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Preface

This work grew around a series of examples of smooth noncommutative ’spaces’ con-
structed together with Maxim Kontsevich more than a decade ago. The first example was
the noncommutative projective ’space’. Then we moved to noncommutative Grassmanni-
ans and flag varieties and their generalizations, which include the noncommutative version
of Quot schemes. Finally, we found a general combinatorial construction producing non-
commutative 'spaces’. These ’spaces’ have remarkable properties and a ”classical” flavor,
although many of them do not even exist in commutative algebraic geometry. Each of
the examples, and the general construction, started with a functor from the category of
associative algebras to Sets interpreted as a presheaf of sets on the category of noncom-
mutative affine schemes. Every such presheaf gives rise to a category of quasi-coherent
modules on it. The latter represents the corresponding ’space’.

A self-contained exposition of these examples and the construction and the formalism
required for (and triggered by) their elementary analysis turned out to be a sketch of a
considerable part of basics of noncommutative algebraic geometry, which includes notions
and properties of smooth and étale morphisms and noncommutative stacks. In order to
give a better overview and include these examples into landscape of noncommutative alge-
braic geometry, the sketch is complemented with some other, previously known, important
examples of noncommutative 'spaces’ and several relevant digressions. All together formed
the present manuscript.
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Introduction

The background material consists of some basic facts of ”categorical” noncommuta-
tive algebraic geometry — ’spaces’ represented by categories and morphisms of ’spaces’
represented by their inverse image functors. Then follows a sketch, in the same spirit,
of different finiteness and (formal) smoothness conditions, which are used, in particular,
to single out (relative) noncommutative schemes and more general locally affine ’spaces’,
as well as some important special classes of the them (like semi-separated and separated
noncommutative schemes, noncommutative algebraic ’spaces’ etc.). Then we temporar-
ily abandon categorical philosophy and plunge in the direction of (pre)sheaves of sets
representable by noncommutative ’spaces’ and schemes. The main thrust here is on intro-
ducing and studying examples which can be qualified as noncommutative ”flag varieties”
and ”generic flag varieties”. The first class includes, as a special case, noncommutative
Grassmannians and the second one — generic Grassmannians, which are noncommutative
versions of Quot schemes (they are not schemes, however). Two points of view meet again
when we introduce quasi-coherent (sheaves of) modules on fibred categories. This leads to
noncommutative stacks. Applying the so called ”local constructions”, we extend the exam-
ples of Grassmannians and flag varieties to non-affine base. Then we make a move, which
might be interpreted as another way of ”globalization” — defining geometry whose initial
data is an action of a monoidal category on a category. The main immediate reason is that
some key examples of non-commutative schemes — like quantum base affine space and flag
variety and, especially, quantum D-schemes over them, require this point of view, as well
as many (actually, most of) other examples. It is also useful for a better understanding the
nature of (formal) smoothness and some other finiteness conditions. We introduce, in the
framework of this setting, a general construction of noncommutative spaces starting from
a combinatorial data and certain ”initial conditions”. The combinatorial data with initial
conditions produce a presheaf of sets on the category of affine schemes in the monoidal
category, and the action of this monoidal category gives rise (via a canonically associated
fibred category) to the category of quasi-coherent modules.

The text is organized as follows.

Chapter I contains a refined exposition of well known facts on ’spaces’ represented by
categories based mostly on [R, Ch. VII], [R3], [R4]. It gives a necessary background on
continuous and affine morphisms and flat descent. Examples which appear here do not go
beyond cones of non-unital algebras and Proj of non-unital graded algebras. Their main
particular cases are quantum base affine ’spaces’, quantum flag varieties of semi-simple Lie
algebras and associated with them quantum D-schemes (first introduced in [LR]).

Chapter IT outlines a simple general formalism of finiteness conditions, representability
and smoothness, which allows to single out schemes, algebraic spaces and more general
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locally affine ’spaces’ in different settings of noncommutative algebraic geometry.

In Chapter III, we introduce geometry in which the role of 'spaces’ is played by functors
from the category of associative unital algebras to Sets, or, what is the same, presheaves
of sets on the category of noncommutative affine schemes. Applying the general nonsense
formalism of Chapter II, we obtain, in this setting, the notions of Zariski open immersions,
locally affine ’spaces’ and schemes, formally smooth and smooth ’spaces’ and morphisms
of 'spaces’, Zariski, smooth and étale pretopologies etc.. We sketch properties of closed im-
mersions and separated morphisms of (pre)sheaves of sets. We illustrate all these notions
with examples which might be regarded as toy models of noncommutative Grassmanni-
ans, and flag varieties, and their generalized versions. The characteristic "toy” is due
to the fact that these presheaves are convenient approximations of the noncommutative
Grassmannians and flag varieties. The transition from ”toy” to ”real” consists of taking
the associated sheaf of the ”toy” model for an appropriate pretopology on the category of
noncommutative affine schemes. A natural appropriate pretopology for all the examples
of this chapter (as well as the examples of Chapter V) is the smooth pretopology.

It is worth to mention that the restrictions of the sheaves of sets representing our
varieties to the category of commutative schemes are commutative schemes with the same
name, whenever the latter exist (there is no commutative prototype of the Grassmannian
of hundred-dimensional subspaces of the one-dimensional vector space).

Chapter IV is dedicated to quasi-coherent sheaves. We start with introducing the
category of sheaves and the category of quasi-coherent sheaves on fibred categories and
study their general properties. For every presheaf of sets X on the category of noncommu-
tative affine schemes, we define the category of quasi-coherent sheaves on X as the category
of quasi-coherent sheaves on the fibred category naturally associated with X. An impor-
tant observation is that, given a pretopology 7 on the category of affine noncommutative
schemes, the category of quasi-coherent presheaves on a presheaf of sets X coincides with
the category of quasi-coherent sheaves on the associated sheaf of sets, provided that the
pretopology 7 is of effective descent. The smooth pretopology of Chapter III is of effective
descent. This implies that the categories of quasi-coherent presheaves on the toy Grass-
mannians and toy flag varieties introduced in Chapter III are equivalent to the categories of
quasi-coherent sheaves on ”"real” noncommutative ’spaces’ with the corresponding names.

In Chapter V, we approach geometries which “live” in different monoidal categories.
That is we outline an appropriate formalism and construct important (classes of ) examples
of noncommutative varieties in this setting. The necessity to do this follows already from
[LR]: the quantum flag variety of a semi-simple Lie algebra g and the corresponding D-
scheme live in the monoidal category of Z"-graded vector spaces, where n is the rank
of the lattice of integral weights, endowed with a braiding determined by the Cartan
matrix of g. It is worth to mention that, thanks to an adequate generality, the classically
looking constructions introduced and studied in Chapter III — generalized Grassmannians
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and flag varieties, are better understood. We conclude the chapter with a combinatorial
construction, which can be regarded as a machine creating big classes of (not only smooth)
noncommutative varieties. These classes include all examples considered earlier in the text
and much more.

Each chapter has a fairly detailed summary, which complements this introduction.

There are two appendices. The first appendix gives a short exposition of fibred cate-
gories and cartesian functors; the second appendix contains elementary facts on actions of
monoidal categories needed for Chapter V (and a little bit for Chapter I).

A remarkable feature of this whole story is that everything is derived from several
notions carrying, with a good reason, familiar names, which are of surprising generality.
Thus, affine morphisms — one of the first key notions, appear as morphisms between ’spaces’
represented by arbitrary categories. The finiteness conditions, which are seen everywhere
and are used here, in particular, to single out locally affine ’spaces’ and schemes, are defined
even in a more general framework. Same holds for (formally) smooth and étale morphisms,
open immersions, closed immersions and related to the latter separated morphisms. Even
classical examples, like Grassmannians and flag varieties are special cases of very general
constructions, which make sense for non-additive categories. Note by passing that same
holds for geometric picture — spectral theory, which is the subject of [R15].

Commutative algebraic geometry turns out to be a special case of geometric phenom-
ena existing in a much greater generality. Even the geometrization of noncommutative
algebras and abelian categories is a very small part of actual possibilities.



Chapter 1
'Spaces’ Represented by Categories. Flat Descent.

According to Grothendieck’s philosophy (in Manin’s interpretation [M1, p.83]), to do
geometry you really don’t need a space, all you need is a category of sheaves on this space.

Definition of the Proj of an associative Z-graded algebra is one of the applications
of this thesis. The affine case fits naturally into this viewpoint: for any associative unital
k-algebra R, the category of quasi-coherent sheaves on the corresponding affine scheme is
identified with the category R — mod of left R-modules.

So that the correspondence [spaces —— categories| includes the correspondence
[spaces — algebras]| of affine geometry.

The universal category of ’spaces’.

Any incarnation of the “space — category” philosophy (where the word “category”
is understood in its straightforward sense) is expressed as a contra-variant pseudo-functor
from some category B of “spaces” to Clat. This pseudo-functor can be interpreted as a
choice of an inverse image functor f* for each morphism f of 8 and an isomorphism,
afg, from f*g* to (gf)* for any composable pair of morphisms f, g. Isomorphic pseudo-
functors give equivalent theories. All these equivalent theories are encoded in the fibred
category associated with the pseudo-functor in question.

There is a natural fibred category

Cat® = |Cat|® (1)

defined as follows. The category |Cat|® has the same objects as C'at®? and morphisms from
X to Y are isomorphism classes of functors from the category Cy corresponding Y to the
category C'x. We call the objects of the category |Cat|® ’spaces’, or ’spaces’ represented by
categories. Objects of the category €at® are pairs (X, M), where X is a 'space’ and M is
an object of the category Cx. Morphisms from (X, M) to (Y, N) are pairs (f*, ), where

f* is a functor Cy — Cx and & a morphism f*(N) — M. The functor = maps every

(f,8)
object (X, M) of €at® to the object X of |Cat|® and every morphism (X, M) —— (Y, N)

to the morphism X L. ¥ whose inverse image functor is f*.

The fibred category (1) is universal in the sense that every fibred category § LN
corresponding to a pseudo-functor B i> Cat is the pull-back of (1) along the composi-
tion B — |Cat|® of B P, Cato with the projection Cat? — |Cat|°.
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Thus, |Cat|® can be regarded as the universal category of spaces. We call its objects
‘spaces’ represented by categories. The whole “space — category” philosophy is encoded
in the fibred category of ’spaces’ €at® —— |Cat|°.

This observation is the starting point of the chapter. The immediate purpose is to
define and study geometry (or geometries) inside of the category |Cat|?, like commutative
scheme theory is defined and studied inside of the category of locally ringed spaces.

What we really study and use is not so much ’spaces’, but certain classes of morphisms
of ’spaces’. The most important among them are continuous’, flat, and affine morphisms
introduced in [R]. A morphism is continuous if its inverse image functor has a right adjoint
(called a direct image functor), and flat if, in addition, the inverse image functor is left
exact (i.e. preserves finite limits). A continuous morphism is called affine if its direct
image functor is conservative (i.e. it reflects isomorphisms) and has a right adjoint.

Affine and locally affine ’spaces’. Given an object S of the category |Cat|®, we
define the category Affg of affine S-spaces as the full subcategory of |Cat|®/S whose
objects are affine morphisms to S. The functor from Affg to |Cat|® is the composition
of the inclusion functor Affg < |Cat|®/S and the canonical functor |Cat|®/S — |Cat|®.
The choice of the object S influences drastically the rest of the story. Thus, if S = SpZ (i.e.
Cs is the category of abelian groups), then Affg is naturally equivalent to the category
opposite to the category ss which is defined as follows: objects of 2Ass are associative
unital rings and morphisms are conjugation classes of unital ring morphisms. If Cg is the
category Sets, then the category Affg is equivalent to the category Assg’, where objects
of Asse are monoids and morphisms are conjugation classes of monoid homomorphisms.

Locally affine objects are defined in an obvious way, once a notion of a cover (a quasi-
pretopology) is fixed. We introduce several canonical quasi-pretopologies on the category
|Cat|®. Their common feature is the following: if a set of morphisms to X is a cover, then
the set of their inverse image functors is conservative and all inverse image functors are
exact in a certain mild way. If, in addition, morphisms of covers are continuous, X has a
finite affine cover, and the category Cg has finite limits, this requirement suffices to recover
the object X from the covering data uniquely up to isomorphism (i.e. the category Cx is
recovered uniquely up to equivalence) via ’flat descent’.

In Section 1, we remind first notions of categoric geometry (’spaces’ represented by
categories, morphisms represented by their inverse image functors, continuous, flat and
affine morphisms) and sketch several examples of noncommutative spaces which are among
illustrations and/or motivations of constructions of this work.

In Section 2, we study general properties of the category of |Cat|® of 'spaces’ starting
from the existence (and a description) of arbitrary limits and colimits.

In Section 3, we describe continuous morphisms from an arbitrary ”space” X to the
categoric spectrum Sp(R) of a ring R. We argue that continuous morphisms X — Sp(R)



‘Spaces’ Represented by Categories. Flat Descent. 3

are in bijective correspondence with isomorphism classes of right R-modules O in the
category Cx (i.e. R-modules in the opposite category C3¥). In the case X = Sp(T)
for some ring T, this correspondence expresses a classical fact (a theorem by Eilenberg
and Moore) which in the our pseudo-geometric language sounds as follows: inverse image
functors of continuous morphisms Sp(7') — Sp(R) are given by (7', R)-bimodules.

In Section 4, we start to study continuous morphisms via monads and comonads
associated with them, using as a main tool the Beck’s theorem characterizing the so called
monadic and comonadic morphisms. For a monad F on a "space” X (i.e. on the category
Cx), we define the categoric spectrum of F as the "space” Sp(F/X) corresponding to the
category of F-modules. The categoric spectrum of a monad is a natural generalization of
the categoric spectrum of a ring. Dually, for any comonad G on X, we define its cospectrum,
Sp°(X\G) as the space corresponding to the category G — Comod of G-comodules.

In Section 5, we exploit the fact that an affine morphism to X is isomorphic to
the canonical morphism Sp(F/X) — X for a continuous monad F = (F,u). Here
‘continuous’ means that the functor F' has a right adjoint. A consequence of this fact is
that any affine morphism Y — Sp(R) is equivalent to the morphism Sp(7) — Sp(R)
corresponding to a ring morphism R — 7. In particular, a direct image functor of
any affine morphism Sp(S) — Sp(R) is a composition of a Morita equivalence and the
"restriction of scalars” (pull-back) functor corresponding to a ring morphism.

In Section 6, we study affine flat descent. If U Iy X is a flat conservative affine
morphism (’conservative’ means that f* reflects isomorphisms), then it follows from Beck’s
theorem that X is isomorphic to Sp?(U\Gy), where Gy = (G, d¢) is a continuous comonad.
'Continuous’ means that the functor Gy has a right adjoint. In the case U = Sp(R) for
some ring R, continuous comonads are given by coalgebras in the category of R-bimodules.

The main commutative example is an arbitrary semi-separated quasi-compact scheme.
Recall that a scheme X is semi-separated if it has an affine cover {U; — X | i € J} such
that all finite intersections of the open subschemes U; are affine.

In Section 7, we introduce the Cone of a non-unital monad and the Proj of a non-unital
graded monad. Motivated by important constructions of representation theory of classical
and quantum groups and enveloping algebras, we consider Hopf actions on non-unital rings
and induced actions on the corresponding quasi-affine ’spaces’. Applying general facts to
the action of the enveloping algebra of a semi-simple (or reductive) Lie algebra, we realize
the category of D-modules on the base affine space and the flag variety as categories of
quasi-coherent sheaves on resp. the cone and the Proj of a graded ring naturally associated
with the Lie algebra. This setting is extended to actions of the quantized enveloping
algebra of a semi-simple Lie algebra on the quantum base affine ’space’ and the quantum
flag variety.
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1. ’Spaces’ represented by categories. Examples.

1.0. The category of ’spaces’. Continuous, flat, and affine morphisms. We
denote by |Cat|® the category whose objects are svelte (i.e. equivalent to small) categories
with respect to some fixed universum. We call objects of |Cat|® “spaces’, or ’spaces’ rep-
resented by categories. For any ’space’ X, we denote by Cx the corresponding category
(regarded as an appropriate category of 'sheaves’ on X), and for any svelte category A,
we denote by |A| the underlying ’space’ of A defined by C) 4 = A. Morphisms from X to
Y are isomorphism classes of functors Cy — Cx. A functor Cy — Cx representing a

morphism X Ty is, usually, denoted by f* and called an wnverse image functor of f.
We shall write f = [F] to indicate that f is a morphism having an inverse image functor

F. The composition of morphisms X Loy and Y % Z is defined by go f =[f*og*].

1.0.1. Definitions. (a) A morphism of 'spaces’ X 15 ¥ is continuous if its inverse

image functor has a right adjoint, C'x ELN Cy (called a direct image functor of f).
(b) A continuous morphism is called flat if its inverse image functor is left exact, i.e.
it preserves finite limits.

(c) A continuous morphism X LY s called affine if its direct image functor is
conservative (i.e. it reflects isomorphisms) and has a right adjoint, Cy EANYS X-

1.1. The categoric spectrum of a unital ring. For an associative unital ring R,
we define the categoric spectrum of R as the object Sp(R) of |Cat|® such that Cgpr) =

¢
R—mod. Let R-25 S be a unital ring morphism and R —mod —— S — mod the
functor S ®g —. The canonical right adjoint to ¢* is the restriction of scalars functor —
the pull-back along the ring morphism ¢. A right adjoint to ¢, is given by

&'
R—mod —— S —mod, L+ Hompg(¢«(S),L). (1)
The map )
(R N s) — (sp(S) N sp(R))
is a functor
Sp
Rings®? —— |Cat|°

which takes values in the subcategory formed by affine morphisms.

The image Sp(R) N Sp(T) of a ring morphism T %, R is flat (resp. faithful)

morphism of 'spaces’ iff R %4 S s a flat (resp. faithful) ring morphism, i.e. it turns R
into a flat (resp. faithful) right T-module.
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1.1.1. Continuous, flat, and affine morphisms from Sp(S) to Sp(R). Let R

and S be associative unital rings. A morphism Sp(5) 7, Sp(R) with an inverse image
functor f* is continuous iff

[fe2M®r :L— M®®grL (2)
for an (S, R)-bimodule M defined uniquely up to isomorphism. The functor
fe =Homg(M,—): N +— Homg(M,N) (3)

is a direct image of f. It follows that the morphism f is conservative iff M is faithful as
a right R-module, i.e. the functor M ®p — is faithful. The direct image functor (3) is
conservative iff M is a cogenerator in the category of left S-modules, i.e. for any nonzero
S-module N, there exists a nonzero S-module morphism M — N.

The morphism f is flat iff M is flat as a right R-module.

The functor (3) has a right adjoint, f', iff f. is isomorphic to the tensoring (over S)
by a bimodule. This happens iff M is a projective S-module of finite type. The latter is
equivalent to the condition: the natural functor morphism

ME ®s —— Homg(M, —)

is an isomorphism. Here MY = Homg(M,S). In this case, f' ~ Homg(M}%,—). In
particular, taking M = ¢.(5), we recover (1) above.

1.2. The graded version. Let G be a monoid and R a G-graded unital ring. We
define the ’space’ Spg(R) by taking as Csp,(r) the category grgR —mod of left G-graded
R-modules. There is a natural functor

¢*
gr¢gR — mod —— Ry — mod

which assigns to each graded R-module its zero component (’zero’ is the unit element
of the monoid G). The functor ¢, has a left adjoint, ¢*, which maps every Ry-module
M to the graded R-module R ®pr, M. The adjunction arrow Idr,—mod — ¢«¢* is an
isomorphism. This means that the functor ¢* is fully faithful, or, equivalently, the functor
¢« is (equivalent to) a localization.

The functors ¢, and ¢* are regarded as respectively a direct and an inverse image

functor of a morphism Spg(R) N Sp(Rp). It follows from the above that the morphism
¢ is affine iff ¢ is an isomorphism (i.e. ¢* is an equivalence of categories).

In fact, if ¢ is affine, the functor ¢, should be conservative. Since ¢, is a localization,
this means, precisely, that ¢, is an equivalence of categories.
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1.3. The cone of a non-unital ring. Let Ry be a unital associative ring, and
let Ry be an associative ring, non-unital in general, in the category of Ry-bimodules;
i.e. R, is endowed with an Ryp-bimodule morphism R, ®r, Ry —= R, satisfying the
associativity condition. Let R denote the augmented ring described by this data (R =
Ry @ Ry as an Rp-bimodule) and Tg, the full subcategory of the category R —mod whose
objects are R-modules annihilated by R,. Let TR_+ be the Serre subcategory (that is a

full subcategory closed by taking subquotients, extensions, and arbitrary direct sums) of
the category R —mod spanned by Tr, . One can see that objects of T]{+ are all R-modules

whose elements are annihilated by a (depending on the element) power of R .
We denote the quotient category R — mod/ TP; by Ccone(r, ) defining this way the

'space’ cone of Ry. The localization functor R—mod — R—mod)/ ’TP; is an inverse image

functor of a morphism of ’spaces’ Cone(R) — Sp(R). The functor u* has a (necessarily
fully faithful) right adjoint, i.e. the morphism w is continuous. If Ry is a unital ring, then
w is an isomorphism (see 7.2.2.1). The composition of the morphism u with the canonical
affine morphism Sp(R) — Sp(Ry) is a continuous morphism Cone(R;) — Sp(Ry). Its
direct image functor is (regarded as) the global sections functor.

1.4. The graded version: Projg. Let G be a monoid and R = Rq® Ry a G-graded
ring with zero component Ry. Then we have the category grgR — mod of G-graded R-
modules and its full subcategory grgTr, = Tr, N grgR — mod whose objects are graded
modules annihilated by the ideal R,. We define the ’space’ Projgs(R) by setting

Cprojg(R) =grgR — mod/grgT]i.

Here grg’TR_Jr is the Serre subcategory of the category grgR — mod spanned by grg7Tr, .
One can show that grng,{Jr = grgR—mod ﬂTli. Therefore, we have a canonical projection

Cone(R.) —= Projg(R).

The localization functor grg R — mod — Cproj, (r,) 18 an inverse image functor of a
continuous morphism Projg(R) = Spg(R). The composition Projg(R) — Sp(Ry) of

the morphism v with the canonical morphism Spg(R) N Sp(Ry) defines Projg(R) as a
"space’ over Sp(Rp). Its direct image functor is called the global sections functor.

1.4.1. Cone and Proj of a Z -graded ring. Let R = @Rn be a Z-graded
n>0
ring, R, = @Rn its 'irrelevant’ ideal. Thus, we have the cone of R, Cone(R, ), and
n>1
Proj(R) = Proj;(R), and a canonical morphism Cone(R;) — Proj(R).
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1.5. Skew cones and skew projective ’spaces’. Let A be an arbitrary associative
k-algebra and q a matrix [g;;]; jes with entrees in k such that ¢;;q;, =1 forall i,5 € J
and g;; = 1 for all i € J. Let R = Aq[x] denote a skew polynomial algebra corresponding
to this data. Here x = (z; | i € J) is a set of indeterminates satisfying the relations

TiTj = Qi T4 for all 4,5 € J, (1)
x;r=rx; forallie Jandrek (2)

For any i € J, set S; = {«' | n > 1}. Each of S, is a left and right Ore set in R, and
the Serre subcategory TR_+ is generated by all R-modules whose elements are annihilated

by some elements of U S;. This implies that the localization functors
ieJ

R—mod—)S{lR—mod

factor through the localization functor R —mod —— Cgcone(r. ), and the induced local-

*

2
ization Cconery) — 9 'R — mod form a conservative family. The corresponding

family of morphisms of spaces’ {Sp(S; 'R) N Cone(R;) | i € J} is an affine cover
of the cone Cone(R.). It follows that the algebra S; ' R is isomorphic to Aq[x, z; *].

Let G = Z7; and let 7;, ¢ € J, denote the canonical generators of the group G.
Assigning to each z; the parity v;, we turn the skew polynomial algebra R = Aq4[x] into a
G-graded algebra with Ry = A. Each of the localizations R — mod —— S,L-_lR — mod
induces a localization grgR — mod —— grgS,; 'R —mod which maps the kernel of the
localization grgR — mod —— Cpyojr) to zero. Therefore, it is the composition of
grgR — mod —— Cpyojr) and a localization

*

v;
Cproj(R) — grgSflR — mod = ngAq[x,xfl] — mod. (3)

Let G; denote the quotient group G/Z~;. The category grgAq[x,z; '] —mod in (3) is
naturally equivalent to the category grg, Aq,[x/z:] — mod of left G;-graded modules over
the skew polynomial algebra Ag,[x/z;]. Here x/z; denotes {x;/x;|j € J,j # i}, and q;
denotes the matrix [qniqnmq;?i]n’mej_{i} (cf. [R, 1.7.2.2.4]). Note that Aq,[x/x;] is the
Gi-component of the algebra Aq[x,z; '] of the functions’ on Cone(R)/|S}|.

Let 'spaces’ U; are defined by Cy, = grg, Aq, [x/xi] —mod. Note that if the cardinality
of J is greater than one, then the natural morphisms U; —+ Projg(R) do not form an

affine cover of Projg(R) over Sp(A), because the composition of v;, with the direct image
of the projection Projg(R) — Sp(A) is isomorphic to the functor

grgiAqi [x/z;] — mod —— A — mod
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which assigns to each G;-graded module (resp. G;-graded module morphism) its zero com-
ponent. If the group G; is non-trivial, this functor is not faithful, hence the morphism
7 o u; is not affine.

1.5.1. The projective g-’space’ Pg. Let again R = Aq[x], x = (%o, 1,...,Z,).
But, we take G = Z with the natural order; and set the parity of each x; equal to 1. One
can repeat with Conez(R) and Py = Proj;(R) the same pattern as with Cone(R) and
P = Projg(R). Only this time the quotient groups G; will be trivial, and we obtain a
picture very similar to the classical one: Pg is a Z-scheme covered by r + 1 affine spaces
Ag,[x/zi] —mod, i =0,1,...,r.

1.6. The base affine ’space’ and the flag variety of a reductive Lie algebra.
Let g be a reductive Lie algebra over C and U(g) the enveloping algebra of g. Let G be
the group of integral weights of g and G, the semigroup of nonnegative integral weights.
Let R = ©xecg, Rx, where Ry is the vector space of the (canonical) irreducible finite
dimensional representation with the highest weight A. The module R is a G-graded algebra
with the multiplication determined by the projections Ry® R, — Ry, forall \,v € G,.
It is well known that the algebra R is isomorphic to the algebra of regular functions on
the base affine space of g. Recall that the base affine space of g (which is not affine, but a
quasi-affine scheme) is the quotient space G/U, where G is a connected simply connected
algebraic group with the Lie algebra g, and U is its maximal unipotent subgroup.

The category Ccone(r) 18 equivalent to the category of quasi-coherent sheaves on the
base affine space Y of the Lie algebra g. The category Projg(R) is equivalent to the
category of quasi-coherent sheaves on the flag variety of g.

1.7. The quantized base affine ’space’ and quantized flag variety of a semi-
simple Lie algebra. Let now g be a semi-simple Lie algebra over a field k of zero
characteristic, and let U,(g) be the quantized enveloping algebra of g. Define the G-graded
algebra R = @yeg, Ry the same way as above. This time, however, the algebra R is not
commutative. Following the classical example, we call Cone(R) the quantum base affine
'space” and Projg(R) the quantum flag variety of g.

1.7.1. Canonical affine covers of the base affine ’space’ and the flag variety.
Let W be the Weyl group of the Lie algebra g. Fix a w € W. For any A € G, choose
a nonzero w-extremal vector ef‘u , generating the one dimensional vector subspace of Ry
formed by the vectors of the weight w\. Set S, = {k*e), | A € G;}. It follows from

the Weyl character formula that e et u € k*ei‘:{/{‘ - Hence Sy is a multiplicative set.

It was proved by Joseph [Jo| that S, is a left and right Ore subset in R. The Ore sets
{Sy | w € W} determine a conservative family of affine localizations

Sp(S,;'R) —— Cone(R), w<cW, (4)
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of the quantum base affine ’space’ and a conservative family of affine localizations
Spg(qulR) —— Projg(R), weW,

of the quantum flag variety. We claim that the category grgS,'R — mod is naturally
equivalent to (S;'R)o — mod. By 1.2, it suffices to verify that the canonical functor

grgSy R — mod —— (S, R)o — mod,

which assigns to every graded S, !R-module its zero component is faithful; i.e. the zero
component of every nonzero G-graded S, R-module is nonzero. This is, indeed, the case,
because if z is a nonzero element of the A-component of a G-graded S, !R-module, then
(e2,) !z is a nonzero element of the zero component of this module.

2. Basic properties of the category of ’spaces’.

2.1. Initial objects of |Cat|°. The category e with one (identical) morphism (in

particular with one object) is an initial object of |Cat|®. A morphism A L. Bin |Cat|®
with an inverse image functor f* is an isomorphism iff f* is a category equivalence. In
particular, X € Ob|Cat|® is an initial object of |Cat|® iff the category Cx is a connected
groupoid; i.e. all arrows of C'x are invertible and there are arrows between any two objects.

Notice that, for any 'space’ X, the set |Cat|°(X, ®) of morphisms X — e is isomorphic
to the set | X| of isomorphism classes of objects of the category Cx.

The category |Cat|® has no "real” final objects: its unique final object is the ’space’
represented by the empty category.

2.2. Proposition. The category |Cat|® has small limits and colimits.

Proof. (a) Let {X; | i € J} be a set of objects of |[Cat|°. Then X’/ = HXi and
icJ
X; =[] Xi are defined by
icJ

Cxs=][Cx, and Cx, =]]Cx..

ieJ i€J

7
(b) Every pair of arrows, X —X Y, in |Cat|° has a cokernel.
g

Let Cy —= Cx be inverse image functors of respectively f and g. Let Cz denote
g*

the category whose objects are pairs (x,¢), where x € ObCy and ¢ is an isomorphism
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f*(z) = g*(z). A morphism from (x,®) to (y,1) is a morphism & : z — y such that the
diagram
(&)
ffl@) —— ")
0| | v
(&)
frl@) —— )
commutes. Denote by b* the forgetful functor Cz; — Cy, (z,¢) — z. Let Y - W

be a morphism in |Cat|® with an inverse image functor w* such that wo f = w o g. This

means that there exists an isomorphism f* o w* N g* ow*. The pair (w*,1) defines a

functor v;,. , : Cw — Cz, b+ (w*(b),(b)). A different choice, wy, of the inverse
image functor of w and an isomorphism ¢ : wj o f* — w] og* produces a functor 'y:jj;,wl
isomorphic to ;. ,,. This shows that the morphism ¥ — Z having the inverse image
b* is the cokernel of the pair (f,g). The existence of cokernels and (small) coproducts is
equivalent to the existence of arbitrary (small) colimits.

!
(c) Every pair of arrows, X —X Y, in |Cat|° has a kernel.
g

Let Cy —=2 Cx be inverse image functors of resp. f and g. Denote by D f« 4« the
g*
diagram scheme defined as follows:

ObDj- 4+ = ObCy [JODCx  and Hom®j. g = HomCx [ S+ g+

where

Spege = 1f(2) B, 255 g*(z) | = € ObCy ).

Consider the category Pa® ¢« 4« of paths of the diagram D ¢« ,« together with the natu-

ral embeddings HomCx — HomPaD f= g= & Xy« g+ which define the corresponding
diagrams. We denote by P« 4« the quotient of the category Pa® ;- 4« by the minimal
equivalence relation such that

T(aof) ~71(a)or(B) and T(idy) ~ id;(y)

for all composable arrows «, S and for all x € ObC'x.

Finally, we denote by Cy, the quotient category 2 7353 f+ g+ 1t follows from the
construction that the object W of the category |Cat|® deﬁned this way is the kernel of the
pair (f,g). Details are left to the reader. m

3. Continuous morphisms to the categoric spectrum of a ring and ’struc-

ture sheaves’. Let R be an associative unital ring. For a morphism X —— Sp(R)
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with an inverse image functor f*, we denote by O the object f*(R). It follows that the
object O is determined by the pair (X, f) uniquely up to isomorphism. The functor f*
defines a monoid morphism Endr(R) — Cx (O, Q) whose composition with the canoni-

cal ring isomorphism R° — Endgr(R) gives a monoid morphism R RiNYs x(0,0)°. Here
Cx(0,0)° denotes the monoid opposite to Cx (O, Q). If the category Cx is preadditive
and the functor f* is additive, the morphism ¢ is a unital ring morphism.

In general, the object O does not determine the morphism f. It does, however, if f is
continuous:

3.1. Proposition. Let X J, Sp(R) be a continuous morphism. Then

(a) The morphism f is determined by O = f*(R) uniquely up to isomorphism.

(b) There exists a coproduct of any small set of copies of O.

(¢) The object O has a structure of an R-module in the category CF. In particular, O
is an abelian cogroup in the category Cx (i.e. an abelian group in C¥) and the canonical

bf
map R —— Cx(0,0)° is a ring morphism.

Proof. (a) Let f. be a direct image functor of f (i.e. a right adjoint to f*). we
have functorial isomorphisms Cx (f*(R), M) ~ Hompg(R, f.(M)) ~ f.(M) which shows
that the direct image functor f, of the morphism f is naturally isomorphic to the functor
M — Cx(f*(R), M), where the object Cx(f*(R), M) is endowed a natural R-module
structure determined by the composition of the isomorphism R —» Hompg(R, R)° and
Hompg(R,R)° — Cx(f*(R), f*(R))° and the Cx(f*(R), f*(R))°-module structure on
Cx(f*(R), M) given by the composition of arrows

Cx (f*(R), [1(R))? @ Cx (f*(R), M) —— Cx(f*(R), M).

Therefore the inverse image functor f* of f is defined uniqgely up to isomorphism (being
a left adjoint to f.) by the object f*(R).

(b) Since the functor f* preserves colimits, there exists a coproduct of any set of
copies of the object O = f*(R).

(c) The assertion follows from the isomorphism f, ~ Cx (O, —) and the fact that f,
takes values in the category of R-modules. m

3.2. Global sections functor. We call R-modules in the category C'{f right R-
modules in Cx, or right R-modules on the ’space’” X. The right R-module O in 3.1 is
viewed as the ’structure sheaf’ on the ’space’ X over Sp(R).

We denote C'x (O, 0)° by I'xO. The functor

fox
Cx —— TxO—mod, M r— Cx(O,M)
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will be called the global sections functor on (X, Q). In particular, I'xO = f,.(O) is the
ring of global sections of the ’structure sheaf’ O. It follows from 3.1(c) that the functor
f+ = Cx (0O, —) is naturally decomposed into

fo*

Cx —— I'xO—mod
P VIO (1)
R — mod

where ¢ s+ 18 the pull-back by the ring morphism R ﬁ> I'x O defining a right R-module
structure on O.

3.3. Z-’spaces’. Let X N Sp(R) be a continuous morphism with an inverse image
functor f*, and let O = f*(R).

3.3.1. Lemma. The global sections functor f,. is a direct image functor of a

. . ! . .
continuous morphism, X == Sp(T'xO), iff any pair of arrows O% —X O%/ between
coproducts of copies of O has a cokernel in Cx.

Proof. The inverse image functor f7 assigns to a free I'xO-module I'xO%/ the
coproduct O®7 of J copies of the object O. m

3.3.2. The category of Z-spaces. Denote by |Cat|? the category whose objects are
all pairs (X, O), where X is an object of |Cat|® and O is an abelian group in CY such that
there exist coproducts of small sets of copies of O and any pair of arrows O%! — 0%J
between coproducts of copies of O has a cokernel in Cx. Morphisms from (X,0) to

(X', 0') are morphisms X L X' such that there exists an isomorphism f*(0’) = O.
Composition is defined in an obvious way. Objects of the category |Cat|? will be called
7Z-"spaces’.

3.3.2.1. A reformulation. By 3.3.1, Z-spaces are pairs (X, Q) such that O is an
abelian group in the category C'Y and the canonical functor

fox
Cx —— T'xO —mod, M +—s Cx(O,M), (6)

has a left adjoint; or, equivalently, f, . is a direct image functor of a continuous morphism.

3.3.2.2. Example. If Cx is an additive category with small coproducts and coker-
nels, then (X, Q) is a Z-space for any O € ObCx.

3.3.3. Affine Z-spaces. We call a Z-space (X, O) affine if the canonical morphism

! . . . . . .
X =2 Sp(I'xO) is an isomorphism; i.e. the functor f,. (see (6)) is a category equivalence.
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By a Mitchel’s theorem, affine Z-spaces are pairs (X, O), where Cx is an abelian category
with small coproducts, and O is a projective cogenerator of finite type. We denote by
Aff7 the full subcategory of the category [Cat|? formed by affine Z-spaces.

The functor

S
Rings°? N |Cat|®, R+ Sp(R),

gives rise to the functor

S
Rings°? 7, |Cat|?, R+— (Sp(R),R)

which takes values in the subcategory Aff;. We denote the image of the functor Sp,
by 2ff,. Thus, objects of the category 2lff, are pairs (Sp(R), R) and morphisms from
(Sp(R),R) — (Sp(T'), T) are morphisms Sp(R) — Sp(7T) corresponding to unital ring
morphisms 7' — R. The functor Sp, induces an inclusion functor 2ff, —= |Cat|? which
takes values in the subcategory of affine Z-spaces.

3.3.4. Proposition. The functor 2jf, AN |Cat|? is fully faithful and has a left
adjoint. In particular, the functor . induces an equivalence of Aff, and the category of
affine Z-spaces.

Proof. Let f be a morphism (X,0) — (X’,0’). A choice of an inverse image

functor, Cx/ EAN Cx, of f and an isomorphism f*(O’) A, O determines a ring mor-

(F IO
phism I'y/ O’ —— I'xO. One can check that the corresponding morphism of categoric

spectra, Sp(I'xO) — Sp(I'x/O’), does not depend on choices. Thus we have a functor
|Cat|? SN 20ff,. By 3.3.1, we have a natural morphism Id|cat|2 s ~.v*. And there

is an isomorphism y*~, Raly dass, . These are adjunction morphisms. Since e is an
isomorphism, the functor ~, is fully faithful. m

3.3.4.1. Proposition. Let X € Ob|Cat|® be such that the category Cx has cokernels
of pairs of morphisms. Then (X, Q) is a Z-space for any object O of Cx such that there
exists a coproduct of any small set of copies of O. Continuous morphisms X — Sp(R)
are in one-to-one correspondence with isomorphism classes of right R-modules (O, ¢) in
Cx such that (X, ) is a Z-space. In particular, if Cx is an abelian category with small co-
products, then morphisms X — Sp(R) are in bijective correspondence with isomorphism
classes of right R-modules in Cx .

Proof. The assertion is a corollary of 3.3.4. m

3.3.4.2. Example. Let X = Sp(S5) for some associative unital ring S. By 3.3.4.1,
continuous morphisms from Sp(S) — Sp(R) are in bijective correspondence with iso-
morphism classes of right R-modules in the category S —mod. Notice that the category of
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right R-modules in S — mod is isomorphic to the category of (S, R)-bimodules. If O is a

(S, R)-bimodule corresponding to a morphism Sp(.S) N Sp(R), then L — Homg(O, L)
is a direct image functor of f. Therefore N — O ®pg N is an inverse image functor of f.

3.3.5. The category 2ss. Let 2ss denote the category whose objects are associative
rings; and morphisms from a ring R to a ring S are equivalence classes of ring morphisms

¢
R — S by the following equivalence relation: two ring morphisms R < S are equivalent
P

if they are conjugated, i.e. ¢(—) = tp(—)t~! for an invertible element ¢ of S.

¢
3.3.5.1. Proposition. Two ring morphisms, R —X S, are conjugated iff the corre-
P

¢*
sponding inverse image functors, R —mod —= S — mod, are isomorphic.
w*
Proof. The assertion is a consequence of a much more general fact 5.7.1. For the
reader convenience, we give below a direct argument.
(a) Suppose that 1) and ¢ are conjugate, i.e. there exists an invertible element, ¢, of
S such that ¢(r) = te(r)t~! for all r € R. For any R-module M = (M, m), we have a

commutative diagram
-t
SoM — SoM
Vi l l Vo (1)
At
S®R,¢M E— S®R7¢M

Here -t denotes the S-module morphism s ® z —— st ® z for all s € S, z € M; vy, 74 are
canonical epimorphisms.

In fact, for any s € S, r € R, z € M, vy(s(r) ® 2) = yp(s @1 - 2), and t(s ®
r-z) = st®r-z On the other hand, t(sy(r) ® z) = sy¥(r)t ® z = sté(r) ® z, and
Yo (std(r) ® z2) = v4(st @ r - z). Since 7y, is by definition the cokernel of two maps

Py
SRy M _ { S®p M, s®r®z»ﬂ>sw(r)®z, and s®r®znﬂ>s®r-z,
wr

it follows the existence of a (necessarily unique) morphism S ®p , M AN ® R, M such
that the diagram (1) commutes; i.e. \; is given by 7y (s ® 2) — v4(st ® 2).

(b) Conversely, suppose ¢, 1 are unital ring morphisms such that there is a functorial
isomorphism 1* — ¢*. Identifying both ¢*(R) and ¥*(R) with the left S-module S, we

R
obtain, in particular, an S-module morphism S M S. Since S is a ring with unit, u(R)
equals to -t : s — st for some t € S. Since u is a functor morphism, for any r € R,
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u(R) o *(-r) = ¢*(-r) o u(R). This means that for any s € S, sip(r)t = sto(r), hence
Y(r) =te(r)t™!. =
3.3.5.2. Corollary. The functor

. Spy
Rings? —— |Cat|, R+ (Sp(R),R)

induces an isomorphism of categories Ass? — Aff,, hence an equivalence of categories
AssP? — Aff .

Proof. This follows from 3.3.4 and 3.3.5.1. =

3.3.6. Remark. If S is a commutative ring, then for any ring R, the surjection
Rings(R,S) — Ass(R, S) is a bijective map. In particular, the full subcategory of ss
formed by commutative rings is isomorphic to the category C' Rings of commutative rings.
Thus, the equivalence of categories Ass®? — Aff, induces an equivalence between the
category C'Rings®P opposite to the category of commutative unital rings and the full
subcategory CAff, formed by affine Z-spaces (X, Q) such that the global sections ring
I'x O is commutative. This shows, by passing, that the category CAff, of commutative
affine Z-spaces is equivalent to the category of commutative affine schemes in the usual
sense.

4. Monads, comonads, and continuous morphisms.

4.1. Monads and their categoric spectrum. Let Y be an object of |Cat|®. A
monad on the ’space’ Y is by definition a monad on the category Cy, i.e. a pair (F, ),
where F is a functor Cy — Cy and g a morphism F? — F' (multiplication) such that
po Fu = popF and there exists a morphism Idc,, N F (called the unit element of the
monad (F, 1)), which is uniquely determined by the equalities p o F'n = idp = ponF.

The latter follows from the following simple consideration: if Ido, —= F <— Idc,
are morphisms such that po Fn' =idp = ponkF, thenn=poFn'on=poFnon =1n'.

A morphism from a monad F = (F, u) to a monad F' = (F’, ') is given by a functor
morphism F' — F’ such that popu = p'op®p and pon =1n'. Here p©O¢ = F'popF, and
n, ' are units of the monads resp. F and F’. The composition of morphisms is defined
naturally, so that the map forgetting monad structures, i.e. sending a monad morphism
(F, 1) == (F', ;i) to the natural transformation F — F”, is a functor.

For a ’space’ Y, we denote by qMony the category of monads on Y.

Given a monad F = (F, u) on Y, we denote by (F/Y) —mod, or simply by F — mod,
the category of (F/Y )-modules. Its objects are pairs (M, &), where M € ObCy and £ is
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a morphism F(M) — M such that { o F§ = £ o u(M) and £ o n(M) = idp;. Morphisms
from (M, €) to (M',€) are given by morphisms M —Z+ M’ such that & o Fg = go €.

We denote by Sp(F/Y) the ’space’ represented by the category (F/Y) — mod of
(F/Y)-modules. The object Sp(F/Y) is regarded as the categoric spectrum of F. The
forgetful functor

(F/Y) —mod L5 Cy, (M, &) —> M,

is a right adjoint to the functor
* F
Cy L5 (F/Y) —mod, L— (F(L), (L)), (L5 N)—s (f*(L) 24 r*(1)).

In other words, we have a canonical continuous morphism Sp(F/Y) Ly,

4.1.1. Example. Let R, S be unital associative rings. Any unital ring morphism
S —24 R defines a monad, RZ = (Ry, py), on the affine 'space’ Y = Sp(S): the endofunctor
R, is M — R ®g M, and the multiplication p, is induced by the multiplication on the
ring R. Notice that the category (R /Sp(S))-modules is isomorphic to the category R —
mod of left R-modules; in particular, Sp(RZ /Sp(S)) ~ Sp(R). The canonical morphism

b
Sp(R;/Sp(S)) — Sp(S) has the restriction of scalars R — mod —— S — mod as a
direct image functor. Consistently with our previous notations, we write Sp(R) instead of

Sp(R/SpZ).

4.1.2. Example. Any monoid morphism M % N defines a monad, F = (F, u),
on Y = Sp(M/E), where the functor F' is M K —. It maps any left M-set (L, &) to the
cokernel of the pair of morphisms N x M x L { N x L, where one arrow is N x &
and another is the composition of the maps

NxopxL vXL
NxMxL —s NxNxL —— N xL.

Here N x N -2+ N is the multiplication on A. The multiplication F2 -2+ F is induced

by the multiplication on A/. The canonical morphism Sp(F/Sp(M/E)) —— Sp(M/E)
o

has the restriction of scalars functor N —sets —— M —sets as a direct image functor.

4.1.3. Example: localizations of modules. Let R be an associative unital ring
and § a set of left ideals in R. Denote by R —modg the full subcategory of R —mod whose
objects are R-modules M such that the canonical morphism

M —— Homg(m,M), z+— (r+—r-z)forallr € mand z € M, (1)
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is an isomorphism for all m € §. The inclusion functor

g
R —mody —— R — mod (2)

preserves limits, hence it has a left adjoint, j%. Since j;, is fully faithful, j* is a localization
functor. The R-module Ry = j;.j%(R) has a structure of a ring uniquely determined by

n
the fact that the adjunction arrow, R — Rz is a ring morphism. There is a canonical

functor morphism
.

g . .k
Rz ®@pr— — jgsly- (3)

4.1.3.1. Suppose all ideals in § are projective modules. Then the inclusion functor
(2) is exact. This implies that the morphism

TS(M) L

is an isomorphism for any R-module M of finite type.

4.1.3.2. If § consists of projective ideals of finite type, then (2) is strictly exact, i.e.
it has a right adjoint. In this case, the localization R —mod —— R —modg is an affine
morphism, or, equivalently, the functor morphism (3) is an isomorphism. Therefore, in this
case, the category R — modgz is equivalent to the category Rz — mod of left Rgz-modules.

4.1.3.3. Note. In general, the localization j; is not flat, i.e. the functor )L s
not exact. Denote by §~ the set of all left ideals of the ring R such that the canonical
morphism M — Hompg(m, M) is an isomorphism for all M € ObR — modz. Clearly
R — modz- = R — modg. It follows from results of Gabriel (cf. [Gab], or [BD, Ch. 6])
that the localization jz is flat iff §~ is a radical filter; i.e. with any left ideal m, the set
§~ contains left ideals (m : 1) = {a € R | ar € m} for all r € R and all left ideals n in
R such that (n :r) € § for all » € m. These conditions are equivalent to that the full
subcategory Tz~ of R — mod whose objects are all R-modules M such that every element
of M is annihilated by some ideal m € §—, is a Serre subcategory.

4.1.4. Curves. Let R be a ring of the homological dimension one, or, equivalently,
every left ideal in R is projective. Then for any set of left ideals §, the inclusion functor
(2) is exact. If, in addition, R is left noetherian, then the functor (2) is strictly exact.

4.2. Morphisms of monads and morphisms of their categoric spectra. Let Y
be an object of |Cat|® and F, F' monads on Y. Any monad morphism F —2s F' induces
the 'pull-back’ functor

(F//Y) —mod —— (F/Y)—mod, (M,E)r—s (M,Eop(M)).
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This correspondence defines a functor Mony’ — Cat/Cy which takes values in the full
subcategory of Cat/Cy whose objects are functors Cz — Cy having a left adjoint.

4.2.1. Reflexive pairs of arrows, weakly continuous functors and monads.

g1
Recall that a pair of arrows M —X L in Cy is called reflezive, if there exists a morphism
g2

Li>Msuchthat groh=1dy = gsoh.
We call a functor weakly continuous if it preserves cokernels of reflexive pairs of arrows.

We call a monad F = (F,pu) on Y weakly continuous if the functor Cy L oy is
weakly continuous. We denote by Mtony’ the full subcategory of the category Mony whose
objects are weakly continuous monads on Y.

4.2.2. Lemma. Suppose that the category Cy has cokernels of reflexive pairs of
morphisms. Let F' be a weakly continuous monad on Y. Then, for any monad morphism
F 25 F'. the restriction of scalars functor

(F/JY) = mod —— (F]Y) - mod
has a left adjoint. In particular, the restriction of the map
(F/Y)—Sp(F/Y), ¢ — [¢]
to the category of weakly continuous monads is a functor,
Mon)? 2 |Catle, (1)

which takes values in the subcategory |Cat|® of |Cat

? formed by continuous morphisms.

*

Proof. The left adjoint, (F/Y) — mod BN (F'/Y) — mod assigns to each
(F/Y)-module (M, F(M) 5 M) the cokernel of the pair of arrows

;L/OF/59

F'F(M) ___ F'(M). (1)

F’¢

Since, by hypothesis, F’ preserves cokernels of reflexive pairs and both arrows (1) are
F’-module morphisms, there exists a unique F’-module structure on the cokernel of (1).
Details are left to the reader. m

4.2.3. Note. Suppose that the category Cx has colimits of certain type ©, and let
F = (F, ) be a monad on X such that the functor F' preserves colimits of this type. Then
the category (F/X) — mod has colimits of this type.
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In fact, for a diagram ® — (F/X)—mod, the colimit of the composition f,oD (where
f« is the forgetful functor (F/X) — mod — Cx) has a unique F-module structure, {p.
The F-module (colim(fy o D),&p) is a colimit of the diagram D.

In particular, if 7 = (F, u) is a weakly continuous monad on X, and the category Cx
has cokernels of reflexive pairs of arrows, then the category (F/X) — mod has cokernels of
reflexive pairs of arrows.

4.3. Comonads and their cospectrum. A comonad on a ’space’ Y is the same
as a monad on the dual object (’space’) Y defined by Cy. = Cy". In other words, a
comonad on Y is a pair (G, ), where G is a functor Cy — Cy and § a functor morphism
G — G? (a comultiplication) such that G6 o d = 6G o § and Geo § = idg = ¢G o 6 for a
uniquely determined morphism G —— Idc, (a counit).

We denote the category of comonads on Y by €Mony. Duality provides a natural
category isomorphism €Mlony ~ Nonyo.

Comodules over a comonad G = (G, d) correspond to modules over the dual monad
on Y°. In terms of Y, a G-comodule is a pair (M, £), where M € ObCy and & a morphism
M — G(M) such that 6(M)o& = G o and €(M) o & = idy;. We denote the category
of comodules over G by (Y\G) — Comod, or simply by G — Comod.

We denote by Sp°(Y'\G) the object of |Cat|® (or Cat®P) such that the corresponding
category is (Y'\G) — Comod. This definition can be rephrased as follows:

Sp°(Y\G) = Sp(G°/Y"*)°. (1)

Here G° is the monad (G?,6°) on Y° dual to the comonad G.

We call Sp°(Y'\G) the cospectrum of the comonad G in |Cat|°.

By duality, there is a canonical continuous morphism Y —+ Sp°(Y'\G) with an inverse
image functor

®

(Y\G) — Comod —— Cy, (M,€)— M, (2)

and having a direct image functor
Cy —2 % (Y\G) — Comod, L—s (G(L),5(L)). (3)

4.3.1. Example. Let R be an associative unital ring and H = (H,d) a coalgebra
in the monoidal category of R-bimodules. This means that H is an R-bimodule, § an
R-bimodule morphism H — H ®g H such that d ®ridg od = idg ®r 009, and there
exists a (necessarily unique) R-bimodule morphism H ®p H — R such that

M(H)oe®pidygod =idy = N(H)oidy Qg €eod.
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Ai(H) Ar(H)
Here R ®pr H l—) H and H ®r R —— H are canonical isomorphisms. The

coalgebra H induces a comonad on the category R — mod of left R-modules tensoring by
H over R, L — H®pgL, as a functor and with comultiplication H®p— — HR®rH®pr—
induced by the comultiplication 6. The canonical morphism Sp(R) — Sp°(Sp(R)\H)
has the forgetful functor (Sp(R)\H) — Comod — R — mod as an inverse image functor.

4.3.2. Functoriality of the cospectrum. Let G = (G,d) and G’ = (G’,d’) be
comonads on Y and 1 a comonad morphism G — G’; i..e. 9 is a morphism of functors
G — G’ such that § o) =Y ©®1od and € o) = €. Here ) ©® 1 = G’ oG, and ¢, € are
counits of the comonads resp. G and G’. The morphism 1) induces the 'pull-back’ functor

*

P
(Y\G) — Comod —— (Y\G') — Comod, (M,§) — (M, 9(M)0¢), (4)
which is regarded as an inverse image functor of a morphism

Spy (¥)

Sp°(Y\G") —— Sp°(Y'\G) (5)
The map (4) defines a functor
Spy
Mony? —— (Cy\Cat?)., (6)

where (Cy \Cat®P), denotes the full subcategory of the category Cy \Cat? whose objects
are continuous morphisms.

4.3.2.1. Proposition. The functor (6) is fully faithful and has a right adjoint.

Proof. Let
h
X — 7
N 7y
Y

be a morphism in (Cy\Cat®P), given by the commutative diagram
CZ _— CX
9N LS
Cy

of functors. Fix direct image functors of f and g and the corresponding adjunction arrows.
Set

Qph:f*(f*ego'r/fh*g*) 39*9* —)f*f* (7)
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One can check that ¢y, is a comonad morphism G, — Gy and the map fy th — ¢y is
functorial. The composition Ty o Sp; is the identical functor, which provides one of the

adjunction arrows and shows that the functor §f)§/ is fully faithful. We leave the other
adjunction arrow to the reader (it is defined in 4.4). m

g1
Recall that a pair of arrows M X L is called coreflezive, if there exists a morphism
92

L " M such that ho g, = idy = h o g.

4.3.2.2. Lemma. Let G = (G,9) and G' = (G',0") be comonads on Y and i) a
comonad morphism G — G'. Suppose that the category Cy has kernels of coreflexive
pairs of morphisms and the functor G preserves these kernels. Then the functor ¥* in (4)
has a right adjoint, i.e. the morphism Spy (¢) (see (5)) is continuous.

Proof. The assertion is the dual version of 4.2.2. =

4.4. Beck’s theorem. Let X 5 Y be a continuous morphism in |Cat|® with
inverse image functor f*, direct image functor f,, and adjunction morphisms

Ide, 25 f.f* and  f*f. -5 Ide, .

Let Gf denote the comonad (G¢,d¢), where Gy = f*f, and 05 = f*nsf.. There is a
commutative diagram

Fx

Cy f—> (X\G¢) — Comod )
N (1%)
Cx

Here f* is the canonical functor
Cy —— (X\Gy) — Comod, M +— (f*(M), f*ns(M)),

and f* is the forgetful functor (X\G;) — Comod —s Cx. The diagram (1°) is regarded
as the diagram of inverse image functors of the commutative diagram

x —L spe(x\gy) ”
PN (2%)
Y

in |Cat|®. The following statement is one of the versions of the Beck’s theorem.

4.4.1. Theorem. Let X —L5 Y be a continuous morphism.
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(a) If the category Cx has kernels of coreflexive pairs of arrows, then the functor f*

has a right adjoint, f., i.e. Sp°(X\G;) Loy s a continuous morphism.
(b) If, in addition, f is weakly ﬂat 1.e. the functor f* preserves kernels of coreflerive

pairs, then the adjunction arrow f f* N Id(x\g;)~Comod 1S an isomorphism, i.e. f* s a

fully faithful functor, or, equivalently, f* is a localization.
(c) If in addition to (a) and (b), f* reflects isomorphisms, then the adjunction arrow

ldc, 1, f*f 1s an isomorphism too, i.e. f 18 an isomorphism.
Proof. See [MLM], IV.4.2, or [ML], VI.7. =

We need also the dual version of the theorem 4.4.1. Let F; denote the monad (F¥, i),
where Fy = f,f* and puy = fiepf*. There is a commutative diagram

Cx L) (.Z:f/Y)—mod
AN (1)
Cy

Here f* is the canonical functor
CX —)(Ff/Y)_mOCL M'—>(f*(M)7f*€f(M))7

f+ the forgetful functor (F +/Y) —mod —— Cy.

4.4.2. Theorem. Let X L> Y be a continuous morphism.

(a) If the category Cy has cokernels of reflexive pairs of arrows, then the functor
fs has a left adjoint, f*; hence f. is a direct image functor of a continuous morphism
X —) Sp(ff/Y).

(b) If, in addition, the functor f. preserves cokernels of reflexive pairs, then the ad-
junction arrow f*f, — Idc, is an isomorphism, i.e. f. is a localization.

(c) If, in addition to (a) and (b), the functor f. is conservative, then f, is a category
equivalence.

If the condition (a) in 4.4.2 holds, then to the diagram (1), there corresponds a
commutative diagram

X 1 sp(F/Y)
F o\ . < f (2)

in |Cat|°. If the condition (c) in 4.4 holds, the morphism f in (2) is an isomorphism.
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Thus, given a continuous morphism X 4 ¥V such that the category Cy has cokernels
of reflexive pairs of arrows, we have a commutative diagram

X AN Sp(Fr/Y)
Foyo NF T (3)
Spe(X\G;) —— v

Notice that the diagrams (1) and (1°) are uniquely defined by the data (f*, f«, e, ny),
since the monad F;, the comonad Gy, and the functors f. : Cx — (Ff,Y) —mod in (1)
and f* : Oy — (X\G;) — Comod are defined in terms of this data. Given the functor f*
(resp. f.), the rest of the data, fi,ef,ns (resp. f*,ef,ns), is determined uniquely up to
isomorphism. Thus, the monad F; and the comonad Gy in the diagrams (1) and (1°) are
determined by f* uniquely up to isomorphism.

4.5. Weakly flat and weakly affine morphisms. We call a functor weakly contin-
uous (resp. weakly flat) if it preserves cokernels of reflexive pairs of arrows (resp. kernels
of coreflexive pairs of arrows). We call a monad (F, u) weakly continuous. if the functor F’
is weakly continuous, and a comonad (G, ) weakly flat, if the functor G is weakly flat.

Let Monyy denote the full subcategory of the category 9Monx of monads on X
generated by weakly continuous monads; and let €9ton’y be the full subcategory of the
category €Monx of comonads on X generated by weakly flat comonads on X.

We call a continuous morphism X Ty weakly affine if its direct image functor is
conservative and weakly continuous and the category C'x has cokernels of reflexive pairs of
arrows. We denote by Affy the full subcategory of the category |Cat|®/Y whose objects
are weakly affine morphisms to the ’space’ Y.

Dually, we call a continuous morphism X Ty weakly flat (resp. weakly fflat), if its
inverse image functor is weakly flat (resp. weakly flat and conservative) and the category
Cx has kernels of coreflexive pairs of arrows. We denote by F'flat%} the full subcategory of
the category X\ |Cat|® whose objects are pairs (X, ), where 7 is a weakly flat morphisms
from X.

4.5.1. Proposition. Let
h
X — Y
N vy
Z

be a commutative diagram in |Cat|®. Suppose Cz has cokernels of reflexive pairs of arrows.
If f and g are weakly affine, then h is weakly affine.
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Dually, if
h
X — Y
N’
Z

is a commutative diagram in |Cat|® such that Cy has kernels of coreflexive pairs of arrows
and the morphisms f and g are weakly fflat, then h is weakly fflat.

Proof. Fix inverse and direct image functors of the morphisms f and g together with
adjunction morphisms. By hypothesis, the canonical functors Cx — (Ff/Z) — mod
and Cy — (Fy/Z) —mod are category equivalences. Here Fy = (f.f*,puy) and Fy =
(9+9™, 1) are the monads associated with (the choice of inverse and direct image functors
and adjunction morphisms of) respectively f and g. It follows from the dual version of
4.3.2.1 that a choice of an inverse image functor h* of the morphism h determines a monad

morphism F, RNy ¢ such that the diagram

Cy —— (F,/Z)—mod

# | | ¢

Cx —— (Ft/Z)—mod

quasi-commutes. Here ¢} is the inverse image functor associated with the monad morphism
on (a left adjoint to the pull-back functor). The pull-back functor, ¢y, , is, evidently,
conservative and weakly continuous. The latter follows from the fact that the monads F;
and F, are weakly continuous. m

4.5.2. Proposition. (a) Suppose that the category Cy has cokernels of reflexive
pairs of arrows. The map (F/Y)+— (Sp(F/Y) = Y) defines a full functor

w

Sp
(Mon)P — 5 AFY.

(b) Dually, if the category Cy has kernels of coreflexive pairs of arrows, then the map
(X\G) — (X — Sp°(X\G)) defines a full functor

O'LU

Sp
(€Mon)? — % Fflat.

Proof. These facts follow from Beck’s Theorem, Proposition 4.5.1, and the following

4.5.3. Lemma. Let X i) Y be a continuous morphism with a direct image functor
f+« and an inverse image functor f*.
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(a) Suppose the morphism f is monadic and the category Cy has colimits of a type
S. Then f. preserves colimits of the type & iff the functor Fy = f.f* has this property.

(b) Dually, if the morphism f is comonadic and the category Cx has limits of a certain
type, then f* preserves these limits iff the functor Gy = f* f. does the same.

Recall that a continuous morphism X 5 ¥V is called comonadic if the induced mor-
phism Sp°(X\Gy) L Yisan isomorphism.
Dually, a continuous morphisms X Ly (in |Cat|®, or in Cat®P) is called monadic if

the associated morphism X N Sp(F;/Y) is an isomorphism.
The proof of the lemma and details of the proof of 4.5.2 are left to the reader. m

4.6. Weakly continuous monads and weakly affine ’spaces’.

4.6.1. Elements of monads. Conjugated morphisms. Let C = C,o;a; 1 L v)
be a monoidal category (cf. A2.4). Morphisms I — V' are called elements of the object
V. We denote the set of the elements of V' by |V|. If A = (A, ) is a unital algebra in

C, then the set |A] of elements of A has a structure of a monoid with the multiplication
defined by
’A| X |A|—>’A|7 (m,y)l—)uox@yo¢,

where ¢ = [;(I) = vy(I) is the isomorphism I = I ® I. We denote this monoid by |A|. It
follows that the unit element of |A| is the unit I = A of the algebra A. We denote by
A* the group |A[* of invertible elements of the monoid |.A|.

Fix an algebra B = (B, ) in C. Elements of B act on B by left and right multiplications
defined by the commutative diagram

tOB B®s
IoB —— BGB +— BOoI
| 2 |

t- S
B _ B — B

for any elements, ¢, s of B. One can check that

(a) t-os- = (ts)- and to-s = -(st).

(b) for any t € B*, the composition Ad(t) =t-o-t"1 is an algebra homomorphism
B — B. It follows from (a) that Ad(t) is an automorphism and Ad(t) o Ad(s) = Ad(ts)
for any two invertible elements of the algebra B. In particular, Ad(t=1) = Ad(t)~!.

Let A and B be algebras in Cand A ﬁ B algebra morphisms. We say that the

P
morphisms ¢ and 1) are conjugated if ¢ =t-p-t~1 = Ad(t) o for some t € B*.
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We denote by Alg(CN) the category of unital algebras in the monoidal category C and
by Qlﬁﬁ(CN) the category whose objects are unital algebras and morphisms are conjugation
classes of algebra morphisms. The composition of morphisms in Q(ss(CN ) is induced by the
composition in the category of algebras, i.e. it is uniquely determined by the condition
that the projection Alg(C) — Ass(C) which is identical on objects and assigns to every
algebra morphism its conjugation class is a functor.

In what follows, we need this formalism in the case of the (strict) monoidal category
Evnd(CX) = (End(Cx), o, Idc, ) of endofunctors of a category Cx and some of its monoidal
subcategories. Namely, we shall consider the subcategory End,, (Cx) of weakly continuous
functors, i.e. functors preserving the cokernels of reflexive pairs of arrows (see 4.2.1).
The category of algebras in the monoidal category mw(CX) = (Endy(Cx),o,Idcy)
coincides with the category Mon% of weakly continuous monads on the category Cx.

7}
4.6.2. Proposition. Let F and G be monads on the category Cx, and let F —X G

»
be monad morphisms. The direct image functors 1., p. are isomorphic one to another iff
the morphisms 1) and ¢ are conjugated.

Proof. (a) Suppose that 1 and ¢ are conjugated, i.e. ¢ =t-¢ -t~ for some t € G*.
For any G-module M = (M, §), we define morphism M MM as the composition ot(M).
The claim is that the morphism ¢4 is a morphism ¥, (M) — p.(M), i.e. the diagram

F(tam)

F(M) =25 R
& | | & (1)
M o m

commutes. Here £y, = £op(M) and &, = o p(M). Consider the diagram

pr (M) F(ot(M))
(M) —— F(M) ——=5 F(M)
vou(M) | (M) | | ean)
o) 2, oy 2 G (2)
u(M) | ¢ | | €
£ §ot(M)
GM) —— M — M

whose right half is a detailed version of the diagram (1). The morphism ¢ ® ¥ is by
definition G o ¢ F. Notice that the left half of the diagram (2) is commutative which
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implies the equalities

trmo &y our(M)=got(M)ogop(M)opur(M) =
§oGEotG(M)opu(M)op© (M) =
§op(M)otG(M)opu(M)oh©yp(M) =
§opu(M)otG(M)op(M)o pr(M).

Since F2 2% Fis an epimorphism, in particular, uz(M) is an epimorphism, it follows
from the equality

tam o &y o pr(M) =Eou(M)otG(M)op(M)o pur(M)

that
tamo &y = o (u(M)otG(M))oy(M) = 3)
Eo (notGop)(M)=Eo (t-oy)(M).
On the other hand,
§o 0 Fltam) = €0 p(M) o FEo Flta) = &0 GEo GH(M) 0 p(M) = @

§o(u(M)oGt(M))op(M)=¢Eo(uoGtop)(M)=Eo(top)(M).

By hypothesis, ¢ = t - ¢ - t~!, which means precisely that ¢ - o)) = -t o . In particular,
o (t-op)(M) =Eo(top)(M), which implies, as follows from (3) and (4), the claimed
commutativity of the diagram (1): taq0&y =&, 0 F(tm).

The map, which assigns to every G-module M = (M, §) the morphism

Pu(M) = (M, €4) —25 0. (M) = (M, £,)

is a functor isomorphism ¥, — @,.
(b) Conversely, let v, —5 ¢, be a functor isomorphism. In particular, we have an
ug”™
isomorphism 1,g* —— ¢.g*, where ¢g* is the functor Cx —— (G/X) — mod (- the

canonical left adjoint to the forgetful functor (G/X) — mod ., c x), which assigns
to every object V of C'x the G-module (G(V), u(V)).
Set, for convenience, A\, = ug*. The diagram

FG —2 PG
| i
e P (4)
u| | #
Ay

¢ ——— 5 G
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commutes due to the fact that A, (V) is an F-module morphism for every V € ObCx.
Let t denote the composition A\, o e, where Idc, —5 G is the unit element of the monad
G = (G, p). Since po Ge = idg, it follows from the commutativity of the lower square of
the diagram (4) that

)\u:)\uoque:poGAque:qutcgf-t.

For every G-module M = (M, ), there is a commutative diagram

Au (M)

G(M) ———— G(M)

¢ | | ¢ (6)
u(M)

M

which is due to the fact that G(M) L Misa morphism of G-modules g*g.(M) — M,
hence it can be regarded as the image of this morphism by resp. ¥, and ¢,.. It follows
from the commutativity of (6) and the equality & o e(M) = idps that

uM) =u(M)ooe(M)==Eo A, (M)oe(M)=tr.

Since A, is an isomorphism, the element t is invertible. m
4.6.2.1. Corollary. Let F = (F,ur) and G = (G, ug) be monads on a category Cx,
7}

and let F —X G be monad morphisms having inverse image functors
»

P*

(F/X) —mod —_ (G/X) — mod.

P*

The inverse image functors of the morphisms ¢ and v are isomorphic iff the mor-
phisms are conjugated.

Proof. The inverse image functors of ¢ and v are isomorphic iff their direct image
functors are isomorphic. So that the assertion follows from 4.6.2. =

4.6.2.2. The category Ass%. Fix a category Cx. The category 2Ass’y is defined
as follows. Its objects are weakly continuous monads on Cy, i.e. Obssy = ObMMon'y;
morphisms are conjugation classes of monad morphisms (see 4.6.1).

4.6.3. Proposition. Let Cx be a category with cokernels of reflexive pairs of ar-
rows. Let Aff'y denote the full subcategory of the category |Cat|% generated by weakly
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affine morphisms. The functor Spy : Monyy — Affy  which assigns to every weakly
continuous monad F on Cx the object (Sp(F),Sp(F) — X) factors through the category
Assy. The corresponding functor Ass'y — Affy is a category equivalence.

