(p-3,p-1)®Ui(p—2,p-1)
®U(p—-2,p-2),
Ui(p—-4,0)0Ui(p—4,p-1)0Ui(p-3,p—-1)
oli(p~-2,p-1)®5U:(p-1,p-1)
d2U1{(p - 1,p— 2),

Up-3,0)Ui(p-3,p-1)@4li(p—-2,p-1)
@10 (p-1,p-1),

U(p—-2,0002U0:(p—-2,p-1)08U1(p—-1,p-1),
UI(P_ I,O)QUI(P— l,P_ 1))

U1(0,1)®U1(3,P— 1)$U1(P_ 111)® U](P_ 132)
QUI(P_ 212)1

U1(0,8)®U1(p— 113)® U1(P— 1,5+ l)eUl(p'— 2:3+ l)
s¢{3(p—5),35(2p-5),5(p—4),52p—4),5(p—3)} and
2<s<p-3

U1(0,3(p—5)) @ Ui(p— 1, 5(p-5)) @2V (p-2,1(r - 2)),

U1(0,3(2p - 5)) @ Ur(p— 1, §(2p - 5))
®2U1(p - 2,5(2p - 2)),
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Q1(0, 5(p — 4))
(0, 4(2p - %))
Q:(0, 4(p - 3))

1 (0,p—2)

Qi(0,p—1)
Q:(1,1)
Qi(r, 1)
Qilp—4,1)

Ql(l!s)

Qi(1, $(p-3))

Ql(lap - 2)

Ql(rs s)

Ql(rs 3)

U1(0, 5(2p - 4)) @ Uh(p— 1,3(2p - 4)),
U:(0,(p-3))@Ui(p- 1,4(p-3)) @ Ui(p—2,4(p - 1)),

Ul(oip_2)$Ul(p_ l,p— 2)65[]1(?" lnp_ 1)
®2U1(P - 2,}7- 1):

ho,p-1)eti(p-1,p-1),
h(L,)eU(4,p-1YoU(p-1,2),
Ui(r, 1)@ Ui(r+3,p-1)

25"51"’5:

UI(P_4: l)@U;(p—S,p— 1)®U1(P" 2,})- 1)

Ul(lts)e)Ul(P_ 1!5+ 1) 8 ¢ {é(p_ 5))5’(217_ 5)!%(1‘7— 3)}
and 2<s<p-3,

Vi1 - 3) 8 Uip- 1,3 - 1) © Li(3(p - 1),p~1)
oU (k(p+1),p— 1),

U(l,p—-2)®3Ui(p—-1,p-1),

Ul(r,s)d Ui{r+s,p—1)d Ui(r+s5+1,p—1)
3<r<p-6andr+2a=p-—2,

Uy(r,s) r,s are not listed above.
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