Mapping class groups

Ursula Hamenstädt Mathematisches Institut Universität Bonn Beringstr. 1 53115 Bonn

Mathematische Arbeitstagung June 10-16, 2005 Max-Planck-Institut für Mathematik, Bonn, Germany

Every finite symmetric set G of generators for a finitely generated group Γ defines a word norm ‖ ‖_G on Γ and hence a distance function d_G(h, h^′) = ‖h^{−1}h‖_G.

The extended mapping class group M^0(S) of a closed surface S of genus g ≥ 2 is the outer automorphism group Out(π_1(S)) of the fundamental group π_1(S) of S. If g ≠ 2 it is also precisely the isometry group of the complex of curves C(S) for S. The one-skeleton of this complex of curves is the (locally infinite) graph whose vertices are the free homotopy classes of simple closed curves on S and where two such vertices are connected by an edge if and only if they can be realized disjointly.

Since π_1(S) is center-free, there is an exact sequence

0 → π_1(S) → Aut(π_1(S))^Π−→ M(S) → 0.

The pre-image under Π of every finitely generated subgroup Γ of M^0(S) is then a finitely generated group. We characterize those subgroups Γ of M(S) for which Π^{−1}(Γ) is word hyperbolic by their action on the complex of curves: Namely, for an arbitrary α ∈ C(S) the orbit map g ∈ Γ → gα ∈ C(S) is a quasi-isometric embedding of Γ into C(S) if and only if the group Π^{−1}(Γ) is word hyperbolic.

Moreover, the extended mapping class group M^0(S) acts properly discontinuously and cocompactly on a directed metric graph whose vertices are the complete train tracks on S. This is used to show that M^0(S) admits a biautomatic structure.

References:

U. Hamenstädt, Word hyperbolic extensions of surface groups, arXiv:math.GT/0505244 U. Hamenstädt, Train tracks and mapping class groups I, preprint, available at http://www.math.uni-bonn.de/~ursula