Proof. The fact that the functor Sp : Mony — Aff§ factors through 2Ass¥y and
that the functor Ass'y — AfFY is faithful is a consequence of 4.6.2. It follows from (the
argument of) 4.5.3 that all morphisms of the category Affy are weakly affine and the
functor Ass'yy — AfFY is full. Its quasi-inverse is given by assigning to each weakly affine

morphism Y Yy X the weakly continuous monad Fy = (f. f*, pif). m

5. Continuous monads and affine morphisms. Duality. A functor is called
continuous if it has a right adjoint. A monad F = (F, ) on a ’space’ Y (i.e. on the category
Cy) is called continuous, if the functor F' is continuous. Since continuous functors preserve
colimits, a continuous monad is weakly continuous.

Dually, a comonad G = (G, ) on Y is called cocontinuous if the functor G has a left
adjoint. In other words, a cocontinuous comonad on Y is the same as a continuous monad
on Y°. A cocontinuous monad is weakly flat.

5.1. Duality. Let F = (F,u) be a continuous monad on Y; i.e. the functor F' has
a right adjoint, F*. The multiplication F?2 -2 F induces a morphism F” LN (FM)?
which is a comonad structure on F” with the counit F» —= Idg, induced by the unit
Idc, — F of the monad F. Thus, we have a comonad, F" = (F", ") dual to the

monad F. The map which assigns to any morphism F(L) — L, L € ObCy, the dual
morphism L — F”(L) induces an isomorphism of categories

®:(F/Y)—mod —— (Y\F")— Comod (1)

such that the diagram

(F/Y) =mod —— (Y\F") - Comod

e S (2)
Cy

commutes. Here f * denotes the functor forgetting F”*-comodule structure.

It follows from the construction that F” is a cocontinuous comonad on Y determined
by the monad F uniquely up to isomorphism.

Conversely, to any cocontinuous comonad, G = (G,6), on Y, there corresponds a
continuous monad G¥ = (GY,0"), where GV is a left adjoint to G. The monad GV is deter-
mined by G uniquely up to isomorphism, and we have a comonad and monad isomorphismes,

respectively
G~ (GV)" and F = (FMV.
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5.2. Proposition. A monad F = (F,u) on'Y is continuous iff the canonical mor-

!
phism Sp(F/Y) ——Y s affine. Dually, a comonad G = (G,0) on 'Y is cocontinuous
iff the canonical morphism Y — Sp°(Y'\G) is coaffine.

Proof. A canonical direct image functor of f is the forgetful functor

(F/Y)—mod —2 Cy, (M,€) —s M.

Since the functor f, is conservative, the morphism f is affine iff f, has a right adjoint.
(a) If f! is a right adjoint to f*, then the functor F/ = f*f' is a right adjoint to
F = f.f*. Here f* denotes the functor L — (F(L), u(L)).
(b) Conversely, suppose F = (F,u) is a continuous monad on Y7 i.e. the functor F

has a right adjoint, . The functor f* in the diagram (2) has a right adjoint, f*, which
maps every object M of Cy to the (Y\F”)-comodule (F"(M), M sy (FM2(M)). Tt
follows from the commutativity of (2) that the functor

flqu*lof*:C’y — F —mod

is a right adjoint to the forgetful functor F — mod ELN Cy. Since f, is, obviously, conser-
vative, it is a direct image functor of an affine morphism Sp(F/Y) — Y. =

5.2.1. Corollary. Suppose that the category Cy has cokernels of reflexive pairs of
arrows. A continuous morphism X sy in |Cat|® is affine iff its direct image functor

Cx ELN Cy is the composition of a category equivalence
Cx —— (Ff/Y) —mod

for a continuous monad Fy in Cy and the forgetful functor (F¢/Y)—mod —— Cly.
The monad Fy is determined by f uniquely up to isomorphism.

Proof. The conditions of the Beck’s theorem are fulfilled if f is affine, hence f, is the
composition of an equivalence Cx — (F;/Y) —mod for a monad Fy = (f«f*, pus) in Cy
and the forgetful functor (F;/Y) — mod — Cy (see (1)). The functor Fy = f,f* has a
right adjoint f,f', where f'is a right adjoint to f.. The rest follows from 5.2. m

5.3. Proposition. Suppose X is an object of |Cat|® such that the category Cx has
kernels of reflexive pairs of arrows. Let Fy = (Fy,puy) and Fy = (Fy, p1g) be continuous

monads on X. Then, for any monad morphism Fy ELAN Fg4, the corresponding morphism

Sp(F;/X) 27, Sp(F,/X)
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s affine.

Proof. The morphism ¢ induces a dual comonad morphism ]-";\ P F jﬁ\ such that
the diagram

(F,/X) —mod ———  (F¢/X)—mod
®, | | @5, (3)

K

(X\F)) — Comod AN (X\Fp) — Comod

commutes. Here @z, and ®x, are the canonical category isomorphisms (cf. 5.1). Since
the category C'x has kernels of coreflexive pairs of arrows and the functor F g/\ preserves
limits (in particular, it preserves kernels of pairs of arrows), the functor ¢* has a right
adjoint (cf. 4.3.2.2), hence ¢, has a right adjoint. Since the functor ¢, is conservative, the
morphism Sp(y) is affine. m

5.4. Proposition. Let
h
X — Y
N vy
Z

be a commutative diagram in |Cat|®. Suppose that the category Cz has cokernels of reflexive
pairs of arrows. If the morphisms f and g are affine, then the morphism h is affine too.

Proof. Fix inverse and direct image functors of f and g together with adjunction
morphisms. By the Beck’s theorem, the canonical functors

Cx — (Ff/Z) —mod and Cy — (F4/Z) —mod

are category equivalences. Here Fy = (f.f*, ns) and Fy = (g+9%, j14) are monads associ-
ated with resp. f and g. By 4.5.3, a choice of an inverse image functor h* of the morphism

h determines a monad morphism F, O F ¢ such that the diagram

Cy —— (F,/Z)—mod

e Lo

Cx —— (Ft/Z)—mod
quasi-commutes. By 5.3, since the monads F, and F; are continuous, the direct image
functor ¢p. (the pull-back by the morphism ¢;,) has a right adjoint, ¢} . =

For Z € Ob|Cat|°, denote by Aff; the full subcategory of |Cat|®/Z whose objects are
affine morphisms. Let |Cat|j;; be the subcategory of |Cat|® formed by affine morphisms.
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5.4.1. Proposition. Suppose that the category Cz has cokernels of reflexive pairs of
arrows. Then the natural embedding

18 an isomorphism of categories.

Proof. The assertion is a corollary of 5.4. m

5.5. Proposition. Let X L5 ¥ be an affine morphism in |Cat|®. If the category
Cy is additive (resp. abelian, resp. abelian with small coproducts, resp. a Grothendieck
category), then the category Cx has the same property.

Proof. By 5.2, the category Cx is equivalent to the category (Fy/Y)—mod of (Fy/Y)-
modules for a continuous monad F = (FY%, ps) on Y. Since the functor F; has a right
adjoint and the category Cy is additive, F'y is additive and preserves colimits of arbitrary

small diagrams. This implies that for any diagram D 2 F —mod, the object colim( f,0®)
(where f is the forgetful functor (/Y )—mod — Cy ) has a unique (F;/Y )-module struc-
ture £p such that all morphisms f,D(z) — colim(f, 0 ®) are (F/Y )-module morphisms
D(z) — (colim(f, 0 D),&n). This implies the assertion. Details are left to the reader. m

5.6. Affine morphisms to Sp(R).

5.6.1. Proposition. Let R be an associative unital ring. A continuous morphism

T
x L Sp(R) in |Cat|® is affine iff its direct image functor, Cx —— R — mod, is

the composition of an equivalence of categories Cx —— Ry —mod for an associative
unital ring Ry and the restriction of scalars functor Ry —mod i) R — mod = Cy
for a ring morphism R N Ry determined by f uniquely up to isomorphism.

Proof. (i) The morphism Sp(S) — Sp(R) corresponding to a ring morphism R — S
is affine by 1.1. Isomorphisms are affine and the composition of affine morphisms is affine.

(ii) Conversely, suppose that X 7, Sp(R) is an affine morphism. Then the functor
fof* : R—mod — R — mod has a right adjoint, hence it is isomorphic to the functor
Ry ®p — : L — Ry ®pr L for some R-bimodule R;. The monad structure on f,f*

induces an associative ring structure, Ry Qr Ry 2R 7, on Ry (in the monoidal category
of R-bimodules); and the adjunction morphism I'dg_ o4 SN f«f" corresponds to a ring

morphism R N Ry so that the diagrams of functor morphisms

Idp—moea —— R®p-— (fef*)? —— R;y®rRf®Or-—
n | | 6or  and | s (2)
Jof” - Ry ®p — Jof” — Ry ®p —
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commute. Thus we have a commutative diagram

(F¢/Sp(R)) — mod —— Ry —mod

JAAN /s (3)
R — mod

whose horizontal arrow is an isomorphism of categories. Combining with the commutative
diagram (1), we obtain a commutative diagram

Cx —— Ry —mod

[\ s (4)
R — mod

where the horizontal arrow is an equivalence of categories.

Notice that Ry = f.f*(R). Therefore, the ring morphism R 2 R ¢ is defined
uniquely up to isomorphism by a choice of an inverse image functor f*. m

5.6.2. A comparison of two descriptions. Let X N Sp(R) be an affine mor-
phism. Being continuous, the morphism f is determined uniquely up to isomorphism by
the object O = f*(R), and a right R-module structure R — I'x O = Cx (0, 0)° (cf. 3.1).
By 3.3, we have a commutative diagram of direct image functors of continuous morphisms

Fox
Cx —— I'xO —mod

fo N by (1)
R — mod

_ ¢
Here ¢, is the pull-back by the ring morphism R —5 T'x O defining a right R-module
structure on 0. The morphism f, . has an inverse image functor f7 which maps the left
module I'y O to O. The adjunction morphism I'x O — f,.f (I'xO) is an isomorphism.

Since morphisms f and Spl'x O h Sp(R) are affine, the morphism f, is affine too (cf.
5.3). In particular, f,.f has a right adjoint, hence it preserves colimits. Since I'xO
is a generator of the category I'x O — mod, the isomorphness of the adjunction arrow
IxO — fo«f(I'xO) implies that M — f,.fZ (M) is an isomorphism for any I'x O-
module M. This means that the functor f7 is fully faithful, hence f,. is a localization.
Since by condition f,. is conservative, it is a category equivalence.

This shows that C'x is naturally equivalent to the category of I' x O-modules. Thus,
the ring morphism R — Ry in 5.6.1 is isomorphic to the ring morphism R — I'xO
defining a right R-module structure on the object O.
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This observation was made before (in [R], Ch.7) using a slightly different argument.

5.7. Continuous monads and relative affine schemes. Let 9on$ denote the
category of continuous monads on X and let 2Assx denote the quotient of the category
MonS, by the relation of conjugation. That is objects of Assx are continuous monads on
X and morphisms are conjugation classes of monad morphisms.

5.7.1. Proposition. Let Cx be a category with cokernels of coreflexive pairs of
arrows. Let Affx denote the full subcategory of the category |Cat|% generated by affine
morphisms. The functor

s
(Mon )P o, Aff x

which assigns to every continuous monad F on Cx the object (Sp(F),Sp(F) — X)
Sp
factors through the category UAssx. The corresponding functor 2Assx — 5 AfF x s a

category equivalence.

Proof. By 5.4, morphisms of the category Aff x are affine: if

YL>Z
'\ V9
X

is a commutative diagram in |Cat|® with affine morphisms f and g, then the morphism h
is affine too. By 5.2.1, a weakly affine morphism Y T4 X is affine iff the corresponding
monad F; is continuous. The assertion follows now from 4.6.3. m

5.7.2. Proposition. Let C'x be a category with cokernels of reflexive pairs of arrows.
Let End.(Cx) denote the category of continuous endofunctors of Cx. Suppose that the
inclusion functor End.(Cx) — End(Cx) has a left adjoint. Then

Spy
Wssx —— |Cat|%, F+— Sp(F/X),

s a fully faithful functor which has a left adjoint.

Proof. 1t follows from 5.7.1 that the functor Gp, is fully faithful. Let ®x denote a
left adjoint to the inclusion functor End.(Cx) — End(Cyx). The map which assigns to

each object (VY END'e ) of the category |Cat|% the continuous monad ®x(Fy) extends
naturally to a functor |Cat|% — Ussx. This functor is a left adjoint to the functor &p,, .
Details are left to the reader. m



‘Spaces’ Represented by Categories. Flat Descent. 35

5.7.2.1. Example. Let X = Sp(R) for some associative unital ring R. Then for

every functor Cx RN Cx, the left R-module F(R) has a natural structure of a right
R-module which together turn F'(R) into an R-bimodule. The map which assigns to each
endofunctor F' on Cx the continuous functor M +— F(R) ® g M extends to a functor
which is a left adjoint to the inclusion functor End.(Cx) — End(Cx).

5.7.2.2. Note. If the category Cx is additive, then the category End(Cx) of end-
ofunctors might be replaced in 5.7.2 by the category End,(Cx) of additive endofunc-
tors. Notice that the subcategory End.(Cx) of continuous endofunctors is contained in
End,(Cx), because any continuous functor between additive categories preserves coprod-
ucts, hence it is additive.

As a corollary of 5.7.2, we obtain

5.7.3. Theorem. (a) Every morphism

of Z-affine schemes is affine (i.e. the morphism X Ty s affine).
(b) The functor

S
Rings P, |Cat®|z, R+ Sp(R),

is full and factors through an equivalence of categories Ass°? =5 Affy.
(c) The fully faithful functor

AssP — |Cat®|y,

(— the composition of the equivalence Ass°? = Affy and the full embedding of Affy into

|Cat|®) is right adjoint to the ’global sections functor’ X — I'Ox def Cx(0Ox,0x)°.

6. Flat descent.

6.1. Continuous, flat comonads. A comonad G = (G,§) on a ’space’ X (i.e. the
category Cy) is called

— continuous, if the functor G has a right adjoint;

— flat, if the functor G preserves finite limits;

— weakly flat, if the functor G preserves kernels of coreflexive pairs of arrows;
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— conservative, if the functor G is conservative.

6.2. Proposition. Let X 5 Y be a continuous morphism, and let Cx have kernels
of coreflexive pairs of morphisms. The morphism X Tovin |Cat|® is affine, flat (resp.

weakly flat), and conservative iff its inverse image functor Cy EARN Cx 1is the composition
of an equivalence of categories

Cy —— (X\Gy) — Comod

for a continuous flat (resp. weakly flat) conservative comonad Gy on X and the forgetful
functor

(X\Gy) — Comod —— Cx.
The comonad Gy is determined by f uniquely up to isomorphism.

Proof. The conditions of the Beck’s theorem are fullfiled, if f is weakly flat and
conservative, hence f* is the composition of an equivalence

Cy —— (X\Gy) — Comod
for a comonad Gy = (f*f.,0f) on X and the forgetful functor
(X\Gy) — Comod —— CXx.

If the morphism f is affine, then the functor Gy = f* f, has a right adjoint f 'f., where
f'is a right adjoint to f..

Let now G = (G,0) be a continuous comonad on X and f* the forgetful functor
(X\G) — Comod — Cx. The functor f, which assigns to each object M of Cx the
G-comodule (G(M),d(M)) is right adjoint to f*: the canonical adjunction arrows are

=G I1de, and Ide, -2 f.f%,
where Cy = G — Comod, €5 is the counit of the monad G and
np(M, &) =& (M,§) — fuf"(M,§) = (G(M),5(M))

for any G-comodule (M, M 5 G(M)).

Let G' be a right adjoint to G, and let GG N Ido, and Idc, - G'G be
adjunction arrows. Let f' denote the functor

Cy = (X\G) — Comod —— Cx, (M,&)— G'(M).
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Since f'f. = G'G, the adjunction arrow 7’ is a morphism Idc, — f'f.. The composition
f«f' assigns to each G-comodule (M, &) the G-comodule f,G'(M) = (GG'(M),5G"(M)).

¢ (M)
One can check that the adjunction arrow GG'(M) —— M is a G-comodule morphism
fGH(M) — (M, €), i.e. the diagram
\ ¢ (M)
GG (M) —— M
6G (M) | | ¢ (1)
| Ge' (M)
G*G' (M) —— G(M)
commutes. This implies that € f* and 7’ are adjunction morphisms, hence the assertion. m

6.2.1. Corollary. Let a morphism X oY be affine, weakly flat, and conservative.
If the category Cx is additive (resp. abelian, resp. abelian with small coproducts, resp. a
Grothendieck category), then the category Cy has the same property, and the morphism f
18 flat.

Proof. Under the hypothesis, the category Cy is equivalent to the category of (X\Gy)-
comodules for a continuous comonad Gy = (G,d5) on X. Since the category Cx is additive

and the functor C'x i> C'x has a right adjoint, it preserves small colimits; in particular,
G is additive. Since Gy = f* f., the functor f, preserves all small limits, and the functor
f* preserves kernels of coreflexive pairs of arrows, the functor G; preserves kernels of
coreflexive pairs of arrows too. For additive categories (more generally, for categories with
coproducts and a zero object) functors which preserve kernels of coreflexive pairs of arrows
preserve kernels of any pairs of arrows. Thus, Gy preserves kernels of any pairs of arrows
and, being additive, finite products (which coincide with finite coproducts), hence Gy
reserves limits of arbitrary finite diagrams. Therefore, the category (X\Gy) — Comod has
limits of finite diagrams which are preserved (and reflected) by the forgetful functor

(X\Gy) — Comod —— CXx.
This implies the additivity of (X\Gy) — Comod. The rest follows from the compatibility
of Gy with small colimits (cf. the argument of 5.5). m
6.3. Affine, flat morphisms from Sp(R). If R is an associative ring and G a
comonad on Sp(R), we shall write for convenience (R\G) instead of (Sp(R)\G).
6.3.1. Proposition. A continuous morphism Sp(R) L X in |Cat|® is flat, conser-

vative, and affine iff its inverse image functor, Cx iy mod, is the composition of an
equivalence of categories
Cx —— (R\Hs) — Comod
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for a coalgebra Hy = (Hy,6¢) in the category of R-bimodules such that Hy is a flat right
R-module, and the forgetful functor (R\Hjy) —mod —— R — mod.

Proof. Let Sp(R) L X bea flat, conservative, and affine morphism with an inverse

image functor f*. By 6.2, the functor Cx I R — mod is the composition of a category
equivalence Cx — (R\Gy) — Comod for a comonad Gy = (Gyf,0f) on Sp(R) and the
forgetful functor (R\G¢) — mod — R — mod. Since the comonad Gy is continuous, the
functor Gy is isomorphic to the functor H; ® p — for an R-bimodule H (equal to G¢(R)).

The comultiplication G'f i> G?c induces a comultiplication Hy — Hf ®r G (see the
argument of 5.6.1).

Conversely, let H = (H,0) be a coalgebra in the category of R-bimodules, and let f*
denote the forgetful functor

(R\H) — Comod —— R —mod, (M,M — H(M))+— M. (1)
The functor f* has a right adjoint,
L— H®prL=(H®rL iR L) (2)

(see the argument of 6.2). The comonad H®p is continuous, since the functor H ®@p —
has a right adjoint, Homg(H, —). The functor f* being flat is equivalent to the flatness
of H as a right R-module. The assertion follows now from 6.2. =

6.3.2. Example: semi-separated schemes and algebraic spaces. Let X be a
scheme, or an algebraic space. Recall that an affine cover {U; =% X' | i € J} of X is called
semi-separated if all finite intersections of U; % X are affine. A scheme (or an algebraic
space) is called semi-separated if it has a semi-separated cover. Evidently, every separated
algebraic space (or scheme) is semi-separated.

If {U; - X | i€ J} is a semi-separated finite cover of X, then the corresponding
morphism

u=J[v — «x
icJ

is affine, which implies that the space of relations R = H Ui xxUj ~U xx U is affine
i,jeJ

too. Since morphisms u; are étale, their inverse image fuilctors, u; are flat and the family

{uy| i € J} is conservative. The latter means exactly that an inverse image functor 7*

of the morphism 7 is flat and conservative. It follows by construction, that the inverse

images of projections R = U are flat and conservative (equivalently, faithfully flat). And

they are affine, since both R and U are affine.
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7. The Cone and the Proj.

7.1. Continuous morphisms, monads, and localizations. Let X —— Y be a
localization with an inverse image functor Cy 25 Ox. Let ¥, denote the class of all
morphisms s in Cy such that ¢*(s) is invertible. A functor Cy i) Cy is compatible with

the localization ¢ iff F'(¥,) C ¥,. In this case, there exists a unique functor Cx L ox
such that ¢* o F' = F' o ¢*.

7.1.1. Proposition. Let X -5 Y be a continuous localization.
(a) A functor Cy N Cy s compatible with q iff the canonical morphism

qg-oF —— ¢q*oFoq.q" (1)

18 an isomorphism.

(b) Suppose Cy N Cy is compatible with the localization q, and let F' be the functor
Cx — Cx such that ¢* o F = F oq*.

(i) If Cy has colimits of certain type, then C'x has colimits of this type. If F' preserves
colimits of this type, then the functor F has the same property.

(ii) If Cy has limits of certain type, then Cx has limits of this type. If F' and ¢*
preserve limits of this type (e.g. finite limits), then the functor F has the same property.

(iii) If F has a right adjoint, then F has a right adjoint.

Proof. (a) The assertion follows from 7.1.4.1.1 applied to f* =¢* o F.

(b) (i) Let D : D — Cx be a small diagram such that there exists colim(q.D).
Then there exists the colimit of D and colim(D) = q*colim(q.D). Suppose the functor F
preserves the colimit of ¢, D. Since F' ~ ¢*Fgq,, we have:

F(colim(D)) ~ q* Fq.q* (colim(q.D)) ~ ¢* F(colim(q.D)) ~ ¢*(colim(F q.D)

(the second isomorphism here is due to the isomorphism ¢*F == ¢* Fq.q*). Since ¢* has
a right adjoint, it preserves colimits. Therefore

q*(colim(Fq,D) ~ colim(q*Fq.D) ~ colim(FD)

whence the assertion.

(ii) Let D : D — Cx be a small diagram such that there exists lim(q.D). Then,
by [GZ, 1.1.4], there exists the limit of D and lim(D) = ¢*(lim(¢.D)). Let the functor F
preserve the colimit of ¢.D. As in (i), we have:

F(im(D)) ~ ¢"Fq.q" (lim(¢.D)) ~ ¢" F(lim(¢. D)) ~ ¢"(lim(F¢.D)
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If ¢* preserves limit of Fq,D, we continue as follows:
¢*(lim(Fg¢,D) ~ (lim(q* Fq,D) ~ lim(FD).

(iii) Let F' be a right adjoint to F. Set F' = ¢*F'q.. By (a), F' ~ ¢*Fq,. Thus we
have morphisms

— = q*EFq*

FF' = (¢"Fq.q")F'q. = ¢'FF'q. —— ¢*q. — Idc,. (3)
and
Y . Cmrax ¢ FngFg. ~ . Bl F
Idey, = q"'¢. —— ¢"FFq. —— ¢'Fq.q"Fq.— FF. (4)

The compositions of the sequence of morphisms resp. (3) and (4) are adjunction arrows. m

7.1.2. Proposition. Let X -5 Y be a localization and F = (F, ) a monad on'Y
such that the endofunctor F' is compatible with q. Then the monad F induces a monad,
F = (F,ji), on X defined uniquely up to isomorphism.

(i) If F is continuous (i.e. F has a right adjoint), then the monad F is continuous.

(ii) If Cy has colimits of certain type, then Cx has colimits of this type. If F' preserves
colimits of this type, then F has the same property.

(iii) If Cy has limits of certain type, then Cx has limits of this type. If F and q*
preserve limits of this type, then F has the same property.

Proof. Fix an inverse image, ¢*, of the localization q. Let F be a unique endofunctor
F : Cx — Cx such that ¢* o F = F ogq*. Then ¢* o F? = F? o ¢*, and, by the
universal property of localizations, there exists a unique morphism fi : F2 — F such that
¢* 1 = fig*. We leave to the reader verifying that fi is a monad structure on F.

The assertions (i), (ii), (iii) follow from the corresponding assertions of 7.1.1. m

7.1.2.1. Remark. The same assertion holds for comonads. In fact, the first part is
obtained by dualization. The parts (i) and (ii) are statements about endofunctors.

7.2. Cones of non-unital monads and rings.

7.2.1. Non-unital monads. Let X be a ’space’ such that C'x is an additive category,
and let F, = (Fy, 1) be a non-unital additive monad on X; i.e. F is an additive functor
Cx — Cx and p is a functor morphism F7 — F such that po Fypu = po pFy. Let
F, — mod; denote the category of non-unital F-modules. Its objects are pairs (M,¢),
where M € ObCx and ¢ a morphism F (M) — M such that £ o u(M) = o F & A

morphism (M, &) — (M’',¢’) is given by a morphism M Ly M’ such that ol (f) =
fo&. Composition is defined naturally, so that the map which assigns to each F-module
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(M, €) the object M and to every F-module morphism (M, &) SN (M’, &) the morphism

ML M s a functor, Fy — mod; LN Cx. This functor has a canonical left adjoint, §*,
which maps every object N of Cx to the F -module (N @ F(N),{x), where the action

F (N®F{(N))=F.(N)® FZ(N) NN F{(N) is the composition of the morphism

9 (idF+(N)uu'(N)

and the embedding F (N) — N @& F(N).

Thus, f.f* = Idc, ® Fy. We denote Idc, @ Fy by F' and the monad corresponding
to the pair of adjoint functors f.,f* by F = (F,u1). It is easy to see that the category
F, — mod; of non-unital F,-modules is isomorphic to the category F — mod of unital
F-modules. There is a natural embedding C'x — Fy — mod which assigns to each object
M of Cx the F-module (M,0). We denote the image of Cx in F, — mod (i.e. the full
subcategory generated by trivial modules) by Tr, .

7.2.2. A reminder on Serre subcategories. Let C'z be an abelian category and
T its subcategory. We denote by 7~ the full subcategory of the category Cz generated by
all objects of C'z whose nonzero subquotients have nonzero subobjects from 7. One can
show that the subcategory T~ is thick, i.e. it is closed under taking arbitrary subquotients
and extensions. A subcategory 7T is called a Serre subcategory if 7 = 7. If Cz is a
so-called (ABb5) category (in particular, it has small coproducts), then Serre subcategories
are precisely thick subcategories closed under small coproducts. If C'z is a Grothendieck
category (i.e. an (AB5) category with generators), then Serre subcategories are those thick
subcategories T for which the localization functor Cz — Cz /7T has a right adjoint.

7.2.3. The cone of a non-unital monad. Suppose that C'x is an abelian category.
We denote by Ccone(r. /x) the quotient, Fy — modl/fF;, of the category Fy — mod; by
the smallest Serre subcategory containing 7r, . This defines a ’space’ Cone(F,/X).

7.2.3.1. Proposition. If Fy is a unital monad, then Cconer, /x) S naturally
equivalent to the category Fy — mod of unital Fy-modules, i.e. the ’space’ Cone(F, /X)
is isomorphic to Sp(F4/X).

Proof. If the monad F, = (F,,p) is unital with the unit element Id — F, then

there is a monad epimorphism F' = Id®Fy SN Fy defined by (e, idF, ). The corresponding
pull-back functor, 7., is the inclusion functor F; —mod into F —mod;. Its left adjoint, v*
idM

assigns to each object (M, £) of Fy —mod; the cokernel of the pair of morphisms M —< M.
ge(M)

Since the functor v, is fully faithful, its left adjoint +* is an exact localization, and the
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kernel of v* coincides with the subcategory 7, . Therefore, 7r, is, in this case, a Serre
subcategory, i.e. Tp, = 7??17 whence the assertion. m

7.2.3.2. Corollary. IfF is a unital monad, then Sp(F/X) ~ Sp(F/X)[[X.

Proof. If F; is a unital monad, then (by the argument of 7.2.3.1) F ~ F, [[ Idx, where
Idx denotes the identical monad (Idc, ,id). This implies that the category F — mod of
F-modules is equivalent to the product (F4 — mod) [[ Cx, hence the assertion. m

7.3. The cone of an associative ring. Let X = Sp(R), where Ry is a unital
associative ring, and let Ry be an Ry-ring. The latter means that Ry is an associative
ring, not unital in general, in the category of Ry-bimodules; i.e. the mutiplication in
R, is given by an Ry-bimodule morphism R, ®r, Ry — R, satisfying the associativity
condition. The Ry-ring R4 defines a non-unital monad F, = (F}, u) on X, where FY is the
endofunctor Ry ®p, — on Cx = Ry —mod and Ff_ LN F is induced by the multiplication

R, ®pr, R+ s R.. The category F, —mod; of non-unital F-modules is the category of
unital Rp-modules endowed with a non-unital R;-module structure compatible with the
action of Ry on the module and on R.. We write Ry — mod; instead of Fy — mod; and
Tr. instead of Tp . By definition Tg, is the full subcategory of Ry — mod; spanned by
modules with zero action.

The associated augmented monad F (cf. 7.2.1) is isomorphic to the monad associated
with the unital Ry-ring R = Ro® R, which we call the augmented Rg-ring corresponding to
Ry . The category Ry —mod; is isomorphic to the category R —mod of unital R-modules.

We shall write Cone(R/Ry), or simply Cone(R, ), instead of Cone(F, /Sp(Ry)).

The category Ry — mod; will be identified with R — mod whenever it is convenient.
Thus, Tr, is viewed as the full subcategory of R — mod whose objects are modules anni-
hilated by the irrelevant ideal R; and we write Ccone(r,) = R —mod/ TR_Jrv where Tli is
the smallest Serre subcategory of the category R —mod containing Tr, (getting back the
definition of a cone in 1.3). The localization functor

R—mod “> R~ mod/Tg,

is an inverse image functor of a morphism of ’spaces’ Cone(R,) — Sp(R). The functor
u* has a (necessarily fully faithful) right adjoint, i.e. the morphism w is continuous. The
composition of the morphism u with the natural affine morphism Sp(R) — Sp(Ryp) is
a continuous morphism Cone(R;) — Sp(Ry). Its direct image functor is (regarded as)
the global sections functor.

7.3.1. Proposition. If R, is a unital ring, then Cone(R,/Ry) ~ Sp(Ry) and
Sp(R) =~ Sp(R+) [ISp(Ro).
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Proof. The assertion follows from 7.2.3.1 and 7.2.3.2. m

7.3.2. Lemma. Let J be a two-sided ideal in the ring R contained in Ry (i.e. a two-
sided ideal in Ry which is an Ro-bimodule). Let T, |7 denote the full subcategory of R —

mod whose objects are R-modules annihilated by J; and let TR|j be the Serre subcategory
spanned by Tr| 7. The quotient category R —mod /T RIT is equivalent to Ccone(7)-

Proof. The embedding J < R induces a unital ring morphism j LN R, Whgre j is
the ring Ry @ J with natural multiplication. The pull-back functor R — mod —= J —mod
induces a functor from the subcategory Tg| s to the subcategory T'7. Since the functor
is exact (in a strong sense, that is it preserves small limits and colimits), it maps the Serre
subcategory T, Rl O the Serre subcategory 7";. Thus we have a commutative diagram

R — mod L> j—mod

| (1)

Thy — Iy

of exact functors. Therefore the functor ¢, induces a functor

R—mod/Ty ;, — j—mod/T}. (2)

The functor (2) is a category equivalence. In fact, let J —mod s R—mod be the functor

which assigns to every J-module M the R-module JM. The cokernel of the embedding
JM — M belongs to T'7, hence the localization j mod — j mod/T maps this

embedding to an isomorphism. We assign to each object M of J —mod the composition of
the functor ¥ and the localization R —mod — R—mod/T}, RIT" It follows that this functor

factors through the localization J —mod — T — mod/T~, i.e. it defines (uniquely) a

functor J — mod /T 5 R- mod /T, RIT" The functor ® is a quasi-inverse to the
functor (2). m

7.3.3. Example: quasi-affine schemes. Quasi-affine schemes are defined (in [EGA
I1, 5.1.1]) as open quasi-compact subschemes of affine schemes. Open subschemes of SpecA
are in bijective correspondence with the radical ideals in A. Quasi-compactness of an open
set defined by an ideal J means that J is the radical of its finitely generated subideal (this
holds in noncommutative case too, see [R, 1.5.6]). One can show that the category of quasi-
coherent sheaves on the open subscheme of SpecA defined by the ideal J is equivalent
to the quotient category A —mod/T", AT By 7.3.2, the latter category is equivalent to the
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category Ccone(7) = J —mod/ T of modules on the cone Cone(J) of the (non-unital)
Ry-ring J.

7.3.4. Functoriality. Let Ry — Rings denote the category of (not necessarily unital)

Rp-rings. A morphism of such rings, R N Sy, is an Rp-bimodule morphism compatible
with multiplication. The morphism ¢ induces the pull-back functor

¢*
S, —mod; —— Ry — mod;

which maps the subcategory T's, of trivial S;-modules to the category T, of trivial R -
modules. Since ¢, is exact and preserves small colimits, it maps the Serre subcategory
T S, spanned by Ts. to the Serre subcategory T§+ spanned by Tr, . Therefore, ¢, induces
a unique functor

b
Sy —mody [Ty, —— Ry —mody /Ty, (3)

such that the diagram

Sy —mod /Ty,  —— Ry —mody/Tg,

q T T qr (4)
P
Sy —mod; — R+ — mod;

commutes. In general, the functor ¢, does not have a left adjoint, hence it cannot be
interpreted as a direct image functor of a continuous morphism.

7.3.4.1. The category Ry — Rings;. We denote by Ry — Rings; the subcategory
of Ry — Rings formed by Ry-ring morphisms R 2, S+ whose inverse image functor,

*

Ry —mody —— S+ — mody, is compatible with the localizations at resp. T}i and T S, -

The compatibility means that there exists a functor Ccone(r,) SR Ccone(s,) such that
the diagram
CCone(R+) = R_|_ — 77”60611/TE+ B S_|_ — modl/T§+ = CCone(S+)

7, | [« (5)

*

Ry —mody —— Si —mod;

commutes. Thanks to the universal property of localizations, the functor ¢ is uniquely
determined by the commutativity of (5).
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Evidently, all ring isomorphisms belong to Ry — Rings;. It follows from the universal
property of localizations that the composition of morphisms of Ry — Rings; belongs to
Ry — Ringsy; i.e. Ry — Rings; is, indeed, a subcategory of the category Ry — Rings. The
map R, — Cone(R) extends to a functor Ry — Rings]’ — |Cat|® which we denote
by Cone.

7.3.4.2. Remarks. (a) For any morphism R, —+ S, of Ry — Rings, the functor
95* = Q;SOIQR* : CYCone(R_F) — C’Cone(éq_) (6)

might be regarded as an inverse image functor of a morphism Cone(S,) — Cone(R, ).
Notice, however, that the map ¢ — ¢ is not functorial, unless morphisms are picked
from the subcategory Ry — Rings;.
(b) For any morphism Ry N Sy of Ry — Ringsy, the corresponding morphism

Cone(S4) LA Cone(R;) is continuous.

.
This follows from the fact that the functor Ccone(r,) ERSAEN Ry — mod; has a right
adjoint and from the formula (6).

7.3.4.3. Proposition. Let S be an Ry-ring, e a central idempotent element in S
(i.e. €2 =¢). Then Ry = {r € S| re =er =r} is an Ro-subring in Sy, and the inclusion
R — S is a morphism of Ry — Rings; .

Proof is left to the reader. m

7.3.5. Remark. For any Ry-ring R, we have a canonical morphism (Zariski open
immersion) Cone(R;) — Sp(R), R = Ry ® R4, which depends functorially on Ry
(a functor from Ry — Ringsj’). This morphism can be regarded as a moncommutative
analogue of the Stone compactification of a locally compact space. If the ring R, is unital,
then Sp(R) is the disjoint union of Sp(Ry) and Sp(Ry) (see 7.3).

7.3.6. Hopf actions and cross-products. Let Ry be an associative unital k-
algebra. We call an Ryp-ring R, an (Rglk)-ring if the Rp-ring structure makes R, a
k-algebra, i.e. Ar = rX for all r € Ry and A € k. Let H = (J, H, u) be a k-bialgebra.
Here H -2+ H @r H 2 H are resp. comultiplication and multiplication. Recall that a
Hopf action of H on a k-algebra R, is a unital H-module structure on R such that the
multiplication Ry ®; R4+ — R, is an H-module morphism. We assume that H acts
trivially on Rp. Then the cross-product Ry#H is an (Ry|k)-ring.

The Hopf action of H on Ry induces an endofunctor, H , on the category R, —mod;.

This endofunctor assigns to any (non-unital) R;-module M = (M, Ry ®; M S M ) the
Ri-module H ®; M = (H ®j M,&y3;), where the action £ is the composition of

Ry HOM — HRpRL M — HRpHRR Ry QM — HRp Ry @ M — H®y M.
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Here the second arrow is induced by the comultiplication §, the third arrow by the action
7, and the fourth arrow by the R—module structure £. The multiplication H @, H - H

induces a monad structure, H? X H on H. One can see that the category R #H—mod,
is isomorphic to the category H— mod, where H denotes the monad (H ). This follows
from the observation that the functor H is isomorphic to R#H ®r —, where R = Ry ® R
is the augmented Ry-ring. This observation implies, on the other hand, that the functor H
is continuous (i.e. it has a right adjoint) and that there is a natural isomorphism between
the category Ry #H —mod; and the category (H/R) —mod of modules over the monad .
Here we write (7/R) instead of (H/Sp(R)) and identify Ry — mod with R — mod. Thus,
we have a natural isomorphism Sp(#/R) — Sp(R#%) such that the diagram

Sp(H/R) — Sp(R#H)

N (7)
Sp(R)

commutes.
The following assertion provides another family of morphisms of Ry — Rings;.

7.3.6.1. Proposition. Let H ®;, Ry — R, be a Hopf action of an k-bialgebra
H=(6,H,u) on a (Rolk)-ring Ry. Suppose the functor H ®y — is flat. Then the monad
H on Sp(R) induces a monad H on Cone(R.) such that there is a canonical commutative
diagram
Sp(#H/Cone(Ry)) —+ Cone(R, #H)
N (8)
Cone(R.)

of affine morphisms.
In particular, the canonical morphism Ry — Ry #H belongs to Ry — Rings; .

Proof. Tt follows that the functor H maps the subcategory T, to itself. Since the
functor H ®j — : k — mod — k — mod is flat (i.e. it is exact and preserves colimits of

H
small diagrams), the functor Ry — mody —— R, — mod; is flat too. Therefore, the
Serre subcategory T§+ is stable under H, and the functor H induces a continuous functor

H ~ ~
Ry —mod1 /Ty, = Ccone(r.) — CCone(r,)- By 7.1.2, the multiplication H? £y H

induces a multiplication H? 2y H. The isomorphism of categories

R #HM — mod, = (H/R) — mod,
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mentioned above induces an isomorphism Ccone(r#n) — (H/Comne(R))—mod, regarded
as an inverse image functor of an isomorphism Sp(?/Cone(R)) — Cone(R##H) such
that the diagram (8) commutes. The monad (#/R) is continuous (i.e. the functor H has a
right adjoint), because H is isomorphic to the (obviously) continuous functor R#H Q5 —.
By 7.1.2(i), this implies that the monad # on Cone(R) is continuous. By 5.2, the latter
means precisely that the natural morphism Sp(H/Cone(R)) — Cone(R) is affine.
Therefore, by the commutativity of (8), the morphism Cone(R#H) — Cone(R) is
affine. This shows, in particular, that the canonical morphism R, — R, #H belongs to
Ry — Rings;. m

7.4. Noncommutative projective spectra.

7.4.1. Projg. Fix a monoid G. Let F, = (Fy,u) be a G-graded (non-unital in
general) monad on X. Let grglFy — mod; denote the category of G-graded non-unital
F,-modules and preserving gradings morphisms. Let

*

grgF+ — mod; AN F. — mod, (1)

be the functor forgetting the grading. We denote by grg7r, the preimage of the subcate-
gory Tg, in grglF —mod;. Let Cproj, (F4) be the quotient category grglF —mod; /grgﬁi.
This defines a 'space’ Projg(Fy) = Projg(F,/X).

7.4.2. Actions. Let G be a monoid. An action of G on a ’space’ X is a monoidal
functor G — End(Cx). Here G is viewed as a discrete monoidal category and End(Cx)

denote the (strict) monoidal category of endofunctors Cx — Cyx; i.e. E/’n\Jd(C’X) =
(End(Cx), o).

7.4.2.1. Examples. (a) Let F be a (non-unital in general) G-graded monad on a
‘space’ X; and let Cy = grgF+ — mod,. For any G-graded F;-module N = ®,cgN, and
any v € G, we denote by N|[v] the G-graded F-module defined by N[y], = Ny. This
defines a strict action of G on the ’space’ Y. Here strict means that the monoidal functor

G = End(Cx) is strict, that is N[y172] = (N[y2])[11] for all N.
(b) The action of G on the ’space’ Y in (a) (i.e. on the category grgFy — mod;),
induces an action of G on Projg(F).

Recall that a full subcategory T of an abelian category is called topologizing if it is
closed under taking subquotients and finite coproducts.

7.4.3. Proposition. Let T be a G-stable, topologizing subcategory of grglF+ — mod;,
and let T denote the image of T in F. —mod;. Then ﬂ*fl(T_) CcT-.
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If the ’space’ X has the property (sup) and the functor F preserves supremums of
subobjects, then m*  (T~) =T~

Proof. (a) Since the functor (1) is exact, the preimage, 7* (T~), of the Serre
subcategory T~ is a Serre subcategory of the category grglF. — mod;. The inclusion
7 (T~) C T is equivalent to that every nonzero object of 7*  (T~) has a nonzero sub-
object which belongs to T; or, what is the same, for any nonzero object, N, of W*_l(’ﬁ‘*),
there exists a nonzero morphism L — N, with L € ObT. We can and will assume that
L is generated by one of its homogeneous components. Then F, — mod;(L,N) is a G-
graded Z-module, and some of homogeneous components of the morphism ¢ are nonzero.
Replacing the module L by the module L[] for an appropriate v € G, we can assume that
the homogeneous component of g of zero degree is nonzero. Thus, there exists a nonzero
morphism L[y] — N of graded F;-modules. Since the subcategory T is stable under the
action of G, the object L[v]| belongs to T.

(b) Since X has the property (sup) and F preserves supremums, both categories,
grgF+ — mod; and F, — mod; possess this property too. Therefore, every object, M, of
T~ has a filtration, {M; | ¢ > 0} such that M; = sup(M;|j < i), if ¢ is a limit ordinal,
and M;,1/M; belongs to T. But, this implies that M is an object of 'ﬁ'*; i.e. we have the
inverse inclusion, T~ C 7* (T~). m

7.4.3.1. Corollary. (a) 77*71(77F_+) C grgT, -

(b) If the ’space’ X has the property (sup) and the functor F preserves supremums
of subobjects, then grgTy = W*_l(fﬂ)'

Proof. Set T = grgTp,. Then T~ coincides with 71}1» hence the assertion. m

7.4.3.2. Corollary. Suppose that X has the property (sup) and F preserves supre-
mums of subobjects. Then the forgetful functor (1) induces a faithful exact functor

*

CProjg(F.) £ Ccone(F.) (2)

Proof. By 7.4.3.1(b), grgTy, = i (Tg, ), where grgFy —mod; AN Fy —mod; isthe

forgetful functor. The functor 7 induces a faithful functor between quotient categories
grglF — modl/grg'ﬁg_+ —— Fy —mody /Ty, .

This functor is exact because the inclusion functor grglF; —mod; — F, —mod; is exact.
Hence the assertion. m
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The functor (2) is regarded as an inverse image functor of a morphism ('projection’)
Cone(F, ) - Projg(F ).

7.4.3.3. The Proj of an associative ring. Let Ry be an associative unital ring
and G a monoid. Let Ry be a G-graded Ry-ring, which is, by definition, a G-graded ring
in the category of Ry-bimodules. Then we have the category grg R+ — mod; of G-graded
R, -modules and its subcategory grgTr, = Tr, NgrgRy — mod;. We obtain the ’space’
Proj;(R4) = Projg(R) defined by

CProjg(R+) =grgRy — modl/grng;.

Since the conditions of 7.4.3.1(b) hold, g?‘g'TR_+ = grg Ry —mod, ﬂTP;, and, therefore,
we have a canonical projection

Cone(R,) —- Projg(R4).

Taking X = Sp(Ry) (i.e. Cx = Ry — mod), we can identify Ry with the monad
Fi = (Fy,p), where Fy = Ry ®p, — and F? 5 F, is determined by the multiplication
R, ®pr, Ry = Ry. If R, is G-graded, then the monad F is G-graded. There are natural
isomorphisms Cone(R, ) ~ Cone(F,) and Projg(R;) ~ Projg(F,).

We have recovered the construction 1.4 illustrated by examples 1.5, 1.6, and 1.7. One
can approach to these examples from a different side, via Hopf actions.

7.5. Hopf actions. Let G be a monoid and Ry an associative unital k-algebra.
For a G-graded (Ry|k)-ring Ry, we denote by grg R+ — mod; the category of non-unital
G-graded Ry-modules. Let H = (0, H, u) be a G-graded k-bialgebra with comultiplication
§ and multiplication p; and let H ®j Ry — R, is a Hopf action compatible with grading.
Recall that a Hopf action of H on a k-algebra R, is a unital H-module structure on R
such that the multiplication Ry ®; Ry — R4 is an H-module morphism. We assume
that H acts trivially on Ry. Then the cross-product Ry#%H is a G-graded (Rg|k)-ring.

The Hopf action of H on Ry induces an endofunctor, Hg, on the category grg Ry —

mod; which assigns to any (non-unital) G-graded R, -module M = (M, Ry ®, M S M )
the G-graded Ry-module H ®, M = (H ®) M,&y), where the action 3 is same as in
the non-graded case (cf. 7.3.6). The multiplication H ®j H 25 H gives rise to a monad
Hg = (Hg, pug) (like in 7.3.6); and the category grgRy#H — mod; is isomorphic to the
category Hg —mod. By an argument similar to that of 7.3.6, the monad Hg is continuous
(i.e. the functor Hg has a right adjoint) which is equivalent to that the forgetful functor
Hg — mod — grg R, — mod; is a direct image functor of an affine morphism.
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7.5.1. Proposition. Let H ®, R, — R, be a Hopf action of an k-bialgebra
H = (6, H,p) on a G-graded (Rolk)-ring R4. Suppose the functor H ®j — is flat. Then

the monad H on Sp(R) induces a monad H on Projg(Ry) such that there is a canonical
commutative diagram

Sp(#/Projg(R..)) ~+ Projg(R. #H)

N (8)
Projg(R+)

of affine morphisms.
Proof. The argument is similar to that of 7.3.6.1. Details are left to the reader. m

7.5.2. Example. Let G be a connected reductive algebraic group over an alge-
braically closed field k of zero characteristic. Fix a Borel subgroup B, a maximal unipotent
subgroup U, and a maximal torus H chosen in a compatible way: H and U are subgroups
of B, and B = HU). Let R be the algebra of regular functions on the homogeneous space
G /U (called after I. M. Gelfand the 'base affine space’). The algebra R is the direct sum of
all simple finite dimensional modules, each appears once; i.e. R = ©x>0R, where A runs
through nonnegative integral weights. Then Ry = k, and Ry = @) >oR) is a G-graded
k-algebra. Here G is the group of integral weights of the group G.

The category Ccone(r,) is equivalent to the category of quasi-coherent sheaves on
the base affine space G/U. The category Cprojg(Ry) 18 equivalent to the category of
quasi-coherent sheaves on the flag variety G/B. We refer for details to [LR4].

7.5.2.1. Note. If the group G is simply connected, this construction can be given in
terms of the Lie algebra g of G and its Cartan subalgebra b, as it is done in 1.6.

7.5.2.2. D-modules. By construction, there is a Hopf action on R of the universal
enveloping (Hopf) algebra U(g). Consider instead of R the crossed product Ry#U(g).

The universal enveloping algebra, H, of the Cartan subalgebra, b, acts on the algebra
R according the decomposition R = ©x>0R\: each R) is a one-dimensional representation
of H with the weight A tensored by the vector space Ry. This is a Hopf action commuting
with the action of U(g), hence it determines to a Hopf action of U(g) = U(g) @ H on R..

The category C' is equivalent to the category of D-modules on the base

affine space G/U.
The category CProjg(RJr#ﬁ(g))
variety G/B.
We can express these facts saying that the category of D-modules on the base affine
space G/U is the category of quasi-coherent sheaves on the noncommutative quasi-affine
‘space’ Cone(R+#ﬁ(g)) and the category of D-modules on the flag variety G/B is the

Cone(R #U (g))

is equivalent to the category of D-modules on the flag
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category of quasi-coherent sheaves on the noncommutative ’space’ Projg (R #U(g)). Both
are semi-separated (actually, separated) noncommutative schemes.

7.5.3. Example: quantum affine base space and quantum flag variety. Let
U,(g) be the quantized enveloping algebra of a semi-simple Lie algebra, g, and let H be its

maximal torus (this time canonical). We define R and R as in 7.5.2; i.e. R = @ Ry
A>0
and Ry = @ Ry , where R) is the simple U,(g)-module with the highest weight A\. The

A>0
multiplication is given by choosing projections Ry ® R,, — Ry, for different A and p in

an appropriate way (see [LR4] for details).
We define the quantum base affine space of g as the 'space’ Cone (R ) and the quantum
flag variety of g as the ’space’ Projg(R..).

7.5.3.1. D-modules on the quantum base affine space and the quantum flag
variety. Let U,(g) be the quantized enveloping algebra of a semi-simple Lie algebra, g,
and let ‘H be its maximal a torus. Let R = ®)>oR\ be the algebra of functions on the
quantum base affine space, and Ry = @y >oR\ the quantum base affine space of g which
is by definition the spectrum Cone(R.) of the algebra R, (see 7.5.2).

The maximal torus H acts on R;, and this action commutes with the action of
U,(g). Thus R, has a structure of a U,(g)-module, where U,(g) = U,(g) ® H. By 7.1.2,

ﬁq(g) induces a continuous monad, U;*(g), on Cone(R, ). And we have the commutative
diagram ~ B
Sp(U; (9)/Cone(R)) —— Cone(R#U,(g))
N\ e
Cone(R.)

~ The action of ﬁq(g) on R, respects G-grading, hence it induces a continuous monad,
Uq(g), on Projg (R, ); and we have a commutative diagram

Sp(U,(g)/Projg(R)) —— Projg(R+#U,(g))

\ %
Projg(Ry)

of projective ’spaces’ whose diagonal arrows are affine morphisms.
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Locally Affine 'Spaces’ and Schemes. Smoothness

The first section is dedicated to generalities on finiteness conditions — locally finitely
presentable morphisms and objects, and representable morphisms in a simple-minded set-
ting. Namely, our initial (and, with the exception of examples, the only) data here is

a functor A —° B whose domain A is thought as the category of ’local’ objects (like
affine schemes) and range, B, as the category of "spaces”. We introduce morphisms of the
category B representable by a given class of morphisms of the category 2l. Morphisms rep-
resentable by the class of all morphisms of 2 are called simply ”representable”, or ”affine”.
As a non-trivial application of this formalism, we define closed immersions and, as their
derivatives, separated objects and morphisms of the category of ”spaces” ‘B.

In Section 2, we enrich our initial data with a class 91 of morphisms of the category
B (playing the role of ”infinitesimal” morphisms) and introduce formally 9t-smooth and
formally 91-étale morphisms. In classical examples, morphisms of 99T come from the cate-
gory 2l of ’affine’ objects; but, for a general formalism, there is no need in this assumption.
Actually, there is no need in the category 2l as long as local finiteness conditions are not

involved. The local finiteness conditions (hence the functor 2 N B) reappear in Section
3, where we define 9l-smooth and 9)1-étale morphisms, as well as 9i-open immersions.

In Section 4, we adjoin to the data one more parameter — a pretopology on the category
8. The purpose is to pass from a given class ¥ of morphisms of B to the class P” of
those morphisms which ’locally” belong to 3. This extension of the class B is natural (for
instance, smoothness is expected to be a local property) and it is much more flexible; in
particular, it is stable, under certain conditions, with respect to sheafification functor (the
advantages of the latter property become clear in Chapter 3).

In Section 5, we define smooth, étale, and Zariski pretopologies on the category 95 (all
three depending on a class of ”infinitesimal” morphisms 9t) and the notions of a scheme,
an algebraic space and a locally affine space with respect to smooth pretopology.

Unfortunately, flat covers of noncommutative spaces, which, thanks to flat descent, are
at least of the same importance for noncommutative algebraic geometry as for commutative
one, do not form a pretopology — base change invariance fails. By this reason, we outline
in Section 6 the first steps of a slightly weaker gluing formalism, in which pretopologies are
replaced by ’quasi-pretopologies’. In Section 7, we apply this formalism to define locally
affine ’spaces’ and schemes in the category |Cat|® (- absolute case) and relative locally
affine 'spaces’ and schemes via fppf quasi-pretopology. It is also applied to introduce
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locally affine presheaves of sets (with respect to fppf, or a flat Zariski quasi-pretopology)
on the category of affine noncommutative schemes.

1. Generalities on finiteness conditions.

1.0. The local data and some of its special cases. Fix a functor 2 S, 9 which
will be usually referred to as a 'local data’. Such reference means that 2 is regarded as
the category of ’local’, or ’affine’, objects, 8 as the category of ”spaces”, and the functor
§ associates with each ’affine’ object a space.

Examples one might keep in mind for this work are as follows.

1.0.1. Commutative affine schemes and geometric spaces. In a standard
commutative prototype, B is the category of locally ringed topological spaces, otherwise
called geometric spaces, 2 is the category opposite to the category C Algy of commutative

unital k-algebras, and the functor 2 S, m assigns to every commutative k-algebra the
corresponding affine scheme.

1.0.2. Subcanonical presites and (pre)sheaves of sets. Let 7 be a subcanonical
pretopology on a category 2. Recall that ’subcanonical’ means that all representable
presheaves are sheaves. So that the Yoneda embedding

A— A, Mr— M=2A(—, M),

induces a full embedding of the category 2( into the category (2, 7)" of sheaves of sets
on the presite (2, 7). The latter is our functor § in this situation.

1.0.3. Presheaves and sheaves of sets on noncommutative affine schemes.
Let 2 be the category Affy of affine noncommutative k-schemes, which is, by definition, the
category opposite to the category Algx of associative unital algebras over a commutative
ring k. We take as B the category Aff, of presheaves of sets on Aff, or, what is the
same, functors Algr — Sets. The functor § is the Yoneda embedding, which maps an
affine scheme corresponding to a k-algebra R to the presheaf RY = Algx(R, —).

1.0.3.1. Sheaves of sets. The category 2 is Aff; as in 1.0.3, and B is the category
(A, 7)" of sheaves of sets with respect to a subcanonical pretopology 7. Our predominant
choice is the smooth pretopology defined later in the text.

1.0.4. Affine ’spaces’ and ’spaces’ over a ’space’. Fix a 'space’ S — an object of
the category |Cat|®. We take as 2 the category Affs of affine S-’spaces’, as B the category
|Cat|°/S of ’spaces’ over § and as § the natural embedding of Affs into |Cat|®/S. It
follows from 1.5.4 that § is a full embedding.
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1.0.4.1. Monads and ’spaces’. Let Cs be a svelte category with cokernels of
reflexive pairs of arrows. Let Mtong be the category of continuous monads on the category
Cs. We take as 2 the category opposite to Mong, as B the category |Cat|®/S of ’spaces’
over § and as § the functor which assigns to every continuous monad F on the category
Cs the pair (Sp(F/S),Sp(F/S) — S), where Sp(F/S) is the categoric spectrum of
the monad F — the ’space’ represented by the category (F/S) — mod of F-modules, and
Sp(F/S) — S is a natural morphism, whose direct image functor is the forgetful functor
(F/S) — mod — Cs. It follows from 1.4.6.3 and 1.5.2 that the functor § is full.

1.1. Locally cofinite and finitely copresentable objects. Fix a local data — a

functor A —» B. We call an object X of B locally cofinite, or (A, F)-cofinite (resp. locally
finitely copresentable, or (U, F)-finitely copresentable), if, for any small diagram (resp. for

any filtered projective system) 00 25 91 such that there exists lim(Fo®), the canonical
map

colim B(F 0D, X) —— B(lim(§ o D), X) (1)

is an isomorphism.
We denote by %;l,& (resp. by %;f,g) the full subcategory of the category 8 generated
by locally cofinite (resp. by locally finitely copresentable) objects.

1.1.1. Cofinite and finitely copresentable objects. If § is the identical functor
B — B, then we omit “locally” and denote the full subcategory of B generated by
cofinite (resp. locally finitely copresentable) objects by BT (resp. by B).

1.2. Locally finite and locally finitely presentable objects. They are de-
fined dually: an object X of the category B is called locally finite (resp. locally finitely
presentable) if the canonical morphism

colim B(X,FoD) —— B(X, colim(F o D)) (2)

is an isomorphism for any small diagram (resp. filtered inductive system) 0D 2, 2,
provided that colim(F o D) exists.

The notations are dual to those of 1.1. Namely, we denote by ‘B?[’S (resp. by %?L’g)
the full subcategory of the category B generated by locally finite (resp. by locally finitely
presentable) objects.

1.2.1. Finite and finitely presentable objects. If § is the identical functor
B — B, then we drop “locally” and denote the full subcategory of B generated by finite
objects by ‘B; and the full subcategory generated by finitely presentable objects by Bj,,.

1.3. Proposition. Let 2 3. %W bea fully faithful functor.
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(a) If the functor § preserves colimits of small diagrams, then an object X of the
category A is finite iff the object F(X) is locally finite.

(b) Suppose that 2 S, m preserves colimits of inductive systems. Then an object
X of the category A is finitely presentable iff the object F(X) is locally finitely presentable.

Proof. (a) Suppose that X is a finite object of the category 2. Then, for any small

diagram 6% 2, 91 such that the colimits of of ® and of $0D exists, we have a commutative
diagram

colim(X, D(—)) e e 2A(X, colim®)
colimB(F(X),F o D(-)) —— B(F(X), F(colim®D)) (1)
N\ /!

B(F(X),colim(F o D))

Since § is, by hypothesis, a fully faithful functor, the vertical arrows of (1) are iso-
morphisms. Since § preserves colimits, the right diagonal arrow is an isomorphism too.
So that, under the conditions, the upper horizontal arrow of (1) is an isomorphism iff the
left diagonal arrow is an isomorphism.

(b) Same argument applied to inductive systems. m

1.4. Proposition. Fiz a local data 2 3+ B.

(a) If 6 Y. B isa finite diagram which maps objects of OV to finitely presentable
objects, then the colimit of ¥ (if any) is a finitely presentable object.

(b) Every retract of a locally finite object is locally finite.

(c) Any retract of a locally finitely presentable object is locally finitely presentable.

Proof. (a) The assertion follows from the natural isomorphism 9B(colim¥, —) ~
limB(¥, —) and the fact that filtered colimits commute with finite limits.

(b) Let X be a locally finite object, and let Y be a retract of X; i.e. there exist
morphisms Y 24 X and X % Y such that Yo¢ =1idx. Let p denote the corresponding

projector: p = ¢ o). For any diagram 0D N B, we have a commutative diagram

colimB(X,FoD) —— B(X,F(colimD))
id U’Bp,— idl B(p,—)
colimB(X,FoD) —— B(X,F(colimD))

j 2

colimB(Y,§oD) —— B(Y,F(colimD))
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whose vertical diagrams - = - — - are exact and two upper horizontal arrows are isomor-
phisms. Therefore, the canonical morphism colim®B(Y, D) — B(Y, colimD) is bijective,
which shows that the object Y is locally finite.

(c) The argument of (b) applied to filtered diagrams proves the assertion. m

1.5. Proposition. (a) Finite objects of a category B are projective with respect to
the class €% of strict epimorphisms of B. In particular, if X is a finite object, then every
strict epimorphism to X splits.

(b) Suppose that the B is an additive category with small colimits. Then finite objects
of B are precisely finitely presentable objects which are projective with respect to strict
epimorphisms.

Proof. (a) Let X be a finite object, X LI 2) a strict epimorphism and X £, 2
an arbitrary morphism. By definition, X LN ) is a strict epimorphism if Q) is colimit of
a diagram D formed by a set of pairs of arrows Z = X equalizing X LI ). Since

colimB(X, D) —— B(X, colimD) = B(X,)

is an isomorphism, there exists a cone X — (Z =% X) whose image in B(X,2)) is the

morphism £. In particular, we obtain a morphism & %4 % such that E=to E

(bl) If B is an additive category with infinite coproducts, then, for every finitely
presentable object V of the category B, the functor B(V, —) preserves infinite coproducts.

This is due to the fact that 8(V, —) preserves finite coproducts thanks to the additivity
of 9B, and infinite coproducts are colimits of the filtered set of their finite subcoproducts.

(b2) The projectivity of V with respect to strict epimorphisms implies that B(V, —)
preserves cokernels of pairs of arrows. So that if, in addition, the object V is finitely
presentable and the category B has colimits of small diagrams, then the functor B(V, —)
preserves arbitrary colimits. m

1.6. Examples: modules and tensor algebras.

1.6.1. Modules. If B is the category of modules over an associative unital algebra,
then finitely presentable objects are finitely presentable modules in the usual sense, and it
follows from 1.5(b) that finite objects are finitely generated projective modules.

1.6.2. Tensor algebras. Let *B be the category Algy of associative unital k-algebras.
For any k-module M, we denote by T} (M) the tensor algebra of the k-module M.

1.6.2.1. Proposition. (a) The tensor algebra Ti,(M) of a k-module M is a finitely
presentable object of Algy, iff M is a finitely presentable k-module.

(b) The tensor algebra Ty, (M) is a projective object with respect to strict epimorphisms
of Algy iff M is a projective k-module.
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Proof. (al) The functor
k—mod —— Algr, M v+— T(M),

is a left adjoint to the forgetful functor Algx BNy mod; and the latter preserves

colimits of inductive systems. So that, for any inductive system 69 2, Algy, we have a
commutative diagram

colim Al gy (fk (M), D) ——— Algk(Tk(./\f), colim®)
! !
colimHomy (M, f. 0 D) e Homy, (M, f.(colim(D)) (1)
N\ /!

Homy, (M, colim(f, 0 D))

whose vertical arrows are isomorphisms by adjunction. The right diagonal arrow is an
isomorphism, because the functor f. preserves colimits of filtered diagrams. So that the
upper horizontal arrow is an isomorphism iff the left diagonal arrow is an isomorphism.
This shows that the tensor algebra T} (M) is a finitely presentable object of the category
Algy, if M is a finitely presentable k-module.

(a2) Let ¢y denote the functor k —mod — Alg, which maps every k-module N to

k@ N with zero multiplication on V. Let 6D — k—mod be an inductive system. Then
there are natural isomorphisms

colim(¢y o D) ~ ¢ (colimD) and colim(f. o ¢y 0 D) ~ k @ colimD.

Therefore, replacing in (1) the diagram ® by the composition ¢y o D, we obtain a
commutative diagram

colimAlgy(Tx (M), ¢pp 0o D) ———  Algi(Ti (M), colim(¢py o D))
! l
colimHomy (M, s 0 D) —— Homy(M, f.(colim(¢y o D))
! ! (2)
colimHomp(M,k®D) —— Homi(M,k @ colim(D))
! l
M* @ colimHomy(M,D) ——— M*@® Homy(M,colim(D))
whose vertical arrows are isomorphisms and M* = Homy (M, k). It follows that all

arrows of (2) are isomorphisms iff any of horizontal arrows is an isomorphism. The lowest
horizontal arrow is an isomorphism iff the canonical map

colimHomy(M,D) —— Homy (M, colim(D)) (3)
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is an isomorphism. So that if T} (M) is a finitely presentable object of the category Algy,
then the upper horizontal arrow of the diagram (2) is an isomorphism for any inductive
system 6D Ny mod, which implies (is equivalent to) that (3) is an isomorphism, i.e.
M is a finitely presentable k-module.

(b1) Strict epimorphisms of algebras are precisely those morphisms which the forgetful

functor Algs BNy mod; maps to module epimorphisms. Therefore, a left adjoint to
f« maps projective modules to to the objects, which are projective with respect to strict
epimorphisms, because Algy(Tx(M), ) =~ Homy(M,f.(A\)) for any algebra morphism A.

(b2) The functor k — mod & Algy, (defined in (a2) above) maps epimorphisms
of modules to strict epimorphisms of algebras, and it follows from the way ¢ acts on
arrows that, for any module morphism £ —= A, the morphism Algy(Tk(M), dr(7)) =
Homy (M, f.¢r(7)) is surjective iff Homy (M, ) is surjective. This shows that the module
M is projective if its tensor algebra is projective with respect to strict epimorphisms of
algebras. m

1.6.2.2. Corollary. The following conditions on a k-module M are equivalent:

(a) M is a finitely generated projective;

(b) Ti,(M) is a finitely presentable object of Algy which is projective with respect to
strict epimorphisms.

Proof. By 1.6.2.1, a k-module M is finitely presentable iff the k-algebra Ty (M) is a
finitely presentable object of Alg, and M is projective iff Ty (M) is projective with respect
to strict epimorphisms of algebras. Therefore, (b) is equivalent to M being a finitely
presentable projective module, which is the same as a finitely generated projective. m

1.6.3. Proposition. A k-algebra R is a projective object of Algy with respect to
strict epimorphisms iff it is a retract of a tensor algebra Ty (V) for a projective module V;
that is there exists a split algebra epimorphism Ti(V) — R.

Proof. Since, for any associative unital k-algebra R, the adjunction morphism
F5+(R) = T (F+(R)) —— R

is a strict epimorphism, there exists a strict epimorphism 7T} (V) — R with V a projective
(or free) k-module. If R is projective with respect to strict epimorphisms, this strict
epimorphism splits. Conversely, if Tj()V) — R splits, then R is a projective object of
Algy, because, by 1.6.2.1, the tensor algebra T} (V) is a projective object. m

1.6.4. Note. Even if M is a free k-module of finite rank, its tensor algebra T} (M)
is not a finite object of the category Algy. This follows from the fact that the functor
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Algy (T (M), —) is isomorphic to Homy (M, f.(—)) and the latter functor does not preserve
coproducts in the category Algy (which are usually called “star-products”).
In fact, if £ and N are non-trivial (say, free) k-modules, then

Alg(Te(M), Ti(£) [ [ Te (W) = Algi(Ti(M), Tu(L D N)) ~
Homy (M, f.(Ti(£ & N))) # Homy (M, 1. (Te(£))) | [ Homu (M, . (Th(N))).

Here the first isomorphism is due to the fact that the functor Ty (—) preserves colimits
(because it has a right adjoint); in particular it preserves coproducts.

1.7. Weakly finite and locally weakly finite objects. It follows from 1.6 that
the notion of a finite object becomes too restrictive in non-additive categories, and it makes
sense to single out a weaker class of objects suggested by 1.5 and 1.6.4.

1.7.1. Definitions. (a) We call an object X of a category B weakly finite if it is
finitely presentable and the functor B (X, —) preserves cokernels of reflexive pairs of arrows.

g1
Recall that a pair of arrows M X L in Cy is called reflexive, if there exists a

92

morphism L i> M such that g; o h = idy; = go o h.

(b) Given a functor (- a local data) 2 5, B, we call an object X of the category B
locally weakly finite if it is locally finitely presentable and the functor B (X, F(—)) preserves
cokernels of reflexive pairs of arrows.

(¢) Weakly cofinite and locally weakly cofinite objects of B are defined dually.

1.7.2. Note. Finite, weakly finite and finitely presentable objects appear in linear
algebra, while locally weakly cofinite and locally finitely copresentable objects play cru-
cial role in algebraic geometry. The following examples (and the rest of the manuscript)
illustrate this observation.

1.8. Noncommutative vector fibers. By definition, the category Aff; of noncom-
mutative affine schemes over k is the category opposite to the category Alg, of associative
unital k-algebras. We take as 9B the category Aff} of presheaves of sets on Aff, which
we identify with the category Alg) of functors Algy, — Sets, and as local data the
Yoneda embedding Aff, — Aff}. The Yoneda embedding identifies Aff;, with the full
subcategory of Alg) generated by the presheaves of sets RY = Algy(R, —).

1.8.1. Vector fiber of a module. The affine scheme

Ti(M)Y Y Al (Ti(M), =) ~ Homy (M, f.(—))
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corresponding to the tensor algebra Ty (M) of a k-module M is denoted by Vi (M) and
called the vector fiber of the k-module M.

1.8.2. Proposition. (a) The vector fiber Vi, (M) is a finitely copresentable object of
the category Afty iff the module M 1is finitely presentable.

(b) The vector fiber Vi.(M) is an injective object of the category Affy with respect to
strict monomorphisms iff the k-module M is projective.

(¢) The vector fiber Vi,(M) is a weakly cofinite object of Affy iff M is a finitely
generated projective k-module.

Proof. The assertion follows from 1.6.2.1 and 1.6.2.2. =

1.9. Objects of locally (co)finite type. A standard notion (- an imitation of
Grothendieck’s definition) is as follows. Fix a functor 2 S, %, An object X of B is of

locally finite type, or of (A, §)-finite type, if, for any inductive system 06D 2, 9 such that
there exists colim(F o ®), the canonical map

colim B(X,Fo®D) —— B(X, colim(F o D)) (1)

is injective. We denote by %?L’S the full subcategory of the category B generated by all
objects of locally finite type.

Objects of locally cofinite type are defined dually, and the full subcategory of the
category ‘B they generate is denoted by %g{,g-

1.9.1. Proposition. If an object X of the category B is of locally finite type and
X — Y is an epimorphism, then Y is an object of locally finite type too.

Proof. This follows from the fact that the vertical arrows of the commutative diagram

colim B(Y,FoD) —— B(Y,colim(FoD))

colim B(X,Fo®) —— B(X,colim(FoD))

are monomorphisms. So that if the lower horizontal arrow is a monomorphism, then the
upper horizontal arrow is a monomorphism too. m

1.10. Objects of locally strictly finite type. Proposition 1.9.1 shows that there
might be (depending on the local data, more precisely, on the category B) too many locally
finite objects in the classical sense. The following notion gives what we actually expect.

1.10.1. Definition. We call an object X € ObB an object of locally strictly finite
type if there is a strict epimorphism X — X with X a locally finitely presentable object.
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1.10.2. Proposition. (a) The tensor algebra Ty, (M) of a k-module M is of strictly
finite type iff M is a finitely generated k-module.

(b) An associative unital k-algebra R is an object of strictly finite type in Algy iff
there exists a strict epimorphism Ti(P) — R, where P is a finitely generated projective
(or a free of finite rank) k-module.

Proof. (a) This follows from 1.6.2.2 and the fact that Tj(—) maps module epimor-
phisms to strict epimorphisms of (tensor) algebras.

(b1) It follows from 1.6.2.2 that if there exists an epimorphism T3 (P) — R with P
a finitely generated projective, then R is an algebra of strictly finite type.

(b2) As to the inverse implication, it suffices to prove the existence of a strict epimor-
phism 7% (P) — R with P a free k-module of finite rank in the case when R is a finitely
presentable object of the category Algy.

The k-module §.(R) is the colimit of its finitely generated submodules which form an
inductive system, &. By adjunction, we have an inductive system of algebra morphisms

Ti(M) 2% R, Mes,
whose colimit is the canonical strict epimorphism
fi«(R) = Tr(f«(R)) —— R.

(because the functor f* = Ty (—) preserves colimits). Let R denote the image of the
algebra Ti(M) in R. Since, by hypothesis, the algebra R is finitely presentable and
colim(Ryp | M € &) = R, there exists M € & such that Ry = R. Taking an epi-
morphism P —— M, where P is a free module of finite rank, we obtain the claimed

strict algebra epimorphism Ty (P) — R as the composition of the strict epimorphism

Tk (e)
Ty(M) — R and Tp(P) —— Ti(M).

1.10.2.1. Corollary. Let a k-algebra R be a projective object of Algy with respect to
strict epimorphisms. Then R is of strictly finite type iff it is finitely presentable.

Proof. Let R be of strictly finite type. Then, by 1.10.2(b), there is a strict epimorphism

T, (P) % R with P a finitely generated projective k-module. If the algebra R is a

projective object of Algy, with respect to strict epimorphisms, then 7} (P) 5 R splits;
that is R is a retract of the algebra Ty (P). Since, by 1.6.2.1, T (P) is a finitely presentable
object of Algy, it follows from 1.4(c) that R is finitely presentable too. m

1.10.3. Proposition. Let S - R be a strict epimorphism k-algebras and S is
finitely presentable. Then R is finitely presentable iff Ker(yp) is finitely generated as a
two-sided ideal.
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Proof. (a) Let 69 2, Algy, be a filtered diagram of k-algebras and R T colim®
a k-algebra morphism. Since the algebra S is finitely presentable, the canonical morphism

colimAlgy(S,9) —— Algi(S, colim®D)

fop
is an isomorphism. In particular, the composition & —— colim® factors through

a morphism S SEN D(x) for some x € ObdD. For every object (y,z = %) of z\D, we

denote by J, the kernel of the composition of S SEN D(z) and D(x) 2w D(y). It follows

that the supremum of the family {J, | (v,v) € Ob(z\D)} contains Ker(p). Since the latter

is finitely generated (as a two-sided ideal), Ker(y) C J, for some (y,v) € Ob(x\D); so

D(V)fx
that the composition & —— ®(y) factors through the strict epimorphism S s R.

This shows that R is finitely presentable if (S is finitely presentable and) the two-sided
ideal Ker(y) is finitely generated.

(b) Conversely, let (J,) be a filtered system of two-sided finitely generated ideals of the
algebra S such that |JJa. = Ker(yp). Then there is an isomorphism R — colim(S/J,).
If R is finitely presentable, then this isomorphism factors through some §/J,. In other

words, the canonical epimorphism S/J, s R splits. The latter implies that K er(py)
is a finitely generated two-sided ideal. Therefore, the two-sided ideal Ker(yp) is finitely
generated. m

1.10.3.1. Corollary. An associative unital k-algebra R is finitely presentable iff

there exists a strict epimorphism Ty (P) LN R, where P is a finitely generated projective
(or a free of finite rank) k-module such that Ker(y) is a finitely generated two-sided ideal
of the tensor algebra Ty (P).

Proof. The assertion follows from 1.10.3 and 1.6.2.1 (or 1.6.2.2). m

1.11. Locally finitely presentable morphisms and morphisms locally of
finite type. Fix a functor (— a local data) 2 NG

We call a morphism X Ty of B locally finitely presentable, or (A, §)-finitely
presentable, if for any filtered inductive system 6% 2, §/Y, the canonical morphism

colim B/Y ((X, f),8y o ®) —— B/Y((X, f), colim(Fy o D)) (1)

is an isomorphism, provided that colim(Fy o ®) exists. Here §y denotes the functor
induced by §:

§/Y — B/Y, (V,FV)=Y)— FOV),5V)=Y).
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We say that a morphism X Ty of B s locally of finite type, or of (A, F)-finite

type, if, for any filtered inductive system D 2, §/Y, the canonical morphism (1) is a
monomorphism, whenever colim(Fy o D) exists.

It follows from these definitions that if the category B has a final object, e, then
an object X of B is of (2, §)-finite type (resp. (2, §)-finitely presentable) iff the unique
morphism X — e is of (2, §)-finite type (resp. (2, §)-finitely presentable).

1.11.1. Dwual notions. These are the notions of a locally finitely copresentable
morphism and a morphism of locally cofinite type.

1.11.2. Proposition. Let XL (resp. X3 ) denote the class of all (U,F)-finitely
copresentable morphisms (resp. morphisms of (U, §)-cofinite type) of the category B.

(a) Both E% and Z%{ are closed under compositions and contain all isomorphisms.

(b) If the morphism f in the cartesian square

X X
1! l cart l f
D — Y
belongs to Zgl, then f’ belongs to Zél, 1=0,1.
(c) Suppose that X oy and 72 Lo W oare morphisms over an object S which belong
toXy. If X XsZ and Y xgW exist, then the morphism

f><sh
XxgZ —— Y xgW

belongs to the same class X5, i =0, 1.
(d) If the composition g o f of two morphisms is (U, F)-finitely presentable and the
morphism g is of (U, F)-finite type, then f is (A, F)-finitely presentable.

Proof. (al) The class ¥ of (2, §)-finitely presentable morphisms contains all isomor-
phisms and is contained in the class X9 of morphisms of (2, §)-finite type.

(a2) Let morphisms X Loy and v 4 2 belong to the class X4, i =0, 1.

gof
The claim is that their composition, X —— Z, belongs to the same class; i.e. for
any filtered projective system D 2, §/Z such that lim(F, 0D) exists, the canonical map

colim B/Z(§z 0D, (X,gf)) —— B/Z(lim(Fz o D), (X, gf))

is injective if ¢ = 0 and bijective if 7 = 1.
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(i) First, we consider the case i = 0.

Let (u, ) and (u,) be two inductive systems of arrows Fz09(v) — (X, gf), v € ObD,
(i.e. gfu, = gful, for all v) such that the compositions of u, and wu/, with the canonical
morphism lim(Fz 0 D) 2% Fz 0 D(v) are equal. With more reason, (fu,)p, = (fu,)p,.
Since Y -+ Z is of (2, §)-finite type, fuu = fu, for an appropriate u. Replacing ® by
the composition, ®,,, of ® with the canonical functor p\D — D, we can regard (u,) and
(u;,) as inductive systems of arrows D,(v) — (X, f), v € Obu\D, which equalize the
canonical morphism

lim(§z 0 @) = im(Fz 0D,) — Fz0D,(v).

Since X -5V belongs to X3, there exists A such that uy = u}; i.e. the systems (u,) and
(ul,) define the same element of colim B/Z(Fz 0D, (X,gf)).

(ii) Suppose now that the morphisms f and g belong to the class Eél.
Let D = 20/7Z be a filtered projective system, and let lim(Fz o D) N (X,g9f) be

fh
an arbitrary morphism. Consider the morphism lim(§z o ®) —— (Y, 9).

Since Y -5 Z is from 33, there exists a unique element u of colim B/Z(Fz09, (Y, g))
whose image in B/Z(lim(Fz 0 D), (Y,g)) coincides with f o h. Let (u,) be an inductive
system of arrows {Fz 0 ©,(v) — (Y, g)} representing the element u; that is for some
1 € ObD, there are commutative diagrams

Iim(§z 0D,) L, (X,g0f)

Py l l f (1)
- Y, g)

Sz00uv) ——

for v € Obu\D. Here ©,, is the composition of p\D — D 2, 5/Z.

D
The commutative diagrams (1) mean that there is a diagram p\D —> F/Y such
that ©,, is the composition of ©, and the natural functor

F/Y 53/2, (V&) — (V,god).
Since the arrow X -1+ Y belongs to the class ¥ of (A, §)-finitely presentable

morphisms, there is a unique element of colim B/Y (§y 0 D,, (X, f)) whose image in
B/Y(lim(Fz 0D,), (X, f)) is given by h. Here we use that im®D, = limD.
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(b) Let

x — X
1 l cart l f
2 2y
be a cartesian square. Suppose that the morphism X Ty belongs to X5 . The claim
is that the morphism % 2) belongs to .
Let D 2 /2 be a filtered projective system, and let lim(Fy o D) = (V,V 5 9).
Fix a morphism (V,v) N (X,f) in B/9. Since f belongs to ¥}, the morphism
(V,gv) LN (X, f) is the image of a unique element, u, of colim B/Y (¢.(Fy D), (X, f)).
Here ¢, ($y 0 D) is the diagram D — B/Y obtained by composing §g o ® with g.

Let (u,) be an inductive system of arrows {g.(§y o ®)(v) — (X, f)} representing
the element u. Then the diagrams

Vigv) —— (X, f9)

pyl lfq“

Uy
9:2(w) —— (X, )
commute. By the universal property of cartesian squares, there exists a unique morphism
F 0 D(v) —% (X, f') such that u, = gul,.

(¢)&(d) The proof of the remaining assertions follows a similar routine. We leave
detailed arguments to the reader. m

1.11.3. Morphisms of locally strictly finite type. We call a morphism X Ty
of locally strictly finite type, if there exists a commutative diagram

t
X — X

g\f /f
Y

in which X -5 Y isa finitely presentable morphism and X Y X astrict epimorphism.

1.11.4. Proposition. Suppose that the class of strict epimorphisms of the category
B is stable under pull-backs along arbitrary morphisms. Then pull-backs of morphisms of
locally strictly finite type are morphisms of locally strictly finite type.
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Proof. Let

X — Y

be a cartesian with X —»Y a morphism of locally strictly finite type. The claim is that
its pull-back, X 5V isof locally strictly finite type.
In fact, let X Y5 X be a strict epimorphism such that the composition fo t is a

locally finitely presentable morphism. By hypothesis, arbitrary pull-backs of X X
exist and are strict epimorphisms. In particular, there exist the diagram

| o—a
Q
8
3
~
%
Q
8
3
~
—=t

whose both squares are cartesian. Therefore, the square

~ ot~

X — Y

| art |

fot
X — Y

is cartesian. By 1.11.2, any pull-back of a locally finitely presentable morphism is a finitely
presentable morphism. Therefore, since the lower horizontal arrow, f o t, is finitely pre-

~ fot ~
sentable, the upper horizontal arrow, X —— Y is finitely presentable too, hence the
assertion. m

2. Representability. Semi-separated and separated objects and morphisms.
Closed immersions.

2.0. Definition. Fix a functor 2 i> B.

Let P be a class of morphisms of the category 2I. We call a morphism X T4 ¥ of the
category B representable by morphisms of P, or (P, §)-representable, if, for any morphism

F(V) -4 Y, there exist a morphism §(W) - X and an arrow W — V from P such
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that

/Gi
=
J@,

X
§(v) l cart f
g
V) — Y
is a cartesian square; in particular, it commutes.

We denote by Pz the class of all morphisms of the category ‘B representable by
morphisms of P.

2.1. Proposition. (a) If the class P contains all identical morphisms of the category
A, then every isomorphism in the category B belongs to the class 733.

(b) The class 733 of (P,J)-representable morphisms is closed under pull-backs.

(c) If the class P is closed under composition, then 733 has the same property.

(d) Suppose that the class P is stable under pull-backs and the functor 2 Sy o\ s
full and preserves pull-backs. Then the image F(P) of the class P is contained in Pg.

Proof. The assertions (a) and (d) are obvious.
The assertions (b) and (c) follow from the general nonsense fact that the composition
of cartesian squares is a cartesian square: if in the commutative diagram

X" — X — X
1 l cart  f’ l cart lf
Y —— Y —— Y

both squares are cartesian, then the square

X" — X
f”l cart lf

Y" —— Y
is cartesian. Details are left to the reader. m

2.2. Note. Let P be a class of morphisms of the category 2l and P> the smallest
class of morphisms of 2 containing P and closed under composition. In other words, P>
consists of all possible compositions of arrows from the class P.

For any functor 2 — B, we have the equality (P>)s = (Ps)®.
This follows from the fact that the composition of cartesian squares is a cartesian
square (see the argument of 2.1).

2.3. Proposition. Let 2 S W bea Jull functor preserving pull-backs and P a
class of morphisms of the category 2 closed under pull-backs. Then §(P) C Ps.
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Proof. The argument is left to the reader. m

2.4. Note. All functors A —+ B in the main body of the work (and examples
1.0.1-1.0.4) to which formalism of this chapter is intended satisfy the conditions of 2.3.

2.5. Representable morphisms. If the class P coincides with the class of all
morphisms of the category 2, then we call (P, §)-representable morphisms representable,
or, sometimes, affine, and denote this class by 2(3z.

2.6. Semi-separated objects and morphisms.
2.6.1. Definition. An object G of the category B is semi-separated, if there exists a
A
product G x G and the diagonal morphism G e, G x G is representable.

2.6.2. Proposition. Let 2 be a category with finite limits; and let the functor

A5 2B be full and preserve finite products and pull-backs. Let G be an object of B such
that there is a product G x G. The following conditions are equivalent:

(a) For every object X of A, any morphism §(X) — G is representable.

(b) The object G is semi-separated.

Proof. (a)=(b). Let X be an object of 2 and F(X) Ty 6 xG an arbitrary

morphism. Taking compositions of f with the projections G x G = (G, we obtain a pair of
f1

morphisms F(X) = G. Their fiber product, F(X) x¢g F(X), is a part of the cartesian
f2
square

G 26, axa
T cart Tf1><f2

F(X) x5 F(X) —— F(X) x F(X)
The morphism §(X) TG x G s the composition of the diagonal morphism

Az (x)
F(X) — F(X) x F(X)

and the morphism

(X)) < 5(x) B e

Therefore, the cartesian square
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is the composition of two cartesian squares:
F  — FX)xcFX) —— G

l cart l cart l Ag (1)
Agz(x) f1xf2
FX) —— (X)) xFX) —— GxG

Since the category 2 has finite limits, in particular products, the presheaf F(X) x§(X)
is representable: §F(X) x F(X) ~ F(X x X). The condition (a) implies that F(X) x, §(X)
is representable. It follows from the left cartesian square in (1) (and the fact that 2 has
fibred products) that the presheaf F is representable. Therefore, the diagonal morphism

A
G % GxG is representable.

(b)=(a). Let X, Y be objects of 2 and §(X) — G +— F(Y) arbitrary morphisms.
Consider the cartesian square

Ag

G _— Gx@d

T wn ]

§(X) xa§Y) —— F(X) xF(Y)
Since 2 has finite products, F(X)xF(Y) isrepresentable: F(X)xF(Y) ~F(X xY).

A
By hypothesis (b), the diagonal morphism G %5 GxG is affine. Therefore, the presheaf
§(X) xa §(Y) is representable too; hence the assertion. m

2.6.3. Proposition. Suppose that the category 2 has limits of diagrams 069 2
for 6 from a certain class =, and the functor 2 S B s full and preserves the limits

of these diagrams. Let 0% 298 bea diagram with 0® € = which maps objects of 69 to
semi-separated objects. Then the limit of © (if any) is semi-separated.

Proof. Let G = lim® and let G SN D(b), b € ObdD, be the universal cone. Then the

A A
diagonal morphism G —g> G x G is the limit of the diagram © 2, D x® of diagonal

morphisms. Let §(X) — GxG be an arbitrary morphism and let F(X) - D(b)xD(b)

Eox§
denote its composition with the projections. G x G bl D(b) x D(b), b € Ob6D. By

As(b)
hypothesis, the diagonal morphism 9 (b) -5 D(b) x D(b) is representable. So that

there exists a cartesian square of the form

S(Ae)

§(Xp) — F(X)
B e
A (o)

D) — % D(b) x D(b)
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By the universal property of cartesian squares, for every arrow a —s b of 69, there
exists a unique morphism §(X,) — §(Xp) making the diagram

F(Xa) —— F(Xe)
:Y/ul l ﬁb
D (u)

D(a) —— D(b)

commute. Since, by hypothesis, the functor § is full, the morphism F(X,) — F(Xp) is

of the image of some arrow X, & Xp. The correspondence

C Xe, (@5 0) — (Xa 25 Xp)

is a diagram 0% 2, 2(. By hypothesis, there exists a limit of the diagram D and the
natural morphism F(lim®) —— lim(Fo®) is an isomorphism. Thus, we have a cartesian
square

FUmD) —— F(X)
l cart l ¥
Ag

G — GxG

Since the functor § is full, its upper horizontal arrow is the image of a morphism of the
A

category 2. This shows the representability of the diagonal morphism ¢ e, GxXG. =
2.6.3.1. Corollary. Let 2 be a category with finite limits and 2 Y, full

functor preserving finite limits. Then limit of any finite diagram of semi-separated objects
of B is a semi-separated object.

Proof. The assertion follows from 2.6.3. =

2.6.4. Semiseparated morphisms. A morphism X N Y of the category ‘B
will be called semi-separated if it has a kernel pair, K5(f) = X xy X, and the diagonal

Aj
morphism X —— Ks(f) is representable.

2.6.5. Proposition. Let 2 be a category with finite limits; and let the functor

A5 B pe full and preserve finite products and pull-backs. Let X N Y be a morphism
of B such that there is a kernel pair X xy X. The following conditions are equivalent:

(a) The morphism X g, Y is semi-separated.
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(b) Any morphism (§(Z),v) — (X,f) of the category B/Y is representable for the
local data

3V 2 By, (2.3(2) = V) (3(2),3(2) = V).

Proof. The assertion follows from 2.6.2. m

2.6.6. Proposition. Suppose that the category 2 has limits of diagrams 06 RN
for 0® from a class Z, and the functor 2 S.m s full and preserves the limits of these

diagrams. Let 69 =, B/Y be a diagram with 6© € = which maps objects of 6O to
semi-separated morphisms. Then the limit of © (if any) is a semi-separated morphism.

Proof. The assertion follows from 2.6.3. =
2.6.7. Proposition. Pull-backs of semi-separated morphisms are semi-separated.

Proof. Let the lower horizontal arrow of a cartesian square

f
X — 9

o cart |0 (1)
t
X — )y
is a P-separated morphism. The claim is that its pull-back — the upper horizontal arrow,
is P-separated too. In fact, we can insert the cartesian square to the diagram

F1
x ) ——  x —— 9
f2
¢1l ¢2l cart (Z)ll cart l¢
¥ 2k —— ox sy

ta

whose middle square is the morphism of kernel pairs. This diagram yields the decomposi-
tion of (1) into two commutative squares

Ay fof1

X —— K — 92
o 0 | | @ (2)
x 2 Kalt) — y
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It follows from the fact that the square (1) is cartesian that the left square of (2) is
cartesian. m

2.7. A generalization: P-separated morphisms and P-separated objects.

Fix a local data 9 5 9B and a class P of arrows of the category 2.

2.7.1. Definitions. (a) A morphism X —+ ) of the category B will be called P-

A
separated, if the diagonal morphism X N Ks(f) = X xy X (exists and) is representable
by morphisms of P.
(b) An object X of the category B is called P-separated, if X x X exists and the

A
diagonal morphism X X x X s representable by morphisms of P.

2.7.2. Proposition. Let U —> X be a morphism of the category B having a kernel

P1

pair Ko(m) =UxxU ¢ U. If the object X is P-separated, then the natural embedding

P2

Kolm)=UxxU — UxU

18 representable by morphisms of P.
Proof. Notice that the square

TOoP1

Ky(m) —— x
j,,l cart l Ax (1)

Uxu 7r—X7T> X xX

is cartesian by definition of the kernel pair Ko(m) =U xx U.

A
Suppose X is P-separated; that is the diagonal morphism X N S T repre-
sentable by morphisms of P. Since the class of arrows representable by morphisms of P is

stable under pull-backs and the square (1) is cartesian, the embedding Ko () s uxu
is representable by morphisms of P. =

2.7.3. Proposition. (a) Pull-backs of P-separated morphisms are P-separated.
(b) Suppose that P is closed under composition.
(b1) If X is a P-separated object and U —— X is a P-separated morphism, then
the object U is ‘P-separated.
(b2) The composition of P-separated morphisms is a P-separated morphism.

Proof. (a) This follows from the argument of 2.6.7.



Locally Affine ‘Spaces’ and Schemes 73

(bl) By 2.7.2, the fact that X is a P-separated object implies that the canonical
embedding Ky(m) = U xx U ouxu s ‘P-representable. By definition, the

Ar
morphism U —+ X is P-semi-separated if the diagonal morphism U —— Kj(7)
is P-representable. By 2.1(c), if the class P is closed under composition, then the class
of P-representable morphisms is closed under composition. In particular, the diagonal

A
morphism U s UxU , being the composition of two P-representable morphisms,

A )
U—— Ky(m) and Ky(m)=UXxx U LN UxU,

is P-representable. The latter means that U is a P-separated object.
(b2) Let U —+ X and X N Y be morphisms of the category B. It follows

from definitions, that the morphism X g, Y is P-separated iff the object (X, f) of the
category B/} is Py-separated, where Py = Fy 1(P) — the preimage of the class P by the

forgetful functor B/Y — B. Therefore, if the morphism X N Y is P-separated, then
the canonical morphism

(U, fr) X (x5 U, fr) —— U, fr) x (U, ) = (K2(fr), K2(fr) = V) (2)

is Py-representable. Notice that (U,fr) x5 (U,fr) = (Ka(7), Ko(m) — V) and
the morphism (2) is given by the canonical embedding Ks(w) — Ky(fr), and Py-
representability of (2) means that the morphism Ky(w) — Ks(fr) is P-representable.

Ajr
The diagonal morphism U , Ks(fr) is the composition of the P-representable mor-
AR
phism Ko(m) — Ko(fr) and the diagonal morphism U —— Ka(m) =U xxU. So that

™ Af”
if U — X is a P-separated morphism, then the diagonal morphism U —— Ky (fr) is
the composition of two P-representable morphism. Since, by hypothesis, P is closed under

f
composition, it follows from 2.1(c), that the morphism U4 —— K (fr) is P-representable;
that is the composition U LN Y is a P-separated morphism. m

2.8. Strict monomorphisms and closed immersions.

2.8.1. Strict monomorphisms. For a morphism Y Iy X ofa category A, let Af

ul

denote the class of all pairs of arrows X “X V equalizing f.

ug
A morphism Y i> X is called a strict monomorphism if any morphism Z 2y X
such that Ay € Ay has a unique decomposition g = f o g’. We denote the class of strict
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monomorphisms of the category 2 by 9M,(A), or by M. The class &, = E4(A) of strict
epimorphisms is defined dually.

2.8.2. Lemma. (a) Any strict monomorphism is a monomorphism.
(b) Pull-backs of strict monomorphisms are strict monomorphisms.

Proof. (a) Evidently, A(f o g) C A(f). If f is a strict monomorphism, then the
morphism ¢ is uniquely determined by the composition f o g. So that if fog = f o go,
then g1 = go.

(b) In fact, consider the diagram

XxyV —4 v

» | K (1)
f
—
X — Y A
where Y = Z is an arbitrary pair of arrows from the class Ay of arrows equalizing f.
It follows from the universal property of cartesian squares that ps is a universal arrow
equalizing all pairs Ay o g = {(u19,u29)| (u1,u2) € Af}. =

2.8.3. Note. Suppose that a morphism X i> Y is such there exists its cokernel
pair Co(f) = Y [[yx Y. Then f is a strict monomorphism iff it is a kernel of the cokernel
paar (that is the pair of coprojections) Y —=X Cy(f). In particular, if the category A has
cokernel pairs, then strict monomorphisms can be defined as morphisms X — Y such
that the diagram X — Y X Ca(f) is exact.

2.8.3.1. Example. Let A be the category Aff; = Alg,” of noncommutative affine
schemes over k. Let S i> T be a k-algebra morphism. The corresponding morphism of

\2
affine schemes TV 25 SV is a strict monomorphism iff the diagram

T[T =Ki(f) T — s
S

is exact. The latter means that f is a strict epimorphism, that is .S is the quotient of T
by the two-sided ideal Ker(f).

2.8.4. Lemma. (a) If the composition, gf, of morphisms X Ty 9y Z is a strict
monomorphism, then f is a strict monomorphism.
(b) Any retraction is a strict monomorphism.
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Proof. (a) If gf is a universal morphism with respect to the class of arrows

uy
Ny ={Z2 3V [ wgf = uzgf},

then f is universal for the class of arrows Agyrog = {(u1g,u29)| (u1,u2) € Ags}.
(b) Let X 25 Y is a retraction, i.e. there exists a morphism ¥ —— X such that
idX
ep = idx. Then p is a kernel of the pair X —X X.
pe

In fact, if Y Iy X isa morphism equalizing the pair (idx,pe), then f = po (ef);
and this decomposition is unique because p is a monomorphism. m

2.8.5. Closed immersions. Fix a functor 2 i> B.

We call a morphism of the category B a closed immersion, if it is representable by
strict monomorphisms of the category 2.

2.8.6. Example. Let A be the category CAff; of commutative affine schemes over
a commutative unital ring k. Then strict monomorphisms are exactly closed immersions of
affine schemes. If X and Y are arbitrary schemes identified with the corresponding sheaves
of sets on the category CAff;, then a morphism X — Y is a closed immersion in the
sense of the definition 2.3 iff it is a closed immersion of schemes in the conventional sense.

2.8.7. Note. This example shows in particular that a strict monomorphism of

(pre)sheaves is not necessarily a closed immersion. For instance, if X L4V is a scheme
Ay

morphism, the diagonal morphism X —— X Xy X is a kernel of the pair of projections

X xy X = X, hence it is a strict monomorphism of sheaves of sets. But, Ay is a closed

immersion (in the sense of 2.3) only if the scheme morphism f is separated. Note that, in
general, the diagonal morphism Ay is not representable.

2.9. Separated objects. We call an object X of the category B separated if the
A
product X x X exists and the diagonal morphism X "%, X x X is a closed immersion.

2.9.1. Proposition. Let a morphism U — X of the category B have a kernel pair

P1

Koy(m)=UxxU ; U. If X is separated, then the natural embedding

P2

Kolm)=Uxx U —— UxU

1s a closed immersion.
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Proof. The assertion is a special case of 2.7.3. m

2.10. Separated morphisms. We call a morphism X N Y separated if there

A
exists the kernel pair K5(f) = & xy X and the diagonal morphism X T Xy X 1is
a closed immersion.

Closed immersions and separated morphisms are discussed in detail in II1.2 in the
case when § is the Yoneda embedding of a category 2l into the category A" of presheaves
of sets on 2.

3. Formally smooth and formally étale objects and morphisms.

Fix a category 8 and a class 91 of morphisms of B, which will be referred sometimes
as the class of infinitesimal morphisms.

3.0. Formally smooth and formally étale objects.
(i) We call an object X of the category B formally smooth, or formally 9M-smooth, if,

for any pair of arrows S < T %5 X with ¢ € 9, there exists an arrow S — X such
that yo ¢ = g.

(ii) We call an object X of the category B formally unramified, or formally -
unramified, if, for any pair of arrows & na T L X with ¢ € O, there exists at
most one arrow S —— X such that yo0 ¢ = g.

(iii) We call an object X’ of B formally étale, or formally M-étale, if it is both formally
smooth and formally unramified.

3.0.1. Note. The notion of a formally 91-smooth object coincides with the notion of
M-injective object, which appeared in the context of additive categories (in homological
algebra) about a half of century ago. If 90 is the class of all monomorphisms of the category
B, then formally 91-smooth objects are precisely injective objects of the category B.

3.0.2. Proposition. (a) The full subcategory %?zm of the category B generated by
formally 9M-smooth objects is closed under retracts and arbitrary products (taken in 8 ).

(b) Let T be a class of objects of the category B and My the largest class of arrows of B
such that all objects of J are My-formally smooth. The class My contains all isomorphisms

and is closed under compositions and push-forwards.
Proof. The argument is left to the reader. m

3.0.3. Formally smooth and formally étale affine schemes. Let 2l be the
category Aff, = Alg;” of affine noncommutative schemes over a commutative ring k (see
1.0.3), B = Aff} the category of presheaves of sets on Aff}, or, what is the same, the
category of functors Alg, — Sets, and § the Yoneda embedding Aff, — Aff}.



Locally Affine ‘Spaces’ and Schemes 77

For every k-algebra R, we denote by RV the presheaf of sets Alg, — Sets on Affy
corepresentable by the k-algebra R. In what follows, we identify the category Aff of affine
k-schemes with the full subcategory of Aff} formed by the functors RV, R € ObAlgy.

3.0.3.1. Extreme example. Let the class 91 of infinitesimal morphisms coincide
with the class of all strict monomorphisms of affine noncommutative schemes. And let R
be the tensor algebra, T (M), of a k-module M. Then RY = T} (M)" is formally smooth
ifft M is a projective k-module.

3.0.3.2. The standard setting. Let 901, denote the class of strict monomorphisms
of affine noncommutative schemes such that the kernel of the corresponding strict epimor-
phism of algebras is a nilpotent ideal.

The formally 9,-smooth (resp. formally 90t,-étale, resp. formally 9,-unramified)
objects are called formally smooth (resp. formally étale, resp. formally unramified).

3.0.3.3. Proposition. Let R be a unital associative k-algebra; and let R® denote the
k-algebra R @i R°, where R° is the algebra opposite to R.
(a) The functor RV is formally smooth iff the algebra R is quasi-free in the sense of
Quillen and Cuntz [CQ1]. The latter is equivalent to the condition:
(al) The left R°-module Q}ﬂk of Kihler differentials of R (which is, by definition,
the kernel of the multiplication R® = R ®j R° — R) is projective.

(b) The presheaf RY is unramified iff Q}ﬂk =0.

Proof. A standard argument shows that R is formally smooth (resp. formally un-
ramified) iff for any strict k-algebra epimorphism S %y R such that K er(¢)? = 0, there

exists a splitting (resp. at most one splitting), that is a k-algebra morphism R N
such that ¢ o = idp.

(a) Thus RY is formally smooth iff Ext%.(R, M) = 0 for any R°-module M. Consider
the long exact sequence

.. — Extie(R, M) — Exts.(R°, M) — Exth. (g, M) — Bzt (R, M) — ...

corresponding to the short exact sequence 0 — Q}%I , — R — R — 0. Since

Exth. (R, M) = 0 for all i > 1 and all R®-modules M, Exth. (Qp,, M) ~ Extf (R, M)
for all ¢ > 1 and all R®-modules M. In particular, Ezt%.(R,M) = 0 for all M iff
Exth. (Q}Qlk,M) = 0 for all M. The latter means precisely that Q}ﬂk is a projective
R¢-module.

(b) Let R ¥y Shbea k-algebra morphism such that ¢ o1 = idgr. It gives a decom-

position of S into a semidirect product of R and an R-bimodule, M, with multiplication
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defined by (r,m)(r’;m’) = (rr',r-m/ +m -r’). Any other splitting, R AN S, is (idg,d),
where R -4 M is a derivation sending k to zero. Thus, the set of splittings of ¢ is in
one-to-one correspondence with Der g, (M). But Derp,(M) ~ Hompg. (Q}ﬂk, M). Hence

¢ is unramified iff Qlllﬂk =0.m

3.0.4. Quasi-free and separable algebras. Let 2ss; be the category whose
objects are associative unital k-algebras and morphisms from a k-algebra R to a k-algebra
S are conjugation classes of algebra morphisms R — S; that is two algebra morphisms,

f
R —2 S, are equivalent if g(—) = tf(—)t~! for an invertible element ¢ of the algebra S.

g

We take as 2 the category Aff, = Ass;” and as B the category Aff; of presheaves of
sets on Aff or, what is the same, the category of functors Ass, — Sets.

The functor 2 — B is the Yoneda embedding R+ RY = Ass,(R, —).

Let 9, consist of morphisms R ﬂ SV corresponding to the conjugacy class of a
strict algebra epimorphism S —%» R with a nilpotent kernel — the image in 2Aff; of the
class M, of morphisms of Aff} (see 3.0.3).

A k-algebra R is called separable if R is a projective left R°-module, R = R ®; R°.
It follows from the exact sequence of R°-modules

0— Qpp — R°— R—0

that if R is separable, then Q}ﬂk is a projective R°-module, i.e. R is quasi-free [CQ1].

3.0.4.1. Proposition. Let R be an associative unital k-algebra.

(a) The following conditions are equivalent:

(i) The affine scheme RV is formally M, -smooth.

(ii) The left R®-module of Kdhler differentials, Q}%/k o Ker(R® — R), is projective.

(b) The following conditions are equivalent:
(iii) R is formally M, -étale.
(iv) R is formally M, -unramified.
(v) the algebra R is separable.

Proof. (a) Let S s Rbea k-algebra morphism such that there exists a k-algebra

morphism R NS right inverse to ¢ in the category 2ss;. The latter means, in particular,

that ¢ o v is conjugate to idg; i.e. there exists an invertible element ¢ of R such that for

any 7 € R, ¢ o(r) = trt~1. The composition, v, of 1 with the inner automorphism

r — t~lrt is a right inverse to ¢ in the category Alg,. This shows that R is formally

9M,-smooth iff it is formally smooth (cf. 4.2). The assertion follows from 3.0.3.3 (or [CQ1]).
(b) The implication (iii)=-(iv) is true by definition.
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(iv)=-(v). Let M be an R°-module, S a semidirect product of R and M, S %5 R the
canonical epimorphism. It follows from (a) that any right inverse to ¢ in the sense of Ass

is conjugate to a right inverse, R 4 S to ¢ in the sense of Algr. The morphism 1) is of

the form r — r 4+ D(r) for some (any) derivation R 2, M which sends k to zero. If R
is 9M,-unramified, the morphism v is equivalent to the morphism R — S, r — r. This
means that there exists an invertible element u of S such that ¥ (r) = uru~! for all r € R.
The element u can be written as t(1g + z), where 1 is the unit of R, ¢ is an invertible
element of R, and z € M. Then

uru™t = trt™h 4 (2t (trt ) — (trtT ) (b2t (1)

In particular, ¢ o ¥(r) = trt~! for all r € R. But ¢ o) = idg, hence the element ¢ is
central. Thus ¥(r) = r + 2z — rz;, where z; = tzt~ ! i.e. D is an inner derivation. It is
known [CQ1] (and easy to prove) that R is a separable k-algebra iff any derivation of R
in any R°-module M is inner, hence the implication.

(v)=-(iii). Let R be a separable k-algebra. Let T 2, Sbea k-algebra morphism

with a nilpotent kernel and R Iy S an arbitrary algebra morphism. It follows from the
argument in [CQ1] that any two liftings of f to a morphism R — T are conjugate by
an element ¢ of T' such that 1 — t belongs to the kernel of ¢, in particular it is nilpotent.
Conversely, such a lifting property implies that R is separable. m

3.1. Formally smooth morphisms. Fix a class 9t of morphisms of a category ‘B.

(i) We call a morphism X Ty of the category B formally M-smooth if any
commutative square

7 — X
o s (1)

SLY

whose left vertical arrow belongs to 91 extends to a commutative diagram

> ]

T X
0| i (2)
S Y

(ii) We call X Ty formally 9M-unramified if for any commutative diagram (1) such
that ¢ € 9, there exists at most one morphism S —— X making the diagram (2) commute.
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(iii) We call X Ty formally 9M-étale if it is both formally 991-smooth and formally
M-unramified (that is the diagonal morphism in (2) exists and is unique).

We denote by My, (resp. My, resp. Myer) the class of all formally IM-smooth
(resp. formally 9t-unramified, resp. formally 9i-étale) morphisms.

3.2. M-infinitesimal morphisms. On the other hand, given a class 91 of morphisms
of 9B, denote by 9, the class of all morphisms 7T %5 S of B such that any commutative

diagram (1) such that X Ly belongs to M extends to a commutative diagram (2).
Morphisms of N;, s will be called N-infinitesimal morphisms.

3.3. Remarks. (a) There is a natural ”duality”
M — Miom, N+—> Nins.

If follows from the definitions that 9 C 9, r iff M C My,p,. In a more symmetric
way, the latter relations can be expressed as follows: any commutative diagram

such that ¢ € MM and f € N extends to a commutative diagram

/7

LX

T
o s
s 25y

(b) The definitions of a formally smooth and a formally étale) morphism are special
cases of the corresponding definitions of formally smooth and étale objects. Namely, a

morphism X L4 ¥ is identified with the object (X, f) of the category B/Y and the
class 9 of infinitesimal morphisms is replaced by its preimage, 9y with respect to the
forgetful functor B/Y — B. There is, however, another important aspect — the base
change, which is more convenient to deal with using direct definitions above.

3.4. Proposition. Let 9 be a family of arrows of a category *B.

(a) The class Myegm (resp. My, resp. Myser) of formally IM-smooth (resp. for-
mally M-unramified, resp. formally M-étale) morphisms is closed under composition and
contains all isomorphisms of the category 8.
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(b) Let X SN Y, Y X5 Z be morphisms of B.
(i) If ho f is formally M-unramified, then f is formally M-unramified.
(ii) Suppose that h is formally M-unramified. If X rol 7 s formally M-smooth
(resp. formally 9M-étale), then f is formally IM-smooth (resp. formally M-étale).
(c) Let X 5 X and Y S Y be morphisms such that there exist

X xg X andY xgY'. Let (X,¢) N (Y,v) and (X',¢) AN (Y’ v) be morphisms of
objects over S. The morphisms f, f' are formally 9M-smooth (resp. formally M-étale) iff
the morphism f xg f': X xg X' — Y xg Y’ has the respective property.

(d) Let X L5 Y be sucha diagram that there exists a fiber product X xgY.
If f is formally 9M-smooth (resp. formally M-unramified, resp. formally étale), then the

canonical projection X XgY Ty s formally 9M-smooth (resp. formally M-unramified,
resp. formally M-étale).

Proof. (a) Let X N Y, and Y - Z be formally 9M-smooth morphisms and

T 2, x
0| | nos

SL>Z

/7

be a commutative diagram with ¢ € 9. Since the morphism Y Iz s formally
IM-smooth, there exists a morphism S i> Y such that the diagram

T ——Y
¢J /lb’lh
s 2.z

commutes. Since X Ty s formally 9)l-smooth, there exists a morphism S '
such that the diagram

T2 x
ol |
B
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commutes. Therefore, the diagram
gl
T —— X
6| v | hot

Sg—>Y

commutes. This shows that the class M, of formally 9i-smooth morphisms is closed
under composition.

(al) Suppose that X Ty and Y 5 Z are formally 9t-unramified morphisms;
and let

T x
0| A | her (1)
s 2 z
be a commutative diagram with the left vertical arrow from the class 9. Since the mor-

foy
phism Y 7 s formally 91-unramified, the arrow S —— Y is uniquely determined

by the commutativity of the diagram

ASE
n N
“ N
N =

>

and the morphism S —— X is uniquely determined by the commutativity of the diagram
g/
7T —— X
ol s

fo
s Ty

because the morphism X Ty s formally 9M-unramified. Therefore, the morphism
S — X is uniquely determined by the commutativity of the diagram (1).
(a2) Since the class M ¢5,, morphism and the class M ¢, are closed under composition,

their intersection, M s, of Mgy, and My, is closed under composition.
(b) Let

> I

T X
0| i (2)
S Y
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be a commutative diagram. In particular,

T2, x
0| S | hof (3)

hog’
S —— 7

It ho f is unramified, then the morphism S —— X is uniquely determined by the com-
mutativity of the diagram (3). Therefore, v is uniquely determined by the commutativity

of the diagram (2). All together means that the morphism X 5 v is unramified.
(c) Let (X,¢) SN (Y,v) and (X',¢) AN (Y’,v) be morphisms of the category
B/S. The commutativity of a diagram

/

T2 XxgX
o A | Fxsr (4)

vV - v xgY!

is equivalent to the commutativity of two diagrams

T2 x T2 x
d)l /"Yl Jf and ¢l /"yz Jfl (5)
v 2.y v 2y

where (g7, 95) and (g1, 92) are determined by the the morphisms respectively ¢’ and g in

the diagram (4). Therefore, the morphisms f, f’ are formally 9t-smooth (resp. formally

M-étale) iff the morphism f xg f': X xg X' — Y xg Y’ has the respective property.
(d) Consider a commutative diagram

oY, x ", x
gf)l lf’ cart lf (6)
v 2.y Mg

whose right square is cartesian. Suppose that the morphism X N S is formally 971-
smooth and T -5 V belongs to M. Then there exists an arrow V —— X such that the



84 Chapter 2

diagram
hog
T —— X

ol s

hog’
V — Y

commutes. The commutativity of the square

V%X

g’l l f

g/
Yy — §
and the fact that the right square of the diagram (6) is cartesian, implies that there exists

a unique morphism V 25 X such that ho\= v and ffol=g.
It follows that

ho(Aog)=yop=hog and fo(Aop)=(foNop=gop=fog.

Since the right square of (6) is cartesian, the equalities ho (Ao o) = ho g and
flo(Aog) = f"og imply that Ao ¢ =g. All together shows that the diagram

o | F (7)

commutes. Therefore, the pull-back X TSy of the morphism X Iy 5 s formally

M-smooth. If the morphism X 7, S is formally 91-étale, then the morphism ~ in the
argument above is uniquely defined, which implies that A is uniquely determined by the

commutativity of (7). So that the morphism X Ty s formally 9-étale.

Finally, the morphisms V — X and V 25X exist simultaneously. Therefore, if
x5 s formally 9-unramified, then X Ty s formally 9-unramified. m

3.4.1. Corollary. Let X N Y, Y I 7 be morphisms of B. Suppose that h is

formally M-étale. Then ho f is formally M-smooth (resp. formally M-unramified, resp.
formally 9M-étale) iff f belongs to the same class.



Locally Affine ‘Spaces’ and Schemes 85

Proof. Tt follows from 3.4(b) that the morphism f is formally 9-smooth (resp.
formally 9%-unramified) if h o f is formally 9-smooth (resp. formally 9-unramified).
Conversely, since the morphism A is formally 9-étale, the composition of h with a for-
mally 9t-smooth (resp. formally 9t-unramified) is formally 9t-smooth (resp. formally
M-unramified). m

3.5. Proposition. Let 0N be a family of arrows of B.
(a) Any split monomorphism (in particular, any isomorphism) belongs to My 5.
(b) The class Winy of N-infinitesimal morphisms is closed under composition.

(c) Let T LU S be morphisms such that there exists THS. If ¢ belongs to
U

Ming, then the coprojection S — TH S belongs to MNip .
U

Proof. (a) Obvious.
(b) Let T 25U and U -V be infinitesimal morphisms; and let

T g—> X
Yoo | | f
v 45 v
be a commutative square whose right vertical arrow, X i> Y, belongs to 91. Since

T-%U is -infinitesimal, there exists an arrow U —— X such that the diagram

commutes. Since U —25 V s MN-infinitesimal, there exists an arrow V 2. X such that
the diagram

Uv— X
vl o |
v 2y
commutes. Therefore, the diagram
y ¢
voo | |t
v 2y
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commutes.
(c) Consider the commutative diagram

T s o L, x
¢l cocart l(}g lf (8)

t
v —y g L vy

whose left square is cocartesian, the left vertical arrow is D-infinitesimal and the right
vertical arrow belongs to 9. So that there exists an arrow V —-» X such that the

diagram
ot
T x

o |

g ot
V —

commutes. Since the left square of the diagram (8) is cocartesian, there exists a unique

arrow 90 — X such that the diagram
g
T— X
ol s
¥ Y
commutes (see the argument of 3.4(d)). m

3.6. Formally smooth and formally étale morphisms of noncommutative
affine schemes.

3.6.1. Proposition. Let R, S be associative unital k-algebras, and let R 2y S be
a k-algebra morphism.

(a) The morphism SV L RY s formally unramified iff the morphism

S®RrS°— S, s®t+— st,

is an isomorphism, or, equivalently, Q}S‘IR def Ker(S®p S° — S) =0.

(b) Suppose that the k-algebra R is separable. Then the morphism SY 2 RY
18 formally smooth iff the left S¢-module of relative differential forms ng =y s
projective.
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Proof. A standard argument shows that the morphism SV 2L RV s formally
smooth (resp. formally unramified) iff for any R-ring epimorphism 7' -+ S such that
Ker(a)? = 0, there exists an R-ring morphism (resp. at most one R-ring morphism)

S L5 T such that aof=1idg.

(a) Let T -+ S be an R-ring epimorphism such that Ker(a)? = 0; and let S L
be a right inverse to «; that is o f = idg. The morphism S gives a decomposition of
the algebra T into a semidirect product of S and an S°-module, M, with multiplication
defined by (s, m)(s’,m’) = (ss’,s-m/ +m-s’). Any other right inverse to «, is of the form
(ids, D), where S 2, M is a derivation sending R to zero. The latter means precisely
that D is an R®-module morphism, R® = R ®; R°. Thus, the set of splittings of « is in

one-to-one correspondence with the set Derg (M) of derivations S 2, M which are Re-
module morphisms. But Derg|g(M) is naturally isomorphic to Homge (le9| r>»M). Hence
¢ is unramified iff Q}9| r=0.

(b) Suppose the k-algebra R is separable, i.e. R is a projective R°-module. Then the
S¢module S ®p S° is projective.

In fact, for any S¢-module M, there is a functorial isomorphism Homge (S®pS°, M) ~
Hompe (R, ¢«(M)). Here ¢, is the pull-back functor S¢ — mod — R® — mod induced by
the morphism ¢. Since R is a projective R°-module and the functor ¢, is exact, the functor
M —— Hompge(R, ¢«(M)) is exact. Therefore the functor M —— Homge(S @r S°, M) is
exact, i.e. S ®pr S? is a projective S¢-module.

By 3.0.4.1, the algebra R is separable iff the corresponding affine scheme RV is 9i,-
étale. The latter means that the morphism RY — kY is formally 9t,-étale. If follows

from 3.4(ii) that the morphism SV 25 RV is formally 9t,-smooth iff the composition of

SV 25 RV and RY — kY is formally 901,-smooth, i.e. the affine scheme SV is formally
M ,-smooth. By 3.0.4.1, the affine k-scheme SV is formally 9t,-smooth iff it is formally
smooth. On the other hand, SV is formally smooth iff Ext%. (S, M) = 0 for any S¢-module
M. Consider the long exact sequence

.. — Eatls. (S, M) — Batl. (S @ S°, M) — Btk (Qf 5, M)

| (1)

ExttN(S, M) —
corresponding to the short exact sequence

0— Qg — SORS® — S —0.

Since S¢ = S ®p S° is a projective S°-module, Ext’ (S®rS°, M) =0foralli>1
and all S¢-modules M. Therefore Ext! e(Q}q'R,M) ~ Bzttt (S, M) for all i > 1 and all
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S¢-modules M. In particular, Ext%. (S, M) = 0 for all M iff Ext}. (lemM) = 0 for all
M. The latter means precisely that Q}q| R is a projective S°-module. =

3.6.1.1. Corollary. Let R 2+ S be a k-algebra morphism. Suppose R is a separable
k-algebra. Then the morphism SY 2= RV s formally unramified iff it is formally étale.

Proof. By 3.6.1(a), the morphism SY £— RV is unramified iff Q}S’IR = 0. By
3.6.1(b), SY £ RV is formally smooth iff the S¢-module Q}qIR is projective. In particular,
SV 25 RY is formally smooth (hence étale), if Qgp=0.m

3.6.2. Proposition. Let R, S be associative unital k-algebras and R 55 a
k-algebra morphism. The following conditions are equivalent:

(i) The morphism SY = RV is formally unramified and flat.
(ii) R -2 S is a flat monomorphism.
(iii) The functor R —mod 2= S —mod is an exact localization.

(i) If the conditions above hold, then SV <= RV is formally étale.

Proof. (ii)=-(i), because every monomorphism is formally unramified.

(i)=-(iii). By 3.6.1(a), the canonical morphism S ®p S° — S, s ® t — st, is an
isomorphism. Since ¢*p, ~ (S ®r S°) ®s — and Idg_meq =~ S ®s —, this means
precisely that the adjunction morphism ¢*p, — Ids_n0q is an isomorphism. The latter
is equivalent to the full faithfulness of the direct image functor ¢.. By [GZ], Proposition
[.1.3, ¢* is a localization.

(iit)=(ii) follows from the fact that any morphisms R —2+ S such that its inverse

image functor, ¢*, is a localization, is an algebra epimorphism.
f1
In fact, let S —< T be a pair of algebra morphisms such that f; oy = fao ¢, i.e. we
f2
have the diagram of algebra morphisms over R:

f1
ST

f2 (1)
RN

R
Here v = f10p. Applying to (1) first scalar restriction functor and then the functor ¢.p*,
we obtain the diagram ¢,¢*(R) — 0x¢ . (S) —=X @™y, (T) which is isomorphic to
the diagram

pep" (R) —— 0u(S) (), (2)
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because, due to the fact that ¢* is a localization, ¢, is a fully faithful functor, or, equiv-
alently, ¢*¢. ~ Idg_moq. Notice that the morphism p.p*(R) — ¢.(S) in (2) is an
isomorphism. Since it equalizes the pair ¢, (S) —=X7.(T), this pair is trivial. Hence the
initial pair of morphisms is trivial: f; = fs.

{(iii), (i)} = (iv). It suffices to show that if R <+ S is an exact localization, then ¢ is
formally smooth. A standard argument shows that a morphism R — § is smooth iff any
R-ring strict epimorphism (i.e. a surjection) T —25 § such that the square of the kernel of
g is zero, has right inverse. Denote the kernel of g by J. Thus we have an exact sequence
of R-bimodules

0—J —>T—85—0. (3)
Denote by ®* the functor
R —mod —— S° —mod, M+—— S®r M RgS.
Notice that this functor is an exact localization having a (necessarily fully faithful) right

adjoint, ®,. In particular, it maps the exact sequence (3) into exact sequence. Applying
the functor ®* to the diagram

0

<

s T > S > 0

N S (4)
R

we obtain the diagram

0 —— o*(J) —— (7)) —— P*(5) —— 0

NS (5)
*(R)

Since ®* is a localization, the natural morphism S — ®,®*(S) is an isomorphism,
P*(R) = S ®g S° ~ S, and the k-algebra morphism ®*(p) : ®*(R) — ®*(S5) is an
isomorphism.

Note that J is an S-bimodule. This implies that ®,®*(J) ~ J. Thus we have a
commutative diagram

0O —— J —_— T —_— S — 0

| | |

0 —— &) — ,(T) —— D,*(S) — 0  (6)
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whose left and right vertical arrows are isomorphisms. Since both rows are exact sequences,
it follows that the adjunction morphism 7" — ®,®*(T') is an isomorphism too, hence the
assertion. m

3.7. Formally 9t,-unramified and formally 9t,-étale morphisms. The follow-
ing assertion is a relative version of 3.0.4.1.

3.7.1. Proposition. Let R, S be associative k-algebras, and let R 258 bea
k-algebra morphism.
1) The following conditions are equivalent:

(i) The morphism SV 2L RY s formally MM, -unramified.
(i) Any derivation S Ly M which is an R¢-module morphism s inner.
(i1i) The canonical S€-module epimorphism S @g S° — S has a right inverse.
2) Suppose that the k-algebra R is separable. Then
(a) The morphism R 2y S s formally M, -smooth iff Q}S’IR is a projective S°€-
module.
(b) The following conditions are equivalent:

(iv) The morphism SY 2L RY s formally M, -unramified.

(v) SV 2L RV s formally M, -étale.
(vi) S is a separable k-algebra (i.e. S is a projective S€-module).

Proof. 1) (i)<(ii). Let T be a semidirect product of S and an S°-bimodule M, and let
T —% S the natural projection, (s,z) —> s. Any k-algebra morphism S — T which is

right inverse to « in category 2Assy is conjugate to a k-algebra morphism, S N , which
is right inverse to « in Algy. Any such morphism £ is of the form s — (s, D(s), where

S 25 Misan S| R-derivation. If R 2. Sis IN,-unramified, 3 is of the form s — usu™".

The argument of 3.0.4.1 shows that this (together with the equality « o 8 = idg) implies
that D is an inner derivation.

Conversely, if the morphism § 2T s given by s — (s, D(s)), where D is an inner
derivation, i.e. D(s) = s-z—z-s for some element z of M and all s € S, then 3(s) = usu™!,
where u = 1g — z.

(ii)=(iii). The functor Derg|g : S¢ — mod — Sets, M +— Dergg(M), is repre-

sentable by the S¢-module Q}9| r = Ker(S®gr S° — S). The canonical monomorphism

Q%;'R BN ®pr S? induces a map

Homge(S QR SO,M) e Homge(ﬂ}g|R,M) (1)
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Notice that Homge(S ®pr S°, M) ~ Hompge:(R,¢.(M)), and Hompe(R, ¢.(M)) is
naturally isomorphic to the center, 3(¢«(M)) ={v e M| r-v=wv-r for all »r € R}, of the
Re-module ¢, (M). The composition of the bijection 3(¢.(M)) — Homge(S ®pr S°, M)
and the map (1) assigns to each central element, z, of ¢.(M) the corresponding inner
derivation, s — s -z — z - 5. Thus, each derivation of Dergjg(M) is inner iff the map (1)
is surjective. In the case M = Q}ﬂ R this implies the existence of an S°-module morphism

S op S° leR such that p oig = id. Or, equivalently, the canonical S°-module
morphism S ®p SJO — S has a right inverse.
The implication (iii)=-(ii) follows from the argument above.

2) (a) The morphism SV 25 RY s formally 9t,-smooth iff it is formally smooth.

By 3.6.1, if R is a separable k-algebra, then SV 2L RY s formally smooth iff Q}g‘R is a
projective S¢-module.

(b) By the argument of 3.6.1, if R is a separable k-algebra, then the S°-module
S ®gr S° is projective. By 1), the morphism SY 2L RY s I ,-unramified iff the S¢-
module morphism S ®r S° — S has a right inverse. Since the S°-module S ®p S°
is projective, the latter implies that S is a projective S°-module, hence (equivalently)

Q}g| r is a projective S®-module, i.e. the morphism S L RY s formally 90t,-smooth.
This proves the implications (iv)=-(v)=-(vi)=(v). The implication (v)=-(iv) is true by
definition. m

3.7.2. Corollary. The following conditions on a k-algebra morphism R 58 are
equivalent:

(a) The morphism SV 2L RY s formally M, -étale.
(b) The adjunction morphism ¢*p. =% Ids_moq has a right inverse.

Proof. (a)=-(b). By 3.7.1, the canonical S°-module epimorphism S ®p S° 4 S has
a right inverse, S tau, g ®p S°. The morphism 7/ defines a morphism, Ids_ o4 —> OF Dy
The equality p o7 = idg implies that the composition of 7 with the adjunction morphism,
O* Dy BN Ids_ .04 is the identity morphism.

(b)=(a). Conversely, any morphism, Ids_oq — ¢*¢s, is induced by an S¢-module
morphism, S — S ®p S°. The morphism 7/ is a right inverse to the adjunction morphism

OF Py L ds_moaq iff the composition of the bimodule morphism 7 with the canonical
morphism S ®r S° — S equals to idg. m

3.8. Other choices of infinitesimal morphisms. The most important are the class

My of radical closed immersions and its subclass M5 of complete radical closed immersions.
They are defined below.
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3.8.1. Radical closed immersions. We denote by 915 the class of strict monomor-
phisms of Aff; such that the kernel of the corresponding algebra morphism is contained
in the Jacobson radical. Since M, C My, the class of formally M5-smooth (resp. formally
My-étale, resp. formally DMi5-unramified) morphisms is contained in the class of formally
smooth (resp. formally étale, resp. formally unramified) morphisms.

3.8.2. Complete radical closed immersions. We denote by 95 the class of strict

monomorphisms SV ¢—v> TV of the category Affy, such that the kernel of the corresponding
algebra morphism is contained in the Jacobson radical and the natural algebra morphism
T — lim,>; T/(Ker(y)") is an isomorphism. Since M, C M C My, the class of
formally 9t5-smooth (resp. formally 9t5-étale, resp. formally 9t5-unramified) morphisms
is contained in the class of 9§-formally smooth (resp. IMS-formally étale, resp. IM3-
formally unramified) morphisms, and the latter class is contained in the class of formally
smooth (resp. formally étale, resp. formally unramified) morphisms.

3.9. Example: separated, universally closed, and proper morphisms of
schemes. Let A be the category C Algy of commutative k-algebras. Let 9t be the family
of canonical injections of valuation rings to their fields of fractions; and let 9%, denote the
image of M’ in the category AV of functors A — Sets.

3.9.1. Proposition. Let X Y bea quasi-separated scheme morphism. Then
(a) The morphism f is separated iff it is formally M, -unramified.

(b) The morphism f is universally closed iff it is formally M, -smooth.

(¢) The morphism f is proper iff it is formally 9, -étale.

Proof. The assertions (a) and (c) are equivalent resp. to the Grothendieck’s criterion
of separateness and properness (see EGA, Ch.Il, 7.2.3 and 7.2.8). A proof of the assertion
(b) can be extracted from the argument of Theorem 7.2.8, EGA, Ch.Il. m

Standard properties of separated and proper morphisms become special cases of as-
sertions on formally 9t-unramified and formally 91-étale morphisms (cf. 3.4):

3.9.2. Corollary. (a) Any monomorphism is a separated morphism.

(b) A composition of two separated (resp. proper) morphisms is separated (resp.
proper).

(c) Separated (resp. proper) morphisms are stable under base change.

(d) If X v and Y %5 Z are two morphisms such that g o f is separated, then f
1S separated.

(e) If X i> Y and Y -& Z are two morphisms such that g is separated and go f is
proper, then f is proper.
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(f) If X Ty and X' L5 v are separated (resp. proper) morphisms over S, then
their product, f xg f': X xg X' — Y xgY’, is also separated (resp. proper).

3.9.3. Remarks. (a) One can introduce the notions of formally separated and for-
mally proper morphisms by omitting the condition that the morphism in question is quasi-
compact. In terms of the family 9t,, a morphism is formally separated (resp. formally
proper) iff they are formally 9t,-unramified (resp. formally 9,-étale). It follows that the
assertions obtained from 3.9.1 and 3.9.2 by dropping the quasi-compactness condition and
inserting 'formally’ at appropriate places, are corollaries of 3.4.

(b) The notions of a (formally) proper morphism and a (formally) separated morphism
make sense for morphisms of arbitrary presheaves of sets on the category A°?, not only
for scheme morphisms, because the notions of a (formally) 9t-smooth and (formally) 9t-
unramified morphisms make sense for morphisms of presheaves of sets on A°P.

(c) At the moment, it is not clear what might be an adequate noncommutative version
of the family 91,,.

4. Smooth, unramified, and étale morphisms. Open immersions.

4.1. Smooth, unramified, and étale morphisms. Fix a functor 2 3. % and

a family 9 of morphisms of 8. We say that a morphism X L5 ¥V of the category ‘B
is M-smooth (resp. M-étale, resp. M-unramified) if it is (A, F)-finitely presentable and
formally 9t-smooth (resp. formally 9t-unramified, resp. formally 9t-étale).

4.1.1. Notations. We denote by M, (resp. M., resp. M) the family of all
M-smooth (resp. M-unramified, resp. M-étale) morphisms.

4.1.2. Open immersions. We call 9t-smooth monomorphisms t-open tmmersions
and denote the class of 2M-open immersions by 9.,

4.2. Proposition. (a) Each monomorphism is M-unramified and each isomorphism
1s NM-open immersion.

(b) Composition of M-smooth (resp. M-unramified, resp. M-étale) morphisms is
M-smooth (resp. M-unramified, resp. M-étale).

(c) Let X J, Y, Y s 7 be morphisms of B.

(i) If go f is formally M-unramified and g is of M-finite type, then f is M-unramified.

(i) Suppose g is M-unramified. If X 9° 7 is M-smooth (resp. M-étale), then f is
M-smooth (resp. IM-étale).

(d) Let X s E X andY S Y be morphisms such that there exist
X xg X" and Y xgY'. Let (X,¢) N (Y,v) and (X', ¢) AN (Y’ v) be morphisms of
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objects over S. The morphisms f, f' are M-smooth (resp. M-unramified, resp. M-étale)
iff the morphism f xg f': X xg X' ——= Y xgY’ has the respective property.

(e) Let X L8 " v be such a diagram that there exists a fiber product X xgY.

If f is M-smooth (resp. M-unramified, resp. étale), then the projection X xgY Ty s
M-smooth (resp. M-unramified, resp. M-étale).

Proof. The assertion follows from 1.11.2.2 and 1.11.2. m

4.3. Note. In the known examples, the class of morphisms 9 is the image of a class
of morphisms 9N of the category 2.

4.4. Standard examples.

4.4.1. Let 2 be the category CAff; of commutative affine k-schemes, which is, by
definition, the category C'Alg,” opposite to the category of commutative unital k-algebras,
and let B be the category Esp of spaces in the sense of Grothendieck (and [DG]). That is B
is the category of sheaves of sets on 2 for the flat (fpqc) topology. In other words, objects
of B are functors C'Alg, — Sets which preserve finite products, and for any faithfully
flat k-algebra morphism R — T, the diagram

X(R) — X(T) __Z X(T@gT) (1)

is exact. The functor A —>» B is (induced by) the Yoneda embedding, which maps every
object R of A to the functor A(—, R) = C'Algi(R, —) represented by R (here we identify
objects of 2l with the corresponding objects of C' Algy).

Then (2, §)-finitely presentable morphisms (resp. morphisms of (2, §)-finite type) are
precisely locally finitely presentable morphisms (resp. morphisms of locally finite type) in
the conventional sense. We take as 91 the (image of the) family of all morphisms of 2
such that the corresponding k-algebra morphism is a strict epimorphism with a nilpotent
kernel. The formally 9t-smooth (resp. formally 9t-unramified, resp. formally 901-étale)
morphisms are formally smooth (resp. formally unramified, resp. formally étale) in the
usual sense. Therefore, 9-smooth, 9-unramified, 91-étale morphisms are resp. smooth,
unramified and étale. In particular, 91-open immersions are precisely open immersions in
the usual sense.

4.4.2. Let A = Aff;, = Alg;” and B the category of presheaves of sets on 2, i.e.
functors Algy — Sets, which are local in the following sense: they preserve finite products,
and for any faithfully flat k-algebra morphism R — T, the diagram

X(R) — X(T) —__ X(T %, T) (1)
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is exact. Here %, denote the ’star’-product of k-algebras over R (which is a traditional
name for a push-forward of associative k-algebras). We denote this category by NEspy

and call its objects 'noncommutative spaces’, or simply ’spaces’. The functor 2 SUNY)’
is the Yoneda embedding, R — A(—, RY) = Algi(R,—) (here RV is the affine scheme
corresponding to the k-algebra R).

We call (2, §)-finitely presentable morphisms (resp. morphisms of (2, §)-finite type)
simply locally finitely presentable morphisms (resp. morphisms of locally finite type).

We take as 91 the family of all morphisms of 2 such that the corresponding k-algebra
morphism is a strict epimorphism with a nilpotent kernel. Then formally 9t-smooth (resp.
formally 9t-unramified, resp. formally 9i-étale) morphisms are called formally smooth
(resp. formally unramified, resp. formally étale) morphisms.

5. Pretopologies and classes of morphisms.

5.1. Preliminaries on pretopologies and right exact structures. By a pre-
topology on a category 8, we understand the usual notion of Grothendieck pretopology
formed by a collection of covers {U; —» X | i € J} such that

(a) every {isomorphism} is a cover;

(b) if {U; = X | i € J} is a cover of X and {U;; 295U, | § € J;}is a cover for every
i € J, then their composition, {U;; M X |i€eJ, je J;},is a cover of X;

(c) if {U; 25 X | i € J}is a cover and Y — X an arbitrary morphism, then all
pull-backs U; x x Y — Y of arrows U, i X along Y — X exist and form a cover.

A category equipped with a pretopology is called a presite.

5.1.1. Subcanonical and canonical pretopologies.

(a) Recall that a pretopology 7 on a category B is called subcanonical if every repre-
sentable presheaf of sets on B is a sheaf on the presite (%8, 7).

(al) Equivalently, every cover {U; —» X | i € J} is a strictly epimorphic family.
The latter means that if {U; Dy | i € J} aset of morphisms such that, for every i € J,
the morphism U; iy equalizes all pairs of arrows Z “X U; equalized by U, 2L,

then there exists a unique morphism X 2 Y such that v; = Ao u;.
(b) The canonical pretopology on B is the finest subcanonical pretopology.

5.1.2. Right exact structures. By definition, right exact structures are subcanon-
ical pretopologies with all covers consisting of one arrow. The requirement that the pre-
topology is subcanonical means precisely that all the arrows forming covers are strict
epimorphisms: they are cokernels of their kernel pairs.

Thus, a right exact structure on a category ‘B is a class € of strict epimorphisms
containing all isomorphisms and stable under arbitrary pull-backs and composition.
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5.1.3. The canonical right exact structure. Right exact structures on a category
B form a filtered family: if {&; | i € I'} is a set of right exact structures, then all possible
compositions of arrows from &;, i € I, form a right exact structure which we denote by

sup €;. This is the coarsest common refinement of all right exact structures &;, i € I.
il

In particular, it follows that the union of all right exact structures on the category B
is a right exact structure, which we call canonical and denote by €.

The canonical right exact structure can be described directly as follows.

5.1.4. Proposition. The canonical right evact structure &y on the category B
consists of universally strict epimorphisms; that is morphisms whose arbitrary pull-backs
(in particular, themselves) are strict epimorphisms.

Proof. (i) Let L4 b Lo and Lo Ly L3 be strict epimorphisms whose pull-backs
j20j
along strict epimorphisms are strict epimorphisms. Then their composition, £; = L3,
is a strict epimorphism.
taot
The kernel pair of the composition £ = L3 is naturally decomposed into the

diagram

ty ty
ICQ(tQ e} t1> E— ]Clg E— ﬁl
51 l cart P l cart l 91
t) th (1)
]Clg E ]CQ (tg) e EQ
52 l cart o l cart l 1
fl t2
El E— ﬁg E— ﬁg

whose all squares are cartesian.

For any morphism M TN , let A°(f) denote the class of all pairs of arrows
YV —X M which are equalized by the morphism f.

Let £ .V bea morphism such that A°(tz o t;) C A°(&). In particular, A°(t;) C

A°(&). The latter implies that £ = & oty for a uniquely defined morphism £, S5 Y. The
inclusion A°(tzot;) C A°(§) = A°(§1 0ty) implies (actually, means) that

Siotpo(propr) =& oty o(tyot)).

It follows from the commutativity of the diagram (1) that

&otio(paopr)=(&1opa)o(prot]) and
Eiotio(tyot]) = (&1ot) o (prot]).
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So that
(Erop2)o(pot]) =(&roty)o(proty). (2)

Since p; and t] are (strict) epimorphisms, their composition p; o t] is an epimorphism.

Therefore, it follows from the equality (2) that & ops = & ot),. By hypothesis, t; is a strict
t/

epimorphism, that is the cokernel of the pair of arrows Ks(t2) :;2 Lo (see the lower right
P2

square of the diagram (1)). Therefore, £&; = &5 o t5 for a unique morphism Lo Ly,

(ii) Since a pull-back of a composition of morphisms having pull-backs is the composi-
tion of pull-backs, it follows from (i) that the composition of universal strict epimorphisms
is a strict epimorphism. m

5.2. Expanding a class of arrows via a pretopology. Let (A, 7) be a presite;
and let B be a class of arrows of the category A. We denote by B” the class of all arrows

X 15 Y of the category A for which there exists a cover {U; —+ X | i € I} such that
fou; € P for alli e I.

5.2.1. Proposition. Let (A, 7) be a presite and P a class of arrows of A.

(a) B P and (P7)7 = P

(b) If B is stable under pull-backs, then the class PB7 is closed under pull-backs.

(c) Suppose that the class B is closed under composition and pull-backs along the
elements of covers of 7. Then the class B7 is closed under composition.

Proof. (a) Obviously, B C P7. In particular, ()" C (7). The inverse inclusion
follows from the fact that the composition of covers is a cover.

(b) Let X 75Y bea morphism from P7 and

X — Yy
f’l cart lf

y 4y

a cartesian square. Let {U; —» X | i € I} be a cover of X such that fou; € P for all
1 € I. We have a family of diagrams

u; ~ f ~

Zj{i — X Yy
& l cart l & cart l ¢ (2)
U;

u; f
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with cartesian squares. So that we have a cover {U; — X | i € I} of the object X such
that each of the compositions §ou; is a pull-back of the composition § o u;; and the latter,
by hypothesis, belongs to the class B. Therefore, fou; € B for all i € I, which means that
the pull-back § of the morphism § belongs to 7.

(c) Let X T,y and YL Z be morphisms of P7. Let {Uy —» X |i €I} and

{v; 29y | i € J} be covers such that fou; € P for all i € I and gov,; € P for all j € J.
Consider the diagrams

Uiy ~ f3
L{ij e Vj e VJ
i l cart l v, cart l b (1)
i f
U; o — Y LN Z, Jj e J,

U; 055
with cartesian squares. The family of arrows {U;; — X | (i,7) € I x J} is the
composition of covers, hence a cover of the object X'. It follows from the commutativity
of the diagram (1) that

(gof)o(u;oni;) = (govy)o(fiouy).

By hypothesis, gov; € P for all j € J. Since the composition of cartesian squares is
a cartesian square, the morphism §; o u;; is a pull-back of the morphism f o u; along the

morphism V; N Y. By hypothesis, fou; € B for all « € I and the class *J3 is stable under
pull-backs along the elements of covers of the pretopology 7. Therefore, f; ou;; € P for all

¢ € I and j € J. This shows that the composition X 9l z belongs to P7. m

5.2.2. Corollary. Let (A, T) be a presite. Suppose that a class B of morphisms of the
category A contains all isomorphisms of A and is closed under composition and pull-backs.
Then the class B has the same properties.

Proof. 1t follows from 5.2.1(b) and 5.2.1(c) that the class B7 is closed under pull-
backs and composition. By 5.2.1(a), P C B7. So that if P contains all isomorphisms of
the category A, same holds for 7. =

5.3. Some special cases. Fix a functor 2 S, » (— alocal data) and a pretopology
7 on the category *B.

5.3.1. Locally finitely presentable morphisms. By 1.11.2, the class Eél of
(2, §)-finitely presentable morphisms of the category 8 has all the required properties:
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it is closed under compositions and pull-backs and contains all isomorphisms. We define
locally (2, §)-finitely presentable morphisms as morphisms of the class (X5)7.

5.3.2. Locally representable morphisms. Let ¥ be the class of representable
morphisms of the category 8. By 2.1, the class *J3 contains all isomorphisms and is stable
under composition and pull-backs. The class B” consists of locally affine morphisms.

5.3.3. Formally (91, 7)-smooth and (9, 7)-étale morphisms. Let 9 a class of
arrows of the category B. Taking as P the class M ¢y, of formally IM-smooth morphisms,
we obtain the class M7, of locally (with respect to the pretopology 7) formally 9T-smooth
morphisms. We call them formally (9, 7)-smooth morphisms.

Taking as P the class M., of formally IM-étale morphisms, we construct the class
M7, of formally (90, 7)-étale morphisms.

5.3.4. (9, 7)-smooth and (M, 7)-étale morphisms. Let M a class of arrows of

the category B. Starting from the class Mg, def M fsm Eé‘ of M-smooth morphisms

of A, we get the class M7, of (M, 7)-smooth morphisms.
Similarly, we obtain the class 97, of (9, 7)-étale morphisms.

5.4. The classes B” and the sheafification.

5.4.1. Notations. Let (A,7) be a presite. We denote by A" the category of
presheaves of sets on A and by (A, 7)" the category of sheaves of sets on the presite (A, 7).

Let AN T (A, 7)" be the sheafification functor and ¢, its right adjoint. For every
X € ObA", we denote q.q*(X) by X* and the adjunction morphism X — X* by 7,..

5.4.2. Proposition. Fix a class P of arrows of the category A. Let X BN Y bea
morphism of presheaves of sets on A.

a

(a) Suppose that the sheafification X*¢ AN Y* of the morphism X LN Y belongs
to the class B7. If the square

X — )

o |

s cartesian, then X g, Y belongs to P too.
(b) Suppose that every T-cover has a refinement whose arrows belong to P .

Then the morphism X N Y belongs to the class*P™ iff X° f—a> Y* belongs to B.
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Proof. (a) Consider the decomposition

¢ f f

X — X — Y X — Y
Vs l cart l 0, of the square nxl l My (1)
A r
xXe —— e At —

into a cartesian square and a uniquely defined morphism X N X.

If X -2 % isan isomorphism and X f—a> Y® belongs to P7, then it follows from
5.2.1(b) that the morphism X Ty belongs to 7.

(b) Let X x, Y* belong to B” and the condition of (b) hold. Then there is a cover
{Uy 5 % | i € I} such that u; € P7 and factors through X 2% forallicl

On the other hand, the morphism X g, Y, being a pull-back of the arrow X'° f—a> ye
from P7, belongs to P7 as well. So that there exists a cover {V; RENE'S | j € J} such
that fov; € P! for all j € J. Then we have the cartesian squares

0
s

uijl cart J/Uj

X

u;
U —— iel jel,

u;ou

describing the smallest common refinement {;; —5x | (i,j € IxJ} of the two covers.

Ujj
This refinement is a composition of a cover {U;; — X |G, jelxJ } of X and the

morphism X N X, because the cover {U; —» X | i € I} has this property.
For every (i,7) € I x J, we have:

fotlyj = (Fod) oty =fo (u;ouy) = (fov,) oy

By hypothesis, Afio v; € B7; and, by 5.2.1(b), v;; € P7, because v;; is a pull-back of
the morphism u;, which belongs to 87 for all i € I. Since, by 5.2.1(c), the class 7 is
closed under composition, this shows that fou;; € PB7 for all (i,j) € I x J. The latter

means that the morphism X Ty belongs to (P7)” = P (see 5.2.1(a)).
(bl) Suppose now that X T,y isa morphism from P7. Then the morphism
xe 1y Y* belong to B
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There is a cover {U; —= Y| i € I} such that n, ou; € P7 for all i € I. We associate
with this data commutative diagrams

o fi
Vv, —— —

~

u;

—X

Ly (2)
cart lny

xo L, o iel,

U
Ei cart nil cart
®
X — 16

Qi

with cartesian squares (which is derived from the diagram (1)). Since X Ly is, by
~ fiods

hypothesis, a morphism from B” and | = o ¢, the composition V; —— U; of the

upper horizontal arrows — a pull-back of X g, Y, belongs to P7. It follows from the

commutativity of the diagram (2) that

f* o (ny 0v;) =f"0(y50¢00;) = (n, oug) o (fi 0 i) (3)

for all ¢ € I. Since both 7,, ou; and f; o ¢; are morphisms from B7, by 5.2.1(c), their
composition is a morphism from B7. Therefore, by (3), {*o(n, 0v;) € P for alli € I. Since

7, 005 a
{Vi = xe | i € I} is a cover of X®, the latter means that the morphism X¢ RNV

belongs to (P7)" and, by 5.2.1(a), (P7)" =P . =

6. Locally affine spaces and schemes.

6.1. Classes of morphisms and pretopologies. Let 7 be a pretopology on a
category B and P a class of morphisms of 8. We denote by 7% the family of all covers of
the pretopology 7 formed by arrows from P. If the class P contains all isomorphisms and
is closed under pull-backs and compositions, then 77 is a pretopology.

6.1.1. Note. For any class of arrows P in the category B which contains all isomor-
phisms and is stable under pull-backs and composition and any pretopology 7 on 8, the
pretopologies 77 and 77" are equivalent.

In fact, 77 C 777, because P C P7. On the other hand, it follows from the definition
of the class P7 that every cover {U; — X | i € J} in the pretopology 77  has a
refinement (— a composition with 7-covers of each object Uf;), which is a cover in 77.

6.2. Canonical choices of a pretopology. In what follows, we take as 7
— either the canonical right exact structure €3 on 5,
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— or the canonical pretopology, 7,
— or associated with 7. quasi-compact subpretopology, 7 ;.

Recall that a quasi-compact pretopology 7 (where § stands for "finite’) associated with
a pretopology 7 is formed by all covers of 7 which have a finite subcover.

6.3. Etale, Zariski and smooth pretopologies. Fix a functor 2 S, % and a
class 91 of morphisms of the category 8.

6.3.1. Etale pretopology. We define the étale pretopology, 72F, on B as the
pretopology 77, where P is the class M.; of M-étale morphisms. In other words, the
covers of the pretopology 72 are strictly epimorphic families of 9i-étale morphisms.

6.3.2. Zariski pretopology. Zariski pretopology, 7'35)”?, on the category B is defined
in a similar way, as the pretopology 7. Only this time, P is the class .4, of M-open
immersions.

7N

sm?

6.3.3. Smooth pretopology. We define the smooth pretopology, on B as the

pretopology 77, where P is the class of M-smooth morphisms.

6.4. Semiseparated pretopologies. Fix a functor 2 S, B, Wecalla pretopology
7 on the category B semi-separated if the class Y. of elements of covers of the pretopology
7 consists of (2, F)-representable morphisms.

In other words, 7 = 77, where P is the class of all (2, §)-representable morphisms.

6.4.1. Canonical semi-separated pretopology. Taking the canonical pretopol-
ogy 7. on B, we obtain a pretopology 725 which we call the canonical semi-separated
pretopology. Its covers are strictly epimorphic families of representable morphisms.

6.4.2. Semiseparated étale, Zariski and smooth pretopologies. They are
defined by taking semi-separated version of each of the pretopologies. That is covers of
the semi-separated étale (resp. Zariski, resp. smooth) pretopology are strictly epimorphic
families of M-étale (resp. M-open immersions, resp. M-smooth) representable morphisms.

6.5. Noncommutative locally affine spaces, algebraic spaces and schemes.

Fix a functor A 55 B and a class of morphisms 91 of the category ‘B.

6.5.1. Algebraic spaces. We call an object X of B an algebraic space if there is a
cover in M-étale pretopology of the form {F(U;) =+ X | i € J}.

6.5.2. Schemes. We call an object X' of 28 a scheme if there is a cover in 9-Zariski
pretopology of the form {F(U;) = X | i€ J}.
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6.5.3. Locally affine spaces. Similarly, a locally affine space is defined as an object
X of the category B which has a strictly epimorphic family {§(U;) —= X |i € J} formed
by 9-smooth morphisms.

6.6. Semi-separated locally affine spaces and schemes.

6.6.1. Semi-separated algebraic spaces. We call an object X of B a semi-
Ug

separated algebraic space if there is a cover in 9-étale pretopology of the form {F(U;) —
X | i€ J} formed by representable morphisms.

6.6.2. Semi-separated schemes. We call an object X of 8 a semi-separated scheme

if there is a cover in 9M-Zariski pretopology of the form {F(U;) —» X | i € J} formed by
representable morphisms.

6.6.3. Semi-separated locally affine spaces. Similarly, a semi-separated locally
affine space is defined as an object X of the category 28 which has a strictly epimorphic
family {F(U;) —» X | i€ J} formed by M-smooth, representable morphisms.

6.6.4. Semi-separated objects and semi-separated locally affine spaces. Re-
call that an object G of the category B is semi-separated, if there exists a product G x G

and the diagonal morphism G ﬂ G x G is representable.
6.6.4.1. Proposition. Let the category 2 have finite limits and the functor A )
preserves products and pull-backs. If G is an object of B such that the diagonal morphism

A
G —2 GxG s representable, then all structures of a locally affine space on X (if
any) are semi-separated.

Proof. The assertion follows from definitions and 2.6.2. m

6.6.5. Proposition. Suppose that the functor 2 S m s full and the category B
has pull-backs. Let

X — X

l cart l (1)

y — Z

be a cartesian square in the category B. If X, Y, Z are semi-separated schemes (resp.

algebraic spaces, resp. locally affine spaces), then X is a semi-separated scheme (resp. a
semi-separated algebraic space, resp. a semi-separated locally affine space).

Proof. (a) Let X, ) and Z be semi-separated locally affine spaces. Fix affine covers
(ZVa) 25 Z | aeJz}, {3WU) 25 X |icy), {EW) 5V |jedy} of the
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objects Z, X and Y formed by smooth representable morphisms. With these covers and
the cartesian square (1), we associate a commutative diagram

FU) —— FUia)

— X — l7a
cart cart l

— Z +— FWVa)

—

cart

SWia) —— Vo —— TV

built of cartesian squares. Since pull-backs of representable and smooth morphisms are
representable and smooth, all left and right horizontal arrows and all upper and lower
vertical arrows of the diagram (2) are representable and smooth. Since representable and
smooth morphisms are closed under composition, it follows from the right upper and left
lower cartesian squares, that

{3(1/{1'705) — X | 1€ J)(, A S JZ} and {S(Wj,a) — Y | ] € Jy, NS Jz}

are covers of the corresponding objects formed by smooth representable morphisms.
By the universal property of cartesian squares, we have a morphism of the cartesian
square

s, —— FUia)

l cart J (3)

S(Wj,a) — S:(Va)

to the cartesian square (1), which is uniquely determined by the commutative diagram

S(L{i,a) — So)a) — S(Wjﬂ)

!

whose vertical arrows are representable and smooth. The claim is that the unique arrow
S (Ugya) — X completing the morphism of squares is also representable and smooth.
In order to see this, we continue to expand the diagram (2) by adding cartesian squares

X — — Y
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until we get the diagram

S(Uia) — ? — 7 —— F(Uia)
cart cart cart
? e ? — 7 —— 3U) — FUia)
cart cart cart cart l
? e ? — X — X — ﬁv (4)
cart cart cart cart l
SWja) — W) —— Y —— 2 —— 3F(Va)
cart cart

SWija) —— Vo —— 3(Va)

which is a decomposition of the cartesian square (3) into smaller cartesian squares. Here
we use the fact that a square built of cartesian squares is cartesian. The diagram (4)
contains also a decomposition of the morphism of the cartesian square (3) to the cartesian
square (1). All arrows of the diagram (4), except for horizontal arrows over and under
horizontal arrows of the square (1) and the vertical arrows in the same row as the vertical
arrows of (1), are smooth and representable. In particular, the morphism from F(Zf/ ) to

X is the composition of arrows which are smooth and representable, hence it is smooth
and representable. In other words, each morphism §F(U/ ) — X is an element of a cover

of the object )E in the smooth semi-separated pretopology. The set of all these morphisms,
{3 ,) — X | (i,4,0) € Jx x Jy x Jz}, is a cover of X in the smooth semi-separated
pretopology. This follows from the construction, which consisted of several pull-backs of
covers along morphisms and refinements.

(b) If the covers we started with, {F(V.) - Z | a € Jz}, {FU) =5 X |ic

Jx}, {SW;)) iy | 7 € Jy}, belong to some subpretopology of the smooth semi-
separated pretopology, then it follows from the argument above that the final result, the
cover {FU] ) — X | (i,j,a) € Jx x Jy x Jz}, belongs to this pretopology too.

In parti’cular, if the initial covers are formed by étale morphisms (resp. open immer-
sions), then the cover {S(Uzja) — X | (i,j,0) € Jx x Jy x Jz} of the object X consists
of étale morphisms (resp. open immersions).

This shows that the full subcategory Algsyy, of the category B formed by semi-
separated algebraic spaces is closed under pull-backs and same holds for the full subcate-
gory Sch5gy of the category B formed by semi-separated schemes. m

6.6.5.1. Note. The argument of 6.6.5 becomes shorter, if Z is a semi-separated
scheme covered by representable open immersions, because in this case, thanks to the fact
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that each §(V,) — Z is a monomorphism, it is immediate that the square

s, —— FUia)

[

S(Wj,a) — z

i1s cartesian.

6.7. Remark about general case. The main reason why we considered semi-
separated locally affine spaces is that all our examples belong to this class. But, of course,
there exist non-semi-separated schemes. For them, the invariance under cartesian squares
holds under additional conditions on the initial data.

6.7.1. Proposition. Suppose that the functor 2 S.® s full, the category B has
pull-backs, and, for any open immersion U — F(V), the object U is a scheme. Let

X — X

J cart l (1)

y — Z

be a cartesian square in the category B. If X, YV, Z are schemes, then X is a scheme.

Proof. The argument follows the same steps (— uses the same diagrams) as the argu-
ment of 6.6.5. Only the object in the upper left corner of the diagram 6.6.5(4) is not affine
in general. But, it follows from the hypothesis that it has an affine cover, which is enough.
Details are left to the reader. m

6.8. Relative locally affine spaces and schemes. Fix a functor 2 5,98 anda
class of morphisms 91 of the category ‘B.

6.8.1. Relative locally affine spaces. We call a morphism X 7, Y of

the category B a locally affine space over ), if there exists a strictly epimorphic fam-

ily {§(U;) 2+ X |i € J} formed by smooth morphisms such that each composition

fou,
5(U;) Y is a representable morphism.

6.8.2. Relative schemes and algebraic spaces. We call a morphism X N %
of the category B a scheme (resp. an algebraic space) over ) if there exists a strictly
epimorphic family {F(U;) —» X | i € J} formed by open immersions (resp. by étale)

fou,
morphisms such that each composition §(U;) Y is a representable morphism.
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6.9. Relative semi-separated schemes and locally affine spaces. A morphism

x L Y of the category B is called a semi-separated locally affine space (resp. a semi-
separated algebraic space, resp. a semi-separated scheme) over ))), if there exists a strictly
epimorphic family {F(U;) —» X | i € J} formed by 9M-smooth (resp. M-étale, resp.

fou;
M-open immersions) representable morphisms such that each composition F(U;) N

is a representable morphism.

6.9.1. Proposition. Let S be an object of the category B; and let

X — X

l cart l (1)

y — Z

be a cartesian square in the category B/S. If X, Y, Z are semi-separated schemes (resp.

algebraic spaces, resp. locally affine spaces) over S, then X is a semi-separated scheme
(resp. a semi-separated algebraic space, resp. a semi-separated locally affine space) over

S.

Proof. The assertion follows from (the argument of) 6.6.5. Indeed, the forgetful func-
tor ®B/S — B preserves limits (in particular, it preserves pull-backs) and the argument
of 6.6.5 is valid in the relative case. Details are left to the reader. m

7. Quasi-topologies, quasi-pretopologies and gluing.

Quasi-topologies (in particular, topologies) and (quasi-)pretopologies play different
role in our story. Quasi-topologies and topologies serve to define the categories of sheaves,
while (quasi-)pretopologies serve for gluing spaces and studying their local structure.

7.0. Quasi-topologies and topologies.

7.0.1. Quasi-topologies. A quasi-topology 7 on a category 2 is determined by
the category (2,7)" of sheaves on the quasi-site (2,7). The map (A, 7) — (A, 7)"
is a bijective correspondence between quasi-topologies on 2 and strictly full reflective
subcategories of the category 2" of presheaves of sets on 2 whose objects are sheaves on
the quasi-site (A, 7).

7.0.1.1. Topologies. A quasi-topology 7 on a category 2 is a topology iff the
sheafification functor A" — (2, 7)" is exact.

7.0.1.2. Subcanonical quasi-topologies. A quasi-topology T is called subcanonical
if every representable presheaf is a sheaf.
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7.0.1.3. Quasi-topologies and topologies. For every quasi-topology 7 on a cat-
egory 2, there exists the finest topology among the topologies which are coarser than 7.
The topology 7 is formed by all refinements R — X, X € Ob, of the quasi-topology 7
whose pull-backs are refinements for the quasi-topology 7.

7.0.1.4. The decomposition of the sheafification functor. The sheafification
functor A" — (2, 7)" is the composition of the sheafification functor A" — (A, 7)"
and a continuous localization (2, 7)" — (2, 7)". The localization (2,7)" — (A, 7)"
is the sheafification functor for a quasi-topology 7’ on the category (2, 7)”, which is not a
refinement of any non-trivial topology.

7.0.2. Quasi-topology associated with a local data. Fix a functor 2 S, »
regarded as a ’local data’. Suppose that the category B has colimits of small diagrams.

Then the functor 5
B—— AN, X — B(F(-),X),

has a left adjoint, A" S % whose composition with the Yoneda embedding 2 RND

coincides with the functor 2 —5+ 5B.
The functor S* is the composition of the continuous (that is having a right adjoint)

localization A~ — B3 and a continuous conservative functor Bz 3—> B.
One can see that the a right adjoint to the localization q% induces an equivalence

between the category Bz and the smallest reflective strictly full subcategory %g of the
category A" containing the family of presheaves B(F(—),X), X € ObB.

Notice that the category %5 is well defined independently on the condition that the
category B has colimits. A left adjoint to the embedding %g is a localization functor

DGR %g which is the sheafification functor for a uniquely defined conservative quasi-
topology 7z on the category 2. The subcategory Bz coincides with the category (U, 75)"
of sheaves of sets on the quasi-site (2, 7z).

7.1. Quasi-pretopologies. Fix a functor 2 S, %B. We assume that the category ‘B
is endowed with a quasi-pretopology, 7. The latter is a function which assigns to each object
X of B a family, 7x, of covers of X. An element of 7x is set of arrows {U; =% X | i € J}.
We assume that any isomorphism forms a cover, and the composition of covers is a cover.

A cover of the form {F(U;) & X | i € J} of an object X is called a (2, 7)-cover, or
simply 2A-cover, if 7 is fixed.

An object X of B is called locally (2, 7)-affine (or locally (2, §)-affine, if no ambiguity
arises) if it has an (2, 7)-cover.

We denote by Spg » the full subcategory of the category B whose objects are locally
(A, 7)-affine.
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7.1.1. Quasi-finite locally (2, §)-affine objects. Given a quasi-pretopology 7 on
B, let 77 denote the quasi-pretopology formed by all finite covers of 7. We call an object
X of B quasi-finite locally (A, 7)-affine if it is locally (2, 75)-affine.

7.1.2. 2-(2,F)-covers and 2-locally (2, F)-affine objects. Let X be an object of
B. We call an (2, 7)-cover {F(U;) = X | i€ J} a 2-(A, 7)-cover (or 2-A-cover), if for any
i,j € J, there exists a set of morphisms (U;, u;) «— (U}, uy;) — (Uj,u;), v € J;j in the
category §/X such that the corresponding set of morphisms

{8(Uj;) — 3(i) xx 8(U;) | v € Ji;}
is a cover for any 7,5 € J. We call the diagram

(Ul>ul)<—(Uzl;7quj)—>(UJ7U’J)> VEJij> i,j €4, (1)

(in the category §/X) a diagram of relations of the 2-cover 4 = {F(U;) = X | i € J}.
We call an object X of B 2-locally (A, F)-affine if it has a 2-locally (2, §)-affine cover.

7.1.3. Weakly semi-separated covers. We call an A-cover {F(U;) = X | i€ J}
weakly semi-separated if, for any i, j € J, there exists a diagram

(Ui, ui) «— (Uij, uiz) — (Uj,uy)
in §/X such that the square

§WUi) —— FU;)

| e |

is cartesian. In particular, the object §(U;) xx §(U;) is isomorphic to an object of the
form §(U;;). It follows that any weakly semi-separated -cover is a 2-A-cover.

We say that an object X of B is A-weakly semi-separated if it has a weakly semi-
separated 2l-cover.

7.2. (2, F)-Representable morphisms and covers. If £ is a subcategory of
B such that ObE = OB, we denote by 7€ the quasi-pretopology on 9B formed by all
covers {U; 2 X | i € J} in 7 such that all morphisms u; belong to £. Given a functor

A S B, we have a natural choice of the subcategory &£, which is the subcategory of
(A, §)-representable morphisms described below.

7.2.2. Representable covers. We call a cover {U; - X | i € J} (2, F)-
representable if each morphism w; of the cover is (2, §)-representable. We denote by
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7 the function which assigns to each object X of the category B the set, 7%, of (2,F)-
representable covers of X.

7.2.2.1. Lemma. The function 7™ is a quasi-pretopology on B. If T is a pretopology,
then ™ is a pretopology.

Proof. The assertion is a corollary of 2.1. m

7.2.3. Locally (2, §)-representable objects. Evidently, every representable (2, §)-
cover is weakly semi-separated (cf. 7.1.3.). In particular, it is a 2-(2, §)-cover.

We say that an object X of B is locally (U, §)-representable if it has a representable
(A, §)-cover. Thus, every locally (2, §)-representable object is locally (2, §)-affine.

7.3. Coinduced pretopology. Let A S, Bbea functor, and let T be a quasi-
pretopology on 2. The coinduced quasi-pretopology, T3, on 9B is defined as follows: a
set of arrows {U; —» X | i € J} is a cover of X iff for any morphism F(V) -5 X,
there exists a cover {V; B v | j € I} € Ty such that for every j € I, the morphism
goF(v): §(V;) — X factors through u; for some i € J.

7.3.1. Proposition. Suppose *B is a category with fiber products. Then the coinduced
quasi-pretopology TS on B is a pretopology.

Proof. Let {U; 4 X | i € J} be a cover in % and Y —%5 X an arbitrary morphism.
The claim (equivalent to the proposition) is that the set of arrows {U; xx Y —5 Y | i € J}
is a cover in TS.

In fact, let F(V) —= Y be an arbitrary morphism. Since {U; % X | i € J} is a
cover, there exists a cover {V; 2V | 7 € I} in T such that for any j € I, there exists
i; € J and a morphism §(V;) - U;; which make the diagram

§ (VJ) — Uij
S(Uj) l Ui (1)
gowv

V) — X

commute. The commutativity of (1) implies the existence if a unique morphism

’
v,

(V) —— U, xxY

such that the diagram

<l
[N

(V) —— U, xxY
§w) | [ (2)
V) —— Y
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commutes and the morphism §(V;) BN Ui, is the composition of §(V}) BN Us; xxY and
the canonical projection Uy, X x Y — Uj;. This shows that {U; xx Y Y |ieJ}isa
cover in T¥. m

7.3.2. Note. Let 2 be a category with fiber products and ¥ a quasi-pretopology on
2. Taking § = Idgy, we obtain the coinduced pretopology, €9, on 28 = 2. The pretopology
%9 is the finest pretopology among those pretopologies on 2l which are coarser than ¥.

7.4. Standard commutative examples.

7.4.1. Geometric spaces and schemes. Let B be the category of locally ringed
topological spaces which we call otherwise geometric spaces, 2 the category opposite to the
category C'Algy, of commutative unital k-algebras, § the functor 2 — B which assigns to
every commutative k-algebra its spectrum. The pretopology on ‘B is the standard Zarisk:
pretopology given by families of open immersions covering the underlying space: a set
{(Us,00,) & (X,0x) | i € J} of open immersions is a cover iff U U, = X.

icJ

Then locally (2, §)-affine objects of B are arbitrary schemes over k.

7.4.1.1. Semi-separated schemes. Locally (2, §)-representable objects of B are
precisely semi-separated schemes. Recall that a scheme X = (X, Q) is called semi-separated
if it has an affine cover {U; =% X | i € J} such that each morphism U; % X is representable.
Clearly, every semi-separated scheme is weakly separated.

7.4.2. Quasi-finite (2, §)-objects. Let A, B, and A S, 9% are same as in 7.4.1.
Then quasi-finite (2, §)-objects (i.e. locally (2, Taf)—afﬁne objects, where 7, is the sub-
pretopology of 7, formed by finite covers, cf. 7.1.1) are exactly quasi-compact schemes.

Notice that 2-locally (2, T3, )-affine objects are quasi-compact quasi-separated schemes.

7.4.3. Spaces as sheaves of sets. Let 2 be the category C'Alg,”, as in 2.1. Let B

be category Esp of sheaves of sets on C'Alg,” for the fpgc topology, and let A S, B be
the Yoneda embedding: R — CAlgy(R, —).

Zariski covers in CAlg;? = 2 are given by sets of morphisms {R — R; | i € J}
such that R; is a localization of R at an element of R (that is at the multiplicative set
generated by this element), and U Spec(R;) = Spec(R). Zariski covers form a (Zariski)

ieJ
pretopology, T3. We define Zam'ski pretopology on B = Esp as the pretopology coinduced
by T3 (cf. 7.3).

Locally affine (2, §)-objects in this setting are schemes in the sense of [DG], that
is schemes realized as functors C'Alg, — Sets. The functor S which assigns to each
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geometric space X = (X,0) the functor R — Hom((SpecR,Or),X) establishes an
equivalence between geometric schemes and functorial schemes.

Representable morphisms in B are corepresentable functors C'Alg, — Sets. The
functor S induces an equivalence of the category of semi-separated schemes (cf. 7.4.1.1)
and the category of locally (2, §)-representable objects of 5.

Replacing the Zariski pretopology T3 by its finite version, T3,, we obtain a full sub-
category of the category of locally 2-affine objects formed by quasi-finite locally 2A-affine
objects. The functor S induces an equivalence of this category and the category of quasi-
compact geometric schemes. The functor & induces an equivalence of the category of
2-locally (%, ‘Z3f)—afﬁne objects and the category of quasi-compact, quasi-separated geo-
metric schemes.

7.5. Standard noncommutative examples. We take as 2 the category Aff; =
Alg;” opposite to the category of associative unital k-algebras, together with one of the
canonical quasi-pretopologies defined below.

7.5.1. The fpgc quasi-pretopology on Aff;, = Alg;”. We call the image in Affy,
of a set of k-algebra morphisms { R — R; | i € J} an fpqc coverif all morphisms R — R;
are flat (i.e. R; is a flat right R-module), and there is a finite subset I of J such that the
family of functors {R; ®g | i € I} is conservative. The composition of fpgc covers is
an fpqc cover, and any faithfully flat k-algebra morphism R — S forms an fpqc cover.

Thus, fpqc covers form a quasi-pretopology which we denote by 7.

7.5.1.1. The lqc pretopology. We call an fpqc cover {RY — RY | i € J} an lqc
cover if the corresponding k-algebra morphisms R — R; are localizations, or, equivalently,
the corresponding 'restriction of scalars’ functors R; — mod — R — mod are full (hence
fully faithful). It follows from [R4, 2.6.3.1] that lqc covers form pretopology on Aff; which
we denote by 7,

7.5.2. The fppf quasi-pretopology and Zariski pretopology. We call an fpqc
cover {R — R; | i € J} an fppf cover if it consists of finitely presentable morphisms. We
denote the fppf quasi-pretopology by Tepps-

A set of algebra morphisms {R — R; | i € J} defines a Zariski cover if it consists of
finitely presentable localizations and the family of functors {R; ® g | ¢ € J} is conservative.
Zariski covers form a pretopology which we denote by 73 and call it the Zariski pretopology.

7.5.3. Noncommutative schemes as presheaves of sets. Let B be the category
NEspy, of sheaves of sets on Aff;, for fpqc quasi-pretopology. In other words, objects of
B are functors Algy, — Sets which preserve finite products, and for any faithfully flat
k-algebra morphism R — T, the diagram

X(R) — X(T) —__ X(T %, T) (1)
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is exact. The functor A — B is the Yoneda embedding, R —— Algr(R, —).
Let 72 denote the pretopology on ‘B coinduced by the Zariski pretopology 7, via the
functor §. We define schemes as locally (2, 77)-affine objects of .

7.5.4. A remark on fpqc-locally affine spaces. Let the category 8 and the

functor A — B be the same as in 7.5.3. But, we take the fpqc quasi-pretopology on
20 = Aff instead of the Zariski pretopology. Let To denote the pretopology coinduced
on B by the fpqc quasi-pretopology on 2 = A°P. Applymg the formalism of 7.1, we obtain
locally (A, To qc)—aﬁﬁne spaces. This approach, however, is less satisfactory in the case of
general fpqc covers, than in the case of Zariski covers. The reason is that fpqc covers do
not form a pretopology; hence the operation of coinduction decimates the original quasi-
pretopology on Affy. Fortunately, this inconvenience is easily avoided by defining fpqc
quasi-pretopology directly on the category 8.

8. Locally affine ’spaces’ and schemes.

8.1. Flat quasi-pretopologies in |Cat|°. Let B = |Cat|°. We call a set of
morphisms {U; % X | i € J} in |Cat|® a weakly flat cover if all u; are weakly flat and the
set of their inverse image functors, {u}| i € J}, is conservative. This defines a weakly flat
quasi-pretopology, 7, on the category |Cat|°.

8.1.1. Naive finiteness conditions. We call a weakly flat cover an fpqc cover, if
it contains a finite subcover. We denote the correspondmg quasi-pretopology by 7, .-
Let & be a set of types of diagrams. We denote by Tquc the quasi-pretopology defined

as follows: {U; —» X | i € J} belongs to Tﬁch iff it is a weakly flat fpqc cover such that
all direct image functors, u;, preserve colimits from €.

We denote by Tf?; . the quasi-pretopology formed by weakly flat fpqc covers which
consist of affine morphisms. We denote by 7{” the quasi-pretopology generated by weakly
flat covers which consist of one morphism.

Finally, we denote by 7' T the quasi-pretopology generated by weakly flat covers which
consist of one affine morphism.

8.1.2. Semi-separated covers. A weakly flat cover {U; &% X | i € J} is called

semi-separated if all morphisms U; = X are affine. We denote the corresponding quasi-
pretopology by 7%/ .

8.1.3. Proposition. Let 4 = {U; & X | i € J} be a weakly flat cover and
U= H U; — X the canonical morphism corresponding to the cover 4.

ieJ

(a) If the category C'x has products of J objects, then the morphism U —— X is weakly
flat and conservative.



114 Chapter 2

(b) If the category Cx is additive and the cover il is finite and semi-separated (i.e.
every morphism w; is affine), then the morphism U — X is affine.

Proof. The family of inverse image functors 4 = {Cx —= Cy, | i € J} is conservative
iff the corresponding functor

Cx SN HCUiZCu, x— (u(x)]i € J),
icJ

is conservative. Similarly, the functors u; preserve kernels of coreflexive pairs of arrows for
all 4 € J iff the functor u* has the same property.
(a) Suppose the category C'x has products of J objects. Then the functor

HCUi :CL{ L Cx, (CL2|’L€J)'—>HU1*(CL1)7

ieJ ieJ
is a right adjoint to the functor u*.
(b) If every direct image functor u;, is conservative, then the functor u, is conservative.

If the category Cx is additive and the cover 8 = {Cx —= Cy, | i € J} is finite, then

ux(a;li € J) = H u;ix(a;) for any object (a;|t € J) of the category Cyy, and for any object
ied

x of the category C'x, we have:

C’X(u*(aiﬁ € J),x) = CX(Hui*(ai),a:) ~ HCX(ui*(ai),m) ~

icJ icJ
[ Cx(aiui(@)) = Cu((aili € J), (uy(2)li € J)).
i€J
Here u} is a right adjoint to the direct image functor ;.. This shows that the functor
Cx BN Cy, =+ (ui(z)]ieJ),
is a right adjoint to the functor u,. m

8.2. Locally affine morphisms. Relative schemes. Fix a 'space’ S, and consider
the category B = |Cat|%. Recall that |Cat| is a full subcategory of |Cat|®/S whose

objects are pairs (X, f), where X I 8 is a continuous morphism.
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8.2.0. The choices of ’local’ objects. We assume that the category Cg has
cokernels of reflexive pairs of arrows. There are two extreme choices of the category
of "local’ (or ’affine’) objects 2(. The largest (in a certain sense) choice is the category
A = Aff§ of weakly affine morphisms to S. The other extremity is the category Affg of
affine morphisms to S (as in 8.9.3).

8.2.0.1. Generic intermediate choices. These are categories Aﬁ'g, where G is
a set of types of diagrams: objects of Aff S are pairs (X, f), where f is a weakly affine
morphism X — S such that f, is preserves colimits of diagrams of &.

In each of these cases, the functor 2 S, % is the inclusion functor.

8.2.0.2. Important special case. We assume that the category Cg has cokernels of
reflexive pairs of arrows and countable coproducts and ’'local’ objects are pair (X, f), where
f is a weakly affine morphism X — S such that f. is preserves countable coproducts.

8.2.1. Canonical flat quasi-pretopologies. Any quasi-pretopology on |Cat|°
induces a quasi—pretopology on |Cat|®/S. In particular, each of the canonical quasi-
pretopologies on |Cat|® induces a canonical quasi-pretopology on the category B = |Cat|g.
Thus, we have the quasi-pretopology 7, .. given by finite weakly flat covers and its ver-
sions, Tfiqc and 7';’]; . (cf. 8.1.1). Taking covers formed by §-finitely presentable morphism,

we obtain the quasi-pretopologies respectively 7., Tffpf and 7';;’; .

8.2.2. Flat Zariski covers. We call a conservative set {U; —+ X |i € J} of
morphisms of |Cat|% a flat Zariski cover, if all morphisms u; are locally finitely presentable
exact localizations. Zariski covers form a quasi-pretopology, 75.

8.2.3. Locally affine S-’spaces’. In this subsection, A = Affg.

We call an object (X, X EN S) of the category B = |Cat|% a locally affine S-’space’,
if it is a locally 2-affine object of |Cat|¢ for the quasi-pretopology 7,

ppf’
An object (X, X EN S) of |Cat|¢ is called a semi-separated locally affine S-’space’, if
it is a locally -affine object of |Cat|% with respect to the quasi-pretopology 72/ .
ppf

In other words, the S-'space’ (X, X EN S) has a finite weakly flat Aff_-affine fppf
cover, which consists of affine morphisms.

8.2.4. Relative schemes. We call an object (X, X EN S) of the category |Cat|% an
S-scheme, if it is a locally 2-affine object of |Cat|% with respect to the quasi-pretopology
73 and A = Affg.

8.2.5. Special cases. Taking Zariski covers which are covers in resp. 7%

af
et and Tet e

we obtain the corresponding versions of Zariski quasi-pretopology resp. 73@ and 7‘; 7
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We call an object (X, X EN S) of |Cat|°/S a semi-separated S-scheme, if it is a locally
2A-affine object of |Cat|®/S with respect to the quasi-pretopology T;Lf and A = Affg. In

other words, (X, X EN S) has a weakly flat Affg-affine Zariski cover which consists of
finitely presentably affine localizations.

8.3. Locally S-affine ’spaces’ and schemes. Fix an object S of the category
B = |Cat|°. One can take as 2 the category Affs, AffY, or Aff§ for some set & of types

of diagrams. This time, 2 S, 9 is the natural functor which maps an object (X, X — 9)
of the category 2 to X. We call an object X of B S-locally affine ’space’if it is a locally
(2, §)-affine object with respect to the quasi-pretopology 7,

ppf’

We call a conservative set {§(U;) —» X | i € J} of morphisms of |Cat|% a Zariski
cover, if all morphisms wu; are (2, §)-finitely presentable localizations. Zariski covers form
a quasi-pretopology which we denote by 73, as in the relative case sketched in 8.2.4.

We call an object (X, X ER S) of the category |Cat|% an S-scheme, if it is a locally
2-affine object of |Cat|% with respect to the quasi-pretopology 73 and 2 = Affg.

8.3.1. Locally affine Z-spaces and Z-schemes. Let S = SpZ (i.e. Cg is the
category of abelian groups). We call an object X of B locally affine Z-space (resp. a Z-
scheme) if it is a locally 2A-affine object with respect to the quasi-pretopology 7,,.. (resp.
the Zariski quasi-pretopology 73).

8.3.2. Note. Let A be the category Aff, = Alg,”, and let § be the functor Sp which
assigns to each associative unital k-algebra its categoric spectrum. Then the category of
locally (2, §)-affine ’spaces’ is isomorphic to the category of locally affine Z-’spaces’ defined
in 8.3.1. Similarly, the category of (2, §)-schemes (defined in an obvious way) is isomorphic
to the category of Z-schemes.

8.4. The structure of locally affine ’spaces’. Fix a ’space’ S. Let 2 be the
category Affg of affine morphisms to S, or the category Aff S for some set of diagram

types G, and let 2 8= |Cat|® be the forgetful functor (X, X — S) — X.
Suppose that Cg has finite products and cokernels of reflexive pairs of arrows. Let
{(3(U;, ;) = U; = X | i € J} be a finite A-cover of X, and let U = H U; - X be the
icJ
corresponding morphism. If C'x has finite products, then u is a continueous morphism (see
8.1.3), hence u is weakly flat and conservative. By Beck’s theorem, X is isomorphic to
Sp°(U\G.); i.e. the category Cx is equivalent to the category of (U\G,)-comodules.

8.5. Examples: NC schemes associated with a semi-simple Lie algebra. Let
g be a semi-simple Lie algebra over a field k of zero characteristic and U,(g) the quantized
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enveloping algebra of g. Let G denote the lattice of integral weights of g and R the G-graded
algebra of "functions” on quantum base affine 'space’: R = @ Ry (see L.1.7).
AEG

8.5.1. The quantum base affine ’space’. The quantum base affine ’space’,
Cone(R, ), is a noncommutative scheme over k. Its canonical affine cover

Sp(S,'R) —— Cone(R,), weW, (1)

is described in 1.1.7.1.

8.5.2. The natural D-scheme over the base affine ’space’. Let ﬁq(g) denote
the extended quantized enveloping algebra of the Lie algebra g defined by

Uy(8) = Uy(g) @k Uy(h),

where U, () is the quantized enveloping algebra of the Cartan subalgebra b of g. There
is a natural Hopf action of U,(g) on each simple U,(g)-module Ry, which defines a Hopf
action of the algebra R, . So that we have the crossed product Ry #U,(g) and the associ-

ated quasi-affine ’space’ Cone(R+#ﬁq(g)). The natural embedding R, — R+#(7q(g)
induces an affine morphism of ’spaces’

Cone(R4#U,(g)) —— Cone(R,). (2)

The Hopf action of ﬁq(g) on the algebra Ry is compatible with localizations at the

Ore sets Sy, w € W, which means that S;l(R+#l7q(g)) o~ S;lRJr#(N]q(g) for all w € W.
Therefore, the cover 8.5.1(1) induces an affine cover

Sp(S,, ' R#U,(g)) —— Cone(R, #U,(g)), weW, (3)
such that the diagrams

Sp(S,' R#Uy(g)) —— Cone(R:#U,(g))

| | (4)

Sp(S,'R) —_— Cone(R,) we W,

commute for all w € W.

8.5.3. The quantum flag variety and the associated D-scheme. The cover
8.5.1(1) induces a canonical affine cover of the quantum flag variety Projg(R) of g turning
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it into a noncommutative scheme. The same cover induces also an affine cover of the
associated quantum D-scheme Projg(R#U,(g)), where R#Uq(g) is the crossed product
corresponding to the natural Hopf action of the quantized enveloping algebra U, (g) on the
G-graded algebra R. All together is expressed by the diagram (4) and the commutative
diagram

Sp(Sy ' R#U,(8)) —— Sp((Sy'R)o#U,(g))
Cone(R#U,(g)) ——  Projg(R#Us(s)) —— Sp((Sy'R)o#U,(g))

(5)
Cone(R.) — Projg;(R) — Sp((Sy ' R)o)

Sp(S, ' 1) — Sp((S5, "' R)o) we W,

whose all vertical arrows are affine morphisms.
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Geometry of Presheaves of Sets.

The first three sections outline the generalities, which start with specialization of the
notions and facts of Chapter II to the case of the categories of (pre)sheaves of sets on an
arbitrary category followed by a more detailed study of their properties. In Section 1, we
discuss representable morphisms of (pre)sheaves of sets (interpreted as affine morphisms).
In Section 2, we specialize to presheaves of sets the notions of closed immersions and
semi-separated and separated morphisms introduced in Chapter IT and study the invariance
properties of these classes under sheafification functors. Section 3 is dedicated to (formally)
smooth and étale morphisms and open immersions of presheaves and sheaves of sets.

In Section 4, we look at locally affine presheaves of sets on the category of noncom-
mutative affine schemes. Namely, we apply the formalism of Section 3 to three natural
pretopologies, whose covers are strictly epimorphic families of respectively smooth mor-
phisms, étale morphisms, and open immersions. As a result, we obtain the notions of
noncommutative schemes and algebraic spaces in this context.

The remaining sections are devoted to several important examples which illustrate
and motivate general notions. In Section 5, we introduce several important affine (that
is representable) constructions — vector fibers, inner homs, isomorphisms, which serve as
building blocks for the locally affine ’spaces’ considered here. In Section 6, we introduce
and study the noncommutative Grassmannian, which is one of important examples of a
noncommutative locally affine space. In Section 7, we introduce noncommutative flag vari-
eties. In Section 8, we follow with the generic Grassmannians associated to modules. The
generic Grassmannians are noncommutative versions of the Grothendieck’s Quot schemes.
Section 9 gives an introduction to generic flags. In Section 10, we apply some results on
generic flags to the 'usual’ noncommutative flag varieties — those introduced in Section 7.

In connection with generic flags, we discuss, in Section 11, Stiefel schemes and observe
that they coincide with the canonical affine cover of generic flags of certain type.

In Section 12, ” Remarks and observations”, we start with a short summary of common
properties of all our examples — generic and non-generic flag varieties and (as their special
cases) Grassmannians and then continue with functorial properties of the canonical covers
of these varieties and the action of GL. We conclude the Chapter with passing from the
”toy” noncommutative Grassmannian and flag varieties to the ”real” ones; that is we pass
from the presheaves described in the previous sections to their associated sheaves for a
relevant topology. Apparently, the most relevant topology for the examples of this chapter
is the smooth topology.
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1. Representable and semi-separated morphisms of (pre)sheaves.

Here we discuss in greater detail the notions introduced at the end of Section II.2 in
the case when the "local data” is the Yoneda embedding of a category A into the category
A" of presheaves of sets on A. For readers’ convenience, some notions are reformulated
directly in this setting.

1.1. Representable morphisms. Let P be a class of morphisms of the category
A closed under arbitrary pull-backs. A morphism F' — G of presheaves of sets on A is
called representable by morphisms of P, if for any X — G, the projection F'xg X — X
is of the form w for a morphism u € P. In particular, the presheaf F' x X is representable.

We denote by P” the class of all morphisms of A" representable by morphisms of P.
Clearly, a morphism X — Y belongs to P” iff it is of the form w for w € P.

1.1.1. Proposition. (i) The class P" is invariant under the base change: if a
morphism F — G belongs to P and H — G is an arbitrary morphism, then the
projection H xg F' — H belongs to P".

(i) If P is closed under composition, then P” has the same property.

Proof. The assertion is a special case of 11.2.1. =m

1.1.2. Standard examples. 1) The class I = M(A) of all monomorphisms of the
category A is closed under pull-backs and composition.
2) Same holds for the class £* = £%(A) of universal epimorphisms. Recall that a

morphism X L v is called a universal epimorphism if for any morphism V — Y,
there exists a fiber product X xy V and the canonical projection X xy V — V is an
epimorphism.

1.2. Representable morphisms of presheaves of sets. Let A be a category
with pull-backs, and let P be the class of all morphisms of A. In this case, we call
P-representable morphisms of presheaves simply representable, or, sometimes, affine. It
follows that a presheaf morphism F' — G is representable iff for any object X of A and
for any morphism X — G, the presheaf F xqg X 1is representable.

1.2.1. Lemma. Let A be a category with finite limits, and let G be a presheaf of sets
on a category A. The following conditions are equivalent:

(a) For every object X of A, any morphism X — G is representable.

(b) The diagonal morphism

Ag
G — GxG

1s representable.
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Proof. The assertion is a special case of 11.2.6.2. m

1.2.2. Semiseparated presheaves and morphisms of presheaves. Specializing
the notions of 11.2.6.1 and 11.2.6.3, we obtain the following:
(a) A presheaf of sets G on a category A is semi-separated, if the diagonal morphism

Ag
G — Gx@qG

is representable.

(b) A presheaf morphism G T Fis semi-separated, if the diagonal morphism

Aj
g — K(f)=Gx,0

is representable.

Let e denote the constant presheaf A°? — Sets with values in a one point set —
the final object of the category A" of presheaves of sets on A. It follows that a presheaf
of sets G is semi-separated iff the (unique) morphism G — e is semi-separated.

1.3. Proposition. Let U — X be a presheaf morphism and

P1

R=UxxU .U
P2

its kernel pair. Consider the following conditions:
(a) the morphism U = X is representable;
(b) the morphisms p1, p2 are representable;
(¢) one of the morphisms p1, ps2 is representable.
(d) the induced epimorphism U T X, onto the image of T is representable.
There are implications (a) = (b) = (¢) = (d) = (b).

Proof. The implication (b)=-(c) is true by a trivial reason. The implication (a)=-(b)
holds because representable morphisms are stable under pull-backs.
(d)=(b). The morphism 4 — X is the composition of &/ — X; and a monomor-

phism X} I x Therefore, the kernel pair of 7y is the same as the kernel pair of 7. So
that the implication (d)=(b) follows from the implication (a)=-(b).
(c)=(d). Let

/7

Vv — Uu
T l cart l T (1)

1
V—)Xl
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be a cartesian square with V representable. Suppose that R - I/ is representable. Since
U =% X, is an epimorphism and V, being a representable, is a projective object of the
category of presheaves of sets, there exists a morphism V — U such that m o~y = &.
Therefore, the cartesian square (1) can be decomposed into

12

~ 3 2
vV - R 25 u

T l cart pll cart l T
107 T
y — u — X

with both squares cartesian (the right square is cartesian by the observation in the argu-
ment of (d) = (b) above: the kernel pair of 7y is isomorphic to the kernel pair of 7).

By hypothesis, the projection R - U is a representable morphism. Therefore, the
morphism V- V, being a pull-back of pq, is representable. m
1.3.1. Corollary. Let U — X be a presheaf epimorphism and

P1

R=UxxU .U
P2

its kernel pair. The following conditions are equivalent:
(a) the morphism U — X is representable;
(b) the morphisms p1, pa are representable;
(¢) one of the morphisms p1, ps2 is representable.

Proof. The assertion follows from 1.3. =

1.3.2. Corollary. Let U — X be a presheaf epimorphism with representable U.
Then 7 is representable iff the object of relations R = U X x U 1is representable.

Proof. By 1.3.1, a presheaf epimorphism 4 — X is representable iff the projections

P1

R=UxxU U

are representable. If U is representable, then the projections p;, po are representable iff
R =U X x U is representable. m

1.3.3. Note. In 1.3, 'representable’ can be replaced by B-representable’, where
B is any class of morphisms of the category Cx stable under pull-backs along arbitrary
morphisms. For instance, one can take as B the class of formally 971-smooth, or the class
of formally 9t-étale morphisms for some class of morphisms 1.
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1.4. Representable morphisms of presheaves and their associated sheaves.

1.4.0. Right exact structures. Recall that a right exact structure on a category A
is a class €4 of strict epimorphisms which contains all isomorphisms and is stable under
compositions and arbitrary pull-backs. In other words, morphisms of & 4 are covers of a
subcanonical pretopology on A. The elements of €4 are called deflations.

1.4.1. Proposition. Let (A, QSA) be a right exact category.
1) Suppose that every pair M —> N of deflations has a cokernel. Let U —= X be

t2
an epimorphism of sheaves of sets on (A, €4) and

U x s x
its natural decomposition into an epimorphism and a monomorphism of presheaves. The

following conditions are equivalent:

(a) the morphism U = X s representable'

(b) the morphisms R =U xxU —X U are representable;

p2
(c) one of the morphisms p1, ps2 is representable.

(d) the presheaf epimorphism U — X, onto the image of 7 is representable.

2) The sheafification functor maps representable morphisms of presheaves of sets to
representable morphisms of sheaves.

Proof. 1) The equivalence of the conditions (b), (c¢) and (d) and the fact that (a)
implies them are established in 1.3. It remains to show that

(d)=(a). Let N = A(—, N) for an object N of A and N £, X an arbitrary sheaf
morphism. The claim is that, if the presheaf epimorphism U — X; is representable,
then the pull-back of the sheaf epimorphism U — X along ¢ is representable.

Consider the decomposition of this pull-back into two cartesian squares:

no oo s N
f”l cart l & cart l £
u o s ox
The sheafification functor, q*, maps j to isomorphism, which implies, thanl:s to the
exactness of q*, that it maps?to an isomorphism. The latter means that 91 L)A/(\/' is

a refinement of N, Therefore, there exists a deflation M Y N such that M -5 A



124 Chapter 3

factors through 9 3 N. In other words, there is a morphism M 2y whose

composition with 97 3 N coincides with M —» N/. We have a diagram

l
|

:\
%
@)

)

3
~
%
e
%

)

N M N (1)
f”l cart l & cart l £
U —— X1 % X

whose lower squares and the left upper square are cartesian.
Notice that the kernel pair K»(u) = M xo1, M —= M of the morphism M — 9,
is isomorphic to the kernel pair Ky (B = M x I M — M of the morphism M-S N.

t

The latter can be identified with the image of the kernel pair Ks(t) :>>1 M of the

morphism M LN Thus, we have a commutative diagram

é//
o) 5 m —s M —— U

Ks(ph) l cart ﬁgl cart %1l cart l T

~ — — ¢
Kz(u) - M L) ‘ﬁl —_— Xl (2)
t2
id l id j l l j
ty —~
— t ~ 13
KO —3 M — N — X

with four cartesian squares. The left upper cartesian square means that the squares

Ka(my)
) —5 K1)
cart l E

™2 —

u;
m — M
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are cartesian, ¢ = 1, 2.
Suppose now that the condition (d) holds; that is the morphism U T X, is repre-
sentable. Then all horizontal arrows of the diagram (2) above U — X; are representable.

Since M and K 2(‘6 = K>(t) are representable presheaves, this implies that the presheaves

M and K (u') are representable. That is we can set 0 = M; and K, () = K for some ob-
jects M1, K of the category A; and the upper left cartesian double square of the diagram
(2) is the image of the double cartesian square

K ——  Ks(b)
Us l l u  cart iy l t (3)
My — M

of the category .A. Notice that the vertical arrows uy, u, are deflations, because they are

pull-backs of deflations respectively t; and t;. Therefore, by hypothesis, the pair of arrows
uq

K —=X M; in the diagram (3) has a cokernel, M; 4 M;. So, we have a commutative

ug
diagram

|| |

Ka(t) M — N

of representable sheaves whose rows are exact diagrams. In particular, there exists a unique
morphism /\A/'l )1, 9 such that its composition with 9 = M | — /\71 coincides with
the morphism 99 — 91 in the upper row of the diagram (2). The sheafification functor is

exact. In particular, it maps the canonical morphism N 1 2% N to an isomorphism. Since
the pretopology € 4 is subcanonical, every representable presheaf is a sheaf. The presheaf 9
is a sheaf, because it is a pull-back of a sheaf morphism along a sheaf morphism. Therefore,
j1 is an isomorphism; i.e. O is a representable sheaf.

2) Let X SN ) be a representable morphisms of presheaves of sets and X° AN 2)°
the corresponding morphism of associated sheaves. The claim is that the pull-back of

xe 27 along an arbitrary morphism N = A(—,N) LN ) is representable.
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Consider the commutative diagram

TS Kepliab) o K s K
Ezll v, cart /{2 oj Jl/f\l o] ?Qll/t\l A2 l/\l

moo e om L om Y

Ul cart lu lt’ l/t\ (4)
R I

l cart l cart l cart 3

¥ =y s sy

Here 9 -5 9); 2™ 9)* is the presentation of the adjunction morphism ) o, N as
the composition of a presheaf epimorphism, 7., and a presheaf monomorphism, 7. The
arrow M —— N is a deflation which factors through the monomorphism %), n—"}\ ¢

(its existence argued in 1) above). The arrow M ——= ) is due to the fact that M is a

projective object in the category of presheaves of sets and @ ey 2); is an isomorphism.
~ o~ j
Finally, Ker(ut;,uty) —— K(t) is the canonical monomorphism.

By hypothesis, the morphism X N ) is representable; so that all horizontal arrows
above f in the diagram (4) are representable. In particular, the presheaf 9t is representable.
The sheafification functor maps the horizontal arrows of the central and right parts

~

of the diagram (4), in particular, Ker(ut;,ut,) — K5 (t), to isomorphisms. So that
the sheaf K er(u/t\l,u?g)a is representable. Since the sheafification functor is exact, in
particular it preserves cartesian squares, the sheaf M is representable too.
Thus, the image of the diagram (4) by the sheafification functor is equivalent to the
diagram
vy ~

ﬁ“_>9ﬁ$3~€“%3€“

l cart l cart l cart l e
— y o~ 1 ~ 3
N

Kat) — M —— — 2"

with cartesian squares. Therefore, the sheaf 23“ is representable. m
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1.4.2. Remarks. (i) If €4 is a trivial right exact structure, that is all deflations are
isomorphisms, then the category of sheaves of sets on (A, € 4) coincides with the category
of presheaves of sets on A. In this case, the first assertion of 1.4.1 coincides with 1.3.1.

(ii) In 1.4.1, a right exact structure can be replaced by a subcanonical pretopology
7 on the category A with the condition (in the first assertion) that colimits of (certain)
diagrams formed by arrows of covers exist in .A. The argument follows the same lines.

1.5. Proposition. Let 7 be a subcanonical (pre)topology on a category A. If a

morphism X SR ) of presheaves of sets on A is representable and ) is a sheaf on
(A,7), then X is a sheaf on (A, T) too.

7751
Proof. (a) Let X denote the sheaf associated with the presheaf X and X = xo
the adjunction morphism. Let

X — 2
f’l cart lf (1)
x sy

be a cartesian square. If the morphism f and the presheaf ij are representable, then the
presheaf X is representable. By hypothesis, the (pre)topology 7 is subcanonical, that is
representable presheaves are sheaves. Therefore, the sheafification functor maps (1) to a
cartesian square, which is isomorphic to

SN,
ngo¢'| cart | ngog (2)

fu
%a s iDa

That is the pull-back of X SN 2) along @ N %) coincides with the pull-back of the
associated sheaf morphism X® AN * along the composition 7g o &.

(b) Let M = A(—, M) for some M € ObA, and let M 5 X% be an arbitrary
(pre)sheaf morphism. Consider the diagram

S _ B -

M — X — M
v eart [ ooy 3)

xa f s gya
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with cartesian square, where ML X isa unique morphism satisfying the equalities

v'ojy =~ and foj,=1idg.

Suppose that ) is a sheaf and the morphism X N ) of presheaves of sets is
representable. Then, identifying 2) with )¢, we have, by the argument (a) above, a
commutative diagram

_ iy ~ § _

M — X — M
ol l u,yl cart l % oy (4)
N f
Xt — X — 9
with cartesian right square. The diagram (4) shows that the (arbitrarily chosen) mor-

phism M 25 X factors through the adjunction morphism X X, xe. This factor-
ization is unique. Since every presheaf of sets is the colimit of (the canonical diagram

of) representable presheaves, this shows that the adjunction morphism X I X% s an
isomorphism. m

1.6. Proposition. Let 7 be a subcanonical (pre)topology on a category A. If a

morphism X N ) of presheaves of sets on A is representable, then the square

18 cartesian.

Proof. (a) For an arbitrary morphism N = A(—, ) = 9), consider the diagram

x
fll cart fl lf“ (2)

of presheaf morphisms with a cartesian left square.



Geometry of Presheaves of Sets. 129

If the morphism X 7, ) is representable, then the square

i | e (3)
N )¢

is cartesian. In fact, since the left square in (2) is cartesian and the morphism X N 2
is representable, the presheaf X is representable, hence it is a sheaf. The sheafification
functor maps cartesian squares to cartesian squares; and it maps the left square of the
diagram (1) to the square isomorphic to (2).

(b) Let

X o
il |7 (4)
»o— Y

be a diagram of presheaves of sets such that the composition of (3) with every cartesian
square

P1
Xy — Xl

§ l cart l ¥
-~ P
N — W1
(where N = A(—, N)) is a cartesian square. Then the square (4) is cartesian.
(b1) Since every presheaf of sets is the colimit of a canonical diagram of representable

presheaves, it suffices to show that for any commutative square

A
— X

N
v | |7 (5)

W oy

with a representable presheaf in the left upper corner, there exist a unique morphism

./vi>/\f1 such that ?of:@b and y10& =\

(b2) We start with the existence of such morphism N -5 X1
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By hypothesis, the composition of the squares

P1 Y1
—_— A — X
|7

X
f l cart lAfV (6)
N

L} yl L} y

is a cartesian square. Therefore, it follows from the commutativity of the square (5) that

there exists a unique morphism N Xy such that

floj=idg and (y10¢1)oj=A

So that
fo(roi)=A and fo(yroj)=(fowr)oj=Wof)oj=1o(foj) =1,

which shows that & =1 oj satisfies the required conditions.

(b3) It remains to show that a morphism N5 X, satisfying the equalities fo& = v
and ;0§ = A is unique.
In fact, the equality §fo & =1 applied to the left, cartesian, square of the diagram

8) implies the there exists a unique morphism N X2 such that & = ¥, oje and
g
foje = idf\\[. So that we have the equalities:

A=mof=(mot)oje and foje = idg.
since, by hypothesis, the composition

Y109
Xy — 5% X

f’ l cart l f (7)

~ Yoy

N —— Y

of the squares (6) is cartesian, the morphism N X5 is uniquely determined by the
arrows of the square (7).

(c) It follows from (a) and (b) that if a morphism X SN 2) of presheaves of sets is a
representable, then the square (1) is cartesian. m

1.6.1. Corollary. Let 7 be a subcanonical (pre)topology on a category A. The

following conditions on a morphism X N ) of presheaves of sets on A are equivalent:
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(a) The morphism X N %) is representable.

(b) The associated sheaf morphism, X° AN 0%, is representable and the square

18 cartesian.

Proof. (a)=(b). If X SN %) is a representable morphism, then, by 1.4.1 2), the

associated sheaf morphism X¢ RN 2, is representable, and, by 1.6, the square (1) is
cartesian.

(b)=-(a). The implication follows from the fact that the class of representable mor-
phisms is stable under pull-backs: if the right vertical arrow of the square (1) is repre-
sentable and the square is cartesian, then the left vertical arrow of the square (1) is also
representable. m

2. Closed immersions and separated morphisms

2.1. Closed immersions of presheaves of sets. Let F, G be presheaves of sets
on A. We call a morphism F — G a closed immersion, if it belongs to M2, i.e. if it is
representable by strict monomorphisms. In particular, a closed immersion X —Y of
representable presheaves is of the form w, where u is a strict monomorphism.

2.2. Separated morphisms and separated presheaves. Let X, Y be presheaves
of sets on a category A. A morphism X T4 v s called separated if the natural morphism
A
X =5 X xy X isaclosed immersion. A presheaf of sets X on A is separated if the diagonal
morphism X — X x X is a closed immersion.

It follows that a presheaf of sets X is separated iff the (unique) morphism X to the
final object o is separated (see 1.2.2).

2.3. Proposition. Let U — X be a presheaf morphism and

P1

KQ(?T)ZUXxU - U

P2

its kernel pair.
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(a) If X is separated, then the natural embedding

Kolm)=Uxx U —— UxU

15 a closed immersion.
(b) If U 5 X is an epimorphism, then the converse is true.

Proof. (a) The assertion is a special case of 11.2.7.2.
(b) Suppose now that & — X is an epimorphism and Ko(r) " UxU s a closed

. . . . . Ax . . .
immersion. The claim is that X is separated, i.e. X —— X X X 1is a closed immersion.

In fact, let Z be a representable presheaf and Z i) X x X a presheaf morphism.
Since Z is a projective object of the category of presheaves and, by hypothesis, U — X
is a presheaf epimorphism, the morphism Z N X x X factors through the epimorphism

Uxu 7r—><7T> X xX; thatis & = (mx ) og. So that the pull-back of the diagonal morphism

A
X —5xxX along Z S5 X % X is the left vertical arrow in the commutative diagram

TOoP1

2 —_— KQ(T(') —_— X

l cart j”l cart l Ax (3)

£ TXTT
z s uxu 25 xxx

i
whose both squares are cartesian. Since, by hypothesis, Ks(m) —— U X U is a closed
immersion and the left square of (3) is cartesian, the left vertical arrow of (3) is a closed
immersion of representable presheaves. m

2.4. Proposition. Let (A, T) be a right exact category. Suppose that every monomor-
phism of the category A has a cokernel pair. Then the sheafification functor maps closed
immersions to closed immersions and separated morphisms to separated morphisms.

In particular, if X is a separated presheaf of sets on A, then its associated sheaf X¢
18 separated.

Proof. (a) Let X N Y be a closed immersion of presheaves and X¢ , Y the

corresponding morphism of associated sheaves. By 1.4.1, the morphism X¢ AN y* s
representable. The claim is that it is representable by strict monomorphisms.
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For any morphism N LN Y*, we have a commutative diagram

vy -~
N — = - ¢
Ke) . M o e
0y
/f\g l cart /f\g l cart l/f\l cart l fe (4)

~ —~ T -~ 3
Kz(t) - M —t) N — y°

with cartesian squares. Here M s NV s a deflation such that ¢ o't factors through the
77; — 5/03
adjunction morphism )Y —— Y% and 91 —— X factors through the adjunction

,,70
morphism X ™, X% The existence of such diagram follows from the proof of the
assertion 2) in 1.4.1. Moreover, it follows from the diagram 1.4.1(3) and the surrounding it

argument that the morphisms /f\g and ?3 in the diagram (4) are pull-backs of the morphism
x L Y. Since, by hypothesis, X N Y is a closed immersion, the morphisms 9 ENY
and Ks(v) SLN K (t) are strict monomorphisms. Thus, we have a diagram

vl

Kb) —— M  — M

T
f3 l cart  fo l cart l f1 (5)
KBl — M N

with cartesian squares whose horizontal arrows are deflations and two vertical arrows,
fo and f3, are strict monomorphisms. The claim is that the remaining vertical arrow,

N BER N, is a strict monomorphism too.

g1
(al) Notice that 91 TN s a monomorphism. In fact, let VX9 be a pair of

g2

arrows equalized by 0N J1 A, Then we have a commutative diagram

Y1 f2

—_
- m — M

cart v l cart l t (6)

g1 fl

=X
AV W

92



134 Chapter 3

with cartesian squares. In particular, all vertical arrows of the diagram are deflations,
~ 71

hence epimorphisms. The morphism 91 T2 Mm equalizes the pair of arrows V M.

v2
Therefore, since {2 is a monomorphism, v; = 2. By the commutativity of the left (double)
square of (6), g; o = go ob. Since v is an epimorphism, this implies that g; = go.
(a2) By hypothesis, monomorphisms of the category A have cokernel pairs. So that

we the diagram
vy

Ky(0) —3 M —— M
fa l cart 2 l cart l f1
BE — M N (7)

ta

1l

Ca(fs) — Co

obtained by adjoining to (5) the cokernel pairs of vertical arrows and canonical morphisms
between them. Notice that the lower squares of the diagram (7) are cartesian.

Let V % N be a morphism equalizing the pair N == Cy(f;). Then we have a
diagram

<_
%

1l

f2) —— Ca(f1)

~—~

s1

Kos) —— W %y

5
Y3 l cart o l cart l Y
. t (8)
Ks(t) M — N

ta

[ et || o ||

Co(fs) 2 Ca(fe) —— Ca(f)

formed by cartesian squares. Since the right squares of (8) are cartesian and the arrow
YV % N equalizes the pair N —2 Cy(f1), the morphism W 24 M equalizes the
pair M = Co(f2). By a similar reason, the morphism Ks(s) — Ka(t) equalizes the
pair K>(t) —X Ca(fs). Since f» and fs are strict monomorphisms, they are kernels of
respectively the pair M = C(f2) and Ks(t) —=2 Ca(f3). Therefore, the morphism 7,

factors through f, and ~y3 factors through fs. Since the diagram Kp(s) — W =5 Vs

52

exact, this implies that V - A factors through 0N BNV
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(b) Let X g, Y be a separated morphism of presheaves. By definition, this means

Aj
that the diagonal morphism X —— X Xy X is a closed immersion. Since the sheafifi-
Afﬂ
cation functor is left exact, it maps Aj to the diagonal morphism A® —— X% Xy X®

corresponding to X' AN Y¢. Therefore, by (a), the fact that A; is a closed immersion
A‘ﬂ a
implies that X¢ —T> X% Xya X is a closed immersion. So that X° fﬁ Y* is a

separated morphism. m

2.5. Universally strict monomorphisms. A morphism £ 3 M ofa category
A is called universally strict, if there exists a push-forward of £ —+ M along any arrow
LN , and this push-forward a strict monomorphism. We denote by 9Ms(A) the
class of all universally strict monomorphisms the category A.

We denote by Mg (A) the class of all strict monomorphisms such that their push-
forward along any strict monomorphism exists and is a strict monomorphism.

2.5.1. Note. It follows from the definition of 9Msyn(A) that every morphism
£ - M from Msm(A), in particular every universally strict monomorphism, has a
cokernel pair, M X C(j) and, therefore, is isomorphic to the kernel of its cokernel pair.

2.5.2. Proposition. (a) The class Mem(A) contains all isomorphisms of A and is
closed under push-forwards along strict monomorphisms and composition.

(b) The class Mg (A) of the universally strict monomorphisms contains all isomor-
phisms of A and is closed under push-forwards and composition.

Proof. The argument is the dualization of the argument of 11.4.1.4. =

2.5.3. Example. Let A = Aff;, = Alg;”. So that strict monomorphisms of the
category A correspond to strict epimorphisms of k-algebras. The latter are stable under
pull-backs, which means that the class s (A) of strict monomorphisms coincides, in this
case, with the class 9Ms¢(A) of universally strict monomorphisms.

3. Smooth and étale morphisms. Open immersions.

3.0. The setting and the notions. Here we consider as "local data” the canonical
embedding of a category A into the category (A, 7)" of sheaves of set on a presite (A, )
for a subcanonical pretopology 7. We identify the category A with the full subcategory of
(A, 7)" generated by representable presheaves. For every object L of the category A, we

denote by L the presheaf A(—, £); and for every morphism £ %5 M of the category A,

we denote by 5 the corresponding morphism £ — M.
We also fix a class 91 of ”inifinitesimal” morphisms of the category A.
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3.0.1. The notions. Applying to this setting the machinary of Sections I1.3 and
I1.4, we obtain the notions of (formally) smooth and (formally) étale morphisms and open
immersions of sheaves of sets, together with their general properties — invariance with
respect to base change, composition and fiber products and some other facts.

3.0.2. Formally smooth presheaves. In particular, we obtain the notions of open
immersions and smooth and étale morphisms of presheaves of sets on a category A. These
notions become considerably more convenient in the case of the category of presheaves.
The main reason for that is that the category of presheaves has enough projectives: every
representable presheaf is a projective. The following simple observation is one of the
illustrations of this thesis.

3.0.2.1. Proposition. Let F g, G be a presheaf epimorphism. If the presheaf F
1s formally smooth, then G is formally smooth.

Proof. In fact, for every morphism L N M, we have a commutative diagram

o) 22 Fm

o) 22 gm

whose vertical arrows are epimorphisms. If the morphism £ LN M belongs to the class I
and the presheaf F is 9-smooth, then the upper arrow of the diagram is an epimorphism.
Therefore, its lower arrow is an epimorphism too. m

3.0.3. Effects of sheafification. On the other hand, the presheaves of sets on
affine schemes represented by spaces of (both commutative and noncommutative) algebraic
geometry are sheaves for a non-trivial topology. So that, in order to be able to use the
advantages of presheaves for studying noncommutative locally affine spaces and schemes,
we need to understand what happens with these classes of morphisms of presheaves when
we apply the sheafification functors. The rest of the section contains some observations in
this direction.

3.1. Proposition. Let 7 be a subcanonical (pre)topology on a category A and M a

class of arrows of A. Let X I, Y be a representable morphism of presheaves of sets

on A and X*° f—u> Y* the associated sheaf morphism. If the morphism X*° —a> ye
is formally 9M-smooth (resp. formally M-étale, resp. formally M-unramified), then the

morphism X N Y has the same property.
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Proof. By 1.6, if X RN Y is a representable presheaf morphism, then the canonical
square

a

Nx
X — ¢
T 0
ny
y — V¢
is cartesian. The class of formally 9i-smooth (resp. formally 9t-étale, resp. formally
M-unramified) morphisms is closed under pull-backs. m

3.2. Proposition. Let (A, &4) be a right exact category and M a class of arrows

of the category A, which is stable under pull-backs along deflations. Let X BN Y bea
morphism of presheaves of sets on A such that the canonical square

a

Nx
X — X°

fl cart lfu (1)

a

y L ya

1s cartesian. Then the presheaf morphism X N Y s formally 9N-étale iff the morphism
xe 1 Y* of associated sheaves is formally 9-étale.

Proof. (a) If x*° f—a> Y is formally 2M-smooth, then the morphism X T, Y is
formally 9t-smooth, because, by hypothesis, the square (1) is cartesian, and pull-backs
of formally 9-smooth morphisms are 2-smooth. Same consideration works for formally
M-unramified and, therefore, for formally 91-étale morphisms.

(b) Suppose now that the morphism X N Y is formally 9M-étale. Let
N
¢ | | e 2)

be a commutative diagram with ¢ € 9. The claim is that there exists a unique morphism
N 55 X% such that the diagram

)
=) D
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commutes.
(bl) By the argument similar to the one used in the proof of 1.4.1, there exists a
commutative diagram

)

vl jg (4)
y —— ye

where M — N is a deflation.
(b2) Using the deflation M 5 N from (bl) (see the diagram (4)), we extend the
commutative square (2) to the diagram

K> (u) ; [y o Ly e
g/b\g l cart qgl l cart 5 l fe (5)
KO —F M — N L e

whose central square and the left (double) square are cartesian. Since the composition

. got _ o
M —— Y% equals to the composition of the morphisms M — Y BN Y (see
the diagram (4) above) and the square (1) is cartesian, there exists a unique morphism

M — X such that the diagram

-~
o~ u o~

g — N

7| | o (6)

Nx
X — X°

a

commutes. Therefore, we can associate with (5) the commutative diagram

K@ — 2 — X T xe
b2 l C:;“t 1 l J f l f* (7)
. —~ 2 y

K —L M — Yy — y°
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(b3) By hypothesis, the class 9 is stable under pull-backs along deflations. Therefore,
the morphisms £ 24 M and Ko(u) 22, K5(t) belong to 9 (see the diagram (5) above).

Since, by hypothesis, the morphism X g, Y is formally 9-smooth, there exists a
morphism M 2, X such that the diagram

¥
—
A
v

—

¢

<)

X
|7 ®)
y

—— M%oA
commutes. The sheafification A* of A can be identified with the composition M 0 e

(b4) Suppose that the morphism X 1, Y is étale. The morphism Ko (u) RN Ks(t),
being a pull-back of g o M , belongs to the class 9. Since there is only one morphism
KQ(O 2, X which makes the diagram

Ko (q) BRI
bl |
Ka(t) —— Y

commute, A o% = Ao ty. Therefore, A o/t\l =n%y oA 0?1 =n% oA 0?2 = A%otsy.

t] ~

~ Y t ~
Since K (t) { M —— N is an exact diagram and the sheafification functor

~

t2
is exact, there exists a unique morphism N 54 X% such that \* = & ot. m
3.3. Proposition. Let (A, € 4) be a right exact category and MM a class of arrows of
the category A, which is stable under pull-backs along deflations. A representable morphism

x L Y of presheaves of sets on A is formally IM-étale iff the morphism X*° —u> Y of
associated sheaves is formally MN-étale.

Proof. By 1.6, if X N Y is a representable morphism, then the canonical square

a

Mx
X — A"

fl cart l e

y 2, ya
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is cartesian. The assertion follows from 3.2. m

4. Locally affine spaces represented by (pre)sheaves of sets.

4.1. Local data. The ’local data’ is the canonical full embedding of the category
2 into the category B = (A, T)" of sheaves on (2, T), where T is a subcanonical quasi-
topology. We fix a class of arrows 91 of the category 2.

4.2. Pretopologies. We endow the category B = (2, T)" with the smooth pretopol-
ogy 7% . We shall also consider étale pretopology 72 and Zariski topology Tgﬁ.

4.3. Locally affine spaces, schemes and algebraic spaces.

4.3.1. Algebraic spaces. An object X of the category B = (2, %)" is an algebraic
space if there is a cover in 9-étale pretopology of the form {U; S x | i€ J}.

4.3.2. Schemes. An object X of B is a scheme if there is a cover in Zariski
pretopology of the form {U; ~% X | i € J}.

4.3.3. Locally affine spaces for the smooth pretopology. A locally affine space
for the smooth pretopology is an object X of the category B which has a strictly epimorphic
family {U; —» X | i € J} formed by 9t-smooth morphisms.

4.4. Note. All examples of locally affine spaces which fill the rest of this Chapter
and Chapter V are semi-separated, or even separated object of 8. In particular, all covers
will be semi-separated, that is formed by representable morphisms.

5. Vector fibers, inner homs, isomorphisms.

Fix an associative unital k-algebra R. Let A be the category R\Algy of associative
k-algebras over R (i.e. pairs (S, R — 5), where S is a k-algebra and R — S a k-algebra
morphism) which we call for convenience R-rings. We denote by R° the k-algebra opposite
to R and by R° the k-algebra R ®j; R°. We shall identify (via a natural category iso-
morphism) the category (R\Algy)°” with the category Aff;/R" of affine k-schemes over
RY = Algi(R, -).

5.1. Vector fiber associated with a bimodule. Let M be a left R®-module.
We denote by V(M) the affine k-scheme T, (M)Y represented by the tensor algebra

T,(M) = @M®n of the R®-module M. Here M®" =R and M°""" = MozM™"
n>0

for n > 0. We call V(M) the vector fiber of the R°-module M and identify it with

the object (V,(M),V.(M) — RY) of the category Aff;/RY, where the morphism

V,.(M) — RY corresponds to the natural embedding R — T, (M).
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5.1.1. Proposition. For any unital ring morphism R —— S, there is a natural
1somorphism

(8,8)Y [T Va(M) = V(5"(M))
RV

over S¥. Here *(M)) =S ®@r M Qg S.

Proof. Consider arbitrary commutative square

(Avg)v B VR(M)

| |

(S,s)Y —— RY
or, the corresponding commutative square of k-algebra morphisms

T.M) —— A

| | )

R .S
The algebra morphism 7', (M) — A is uniquely determined by an R°-module mor-
phism M — A. The commutativity of the diagram (1) implies that the pair of mor-
phisms M — A «— S defines an S°-module morphism §*(M) = S¢ ®ge M — A

which, in turn, uniquely determines a k-algebra morphism T (§*(M)) — A. Therefore
T,(5*(M)) ~T,(M)x*, S as algebras over S; hence the assertion. m

5.2. Proposition. Let M be a left R°-module. The space Vr(M) is locally of
cofinite type (resp. locally finitely copresentable) over R iff the R®-module M is of finite
type (resp. locally finitely presentable).

Proof. Let A = R\ Algy, and let D 2, A be a filtered inductive system. Then we
have a commutative diagram of canonical morphisms

colim Hom 4(T, (M), D) # Hom (T, (M), colim D)

3| Ik )

x
colim Hompe (M, Pr®) —— Hompe(M,Pr(colim D))

Here A 25 R® — mod is the functor which maps any R-ring (S,R — 8) to the left
Rf-module S. The functor ®p is a right adjoint to the functor

R® —mod 2 A, M s (T, (M), R — T, (M).
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The functor ® r preserves colimits of filtered inductive systems, i.e. the canonical morphism
colim ®p® — Pr(colim D) is an isomorphism. Thus, the map A in (2) is the composition
of a canonical map

~

)
colim Hompe (M, Pr®D) —— Hompe(M, colim ®pD)

and an isomorphism Hom g (M, colim ®p®D) ——— Homp-(M, ®(colim D)). Together
with the commutativity of (2), this means that A is injective (resp. bijective) iff A is
injective (resp. bijective). Therefore, the morphism Vg(M) — RY is locally of finite
type (resp. locally finitely presentable) if the R°-module M is of finite type (resp. locally
finitely presentable).

Let now D — R® —mod be an inductive (that is filtered) system. Let Ezr denote
the functor R® — mod — A = R\ Algy, which assigns to every left R®-module L the
pair (Lg, R — LR), where Lp is the extension R by £. Then for every R*-module L, the

composition ® o Ex g transfers £ into R £. Taking in (2) ® = x5 0D, we obtain (from
the following (2) discussion) a commutative diagram

colim Hom 4(T, (M), D) AN Hom (T, (M), colim D)
| L ®

~

b\
colim Hompe (M, Pr®D) —— Hompge(M,colim ®rD)

If V(M) is locally of finite type (resp. locally finitely presentable) over R, then the
map A in (3) is injective (resp. bijective). And A is injective (resp. bijective) iff A has the
same property. Since there are natural isomorphisms

colim Hompge (M, ®r®D) ~ colim Hompge (M, R & 5)
~ Homp- (M, R) & colim Hompe(M, D)
and ~
Hompge (M, colim ®rD) ~ Hompge(M, colim (R & D)
~ Hompge (M, R) & Hompe(M, colim 35)
compatible with the map \ in (3), N is injective (resp. bijective) iff the canonical map
colim Hompe(M,®D) —— Hompge(M,colim ©) is injective (resp. bijective). This

shows that if Vz(M) is locally of finite type (resp. locally finitely presentable) over R,
then the R°-module M is of finite type (resp. locally finitely presentable). m
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5.3. Inner hom. Let M, V be left R-modules. Consider the presheaf

H,(M,V): (Aff,/RY)? = R\ Alg, —— Sets

which assigns to each algebra (S, R N S) over R the set Hom(¢*(M), ¢*(V)).

5.3.1. Proposition. Let M and V be left R-modules. For any unital ring morphism
R 23 S, there is a natural isomorphism

(S.9) [[ MM V) = H(s"(M),s*(V))
Rv

over (S,s)V (cf. 5.2(5)).
Proof. Consider a commutative square

S
(Avg>v — HM,V

v !

(S,5)Y —— RV

The morphism ¢ corresponds to an element of H,, (R — A), i.e. to an A-module
morphism A g M — A®pr V. Since A ®r — ~ A ®g (S ®r —), the latter mor-
phism defines an element of H_ (S — A) which uniquely determines a morphism

(A,9)" 5+ H

*(M),s* (V)

\/ . . . .
o* (a1, (v OVET (S,s)Y. This implies the assertion. m

5.3.2. Proposition. If V s a projective R-module of finite type, then the presheaf
H (M, V) is representable.

Proof. In fact, for any k-algebra morphism R S , we have:
Homg (¢* (M), (V) ~ Hom (M, ¢"(V)) = Hom (M, S ®r V).

If V is a projective R-module of finite type, then S ®p V =~ HomR(Vﬁ, S), where V3
is the right R-module dual to V, i.e. V4 = Hom,(V,R); and Hom®(—, —) denotes the
functor of right R-module morphisms. Thus,

Hom,(M,S®g V)~ Hom, (M, Hom®(V},S)) ~ Hom,. (M ®; V3, S)

and
HomRe (M Rk VE,S) ~ R\Algk(TR(M R VE),S),
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hence the assertion. m

5.3.3. Corollary. Let M be a left R-module and V' a projective left R-module of finite
type. Then, for any unital algebra morphism R —2» S, there is a natural isomorphism

S*rTp(M®y Vg) — Ty(p™ (M) @r 9" (V)5)

over S. Here ¢*(V)s = Hom(¢*(V),S) >~ Hom,(V, p.(95)).

Proof. By (the argument of) 5.3.2, the presheaf H,(M,V) is representable by the
vector fiber of the tensor algebra Tr(M ®j, Vj5) of the R®-module M ®;, V};. In particular,
the functor H (¢* (M), ¢*(V)) is representable by the vector fiber of the tensor algebra of
the S°-module

(M) @k " (Vi) =S @r M ®, Vi ®r S =~ 5° @, (M @ Vg).

The assertion follows now from 5.1.1 (see also 5.2). m

5.3.4. Corollary. Let M be a left R-module and V a projective left R-module of
finite type. If the R-module M 1is locally of finite type (resp. locally finitely presentable),
then the presheaf H,, (M, V') is locally of finite type (resp. locally finitely presentable) over
R. If the module V' 1is a generator of the category R — mod, then the converse holds; i.e.
the presheaf H, (M, V') is of finite type (resp. finitely presentable) over R iff the R-module
M is of finite type (resp. finitely presentable).

Proof. Since V is a projective module of finite type, by 5.3.2, the presheaf H (M, V)
is representable by the tensor algebra Tr(M ®j V) of the R°-module M ®; V3, ie.
H,(M,V) ~Vip(M®, V). If the R-module M is of finite type (resp. finitely presentable),
then the R°-module M ®;, V}; is of finite type (resp. finitely presentable). If V' is a generator
of the category R — mod (that is Hompg(V,—) is a faithful functor), then the R°-module
M ®j, V7 is of finite type (resp. finitely presentable) iff the R-module M has this property.
The assertion follows now from 5.2. m

5.4. Isomorphisms. Fix left R-modules M and N. We denote by Jsor(M,N) the
presheaf (Aff;/RY)? = R\Alg, —> Sets, which maps every R-ring (S,s) to the set
Isog(s*(M),s*(N)) of S-module isomorphisms s*(M) — s*(N).

5.4.1. Proposition. If M and N are projective R-modules of finite type, then the
presheaf Jsog (M, N) is representable.
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Proof. The presheaf Jsor(M,N) is the limit of the diagram

m

HrN, M) x Hr(M,N) —_{ Hr(M, M)

Glz (1)
Hr(M,N) x Hr(N, M) ;) Her(N,N)

where & is the standard symmetry, (x,y) — (y,z), m is the composition; and pa(.S, s)
maps Hr(N, M) x Hr(M,N)(S,s) = Homg(s*(N),s*(M)) x Homg(s*(M), s*(N))
to the identical endomorphism of s*(M). If the R-modules M and N are of finite type,
then all presheaves in the diagram (1) are representable; hence the limit of the diagram is
representable too. The R-ring representing Jsor(M,N) is easily read from the diagram
(1): it is the colimit of the diagram of morphisms of tensor algebras

m

TrM @ My) T2 Tr(N @) Mh & Mo, NG)

Ti(o) |2 (2)
TrN @k N T Te(M @y NjoN @p M)
PN

dual to (1). m

5.4.2. The presheaf GLy. We shall write GLy instead of Jsor(V,V). By 5.4.1,
the presheaf GGLy is representable, if V is a projective R-module of finite type.

6. Grassmannians.

6.0. The Grassmannian of a pair of modules. Let M be a left R-module and
V' a projective left R-module. Consider the presheaf

Gr
(Aff,/RY)? = R\Alg, ——> Sets

which assigns to any R-ring (S, R = S) the set of isomorphism classes of S-module epi-
morphisms s*(M) — s*(V) (where s*(M) = S ®r M) and to any R-ring morphism

(S,R 5 S) -2 (T,R % T) the map

Gry . (S,8) —— Gr,, . (T,t)
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induced by the inverse image functor S — mod o mod, N — T Qg N.
6.1. The presheaf G, . Let

(Aﬂ'k/RV)Op:R\Algk — Sets

denote the presheaf which assigns to any R-ring (S, R 38 ) the set of pairs of morphisms
s*(V) — s*(M) — s*(V) such that uov = ids(y) and acts naturally on morphisms.
Since V' is a projective module, the map

T="Tyy Gy, (S 8) —— Gr, . (S,s), (v,u)+— [u], (1)
is a (strict) presheaf epimorphism.

6.2. Relations. Denote by R,, |, the "presheaf of relations” G, |, H G, - By

GTM7V

definition, 9R,, ,, is a subpresheaf of G, , x G, , which assigns to each R-ring, (S, R = S),
the set of all 4-tuples (uy,v1;u2,v2) € G,,,, X G, such that the epimorphisms w1, us :
s*(M) — s*(V) are equivalent. The latter means that there exists an isomorphism
s*(V) %5 s*(V) such that up = ¢ o uy, or, equivalently, ¢~ o uy = uy. Since u; o v; =
1d, © =1, 2, these equalities imply that
p=usov; and <p_1 = U1 O Vsg.

Thus R, ,, (S, s) is a subset of all (uy,vi;uz,v2) € G, (S,s)[[G,, (S, s) satisfying the
following relations:

Uo = (uzovl)oul, (U5} :(ulovg)ou2 (2)

in addition to the relations describing G, ., (5,5)[[ G,, . (S, 5):

Ui ©v1 = Z.dS(X)RV = U2 O V2 (3)

Note that the relations (2) and (3) imply that ¢ = uz o v; and ¢!

indeed, mutually inverse morphisms:

= U1 © Vg are,

30_1 oY :(ul 0’1}2) @) ('LL2 O’U1> = (Ul 9] (’1)2 OUQ)) OV1 = U1 OV = ’Ld,
gpogp_l :(uzovl)o(ul OUQ) = (UQO(Uloul)OUQ = U2 O V2 = 1id.
P1
Let R, _; Gy
]

of G,,, — Gr,,, that the diagram

be the canonical projections. It follows from the surjectivity

R G

s
MYV — M,V 7 GTM,V (4)
P2
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is exact.

6.3. Proposition. If both M and V are projective R-modules of a finite type, then
the presheaves G,, ., and R, , are representable.

Proof. (a) Suppose that the R-module V' is projective of finite type. For any algebra

morphism R N S, we have the following functorial isomorphisms:

Homg(¢p* (M), 9" (V)) =~ Hompr(M, ¢p.¢"(V)) = Homg(M,S @r V) ~
Homp (M, Hom™(V},S)) ~ Hompe (M @ V5, S) ~ R\Algr(Tr(M @ V3), S)
Here Hom®(V}3,S) is the (left) R-module of right R-module morphisms from V7 to S,

R = R®y R°P, and Tr(M ®y, V}5) is the tensor algebra of the R-bimodule M ®j, V3.
(b) The set GG, ,,(S) is the kernel of the pair of morphisms

Homs(¢" (M), ¢*(V)) x Homs(¢"(V),¢*(M)) 3 Homs(¢"(V),¢*(V))  (5)

where one arrow assigns to each pair (u,v) the composition, v o v, of morphisms u and
v, and the other one maps each pair (u,v) to the identity morphism, idg-(y). Since the
modules M and V are finite, we have canonical functorial isomorphisms:

Homs(¢" (M), ¢™(V)) x Homs(¢"(V), ¢*(M)) ~

Hompe(M ®y, Vi, S) x Hompe(V @, My, S) ~
Hompe (M & Vg ® V @k M, S) ~ R\Algp(Tr(M ® Vg © V ® Mg), )

and
Homs(¢*(V), 9™ (V)) = R\Algi(Tr(V ®x V), S)

Thus, to the diagram (1), there corresponds a diagram

Tr(V @ Vi) T2 Tr(M @ Vi @V @ M) (6)

of algebra morphisms. The cokernel, G,, ., of the pair of morphisms (6) corepresents the
kernel of the pair of morphisms (5). This proves the corepresentability of G, ., .

(c) A similar argument proves the representability of %, |,. Details are left to the
reader. m

6.3.1. Proposition. If M and V are projective R-modules of a finite type, then
the presheaves G, .., R, ., and Gr,, . are locally finitely copresentable over R.
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Proof. Tt follows from the argument of 6.3 that G, ,, is isomorphic to the kernel of a
pair of arrows

VR(M @ V@V @ Mp) 3 VR(V &% Vi) (7)

(see (6)). Since the R-modules M and V are projective of finite type, the R°-modules
V& Vi and M@, Vi@V @, My, are projective of finite type; in particular, they are finitely
presentable. Therefore, by 5.2, both presheaves in (7) are locally finitely presentable over
RY. The kernel of a pair of arrows between locally finitely presentable over RY presheaves
is locally finitely presentable over RY; hence G, ,, is locally finitely presentable over RY.
By a similar reason the presheaf of relations %, ,, is locally finitely presentable over R".
Since Gr,, ,, is a cokernel of a pair of arrows between locally finitely presentable over RY
presheaves (see 6.2(4)), it is locally finitely presentable too. m

6.4. Universality with respect to the base change.
6.4.1. Proposition. Let M be an R-module and V' a projective R-module. For any

unital k-algebra morphism R LN S, there is a natural isomorphism between the diagram

P1

V. — &
(S,8)Y ] Ruy 2 Guw — Gryy) (1)
RV P2
and the diagram
p1
— ™

Rovanyor vy —— Goranor vy Gy o 1) (2)

p2

. \/ . . .
In particular, (S,s) HGTM’V is isomorphic to GT . ) ou oy -
R\/
Proof. Consider a commutative square

3
(A, g)\/ — GTM,V

" | !

Sv

(S,s)¥ —— RY

The morphism & corresponds to an element of Gr,, ., (4, g), i.e. to the equivalence class of
an A-module epimorphism ¢*(M) — ¢*(V). Since ¢g* ~ v*s*, this epimorphism defines
an element of Gr 5% (M) 6 (V) (A,~) which corresponds to a morphism

3
V
(4,7) > GT 0ty 0 (v)
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over SV. The latter means that the diagram

3
(4, 7)" > Gy v ()

7N
Qv
commutes. This implies that (S, s)" H Gr,, s isomorphic to GT . 1 .-
RV
Similarly, one can show that (S,s)" H G, 1sisomorphic to G_. ;.-
RV

It follows from the universality of these constructions that the isomorphisms can be
chosen in such a way that the diagram

(S,8) [[Crv ——— (S [[Gruv
RV RY
| l .
Gs*(M),s*(V) — Gr¢>*(M>,¢*(V)

commutes. Notice that the functor (S,s)Y H — preserves fibred products. Since
RV

ERM,v :GM,V H GM,V’
Gry v

the diagram (3) induces an isomorphism

s*(M),s* (V) *

(S, 9)" [[Ruy — R
R\/

Hence the assertion. m

6.4.2. Note. Let M and V be projective left R-modules of finite type. By 6.3.1, the
presheaves G, , and R, |, are representable. Let G, | denote a k-algebra representing
the presheaf G, ,, and R a k-algebra representing the presheaf R, ,,. Then, for any

unital k-algebra morphism R — S, the presheaf (S, s)VHG w18 represented by the
R\/
k-algebra S xgr G, .. Similarly, the presheaf (., S)VHRMV is represented by the k-
RV
algebra Sxr g a1 follows from 6.4.1 that there is a natural isomorphism between the

k-algebras

M,V

S*R QM’V —_— gs*(M)ﬁs*(V) and S*R RM’V e Rs*(M),s*(V)' (4)



150 Chapter 3

6.5. Smoothness.

6.5.0. The choice of infinitesimal morphisms. In this Section, we take as
infinitesimal morphisms the class 9y of radical closed immersions (cf. 11.3.8.1), which is

the largest among reasonable candidates, and consider (formal) smoothness with respect
\

©
to this class. Recall that a morphism (S,s)Y —— (T,t)" of the category Aff;/RY
is called a radical closed immersion, if the corresponding algebra morphism 7T —2» S is
surjective and its kernel is contained in the Jacobson radical of the algebra T

6.5.1. Proposition. Let M be a projective R-module and V a projective R-module
of finite type. Then all presheaves and all morphisms of the canonical diagram

Pl
—_—
mM,V — GM,V
D2

T, v

— Gry, (1)

are formally smooth.

If M s a projective module of finite type, then the morphisms and presheaves of the
diagram (1) are smooth.

Proof. Fix strict (that is surjective) epimorphism (T,t) -2 (S,s) of R-rings, whose
kernel is contained in the Jacobson radical of the algebra T

(a) The presheaf G, is formally smooth.

By Yoneda’s lemma, a morphism (S,s)Y —— G is uniquely defined by an element
of G,, . (S,s), ie. by a pair of S-module morphisms

M,V

h
SRV — s SR M —— S@pV (2)

such that hog = id. Since M and V are projective R-modules and the algebra morphism
T —25 S is an epimorphism, the diagram (2) can be lifted to a commutative diagram

/ h/
TORrV — TOpM —s TopV

|

h
S®rV L) SKprM — SRRV

Since V is a module of finite type and the kernel of the surjective morphism 7 —= S
is contained in the Jacobson’s radical of the algebra T, the fact that the composition hog
is an isomorphism implies (by Nakayama’s Lemma) that the composition h' o g is an
isomorphism. Set g = ¢’ and h = (W og')"'oh/. It follows that hog = idy(v) = idrg,v.
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Therefore, the presheaf G, |, is formally smooth.

(b) The presheaf Gr,, , is formally smooth.

A morphism (S,s)" — Gr,,,, is given by an element £ of Gr,, , (S,s). Since the
map G,, . (S,s) — Gr,, . (S,s) is surjective, the element ¢ is the image of an element
¢ of G, (5, 5). By (a), the element ¢’ can be lifted to an element, {7, of G, | (T',1).
The image of & in Gr,, (T, t) is a preimage of &.

(c) The presheaf R, is formally smooth.

A morphism (S, s)Y — R,, ,, is given by a pair of elements, (uy,v1), (u2,v2) of the
set G, . (5,s) satisfying the following relations:

Uy = (uQO’Ul)Oul, U1 :(ulovg)oug (3)
in addition to the relations describing G, .. (5, 5):
ulovlzid:movg (4)

(see 6.2). By (a), each of the pairs (u1,v1) and (ug,v2) can be lifted to an element resp.
(uy,v1) and (uy,vy) of G, (T,t). Set ¢ =uhovy:T®rV — T ®@gV.

It follows that uh = ¢’ o uj. Since ¢*(¢') = S @1 ¢’ = uz ovy is invertible and the
kernel of the algebra morphism T 5 S is contained in the Jacobson radical of T, the
morphism t*(V) N t*(V) is invertible too. This shows that the presheaf of relations

R, is formally smooth.

(d) The presheaf morphism G, ., B Gr,,. is formally smooth.

Consider the commutative diagram

M, v

M,V ; GTM,V

| | o (5)

\4

(S,s)Y —— (T,1)

G
9

whose lower horizontal arrow is a radical closed immersion; i.e. T s S isa surjective
algebra epimorphism with the kernel contained in the Jacobson radical of the algebra T

The left vertical arrow g; in (5) is uniquely determined by an element of Gr,, . (T',1),
i.e. by a T-module epimorphism T ®g M = t*(M) — t*(V) = T ®z V. By the same
Yoneda’s lemma, the left vertical arrow in (5) is uniquely determined by an element of
G, v (S,s), i.e. a pair of S-module morphisms

S@rV 5 S@p M s SopV
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such that «' ov’ =id. The commutativity of the diagram (5) is equivalent to the com-
mutativity of the diagram

T@rV TOrM —s TV
@vl SOMJ lsﬁv (6)
S@RV U—) S@RM L) S@RV

in which the vertical arrows correspond to the surjective algebra epimorphism T —— S,
hence they are epimorphisms. Since T'®pg V is a projective T-module and ¢p; is a T-
module epimorphism, there exists a T-module morphism T ®z V — T @z M such that
the diagram

T@rV —s TOQpRM —s TrV
ov | ou | | ov (©)
S®RV L) S®RM L) S®RV

commutes. Since t*(V) =T ®g V is a projective T-module of finite type and u' o v’ = id,

it follows from Nakayama’s Lemma that u o w is an isomorphism. Set v = w o (u o w)~1.

Then u o v = id and the diagram

TorV —s T@rM —s TRV
PV l 2% l J v (6")
S@rV ——s S®rM —s S@pV

commutes. The pair of arrows

TorV -5 TRrM TV (7)

is an element of G, |, (T',t) which corresponds to a morphism (7,t)" -4 a My

Since the pair (7) is a preimage of the element T@r M — T ®rV of Gr,, ,(T,t)
corresponding to the morphism (7,¢)" % Gr,, . (by definition of the projection Ty )
we have the equality: 7o~y = g;. The commutativity of the diagram (6”) means precisely

that the diagram
G

9 M"’/\v
(S, 5)Y —— (T, )Y

commutes.
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(e) Since the morphism 7,, , in the cartesian square

M,V

P1
S)L{M,v ? GM \%

P2 l cart l T

T, v
GM,V ? GTM,V

is formally smooth, the morphisms p; and ps are formally smooth (see 4.6).

(f) Suppose now that the R-module M is also of finite type. Then, by 6.3.1, all
presheaves in the diagram (1) are locally finitely presentable over RY. It follows from
I1.1.11.2(d) that all morphisms of the diagram (1) are locally finitely presentable. By the
argument above, they are formally smooth; hence they are smooth. m

We need a slightly stronger version of a part of Proposition 6.5.1:

6.5.2. Proposition. Let M and V be projective left R-modules of finite type. Then
all morphisms of the canonical diagram

p1 -
e
ERM,V — GM,V

P2

M,V
— Gry,

are coverings for the smooth topology.

Proof. Let T LN Gr,, , be a morphism with affine T". Since the presheaf morphism

Gy - Gr is surjective, there exists a morphism 7' L Gr such that o &’ = &.

M,V M,V

This implies that the canonical projection T H G " T hasa splitting; in

GT‘M,V

Ty, v
particular, it is surjective. Since by 6.5.1, G,,, —— Gr,,,, is a smooth morphism,

and smooth morphisms are stable under pull-backs, the projection 7’ is smooth too, hence
the assertion. m

M,V

6.6. Functoriality of Grassmannians and some of its consequences.

6.6.1. Proposition. Let V be a projective R-module of finite type. Every R-module

epimorphism M’ M gives rise to a morphism

GT¢,V

Gry, —— GrM,’V,

which s a closed immersion.
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Proof. (a) Let R -5 A be a k-algebra morphism and [¢] an element of Gr,, (4, g)

— the isomorphism class of an epimorphism g¢*(M) N g*(V) of A-modules. The map

Gry (A g) —— Gr,. (A, 9)

assigns to [£] the isomorphism class of the composition £ o g*(¢). The map is well defined,
because g*(¢) is a module epimorphism; and

Gr,, =(Gr, ,(A,g) | (A g) € ObR\Algy)

6,V

Gr¢’v

is a presheaf morphism Gr,, , —— Gr_, .

(b) The claim is that the morphism Gr, ,, is a closed immersion; that is, for any
R-ring (S, s), the pull-back of Gr, , along any morphism

¢
(S,s)Y —— Gr.,. .

is a closed immersion (that is a strict monomorphism) of representable presheaves.
Let Epir(M,V) denote the presheaf (Aff;/RY)? = R\Algy — Sets which maps

every R-ring (A, R % A) to the set of epimorphisms g¢*(M) — g*(V).
2!
Let Epip(M,V) 7 o av De the natural epimorphism The R-module epimor-

phism M’ M gives rise to a presheaf monomorphism

Pe
EpiR(M, V) _— EpiR(M/, V)

such that the diagram

Pe
EpiR(Ma V) — EpiR(Mla V)
T | | v (1)

Gr,,, —— GrM,y

commutes. Since representable presheaves are projective objects and ~y, ,  is an epimor-

¢
phism, the morphism (S,s)Y —— Gr v 18 the composition of a morphism

,YM’,V

¢
(S,8)Y —— Epir(M,V) and Epir(M,V) —— Gy
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Let ¢’ denote the composition of ¢ and the embedding Epig(M’,V) — Hr(M',V).
The cartesian square
X —— Hgr(M,V)

bs|  cart | He(o,V) 2)

’

¢
(57 8)\/ —_— HR<M/=V)

is decomposed into the commutative diagram

X ——  Epig(M,V) —— Hr(M,V)

(bsl cart l l (3)

¢
(S,s)Y —— Epip(M',V) —— Hr(M',V)

with cartesian left square (due to the fact that the square (2) is cartesian).
Notice that the square (1) is cartesian. So that we have the diagram

Y, v
X ——  Epip(M,V) —— Gr,,
l cart l cart l Gr, (4)

¢ T v
(S,8)Y —— Epir(M".V) —— Gr,,,

which consists of two cartesian squares. Therefore, their composition

X —  Gry.,

q&sl cart l GT@V
¢
(S,8)Y —— Gr,,.,

Gr(/)’V

is a cartesian square. Thus, the pull-back of the morphism Gr — Gr,,

¢
(S,s)Y —— Gr,,, , coincides with the pull-back of the morphism

MV , along

HR(¢aV) ’
HR(M,V) -_— HR(M,V)

’

¢
along (S,s)Y —— Hr(M',V).
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(b1) By hypothesis, the projective module V is of finite type. Therefore, by 5.3.2,
the presheaves Hr(M', V) and Hr(M, V) are naturally isomorphic to vector fibers respec-
tively Vr(M' @i V) and V(M ®y V), and the morphism Hg(¢, V') corresponds to the
morphism V(¢ ®; Vj5). Since the map

¢®kVEZMI®kVE —)M®kVE
is a module epimorphism, the corresponding morphism of tensor algebras
Tr(M' @k Vi) —— Tr(M @k V) (4)

representing V(¢ ®g V7) is a strict epimorphism of R-rings. Therefore, V(¢ ® Vj5) is a

@
closed immersion, which implies that its pull-back, X >, (S,s)V, is a closed immersion.
In particular, X ~ (4, g)¥ and the morphism ¢g is represented by the push-forward of the
strict epimorphism (4) of the R-rings. m

6.6.2. Proposition. Let V be a projective R-module of finite type and M an R-
module of finite type. Then
(a) The presheaf Gr,, . is locally of strictly cofinite type.
(b) The presheaf Gr,, . s locally affine for the smooth pretopology. More precisely,
there exists an exact dz’agrcim
¢

p
1 p¢

—_—

R, GS,, —— Gry, (5)
¢
Po

whose arrows are representable coverings for the smooth topology. The presheaves G‘f/f v
and (therefore) 9%?; , = Ka(py) are representable and locally of strictly cofinite type.

Proof. Since M is an R-module of finite type, there exists an R-module epimorphism

£ -2 M with £ a projective R-module of finite type. This epimorphism ¢ appears as a
parameter in the diagram (5). The diagram itself is defined (uniquely up to isomorphism)
via the diagram

Py

—
%fd’v . G‘fLV — Gry.,
¢
Py
l cart l cart l Gr, ., (6)
p1 -
R - G — Gr

L,v _ L,V L,V
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with cartesian squares. By 6.5.1, the presheaves of the bottom of the diagram are smooth
and, by 6.5.2, all three arrows of the bottom of the diagram are coverings for the smooth
pretopology. It follows from 1.3.1 and the fact that the presheaves G,, and R,
are representable that these morphisms are also representable. By 6.6.1, the right vertical
arrow of the diagram (6) is a closed immersion. Therefore, since the squares of the diagram
are cartesian, the remaining two arrows are closed immersions. Since the presheaves of the
lower row of (6) are locally finitely copresentable, this means that presheaves of the upper
row are locally of strictly cofinite type. m

6.6.3. Remark. (a) One can see that the presheaf Gj@y is naturally identified with
the subpresheaf of G which assigns to every R-ring (S,s) the set of all elements of

o uos™(¢)
G, ., (S,s) of the form s*(V) —— s*(£) —— s*(V). So that we have a map

L,V

G? (S,8) — G,y (S,5)

0s™(¢)
which assigns to every element s*(V) BRI (L) = s*(V) of G?&’V(S, s) the element
s*(p)ov
s*(V) —— s*(L) — s*(V) of G, (S,s). This map is surjective, because s*(V) is

s (¢)
a projective S-module and s*(£) —— s*(M) is an epimorphism of S-modules. So that

@
we have a presheaf epimorphism G;Zy — G which determines an epimorphism of

M,V
diagrams
Py .
- ]
%ﬂ’v _ G‘fLV — Gry,.,
by
x| | 2 | id ™
Pl T
9:{M,V - GM,V — GTM,V

P2

(b) If M is a projective R-module of finite type, then the epimorphism L M
splits which gives an isomorphism between £ and M @& Ker(¢). It is easy to see that, in
this case, Gﬁ , is naturally isomorphic to

Gy X Hr(V, Ker(¢)) =~ G, x VR(V @k Ker(¢)”).

This shows, in particular, that Ay is an isomorphism iff ¢ is an isomorphism.

6.7. Affine Zariski subschemes of a Grassmannian. Noncommutative Grass-
mannians have affine Zariski subschemes (constructed below), which, being restricted to
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commutative algebras, produce a Zariski affine cover of the corresponding commutative
Grassmannian (when the latter is not empty).

Fix a projective R-module V and an R-module morphism V %y M. For any R-
ring (S, R — S), consider the set Fy. a1 (5,s) of equivalence classes of all morphisms
s*(M) - V' such that v o s*(¢) is an isomorphism. Here two morphisms, s*(M) — V"

and s*(M) = V", are equivalent iff v" = 1 ov for some S-module isomorphism V' oy

6.7.1. Proposition. Let V s M be an R-module morphism.
(a) The map (S,s) — Fy.nr,v(S,s) is naturally extended to a presheaf

Fyrv - (Aff,/RY)? = R\ Alg, —— Sets,

which is a subpresheaf of the presheaf Gr,, ., .
(b) Suppose that the R-module V' is projective of finite type. Then the presheaf Fy.nrv

io
and the presheaf monomorphism Fy. v — Gry, \, are representable.

Proof. (a) (i) Fix an object (S,R > S) of R\Alg. If s*(M) - V' belongs to
Fyrv(S,s), ie. vos*(¢)is an isomorphism, then for any morphism (S5, s) SN (T,1),
the composition h*(v) o h*s*(¢) is an isomorphism, and h*s*(¢) ~ t*(¢). There is a
natural morphism Fy.nry — Gry, .

(i) Note that one can identify Fy.ar,v (S, s) with the set of all S-module epimorphisms
s*(M) —= s*(V) such that v o s*(¢) = idg(v).

In fact, if s*(M) — V' is such that w = v’ 0 s*(¢) : *(V) — V' is an isomorphism,
then v = w™! o v/ is a morphism s*(M) — s*(V') which is equivalent to v’ and has the
required property: v o s¥(¢) = ids«(vy. Evidently, such morphism v is unique.

(iii) One of the consequences of the observation (ii) is that the canonical presheaf

. )¢ . .
morphism Fy.pp v —— Gr is a monomorphism.
(Z)Y b

M,V

In fact, the morphism j4 (5, s) mapping the elements uy, us of Fy.ar,v (S, s) to the same
element of Gr,, ., (S, s) means that uy = tou; for some automorphism t of the S-module
s*(V). So that t = to (u; 05*(¢)) = (to (u1) o s*(¢) = ids=(v).

(b) There are two maps,

s

Homg(s*(M),s*(V)) :; Homg(s*(V),s*(V)),

Bs
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defined by v =% v o s*(¢), v LEN idg«(vy. The maps as and Bg are functorial in (S, s),
hence they define morphisms, resp. a and 3, from the presheaf

(S,s) — Homg(s*(M),s*(V)) ~ Homgr(M, s,s*(V)) = Homr(M,S®r V) (1)
to the presheaf
(S,s) —> Homg(s*(V),s*(V)) ~ Homg(V, s.s*(V)) = Homp(V,S ®r V). (2)

(iv) Suppose now that V' is a projective R-module of finite type. Then, by 5.3.2, the
presheaf (1) is representable by the vector fiber Vgp(M ®j V) of the left R°-module
M ®y, V5, and the presheaf (2) is representable by the vector fiber Vi(V ®j V) of the
projective R°-module of finite type V®;V};. Let o/ and 8’ be morphisms from Vg (M®, V)
to Vr(V ®4 Vj;) corresponding to resp. o and . The presheaf Fiy a1 is the kernel of the
pair (o, 3), hence it is representable by the kernel, Fy.pr,v, of the pair (¢, 5').

(v) The presheaf morphism Fy.nry — Gr,, ., is representable; i.e. for any R-ring
(S,R > S) and any presheaf morphism (S9,s)Y — Gr the presheaf

M,V

(Aff,/RY)? = R\Algy — Sets, (T,t)+— Forv(Tit)  [[ (S.9)"(T.1)
Gryp oy (Tht)

is representable by an affine subscheme of (S, s)V.

In fact, by the Yoneda’s lemma, any morphism (S,s)¥ — Gr,,, is uniquely de-
termined by an element of Gr,, . (S,s), ie. by the equivalence class, [v], of a locally
split epimorphism s*(M) — V’. The corresponding map (S,s)V(T,t) — Gr,, , (Tt
sends any morphism (.5, s) N (T,t) to the equivalence class [f*(v)]. The fiber product
Fyv(T,t) H (S,s)Y(T,t) consists of all pairs (w,), where v € (S, s)V(T,t) and

Gryp v (T08)
[T @) M - T ®;, V] are such that wo (T ®j ¢) = idreg,vy and w = v*(v).

Since v and ¢ here are fixed, the fiber product

F¢>§M,V(T7 t) H (S, S)V(Ta t)
GTM,V(T7t)

can be identified with the set of all morphisms (S,s) — (T,t) of R\Algy (i.e. k-algebra
morphisms S — T satisfying t = o s) such that v*(v o (T @ ¢)) = idpg,y. In other
words, this fiber product is identified with the kernel of the pair of morphisms

T, t)

(S, 8)Y(T,t) { Homp(T ®@r V, T @R V)
B(T,1)
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defined by
Brgy v ide vy =idrg, v, )ty =7 (0) o (T @ ).
The morphisms B¢, o) are functorial in (7',t), and
Homy(T @3 V,T @1, V) = Va(V @5, Vi)(T, t).

Hence the morphisms 8 = (B(r)), o = (a(ry)) define a pair of arrows

’

(S,s)Y _i Vr(V ®% Vi),

/8/

and the presheaf

(T,t) — Forv(Tot) [ (S,9)Y(T.0)
GTM,V(T’t)

is representable by the kernel of the pair (o, 3’). m

6.7.2. Proposition. Let V s M be an R-module morphism, and let V be a
projective R-module of finite type. If M is a finitely presentable R-module (resp. an R-
module of finite type), then Fy.ar v is locally finitely presentable (resp. locally of finite
type) over R.

Proof. By the part (iv) of the argument of 6.7.1, the presheaf Fi. s is isomorphic
to the kernel of a pair of arrows Vz(M ®; V) ==X Vg(V @i Vj;) over R. By 5.3.4,
Vr(V ® Vj) is locally finitely presentable over R, and Vz(M ®j V35) is locally finitely
presentable (resp. locally of finite type), if the R-module M is finitely presentable (resp.
of finite type). The kernel of a pair of morphisms between locally finitely presentable
presheaves (resp. presheaves locally of finite type) is locally finitely presentable (resp.
locally of finite type); hence the assertion. m

6.7.2.1. Corollary. Suppose M and V' are projective R-modules of finite type. Then
the canonical morphism Fy.nry — Gr 15 locally finitely presentable.

Proof. By 6.3.1, Gr,, ,, is locally finitely presentable, and by 6.7.2, Fy.ns,v has the
same property. By I1.1.11.2(d), the morphism Fy.rv — Gr,, . is locally finitely
presentable. m

M,V

6.7.3. Proposition. Let M be a projective R-module and V a projective R-module
of finite type. Then the presheaf Fy.nv is formally smooth and the canonical morphism
Fy.nmv — Gry, 15 a formally open immersion.
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If M is a projective module of finite type, then the presheaf Fy.prv s smooth and the
morphism Fy. v — Gr,, . is an open immersion.

Proof. (a) Let M be a projective R-module. Since by 6.5.1, Gr,,, is formally
smooth and the composition of formally smooth morphisms is formally smooth, the for-
mal smoothness of Fy.p7 1 is a consequence of the formal smoothness of the canonical
morphism Fy.pr v — Gy, e

Fix an R-ring surjective epimorphism (7,t) — (S,s) whose kernel is contained in
the Jacobson radical of T" and which is a part of a commutative diagram

(S, S)v EE— F¢;M7V
o | | (1)
(T7 t)v — GTM,V

By Yoneda’s lemma, the morphism (S,s)Y — Fy.rv in (1) is uniquely defined by

an element of Fy.71(S,s), i.e. by an S-module morphism s*(M) — s*(V) such that
u' 0 §*(¢) = idg«(y), and the morphism (T,t)¥ — Gr,,, is uniquely determined by an
element of Gr,,  (T,t). The commutativity of (1) is equivalent to the commutativity of
the diagram
t* (o) u
TRrV —— TR®rM — TRrV
ay l %Ys l l ay (2)
s (¢) u
S@rV —— S®@rM —— S®rV
whose vertical arrows are induced by the ring epimorphism T -2+ S, hence they are
epimorphisms. Since T ®pr V' is a projective T-module of finite type, and the kernel of
T -2 S is contained in the Jacobson radical of T, it follows from Nakayama’s lemma that
uot*(¢) is an isomorphism. Set & = (uot*(¢))~! ou. Then & o t*(¢) = idp(v) and the
diagram

t* () u
TrV — TOQrM — TgrV

ay l Qpp l l ay (3)

s* () u’
SRrV —— S®rM —— S®grV

commutes. The pair of arrows

t"(¢)

TRV S T@rM 5 TopV (4)

is an element of Fy.ar,v(T,t) which corresponds to a morphism (7, t)Y SN Fonrv. It
follows from the construction that adjoining the morphism ~ to the diagram (1) makes a
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commutative diagram. This shows that the canonical monomorphism Fy.nr v — Gy,
is formally smooth, hence a formally open immersion.

(b) Suppose now that M is a projective R-module of a finite type. Then by 6.7.2,
the presheaf Fi.ps v is locally finitely presentable over R, and, by 6.7.2.1, the morphism
Fy.mv — Gry, ., is locally finitely presentable. Therefore, the presheaf Fy. v is
smooth and the presheaf morphism Fy.prv — Gr), |, is an open immersion. =

6.7.4. Functorialities. Let £ —2 M be an R-module epimorphism, V a projective
R-module and V -+ M an R-module morphism. Since V is projective and £ —2» M

is an epimorphism, there exists an R-module morphism V LN L such that po ¢ = .
With this data, we associate a commutative diagram

ju
Foomuyv —— Gry,

Fov| | Gr.. (5)
o
Foev —— Gr.,

6.7.4.1. Lemma. The square (5) is cartesian.
Proof. Let (S, s) be an R-ring and

(S,s)Y ;> Gro, v
€]

e (6)

F¢;£7V —_— G’I“

L,V

a commutative diagram. The upper horizontal arrow is determined by an element of

Gr,, (S, s) represented by an S-module epimorphism s*(M) - s*(V) and the left

vertical arrow is determined by an element of Fy.. v (S,s), that is by an S-module epi-

-~

morphism s*(L£) L, s*(V)) such that £o s*(¢) = idg+(vy. The commutativity of the
diagram (6) means that the morphism s*(£) N s*(V) is isomorphic to the composition

Cos™ (¢) ) .
s*(L) —— s*(V). This means that the composition

-~ -~

Cos*(p)os™(¢) =Cos*(pog)=Cos*(¥)

is an isomorphism. Therefore, the morphism (.S, s)Y N Fy.nry determined by the
element ((os*(¢0)) to( of Fy.v satisfies the equations F, oA =¢ and jyol = (.
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Any of these equations determines the morphism (S, s)V 2 Fy.m v uniquely, because
both j, and F,y are monomorphisms. Since every presheaf of sets is the colimit of
representable presheaves, this shows that the square (5) is cartesian. m

6.7.4.2. Corollary. Let L s M be an R-module epimorphism, V a projective

R-module of finite type, V Yy £ an R-module morphism, and ¢ = p op. Then the
canonical morphism of representable presheaves

F%V
Fomv —— Fomy (7)

is a closed immersion; that is F, v is the tmage of a strict epimorphism of algebras repre-
senting these presheaves.

Proof. By 6.6.1, the right vertical arrow of the square (5) above is a closed immersion.
By 6.7.4, the square (5) is cartesian, and closed immersions are stable under pull-backs.
Therefore, the left vertical arrow of the square (5) — the morphism (7), is a closed immer-
sion. By 6.7.1, the presheaves Fy.nr, v and Fy. s, are representable; and closed immersions
of representable presheaves on Aff;,/RY are represented by strict epimorphisms of the cor-
responding R-rings. m

6.7.4.3. Proposition. Let M be an R-module of finite type and V a projective
R-module of finite type. Then, for any morphism V N M, the canonical embedding
Fy.nrv AN Gr,, 18 an open immersion.

Proof. Since the R-module M is of finite type, there is an R-module epimorphism
£ 25 M with £ a pro jective R-module of finite type. Since the R-module V' is projective,
there exists an R-module morphism V —?s £ such that pop =1. By 6.7.4.1, the square

Jup
Fymy ——  Gry,
F%Vl cart l Gr, .,
jo

Focv —— Gr.,

is cartesian and, by 6.7.3, its lower horizontal arrow is an open immersion. Therefore, its

. . jp . . .
upper horizontal arrow, the morphism Fy.ar vy — Gr is an open immersion. m

M,V
6.7.5. Projective completion of a vector bundle. Let M’ = M @&V, and

let V 2% M’ be the canonical morphism. The presheaf F jv:M’,v is isomorphic to the
presheaf, which assigns to any R-ring (S,R > S) the set Homg(s*(M),s*(V) (see (ii)
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and (b) in the argument of 6.7.1). The latter presheaf is representable by the vector bundle
Vr(M ®4 V). If the R-modules M and V' (hence M') are projective of finite type, then,
by 6.7.3, we have a canonical affine open immersion Vg(M @i Vj) — Gro,. -

6.7.5.1. Projective completion. In particular, if R = k, than taking V = R' = k!
and using the fact that M ®j k' ~ M, we obtain a canonical embedding

VR(M) R PM@kl. (8)

If M is a k-module of finite type, then, by 6.7.4.3, the morphism (8) is an open
immersion. The projective space Py qor1 can be regarded (like in the commutative case)
as the projective completion of the vector bundle Vi (M).

6.7.6. Zero section and the hyperplane at infinity. Let M be an R-module and

V a projective R-module of finite type. Set M’ = M @V, and let V & Mav 2 M be
canonical projections. The projection p,, determines a canonical section RY — Gryp v
which (following the commutative tradition) will be called the zero section. By 6.6.1, the

Py
projection M’ ——— M induces a closed immersion

Gr _ GTM’,V

M,V

called the hyperplane at infinity.
6.8. Grassmannians are separated. Recall that a presheaf of sets X on a category

A
C is separated if the diagonal morphism X %4 X x X is a closed immersion (cf. 2.2).
Here C is the category Aff;/R" of affine k-schemes over RY for an associative unital
k-algebra R. In other words, C' = (R\ Algy)°P.

6.8.1. Proposition. For any pair M, V of projective R-modules of finite type, the
Gr

presheaf (Affy/RY)°P = R\ Algy % Sets s separated.

Proof. Let (S,R = S) be an R-ring, and let (S,s)¥ — Gr,,, be a pair of

morphisms over R. The claim is that the kernel of the pair (u1,2uz) is representable by a
closed immersion of affine schemes.

Let s*(M) Ly g (V') be an epimorphism corresponding to u;, ¢ = 1,2. Since s*(V)
is a projective S-module, there exists an S-module morphism s*(V) =% s*(M) such that
§ivi = idg-(vy. Set p; = v;§;. Then the diagram
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is exact. Consider the pairs of morphisms

€1 €2

s* (M) : s*(V) and s*(M) : s* (V). (1)

There exists a universal R-ring morphism (S5, s) N (T, t) such that the image by ¢*
of each of the pairs (1) belongs to the diagonal. We leave to the reader arguing that the
morphism ) is a strict epimorphism. m

7. Noncommutative flag varieties.

7.1. Definition. Let M be an R-module and V = (V; | 1 < i < n) projective R-
modules. For any R-ring (S, s), we denote by §¢,, (S, s) the subset of H GT v, (S, 8)
1<i<n
formed by all n-tuples ([u1],. .., [u,], s*(M) =% s*(V;), such that Ker(u;) C Ker(u;) if
j > 1. This means that u; =& ou;qq forall 1 <i<n—1.

7.2. Proposition. (a) The map (S,s) — §¢,, (S, s) is a presheaf

ST,
(Aff,/RV)” = R\Alg, — > Sets,

and there is a natural presheaf monomorphism

5w — [ Grus, (2)

(b) If the projective modules V;, 1 <1i < n, are of finite type, then the morphism (2)
1s a closed immersion.

Proof. (a) Straightforward.
(b) The second assertion will be proven in 10.1 using some simple considerations,
which involve generic flag varieties. m

7.2.1. Note. If n = 1, that is V = (V) for some projective R-module V, then the
flag variety §¢, , coincides with the Grassmannian Gr,, , .

7.3. An alternative description and a canonical cover.

7.3.1. Lemma. Let (S,s) be an R-ring and V = (V; | 1 < i < n) projective
R-modules. Every element of SEM’V(S’, s) s represented by a chain of S-module epimor-
phisms

En En—l fn—Z 5
s* (M) — s* (V) —— s*(Vi1) s —— s (V).




166 Chapter 3
It defines the same element of SKMW/(S, s) as another chain of epimorphisms,

Cn Cn—l Cn—Z C
s* (M) — §* (V) —— s* (V1) s —— s (W),

iff these chains are isomorphic.

Proof. In fact, by definition of the flag variety, these chains define the same element of

§¢,, (S, s) iff there exist isomorphisms s*(V;) SZN s*(V;), 1 <i <n, making diagrams

gn gm gmfl
s*M) —— - —— V5 —— s (Vin—1)
Cn Cm Cmfl
s*M) —— 0 —— (Vi) —— s (Vin—1) 2<m<mn,

commute. In other words, for every 2 < m < n, we have the equalities

Gmo *++ oG =%mo&uo -+ 0, and
Cm—lOCmo Oanwm—loém—logmo Ogn

So that
Cm—lo¢mo(£mo ogn):¢m—logm—lo(€mo Ogn)-

Since &, 0 --- 0§, is an epimorphism, the latter equality implies that

Cm—1°Ym = Vm_10Em_1.

That is the diagram

gn gn—l En—2 51
s*(M) —— sV, —— (V1) —— ... —— s5(\)
id | Un | Yo |2 2|
Cn Cnfl Cn72 Cl
s*(M) —— sV, —— s (V1) —— — s*(V1)

commutes. m

7.3.2. A canonical cover. Thus, we have a surjective map

Epis(s*(M),s*(Vn)) X -+ x Epis(s™(V2),s" (V1)) —— §L,, (S, s)
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which assigns to every chain of epimorphisms its isomorphism class. This map is functorial
in (5, s). Since the S-modules s*(V;), 1 < i < mn, are projective, the obvious maps

G (S,s) —— Epis(s*(V;),s"(Vi—1))

Vi Vi1

are surjective for 2 < i < n+ 1. Here V,,;1 = M. They are also functorial in (.5, s).
Thus, we obtain an epimorphism of presheaves

Il Goovo — S0 (2)

1<i<n

7.3.3. Relations. The kernel pair

”}w,v
—_—

Ruyv = K6T2(7TM,V) — H GVi’Vi—l )
p?w,v 2<i<n+1

of the cover (2) admits the following description.
For every R-ring (S, s), the subset ), ¢(S,s) of

( H GVi’Vi71 (S’ S)) H ( H GYVZ-,VZ-,1 (Sa 5))

1<i<n+1 1<i<n+1

is formed by the sequences of pairs of S-module morphisms

$* (Vi) =2 " (Vig1) — s*(Vin), 1< m<n,

u

5" (Vin) =2 8" (Ving1) = 5" (Vin), 1<m <m,
satisfying the following relations:

U O 0y :ids*(Vm) :ﬁmogm
Upo...0ot, = (W o...0uy)o(b,0...001)0 (Upo0...01,) )

Wpo...ol, = (Upo...ou,)o(b,0...007)0 (U, 0...0Uy,)
for 1<m<n.

The first line of (4) reflects the fact that (v,,,u,,) and (0,,,1,,) are elements of

va+1,vm (S,s) for 1 < m < n. The remaining two lines express the fact that the pair of

arrows (3) equalizes the projection (2).
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In fact, by the definition of the map

H GVm’Vm—l(S’ S) L’V> 3EM,V(S? 3)7

1<m<n+1

it sends the elements (0,1, | 1 <m < n) and (0,,,U, | 1 < m < n) to the same
element of F¢,, (S, s) iff there exists a commutative diagram

F(M) —2 (V) — (V1) — . — (W)
id | U |2 Yna |2 2| v
S(M) — (V) T (V) — s L 2 e )

whose vertical arrows are isomorphisms. In other words, we have equalities

UpO...0Uy =y o (Uyo...0uy)

()

UpO...oUu, =t Lo(W,o...0l,) forall 1<m<n.

Composing both sides of the first equality with (v, 0...0v,,) and both sides of the second
equality with (b, 0...0b,,), we obtain

(U o...oup)o(by0...00,) =0 Upo...ouy)o(b,0...00,) =10,

(Upmo...oup)o(0,0...00,) =9 o(,o0...ol,)0(b,0...00,)=1_" (6)
for 1<m<n.

Replacing v, and .1 in (5) by the corresponding left hand side expressions in (6), we
obtain the last two equations of (4).

7.4. Proposition. Suppose that M = V,,1 and V,,, 1 < m < n, are projective

R-modules of finite type. Then the presheaf H G
1<m<n

are representable and locally finitely copresentable.

Ving1>Vim and the presheaf of relations

Ry = Kera(m, )
Proof. (al) By 6.3, if V,,, are projective R-modules of finite type for 1 < m < n, then

the presheaves G are representable. Therefore, their product, H va+1,vm7
1<m<n
is representable by the coproduct of R-rings representing the presheaves G

(a2) By 6.3.1, the presheaves G|,

m—+1- Vim

Vim41,Vm
Vim41,Vm *
are locally finitely corepresentable. Therefore,

their product, H va+1,vm7 is locally finitely corepresentable.
1<m<n
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(b1) Let (S, s) be an R-ring. The equations (4) describing the values R, (S, s) of
the presheaf of relations at (S, s) can be encoded in the diagram

c

g3
<

GM,V(Sv 8) X GM,V(57 S) : HomS(S*(M)’S*(Vm)) = %R(M, Vm)<S7 S)

c

S lz (7)

23
<i

MLV
GM,\_/(Svs) XGM,\_/(Svs) - Homg(s*(M),s*(Vm)), I<m<n,
MV
where G,y = H va+17Vm’ the vertical arrow is the standard symmetry, the upper
1<m<n
horizontal arrow maps any element, (41,01, ..., Up, 03Uy, 01, ..., Uy, 0,) of Gy X Gy

to the composition u,,o...ou,, and the lower horizontal arrow maps this element to the
composition (i, 0...0u,)0 (0, 0...007)0 (U, 0...01Uy,).
The diagram (7) depends functorially on (5, s); i.e. it is the value of the diagram

<

Guy XGuy L Hr(M, Vi)

<

S lz (8)

23
<i

X3
<!

23
<

Guy X Gy = Hr(M,Vy,), 1<m<n.

<
D)

It follows from the construction of the diagram (7) (hence (8)) and the equations
7.3.3(4) describing the functor of relations JR), ¢ that it is the limit of the diagram (8).

If the R-modules V,,,, 1 < m < n, then the functors Hr(M, V,,) are representable;
namely Hg(M,V,,) ~ V(M ®; V.}). If, in addition, the R-module M is a projective R-
module of finite type, then M ®; V" is a projective R°-module of finite type, hence, by 5.2,
its vector fiber is locally finitely copresentable. By (a2) above, in this case, G is both
presentable and locally finitely copresentable. Therefore, the presheaf G,y X Gy
is presentable and locally finitely copresentable. Thus the functor of relations Ry, v is
the limit of a finite diagram formed by representable and locally finitely corepresentable
presheaves. Therefore, R, i is also presentable and locally finitely copresentable. =

7.5. Functoriality.
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7.5.1. Proposition. Let V;, 1 <1 < n, be projective modules of finite type. Then

any R-module epimorphism M’ s M induces a closed immersion

SEM A SEM’,V

,V

such that the diagram

commutes.

Proof. By 6.6.1, each morphism Gr,, , —— Gr,,  is a closed immersion. There-
fore, their product,

II v — 11 Gris

1<i<n 1<i<n

is a closed immersion. Notice that the square (3) is cartesian. So that

WM,V — Y

M,V
being a pull-back of a closed immersion is a closed immersion. m

7.6. Base change.

7.6.1. Proposition. Let M be an R-module and V,,, 1 < m < n projective
R-modules. For any R-ring (S, s), there is a natural isomorphism

(57 3)\/ HSEM,V - Sgs*(M)ﬁs*(W
RV

of presheaves of sets on Affy/SV.

Proof. One can see that the diagram

1/§€s"‘(./\/l),s"‘(\i/') S/g./\/l,\i/'
cart l
H GT e aty o (i) 5 Gry vy,

1<i<n 1<i<n
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is cartesian. On the other hand, the diagram

H GT v a1y, (vi) } H Gry vy,

1<i<n 1<i<n

| wrt |

(S,s)Y — RY

is cartesian by 6.4.1. Since the composition of cartesian squares is a cartesian square, the
square

Sgs*(/\/t),s*(‘_/) - SEM,\_/
cart l
(S,s)Y —— RY

is cartesian, hence the assertion. m

7.6.2. Proposition. Let M be an R-module and V,,, 1 < m < n projective
R-modules. For any R-ring (S, s), there is a natural isomorphism between the diagram

1

pM,V T _
_ M,V
(S7 S)V H (mMyv = K@TQ(']T]VLV) _ GM,V = | | GVi,Vi_l 3EM,V)
RY pf\“_, 1<i<n41

and

pl e
s*(M),s*(V
AN Tox (M),5* (V)

S — .
R, (7)) — = Goanse @ — Sl
2
Pox (M), 5% (V)

where s*(V) denotes (s*(Vy,) | 1 <m < n).
Proof. The isomorphism (S, s)" HGM,V — Ggu(ap),s+(v) 18 the composition of

R\/
the obvious isomorphism

S [Gur =S I T Gun,) — ] S9Y][G.r. )
RV RV

RY  1<i<n+1 1<i<n+1

and the the product of the isomorphisms

~

S.s)" 1[Gy, — G
R\/

s*(V;),8* (V1)
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(see 6.4.1). One can see that the diagram

S:) [[Gwv  ——  S9)"[[30.
RY RY

zl lz (1)

Tox(a),% (V)

G (ar),5(7) — T oy, n ()

commutes. The remaining isomorphism,

(S’ S)V Hi):{M,‘_/ ;> 9%s*(M),s*(\_/)v
RV

is induced by the commutative diagram (1), because the base change functor (S, s)" H -
R\/
preserves fibred products. =

7.7. Smoothness.

7.7.1. Proposition. Let M be a projective R-module.
(a) If V = (V; |1 <1i<mn) areprojective R-modules of finite type, then all presheaves
and all morphisms in the canonical diagram

1

i T M v
o — o ’
%M,V = KGTQ(/]TM,V) - GM,V = H GVivVifl E— S’KM,V
P2 1<i<n+1

are formally smooth. In particular, the flag variety §¢,,  is formally smooth.
(b) If M is a projective module of finite type, then the morphisms and presheaves of
the diagram are smooth.

Proof. (al) Consider the canonical cover

H Gy, — o (1)

1<i<n+1

of the flag variety (see 7.3.2). If the projective R-modules V; are of finite type for 1 <i < n,
then the presheaves G, | are smooth for 2 <4 < n and the presheaf G =G

Vint1:Vn M,Vp,
is formally smooth. Therefore, their product, H G, .. Is formally smooth. Since
1<i<n+1
(1) is a presheaf epimorphism, this implies the formal smoothness of F¢,, .
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(a2) The morphism (1) is formally smooth.
Consider a commutative diagram

\

(S, 5)" (T

¢| | € (2)

WM,\’/
H GVivVi—l SKM,V
1<i<n+1

Its right vertical arrow is determined by an element of F¢ M (T',t) represented by a

chain
* £n * gn—l * gn—2 ~£1 %
(M) — £ (Vy)) —— t*(Vie1) . y (V)

of T-module epimorphisms. The left vertical arrow of (2) is determined by an element of

H Gy v, (S,s), that is a set of pairs of S-module morphisms
1<i<n+1

s*(Vic1) =5 s*(V;) =5 s*(Vie1), 2<i<n+1,

where V,,41 = M and u; 00, =idy, , for 2 <i<n.
Using the equality s = @ ot, we choose s* = ¢*t*. The commutativity of the diagram
(2) means that the sequence

En gn—l gn—Z €
Ot (M) —— t" (V) —— " (Vpor) — ... 0 t*(V1))

defines the same element of §¢, (5,s) as the sequence

Up—2

Ot (M) — s ot (V) —— @t (Vul1) —— ... —— o "t (V).

By (a0), this means, precisely, that these two sequences are isomorphic, i.e. there is a
commutative diagram

x »*(&n) x ©*(€n—1) ‘o ©* (€n—2) ©*(&1) n
o*t*" (M) —— et (V) —— ¢ t*"(Vh) —— ... —— *t*(\)
id gn |2 Gt | 2|
Un Un—1 Un—2 uy
ot (M) —— ot (V,) —— ot (V) —— .. —— o't (W)

whose vertical arrows are isomorphisms of S-modules. Set

ﬁi:@b;loui and EZ':U@'OZ/)Z', 1< <n.
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We replace this diagram by the diagram

n ©*(&n) .o ©"(§n—1) ‘o 0" (§n—2) " (&1) .o
ot (M) —— "t(V,) —— o t*" (Vo) —— .. —— ot*(V)
id l id l id l l id

* 4% ,Jn * 4% ,1\1/7171 * 4% ,)In72 ’Jl * 4%
o*t* (M) —— et (V) — ¢ t*"Vp) —— ... —— 't*(\)

whose vertical arrows are identical. The latter diagram is equivalent to the diagram

£n fn—l 51

t*(M) — t* (Vi) —_ ... — t*(V1)
@ (itn) @u (1) @ (1)
Pt (M) —— @0t (V) —— ... —— ot (1)

whose vertical arrows are adjunction morphisms. For every 1 < m < n, we have a com-
mutative diagram

(Vi) V1) — (Vi)

| | | Q

o ‘P*(gm) - @*(Zm) -
00 t* (Vin) —— 00" " (Ving1) —— 00" t*(Vin)

whose vertical arrows are adjunction morphisms.

Suppose that the algebra morphism T — S is a strict epimorphism. Then the
vertical arrows in the diagram (3) are epimorphisms of T-modules. Therefore, since

t*(Vin) is a projective T-module for every 1 < m < n, there exists a T-module morphism

t*(Vin) LN t*(Vin+1) such that the diagram

Bm Em
(V) —— t*(Vimp)  —— (Vi)

| | | 0

s ©x(0m) . @ (ttm) s
0 t* (Vi) —— @00 t* (Ving1) —— 00"t (Vin)

is commutative (that is its left square commutes).
By construction the composition of the lower horizontal arrows of (4),

P (tm) © P (Em) = Pu(ll 0 0y) = @*(idt*(Vm))7
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is the identical isomorphism. And t*(V) is a projective T-module of finite type. Therefore,
if the kernel of the algebra morphism 7 —2» S is contained in the Jacobson radical of the
algebra T', then, by Nakayama Lemma, the composition &, o 3,, of the upper horizontal
arrows of the diagram (4), is an isomorphism. Replacing in the diagram (4) the morphism
B by the morphism ém = Bm o (€m0 Bm) 1, we obtain a commutative diagram

Bom Em
t*(Vin) — t*(Vin+1) — t*(Vin)

l l l ®)

s @i (0m) . @ () s
0 t* (Vi) —— @00t (Ving1) —— 00" t"(Vin)

such that the composition of its upper horizontal arrows, &, o Bm, is an identical mor-
phism. The upper row of the diagram (5) is an element of G (T',t) which defines a

morphism (7, ¢)Y RUNYE: for every 1 < m < n, or, what is the same, a morphism

Vm+41,Vm

Vim+1-Ym

(T, —— ] @

1<m<n

Vim+1:Ym

making the diagram
\

(S,8)Y —— (T, 1)
ol e e -

M,V
H GVm+1an gKM,\_/

commute.

(a3) The canonical morphisms

1
Py, v
o e
Ryv = K@T‘Q(WM,V) _ H Gy v,
P2 o 1<i<n+l

are formally smooth, because, by (a2), the cover

sy

V= G —) SfM’V

Vm+1:Ym

G

)

1<m<n

is formally smooth and pull-backs of formally smooth morphisms are formally smooth.
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(ad) Since composition of formally smooth morphisms is a formally smooth morphism,
it follows from (al) and (a3) that the presheaves Ry, Gy p, and §¢,,  are formally
smooth.

(b1) If the R-module M is also projective of finite type, then, by 7.4, the presheaves
Gy and Ry, are locally finitely copresentable. Since the diagram

pl

M,V T
s M,V
%M,V = KeTQ(ﬂ'MY‘-/) s GM,V —_— SKM!V (8)
p2  _
M,V

is exact, the presheaf F/ w18 locally finitely copresentable too. By (a4), all presheaves
of the diagram (8) are formally smooth. Therefore, they are smooth.

(b2) It follows from II1.1.11.2(d) that all morphisms of the diagram (8) are locally
finitely presentable. By the argument above, they are formally smooth; hence they are
smooth. m

8. Generic Grassmannians.

8.1. The presheaf ®t . Let M be an R-module. For any R-ring (S,R > S), we
denote by &t (S, s) the set of isomorphism classes of epimorphisms s*(M) — V' of
S-modules, where V' runs through the class of projective S-modules of finite type.

8.1.1. Proposition. (a) The map (S,s) — Grp(S,s) naturally extends to a
presheaf

QS'CM
(Aff;,/RY)? = R\Algy, —— Sets.
(b) For every projective R-module of finite type V', there is a presheaf monomorphism

p

Gr, , —s Oty (1)

M,V
Proof. The argument is left to the reader. m

8.2. The presheaf Pry . Let M be an R-module. For any R-ring (S, s), we denote
by Prac(S,s) the set of projectors s*(M) - s*(M), p? = p, such that p(s*(M)) is a
projective S-module of finite type.

8.2.1. Proposition. (a) The map (S, s) — Pr (S, s) extends to a presheaf

Pr
(Aff,/RY)P = R\Algy, — Sets. (2)
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(b) There is a natural presheaf epimorphism

Pras —s G (3)

Proof. (a) Straightforward.
(b) For any R-ring (.5, s) the map

7 (S,8)
th(S7 8) - Q5tM(S7 8)

assigns to every projector s*(M) —= s*(M) the isomorphism class of the natural epimor-
phism of s*(M) onto the image of p. Evidently, the map ma((S, s) is surjective. m

8.3. Relations. Let M be an R-module. There is an exact diagram of presheaves

P1

Rt = Pou [ Fem = Peu s G (4)

Bty P2

By definition, (S, s) consists of pairs projectors (p1,p2) of s*(M) such that the
S-module p;(s*(M)) is projective of finite type and the corresponding epimorphisms

s*(M) SN pi(s*(M)) are isomorphic; that is there exists an S-module isomorphism
p1(s*(M)) N p2(s*(M)) such that e,, = ¢ o ¢,, . Taking the composition of both parts

of the latter equality with the embedding p;(s*(M)) r1, s*(M), we obtain the equality
¢ = ¢ep, ©jp,- Replacing ¢ in ey, = ¢ oep, by ¢y, 0jp,, We get the equality

€po = €py OJpy O €p = €py, O P1.

Composing both parts of this equality with j,,, gives po = p2 o pi. Applying similar
routine to the equality ¢! oe,, = ¢,,, we obtain the symmetric equality: p; = p; o p.

Thus, R (S, s) consists of pairs (p1,p2) of endomorphisms of s*(M) satisfying the
relations

p3=p2=psopy and p;=p;=piops. (5)

8.4. Base change.

8.4.1. Proposition. Let M be an R-module and (S,s) an R-ring.
There is a natural isomorphism from the diagram

p1

(S.9)Y T (%m0 =PBrar [ Brame = P -, Grg)

RV G g P2
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to the diagram

Pl
ﬂs*(M)
Ro-) = Prong [T Broeovy T3 Proewy —— G-
P2

Brsx ()
Proof. Consider a commutative square

13
(A7g)v — ®tM

| l

\2

(S,s)Y 5 RV

The morphism £ corresponds to an element of &tx((A,g), i.e. to the equivalence class of
an A-module epimorphism from ¢*(M) = A®r M to a projective A-module of finite
type. Since g¢* ~ 7*s*, this epimorphism defines an element of &ty (rq)(A,v) which
corresponds to a morphism

3
(A, 7)Y —— Gt

over SV. The latter means that the diagram

£
(A,7)Y —— G ()

TN\ v
S\/

commutes. Since every preseaf of sets is the colimit of the naturally associated with it

diagram of representable presheaves, this implies that (S, s)Y H Bt is isomorphic to
R\/
6ts* (M) .
Similarly, one can show that (S,s)" H‘Bt M is isomorphic to Pry-(aq). It follows
RV
from the universality of these constructions that the isomorphisms can be chosen in such
a way that the diagram

(57 S)VHth E— (Sa 8>VH®tM
RY RVY

| l ®

Pro-(m) —_— Bt (M)
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commutes. Notice that the functor (S,s)Y [[zv — preserves fibred products. Since

Rom = Pra [ B,

61‘/\4

the diagram (3) induces an isomorphism

(S.9)" T[9m —— R (-
RV

Hence the assertion. m

8.5. Proposition. If M is a projective module of finite type, then the presheaves
PBrag and Rpq are representable and locally finitely copresentable.

Proof. (a) For any R-ring (S, s), the set Pr, (S, s) is the kernel of the pair of maps

5

Ends(s*(M)) —_ Ends(s*(M)), (6)

id

where s is the ”taking square” — the composition of the diagonal map

Ends(s*(M)) —— BEnds(s"(M)) x Endg(s*(M)),

and the composition. The diagram (6) is functorial in (S,s). If M is a projective of
finite type, then (S, s) — Endg(s*(M)) is a presheaf (Aff;/RY)°? = R\ Alg, —> Sets
representable by the vector fiber of Tr(M ®; MY). Therefore, the presheaf P is
representable by the vector fiber of the cokernel of the pair of R-ring morphisms

o

Tr(M @p MY) T Tr(M @, MY),

id

where o is an R-ring morphism corresponding to the presheaf morphism s in (6).
(b) For any R-ring (S, s), the set R (S, s) is the limit of the diagram

m

&B'CM(S, 8) X th(S, S) SN th(Sv 8)

s |2 . | i (7)

th(S7 S) X f’BtM(Sa 5) — s th(S7 8)

™1
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where m is the composition map, 79 is the projection on the first component, (z,y) — z;
and the left vertical map is the standard symmetry: (z,y) — (y,x).

If M is a projective R-module of finite type, then, by (a) above, the presheaf Prp is
representable. Therefore, in this case, the presheaf SR, is representable.

(¢) Since M is projective R-module of finite type, M ®; MV is a projective R®-module
of finite type. In particular, it is a finitely presentable R°-module which implies that the
vector fiber of the R-ring Tr(M ®j M) is locally finitely copresentable. Since finite limits
of locally finitely copresentable presheaves are locally finitely copresentable, it follows from
the descriptions of the presheaf Bt in (a) and the description of SR in (b) that both of
them are locally finitely copresentable. m

8.6. Proposition. Every R-module epimorphism L — M induces a closed

mmersion
B,
(’5‘CM — Brp.
For every projective R-module of finite type V, the square
Y

GTM’V — Bty
Gr%vl cart l S, (8)
GTL,V P_v) (’5t£

18 cartesian.
Proof. (a) For every R-ring (S, s), the map
B, (S,s)
Gt (S, s) ———— B (S5, s) (8)

assigns to an isomorphism class of any epimorphism s*(M) AR Ve (with a projective

Aos™ ()
S-module of finite type V') the isomorphism class of the composition s*(M) —— V.

Since s*(L) () s*(M) 1is an epimorphism, the map (8’) is well defined, and it is,
evidently, functorial in (S, s).
(b1) Fix an arbitrary R-module epimorphism £ —+ M. Let (S,s) be an R-ring

and (S,s)Y N ®t,  a presheaf morphism. It follows from the definition of the generic
Grassmannian that

Q5‘C_/\/’(S, 8) = Q5‘CS*(N’)(S, id)

for any R-module N. By Yoneda Lemma, the morphism (5, s)V N &t is determined
by an element of &t, (S5, 5) = Gty (S, id); hence it is determined by a morphism

Cs
(S, Zd)v —_— ®ts*(£).
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Let Q/‘; be the corresponding element of &t,-(,(95, s), that is the isomorphism class of
an epimorphism s*(£) — V for some projective S-module of finite type V. This means
that the morphism ( factors through the monomorphism

PV
Grs*(M),V E— @ts*(ﬁ).

> B,
Therefore, the pull-back X —2 (S, s)Y of the morphism &ty — Bt appeares in the

commutative diagram

Cs PV
’ GTs*(M),V } Bty (m)
) l cart l GTS*(W,V cart l Bty () 9)
v (4%
(S, s) —_— Grs*w),v E— @ts*(g)

whose both squares are cartesian.

(b2) Suppose now that the R-module M is of finite type. By 6.6.1, the central
vertical arrow of the diagram (9) is a closed immersion. Therefore, the left vertical arrow
of (9), X — (S,s)Y, being a pull-back of a closed immersion, is a closed immersion of
representable presheaves. Since, by the argument in (b1) above, the arrow X — (5,s)Y is

G
a pull-back of &ty — ®t, along an arbitrarily chosen morphism (.S, s)Y — &t.,
this shows that &t is a closed immersion. m

8.7. Proposition. Let M be an R-module of finite type. Then the presheaf &ty is
separated.

ul

Proof. Let (S,R > S) be an R-ring, and let (S,s)¥ —— ®ty be a pair of

s
morphisms over R. The claim is that the kernel

Ker(uy,us) —— (S,s)Y

of the pair (ug,us) is representable by a closed immersion of affine schemes.
(a) For any R-module epimorphism £ —2+ M, the kernel of the pair (uy,us) coincides

(24
with the kernel of its composition with the monomorphism &t — Bre. Since M
is an R-module of finite type, there is an R-module epimorphism £ — M, where £ is
a projective R-module of finite type.
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(b) Replacing M by L, we assume that M is a projective R-module. In this case, we
have an exact diagram

P1

N ™M
Rom = Prae [[ P T2 Pou —— G

@tM P2

(see 8.3). Since (S, s)Y is a projective objects of the category of presheaves from Aff;/RY =

(R\Algy)°? to Sets and Pryy N Bty is a presheaf epimorphism, each of the
v,

morphisms u; can be lifted to a morphism (S,s)Y —— Prag, @ =1,2.

(c) Consider the cartesian square

TAMOP1
%M B @tM

le cart lA
Pra X Pryy —— By X Bryy

(whose left vertical arrow is the natural embedding) and complete it to the diagram

Ker(uj,ug) —— R — By
l cart le cart l A (10)
(S, S)V — th X fﬁptM B @tM X @tM

whose left square is cartesian too.
Since M is a projective R-module of finite type, the presheaf Pr,, is representable
by the cokernel of the pair

o

Tr(M @, MY) 3 Tr(M @ MY)

id

of k-algebra morphisms (see the part (a) of the argument of 8.5).
By the part (b) of the argument of 8.5, the presheaf %R ¢ is the limit of the diagram

m

Pea x Prar 1 Prum

1

& |1 | i (11)

—
Pear x Perar T Pru

1



Geometry of Presheaves of Sets. 183

where m is the composition map, 7 is the projection on the first component, and the left
vertical map is the standard symmetry. The natural embedding of PR into Prag X P
— the middle vertical arrow of the diagram (10), coincides with the canonical morphism

R — Prag X Pry

coming from the diagram (11). The latter is, evidently, a strict monomorphism of rep-
resentable presheaves, hence a closed immersion. Since the middle vertical arrow of the
diagram (10) is a closed immersion, the left vertical arrow is a closed immersion too,
whence the assertion. m

8.8. Smoothness.

8.8.0. The choice of infinitesimal morphisms. In this Section, we take as in-
finitesimal morphisms the class M5 of complete radical closed immersions (cf. 11.3.8.2

and consider (formal) smoothness with respect to this class. Recall that a morphism
\2

(S,s)Y BN (T,t)V of the category Affy/RY is called a complete radical closed immer-

sion, if the corresponding algebra morphism 7' 58 is surjective, its kernel is contained in

the Jacobson radical of the algebra 7', and the canonical morphism 7" — lig% T/(Ker(e)™)
n

is an isomorphism. Since the class M, of closed immersions correspondil_lg to strict epi-
morphisms with nilpotent kernel is contained in the class MY, every (formally) 975-smooth
presheaf morphism is (formally) smooth in the standard sense.

In this Section, we shall write (formally) smooth meaning (formally) 90t§-smooth.

8.8.1. Proposition. (a) Let M be a projective R-module. Then all presheaves and
all presheaf morphisms of the canonical diagram

P1

Rom =P [[ B T2 P L G (1)

Greaq P2

are formally smooth.

(b) If M is a projective R-module of finite type, then the presheaves and presheaf
morphisms in (1) are smooth.

Proof. (al) The presheaf Praq is formally smooth.

(i) Consider a commutative diagram

(Sa S)v ; th

(‘0\/

75\/

(1,t)¥ —— RY
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where SY £ TV is a complete radical closed immersion (see 8.8.0). The morphism

(S,s)Y N Prog is determined by a projector s*(M) = @*t*(M) - s*(M) whose

image is a projective S-module of finite type. Since T — S is a strict algebra epimor-
phism such that the algebra T' is Ker(y)-adically complete, i.e. T — ligl1 T/(Ker(e)")
n=

is an isomorphism, the projective S-module p(s*(M)) is isomorphic to ¢*(V), where V
is a projective T-module of finite type (see [Bal, I11.2.12]).

Therefore, the projector p has a decomposition *(V) — @*t*(M) —= ¢©*(V), that
is p=vou and uov =id,-(y). Choosing this decomposition can be interpreted as the
commutative diagram

&
(S,s)Y — Pty —— RY
£ l ) T cart T sV (2)
P v) v
Goimprry — Prey — 8

3
whose left square is the corresponding decomposition of (S,s)Y —— Prpyg, and
the right, cartesian, square is the base change. The left lower arrow is the canonical

presheaf morphism which assigns to every element g*¢*(V) — g*s*(M) —— g*p*(V),

of G..iry. oo (A;g08) the corresponding projection v”ou” of the A-module g*s*(M).
(ii) The vertical arrows of the diagram
1% t*(M) 1%
v+ (0) e (u)

00 (V) —— 0" t" (M) ——  .0*(V)

— adjunction morphisms, are epimorphisms, because T %4 S is a strict epimorphism
of algebras. Therefore, since V and t*(M) are projective modules, there exist morphisms

VAN (M) ) such that the diagram

v’ u’

1% — t*(M) — 1%

| | | 3

. 4 (0) x (1) .
P (V) —— @up"t" (M) ——  p.0"(V)

commutes. Since the T-module V is projective of finite type and the kernel of T -2 §
is contained in the Jacobson radical of the algebra T, the fact that the composition of
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lower horizontal arrows of (3) is an isomorphism, implies, by [Ba], 111.2.12], that the
composition u ov’ of the upper horizontal arrows is an isomorphism too. Replacing v’
by b =1t'o (1 ov’)"l, we obtain a commutative diagram

v u’

— t*(M) —_— Y

| 1 l 0

. s (0) .. (1) .
P (V) —— @ t" (M) ——  p.0"(V)

such that the composition 1/ ot of its upper horizontal arrows is an identical morphism;
that is the upper horizontal row of the diagram (3) is an element of Gy« (rq),v(7,t), which
determines, by Yoneda Lemma, a morphism (7',t) LN Gs (M), V-
By adjunction, the diagram (4) corresponds to the commutative diagram
" (v) " (u)
(V) —— ¢t'(M) —— (V) R
id | id | | i 4)
v u
(V) —— ¢ttM) —— (V)

In other words,

P (V) = o (M) 25 0" (V) = " (V = 17 (M) 25 V).

(iii) All together can be expressed in the commutative diagram

3 Por(v)
(S,s)Y ? Gs*(M),Ap*(V) ; m‘CS*(/VI) Prm
v

o |

) )
B R A 6
p
(T7t)v . ; Gt*(M),V ’ ’ mtt*(/\/l) ’ th — RY

which can be regarded as a decomposition of the commutative diagram

(578)\/ i) ;Bt./\/l
p" l v/
(T,4)Y —— R
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This shows that the morphism Pty — RY is formally smooth.

(a2) The presheaf St is formally smooth.

By 3.0.2.1, this follows from the fact that Pr, N Bt is an epimorphism of
presheaves and the presheaf Prp, is formally smooth.

(a3) The presheaf morphism Pty LN Brpg is formally smooth.

Consider a commutative diagram
¢ | | & (6)

The morphism (7T,t)" S B M is uniquely defined by an element of &t (T,t), that is

by the isomorphism class of a T-module epimorphism ¢*(M) 4L Y for some projective T-

module of finite type V. Similarly, the morphism (.S, s)¥ LN Prag is uniquely determined

by an element of Prr(S,s), a projector s*(M) Pe, s*(M), which can be represented

by its canonical decomposition — a pair of S-module morphisms W — s*(M) W
with a projective S-module of finite type W such that uotv = idyy. The commutativity
of the diagram (6) means that there is a commutative diagram

(V) srM) T )
] [ (7)

{
o ©™ (u)
w — M) — w

whose vertical arrows are S-module isomorphisms. Therefore, the diagram (7) can be
replaced by the commutative diagram of T-module morphisms

v M) — Y
| | | ®)

o] u
0 (V) —— @ t" (M) ——  0.0"(V)

whose vertical arrows are adjunction morphisms and the composition 1ot is the identical
morphism. If the algebra morphism T —= S is a strict epimorphism, then the vertical
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arrows of the diagram (8) are T-module epimorphisms. Since V is a projective module, the
fact that the middle vertical arrow is an epimorphism implies the existence of a T-module

morphism V % t*(M) such that the diagram

1 61
v o e mMm) sy

l l l ©)

v u
0™ (V) —— @ t"( M) —— 0.0 (V)

commutes. If T -2+ S is a strict epimorphism whose kernel is contained in the Jacobson

radical of the algebra T, then, since V is a projective T-module of finite type, it follows

from the Nakayama Lemma that the composition &; o 7 is an isomorphism, because the
-~ v

composition 1o v is an isomorphism. Replacing the arrow V LN t*(M) in the diagram

(9) with 42 =1 0 (£ 091)~!, we obtain a commutative diagram

&
72 t* (M) 1

‘I 1 I -

o] u
0 (V) —— @ t" (M) ——  0.0"(V)

such that 51 o vo = idy. The projector 75 o 51 of the T-module t*(M) is an element of
P (T,t) defining a morphism (7',¢)¥ — Prp, which makes the diagram
o
(Sa S)v B (Ta t)v
el v e

™M
%tM e @tM

s
commute. This shows that Pray N M is a formally smooth morphism.

(a4) Since formally smooth morphisms are stable under pull-backs, the formal smooth-
Pl

M . . . . -
ness of Pryy —— Grpyy implies that the projections R g ¢ Prag are formally
P2
smooth as well.

(b) Suppose now that M is a projective R-module of finite type. Then, by 8.5, all
presheaves in the diagram (1) are locally finitely copresentable. It follows from I1.1.11.2(d)
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that all morphisms of the diagram (1) are locally finitely copresentable. By (a) above,
they are formally smooth; hence they are smooth. m

8.9. Proposition. (a) For every projective R-module of finite type V, the canonical
morphism

p
GTM,V - > Oty (1)

18 formally smooth; i.e. it is a formally open immersion.
(b) If both R-modules M and V are projective objects of finite type, then the morphism
(1) is an open immersion.

Proof. (a) Consider a commutative diagram
(S,5)Y —— (T,1)Y

¢ | | & (2)

T Py
Gow —— Gry, —— ey

M,V

Since (S,s)Y is a projective object of the category of presheaves on Aff;/RY and

™
G,., — Gr,,, is a presheaf epimorphism, there is a morphism (S,s)" N Gy
such that £ = m o (. So that we have a commutative diagram

(S,s)Y —— (T,t)Y

¢ | | & (3)

The morphism (7, t) £ e M is uniquely defined by an element of & (T, 1),

that is by a T-module epimorphism t*(M) S W for some projective T-module W. The
morphism (S, s)Y Ny .y is uniquely determined by an element of G, ,(S5,s), — a
pair of S-module morphisms s*(V) — s*(M) —= s*(V) such that uov = idge (V).

The commutativity of the diagram (3) means that there is a commutative diagram

o (W) s 28 o)
zl zl lz (4)
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whose vertical arrows are S-module isomorphisms. Therefore, since s* ~ ¢* o t*, the
diagram (4) can be replaced by the commutative diagram of T-module morphisms

o~

F (V) FM) — )

l l l ®)

o] u
Pt (V) —— @0 t"(M) —— . t"(V)

whose vertical arrows are adjunction morphisms and the composition 1o v is the identical
morphism. If the algebra morphism T 4 S is a strict epimorphism, then the vertical
arrows of the diagram (4) are T-module epimorphisms. Since V is a projective R-module,
t*(V) is a projective T-module. Therefore, the fact that the middle vertical arrow is an

epimorphism implies the existence of a T-module morphism V — t*(M) such that the
diagram

#V) s M) i> (V)

! l ! ©)

o] u
00" (V) —— @0 t* (M) —— 0.0 (V)

commutes. Since V is a projective R-module of finite type, ¢*(V) is a projective T-module

of finite type. Therefore, if T —2+ S is a strict epimorphism whose kernel is contained
in the Jacobson radical of the algebra T', then the fact that the composition 1 o b is an
isomorphism implies, by Nakayama Lemma, that the composition §; 0 is an isomorphism.
Replacing 77 in the diagram (6) with ~o = 71 0 (& 0 y1)™!, we obtain a commutative

diagram
) &
#V) s M) s )

l l l )

o] u
PPt (V) —— @ t" (M) —— 0. " (V)

such that & 0y = ids+(v). The upper row of the diagram (7) is an element of G, ,, (T’ t)

which defines a morphism (7',t)¥ — G making the diagram

M,V

\%

(S,s)Y ——s (T, 1)V

¢l v e
GM7VPV—M>Q51‘M
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commute. Therefore, the diagram

(S, 5)" L(T,t)v
el v e

v
Gry, —— Bty

commutes (see the diagrams (2) and (3) above).

This shows that the embedding Gr,, ,, o M is a formally smooth morphism.
So that it is a formally open immersion.

(b) Suppose now that both V and M are projective R-modules of finite type. Then,
by 6.3.1, the presheaf Gr,, ,, is locally finitely copresentable over R and, by 8.5, the
presheaf Gty is locally finitely copresentable over R. By II1.1.11.2(d), this implies that

P
the morphism Gr,,,, e M s locally finitely copresentable. By (a) above, it is
formally smooth; hence it is a smooth monomorphism — an open immersion. =

8.9.1. Corollary. Let M be a projective R-module of finite type. Then, for every

projective R-module of finite type V and any R-module morphism V N M, there is
a canonical open representable immersion of the representable presheaf Fy.am,v into the
generic Grassmannian Sta,.

Proof. The immersion in question is the composition of the canonical embedding
Fy.m,v — Gr,,,,, which is representable by 6.7.1(b) as well as the presheaf Fy. v

p
(provided the projective R-module V is of finite type) and Gr,, L e M- If both
M and V are projective R-modules of finite type, then the first morphism is an open
immersion by 6.7.2.1 and the second one is an open immersion by 8.9. m

8.10. Proposition. Let M be an R-module of finite type. Then

(a) The presheaf &tpq is of strictly cofinite type.

(b) The presheaf ®tpq is locally affine for the smooth pretopology. More precisely,
there exists an exact diagram

o]
Py
Pe
Ry T Py —— Gry (1)
@
Py

whose arrows are representable coverings for the smooth topology. The presheaves ‘Btﬁ/l
and (therefore) 9{% = Ka(py) are representable and of strictly cofinite type.
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Proof. Since M is an R-module of finite type, there exists an R-module epimorphism

L2 M with £ a projective R-module of finite type. This epimorphism ¢ appears as a
parameter in the diagram (1). The diagram itself is defined (uniquely up to isomorphism)
via the diagram

Po
Ny L P, —— B

l cart l cart l Sty (2)
e — 7 Pro —— Grg

with cartesian squares. By 8.8.1, the presheaves of the bottom of the diagram are smooth
and all three arrows of the bottom of the diagram are coverings for the smooth pretopology.
It follows from 1.3.1 and the fact that the presheaves Pr, and R, are representable that
these morphisms are also representable. By 8.6, the right vertical arrow of the diagram
(2) is a closed immersion. Therefore, since the squares of the diagram are cartesian, the
remaining two arrows are closed immersions. Since the presheaves of the lower row of (2)
are locally finitely presentable, this means that presheaves of the upper row are locally of
strictly finite type. m

8.11. Proposition. Let V be a projective R-module of finite type and V N M an
R-module morphism. If the R-module M 1is of finite type, then the canonical map

Fw;M,V e @t/\/(

1S an open 1Mmmersion.
Proof. The canonical map in question is the composition of the canonical embedding

and Gr

and let £ —25 M be an R-module epimorphism with £ a projective R-module of finite
type. Then we have a commutative diagram

ju P
Fymv —— Gr , Brpr. Let M be an R-module of finite type,

M,V M,V

Jy pv
Fw;M,V E— GTMN B Bt g

F%vl cart J Gr,, cart l Or,

Jo PV
Fyry ——  Gr., —  Org

whose left square is cartesian by 6.7.3 and the right one is cartesian by 8.6. By 6.7.3, the
left lower horizontal arrow is an open immersion; and, by 8.9, the right lower horizontal
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arrow is an open immersion. Therefore, both upper horizontal arrows are open immersions.
And composition of open immersions is an open immersion. m

9. Generic flags.

9.1. The presheaf § [?\/1- Let M be a left R-module and J a preorder with an initial
object e. For every R-ring (5, s), we denote by 13,(S5, s) the set of isomorphism classes of
functors 3 — S —mod which map every arrow ¢ — i to epimorphism s*(M) — V;,
where V; is a projective S-module of finite type. The map (S,s) — FI1,(S,s) extends
naturally to a presheaf

5

v th
(Aff,/RY)°? = R\Alg,,. —— Sets.

9.1.1. Note. If the preorder J consists of one arrow ¢ — x, then the generic flag
variety S[?\A coincides with the generic Grassmannian &t .

9.2. The presheaf S’f\/l, cover of the generic flag variety, and relations. For
an R-ring (S, s), we denote by §31,(9,s) the set of projectors {p; = p? | i € I} of s*(M)
such that pe = idg«(aq), the image of p; is a projective S-module of finite type, provided ¢
is not an initial object; and p;p; = p; if ¢ < j.

The map (S, s) — F1((S, s) extends to a presheaf

Sj
(Aff,/RY)P = R\Alg, ——» Sets.

For studying the relations of the presheaf 53\4 with the generic flag variety, we need
the following lemma, which shall be useful other constructions as well.

9.2.1. Lemma. Let Cx be a category, €x a class of epimorphisms of Cx closed
under composition and containing all isomorphisms. Let J be a small category with an

initial object @ and J N Cx a functor which maps all arrows of the category T to
Ex and all non-initial objects to projective objects with respect to €x . Then there exists a

functor J°P Y5 Ox such that O(y) o W(7y) = idg(y) for every arrow x sy of I

Proof. (i) The existence of an initial object in J and the condition that the functor ®
maps all arrows to epimorphisms imply that, for any pair z, y of objects of the category
J, the functor ® maps J(x,y) to one arrow. Therefore, we assume that J is a preorder.

(ii) We shall call the morphisms of €x deflations.

Let Z¢ denote all full subpreorders of J which contain the initial object e and for
which the assertion holds. Since the functor ® maps all arrows to deflations and all non-
initial objects to projective objects, for every arrow x —- y, there exists a splitting of
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the morphism ®(~). This implies that the family Zg contains all ordered subsets of
the preorder J. Therefore, by Zorn Lemma, the set = contains maximal elements with
respect to the inclusion. Let Jy be one of them, and let ¥ denote the functor I3 — Cx,
which is right inverse to the restriction of ® to Jg, i.e. ®(7y) o Wo(y) = idp(,) for any

arrow x —— y of the subpreorder Jo. Suppose that Jo # J, and let y be an object of
J which does not belong to Jg. Since the morphism (e oy y) is a deflation and the
object ®(y) is projective, there exists a splitting P(n) LN O (o) of the deflation ®(ey).

Let J, denote the full subpreorder of the preorder J defined by ObJ, = ObJy U {n}.
We denote by ¥, the diagram Iy — C'x defined as follows:

— the restriction of ¥y to J§" coincides with Wo;

— Wy(ey) =jy — a splitting of the deflation ®(ey);

— for every arrow 2 — 1 of J, with x € ObJy, we set W, (7) = ®(ey) 0 ¥g(ey);

— for every arrow 22 of J, with z € ObJg, we set Wy (A) = P(e,) o Wy (ey).

w
One can see that the diagram Jy” s x is a functor satisfying the condition
D(7y) o Wy(y) = idg(y) for all y € HomTJ,, which contradicts to the maximality of Jp. m

9.2.2. Proposition. (a) There is a natural epimorphism

J
M
Fu —— Iy

(b) The relations presheaf R\ = T H S maps every R-ring (S,s) to the set
513,

(pi, i | @ €73) of projectors of the S-module s*(M) satisfying the following relations:
/ / / /! / . . .
piD; = Dis  PiDi =Di;  DiDj = Dpj, pipy =05, if i <j. (1)

and such that p;(s*(M)) and p}(s*(M)) are projective S-modules of finite type for alli € J.
(c¢) If M is a projective module of finite type and J is finite, then the presheaves S’Jj\,l
and 9%5{4 are representable and locally finitely corepresentable.

Proof. (al) For every R-ring (S, s), the map

T3 (S,8)

FM(S,s) ——— FO(S,s) (2)

assigns to every element {p; | i € J} the isomorphism class of the functor which maps every
arrow e — i to the projection of S-modules s*(M) — p;(s*(M)) and every arrow



194 Chapter 3

i — j to the S-module epimorphism p;(s*(M)) — p;(s*(M)) uniquely determined by
the commutativity of the diagram

The map (2) is functorial in (.5, s); i.e it defines a presheaf morphism

3 i 3
Sm — Shu-

(a2) It remains to show that the map (2) is surjective.

Let & be an element of FI},(S,s) and J i> S —mod a functor which represents
the element . The functor V¢ maps the initial object @ to the S-module s*(M) and every
arrow of J to an epimorphism to a projective S-module. Applying 9.2.1 to this case (with
Cx = S — mod and €x coinciding with the class of all epimorphisms of S — mod), we

o
obtain an existence of a functor J° BN S —mod which maps every arrow ¢ — j of J
to a morphism splitting Ve (i — j); that is Ve(i — j) o Ue(i — j) = idy, ;). The set of
compositions {p; = U¢(e — i) o Ve(e — i) | i € T} is an element of F3,(S,s) which the
map (2) sends to the element &.
(b) The relations

piD; = Di,  Dipi =Di; pipj = pj, Py =y, if 0 <

express the fact that the map (2) sends (p; | i € J) and (p} | i € J) to the same element.
The argument is similar to that in 8.3.
(c1) By definition, for every R-ring (S,s), the set F1,(S,s) consists of all families
{pi| i € 3} of endomorphisms of the S-module s*(M) such that pe = ids-(aq) and
pip; = pj if i <j. In other words, F1,(S,s) is the limit of the diagram
Ends(s*(M))? 22 Bdg(s* (M) [] Ends(s*(M)) —— Ends(s* (M) “
P1

forall i,7 € 3—{e} suchthat i <j.

Here the left arrow is the projection of the product of J copies of Endg(s*(M)) on the
product of i*" and j** components, the upper right arrow is the composition and the lower
one is the projection on the first component. If M is a projective R-module of finite type,
then, by 5.3, the presheaf (S,s)Y — Endg(s*(M)) is isomorphic to the vector fiber



Geometry of Presheaves of Sets. 195

Vr(M®, MY) of the projective R°-module of finite type M ®j MY, which is presentable
and, by 5.3.4, locally finitely copresentable. So that if J is finite, then S?\/l is the limit of
a finite diagram of presentable and locally finitely corepresentable presheaves. Therefore,
it is presentable and, by I1.1.4, it is locally finitely corepresentable.

(¢2) A similar argument shows that the presheaf 33, of relations (described by the
equalities (1)) is the limit of the diagram

enM)? I gp My x Er(M) T (M)

3
~Q
—

ERMPITTER(M)<? 2B cp(M) x Ep(M) T Ep(M)

612 all (4)
ERMYITTERM)<? ZZ85 ep(M) x ER(M) 7 Er(M)

~ PiXPpj
ErRM)? D ER(M) X Er(M) T Er(M)
i€eJ—{e}>j and 1< 7.
Here Er(M) o Hr(M, M) — the presheaf (S,s)Y — Endg(s*(M)) of endomorphisms
of the R-module M; & denotes the standard symmetry; the vertical arrow 77 and the
(four times repeated) horizontal arrow 71 in the right column are projections to the first

component, and the (four times repeated) arrow Er(M) x Eg(M) SN Er(M) is the
composition map.

If the R-module M is projective and J is finite, then the presheaf Er(M) is iso-
morphic to the vector fiber Vi(M ®; Mj). of the projective R°-module of finite type
M ®; Mj. So that (4) becomes a finite diagram with values in representable presheaves
and locally finitely corepresentable preshaves. Therefore, the limit of (4) is a representable
and locally finitely corepresentable presheaf. m

9.3. Proposition. (a) There is a natural embedding
Fu —— [[rm =or)]. (1)
1€J

(b) If the module M is projective of finite type and J is finite, then the morphism (1)
s a closed immersion.
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Proof. (a) The existence of the monomorphism (1) follows from the definitions of the
presheaves of sets S[?\A and Grpg.
(b) We have a commutative square of canonical covers

3
M
v —— S

l cart l 2)

o X3
Hq:&'tM L H@tM

i€J i€J

3
which is cartesian. Let (S,s) be an R-ring and (S,s)Y —— HQStM and arbitrary
1€J
presheaf morphism. Since (S, s)Y is a projective object in the category of presheaves and
xXJ

” 3
H‘Bt M AN H &ty a presheaf epimorphism, the morphism (S, s)Y —— H Br g
1€J 1€J 1€J

~ 3
factors through the epimorphism wﬁ; thatis & = wfjo& for some (S,s)Y —— H P ag.
€T

3
So that the pull-back of the morphism FI3, —— H Gty along (S,s)Y —— H Br g

i€ i€J
can be decomposed in two cartesian squares:
’ J
v 3 M 3
T,¢)" —— Tm —  Thy

l cart l cart l 3)

xXJ

(S,S)v L Hth L H@tM

i€J 1€J

It follows from the argument of 9.2.2(c1) that the presheaf §3, is the kernel of the
pair of arrows

m

(pixpy)
| J R — (Pra x Beamr < Pru), (4)
i€J i<j ™

which encodes the diagram (3) in the argument of 9.2.2. If M is a projective of finite type

and 7 is finite, then all presheaves in the diagram (4) are representable and the morphism

wa . H‘BtM, being the kernel of a pair of representable morphisms is a closed
i€J
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immersion. Therefore, since pull-backs of closed immersions are closed immersions, the
left vertical arrow of the diagram (3) is a closed immersion. m

9.4. Proposition. (a) Every R-module epimorphism N —~5 M induces a presheaf

monomorphism
J

31
3 —— 1 (1)

(b) Suppose that M is an R-module of finite type and J is finite. Then the morphism
(1) is a closed immersion.

Proof. (a) This follows from the definitions of §I3, and the morphism F [?0.
(b) We have a commutative diagram

5 —— ][] oM

i€J
S[“"l cart l @t;fj (2)
s —— J[ow
1€J

which is a cartesian square. If the R-module M is of finite type, then, by 8.6, the morphism

&
By =% Bty is a closed immersion. Therefore, since J is finite, the right vertical arrow
of (2) is a closed immersion. Since closed immersions are stable under pull-backs, the left
vertical arrow of (2) is a closed immersion too. m

9.4.1. Corollary. If the module M is an R-module of finite type and J is finite, then
the canonical morphism
0 — J]®rm (3)
1€T
s a closed immersion.

Proof. Since M is a module of finite type, there is an epimorphism N —— M for a
projective R-module of finite type N. By 9.3, the lower horizontal arrow of the cartesian
square (2) is a closed immersion. Therefore, thanks to the invariance of closed immersions
under pull-backs, the upper horizontal arrow of (2) is a closed immersion. m

9.5. Proposition. If M is an R-module of finite type and J is finite, then the
presheaf 3[5{4 s separated.

Proof. If M is an R-module of finite type, then, by 8.7, the generic Grassmannian
Bty is separated. Since J is finite, the product HQﬁt M is a separated presheaf too.
i€
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By 9.3, the canonical morphism %’[?\A — H &ty is a monomorphism (actually, a
1€T
closed immersion). Therefore, since any subpresheaf of a separated presheaf is separated,
the presheaf 3[3\/1 is separated. m
9.6. Base change.

9.6.1. Proposition. For any R-ring (S, s), there is a natural isomorphism between

J
P4 3 P % (M) "j*(M)
J —— RJ M 3 3 — 3 ° 3
(S,S)H(%M . S./\/l B S[M) and %S*(M) - 33*(/\4) — g[s*(M)
B Y Ta (a0

Proof. By the argument of 9.3, the square

J

B — 3
l cart l
LI
H th — H Gy
i€d i€d

is cartesian. In particular, the square

J
Ts* (M)
J . J
gS*(J\/l) 3[s*(J\/l)

l cart

xXJ

Tox (M)
[I®eeg —— ] ®rem
ica ica

is cartesian. On the other hand, the base change functor (.S,s)" H — preserves cartesian
RV
squares, and, by 8.4.1, (S,s)" H (‘BtM M, QﬁtM) is isomorphic to the morphism
RV

Tax (M)
Pre-m) — Bte (). This gives a natural isomorphism between

J ﬂ_ﬁ
M M)
(S.) ] B —— ) and Fhny —— 31
RY
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Since the functor (.5, s)v H — preserves cartesian squares, an isomorphism between

R\/
5 M 3 3 T
(S, [ B0 —— ) and Flny —— San
RV
determines an isomorphism between the exact diagrams
P4 2, Pg*(M) Trj*(M)

J —— 27 J J —— 237 ° J

(S.s) ] (9% o —— F0y) and MWL L Ty —— 8125
RY 5 qg*(M)

which is the claim. =
9.7. Smoothness.

9.7.0. The choice of infinitesimal morphisms. In this Section, we take as
infinitesimal morphisms the class M5 of complete radical closed immersions (see 8.8.0 and
I1.3.8.2), same as in 8.8, and consider (formal) smoothness with respect to this class.

In this Section, we shall write (formally) smooth meaning (formally) 90t§-smooth.

9.7.1. Proposition. (a) All presheaves and morphisms in the canonical diagram

P?\A 3
~ M ~
R~ Fu — Sy (1)
T

are formally smooth.
(b) If M is a projective R-module of finite type and the preorder J is finite, then all
presheaves and morphisms of the diagram (1) are smooth.

Proof. As in the argument of 8.8.1, we start from the middle term of the diagram (1).
(al) The presheaf Fl3, is formally smooth.

(i) Let (T,t) - (S,s) be an infinitesimal morphism of R-rings and

13 -
(57 S)V — S}J\/[

¢ !

\%

(T, t)Y L, R
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a commutative diagram of presheaves of sets. Its upper horizontal arrow is determined by
an element § of § [?\A (S,s), that is by the isomorphism class of a functor J Y, S—mod
which map every arrow e — i to an epimorphism @*t*(M) = s*(M) =5 ©*(V;), where
V; is a projective T-module of finite type. Here we use the fact that, since the R-ring
morphism (T,t) == (S,s) is infinitesimal, every projective S-module of finitey type is
isomorphic to the inverse image of a projective T-module of finite type.

Since t*(M) is a projective T-module and the adjunctions arrows V; — @.0*(V;)

are epimorphisms for all i € J, there exists a morphism t*(M) — V; such that the
diagram

Vi
| | 2)
* 4k o (12) *
Pt (M) —— " (Vi)
commutes. By adjunction, this means precisely that u; = ¢*(1;).

Since V; is a module of finite type and T —+ S is a strict epimorphism whose kernel
is contained in the Jacobson radical of the algebra T, it follows from Nakayama Lemma
that t*(M) =% V; is an epimorphism (see [Ba, 111.2.12]).

(i1) The morphism u; is uniquely defined by the equality u; = p*(1;).

In fact, let ¢*(M) — V; be another morphism such that u; = ©*(u). Let M denote
the quotient of the module t*(M) by the intersection Ker(u;) N Ker(u,) of kernels of u;

and . Both morphisms factor through the canonical epimorphism t*(M) — M; that

is W, =¢oe and u, =&l oe for uniquely determined epimorphisms M < V.

Since the functor ¢* maps epimorphisms to epimorphisms, the equalities *(u;) =
u; = @"(u;) imply that (&) = ¢*(&)- ~
Let V; =5 t*(M) be a splitting of t*(M) -5 V; and V; AN (M) a splitting of

t*(M) S5V, thatis W 00; = idy, = u} ov,. One can see that the morphism

V,dV; ® (Ker(ﬁ,-) N Ker(u;)) — t" (M) (3)

corresponding to the morphisms V; —% t*(M), Vi D—§> t*(M), and the embedding
Ker(u;) N Ker(u,) — t*(M) is an epimorphism. Therefore, the composition of (3) with
the epimorphism t*(M) —— M induces an epimorphism V; ®V; — M. The latter
implies that M is a T-module of finite type.
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N &
Let K& —> M be the kernel of the pair of arrows M —X V;. The functor ¢* is right
&
S
exact, which implies that the canonical morphism ¢*(K) — Ker(p*(M X V;)) is an
&
- S
epimorphism. But, since ¢*(&;) = p*(&!), the kernel of ¢*(M < V;) is isomorphic to
&
©*(M). So that the morphism ¢* (K LN M) is an epimorphism. Since M is a module of
finite type, this implies, by Nakayama Lemma, that K S5 M s ‘an epimorphism, hence
an isomorphism. The latter means that & = ¢/. Therefore, u; =& oe=¢§ oe =ul.
(iii) By the same reason, for every i < j, there exists a unique morphism V; ig, 1Zi
such that ¢*(u;;) = u;;. The uniqueness of the morphisms u; and u;; implies that
u;;ou; =u; for all ¢ < j. In other words, the map which assigns to every i € J the

epimorphism t*(M) =5 V; and to every i < j the epimorphism of T-modules V; i, V;

is a functor J — T — mod such that the initial functor 3 — S — mod representing
an element of F(31,(S,s), or, what is the same, a morphism (9,s)" N §1 which
was arbitrarily chosen at the beginning of this argument (see (i) above) is equal to the
composition @*o V. This means that the isomorphism class of the functor V — an element
of F13,(T,t), defines a morphism (7,¢)" — FI1, such that the diagram

13 ~
(Sv S)v —_— ‘S[j\/[

commutes. Equivalently, the map FI(T,t) —— §I3,(S,s) is surjective.

(a2) By the argument of 9.3, the square

Su  —— Sy
l cart l (4)

I]}Btﬂ4 —¥ZL+ II(BtA4

1€J 1€J
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is cartesian. By 8.8, the morphism Pt M B M is formally smooth. Any product
of formally smooth morphisms is a formally smooth morphism. In particular, the lower

horizontal arrow of the square (4) is a formally smooth morphism. Since the square (2) is
J

cartesian, its upper horizontal arrow, the morphism 33\4 ", 5 [/3\4, is formally smooth.
(a3) The pull-backs of formally smooth morphisms are formally smooth. So that

ﬂ_j
formal smoothness of the morphism 37\4 ", 3[3\4 implies formal smoothness of the

arrows of the kernel pair R}, S of 8’7\4 — 3§y
J
q
M

(b1l) If M is a projective R-module of finite type, then, by 8.8, the morphism

™M
‘BtM e @tM

and the presheaves Prpr, and Bty are smooth. Finite products of smooth morphisms
are smooth morphisms. So that if J is finite, then the morphism

H‘BtM L H@tM

i€J i€J
— the lower horizontal arrow of the cartesian square (2), is smooth. Therefore, the upper
J
™
horizontal arrow of (4), the morphism 33\4 AN F,, is smooth. By the invariance of
smooth morphisms under pull-backs, this implies the smoothness of the morphisms
P
T
(b2) By 9.2.2(c) the presheaves R}, and §4, are locally finitely copresentable. Thanks
to the exactness of the diagram

pfjj\/l 7'('/3\4
J —— J J
Ry 7 —— §0,
J
T m

the local finite corepresentability of 9%3\/[ and 33\,1 implies that the presheaf § [/j\/l is locally
finitelty corepresentable. Since, by (a), all three presheaves are formally smooth, they are
smooth. m
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9.7.2. Proposition. Let M be an R-module of finite type; and let J be finite. Then

(a) The presheaf Fl3, is of strictly cofinite type.

(b) The presheaf 3’[/7\4 is locally affine for the smooth pretopology. More precisely,
there exists an exact diagram

p?

1
3¢ — 7, Po
Rl T S —— Fhu (6)

v

whose arrows are representable coverings for the smooth topology. The presheaves Si’f
and (therefore) Df{jj\’f = K3(py) are representable and strictly of finite type.

Proof. Since M is an R-module of finite type, there exists an R-module epimorphism
£ -2 M with £ a projective R-module of finite type. This epimorphism ¢ appears as a
parameter in the diagram (6). The diagram itself is defined (uniquely up to isomorphism)
via the diagram

Po ~
3, — 3,
R L

o
vy

l cart l cart J Sl (7)
P1 ﬂ,j

", —— § —— 5

with cartesian squares. By 9.7.1(b), the presheaves of the bottom of the diagram are
smooth and all three arrows of the bottom of the diagram are coverings for the smooth
pretopology. It follows from 1.3.1 and the fact that the presheaves &'2 and 9“‘% are
representable that these morphisms are also representable. By 9.4(b), the right vertical
arrow of the diagram (7) is a closed immersion. Therefore, since the squares of the diagram
are cartesian, the remaining two arrows are closed immersions. Since the presheaves of the
lower row of (7) are locally finitely presentable, this means that presheaves of the upper
row are locally of strictly finite type. m

9.8. Limit and colimit decompositions.

9.8.1. Restriction morphisms. Let I be a full subpreorder of J containing the
initial object e. For every R-ring (9, s), there is a natural map §(3,(9,s) — (S, s)
which assigns to every element of S[?\A (S,s) represented by a functor J Y. S — mod
the element of 3[5\4(5’, s) represented by the restriction of the functor V to I. This map
is functorial in (.S, s); hence it defines a presheaf morphism

I

§0, — Fih,. (1)
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9.8.2. Infinite and finite flags. Let GO( ) denotes the preorder of finite subsets of
J with respect to the inverse inclusion. One can see that the natural morphism

- li [ J
SM—>Ieér§1(j)<3M | p7)

is an isomorphism of presheaves.

9.8.3. Inductive system of finite flag subvarieties. Let I be a full subpreorder
of J containing the initial object ® and having a final object, ;. Suppose that, in addition,
if 7, m are elements of I and j is an element of J such ¢ < j < m, then j € I. Then there
is a map

FUA(S, 5) —— F(S, 5)
which assigns to every element of F},(S,s) represented by a functor I Y, S —mod the

element of F (9, s) represented by the functor J Yy S —mod constructed as follows:
The restriction V| 1 of Vto I coincides with V. If i € J—1, then V = Vy, - Ifi < j
and i € J — I, then the morphlsm V — V is identical. If i€ I, i < j and 1€ J—1,

then the morphism V; = V; —» V] coincides with the morphism V; = V, — V-
This map is functorial in (S, s); i.e. it is the value at (.5, s) of a presheaf morphism

aj -
e —— 3G (2)
It follows that pLoq7 = idgy . In particular, (2) is a monomorphism.

9.8.4. Proposition. The morphism (2) is formally smooth. If the R-module M is
of finite type and the filtered subpreorder I is finite, then (2) is an open immersion.

Proof. (a) Let (T,t) 25 (S,s) be an infinitesimal morphism of R-rings and

3
I
(S, s) — S
o j | a7 (3)
¢ ~
(T,8)Y —— Tm
a commutative diagram of presheaves of sets. Its the lower horizontal arrow is determined
by an isomorphism class of a functor J Y T —mod which maps every arrow e —
to an epimorphism ¢*(M) 2, V;, where V; is a projective T-module of finite type, and

to every e # i < j, an epimorphism V; RN V; such that u; = u;; ou,.
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Similarly, the upper horizontal arrow of the diagram (3) is determined by an element
fA of § [?\A(S, s), that is by the isomorphism class of a functor [ L S — mod which
maps every arrow e —s i to an epimorphism ¢*t*(M) = s*(M) =% V!, where V] is a
projective S-module of finite type, and to every e # i < j, an epimorphism V] i, Vj’o
such that u; = u;; ou,.

The commutativity of the diagram (3) means that the functor ¢* oV is isomorphic

to the extension of V' described in 9.8.3. In particular, ¢*(V; RN V;) is the identity
isomorphism if ¢ < j and either ¢ &€ I, or 4 is the final object of I. Since all V; and V;

are projective module of finite type, it follows from Nakayama Lemma that V; RN V; is
an isomorphism under the same conditions on ¢ and j. But, this means that the functor
3 % T —mod is isomorphic to the extension (described in 9.8.3) of the restriction of

V to the subpreorder I. This means, precisely, that the morphism (7,¢)" LN F - the
lower arrow of the diagram (3), coincides with q7 o pk o (.
Therefore, the morphism ~ = pl o ¢ makes the diagram

(S,8)Y — 5 3L,
o | d (4)

(T8 — 3,

J
commute. This proves the formal smoothness of the presheaf morphism §F [5\4 A, 5 [/j\/l.
(b) Suppose now that M is a projective module of finite type and I is finite. Then, by
9.7.1(b), the presheaf § [5\/1 is smooth; in particular, it is locally finitely copresentable. Since

J
S[f\/l Az, S[?M is a monomorphism, this implies that it is locally finitely copresentable.

J
Since, by (a) above, the morphism S[f\/l Az, S[?M is formally smooth, it is smooth.

(c) Suppose that M is an R-module of finite type. Let L N M be an R-module
epimorphism with £ a projective R-module of finite type. Then we have a commutative
square

a7, m ~
e ——

st | | &% (5)

q?,l)
3’[2 e S[%

whose vertical arrows are closed immersions corresponding to the epimorphism £ M.
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The square (5) is cartesian and, by the argument (b) above, its lower horizontal arrow is
an open immersion. Therefore, its upper horizontal arrow is an open immersion too. m

9.8.5. Filtered preorders and colimits of finite generic flag varieties. Let
Z5 denote the preorder of all finite subpreorders I of the preorder J containing the initial
object e, having the a final object and all intermediate elements of 7.

Suppose that the preorder J is filtered. Then, evidently, =5 is filtered with respect

to the inclusion and J = U I. In this case, we have a presheaf monomorphism
IGEj

colim(Flh, | T € E3, q7) —— Ty (6)

Let § [?\}tf denote the image of the morphism (6). One can see that, for every R-ring

(S,s), the set § [Jj\’,f(S, s) consists of isomorphism classes of functors J Y5 S —mod
which map almost all (that is with a possible exception of a finite number) arrows of the

preorder J to isomorphisms. We call 3[3\}{ the subvariety of locally finite flags.
The isomorphism

colim(Flh, | I € 25, q7) —— F00 (7)

induced by (6) implies that the set

a7 _
sy —— 3, I€Es, (8)

of formally open immersions forms a cover of the subvariety of locally finite flags.
If the R-module M is of finite type, then, by 9.8.4, the elements of this cover are open
immersions; i.e. they form a Zariski cover of the subvariety § [ij of locally finite flags.

10. Generic flag varieties and the usual flag varieties. Let R be an associative
unital k-algebra, M an R-module, V = (V; | 1 < i < n) projective R-modules of finite
type. Let §C,,  be the flag variety corresponding to this data (cf. 7.1). Tt follows from
the constructions, that there is a natural presheaf monomorphism

MY ]
SEM,V S[Ma
where [n] = {1,2,...,n}, such that the diagram

S |

1<i<n

v | | tow) M
st —— Il 6w

n times
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commutes.

10.1. Proposition. The natural presheaf morphism

18 a closed immersion.

Proof. (a) Suppose that M is an R-module of finite type. Then, by 9.4.1, the canonical
morphism

sl —— [ &

n times

is a closed immersion. Notice that the square (1) is cartesian. So that the morphism

5w —— I Gruv,

1<i<n

being a pull-back of a closed immersion, is a closed immersion.
(b) Let now M be an arbitrary R-module. Let (.5, s) be an R-ring and

§
(S,s)Y —— H Gy v,

1<i<n

a presheaf morphism. By Yoneda Lemma, this presheaf morphism is determined by an

element £ = (&1,...,&,) of the set H G7y v, (Sy8), which is given by S-module epi-
1<i<n

morphisms s*(M) iR s*(V;), 1 <i<n. These morphisms determine a morphism

5,9 —— T Gy =S TICTT Gran)

1<i<n RY 1<i<n

So that we have a commutative diagram

x st*(M),s*(V) .SEM,V
f'l cart l cart l
3
(S,5)" 5 H GT o ary. % vy 5 H Gy, (2)
1<i<n 1<i<n

| wrt |

(S,s)Y — RY
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formed by cartesian squares. Since, by hypothesis, all S-modules s*(V;) are of finite type,
there exists an S-module epimorphism s*(M) Y £ such that each of the S-module
epimorphisms s*(M) R s*(Vi), 1 <i <n, determining ¢ factor through s*(M) Yr

3
This means that the morphism (S,s)Y —— H Gr, factors through the

*(M),5%(V;)
1<i<n
morphism
H Gy e vy
1<i<n
H Grc,s*(vi) T H Grs*(M),S*(Vi)'
1<i<n 1<i<n

Therefore, the upper left square of the diagram (2) is decomposed into two squares

X — 3€g,s*<v> - Sgs*(m,s*(f/)
§’J cart l l
: (3)
(S,5)Y —— H Gre v, ’ H GT e (ary,on (vi)
1<i<n 1<i<n

and the left square is cartesian. Since £ is an S-module of finite type, it follows from (a)
above that the second vertical arrow of the diagram (3) is a closed immersion of presheaves
of sets on the category Aff/SY = (S\Algk)°? of noncommutative affine schemes over SV.
Therefore, the left vertical arrow of (3) is a closed immersion of presheaves of sets on
Aff,/SY. In particular, X is isomorphic to (T, s o )" for some k-algebra T and a strict

epimorphism S 2 T'; and the extreme left vertical arrow of the diagram (2) is isomorphic

%)
to the strict monomorphism (that is a closed immersion) (7,¢)¥ —— (S,s)Y of affine
schemes over RY. m

10.2. Proposition. Suppose that M is an R-module of finite type and R-modules
{Vi | 1 <i<n} are projective R-modules of finite type. Then

(a) The presheaf §¢,, , s of strictly cofinite type.

(b) The presheaf S, 18 locally affine for the smooth pretopology. More precisely,
there exists a closed immersion of the flag variety §C, . into a smooth locally affine
presheaf which gives a rise to an exact diagram

@
P
, Po
m(f/f,v — S(IZ,V — Sy (4)

vy
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whose arrows are representable coverings for the smooth topology. The presheaves S‘Z -

and (therefore) 9{‘11; o = Ka(py) are representable and of strictly finite type.

Proof. By 10.1, the natural presheaf morphism §/ e H Gr,,.y, isaclosed

1<i<n

M,V

immersion. Since M is an R-module of finite type, there exists an epimorphism £ M
with £ a projective R-module of finite type. This epimorphism ¢ appears as a parameter
in the diagram (4), which is defined (uniquely up to isomorphism) via the diagram

Po
¢ —_— o]
%M,V , 3M"7 — .,SEM,V
by
l cart l cart l
P1
¢ — ¢ T
1T R 11 G, — IT éru.. (5)
1<i<n P2 1<i<n 1<i<n

|t | e

H %ﬁ’Vi —_— H GﬁvVi - H Grﬁ’Vi

1<i<n P2 1<i<n 1<i<n

whose all squares are cartesian. The latter implies, together with the fact that the upper left
vertical arrow is a closed immersion, that all upper vertical arrows are closed immersions.
The lower part of the diagram (5) is the product of the diagrams

Po
o) —_—
%M,Vi S — GfAVZ — GT/VLVZ'
by
(6)
l cart l cart l GT¢,V
P1 -
mﬁ,Vi - Gﬁyvi — GTL’VZ_ 1<2<n.

from the argument of 6.6.2. By the argument of 6.6.2, all vertical arrows of the diagrams
(6) are closed immersions and all horizontal arrows are covering in the semi-separated
smooth pretopology. This semi-separated means that all horizontal arrows are repre-
sentable. Therefore, the same holds for the product of these diagrams. The fact that
the (upper two) squares are cartesian implies that the upper horizontal arrows are also
representable coverings in smooth pretopology. The fact that the presheaves H R, v,
1<i<n
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and H G, ., ~are representable and the vertical arrows (over these presheaves) are
1<i<n

closed immersions, imply that all presheaves in the diagram (5) except those in the right

column, are representable. In particular 3‘75 _and 9‘{¢ _are representable. Since the

presheaves of the lower row of (5) are locally ﬁmtely presentable and vertical arrows are
closed immersions, the presheaves of the upper row are locally of strictly finite type. m

11. Stiefel schemes and generic flag varieties. Fix a projective R-module M
and a positive integer n. For every R-ring (5, s), we denote by 6t1ef”+1( s) the set of all
possible decompositions

D v (1)

1<i<n

of the S-module s*(M) into a direct sum of its submodules. One can see that the map
(S,s) — Gtiefii'(S,s) defines a presheaf

Gttef"+1

(Aff;,/RY)? = R\Algy, ———— Sets. (2)

11.1. Proposition. For any projective R-module M, there is a natural isomorphism
Stiefit! = 3
where [n] = {0,1,2,...,n}. In particular, there is a natural epimorphism

Stief !t —— vl

Proof. Let (S,s) be an R-ring. By definition, the elements of Gtiefi"(S,s) are
decompositions (1) of the S-module s*(M). Every such decomposition is described by the
system of endomorphisms ¢;, 1 < i < n, of the S-module s*(M) such that ¢;e; = d;; and
¢;(M) =V, for all 1 <i,j < n. Thus, we identify 6t1¢f"+1(8, s) with the set of all n-tuples
(¢; | 1 <i < n) of endomorphisms of the S-module s*(M) such that e;e; = d;;.

By definition, the elements of {S’B@ (S,s) are sets (p; € Endg(s*(M)) | 0 <i <mn) of
projectors such that pg = ids*( my and p;p; = p; if ¢+ < j. The map which assigns to every
element (pZ |0 <i<mn)of SJCI(S, s) the set (¢; = pi—1 —pi | 1 <i < n)is an isomorphism
from 3 (S s) to Gtief i (S, s).

11.2. Corollary. If M is a projective R-module of finite type, then thefnﬂ s a
representable presheaf.
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Proof. The assertion follows from 11.1 and 9.2.2(c). m

11.3. Generalized Stiefel varieties. We call presheaves {S’f\,l generalized Stiefel
varieties. They are representable, if the R-module M is projective of finite type and 7 is
finite. Proposition 11.1 provides a ground for such terminology.

12. Remarks and observations.

12.1. A partial summary of properties shared by these examples. So far,
we have introduced two families of examples — flag varieties, with Grassmannians as a
special case, and generic flag varieties, with generic Grassmannians as a special case. Both
are presheaves of sets on the category Affy/RY for some associative k-algebra R. Generic
flag varieties, 3[/3\/1, depend on an R-module M. Non-generic flag varieties, §€yqp,
(in particular, Grassmannians) depend on an R-module M and a finite sequence V of
projective R-modules. They both have canonical presheaf epimorphisms

ﬂ_’J e _
3J M 3 MV
Sm — Shws GM,V E— SEM,V’
which give rise to exact diagrams of presheaves:
‘J.:/I\/l 3
I — 3 M % 1
Ru L 8m — Shu (1)
5
plm,f/ T
M,V
Ry — 5 Gy — S, (2)
YR

12.1.1. Base change. For any R-ring (S,s), there are natural isomorphisms

between
p?\/t 71'7\4 Pg*(M) Wj*(M)
J —— 7 J 3 — T ° 3
(S.9) [T (%% Fu —— 30) and KL ., [ By — By
RY 134 T3 (a0

and between

”}\A,D LIVR

—> )

(S, 8)" [T Ry —= Gy —— Fyy)
RV 2

LIVRY)
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and

P (M), (D)
s*(M),s*(V _
Tox (M), s* (D)

_ —_— B
Roomyso @ — Gomyer @ 7 Slonnrimoer oy
2

Pax (M), s* (D)

12.1.2. Functoriality. Functoriality and some other properties depend only on the
R-module M. So that we denote by X any of the presheaves § [Jj\,l and §¢, , and
replace the canonical diagrams (1) and (2) with the diagram

P
™M
R 3 U —— Xpq (3)
P

(i) Let R — mod, denote the subcategory of the category R-modules formed by all
epimorphisms of R-modules. The map M —— X is a functor

R — mod? —— (Aff,/RY)"

which maps every R-module epimorphism £ —5 M to a closed immersion

Xe
%M — X,

Xe
(ii) The closed immersion X, — X, gives rise to a commutative diagram

1%
Paq s
M

Ry, L W, —— Xwm

l cart l cart l X, (4)

9%5 - ilﬁ L) .'fg

with cartesian squares whose vertical arrows are (therefore) closed immersions and the
rows are exact diagrams.

12.1.3. The choice of infinitesimal morphisms. Let M be an R-modules. There
are two cases:
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(a) If the presheaf X5 is the flag variety §¢ ., with V ={V; |1 < i < n}
consisting of projective R-modules of finite type, then we take as infinitesimal morphisms
the class Mty of radical closed immersions.

(b) If X is the generic flag variety FI3,, then our choice of infinitesimal morphisms
is the class M5 of complete radical closed immersions.

In each of the cases the (formally) smooth, étale, and unramified morphisms (in par-
ticular, (formally) open immersions) are understood as (formally) 9i-smooth, 9Mi-étale and
IM-unramified morphisms, where 9 = My, or M = M3, depending on the case.

12.1.4. Formal smoothness.

(i) If M is a projective R-module, then all presheaves and morphisms of the diagram
12.1.2(3) are formally smooth.

(ii) In particular, if £ -2+ M is an epimorphism of R-modules and the R-module
L is projective, then all horizontal arrows of the diagram 12.1.2(4) are formally smooth
morphisms.

12.1.5. Smoothness and representability. Here we assume that X, is either
the flag variety §¢ or the generic flag variety § [?\A with a finite J.

M,V

(i) If M is a projective R-module of finite type, then all presheaves and morphisms
of the diagram 12.1.2(3) are smooth and representable, and the presheaves $ly; and R
are representable.

(ii) Let M be an R-module of finite type and let L s M be an epimorphism with
L a projective module of finite type. Then all horizontal arrows of the diagram 12.1.2(4)
are smooth representable morphisms and all presheaves of the diagram, except of X, and
Xa (that is all presheaves of the left square of 12.1.2(4)) are representable.

12.2. Functoriality for covers. We start with an observation about complementing
the diagram 12.1.2(4).

12.2.1. Proposition. To any R-module epimorphism L —— M, there corresponds
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a commutative diagram

} s
R \ g —M> X
P
pﬁ,J U/f/( T idx
pl?
M =
Ry 5 U —— X (1)
J cart l cart J X
Py
N T
Re - e E— X,
vz

of presheaves of sets on Affy/RY whose lower two squares are cartesian.
(i) The diagram morphism from the middle to the upper row of (1) splits, if the R-
module morphism L —2» M splits. In particular, it splits if the module M is projective.
(ii) Suppose that X_ is either a non-generic flag variety Flpqyp, or the generic flag
variety §17 such that J — {e} has an initial object. Then the upper vertical arrows are
epimorphisms.

Proof. (al) Let X_ be the generic flag variety §~. For any R-ring (.S, s), the pull-back
of the maps

5 T,.(S,s)  _ FL(S,s) 5
8"5(5,8) E— 3[2", <— {S:[M(SMS)

is determined by an element {p; | i € J} of §2(S,s) such that s*(L£) 2% s*(L) factors

s ()
through the epimorphism s*(L) AN s*(M) for every i€ J; thatis p; = p;os*(p)

for a unique morphism s*(M) =% s*(£). Thus, the element {p; | i € 3} determines an
element {s*(¢)op;| i € T} of FX((S,s). The map {p; | i € I} —> {s*(p)op;| i €T} is
functorial in (S, s); hence the presheaf morphism (1). The commutativity of the diagram

©
M ~
S?\f — S
T \l \/WM

M
{59

follows from the construction.
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(al) The commutativity of the right upper square of the diagram (1) and the fact that

P
Rm { Unrg is the kernel pair of the morphism x4 Mx M imply the existence
P

p‘l’
of a unique morphism 9%?\/1 —m M making the upper left square of the diagram (1)

. . . . . . (p
commute. It is useful to have an explicit description of the morphism g} ,.

1¢>
LV

ma¢—>3

2¢
Pm

(a2) By general nonsense considerations, is the kernel pair of

0
the morphism gi’f AN %’[3\4. It follows from the description of Si’f given at the

beginning of the argument that 9‘{3\2’0(8, s) consists of all elements {p;,p; |i €T — {e}}

5™ ()
of R(S9,s) such that all p; and p} factor through the epimorphism s*(L) A s*(M);

that is p; = p; 0o s*(p) and p; = p} os*(p) for morphisms p;, p; uniquely determined
by these equalities. Notice that {s*(¢) o p;,s*(p)op, | i € T — {e}} is an element of
R (S, s).
In fact, it follows from the relation p; op, = p; that
(s"() o pi) o (87 () o ) 0 s™(0) = 8™ (¢p) © (pi 0 5™(0)) © (p; © " () =
s* (@) o (piop;) = s" (@) opi = (57 () 0 pi) 0 5™ (),

which, thanks to the epimorphness of s*(¢), gives the equality

(s"(p) opi) o (s7() o p3) = 5™ () o ps.

Symmetrically, the relation p}op; = p, implies the equality

(5*(0) o p;) © (5™ () o pi) = 5™ (i) © p;.-

934 (S,5)
The map %j{j’(s, s) > Ry (S s) assigns to the element {p;,p,|i€J— {e}} the

element {s*(¢)op;,s*(p)op; |i€T—{e}}.
(i) Suppose that the morphism £ —2» M splits. that is there is an R-module
morphism M P4 £ such that po ff=1idy. For any R-ring (S, s), consider the map

Endg(s*(M)) —— Endg(s*(L)), fr— s"(B)ofos™(¢). (2)

t‘P

- 5
This map induces a morphism Fi, —— S?\’f such that oj, ot} = ld&s\/‘ :
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In fact, if {p; | i € J} is an element of F,(S,s), then, for any i < j,
(s"(B) opi 0 5™ () o (s°(B) opj 0 s7()) =
s™(B) o (pi o pj) o " () = s"(B) opj 0 5™ (),

which shows that (2) maps F3(S,s) to the subset of elements {p; | i € I} of F%(9,s)
which factor through s*(p). The latter subset is naturally isomorphic to Si}f and it was

already identified with Sj’“) from the beginning of the argument.
The composition (o, o t5)(S,s) acts as follows:

{pilieTr—{s"(B)opios™(v) |1 €T} —{s"(p)o(s"(B)opi) | i €T} = {pi | i € T},
which proves the identity o o t§ = idgs .
(i’) It follows from the calculations above that the map (2) induces a morphism

t?

s J . ~ * * * * . ~
Ry —— R, {ppi | i€ T} — {s"(8) opios™ (), s*(B) opj o s*(p) | i € T},

such that 7, ovf = idy; and the diagram

P

s P P (69
5

| G | idx.
"}\ﬁ 29

v Gy VA Fh
2(15
M

commutes.

(ii) Suppose that J — {e} has an initial object, r. Let (S,s) be an R-ring and
{pi | i € 3—{e}} an element of F1,(S,s). Let V. denote the image of p,, and let
s (M) =5 P, 5 §*(M) be the decomposition of the projector p; into epimorphism on
its image followed by the embedding. Notice that the element {p; | i € J} is represented
by this splitting of p, and the element {p; | i € T — {e}} of Sj (S,s), where p; is a

projector of V, induced by p;, i € J— {e}. In particular, p, = ZdV;
Since V; is a projective S-module and s*(L£ N M) is an epimorphism, there is a

morphism V, ey s*(£) such that s*(¢)oi, = i,. By the argument of (i) above, the
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splitting LN s*(L) eﬂi) V, gives rise to a map from S%F(S, s) to S/j\’f(S, s)
which assigns to the element {p; |i € T—{e}} the element {i,op;oe,08*(¢)|i € T—{e}}.
One can see that (the value at (5, s) of) the canonical presheaf morphism (7) maps this
element to the initially chosen element {p; | i€ J — {o}} of F1,(S,s).

(ii’) Let {p;,p} | i € T —{e}} be an element of R,(5,s). Let V, denote the image
of the projector p, and V; the image of the projector p} of the S-module s*(M). Let

s5 (M) 55V, ey s*(M) and s*(M) e 124 R s* (M)

be the decompositions of respectively the projector p, and the projector p; into epimor-

phism on its image followed by the embedding; and let V, N s*(L£) be an S-module
morphism such that s*(¢)oi, =i,. Weset i, =i, 0(e;0i,). Then

(ep057(¢)) oy = (e 057(¢)) 0 (ix 0 (2 013)) =

¢, o (s™(¢) 0ig)o (e, 0i,) = (e;0iz)o(ep01y)) = idy; .
The last equality here is due to the fact that

./ ;.
9x01p epolx

Vi — W, and Vi — VW,

are mutually inverse isomorphisms. Indeed, it follows from the equality p, o p; = p, that

(s 0 1) 0 (¢ 01s) = (¢ 01¢) 0 (5 011) 0 (¢} 01)) = e 0 (g 0 ¢) 0 (if 0 €}) 01y =

¢ © (p;op;) ol =eropyoiy = (ep0ip) o (er o) = idy,.

Symmetrically, the relation p; o p, = p; implies that (e}, oiy) o (e, 0iy) = idyy.
The assignment

{pipi |i€T—{o}} —— {pi=iropioe0s™(¢),p; =i opjoc 0s™(¢) [i€T—{o}},

where p; and p; are projections of respectively V; and V; induced by the projectors respec-
tively p; and p;, ¢ € J— {e} (see (ii) above), produces an element of the kernel of the

pair of arrows
w3
Y1
M2(S,s) & R (S, s).
nJ
P2
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Taking into consideration (a5) above, it suffices to show that p; op, = p; for all
i € 3 — {e}. These relations follow from the relations p; o p; = p; via the following
sequence of identities:

piop; = (iopioecos™(¢))o(iyop;oe 05 (¢)) =
igop;oeo(sT(¢)oiz)o(ez0iy)opioe 0s™(d) =
iropio(eoiz)o(ey0iy)opjoe 05 (p) =
iropio(egoiy)opioe os(¢)=

ipoeco i:copz'o%)o(i;OPQOQ;)OS*(@ =
piop;)os (@) =i oe 0p;os*(p) =
ipop;oe)os(p) =igopioe 05" (¢) = pi.

~~

1 0¢ 0

~~ Y~

(b) In the case when X, is a non-generic flag variety 3§/, y, the argument is an
easy adaptation of the argument above. Details are left to the reader. m

12.2.2. Splittings. For any category C, we denote by Cs, the category which has
the same class of objects as the category C, and, for any pair of objects M, L, the elements
of Cspi(M, L) are pairs of arrows L s M % L of the category C such that uov = idy,.
The composition is defined naturally:

V1002 Ugouq
\

(My 22 M 225 M) o (Mg 225 My 25 My) = (M, M > Msy).

12.2.3. Proposition. The maps M +— X, Mr—Upng and M +— Ry are

functors
(R — modsy)? —— (Aff/RY)".

Moreover, for every morphism L M of the category R — modp;, the diagram

Pm
R 0 U — X
P
fﬁwl lﬂw l% (3)
L
Re - Ue —£> X,

commutes, and all its vertical arrows are closed immersions.
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Proof. A morphism L Yy M of the category R —modg, is, by definition, a pair

of R-module morphisms M — £ —5 M such that uo v = idy.
Xy
(a) The right vertical arrow, X, —— X, is the morphism X, corresponding to

the strict epimorphism of R-modules £ — M.

To define the middle arrow we have to consider each of the cases: X is a generic
flag variety Fl3,, and X is a flag variety §¢ MV

(b) Suppose that X o4 is a generic flag variety F(3,. Then s = F3,. For every R-ring
(S,s), the set F1,(S,s) consists of endomorphisms {p; | i € T — {e}} of s*(M) such
that the image of p; is a projective S-module of finite type and p;p; =p; if ¢ <j.

(bl) The map Uy (S,s) = %i(S, s) is induced by the map which assigns to each
projector p of s*(M) the projector s*(v)op;os*(u) of s*(L£). If {p; | i € T} is an element
of §1((S,s) and i <j, then

which shows that Si(S, s) maps Fa(9,s) to FZ(S,s).
(b2) It is easy to see that the embedding

. 5 33 xT5(S,s) 5 5
SM(Sa 5) X SM(Sv S) E— gﬁ(S,S) X SL(Sv S)

induces a map

5 %i(S,s) 5
g{M(S, S) _> %M(S, S).

(b3) Both 33(5, s) and 9%?/)(5, s) are functorial in (S, s); that is they define presheaf
R 37 R
morphisms respectively §3, _w> S% and D‘i?\/l _w) f)f{g making the diagram

Pm
WMo T2 s 3
=
% | | & | &% (4)
ok

L
R} — 57 — 312
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commute.

(c) In the case when X is the flag variety §¢, 1y, the argument is similar. Details
are left to the reader. m

12.2.4. Note. If X is the flag variety §lop and theset V = (V; |1 <i<n)
consists of projective R-modules of finite type, then we can use the canonical embedding

im, v

§ o — I (5)

of the flag variety §l,,y into the generic flag variety S[E@, where [n] = {1,2,...,n}
(see 10). This embedding is naturally lifted to a map of covers

j?\/l,V []

It follows that the square

™ _
M,V

GM,V e SEM,V

jg)\/l,f/l cart l ij/
e
I — 3

is cartesian, which implies that the both squares of the diagram

P M7
Rmv 2:; Gumy — oy
Pamv
j}\/l,‘_/l cart jg\/l,\_/l cart JjM,V (6)
b 7]
i T

are cartesian. The functoriality of the flag varieties S[B@ and T/ T with respect to
morphisms of R — mods, is compatible with the morphisms (6); that is the diagram (6)
is functorial in M.
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12.3. Additional details.

12.3.1. A non-additive incarnation of a short resolution. Let

A ¢
El > £ 7 M /0 (1)

Ae
be an exact sequence of R-modules and £; —— Ker(¢) the epimorphism induced by
P1

L1 25 L. Let Kery(¢) = L xm £ —_ L be the kernel pair of the epimorphism
P2

Jia M. Notice that the canonical morphisms

ie &
L —— Kery(¢) «—— Ker(¢)

determined by the commutative squares respectively

L ld—ﬂ> L Ker(¢p) —— L
z’dl;l l¢ and l l¢
L -5 M - M

induce an isomorphism

L@ Ker(¢p) = Kera(o).

P
Let L& L, —— Kery(¢) be the composition of this isomorphism with the
ide @A
epimorphism L& L, — > L& K er(¢). Since the diagram

¢1
SN ¢
Kery(¢) =L xpm L L — M

2

P
is exact and the morphism £ @ £; —— Kera(¢) is an epimorphism, the diagram

Y1
¢
N=L&fl, L — M, (2)
L]

where ; = ¢; 01, i = 1,2, is exact, and all its arrows are epimorphisms. So that (2) is
a diagram in the category R — mod, formed by R-modules and their epimorphisms.
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12.3.2. The corresponding diagram of varieties. Applying the functor

X_
R—mod”® — (Aff,/RY)", (L -2 M) (X 5 %),

to the diagram (2), we obtain the diagram

£
X
Xy — Xp L X, (3)
xwz

of presheaves of sets whose arrows are closed immersions.

12.3.3. The corresponding diagrams of covers. Notice that the pair of mor-
P1

phisms N =L & L, . L in the diagram (2) is canonically reflexive: the morphism
¥2

(idc,0)

L —— L& Ly =N isright inverse to both 11 and 1)5. So that the pair of morphisms
Py Y1
N { L gives rise to a pair of morphisms N = L& L; __{ L of the category
bo B P2
R — modp, where v; = (15, (idz,0)), i =1,2.
@
By 12.2.3, the pair of morphisms N = L® L . L of the category R —modgp
Do
determines the pairs of closed immersions
U5y Ry
e Y and Re " Ry (4)
gy Ry

12.4. Proposition. (a) For any exact sequence of R-modules

A ¢
El E > M 07

there are natural presheaf isomorphisms

I o R 7

P V1
il‘ﬁ,l - Ker(ﬂg 5.1/\/) and 9{% - Ker(‘ﬁg / 9‘@\/),
o R 5

L] L]
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which gives a commutative diagram

o .

RY, — °s, SN X

J cart l cart l X

Pz

Re - Upe —£> X, (5)
Pz

9%1/)1 ll %152 L[1/;1 ll u_z %1/)1 ll %1/12

P

R . s AN XN
LI

whose middle squares are cartesian.

(b) All vertical arrows of the diagram (5) are closed immersions, and all its rows and
the two left columns are exact diagrams.

(c) If L and Ly are projective R-modules, then all horizontal arrows of the diagram
(5) are formally smooth morphisms.

(d) Suppose that L and L1 are projective R-modules of finite type and X_ is either a
non-generic flag variety, or a generic flag variety FI°  with finite 3. Then all horizontal
arrows of the diagram (5) are smooth morphisms, all horizontal arrows are representable,
and all presheaves, except those in the right column, are representable too.

Proof. 1) Let X_ be the generic flag variety FI7; so, 4 =gF? and R_ =R’.

J

(a) The map F(S,s) o (S, s) assigns to every element {p; | i € T — {e}}
of F2(S,s) the element {s*(vy)op;os*(¢m) |i€ T —{o}} of FA(S,s). So that an
element {p; | i€ J— {e}} of F2(S,s) belongs to the kernel of the pair of maps

J
37;1

3%(575) —_— S;J\/(S,S) (6)
332
iff s*(vg) o pios* (1) = s*(vg) op; 05*(¢p2) for all i € T — {e}. Since s*(vy) is a
monomorphism, this equality implies that p; o s*(¢1) = p; 0 s*(¢p2) for all i € T — {e}.
The exactness of the diagram
%1 b
N (L —— M
P2
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implies the exactness of the diagram

Y1
s*(/\/ L L M)
L)

Therefore, it follows from the equality p; o s*(11) = p; 0 s*(1p3) that p; = p; o s*(¢) for

Pi
a unique S-module morphism s*(M) —— s*(L).
Same argument shows that an element {p;,p; |i € J— {e}} of R%(S,s) belongs to
the kernel of the pair of maps
nJ
V1
—_—
RL(S,5) 5 R (S,5)
m%g
iff p; =p;0s*(p) and p, =pos*(¢) forall i €T — {e}.
It follows from this and the descriptions of Si’f and D%if used in the argument of
12.2.1 that we have established natural isomorphisms

3
33
Py

7, ~ e
3M¢ >Ker(8% —_— SJS\/)’
59
Y2

hagd
Y1

R o Ker(M2 L 9°%).
m;{q
(b) The exactness of two left columns of (5) follows from (a). The other assertions
are established prior to this proposition.

(c) If L is a projective R-module then all arrows of the middle row are formally smooth,
hence all arrows of the upper row are formally smooth, because the two upper squares are
cartesian. If, in addition, the R-module £, is projective, then N = L@ L; is a projective
R-module. Therefore, the lower horizontal arrows of the diagram (5) are formally smooth
morphisms too.

(d) If £ and £ are projective R-modules of finite type, then N = L& L1 is a
projective R-module of finite type. So that if J is finite, then all horizontal arrows of the
two lower rows of the diagram (5) are smooth and representable, which implies that the
upper horizontal arrows have these properties.

2) If X_ is a non-generic flag variety, a simplified version of the above argument proves
the assertion. Details are left to the reader. m
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12.5. The action of GL_. Let M be an R-module. Recall that GL, is a group in
the category of presheaves of sets on Aff;/RY defined by GL(S,s) = Autg(s*(M))
for any R-ring (S, s).

12.5.1. Proposition. The group GLq acts on the diagram

P
N M
Rm L Upm —— X (1)
P

Proof. We look at the case of the generic flag variety, X_ = F2, ¥_ = F2, and
Rm = ER%A, leaving the non-generic flag varieties to the reader.

(a) Let (S, s) be an R-ring. Every element of F13,(S,s) is an isomorphism class [¢]
of a functor 3 —+ S — mod which maps the initial object e to the S-module s*(M)

and is determined by the S-module epimorphisms s*(M) LN V; — the images of arrows
e — i, i € J— {e}. For any element g of the group GL(S,s) = Autg(s*(M)),
we denote by g-[¢] the element of FI},(S,s) determined by the S-module morphisms

giog™!
{s*(M) L, Vi | i € 3 — {e}}. This defines an action of the group GLa(S,s) on

F17 (S, s) which is functorial in (S, s).
(b) The action of GLa(S,s) on F3,(S,s) is defined by

g-(pi|i€d)=(gopiog ' |i€T)

for every (p; | i € ) € (S, s) and every g € GLp(S,s) = Auts(s*(M)).

This action is, evidently, functorial in (5, s) and agrees with the defined above action
J

™
of GLnq on S[?\A in the sense that the projection §3, A &l is a morphism of
actions.

(c) The action of GLaq(S,s) on R3,(S,s) is defined by

g-(pi,p; |i€T)=(gopiog *, gop,og ' |i€T)

for every (pi,p; |i€3) € R (S,s) and every g € GLam(S,s) = Autg(s*(M)). m

12.6. From ”toy” varieties to varieties.

The generic and non-generic flag varieties studied in this chapter are presheaves of
sets on the category Affy/RY of affine noncommutative k-schemes over RV, and they are
described via exact diagrams in the category of presheaves

P
Rm < Unm 2 X, (1)
2

Pm
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or, more generally,

Piﬁ ¢
Tm
Ny, 3 U —— X (2)
v

for some R-module epimorphism £ %, M. Thisis why we refer to them as ”toy” varieties.
Passing from the ”toy” varieties to the ”real” varieties is passing from presheaves to their
associated sheaves for an appropriate subcanonical (quasi-)topology 7 on Aff/RY.

In other words, we apply the sheafification functor with respect to 7 to the exact
diagram (2). Since the sheafification functor is exact, it maps the exact diagram (2) to

exact diagram
1‘1S ,T

P b,
U
(RL)T 3 (Wh)T —— Xy (3)
piﬁ’
y}\i”
of the associated sheaves, and the pair of arrows (%%)T ; (M%)T is the kernel pair
2¢
PM’

b7
of the morphism (ilﬁ/l)T SN Xy

12.6.1. Finiteness conditions. If M is a module of finite type and L N M is
an epimorphism from a projective module of finite type, then the presheaves SR% and
ilﬁ/l in the diagram (2) are representable, as well as all arrows of the diagram (2). The
(quasi-)pretopology 7 being subcanonical means that representable presheaves are sheaves.
So that, in this case, the exact diagram (3) becomes

®e, T uh, s X, (4)

e x®
where il(ﬁ,l AN X"\, is the composition of the presheaf epimorphism Lli/l M x M
Nk
and the adjunction morphism X4 M X, of the sheafification functor.

In other words, the variety X7, is the cokernel of the pair of smooth morphisms

Pht
¢ — (¢
"%, I

2¢
Pm
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of representable sheaves on (Affy/RY, 7).
If an R-module M is not of finite type, then we have the following assertion.

12.6.2. Proposition. Suppose that X_ is either a generic flag variety 2, with
finite 3, or a non-generic flag variety §_y such that all modules of V = (Vi,...,Vx)

are projective of finite type. Let M be an arbitrary R-module and L N M an R-module
epimorphism from a projective module L. Then there is an inductive system of diagrams

19v
pMV 7‘.(751177'

o — bu M
Rp, —— Hu, —— Xy,

| | = g

P M é,7
¢»7' d):T M ey
O G N S S g veE,

corresponding to a presentation of the epimorphism L N M as a limit of a filtered

system of epimorphisms {L, RN M, | v €E}, where L, are projective modules of finite
type. These diagrams have the following properties:

(i) Their rows are exact diagrams of sheaves.

(i) The upper horizontal arrows are representable and smooth, and ﬂﬁ;’lu, 9‘{%” are
representable sheaves.

(iii) The vertical arrows are closed immersions.

(iv) The cone (5) is universal; that is the low horizontal row is the colimit of the upper
horizontal rows. In particular, the right vertical arrows of (5) induce an isomorphism of
sheaves

colim(X}, |v€E) —— X,

Proof. Let M be an arbitrary R-module and L N M an R-module epimorphism
from a projective module £. Fix a filtered system {p, | v € E} of projectors of the
R-module £ such that p,(£) is a module of finite type and £ = sup{p,(L) | v € E}.

Let £, =p,(L) RN M, be the push-forward of the epimorphism £ M along
the corestriction £ —* p, (L) of p,. The cocartesian square

L
eyl cocart le

L, — M,
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together with the embedding £, = p, (L) Jvs £ determined by j,oe, =P, gives rise to
a morphism of diagrams

19v

LYV aPv

R QT | R V)
pf\fz

| | | % (6)
"}\ﬁ x®

formed by closed immersions. Applying the sheafification functor, we obtain an inductive
system of commutative diagrams

p1¢u
My Pv,T
¢1/ EE— ¢1/ TFMV T
m./\/lu —_— u./\/l,, '%Mu
piﬁ”
| | | = (7)
1¢'T
P 2T
M
S i T
piﬁ’

of associated sheaves whose vertical arrows are closed immersions.
The claim is that the canonical morphisms of presheves

colim(Xp, | v €E) —— Xa¢ and

(8)

colim(uizy |lveE) —— ilﬁ/l

induced by the respectively right and central vertical arrows of the diagrams (6) are iso-
morphisms. Since colimits of filtered diagrams commute with finite limits, this implies
that the diagram

¢
P}\A ﬂ'j\)A
¢ — (¢
p2¢
M
is the colimit of the exact diagrams
160
pMu 7r¢”

¢)V ) ¢I/ My =
%MV S ﬂMV —_— :{Mv, Ve .
Pv
v
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Since the sheafification functor preserves colimits, this implies that the diagram

1¢>

P b, T
M
%4%7 —> ﬂ¢’ 7 :{j\/l
p2¢ T
M

is the colimit of the inductive system of exact diagrams

19v
pAAu W¢V77
R T Ul U X, wes=
M, M, My =
p2¢u
My

In particular, the canonical morphism of associated sheaves
colim(X}, |ve€Z) — Xy, 9)

determined by the right vertical arrows of the diagrams (7) is an isomorphism.
(a) Suppose that X_ is the generic flag variety 7, with finite J.
Let (S,s) be an R-ring and J .S —mod a representative of an element of FI(3,.

The functor £ is determined by the epimorphisms {s*(M) == Sy, | i€ 3 — {e}} — the
values of £ on e — 4. Since 7J is finite and each S-module V; is of finite type, there is a
v € 2 such that & os*(¢op,) is an epimorphism for each i € J. This implies that the
canonical morphism

colim(§lh, |v€E) —— FO4

is an isomorphism, hence the canonical morphism
colim((F, )" | v €E) —— (T,

of associated sheaves is an isomorphism too.
(al) By the same reason, the canonical morphism of presheaves

colim(Fhy, |V €E) —— Fhy

is an isomorphism, hence the canonical morphism

colim((Fag, )" =8, | VEE) —— )"

of associated sheaves is an isomorphism.
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(b) The same considerations show that the canonical morphisms (8) are isomorphisms
in the case when X_ is a non-generic flag variety §/_y. m

12.6.2.1. Corollary. Suppose that the (quasi-)topology T is quasi-compact. then,
under the conditions of 12.6.2, the presheaves ilﬁ/l and %i/l are sheaves.

Proof. Let T be a (quasi-)pretopology. By the argument of 12.6.2,
colim(U%y | v €E) =5 UL, and colim(RYyy | v € E) = Ry

that is each of these presheaves is a colimit of a filtered diagram of sheaves. Since colimits
of filtered diagrams of sets are compatible with limits of finite diagrams, the presheaves ilﬁ,l

and 9%?(4 satisfy the sheaf property for finite covers of 7. So that, if the (quasi-)pretopology
T is quasi-compact, they are sheaves. m

12.6.3. An appropriate choice of topology. If M is a module of finite type and
Ja M is an epimorphism from a projective module of finite type, then the presheaves
%ﬁ/l and Ll}':’\/l in the diagram

"iﬁ @
s
s M
N%, LUR, —— X (2)
v

are representable and all morphisms of this diagram are representable smooth covers of the
smooth subcanonical pretopology. So that the smooth topology looks as the most natural
choice for the class of varieties introduced in this chapter, at least for the gluing purposes.

12.7. Morphisms to the flag varieties.

12.7.1. A general observation. Let (B,7) be a subcanonical presite; i.e. 7 is
a subcanonical pretopology on the category B. Let X be a presheaf of sets on B and

X 15 X its adjunction morphism to the associated sheaf.
(a) Let 9 N X" be a presheaf morphism. We denote by 7/ the class of all elements
of the form U — Q) of a cover of 9 in the coinduced by 7 pretopology such that the

~  fou n
composition U —— X7 factors through the adjunction morphism X —~ 4 X7. That

~  fu ~
is fou=n%of, for some Y —— X. By Yoneda Lemma, each morphism T x s
identified with an element &, (i) of the set X(U).
(b) If X is a monopresheaf, which means, by definition, that X % X7 is a monomor-

phism, then the morphisms U SN X, hence the elements &, (U) of the set X(U), are
uniquely determined by § and u.
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(c) Suppose that 2) is a locally representable (— locally affine) sheaf. Then, for every

sheaf morphism %) N X7, the cone 7' contains a cover of 2) (by representable presheaves).
In particular, Q) is the colimit of the functor 77 — B”, which is the composition of the
forgetful functor 77 — B and the Yoneda embedding B — (B, 7)".

(c1) Suppose, in addition, that X is a monopresheaf. Then every morphism %) ST
is described by a pair (7¢, &), where 7% is a refinement of the pretopology 79 on B/9) and
&, is a morphism from this refinement to X. Two such pairs are equivalent if they both are
parts of a third such pair. Evidently each equivalence class has the largest element, which
is, precisely, the refinement 7; corresponding to the morphism §. Thus, we have a natural
bijective correspondence between sheaf morphisms %) — X7 and the equivalence classes

of pairs (7¢, ¢ Ly X).
(c2) Suppose that X is a monopresheaf. Making 2 run through 9, YV € ObB, we
obtain a description of the sheaf X™ associated with X in terms of the presheaf X.

Namely, every element ¢ of X7 (V) is given by a pair (7¢, &, ), where 7¢ is a refinement
of the pretopology T on B/V and &, a morphism from the refinement 7¢ to X.

(d) Suppose that X (equivalently, X7) is locally representable, and X is a monopresheaf.
id .,
Then we can apply the above considerations to the identical morphism X7 T
By definition, the refinement 7% consists of all elements of covers of X7, which are
compositions 7% o u, for some element U 5 X of a cover. We call this refinement and
its morphism to X tautological.

12.7.2. A description of (F13,)7. According to 12.7.1(c2), the set (F1,)7(S,s)
can be identified with the set of equivalence classes of pairs (7¢, £, ), where 7¢ is a refinement
of a pretopology 7 on Aff;/(S,s)" and ¢ a morphism from this refinement to §I3,. This

u\/
means that, for every element (U,u)Y —— (S,s)Y of the refinement 7¢, there is a

uniquely defined isomorphism class of functors J Sy U — mod, which map every arrow

e —i i€ J—{e}, toan epimorphism

i} & (w) -
(M) —— Willd,u)
with W;(U, 1) a projective U-module of finite type. This map depends functorially on the

element (U, u)Y SN (S,s)Y of the refinement 7.

12.7.2.1. Note. If J is finite and M is an R-module of finite type, then it follows
from 12.6.1 that, for every i € J, i # e, there exists a projective S-module L; of finite
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type such that W;(U,u) is isomorphic to u*(£;) for any element (U, u)Y N (S,5)
of the refinement 7.

12.7.2.2. Tautological refinement. It is given by epimorphisms

¢l (w) ~
u*(M) — Wi(uvu)a 4S j) (1)

corresponding to the arrows e — i, i € J, with W;(U,u) a projective U-module of finite
type. This map depends functorially on the object (U, u)Y N Sy of T/F,.
12.7.3. A description of §/} ;. Fix an R-module M and projective R-modules
V= (Vi |1<i<n). The description of §7, ;,(S, s) is like the description of (F3,)7(S, s)
in 12.7.2 for 3 = (¢ - n — ... — 1) and with additional condition that, for every

element (U, u)Y — (S,s)Y of the refinement 7¢, and every n >1i> 1, the projective
U-module W, (U, u) is isomorphic to u*(V;).



Chapter IV
Quasi-Coherent Sheaves on Fibred Categories
and Noncommutative Spaces.

Quasi-coherent sheaves on geometric (i.e. locally ringed topological) spaces were in-
troduced in fifties. The notion of quasi-coherent modules was extended in an obvious way
to ringed sites and toposes at the moment the latter appeared (in SGA), but it was not
used much in this generality. At the end of nineties, the subject was revisited by D. Orlov
in his work on quasi-coherent sheaves in commutative an noncommutative geometry [Or]
and by G. Laumon an L. Moret-Bailly in their book on algebraic stacks [LM-B].

Slightly generalizing [R4], we associate with any functor F' (regarded as a category
over a category) the category of ’quasi-coherent presheaves’ on F' (otherwise called ’quasi-
coherent presheaves of modules’ or simply "quasi-coherent modules’) and study some basic
properties of this correspondence in the case when the functor defines a fibred category.
Imitating [Gir], we define the quasi-topology of 1-descent (or simply ’descent’) and the
quasi-topology of 2-descent (or ’effective descent’) on the base of a fibred category (i.e. on
the target of the functor F'). If the base is endowed with a quasi-topology, 7, we introduce
the notion of a ’sheaf of modules’ on (F, 7). We define the category Qcoh(F,T) of quasi-
coherent sheaves on (F,7) as the intersection of the category Qcoh(F') of quasi-coherent
presheaves on F' and the category of sheaves of modules on (F, ).

If the quasi-topology 7 is coarser than the quasi-topology of 1-descent, than every
quasi-coherent module on F is a sheaf of modules on (F, 1), i.e. Qcoh(F,T) = Qcoh(F).
In this case, we show, under certain natural conditions on a presheaf of sets on the base
X, the existence of a ’coherator’ which is, by definition, a right adjoint to the embedding
of the category Qcoh(F/X) of quasi-coherent modules on X into the category of sheaves
of modules on X (that is on F/X). This fact is important, because the existence of
the coherator on X guarantees the existence of the direct image functor (between quasi-
coherent modules) for any morphism from a presheaf of sets to X.

The relation of this formalism with the classical notions and those used in [Or] is as
follows. With any ringed category (A, O), one can naturally associate a fibred category F":
its fiber over an object T' of A is the category opposite to the category of O(T")-modules.
The category Qcoh(F’) of quasi-coherent modules on the fibred category F' is equivalent
to the category of quasi-coherent O-modules in the sense of [Or|. If 7 is a topology on
A, then the category Qcoh(F,T) is equivalent to the category of quasi-coherent sheaves of
O-modules in the classical (i.e. [SGA]) sense. In particular, if F' is the fibred category of
modules over (commutative) affine schemes and the presheaf X is represented by a scheme
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(or an algebraic space) X, then the category Qcoh(F/X) is naturally equivalent to the
category of quasi-coherent sheaves on the scheme (resp. on the algebraic space) X.

A standard noncommutative example is the ringed category (Affy, O), where Affy
is the category opposite to the category of associative unital k-algebras and the presheaf
of k-algebras O assigns to any object RV of Aff; the corresponding to the algebra R. To
any presheaf of sets X on Affy, there corresponds a ringed category (Aff;/X,Ox). We
denote the associated category of quasi-coherent modules by Qcoh(X,Ox) and call it the
category of quasi-coherent modules on X . If the presheaf X is representable by RV, then
Qcoh(X,Ox) is equivalent to the category R—mod of left R-modules. If X is the colimit of
a diagram of representable presheaves, then Qcoh(X, Ox) is the limit (in pseudo-functorial
sense) of the corresponding diagram of the categories of left modules.

In particular, if X is a locally representable presheaf of sets, then the category
Qcoh(X,Ox) is described via affine covers and relations. We show, among other facts,
that the canonical topology on Aff; (i.e. the strongest topology such that every repre-
sentable presheaf of sets on Aff is a sheaf) is precisely the topology of 1-descent. In the
commutative case, this fact was established by D. Orlov [Or].

In Section 1, we introduce modules and quasi-coherent modules on a category over a
category and study first properties of these notions in the case of fibred categories.

In Section 2 we introduce, imitating [Gir, I1.1.1.1], quasi-topologies of 1- and 2-descent,
and establish, under certain conditions, the existence of a coherator.

In Section 3, we define sheaves of modules and sheaves of quasi-coherent modules on
fibred and cofibred categories whose base is endowed with a (quasi-)topology.

In Section 4, we apply the facts and constructions of the previous Sections to the fibred
categories associated with ringed categories (in particular, to ringed sites and toposes). Sec-
tion 5 contains preliminaries on representable fiber categories and representable cartesian
functors. In Section 6, we define "local constructions’ on fibred categories which is a device
to transfer certain functorial constructions of (noncommutative) ’varieties’ defined over an
affine base to constructions of 'varieties’ over stacks, in particular, over arbitrary locally
affine “spaces”. Among them, there are affine and projective vector-fibers corresponding
to a quasi-coherent module on a ringed category, and Grassmannians corresponding to a
pair of locally projective quasi-coherent modules on a ringed category.

1. Quasi-coherent modules on a fibred category.
1.0. Preliminaries on fibred an cofibred categories. See Appendix 1.

1.1. Modules and quasi-coherent modules on a category over a category.
Let £ be a svelte category and § = (F,F = &) a category over £. Denote by Mod(g)
the category opposite to the category of all sections of §.
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We call objects of the category Mod(F) modules on §.

1.1.1. Quasi-coherent modules. We denote by Qcoh(F) the category opposite to
the category Cartg(€,§) of cartesian sections of §. In other words, Qcoh(§) = (LimF)°P
(cf. A1.5.5). Objects of Qcoh(F) will be called quasi-coherent modules on §.

Any morphism § — & of E-categories induces a functor Mod(F) — Mod(®). Thus
we have a functor

Mod : Cat/E —— Cat

from the category of £-categories to the category of categories.
Similarly, the map § — Qcoh(§) extends to a functor

Qcoh : Carte —— Clat

from the category of cartesian functors over £ to Cat.
1.1.2. Proposition. The functor Qcoh : Carte — Cat preserves small products.

Proof. In fact, by A1.6.6 and A1.6.6.2, the functor Lim : Carte — Cat preserves
small products. The functor Qcoh is, by definition, the composition of Lim and the
canonical automorphism Cat — Cat, C —— CP. m

1.2. Modules and quasi-coherent modules on a fibred category. Let § be a
fibred category corresponding to a pseudo-functor £° — Clat,

ObE 5 X — Fx, HomE > f— f*, Hom& xope HomE > (f,g9) — ¢y 4 (1)

(cf. Al.7, A1.7.1). Then the category Mod(§) of modules on § can be described as
follows. An object of Mod(§) is a function which assigns to each T' € ObE an object

M (T) of the fiber Fr and to each morphism T’ AN N morphism f*(M(T")) LI M(T)
such that ;¢ o0cpg =& 0 f*(§,). Morphisms are defined in a natural way.

1.2.1. Quasi-coherent modules. An object (M,&) of Mod(§) belongs to the
subcategory Qcoh(F) iff &5 is an isomorphism for all f € Homé.

1.3. Proposition. Let § be a fibred category over £. Suppose that the category € has
a final object, Ty. Then

(a) The category Qcoh(F) is equivalent to the category ]—";f dual to the fiber of § at
the final object Ty.

(b) The inclusion functor Qcoh(§) — Mod(F) has a right adjoint.

Proof. (a) The equivalence is given by the functor Qcoh(§) — Fr, which assigns to
every quasi-coherent module M on § the object M (T,) of Fr,. The quasi-inverse functor
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maps any object L of Fr, to the quasi-coherent module L™~ which assigns to each object
S of € the object f*(L). Here f is the unique morphism S — T,.

(b) The composition of the functor Mod(F) — Fr., M — M(T,), with the equiv-
alence F7' — Qcoh(F) constructed in (a) is a right adjoint to the inclusion functor

Qcoh(F) — Mod(F). m
1.4. Base change and quasi-coherent modules.

1.4.1. Proposition. Let § = (F,F 5 &) be a category over & and &' — & a
functor. Let § xg &' denote the induced category (F xg &', F xg & — &').

Then Qcoh(§ xg E') is isomorphic to the full subcategory of Homg(E',§)P whose
objects are those E-functors which transform any morphism into a cartesian morphism.

If § is a fibred category over € and F. is the subcategory of F formed by all cartesian
morphisms of F, then ObQcoh(F xg E') ~ ObHomg(E', F.).

Proof. The assertion follows from A1.6.7.2. m

1.4.2. The 2-categories Carty g and MCarty 9. Let U, U be two universums
such that & € U. Let Carty o denote the full 2-subcategory of Carty (see Al.5.3.1),
whose objects are categories over categories § = (F — &) such that the base £ belongs to
¥ and each fiber belongs to U. Let MCarty o denote the 2-subcategory of the 2-category
Carty s generated by all cartesian functors (— 1-morphisms of Carty o)

F = F
| [ )
g — &

such that the functors induced on fibers are category equivalences.

1.4.3. Proposition. The map §F — Qcoh(F) extends to a pseudo-functor

o Qcoh
MCartlyy —— Caty.

Proof. Let (1) be an arbitrary cartesian morphism. It can be decomposed in two
cartesian morphisms

’ ~

Fl —— Fxgf — F

l | [ )

Idg: v
g — &' — €&
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where the right square is the canonical pull-back. By 1.4.1, the right square of (2) induces
a functor

Qcoh(F) — Qcoh(F xg &) (3)
and by 1.1.2, the left square of (2) induces a functor
Qcoh(F') —— Qcoh(F xg &'). (4)

The morphism (1) belongs to MCart iff v’ in (2) is a category equivalence, which implies
that (4) is a category equivalence. Taking the composition of (3) with a quasi-inverse to
(4), we assign to the morphism (1) a functor Qcoh(§) — Qcoh(F’). This correspondence
defines a pseudo-functor MCart®? — Cat. =

1.5. Quasi-coherent modules on presheaves of sets. Let X be a presheaf of sets

on the base £. Then we have a functor £/X — £ and the category §/X def §xe€/X
over £/X obtained via a base change (as usual, we identify £ with a full subcategory of the
category £ of presheaves of sets on £ formed by representable presheaves). Notice that
any morphism of the category £/X over £ is cartesian. Therefore, by 1.4.1, the category
Qcoh(F/X) is equivalent to the category Cartg(E/X,§)°P opposite to the category of
cartesian functors £/X — §.

1.5.1. The canonical extension of a fibred category. Following [Gir], we denote
the category Carte(E/X,F) = Qcoh(F/X)°? by FT(X). The correspondence X +——
§T(X) extends to a pseudo-functor, hence defines a fibred category over £ which is called
(in [Gir]) the canonical extension of § onto E.

1.5.2. Proposition. Let § be a fibred category over £ and X an object of the category
EN of presheaves of sets on &.

(a) If the functor X is a representable by an object, x, of the category &, then the
category Qcoh(§/X) is equivalent to the category P opposite to the fiber §, over x.

(b) Suppose X = colim(X;) for some diagram I — E", i — X;. Then the natural
functor Qcoh(F/X) —— lim Qcoh(§/X;) is an isomorphism.

(c) X — Qcoh(F/X) is a sheaf of categories on E™ for the canonical topology.

Proof. (a) This fact is a consequence of 1.3.

(b) The assertion follows from the isomorphism Cart(€/X,§) = lim(Cart(£/X;,T)
proven in [Gir| 3.2.4.

The assertion (c¢) follows from (b). m

2. The quasi-topology and topology of § — i-descent.

2.0. N-faithful functors. Recall that a functor is called 0-faithful (resp. 1-faithful,
resp. 2-faithful) if it is faithful (resp. fully faithful, resp. an equivalence ([Gir], 0.5.1.1).



238 Chapter 4

2.1. Definition. Let § be a fibred category over £ and X the presheaf represented by
an object X of £. A subpresheaf T  of X is called a subpresheaf of §—i-descent, i =0, 1, 2,
if the corresponding functor Qcoh(F/X) —— Qcoh(§F/T) (or, equivalently, the natural
functor §§ —— Qcoh(F/T)) is i-faithful.

2.1.1. The families of morphisms of § — i-descent. Let X = {X; — X| i € I}

be a family of morphisms of the category A and Sy the subpresheaf of the presheaf X
associated with the family X: for every Y € ObA, the set Sx(Y) consists of all morphisms
Y — X, which factor through some morphism of the family X.

A family of morphisms X = {X; — X| ¢ € I} is said to be of § — i-descent if the
subpresheaf &y of X associated with X is of § — i-descent.

2.1.2. Note. The difinition 2.1 is equivalent to the usual definition of a sieve of
§ — i-descent (cf. [Gir], II.1.1.1 and II.1.1.1.1). Another terminology: § — 1-descent is
called simply §-descent and § — 2-descent is called also effective descent.

2.2. The quasi-topology of §—i-descent. For any X € Ob&, we denote by Tz ;(X)
the set of all subpresheaves of X which are of § — i-descent. This defines a quasi-topology,
%z.1, which we call the quasi-topology of § — i-descent.

2.2.1. Proposition. The quasi-topology of § — 1-descent is the finest quasi-topology
such that for any X € ObE and any x,y € Ob§x, the presheaf

Homx(z,y) : £/X — Sets, (Y 5 X) — Homy (f*(2), f*(v)), (1)

is a sheaf on £/ X for the induced quasi-topology.

Proof. The presheaf Homx (z,y) being a sheaf for all x,y € ObFx is equivalent to
the full faithfulness of the functor §% — Qcoh(F/T) for any T € ¥(X). The assertion
follows now from the definition of the quasi-topology of § — 1-descent (see also 2.1). m

2.3. Definition. Let § be a fibred category over &, X the presheaf represented by
an object X of £. A subpresheaf T" in X is called a subpresheaf of universal § —i-descent,
i = 0, 1, 2, if for any morphism ¥ — X in &£, the subpresheaf T XxsY of Y is of
§ — i-descent.

2.4. The topology of § — i-descent. For any X € ObE, denote by T% ,(X) the

set of all subpresheaves of X which are of universal § — i-descent. This defines a topology
which is called the topology of § — i-descent.

2.4.1. Proposition. The topology of § — 1-descent is the finest topology such that
for any X € ObE and any x,y € ObS x, the presheaf

Homx (z,y): /X — Sets, (Y 5 X) — Homy (f*(z), f*(y)), (1)
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is a sheaf on £/ X for the induced topology.
Proof. The assertion follows from 2.2.1. =

2.5. Coinduced topologies and § — i-descent. Let T be a topology on the
category A, and let T" denote the coinduced topology on the category A" of presheaves.
Recall that the topology TN is defined as follows: for any presheaf of sets X, a subpresheaf
V — X = Hom(—, X) is a refinement of X for T" iff for any S € ObA and any morphism

S — X, the subpresheaf V' X & 5 < 5 is a refinement of S for T.
2.5.1. Example. If T is the discrete topology on &, then the coinduced topology on

E coincides with the canonical topology on £, which is, by definition, the finest topology
for which all representable presheaves are sheaves.

2.5.2. Coverings and bicoverings. A morphism X Ty v s called covering
(resp. bicovering), if the induced morphism of associated sheaves, X© EAN Y is an
epimorphism (resp. an isomorphism).

2.5.3. Proposition. Let § be a fibred category over a category £ and i an integer
0<1i<2. Let §* denote the canonical extension of § onto E (cf. 1.5.1).

(a) The topology of §+ — i-descent is the topology coinduced by the topology of § — i-
descent.

(b) A morphism X Tviiner s bicovering for the topology of §+ — i-descent iff for
any morphism Y' — Y, the corresponding functor

Qcoh(F/Y') —— Qcoh(F/X xy Y') (1)

is i-faithful. The converse is true wheni = 2 (i.e. the functor (1) is a category equivalence),

or when the presheaf morphism X Ty isa monomorphism.

Proof. The assertions (a) and (b) are equivalent to the assertions resp. (iii) and (iv)
of IL.11.3 in [Git]. m

2.6. Proposition. Let X = {X; — X|i € I} be a family of arrows in ", and
let Xg S5 X be the image of X. Then X is of § —i-descent iff the corresponding inverse
image functor % = Qcoh(Sx) : Qcoh(F/X) — Qcoh(F/Xs) is i-faithful.

Proof. The assertion is equivalent to the assertion I1.1.1.3.1 in [Gir] (which is a part
of the argument of 11.1.1.3). m

2.7. Canonical topology on presheaves of sets and the effective descent.
If X = {X; —» X| i€ I} is a cover for the canonical topology on £", then the image
Xg of X coincides with X. By 2.6, the family X is a cover for the effective §-descent (or
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§ — 2-descent) topology. In particular, the topology of the effective F-descent is finer
than the canonical topology (hence any subcanonical topology) on £”.

2.7.1. Remark. One can deduce the latter fact directly from the part (a) of 2.5.3
as follows. Let § be a fibred category over £. If the topology of § — i-descent is finer
than a topology ¥ than, evidently, the coinduced topology T/ on £” is coarser than the
topology of FT — i-descent, because by 2.5.3 the topology of §T — i-descent is coinduced
by the topology of § — i-descent). In particular, the topology T/ coinduced by the discrete
topology is coarser than the topology of the effective §'-descent. But, as it has been
already observed (in 2.5.1), ¥/ coincides with the canonical topology on E”.

3. Sheaves of modules.

3.1. Sheaves of modules on a cofibred category. Let § be a cofibred category
over a category £ corresponding to a pseudo-functor & — Clat,

ObE 3 X —— Fx, HomE > f+— fo, HomE xope HomE > (f,9) — ((fg)e AT fole)

(1)
(cf. A1l.7, A1.7.1). Then the category Mod(§) can be described as follows. An object
of Mod(F) is a function which assigns to each T" € ObE an object M(T') of the fiber Fp

and to each morphism T L1 morphism M (T") IR fo(M(T)) such that cfg40&,5 =
fe(&y) 0 €. Morphisms are defined in a natural way.
Let M be an object of Mod(F). For any object X of the category £ and any sub-

presheaf R — X , we have a cone
(M(X) L f.(M(Y))| Y L X factors through % < X). 2)

Denote by Ty (X) the set of all subpresheaves ® < X such that the cone (2) is terminal.
The correspondence Ty, : X — T/(X) is a quasi-topology on £.

Let T be a quasi-topology on £. We say that M € ObMod(F) is a sheaf, or a sheaf
of modules on (F, %), if the quasi-topology T is finer than ¥; i.e. for any X € ObE and
any R € T(X), the cone (2) is terminal. We denote by Mod(§,¥) the full subcategory of
Mod(F) formed by sheaves of modules.

3.2. Sheaves of modules on a fibred category. Notice that the cone 3.1(2) above
is terminal iff for any z € ObFx, the cone

Fx(=:67) ~
{Homg (2, M(X)) —3 Homg (2, fo(M(Y)))| Y & X factors through % — X} (3)

is terminal. But, the cone (3) is naturally isomorphic to the cone

{Homg (2, M(X)) — Homg, (f*(z), M(Y))| Y Iy X factors through R — )A(} (4)
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(e

Here the map Homg, (2, M(X)) — Homgz, (f*(2), M(Y)) sends a z — M(X) to the

o f*(a) .
composition of f*(z) —— f*(M(X)) and the morphism f*(M (X)) — M(Y).
This observation gives rise to the following

3.2.1. Definition. Let § be a fibred category over £, and let ¥ be a quasi-topology
on £. We call a presheaf of modules M on § a sheaf if for any X € Ob€ and any R € T(X),
the cone 3.2(4) is terminal for all z € ObF x .

If § is a bifibred category, then this definition is equivalent to that of 3.1. We denote
by Mod(§, %) the category of sheaves of modules on the fibred quasi-site (§,T).

3.2.2. Quasi-coherent sheaves. We denote by Qcoh(F, %) the intersection of the
category Qcoh(F) of quasi-coherent modules on § with the category Mod(F,T) of sheaves
of modules on (§, %) and call the objects of this category quasi-coherent sheaves on (§,%).

3.3. Proposition. Let § be a fibred category over £, and let ¥ be a quasi-topology
on £. The following conditions are equivalent:

(a) The quasi-topology of § — 1-descent is finer than ¥.

(b) For any X € ObE, the category Qcoh(F/X) is a subcategory of the category
Mod(F/X,T/X) of sheaves of modules on E/X (with the induced quasi-topology T/X).

Proof. By definition, a subpresheaf ® of X is of §-descent if the inverse image functor
Qcoh(F/X) — Qcoh(F/R) of the embedding R — X is a fully faithful functor. By
1.5.2(a), the category Qcoh(F/X) is equivalent to §%. Let M be a quasi-coherent module
on §. And let z be any object of Fx. Since M is quasi-coherent, for any morphism
f:Y — X in &, the object M(Y') is isomorphic to f*(M(X). Thus the cone 3.2(4) is
isomorphic to the cone

{Homg (2, M(X)) — Homg (f*(2), [F(M(X)))| Y Iy X factors through R < X}.
(5)
The cone (5) is terminal, because if ¥ is of §-descent, then, for any X € Ob€ and any
z,x € ObFx, the presheaf of sets

Hom,_(z,y): (.Y 4 X) s Hom__(f*(2), f*(x))

is a sheaf on £/X for the induced quasi-topology (see 2.2.1).
This implies also the assertion (b). m

3.3.1. The quasi-topology (resp. topology) of § — 1-descent is the finest among quasi-
topologies (resp. topologies) T on & such that, for any X € ObE, quasi-coherent modules
on £/X are sheaves on (£/X,%/X). In particular, if T is coarser than the quasi-topology
of § — 1-descent, then all quasi-coherent modules on § are sheaves on the quasi-site (£, %).
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3.4. Fibred category of sheaves of modules over presheaves of sets. Let §
be a fibred category over £ and T a quasi-topology on £. To any X € ObE", we assign the
category Mod(F/X,%/X) of sheaves of modules on £/X (with the induced quasi-topology
¥ /X). This correspondence extends to a functor (€")°? — Cat, hence defines a fibred
category, Mod™ (F,T).

3.4.1. Note. Let Mod(F,T) be the restriction of the fibred category Mod™ (F, <) to
E. Recall that a canonical extension, Mod(F, %)™, of the fibred category Mod(F,T) onto
EN is defined by Mod(F,T)E = Qcoh(Mod(F,T)/X). Tt follows from definitions that this
extension coincides with the fibred category Mod™ (F, T).

3.4.2. Lemma. The quasi-topology T is of effective Mod(F,T)-descent.

Proof. The argument is left to the reader. m

3.5. Proposition. Let § be a fibred category over £ and T a quasi-topology on &
which is coarser than the § — 1 descent quasi-topology. Let

n = UL x (1)

be a diagram in E™ such that R and U are representable, fop; = fops, and the morphism
Cok(p1,p2) — X corresponding to f is bicovering. Then the inclusion functor

Qcoh(F/X) L Mod(F/X,%T/X)

has a right adjoint.

Proof. The condition that the canonical morphism Cok(pi,p2) — X is bicovering
means that the inverse image functor Qcoh(F/X) — Qcoh(F/Cok(p1,p2)) is a category
equivalence. Thus, we can (and will) assume that the diagram of presheaves of sets (1) is
exact. Consider the quasi-commutative diagram

*

Qcoh(3/X) -+, Qeoh(F/Y) T Qcoh(F/R)

ax l l aqy l O (2)

Mod(F/X,T/X) —— Mod(F/sLT/8) 7 Mod(3/R.T/R)
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corresponding to the diagram (1). Since the functors & and R are representable, the
functors qf; and qg; have right adjoints, resp. qs. and qun.. Recall that the functor gy
(resp. qm« assigns to every sheaf M its value at 4 (resp. at Q) (cf. 1.3). This implies that

(92« © P} = P © dut- (3)

By 1.5.2, the subdiagram

*

Py

Quob(§/X) —— Quoh(F/8) —— Qeoh(F/

2

of (2) is exact. This means that the category Qcoh(§/X) can be identified with a category
whose objects are pairs (M, ¢), where M € ObFy and ¢ an isomorphism pi (M) == p5(M).
Morphisms from (M, $) to (M’,¢') are given by arrows M —2s M’ such that p3(g) o ¢ =
¢’ opi(g). The functor f* maps every object (M, ¢) to the object M and every morphism
(M, ¢) L5 (M',¢') to M L5 M.

Similarly, it follows from 3.4.2 and 1.5.2 that the subdiagram

L]
P1

Mod(3/X,5/X) ——s Mod(3/t,T/8) ——2 Mod(§/%, T/R)

2

is exact, hence the category Mod(F/X,%/X) of sheaves on X admits an analogous de-
scription: its objects are pairs (L, ), where L € ObMod(F /4, T /L) and 1) an isomorphism
p(L) = p3(L), etc.. The functor q% maps an object (M, ¢) of the category Qcoh(F/X)
to the object (q5 (M), q%(¢)). A right adjoint to q% is induced by a right adjoint qy. to
the inclusion functor qf].

In fact, let (L,p}(L) i p3(L)) be an object of Mod(§F/U,T/U). Thanks to (3), we

have isomorphisms:

* ~ [ ] qm*(w) [ ] ~ *
PIqux (L) == qo«p] (L) —— qp3(L) — p3qu«(L)

the composition of which, ', defines an object (qy.(L),?’) of the category Qcoh(F/X).
The map (L, 1) — (qus«(L),?’) extends to functor

Mod(3/X,5/X) —2% Qeoh(F/X).

It is left to the reader to check that the functor qx. is a right adjoint to q%. =
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3.5.1. Remarks. (i) If the quasi-topology in 3.5 is of effective descent, it suffices to

require that the canonical morphism Cok(p1,p2) 74 X is a cover.
(ii) The argument of 3.5 is valid in a more general setting. Namely, one can replace
representability of 4 and R by the existence of right adjoints to the inclusion functors

Qcoh(F /L) q—z> Mod(F/U, T/8h) and  Qcoh(F/R) &) Mod(F /R, T/R)

which satisfy the condition (3). Notice that in this case a right adjoint, qx., to q% satisfies
this condition too: f* o qxs« ~ qus« o f* (cf. the argument of 3.5).

3.5.2. Corollary. Let § be a fibred category over £, and let

n = u-Lx (1)

P2

be an exact diagram in E™ such that R and 4 are representable. Then the inclusion functor
0% : Qcoh(F/X) — Mod(F/X) has a right adjoint.

Proof. Let C be a category with the discrete topology, T4. The corresponding coin-
duced topology T/ on the category C” of presheaves of sets on C' can be described in terms
of covers as follows. A set of morphisms {U; — X| i € J} is a cover iff the corresponding
presheaf morphism H U; — X is surjective; in particular, any surjective presheaf mor-

=
phism U — X is a cover in the topology ¥/ . This shows that the topology ¥/ is the
canonical topology on C".

Take C' = £ endowed with the discrete topology. Notice that, for any S € ObE, every
quasi-coherent module on S is a sheaf; i.e. the condition of 3.5 holds for the discrete
topology on £. Moreover, by 2.7, the canonical topology on £” is of effective descent.
Thus, the assertion follows from 3.5 and 3.5.1(i). m

4. Modules and quasi-coherent modules over a ringed category.
4.0. Ringed categories. By a ringed category, we understand a pair (A, O), where

A is a category and O is a presheaf of k-algebras on A. For any arrow T SN , let

fa
O(T) — mod —— O(T") — mod

denote the restriction of scalars functor corresponding to the k-algebra morphism

oy 2 o).
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The map, which assigs to every object T' of the category A the category O(T) — mod°P
opposite to the category of left O(T")-modules and to each morphism 7' 5 T the functor

(O(T) — mod)°P f—op> (O(T") — mod)°P

is a functor A — Cat. This functor defines a cofibred category, (A, O) over A with
the fiber (O(T) — mod)°P at T € ObA. The category M(A, O) is fibred (hence bifibred),

because for any morphism T SN , the functor f, has a left adjoint,

*

!
O(T") —mod —— O(T) —mod, M +— O(T) oy M,

or, equivalently, f¥ has a right adjoint, (f*)°P.

4.1. Modules over noncommutative affine schemes. Our standard example of a
ringed category is the category Aff;, = Alg;” of affine k-schemes endowed with the presheaf
O which assigns to RV the k-algebra R. The corresponding bifibred category (A, O) will
be called the bifibred category of modules over noncommutative affine k-schemes.

4.2. Presheaves of modules. Let O — mod denote the category Mod(M(A, O)) of
modules on the fibred category (A, O). An object of O —mod is a function which assigns

to each T € ObA an O-module M(T) and to each morphism T LT an O(T")-module
morphism M (T") SEN f«(M(T)) such that v4r = g«(7f) © 74. Objects of the category
O — mod are called presheaves of O-modules on A.

4.3. Quasi-coherent modules. We define the category Qcoh(A,O) of quasi-
coherent modules on (A, Q) as the category Qcoh(IM(A,O)) of quasi-coherent modules
on the fibred category 9(0O). It follows from definitions that an object of the category

Qcoh(A, Q) is a presheaf M of O-modules such that for any morphism T SN , the dual
to vy morphism

FH(M(T')) = O(T) @ o M(T',€) —— M(T,¢)

is an isomorphism.

4.4. Proposition. Suppose the category A has a final object, T,. Then the category
Qcoh(A, Q) is equivalent to the category O(Te) — mod of left O(T,)-modules.

Proof. The assertion is a special case of 1.3. =
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4.5. Example. Let (A,O) be as in 4.1; i.e. A = Affy and O(RY) = R for any
k-algebra R. Notice that kY is a final object of the category Affy. It follows from 4.4 (or
1.3) that the category Qcoh(A, O) is equivalent to the category k —mod of left k-modules.

4.6. Modules on presheaves. Fix a ringed category (A, O). Consider the category
A" of presheaves of sets on A. For any X € ObA”", we have the category A/ X of objects

over X and the canonical functor A/X 2X, A. The presheaf of k-algebras O induces a
presheaf of k-algebras Ox on A/X, so that px becomes a morphism of ringed categories.
The bifibred category M(A/X, Ox) is naturally isomorphic to the category obtained from
M(A, O) via the base change along the functor px.

Thus, we have the category Ox —mod of presheaves of O x-modules, which we denote
by Modx, and its full subcategory of quasi-coherent Ox-modules, which we denote by
Qcohx (instead of Qcoh(A/X,Ox)). If the presheaf X is representable by an object T'x
of the category A, then the category .A4/X has a final object; so that, by 4.4, the category
Qcohx is equivalent to the category O(Tx) — mod of left O(Tx)-modules.

4.6.1. Fibred category of modules over presheaves. Let X and Y be presheaves

of sets on A. To any presheaf morphism X i> Y, there corresponds a functor

AX L 4y, (@) (17 08), (1)
which lifts to a fibred category morphism
m(OX) — m<OY)7 (M’ (T7 S)) — (Mv (T7 f © 6))

The latter induces the 'pull-back’ functor

f.
Mody —— Modx,

which maps each module M on Y to the module f*(M) on X defined by f*(M)(R.£) =
M(R, f o&). The map assigning to any presheaf morphism X L4 ¥ the functor

0 OP

f
Mody —— ModF

extends to a pseudo-functor, hence defines a fibred category Mod(A, O) of modules over
presheaves. This fibred category is, actually, bifibred, because, for any presheaf morphism
f, the functor f*® has a right adjoint, f,.
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4.6.2. The fibred category of quasi-coherent modules. For any presheaf mor-

phism X i> Y, the corresponding functor

QJT(A/Y, Oy) Em— m(.A/X, Ox)

(defined in 4.6.1) is cartesian, hence the functor Mody —— Modx maps quasi-coherent
modules to quasi-coherent modules, i.e. it induces a right exact functor

*

!
Qcohy —— Qcohx
which we call inverse image functor of f. The map
X — QcohE, fr— (f*)P

extends to a pseudo-functor from the category A" of presheaves of sets on A to Clat which
defines the fibred category Qcoh(A, O) of quasi-coherent modules on A".

4.6.3. Note. Suppose X, Y are objects of A. Then a morphism X I v determines

o)
a ring morphism O(Y) —— O(X), Qcohx ~ O(X) —mod, Qcohy ~ O(Y) — mod (cf.

4.4), and the functor f* is equivalent to
O(X)®oy) : OY) — mod —— O(X) — mod.

In general, one might interpret f* as the functor M — Ox ®p, M.
4.7. Quasi-topology and topology of descent.

4.7.1. Lemma. Let (A, O) be a ringed category, and let ¥ be a quasi-topology on A.

(a) A presheaf M of O-modules is a sheaf on (IM(O), %) (cf. Section 3) iff M is a
sheaf of abelian groups.

(b) The quasi-topology ¥ is coarser than the quasi-topology of M(O) — 1-descent iff,
for any X € ObA and any O(X)-module L, the presheaf on A/X, which assigns to any
object (5,8 EN X) of A/X the O(X)-module f.f*(L) = f«(O(S) ®o(x) L), is a sheaf of
O(X)-modules.

In particular, if ¥ is coarser than the quasi-topology of M(O) — 1-descent, than O is
a sheaf of rings on (A, %).

Proof. (a) The assertion follows from definitions.
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(b) By 3.3, the (quasi-)topology of M(O)—1-descent is the finest (quasi-)topology such
that, for any X € ObA, quasi-coherent modules on 9(Ox ) are sheaves on (A, T). Quasi-

coherent modules on M(Ox) map each object (S, S EN X) of A/X to the O(X)-module
[ f* (L) = f«(O(S) ®o(x) L) for some O(X)-module L (see 4.4), hence the assertion. m

4.7.2. Canonical topology and the descent topology on the category of
commutative affine schemes. Let A be the category CAff; of commutative affine
schemes over k and O the presheaf of k-algebras on A, which assigns to every affine
scheme (X, Ox) the algebra 'Ox of global sections of the structure sheaf Ox.

4.7.2.1. Lemma. The quasi-topology of M(O) — 1-descent is a topology.
Proof. Let
(RY 25 RV |ie D (1)

be a family of scheme morphisms. It follows from 4.7.1(b) (and from the isomorphism
(Ri ®r R;j)¥ ~ X; xx X, where X; = RY and X = R") that (1) is a cover for the
quasi-topology of M(O) — 1-descent iff for any R-module M the diagram

M—— [[rRiorM —— [] Ri®rRj®r M (2)
il i,jel
is exact. In particular, for any morphism SV — RV, the diagram
SorM —— [[Rior(S©rM) 3 [[ Ri®rRj®r(S®rM)  (3)
il ijel

is exact. The latter means that the family of morphisms {SY xx X; — SV |i€ I} isa
cover for the quasi-topology of 9M(QO) — 1-descent, hence the quasi-topology of M(O) — 1-
descent is a topology. m

4.7.2.2. Proposition. The canonical topology on CAfE) coincides with the topology
of M(O) — 1-descent.
Proof. The family (1) is a cover for the canonical topology iff for any morphism

SY — RY the diagram of R-modules

S—— [[rRi®rS —= [] Ri®rR;®rS (4)

el i,j€1

is exact. If (1) is a cover in the topology of 9 (O) — 1-descent, then the diagram (4) is exact.
This shows that the canonical topology on A is finer than the topology of 9t(QO)—1-descent.
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On the other hand, to any R-module M there corresponds an augmented R-algebra
Sy = R @® M with zero multiplication on M. One can easily check that the exactness of
the diagram (4) for S = S) is equivalent to the exactness of the diagram (2). m

4.7.3. Canonical topology and the descent topology on the category of
noncommutative affine schemes. Proposition 4.7.2.2 extends to the noncommutative
case. Namely, there is the following

4.7.3.1. Proposition. Let (A, O) be the ringed category of (noncommutative) affine
k-schemes; i.e. A is the category Aff, = Alg” of affine k-schemes and the presheaf O
is defined by O(RY) = R for any associative k-algebra R (cf. 4.1). Then the topology of
M(O) — 1-descent coincides with the canonical topology on A = Affy.
Proof. A family
(RY 5 R |ieT} (1)
of morphisms of Aff is a cover for the descent quasi-topology iff for any R-module M the
diagram
M —— [[Ri®r M —— [] Ri*, Bj@r M (2)
icl ijel
is exact. On the other hand, a family (1) is a cover for the canonical topology iff for any
morphism SY — RV, the diagram

S —— HRi*RS ; HRi*RRj*RS (3)
i€l i,jel
is exact.

(a) Suppose M is an R-bimodule. Let Sy, be an algebra which is isomorphic to R® M
as R-bimodule with zero multiplication on M. Then we have a commutative diagram

—
M —— [[RierM . ]I Bixn Rj®r M
el i,5€l

| | | (@)
Sy — HRi*RSM :; HRZ-*RR]-*RSM

iel i,5€l

If (1) is a cover for the canonical topology, then lower row in (4) is an exact diagram.
Vertical arrows in (4) define a morphism from the diagram (2) to the diagram

St —— [[Ri%n S ——% ] Ri*n Rj*n Su (5)
1€l i,J€1



250 Chapter 4

which is a retraction (in particular, vertical arrows are split monomorphisms). This implies
that the diagram (2) is exact too.

(b) Let M be an arbitrary left R-module. Denote by Sy, the algebra Sy, where M’
is the R-bimodule M ®j R. The argument (a) applied to Sy, proves that the diagram (2)
is exact, i.e. (1) is a cover for the MM (O) — 1 descent topology.

(c) Let {RY 4y RV | 2 € I} be a cover for the M(O) — 1 descent topology. Then for
any morphism SY — RY, the family (R;xS)Y — SV | i € I} is a cover for the M(O) —1
descent topology; i.e. for any S-module M, the diagram

M —— [[Ri* S®sM —— [[ Ri%nRjx, S@s M
i€l 1,0€1

is exact. Taking M = S, we obtain the exact diagram (3). Thus, {R) i, RV | i €1} is
a cover for the canonical topology. m

4.7.3.2. Corollary. A subpresheaf T — X of a representable presheaf X on AfF},
s a refinement in the canonical topology iff the inverse image functor

*

Qcohx — Qcohr

18 fully faithful.

Proof. This follows from the fact that the canonical topology on Aff is the topology
of M(O) — 1-descent. m

4.7.3.3. Corollary. FEvery quasi-coherent module on S € ObAffy is a sheaf for the
canonical topology on Affy/S. In particular, for any subcanonical topology s on Affy/S,
all quasi-coherent modules on S are sheaves.

Proof. The fact follows from 4.7.3.1 and 3.3. =

4.7.3.4. Note. The assertion 4.7.3.2 is proven in [Or] for the commutative case. The
corollary 4.7.3.3 is also a result by D. Orlov [Or, Proposition 4.9].

4.8. Sheaves of modules. Let T be a topology on the category A. The category
Mod(9M(A, O),T) of sheaves of modules on the fibred category M (A, O) coincides with the
category Mod(A,¥; O) of sheaves of left O-modules on the site (A4, ¥) in the conventional
sense. The category Mod(A,T;O) is a Grothendieck category with small products, i.e.
an abelian category satisfying the Grothendieck’s conditions AB5 and AB3*, which has a
generator (cf. [SGA4], II).

For any presheaf of sets X, we denote by Modx the full subcategory of Modx whose
objects are sheaves of modules with respect to the topology ¥ x induced by ¥ on A/X.
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Let X € ObA" and A/X 2% A the canonical functor. A presheaf M of Ox-modules

is a sheaf on (X, Tx) (i.e. on the site (A/X,Tx)) iff, for any S € ObA and S N X, the
presheaf £* (M) is a sheaf on S.
In particular, a quasi-coherent module M on X is a sheaf on (X,Tx) iff for any

S € ObA and S X, the inverse image £*(M) of M is a sheaf on S.

P
The functor A/X ", Ainduces a functor Mod(A, %) = Mod5. The functor
p% has a right adjoint, pxe, and a left adjoint, px:.
P
Similarly, for any presheaf morphism X 7, Y, the functor A/ X ERAAN A/Y induces

P}
an ’inverse image’ functor Mody ——— Mod3 which has a right adjoint, pse, and a left
adjoint, py.

4.8.1. Coherator. Suppose every quasi-coherent module on (A, Q) is a sheaf on
the site (A, T), i.e. Qcoh(A,O) is a full subcategory of the category Mod(A,%;0) of
the sheaves of O-modules on (A,¥). A right adjoint (if any) to the inclusion functor

T
Qcoh(A,O) L Mod(A,T;O) is called a coherator on the ringed site (A, %;O).
Since Mod(A,%;0) is a Grothendieck category with small products, the existence
of the coherator implies that the category Qcoh(A, Q) of quasi-coherent modules is a
Grothendieck category with small products too (see [BD], 5.39).
If every quasi-coherent module on a presheaf X is a sheaf on X, i.e. Qcohy is a (full)
subcategory of Mody, we have the notion of a coherator on (X, Tx).

4.8.2. Proposition. Let T be a pretopology on A such that, for any S € ObA, quasi-
coherent modules on S are sheaves on (A/S,Tg). If Y is a presheaf of sets on A such that

there exists a coherator on (Y, Ty ), then, for any presheaf morphism X N Y, its inverse

mmage functor Qcohy EAN Qcohx has a right adjoint, f. — a direct image functor of f.
In particular, any morphism to an affine space has a direct image functor.

f.
Proof. In fact, the functor Mody —— Modx has a right adjoint, f,. The pair of
adjoint functors f*®, fo induces a pair of adjoint functors

/3 fxe
Mody — Mody, Mody SN Mods.

J
The composition of f§ with the inclusion functor Qcohy AN Mody equals to the

*

f J
composition of Qcohy —— Qcohx and the inclusion functor Qcohx BN Modx;.

Since the functor jy has a right adjoint, a coherator Mods Y, Qcohy, the functor
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feojy = jx o [* is left adjoint to the functor ¢y o fgz.. Denote by f. the composition
Yy o feojx : Qcohx — Qcohy . Thus defined functor f, is a right adjoint to f*. In fact,
for any L € ObQcohy and M € ObQcohx, we have functorial isomorphisms:

Qcohy (L, Yy o fxe0jx(M)) ~ Modx (fz o jy(L),jx(M))

= Modx (jx o f*(L),jx(M)) = Qcohx (f*(L), M),
hence the assertion. m
4.8.3. A formula for the coherator. Assume that the inclusion functor jx has a

»
right adjoint, Mod% = Qcohx. Since Y x is left exact, it preserves kernels of pairs of
morphisms. In particular, it maps the exact diagram (3) to the exact diagram

Yx (M) —— Yxme(MU,T)) 2 ¥xve(M(R,v)). (4)

The equality jy o m* = 7m® o jx (reflecting the fact that 7® maps quasi-coherent modules
to quasi-coherent modules) implies that 7, o 1y ~ 1 x o me. Similarly, v, o g =~ 1hx 0 V,.
Therefore the diagram (4) is isomorphic to the diagram

Vx (M) —— Ty (MU, 7)) 2 vabr(M(R,v)). (5)

Since the diagram (4) is exact, the diagram (5) is exact too; i.e. ¥x (M) is isomorphic to
the kernel of the pair of arrows w1y m® (M) = viprr®(M).

4.8.4. Proposition. Suppose the topology T on A is such that for any S € ObA,
quasi-coherent modules on S are sheaves on (A/S,Tg). Let X be a presheaf such that there

exists a diagram
P1

M U X (1)

P2

where R and U are representable, m o p1 = m o pa, and the morphism Cok(pi,p2) — X
induced by 7 is bicovering. Then the inclusion functor

Jx <
Qcohx —— Modx
has a right adjoint.

Proof. The assertion follows from 3.5 and 3.5.2. m

4.8.5. Quasi-coherent modules on presheaves and quasi-coherent modules
on the associated sheaves. Fix a ringed site (A, T; O).
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4.8.5.1. Lemma. Let (A, %) be a site, X a presheaf on A and X the associated
space (i.e. the associated sheaf of sets). The canonical morphism X — X% is a cover
in the coinduced topology T".

Proof. Let Hs denote the corresponding Heller’s functor A" — A" defined by
H<(X)(T) = colim(A"(S, X)| S € T(T)) for all T € ObA. It follows from the definition
of Hs that that the canonical morphism X —+ Hsg(X) is a cover in the topology T".
The associated sheaf, X, is isomorphic to H2(X) and the canonical morphism X — X
corresponds to the composition 7Hz(X) o 7(X) of two covers, hence it is a cover itself. m

The following fact is well known (see [SGA4], II, or [Or, 2.4]).

4.8.5.2. Proposition. For any presheaf X, the canonical morphism X Jx, xe

induces an equivalence of categories Mody. —— Modx.

Proof. The assertion follows from the fact that X — X is a cover in the coinduced
topology T". Details are left to the reader. m

4.8.5.3. Corollary. Suppose the topology T on A is of 1-descent, i.e. quasi-coherent
modules on S are sheaves on (A/S,Ts). Let X be a presheaf and X 25 X the canonical
j*
morphism. Then the inverse image functor Qcohxa x Qcohx is fully faithful.

Proof. In the commutative diagram

*

j
Qcohxa AN Qcohx

j.
Mod%, —— Modx;

the vertical arrows are full embeddings and the lower horizontal arrow, j%, is a category
equivalence, hence j% is fully faithful. m

4.9. A description of the category of quasi-coherent modules. Let (A, O) be
a ringed category. Let X be a presheaf of sets on A such that there exists a diagram

P1

m—>p>uL>X (1)

where 7 o p; = 7 o pg, and the morphism Cok(p1,p2) — X induced by = is bicovering.
Then the category Qcohx of quasi-coherent modules on X is equivalent to the category
Ker(p},p3) whose objects are pairs (M, ¢), where M is an object of Qcohg and ¢ is an
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isomorphism pj (M) = p5(M). Morphisms from (M, ¢) to (M',¢’) are given by arrows
M —£5 M’ which make the diagram

commute. If ${ and R are representable by objects resp. U and R, then Qcohy = OU) —
mod, Qcoh;y = O(R) — mod, and inverse image functor p;, ¢ = 1,2, is the tensoring

O(p:)
L+— O(R) ®,,,, L corresponding to the ring morphism O(U) A O(R).

This follows from the argument of 3.5. In particular, we have the following

4.9.1. Proposition. Let (A,O) be a ringed category and T a quasi-topology on A,
which is coarser than the quasi-topology of effective descent. Let

P1

R U — 5 X

p2

be an exact diagram of sheaves of sets on A. Then the category Qcohx of quasi-coherent
modules on X is equivalent to the category Ker(py,ps).

If the sheaves R, Y are representable by objects resp. R andU of the category A, then
the category Ker(p},p3) is described by a linear algebra data: its objects are pairs (L, ¢),
where L is an O(U)-module and ¢ is an O(R)-module isomorphism pj(L) = p3(L).

4.9.2. Remark. The category Ker(pj,ps) in 4.9.1 is equivalent to the category of
r1

quasi-coherent modules on the cokernel of the pair 9% = L. If Cok(py, p2) 2y X isa

p2
presheaf morphism such that the corresponding map of associated sheaves is an isomor-

phism (and ¥ is coarser than the quasi-topology of 2-descent), than ¢g* is an equivalence
of Qcohx and Qcohcok(p, p,)- This allows to find the category of quasi-coherent modules
on a space without finding the space itself. We illustrate the latter observation in the
following examples.

4.9.3. Application: quasi-coherent modules on Grassmannians. Let R be a
k-algebra, M and V' projective left R-modules of finite type. Then the functors G and

R

w0 the exact diagram

R G

s
M,V — M,V B GTM,V (1)
P2
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defining the presheaf Gr,, , are representable by resp.  ( MV,QV — RY) and
(RY. ,RY . — RY) (cf. II1.6.3), which implies that the category Qcoh . of quasi-

M,V UM,V

coherent modules on the presheaf Gr,, |, is defined by a linear algebra data: it is equivalent
to the category Ker(pi, p5) whose objects are pairs (L, ), where Lis a G,, ,,-module and ¢
is an R, ,,-module isomorphism pj(L) — p3(L). The inverse image functor pj, i = 1,2,

is isomorphic to the tensoring L — R, , Qg L corresponding to an algebra morphism

Gurv AN R, representing p;.

Let T be a quasi-topology on the category Affy/RY of affine k-schemes over RY. Let
Gri}v be the T-Grassmannian corresponding to Gr,, ,,, i.e. a sheaf of sets (a 'space’)
associated to Gr,, .. If T is coarser than the quasi-topology of effective descent, then the

category QCOhch . of quasi-coherent modules on Gr,, , is naturally equivalent to the

: T
category Qcoh of quasi-coherent modules on Gr My

ar¥

4.9.4. Noncommutative projective space. Let M be the free R-module of the
rank n+1, V the free R-module of the rank 1. In this case, we denote the functor Gr,, .,
by Pr. If a quasi-topology ¥ on the category Aff;/RY of affine k-schemes over R is
coarser than the quasi-topology of 2-descent, than the category QCthg of quasi-coherent

modules on P is equivalent to the category of quasi-coherent modules on the associated

projective space P”T )

4.9.5. The commutative case. Let R = k. Denote by Gr{  the restriction of
the presheaf Gr,, , to the subcategory CAff; of commutative afﬁne k schemes (i.e. the
opposite category to the category C'Algy of commutative k-algebras). We assume that the
rank of the k-module M at each point of Spec(k) is greater than, or equal to the rank
of the k-module V' at this point; otherwise the functor Gr¢, Wy maps every commutative
k-algebra to the empty set. The exact diagram (1) induces an exact diagram

P
c EEE— c
%MV —) GMV
P2

—> GT‘M v (2)

where R} and GY,  denote the restrictions of presheaves resp. R, and G,, ,, to the
subcategory CAfF},. If R, , and G, are representable by the algebras resp. R, |, and
G.r.v» then the presheaves SRC v and GC Gy are representable by abelianizations (quotients
by the commutant) of these algebras, RC v and G7 . By 4.9.2, the category of quasi-
coherent modules on Gr¢  is isomorphic t6 the kernel K er(py, p3) of the pair of the inverse
image functors

*

L

Gy, —mod — 5 RS —mod. (3)
2 ’
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Now we regard (2) as an exact sequence of presheaves of sets on the ringed site
(CAffy, O) of commutative k-schemes for a flat (fpqc, or fppf) topology. The presheaves
R, and chw,v are sheaves because the flat topology is subcanonical (all representable
presheaves are sheaves). The presheaf Gr¢  is not a sheaf, but the sheaf associated to
Gr;,v is isomorphic to the Grassmannian Grassm,, .. Since the fpqc topology (hence
the fppf topology) is coarser than the 2-descent topology, the category of quasi-coherent
modules on the Grassmannian Grassm,, ,, is equivalent to the category of quasi-coherent

modules on the presheaf Gr{ . ie. to the kernel of the pair of functors (3).

5. Representable fibred categories and representable cartesian functors.

5.1. Categories over £ representable by a presheaf of sets. Fix a category €.

For any presheaf &£°P N Sets, we have a category £/S over £. For any X € Ob€, the
fiber (£/S)x is a discrete category formed by all objects (X, X — S). In particular, it is

empty if S(X)=10. Any morphism X oy of the category &£ induces a functor

E/S)y L5 (€/9)x, (V,Y 5 8)— (X,€0 f).

The map f +—— f* is a functor £°? — Cat, and £/ is a fibred category corresponding
to this functor. Note that every morphism of the category £/S is cartesian.

5.1.1. Proposition. The map
S+ /S, Se€ObE”, (85T)— (5/5 S ET, (X,€) — (X, g o,g),)

is a fully faithful functor, %, from E" to the category Cat/E of categories over £. The
functor b€ preserves finite limits.

Proof is left to the reader. m

5.2. Definition. Let &£ be a full subcategory of £. A category F over & is called
& -representable if it is E-equivalent to the category £/S for some object S of £'.
In particular, any &£’-representable category over £ is fibred.

5.2.1. Standard choices of £’. For an arbitrary category £, the standard choices
of £ are the category & itself, the category £" of presheaves on &, and the subcategory of
left exact functors £ — Sets.

5.3. Relatively representable cartesian functors. Fix a full subcategory &’

of the category £". A cartesian functor F 2, G between categories over £ is called
E'-representable, if, for any T' € ObE’ and any cartesian functor £/T — G, the fibred
product £/T x¢g F is £'-representable.
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5.3.1. Affine cartesian functors. We call a cartesian functor between categories
over & affine, or representable, if it is E-representable.

5.3.2. Proposition. (a) Any E-equivalence is E' -representable for any full subcate-
gory & of EN. In particular it is affine.

(b) Suppose E' has finite products taken in E™. Then, for any E'-representable category
F over &, the structure morphism of F is E' -representable.

(c) Suppose E" has a final object. Then a structure morphism of a category F over &
is &' -representable iff F is £ -representable.

(¢’) Suppose € has a final object. Then a structure morphism of a category F over &
s affine iff F is affine.

Proof. (a) The assertion follows from definitions.
(b) Let X € ObE’. The only E-functor £/X — £ is the canonical functor,

(V&) — V, (V,6) L (v, ¢))— (v Lv).

If F~&/S for some S € ObE’, then F xg E/X ~E/S xg /X ~E/(X x S), hence
the structure morphism F — & is £'-representable.

(c) Suppose the structure morphism F Loeise -representable. This means that
Fxg&/X is E'-representable for any X € ObE’. Taking as X a final object of the category
&', we obtain that F xg & ~ F is representable.

(¢’) This assertion is a special case of (c). m

5.3.3. Proposition. Let F be a category over £. Suppose &' is closed under finite
limits taken in E. Then the following conditions are equivalent:
(i) Any cartesian morphism £/S — F, S € Ob&’ is E'-representable.

A
(ii) The diagonal morphism JF — T FxeF is & -representable.

Proof. (i) = (ii). Let X € Ob&’, and let f,g : £/X — F be arbitrary cartesian
morphisms over £. Consider the following canonical commutative diagram

F x E/X —— E/XxrE/X —— F

FXgF
| | | 0
Ag/x (f,9)
E/X —— E/X xg€/X —— FxegF

formed by two universal squares. By (i), the fiber product £/X x #€/X is &' -representable.
Since &’ has products, X x X exists in £, and £/X xg E/X ~ £/(X x X), ie. it is
representable by X x X. Since £’ has fibred products and the embedding

E— Cat/E, X — E/X,
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preserves limits (cf. 2.2), the category F X E/X over £ is E'-representable.

FXgF

(ii) = (i). For any two morphisms, £/X RNy LR E/Y, of Cartg, the square

E/IX xr )Y —— E/X x£E&JY
lfxg
A
F —_— ./—"ng

is cartesian, hence the assertion. m

5.4. Definition. Let P be a class of morphisms of the category £’ stable under

base change. We say that a morphism F N G of categories over £ is P-representable, if
for any X € ObE’ and any morphism £/X — G, the (morphism of £’ representing the)
projection £/X xg F — £/X belongs to P.

5.4.1. Proposition. Let P be a class of morphisms of the subcategory &' C EN.
(a) The class of P-representable morphisms of is stable under base change.
(b) If the class P of morphisms of £ is stable under composition, then same holds for

the class P of P-representable morphisms of Cat/E.
Proof is left to the reader. m

5.5. Finitely presentable and locally finitely presentable cartesian functors.
Let £ be a category and £ a full subcategory of £". We assume that &’ contains all
representable functors and is closed under limits of filtered projective systems.

Let F and G be fibred categories over £. A cartesian functor F i> G over £ will be

called &'-finitely presentable, if for any filtered projective system D 2 ¢ , the canonical

square
. + +
colim ]:33M — Fino

o | | @imo
colim Q’gu —_— glfm@

is 2-cartesian. Here FT and G are the canonical extensions of the fibred categories resp.
F and G onto " (cf. 1.5.1); and lim ® is taken in £,

We call an £'-finitely presentable cartesian functor locally finitely presentable if &' = £.
We call it finitely presentable if £ = EN.

6. Representable cartesian functors and local constructions.

6.0. Fix a category £ and a full subcategory £’ of the category £" of presheaves of
sets on £ which contains (the image of) £ and is closed under fibred products. We denote



Quasi-coherent sheaves. 259

by £ the fibred category over & deﬁned as follows: for any V € ObE, the fiber g{, is the

category &’/ V. For any morphism U N V), its inverse image functor, o, a581gns to any
object (X, X — V) of the category 5’/V its pull-back (X ><¢VL{ X ><¢VZ/{ — L{)

6.1. Proposition. Let X be a fibred category over £. There is a natural equivalence
between the category of £'-representable cartesian functors Y — X and the category of
cartesian functors X — &'.

Proof. The argument is left to the reader. m

6.1.1. Local constructions. We call any cartesian functor X — & a local &'-
construction on X. Local £-constructions will be called affine.

6.2. Relative local constructions. Fix a functor A —=s £. Let g&, denote the
fibred category & x, A=E Xgpe A over A

Let X be a fibred category over A. We call any cartesian functor X — &g x. Aa
local (£, ®)-construction on X, or simply a local construction on X, if it is clear what are
the subcategory £ and the functor ®.

Local (&€, ®)-constructions will be called affine.

6.3. Local constructions over a ringed category. Let (A, O) be a ringed cat-
egory. Let £ be the category Affx of noncommutative affine k-schemes. Let 7 be a
pretopology on £ and &’ the category of 7-locally affine spaces. The presheaf of rings O
induces a functor

P=0p: A—— & Ur— OU).

A local (&€, ®)-construction on a fibred category X over A is a family of functors

Xu T, (g’ xeg Ay, U € ObA, such that for any U € ObA and any object = of the fiber

Xy over U, Fy(z) is a 7-locally affine space over O(U)V; and for any morphism U 2y

and any x € ObXy,, we are given an isomorphism of spaces

Fu(¢"(x) —— Fu(a) [[ OO
o(V)V

6.3.1. Affine local constructions. A local construction X — & x ¢ A 1is affine
iff for any U € ObA and any x € ObXy, the object Fy(x) is an affine space over O(U)Y,
i.e. Fy(x) is isomorphic to a pair (R(U,z)Y,R(U,z)Y — O(U)") corresponding to a ring
morphism O(U) — R(U, z) defined uniquely up to isomorphism.

Thus, an affine local construction on X can be described as a function which assigns to
every pair (U, z), where U € ObA and z € ObXy, a ring morphism O(V) — R(U, z) and
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to any morphism U 25V of A and any x € ObXy,, a morphism R(V, x) & R(U, ¢*(x))

such that the square
g
R(V.a) —— R(U,¢"(2))

¢
T cocart T

o) ﬂ o)

is cocartesian. In other words, the induced ring morphism

/7

RV, ) oy, OU) — R(U,¢"(x))

*ow)

is an isomorphism. The morphisms {4 should satisfy standard compatibility conditions
with respect to the composition of morphisms of A.

6.3.2. Vector fibers over a ringed category. Let Bmod (A, O) denote the fibred
category of (A, O)-bimodules determined by the pseudo-functor A°? — Cat which assigns
to each object V of A the category opposite to the category of O(V)-bimodules and to any

morphism U %5V the functor opposite to the functor
¢* 1 M — O(U) ®on) M @0 OU).

Let X be a fibred category over A. We define O-bimodules on X as cartesian functors

M
X —— PBmod(A,0O). This means that M is a function which assigns to every pair
(V,z), where V € ObA and z € ObXy, an O(V)-bimodule M(V, z) and to every morphism

U2 V a bimodule isomorphism

OW) B MV, ) Gow OU) — s MU, ¢ (x)) 1)

satisfying the usual compatibility conditions.
For any V € ObA and z € Xy, let R(V,x) be the tensor algebra, T, ,, (M(V,x)), of

the O(V)-bimodule M(V,x). Fix a morphism U %5V of A. The O(V)-bimodule mor-
o(4)

phism M(V,z) — M(U, ¢*(x)) and the ring morphism O(V) —— O(U) induce ring
morphisms T, ., (M(V,)) — T, (M(U, ¢*(z))) «— O(U) which, in turn, determines
a morphism

OWU) *o) Tow, MV, 2)) —— Ty (M(U, 9" (2)))- (2)

ow) oW o)

Since the O-bimodule M is quasi-coherent, (1) is a bimodule isomorphism, which implies
that the ring morphism (2) is an isomorphism.
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We denote the affine scheme T, ,, (M(V,x))" by Vo) (M(V,x)) and the local con-
struction on X given by (V,z) — Vo) (M(V,z)) by Vo(M).

6.3.3. Vector fibers associated with pairs of quasi-coherent modules. Let
M(A, O) be the fibred category of (A, O)-modules (cf. 2). Let X be a fibred category over
A. We define O-modules on X as cartesian functors M : X — (A, O). This means
that M is a function which assigns to each pair (V,z), where V € ObA and = € ObXy,, an

O(V)-module M(V, z) and to each morphism U %5V an O(U)-module isomorphism

OU) @ow) MYV, 2) —s MU, ¢*(z)) (3)

which satisfies the usual compatibility conditions.
Let M and P be two O-modules on X. The pair (M, P) defines a functor

Homg ((M,P): X —— M xg A (4)

which assigns to each pair (U, z), U € ObA, x € ObXy, the functor

O(U)\Rings — Sets, (O(U) 2, R) +— Homg(¢*(M(U,x)),¢*(P(U,x))) (5)

naturally defined on morphisms.

6.3.3.1. Proposition. Suppose that for every U € ObA and x € ObXy, the O(U)-
module P(U, z) is projective of finite type. Then the functor (4) is an affine local construc-
tion.

Proof. Set for convenience M = M(U,x) and P = P(U,z). Then
Homp (¢" (M), ¢"(P)) ~ Homo (M, ¢¢™ (P)) = Homow)(M, R ®@ow) P) ~

Homo (M, HomO(U)(PV,R)) ~ Homouy (M ® PV R) ~
OUNAlge(Tow)(M @ PY),R)
Here Hom®W)(PV,S) is the (left) O(U)-module of right O(U)-module morphisms from
PYto S, O(U)°:=0U)®0(U)°, and To) (M @ PY) is the tensor algebra of the O(U)-

bimodule M ® PV. This shows that (4) is isomorphic to the vector fiber Vo(M @ PV) of
the quasi-coherent O-bimodule M @ PV. u

It is useful to have an analogue of 6.3.3.1 for a family of modules. Let {M;,P; |i € J}

be a family of O-modules on X. These family defines a functor

HHomo’x(/\/li,Pi) X — g/\ Xe A (6)
ieJ
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which assigns to each pair (U, x), U € ObA, = € ObXy, the functor
O(U)\Rings — Sets, (O(U) < R) — [ | Homr(¢"(Mi(U, ), ¢" (Pu(U,x)))
ieJ

naturally defined on morphisms.

6.3.3.2. Proposition. Suppose that for every U € ObA and x € ObXy and for all
i € J, the O(U)-module P(U,x) is projective of finite type. Then the functor (6) is an
affine local construction on X isomorphic to V( @(Mz ®PY)).
i€J
Proof. The argument is similar to that of 6.3.3.1. Details are left to the reader. m

6.3.4. The construction of isomorphisms. Fix a ringed category (A, O) and a
fibred category X over A. Let M and P be O-modules on X. We denote by Gfa% the

functor X — " x¢ A which assigns to every pair (U,x), U € ObA, = € ObXy, the
functor
GoWw) : O(U)\Rings —— Sets (7)

MU,z),V(U,x)

defined as follows: to every ring morphism O(U) N R, the functor (7) assigns the set
of all pairs of R-module morphisms ¢*(P(U,x)) — ¢*(M(U,z)) — ¢*(P(U,x)) the
composition of which is the identical morphism.

6.3.4.1. Proposition. Let M(U,x) and P(U,x) be projective O(U)-modules of finite
type for allU € ObA and x € ObX. Then the functor Gfaaé 1s an affine local construction
on X.

Proof. (a) For convenience, we set M = M(U,z) and P = P(U,z). For any ring
morphism O(U) LN R, the set Gﬁ(g) (R, @) is the kernel of the pair of morphisms

Homg (¢ (M), ¢"(P)) x Homg(¢*(P),¢"(M)) __3 Homr(¢"(P),¢"(P))  (8)

where one arrow assigns to each pair (u,v) the composition, v o v, of morphisms u and
v, and the other one maps each pair (u,v) to the identity morphism, idg-py. Since (8)
depends functorially on everything, the functor Gfai is the kernel of a pair of functor
morphisms

Hom, (M, P) x Homg, (P, M) ___ Homg, (P, P) (9)

Since M(U,z) and P(U,x) are projective O(U)-modules of finite type for all U € ObA
and = € ObX, the functors Hom,, , (M, P), Hom,, . (P, M), and Hom,, , (P, P) are affine
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local constructions on X resp. V, (M ®@PY), V, (PoMY),and V, . (P®PY). Thus
the diagram (9) is equivalent to the diagram

Vor(M@PYdPoMY) _i Vo (P2PY) (10)

(see 6.3.3.2). The kernel of a pair of morphisms between two affine local constructions is
an affine local construction. m

Let M and P be O-modules on X. We denote by I 50/(?4’,376» the functor ¥ — " x¢ A
which assigns to every pair (U,z), U € ObA, = € ObXy, the functor

I50°W) : O(U)\Algy — Sets

MU,z),P(U,z)

that assigns every ring morphism O(U) %4 R the set of isomorphisms

¢"(M(U,x)) = ¢*(P(U, z)).

6.3.4.2. Proposition. Let M(U,z) and P(U, z) be projective O(U)-modules of finite
type for allU € ObA and x € ObX. Then the functor Isofa’ii s an affine local construction
on X.

Proof. The functor 1 sog’f is naturally identified with the fiber product of the pair of
morphisms

p
GO L) Homo,x<M7P) XHomo,x(P’M) — G (11)

M, P P,M?

where ¢ is the natural embedding, 1 is the composition of the natural imbedding

GO% s Hom, (P, M) x Homg, (M, P)
and the isomorphism
Hom,, .(P,M) x Hom,, ,(M,P) == Hom, ,(M,P)x Hom,, (P, M)
defined by (u,v) — (v,u). By 6.3.3.2, the diagram (11) is isomorphic to the diagram
GO —— Vo ,(MaPYePMY) — GIL. (12)

By 6.3.4.1, the functors Gfaf) and Gg’ii are affine local constructions on X. Therefore the
pull-back of (5) is an affine local construction on X. m
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6.4. Grassmannians. For any associative unital ring S and any pair M, P of left
S-modules, we define the 'Grassmannian’ Gr®  as the functor S\Alg, — Sets which

assigns to every ring morphism S %% T the isomorphism class of coretractions (— splittable
epimorphisms) ¢*(M) — ¢*(P). We have a canonical exact sequence of functors

P1

s — S T s
R - (G, —— Gy (1)

P2
Here 7 is the natural epimorphism (sending a split pair of arrows ¢*(P) = ¢*(M) = ¢*(P)
to the class of the epimorphism u) and i)fii . 1s the "functor of relations’; i.e.

%i,P :GJ\S4,P H GfJ,P'
GrS

M,P

Fix a ringed category (A, Q) and a fibred category X over A. Let M and P be O-
modules on X. Since the functors Grfm ., G . and %i,p in the diagram (1) depend

M,P’

functorially on S, M, and P, they determine functors X — EN xg A which we denote

resp. by Gr%’f and 9%/(\9/135 Thus, the diagram (1) induces an exact diagram
P1
0,Xx —— ~OX i 0,%
v eSS T 2)
2

of functors X — EN x¢ A.

6.4.1. Proposition. Let M(U,x) and P(U,z) be projective O(U)-modules of finite
type for all U € ObA and x € ObX. Then (2) is the exact diagram of local constructions
on X (in particular, Grgi is a local construction), and the local constructions 9%5\9435 and

O0,x
GM,V are affine.

Proof. 1If the S-modules M and V are projective of finite type, then, by II1.6.3,
the functor R°  (and G;\gm ) is representable. By II1.6.4.1, all three functors in (1) are

compatible with the base change. The latter means that if S 2 Tisa ring morphism,
and &%  denotes any of the functors in the diagram (1), then

T ~ 1S H \%
®¢*<M),¢*(P> o QﬁM’P .
Sv

This implies the assertion. m

6.5. Flag varieties and generic flag varieties. We leave to the reader the gen-
eralization of 6.4, in particular, 6.4.1, to flag varieties and the versions for generic flag
varieties, in particular, the generic Grassmannians.
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Noncommutative Grassmannians and Related Constructions.

The main purpose of this chapter is presenting a general construction of noncommu-
tative spaces and studying its first properties. This construction can be regarded as a
far-reaching generalization of Grassmannians and flag varieties discussed in Chapter III.

There is an important aspect of noncommutative geometry which we take into con-
sideration here. Local objects of commutative algebraic geometry, affine schemes, form
a category dual to the category of commutative rings. The latter might be regarded as
commutative algebras in the symmetric monoidal category of Z-modules. The category
Aff; of noncommutative affine schemes over a commutative algebra k is, by definition,
the category dual to the category of associative unital k-algebras, which are, precisely,
associative unital algebras in the symmetric monoidal category of k-modules. One of par-
ticularities of noncommutative geometry is that some interesting noncommutative spaces
‘live’ in non-trivial, non-symmetric monoidal categories. For instance, the quantum flag
variety of a simple Lie algebra g is a scheme in the monoidal category of Z"-graded vector
spaces endowed with a braiding determined by the Cartan matrix of g (cf. [LR2]). Here
we adopt a framework which allows to take these phenomena into account and gives to our
constructions an appropriate level of generality. The framework is as follows: instead of
the monoidal category of modules over a commutative unital ring k, we take an arbitrary
monoidal category A~ together with its action on a category Cx and define the category
Aff 4~ of affine schemes in A~ as the category opposite to the category AlgA™ of asso-
ciative unital algebras in A~. The formalism of the first sections of Chapter III singles
out, among presheaves of sets on Aff 4~, the locally affine spaces and schemes. For any
associative unital algebra S in A™, we define the category S — modx of S-modules in Cx,
which is viewed as the category of quasi-coherent modules on the affine scheme SV corre-
sponding to the algebra S. Applying the generalities of Chapter IV, we obtain, for an an
arbitrary presheaf of sets X on the category Aff 4~, the category Qcoh?f of quasi-coherent
modules on X related to the action @~ of the monoidal category A~ on the category Cx.

A standard noncommutative example is Cx = R — mod for an associative unital k-
algebra R and A~ = R — mod™~ = (R — mod, ®p, R) — the monoidal category of left
modules over R¢ = R®y R°, acting on R —mod by tensoring over R. A unital associative
algebra S in the monoidal category R® — mod™, that is a unital k-algebra morphism
R — S; and the category of S-modules in Cx is naturally equivalent to the category
S — mod of left S-modules. This is the setting behind the constructions of Chapter III.

A straightforward extension of the previous example to non-affine non-commutative
setting is the monoidal category of continuous (that is having a right adjoint) k-linear
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endofunctors of a k-linear category naturally acting on this category. This setting is
implicitly used in Chapter I while studying affine morphisms.

A curious non-trivial example is the monoidal category A~ =S — Vecy' of S-spaces
whose objects are families of representations of all symmetric groups, S,,, n > 1, in vector
spaces over a field k, and the tensor product is the so called plethysm product. Algebras
in the monoidal category S — Vec} are called k-linear operads. The monoidal category of
S-spaces acts canonically on the category C = Vecy of k-vector spaces. Modules in Vecy,
over an operad P are traditionally called P-algebras.

Note that some basic notions of commutative algebraic geometry in symmetric monoidal
categories (starting with the site of affine schemes with fpgc topology) were sketched by P.
Deligne in connection with the characterization of Tannakian categories [DI]. Our monoidal
categories are usually not symmetric and, even in the case of symmetric monoidal cate-
gories, our algebras are usually non-commutative.

Appendix 2 and Section 1 summarize preliminaries on monoidal categories and their
actions, as well as related properties of algebras in monoidal categories and modules over
them. In Section 2, we define affine schemes in monoidal categories and introduce vector
fibers of bimodules and pair of "admissible” objects. The latter are the main building
blocks for constructing of affine and non-affine varieties of this Chapter. In Section 3, we
introduce and study presheaves of morphisms and isomorphisms between functors to a cat-
egory endowed with an action of a monoidal category. Under certain finiteness conditions,
these presheaves are representable by affine schemes, which are limits of finite diagrams
of vector fibers. In Section 4, we describe a certain combinatorial construction of affine
schemes, which is used later for constructing non-affine varieties. One of its special cases
is the universal localization. In the next two Sections, we make a step towards non-affine
varieties sketching natural generalizations of varieties discussed in Chapter III. Section 5
contains the construction of Grassmannians and generic Grassmannians. In Section 6, we
extend to this setting generic flag varieties and Stiefel schemes. In Section 7, we introduce
a construction of generalized Grassmannian type spaces. All generic and non-generic flag
varieties of Chapter III and their generalizations appeared in the previous sections of this
chapter are special cases of this construction. In Section 8, we discuss the conditions on
our combinatorial data, which guarantee (formal) smoothness of the corresponding vari-
eties. In Section 9, we apply the generalities of Chapter IV to introduce the categories of
quasi-coherent modules and bimodules associated with an action of a monoidal category.

An aesthetically nice feature is that passing from affine to non-affine objects, we still
stay inside of our initial pattern: the monoidal category of quasi-coherent bimodules acts
on the category of quasi-coherent modules.
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1. Preliminaries on algebras in monoidal categories.

1.0. Monoidal categories and their actions. Recall that an action of a monoidal
category A~ = (A, ®;a;1,[;r) on a category Cx is a monoidal functor &~ = (P, ¢, ¢g)
from A~ to the monoidal category (End(Cx),o,Idc, ) of endofunctors of Cx.

1.0.1. Assumptions.

1.0.1.1. We usually assume that the categories A and Cx have cokernels of reflexive
pairs of arrows (see 1.4.2.1) and, for every M € ObA, the functors

Mo- -OM (M)
A o y A < © A and Cx —— Cx (1)

are weakly continuous, i.e. they preserve cokernels of reflexive pairs.

1.0.1.2. In addition, we assume, starting from the middle of Section 1, that the
categories A and Cx have countable coproducts and the functors (1) preserve them.

1.0.2. The invariance of the assumptions under base change. Suppose that
the assumption 1.0.1.1 holds. Then, for any associative unital algebra R in the monoidal
category A~ = (A, O;a;1,[t), an action &~ = (P,¢4,¢9) of A~ on a category Cx
gives rise to an action @5 = (®%, ¢R ¢X) of the monoidal category

End 4~ (R) = R — bim™ = (R — bim, Or, a; R, (X, t*)

of R-bimodules on the category R — modx of R-modules in Cx (see A2.10).

1.0.2.1. Notice that the monoidal category R — bim™, the category R — modx
and the action @7 inherit the property 1.0.1.1.

1.0.2.2. If the triple (A~,®~,Cx) satisfies the condition 1.0.1.2, then same holds
for (R —bim™,®%, R —modx).

1.0.3. Notations and basic facts. We refer to Appendix 2 for notations, notions
and basic facts on monoidal categories and their actions, which are used in the chapter.
One might browse Appendix 2 and then return to its specific parts when needed.

1.1. Limits and colimits of algebras in a monoidal category. Fix a monoidal

category A~ = (A, ®;a; 1, [ v). Let AlgA™ f—> A be the forgetful functor
R=(Rpug)— R, (R-58)— (F.(R) 5 1.(S)).

from the category lgA™~ of algebras in A~ (cf. A2.5) to the category A.
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1.1.1. Proposition. Let D 2, Alg A~ be a diagram such that there exists the limit

fxo®
of D —— A. Then there exists the limit of the diagram 9.

Proof. Let p, denote the projection lim(f, 0 ®) —> f. 0 D(z), z € ObD. We have
the set of morphisms

~ ~ PaOPz ~ ~ Fo@) ~

(lim(f 0 D)) © (lim(f 0 D)) —— Fe 0D(2)) © (fx 0 D(z)) —— fe 0D (x), x= € ObD.

such that, for any morphism =z L, y of D, the diagram

~ ~ PrOPs  ~ ~ Fo@ ~

(im(F. 00)) © (im0 0) 225 FoD(@)® FoD@) — FoD()
id | 106 0 FDE) | | 720
(im0 9) & (im0 ) 2 Good) o (oDl) — Fod()

commutes: the right square commutes, because D () is an algebra morphism; and the
left square commutes, because (lim(f. o D) 2 o®D(2) |z € ObD) is a cone, that is
py = §:9(&) o p,. This shows that the compositions

~ - P () 0Pz OP2)
(lim(fx 0 D)) ® (lim(fx 0 D)) ——— f. 0 D(x), x € ObD,

form a cone. Since the cone (lim(?* 0®) 25§, 0D () | € ObD) is universal, there
exists a unique morphism

(thOQ»@mmmo@»-ii+hm@o©)

such that the diagram
(lim{f. 0 D)) ® (lim@. 0D)) —2—  lim(f. o D)
idl lm
~ ~ gy OP2OPz)
(lim(fx 0 ®)) © (lim(fx 0 D)) ————  fioD(2)

commutes for every x € ObD. If follows from the argument above that the algebra

(im(fx 0 ®), pt,) is the limit of the diagram ©. m
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1.1.2. Note. If the diagram ® in 1.1 takes values in the subcategory of unital
(resp. associative) algebras, then the algebra lim® = (lim(f, 0 ®), p,) is unital (resp.
associative). In particular, the limit of a diagram ® taking values in the category Alg.A™
of associative unital algebras exists and is an associative unital algebra, provided the limit

of its composition with the forgetful functor exists.

Fa
1.2. Tensor algebras. Let AlgA~ —— A be the forgetful functor — the restriction

Fae
of the functor AlgA~ —— A to the subcategory AlgA™ of associative unital algebras
in A™ (see A2.5.2).

1.2.1. Proposition. (a) Let an object E of the category A be such that the functors

EO—

A A 9% 4

preserve countable coproducts; and let there exists a coproduct H E®"™. Then the functor
n>0
A(E,§.(=)) from AlgA™ to Sets is corepresentable.

(b) Let {E; | i € J} be a set of objects of the category A such that there exists a

coproduct FEj; = ]_[EZ and the objects E; and E;, i € J, satisfy the conditions (a)
ieJ

above; so that the tensor algebras T(Ey), T(E;), i € J, exist. Then the algebra T(Ej)

is the coproduct of the set of algebras {T'(E;) | i € J}.

Proof. (a) Denote by T'(E) the algebra (H E®™ ug), where the multiplication ug is
n>0
given by the identical morphisms E®" @ E©™ — E®(m+1)  For any associative unital al-
gebra (R, p) in A™~, the natural map A(E, R) — Alg A~ (T(E), (R, p)) is an isomorphism
functorially depending on the algebra (R, ).
(b) It follows from (a) that

AlgA~(T([] B, =) =~ A([] Bir (=) =
icJ icJ

[T AE:, () = [ ] AlgA™(T(E:), -),

ieJ ieJ
hence the assertion. m
1.2.2. Corollary. Assume that the category A has countable coproducts and that the
multiplication A x A L A preserves countable coproducts in both arguments. Then

fa
the forgetful functor AlgA~ —— A has a left adjoint.
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Proof. The assertion follows from 1.2.1(a): the left adjoint to the functor f, maps
each object L of the category A to the tensor algebra T'(L). of L. m

1.3. Proposition. Suppose that the category A has countable coproducts and that

the multiplication A x A 95 A preserves countable coproducts in both arguments. Then
the category Alg A~ of associative unital algebras in A~ has finite coproducts.

Proof. (a) Let S be a unital associative algebra in A™~. By 1.0.2, for every S-bimodule
M, there exists the tensor algebra T's(M). In particular, for any object £ of the category
A, there exists the tensor algebra T's(n5(£)) of the S-bimodule N§(L£) =SOLO S.

The commutative square

ns
I —

S
l cocart l (1)
L) —— Ts(s(L))

is universal, that is Ts(n§(L)) ~ S+ T(L).

This follows from the fact that the functor T's(—) is left adjoint to the forgetful functor
from the category of associative unital algebras in & — bim™ to the category & — bim of
S-bimodules the observation that every morphism & — B of unital associative algebras
makes B a unital associative algebra in the monoidal category & — bim™.

Of course, this can be easily seen directly: every pair of unital algebra morphisms
T(L) — B +— S is uniquely determined by the pair of morphisms £ — §.(B), S — B,

which, in turn determines (and is determined by) an S-bimodule morphism SOLOS — B.

s
(b1) Under the assumptions, the forgetful functor AlgA~ —— A has a left adjoint,

f*. The pair of adjoint functors f{*, f. satisfies the conditions of Beck’s theorem; that

Fae
is the forgetful functor AlgA~ —— A is isomorphic to the forgetful functor from the
category of modules over the associated monad F; = (F}, 1), where Fj = f,.
In particular, for every algebra R in A™, we have a canonical exact diagram

P* e (R)

fifi(R) S i(R) — R (2)

F* b

f*
which the forgetful functor Alg A~ —— A maps to an exact diagram.
(b2) It follows from (a) above that the pair of arrows

f*f*ﬁf(”?')

Sx (Ffff(R) 2 §f.(R)) (3)

F*rg
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is well defined. Since this pair of arrows is reflexive (because the pair of arrows in (2) is
reflexive), it has, by hypothesis, a cokernel. The latter is isomorphic to SxR. m

1.3.1. Remarks. (i) It follows from the part (a) of the argument that the diagram
(3) is isomorphic to the diagram

Fuef (R)
Ts o s (f.fF:(R) = f.(R)) (4)

Hr

(ii) The role of the algebras S and R in the presentation of their star product in the
argument of 1.3 is not symmetric. If S is another algebra, then the coproduct S x R of &
and R is the colimit of the coproduct of the diagrams

f*f*ef(R) f*f*éf(s)

PR f(R) S Fi(R) and §H5.(S) 5 Fi(S).
¥ F*rg

which is isomorphic to the diagram

£ (575 (R) LT 75 (S))

H Ll R

R)1§+(S))

The colimit of the diagram (5) is isomorphic to S x R.

2. Affine schemes in a monoidal category. Vector fibers.

2.0. The setting. We fix a monoidal category A~ = (A, ®;a;1, [ t) and its action
on a svelte category Cx — that is a monoidal functor ®~ = (®, ¢, ¢y) from A~ to the
strict monoidal category FEnd(Cx)™~ = (End(Cx),o, Idc,).

We assume that they satisfy the following conditions:

(a) The categories A and Cx have cokernels of reflexive pairs of arrows and countable

coproducts, and the functors A —» End(Cx) and A x A 95 A preserve countable
coproducts and cokernels of reflexive pairs of arrows.

(b) The functor A 2, End(Cx) takes values in the category End™(Cx) of weakly
continuous (i.e. preserving cokernels of reflexive pairs of arrows) endofunctors of Cx.

2.1. Affine schemes. Fix a monoidal category A~ = (A, ®;a;1,[,v). The category
Aff 4~ of affine schemes in A™ is the category opposite to the category AlgA™ of asso-
ciative unital algebras in A~. For an associative unital algebra R, we denote by R" the
corresponding affine scheme.
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2.2. Vector fibers of objects. Let £ be an object of the category A such that there
exists the coproduct of H L™, or, what is the same, there exists the tensor algebra of
n>0
the object £. The affine scheme T'(£)Y of the tensor algebra T(L) is called the vector
fiber of £ and is denoted by V(L£). It follows from 1.2.1(b) that

V([T o~ ]V,

iceJ ieJ

provided that the vector fibers V(H L;) and V(L;), i € J, are defined.

i€J

2.3. Admissible pairs of objects. Finite objects. We say that a pair (M, L)
of objects of the category Cx is ®~-admissible, if the functor Cx(M,®(—)(L)) from
A to Sets is corepresentable, i.e. there is an object LM of A (defined uniquely up to
isomorphism) and an isomorphism Cx (M, ®(—)(L)) ~ A(L"M, —).

2.3.0. Finite objects. We call an object L of the category Cx finite, if (M, L) is an
admissible pair for any object M of the category Cx.

2.3.1. Example. Let Cx be the category of left modules over an associative
k-algebra R and A~ the monoidal category of R°-modules, R® = R ®; R°, acting on
the category Cx via ®pg. Then the finite objects of the category Cx are projective R-
modules of finite type. If L is a projective R-module of finite type and M an arbitrary left
R-module, then L "M ~ M ®; L*, where L* denotes the dual to L (right) R-module:
L* = Homg(L, R). In particular, if L = R, then L"M is isomorphic to the R-bimodule
M ®j. R, where R, is R regarded as a right R-module.

2.3.2. Example. Let &~ be the standard left action of A~ on A (see A6.1.). Let
L, M € ObA. By definition, the pair (M, L) is admissible iff the functor

A— Sets, Fr—— AM,F®L))

is corepresentable. Suppose that L is a finite object, i.e. there exists an object L' such that
the functor L' ® — is a right adjoint to — ® L (see A6.5.2). Then F ® L ~ Hom(L', F),
hence

AM,F ® L)) ~ AM, Hom(L', F)) ~ AM & L', F)

functorially in F'. In other words, L is a finite object of the monoidal category A~ in the
conventional sense (see A6.5.2) iff it is a finite object in the sense of 2.3.
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2.3.3. Proposition. Let S and R be associative unital algebras in A~ and R = S
a unital algebra morphism. The inverse image functor

*

<p)(
R —modx —— S —modx

maps ®F -admissible pairs of objects of the category R —modx to ®F-admissible pairs of
objects of the category S — modx.
The functor % maps finite objects of R —modx to finite objects of & —modx.

Proof. (a) Let (£, M) be a ®%-admissible pair of objects of the category R —modx.
Then, for every S-bimodule 91, we have the following canonical isomorphisms:

S —modx (5 (M), 25 (M) (v (£)) — R —modx(M, soffbg(‘ﬁ)(w; (£)))
{
R — bz‘m(clM, P+ (M) <= R —modx (M, 2% (2.(MN))(L)))
{
S — bim(F*(L M), M)

where @, is the restriction of scalars functor S — bim — R — bim (see A10.1) and ¢*
its left adjoint, which maps an R-bimodule £ to an S-bimodule § ©®r £ Or S.
This shows that the object (¢* (£))"¢% (M) exists and is isomorphic to @*(L " M).
(b) Suppose that £ is a finite object of the category R —modx and N an arbitrary
object of S — modyx. We have a canonical exact diagram

0% o xe(N)

X s e(N)
(w;¢X*)2(N) e @;‘PX*(N) — N

evj(sax*(/\f)

which give rise, according to (a), to a commutative diagram

S —modx (N, TS(—)(@E (£)))
S —modx (95 (V) @5 ()¢5 (£)))  —— S —bim(F* (L (px«(N))), )

1l

S —modx (¢} ¢x+)* V), 85 (=)(¢5 (£))  —— 8§ = bim(@* (L p sk s (N)), (—1))
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which is functorial in all arguments. The right pair of vertical arrows in (1) corresponds
to a reflexive pair of arrows

B (L i P W) 3 (LMo (N)))- (2)

Therefore, there exists a cokernel of the pair (2), which we denote by ¢* (£)"N. Since
the right column of the diagram (1) is an exact diagram, there exists a unique isomorphism

S —modx (N, 85 (=) (¢} (L)) —— 8§ —bim(¢} (L)"N, -)

X X

making the diagram

S — modx (N, @3 (=) (¢* (L)) — S —bim(p* (L)"N, —)

X

! |

~

S —modx (¢} (px«N)), 25 (—)(¢} (L)) ——  S—=bim(g" (L (px+(N))), —)

1l

S —modx (¢} ¢x+)* V), 85 (=)(¢5 (£)) —— 8§ = bim(@* (L p sk s (N)), (—3))

commute. m

2.3.4. Proposition. Let (M, L) be an admissible pair of objects of the category Cx .
Suppose that the functors Cx(M,—) and ® preserve colimits of a certain type. Then the
functor A(L"M, —) has the same property.

Proof. Let © 25 A be a functor having a colimit, which is preserved by the functor
A2, End(Cx). Then we have the following canonical maps

colimA(L"M,D(-)) A(LM M, colim(D))
| K
colimCx (M, ®oD(—)(L)) — Cx(M,colim(®oD)(L)) = Cx(M,P(colim(D))(L))

three of which are bijections. If the functor Cx (M, —) preserves colimits of functors from
®, then the remaining map is bijective too. m

2.3.5. Proposition. Let (M, L) be an admissible pair of objects of the category Cx .

(a) Suppose that the functor ® preserves colimits. Then LM is a finite object of the
category A, provided that M is a finite object of the category Cx .

(b) If the functor ® preserves colimits of filtered diagrams and M is a finitely pre-
sentable object of the category Cx, then LM is a finitely presentable object of A.
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(¢) Suppose that the functor ® preserves the colimits of filtered diagrams and cokernels
of reflexive pairs of arrows. Then LM is a weakly finite object of the category A (cf.
I11.1.7.1), if M is a weakly finite object of the category Cx.

Proof. The assertion follows from 2.3.4. m

2.4. Vector fibers associated with (families of) admissible pairs. Imposing

relations. For an associative algebra S = (S, ug) with the unit I s, S, we denote by s
(instead of (7s) ) the unit of the monad @7, (S) and, therefore, by s, (instead of (1))
the forgetful functor

S —modx = ®7%,,(S) — mod —— Cx

and by s* (instead of (1,)% ) its standard left adjoint.
The following proposition is a generalization of Theorem 3.1 in [B].

2.4.1. Proposition. (a) Let (M, P) be an admissible pair of objects of the category
Cx. Then the presheaf

Hu,p
AfFY. = AlgA~ —— Sets, S+— S —modx(s*(M),s*(P)), (1)

15 representable.
(b) More generally, if {(M;, P;), © € J} is a family of admissible pairs of objects of
Cx for which there exists a coproduct of {P{*M; | i € J}, then the presheaf

AfFP. = AlgA~ —— Sets, S+— HS —modx (s*(M,;),s*(F;)), (2)
icJ
1 representable.
Proof. (a) We have the following isomorphisms functorial in S:

S — modx (s*(M),5*(P)) ~ A(M,s,(s*(P))) = A(M, 3(S)(P)) ~
A(P"M,5,(8)) =~ AlgA™(T(P M), 8) ~ Aff 4~ (S", V(P M)),

i.e. the functor (1) is representable by the vector fiber V(P"M).
(b) By (a), we have functorial isomorphisms:

[ 8 — modx (s* (M), s*(Py)) ~ [[ AP/ M, 5.(S)) ~
ieJ eJ
A(JT(P M), 5.(9)) ~ Alg A~ (T(] [ P M), S) ~ Affa~(SY, V(][ P/ M),

icJ icJ icJ
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hence the assertion. m
The next assertion is a generalization of Theorem 3.2 in [B].

2.4.2. Proposition. (Imposing relations) (a) Let (M, P) be an admissible pair of

!
objects of the category Cx, and let M =X P be a pair of arrows. There exists a unique

g

up to isomorphism algebra R such that ®(R)(f) = ®(R)(g) and universal for this property:
given any algebra S with s*(f) = s*(g), there exists a unique algebra morphism R — S.
fi
(b) More generally, given a family of pairs of morphisms, M; :>> P;, 1 € J, such that
all pairs (M;, P;) are admissible and there exists a coproduct of the family {PM;| i € J},
there is an algebra R universal for the property ®(R)(f;) = ®(R)(g;) for all i € J.

Proof. (a) Since S —modx (s*(M),s*(P)) ~ AlgA~(T(P"M),S) (see the argument
of 2.4.1(a)), to every morphism M J, P, there corresponds a unital algebra morphism

T(P"M) ENN g Therefore, the universal algebra R is the cokernel of the pair of algebra
morphisms

fll
T(P"M) X 1
g(L
corresponding to the morphisms f and g. Notice that, by the conditions 2.0, this cokernel
exists, because any pair of unital algebra morphisms to I is reflexive.
(b) It follows from the functorial isomorphism

118 —modx (s*(3;), 5 (Py)) ~ Alg A~ (T(] [ (P M), S)

i€J i€J

(see the argument of 2.4.1(b)) that the universal algebra R is a cokernel of the pair of

algebra morphisms
fa
T([[ P M) =31
icJ !

corresponding to the family of pairs of morphisms {f;,g;, i1 € J}. =

2.4.2.1. Note. Let the conditions of 2.4.2(a) hold. Let K denote the Kronecker
quiver jxg, 2, the quiver a; — a9; and let G be the diagram Ky — 2y, which
maps both arrows of K5 to the unique arrow of ;. Let E be the diagram 8K, — Cx

f
which maps £, to M X P. Consider the presheaf of sets on Aff 4~ which maps every

g
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unital associative algebra S in A~ to the set of all diagrams %Iy S mod x such that

the diagram
E
R — Cx

G | [ n

H
Ay —— S —modx

commutes. It is easy to see that the map is functorial. The assertion 2.4.2(a) means that
this functor is (representable by) an affine scheme in the monoidal category A™.
We leave to the reader the corresponding reformulation for 2.4.2(b).

2.4.3. Interpretation: the enriched category of finite objects. The category
B of presheaves of sets on a svelte category B is a monoidal category with respect to
product, whose unit object is the presheaf @ with values in one element set — the final object
of B, If the category B has finite products and a final object, then the full subcategory
of B generated by representable presheaves is a monoidal subcategory of (B, x,e).

In particular, the category Aﬂ'ﬁh of presheaves of sets on the category of affine
schemes in A" is a monoidal category, and the Yoneda embedding is the monoidal functor
from the monoidal category Aff. = (Aff 4~, x,1V) to (Aff) )~ = (Aff)j-, x,e).

The assignment to each pair of objects, £, M, of the category Cx the presheaf of sets

He,
AFD. = AlgA~ 25 Sets, S S — modx (s*(L), 5" (M)),

turns Cx into (Aff/;.)~-enriched category.

2.4.3.1. Finite objects and vector fibers. We denote by Cx; ¢~, or simply by
Cx; (if the action ®~ of the monoidal category A~ on the category Cx is fixed) the full
subcategory of the category Cx generated by ®~-finite objects.

It follows from 2.4.1 that the structure of (Aff/).)~-enriched category on Cx induces
the structure of Aff7;~-enriched category on its full subcategory Cx,. Moreover, the
category Cx; is, actually, enriched by the monoidal subcategory of Aff7. formed by
vector fibers of objects of A and their morphisms induced by morphisms of objects — the
essential image of the functor

v
AP —— Aff 4~
which assigns to every object of A its vector fiber.

2.5. Isomorphisms and ”splittings”; the group scheme GLy. Fix a pair of
objects V, W of the category Cx. We have a presheaf of sets

Iso

AP, = AlgA~ — "5 Sets, (1)
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on the category Aff 4~ of affine schemes in A™~, which maps every associative unital
algebra S in A™ to the set Iso(s*(V),s*(W)) of isomorphisms from s*(V') to s*(W).

2.5.1. The presheaf Gy, y. For any pair V, W of objects of the category Cx,
we denote by Gy, the subpresheaf of the presheaf Hy, v x Hy,w which assigns to every
associative unital algebra S in A™ the subset of all pairs (u,v) € Hy.w X Hw,v(S) such
that wowv =1id. In other words, Gw,y is the kernel of the pair of maps

s

Hwy X Hyw(S) 3 S —modx(s*(V),s"(V)) = Hv,v (S) (2)

Bs

defined by as(v,u) = uowv and Bs(v,u) = idg=(v).

2.5.2. Proposition. Let (V,W) be a pair of objects of the category Cx .

(a) Let the category A have kernels of pairs of arrows. If (V,W), (W, V), (V,V) are
admissible pairs, then the presheaf Gw,v is representable.

(b) Suppose, in addition, that the category A has fiber products and the pair (W, W)

are admissible. Then the presheaf Iso,, ., is representable.

Proof. (a) Suppose that the pairs (V, W), (W, V), and (V, V) are admissible. Then
Hyyv =2 VV'V)) and Hyw X Hwy =~ V(W'V) x V(VAWW) ~ V(WAVHVAW).

Let

OL/

VWAV VW) = VWAV x VIVAW) L V(VAY) (3)
5
be the pair of morphisms of vector fibers corresponding to (2). It follows that the presheaf
Gv.w is representable by the kernel of the pair (3), which, by hypothesis, exists.
(b) The set Iso,, , (S) = Iso(s*(V),s*(W)) is naturally isomorphic to the set of pairs
of morphisms s*(V) - s*(W), s*(W) —= s*(V) such that wov = id and v o u = id.
So Iso(s*(V),s*(W)) is identified with the fiber product of the morphisms

i(S) P(S)
GV,W(S) —_— 'HV,W(S) X /HW,V(S) — Gwy(«S),

where j = jyw is the natural embedding, v is the composition of the natural embedding
iw,v
Gwyv —— Hwyv X Hy,w and the functorial isomorphism

Hwy x Hyw —— Hvw X Hwy,  (u,v) — (v,u)
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Thus the presheaf Iso,, ,, is determined via a cartesian square

w

[SOV,W e GW,V

l cart l Yoy

v,w
Gvw —— Hvw X Hwy

Suppose that (V,W), (W, V), (V,V), and (W, W) are admissible pairs of objects of
Cx. Then both the source and the target of the arrows j, v, the presheaves Gy and
Hy,w x Hw,v, are representable. Since, by hypothesis, the category A has fiber products,

the presheaf Iso, ,, is representable too. m

2.5.2. Corollary. Let V' be an object of the category Cx such that the pair (V, V) is

admissible. Then the presheaf GLy def Iso, , is representable by an affine A~ -scheme

m groups.

3. Morphisms, isomorphisms and automorphisms of functors.

3.1. The presheaf of natural transformations. Let B be a svelte category and
f

B —=X Cx a pair of functors. We denote by $r ¢ the presheaf of sets on Aff 4~
g

which assigns to every associative unital algebra & in the monoidal category A~ the set
Hom(s* o F,s* 0 G) of functor morphisms from s* o F to s*og.

Here s* denotes the canonical left adjoint to the forgetful functor S —modx 2 Cx.

3.2. Isomorphisms. We denote by Jso,., the presheaf of sets on Aff 4~ which
maps every associative unital algebra S in A~ the set Iso(s* o F,s* 0oG) of isomorphisms
from s* o F to s* o G.

3.3. The group GLr. We shall write GLx instead of Jso, .. The presheaf GLx
has a natural structure of a group in the category of presheaves of sets on Aff 4~.

f
3.4. Proposition. Let B be a svelte category and B —X Cx a pair of functors.

g

Suppose that the category A has colimits of diagrams of the cardinality less or equal
to the cardinality of HombB.

(a) Let the pair of objects (F(L),G(M)) of the category Cx be admissible for every
pair of objects L, M of the category B such that B(L, M) is not empty. Then the presheaf
Nr.g is representable by a vector fiber.

(b) Let the pairs of objects (F(L),G(M)) and (G(L), F(M)) be admissible for every
pair of objects L, M of the category B such that B(L, M) is not empty.

Then the presheaf Jso. . is representable.
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Proof. (al) If the category B is discrete, then
97.6(8) € Hom(s* o F,5*0G) = [| S —modx(s*(F(L)),s*(G(L))) =

II cx(FL)ss7G@) = [ Cx(F(L), ®(ns(S)(G(L))) =

LeOobB LeObB

[ AG@FL),ns(8) = AC [T G(L)"F(L),ns:(S)) =
LeObB LeObB

Alga~(V( J] G(L)"F(L)),S)

LeObB

which shows that, in this case, the presheaf $)r s 1is representable by the vector fiber
V( [ @) F(L)) of the object [ G(L)*F(L).

LeOobB LeOobB

(a2) In the general case, every morphism L i> M of the category B gives rise to

the pair of maps:

S —modx (s*(F(L)),s"(9(L))) S —modx (s*(F(M)),s*(G(M)))
s(fo | and | o5 ()
S —modx (s*(F(L)),s"(G(M))) S —modx (s*(F(L)),s"(G(M)))
gr—5"(f)oyg h— hos™(f).

It follows that the set
Hrag(S) dof Hom(s* o F,s" 0 G)

of functor morphisms is the limit of the diagram
S = modx (s*(F(M)), 5" (G(M)))
| o ()
S = modx (s*(F(L)),5*(G(L)) —— 2 S — modx (*(F(L)), 5" (G(M))),

(L EN M) € HombB.
(1)
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Under the assumptions of (a), the diagram (1) is isomorphic to the limit of the diagram

A(G(M)"F (M), 5)
| Agan F (), s)

AG(H"F(L),S)
e

AG(L) F(L), 5) AG(M) F(L), ), 2)

(L % M) € HomB.

This shows that, under the conditions of (a), the presheaf $Hr g is representable by
the vector fiber V(M r g), where the object Mz g is the colimit of the diagram

G(HF(L)
GM F(L) —— G(L)"F(L)

(L ER M) € HombB.

(b) For every associative unital algebra S in A™, the set Jsor ¢(S) is the limit of the
diagram

m

Nrg(S) xH.7(S) < $Hg.g(S)

&(S) lz (3)
H6.7(S) xHrg(S) I Hrg(S)

where & is the standard symmetry, (x,y) — (y,x), m is the composition; and pg(S)
maps Hr g(S) X Hg 7(S) = Hom(s* o F,5% 0 G) x Hom(s* 0 G,5% o F) to the identical
endomorphism of §* o G. The diagram (3) is functorial in S; so that the presheaf Jsor g
of isomorphisms from F to G is the limit of the diagram

m

—
NrgxHer 5 HNog
PG

& lz (3)

N r XNrg _—{ Nrg
pF
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of presheaves of sets. It follows from (a2) that, if the conditions of (b) hold, each of the
functors in the diagram (3’) is representable. Therefore, Jsor ¢ is representable by the
limit of the diagram Jsor g is the limit of the diagram

V(Mrg[IMg7r) = V(Mzrg)x V(Mg r) 2 V(Mgg)
o lz S lz (4)

VMg r[IMrg) — V(Mgr)xVMrg) 5 V(MgrzF)

which exists, because, by hypothesis, A has colimits. =

3.5. Corollary. Let B be a svelte category and B N Cx a functor. Suppose that
the category A has colimits of diagrams of the cardinality less or equal to the cardinality of
HomB, and the pair of objects (F(L),F(M)) of the category Cx be admissible whenever
B(L,M) is not empty. Then the presheaf of groups GLx is representable.

In other words, the group GLx is affine.

Proof. The fact follows from 3.4(b). m
3.6. Finiteness conditions.

3.6.0. Finitely presentable functors and actions. We call a functor finitely
presentable, if it preserves colimits of inductive systems (that is filtered diagrams).
We call an action &~ = (®,¢,¢y) of a monoidal category A~ on a category Cx

finitely presentable, if the functor A 2, End(Cx) is finitely presentable.

In this subsection, we assume that the action ®~ of A~ on Cx is finitely presentable.

F
3.6.1. Proposition. Let B be a finite category and B —X Cx a pair of functors.
g

Suppose that the pair of objects (F(L),G(M)) of the category Cx is admissible for
every pair of objects L, M of the category B such that B(L, M) is not empty.

(a) If F(L) is a finitely presentable object of Cx for every L € ObB, then the presheaf
Nrg of morphisms from F to G (see 3.1) is locally finitely copresentable.

(b) If the category A has finite colimits, then the presheaf $r g is representable by
a vector fiber of a finitely presentable object of the category A.

Proof. (a) It follows from the argument of 3.4(a) that the presheaf $r g is the limit
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of the finite diagram of presheaves

AGF() -y T

(L5 M) € HomB.

Here §, is the forgetful functor AlgA~ — A. The functor f. preserves colimits of filtered
systems and, by 2.3.5(b), the objects G(M)"F(L), G(M)"F(M) and G(L) F(L) are
finitely presentable. Therefore, all the presheaves of the diagram (1) are locally finitely
copresentable. By (the dual version of) II.1.4, the presheaf $)r ¢, being a limit of a finite
diagram of locally finitely copresentable presheaves, is locally finitely copresentable.

(b) By the argument of 3.3(a), the presheaf $)r ¢ is representable by the vector fiber
V(Mz,g), where the object Mg g is the colimit of the diagram

G(&)"F(L)
GM)"F(L) ———— G(L)"F(L)

G(M)"F (M)
(L5 M) e HomB.

Since the category B is finite, the diagram (2) is finite. It follows from 2.3.5 that, under
the assumptions, each of the objects of the diagram (2) is finitely presentable. Therefore,
the colimit of the diagram (2) is a finitely presentable object. m

_F
3.6.2. Proposition. Let B be a finite category and B —X Cx a pair of functors.
g

Suppose that the pairs of objects (F(L),G(M)) and (F(M),G(L)) of Cx are ad-
missible for every pair of objects L, M of the category B such that B(L, M) is not empty.

(a) If F(L) is a finitely presentable object of Cx for every L € ObB, then the presheaf
Jsorg of isomorphisms from F to G (see 3.2) is locally finitely copresentable.

(b) If the category A has finite colimits, then the presheaf Jsor g is representable.

Proof. (a) It follows from the argument of 3.4(b) that, under the assumptions, the
presheaf Jsor g is the limit a finite diagram of locally finitely copresentable presheaves.
Therefore, by I1.1.4, it is locally finitely copresentable.

(b) This is a consequence of 3.4(b). m
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4. A construction of affine schemes. The following proposition is a generalization
of Theorem 4.3 in [B].

4.1. Proposition. Let B and D be small categories and G a functor B — D
which is a bijection on objects. Let B EN Cx be a functor having the following property:

(1) the pair of objects (E(M),E(L)) is admissible if D(G(M),G(L)) # 0.
Suppose that the category A has small colimits. Then there exist an associative unital

Hgp g
algebra Rg ¢ in A~ and a functor D —— Rp g —modx which make the diagram

E
— Cx

B
¢ | | 72 )

Hg,c
D _— RE,G — modX

commute, and which are universal for this property.

Proof. (a) Suppose first that D coincides with the image of G. Then applying 2.4.2(b),
we obtain an algebra R (which is a quotient of I) and a functor D 2 R — mod x such
that the diagram

B — Cx
¢ | |
D L R — modx

commutes and the pair (H, R) is universal for this property.

(b) If HomB S HomD is not surjective, (a) gives a reduction to the case when B
is a subcategory of D with the same set of objects and G is the inclusion functor. We apply
2.4.1(b) to obtain all morphisms needed, and then apply 2.4.2(b) for relations. Details are
left to the reader. m

4.2. Localizations and universal localizations. We have the following corollary
of Proposition 4.1:

4.2.1. Proposition. Let B EEN Cx be a functor satisfying the condition

(t*) The pair (E(M), E(L)) is admissible if B(M, L) is non-empty.

Let ¥ be a class of morphisms of the category B and G = q3, the localization functor
B — YX71B. Then there exists a unique (up to isomorphism) algebra Ry, and a unique
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1 Ex .
functor ¥X7*B —— Ry, —modx such that the diagram

B — cCx
at | | 7 (3)

Es
> 1B — Ry —modx

commutes and which are universal for this property.

4.2.2. Note. Suppose the conditions of 4.1 on functors D & pE Cx and the
category A hold. Consider a map, which assigns to any algebra S in A~ the set Hg ¢(S5)

of all functors D -5 S — mod x such that the diagram

commutes. It is easy to see that the map is functorial. The assertion 4.1 means that this
functor is (representable by) an affine scheme in the monoidal category A™.

In the case when the functor B -2+ D is a localization, the set Hg ¢(S) is either
empty, or has only one element.

The bijectivity condition in 4.1 can be replaced by a weaker requirement:

4.3. Proposition. Let B and D be small categories, and let B YD bea functor
injective on objects and such that every object of D is isomorphic to an object of the image
of the functor G. Suppose that the category A has small colimits. Then, for any functor

B-Z Cx satisfying the condition (f) of 4.1, there exist an algebra Rg ¢ and a functor

Hg,c
D —— RE,G—mOdX

which make the following diagram commute

E
B —)CX

¢ | | e (1)

Hg ¢
E— RE,G — modX
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and which are universal for this property. In particular, the functor Hg g is defined
uniquely up to isomorphism.

Proof. Let D' be the full subcategory of D defined by ObD’ = G(ObB), and let
B %5 D' be the corestriction of the functor G to D' By 4.1, there exist an algebra Rg ¢

Hp
and a functor D’ E—> Cp,cv such that the diagram

E
B _— CX
¢ | [ )
, HE’G/
D —_— RE,G’ — modX

commutes and which are universal for this property. The embedding D’ 7 D is an
equivalence of categories. Let D L D’ denote a left adjoint (a quasi-inverse) to J, such
that J* o J, =Idp/. Then Hg ¢ = Hg,g o J* is the universal functor. m

4.4. The pseudo-functor §7 ;. Passing to essentially bijective, but, not necessarily
injective functors requires a relaxation of the setting, which is as follows.

Fix svelte categories D and B and functors D &L pEe X-

For any associative unital algebra S in the monoidal category A™, let SEG(S ) denote
the category whose objects are pairs (L£,v.), where L is a functor D — S — modc,,
and v, a functor isomorphism Lo G =5 s* o E.

A morphism (£,vz) — (£L',7,/) is given by a functor morphism £ %y £ such that
Yer 0 WG = 7y,. In particular, G is a functor isomorphism.
The correspondence S +—— §% (S5) extends to a pseudo-functor

~

356
AlgA~ = AR, —— Cat

which maps every algebra morphism S Y5 T to the functor

$5.6(8) —— Frc)

assigning to each object (L£,7z) of the category §% o(S) the object (t* oL, o (Eot™y,)
of the category §% (7)) and to every morphism (L£,7r) N (L', ~yz/) the morphism

e
(toLyasEot'yy) —— (t" oL asFE ot ys).
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Here a, ¢ is the unique isomorphism t* o s* = (tos)*.

4.4.1. The presheaf §g ¢. The map §g ¢, which assigns to every associative unital
algebra S in A™ the set §g ¢ (5) of isomorphism classes of objects of the category § ()
extends to a presheaf of sets

SE,G
AlgA~ = Aff). —— Sets

on the category Aff 4~ of affine A~-schemes.

4.4.2. Proposition. Suppose that the functor B 9 D in the data € is essentially
bijective on objects (that is it induces bijective map of isomorphism classes of objects) and

the functor B z, Cx satisfies the condition
(1) the pair of objects (E(M),E(L)) is admissible, if D(G(M),G(L)) # 0.

Then the presheaf §g ¢ is representable, provided the category A has colimits.

Proof. Since the category B is svelte and the functor G is essentially bijective on
objects (that is it induces a bijection of the sets of isomorphism classes of objects), there

is a small full subcategory B of the category B such that the inclusion functor %5 RENy >

is a category equivalence and the restriction of the functor B 9D toBis injective on
objects. By 4.3, there exists a universal commutative diagram

B U Cx
Goy. | | M

Hg.c
D —— REyg—mOdX

Since the composition J, o J* of the inclusion functor 8B . B with its quasi-inverse is
isomorphic to the identical functor B — B, it follows that the diagram

E
B —>CX

¢ | | e @)

Hg, ¢
D —_— REyg —modX

quasi-commutes. It follows from the argument that the diagram (2) is universal for this
property. m
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4.5. Proposition. Let ® & p&prLy Cx be a diagram such that the presheaf
SE,Gg 1s representable by RE’G. Then the presheaf Fsoc,E s naturally isomorphic to the
presheaf SHy .6, where Hg g is the unique up to isomorphism functor

D —— Rp.g —modx

defined by the quasi-commutativity of the diagram 4.4.2(2)).
Proof. The argument is left to the reader. m

4.5.1. An application. Let B be a svelte category and B EEN Cx a functor
satisfying the condition

(t*) The pair (E(M), E(L)) is admissible if B(M, L) is non-empty.

Suppose that the category A has colimits. Then, for any functor B <, D, the
presheaf §g ¢ is isomorphic to the presheaf § Esg,Ges where X is the class of all arrows of
B, which the functor G maps to isomorphisms, and G5 is the “conservative” component
of the functor G (- the functor G is the composition of the localization at ¥ and Gs);
and FEJy,, is the canonical functor

1 EZG
EG B —— Rgc —modX

whose existence follows from 4.4.1.

4.6. Proposition (base change). Let the conditions of 4.1 hold. Let S be an

algebra in A~ and Eg the composition of B £, Cx and Cx 5% S —modx.
Then the universal algebra Rpg ¢ is naturally identified with Rpc[[S and the
canonical functor Hgg g with the composition of the functor

Hg,c
D —— RE’G—modX

and the functor

5*
RE,G —modX —X> RE,GHS_mOdX

5
corresponding to the coprojection Rpc —— Rp.a][S.
Proof. 1t follows from the commutative diagram

E *
B e CX 5—> S—mOdX

G| | | (W

Hg g Sy
D —_— RE,G—mOdX S RE7gﬂS—m0dX
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and the universal property of the algebra Rpg g that there exists a unique algebra mor-

P ~
phism Rp, ¢ —— Rpc[[S such that §* o Hg ¢ is the composition of Hg ¢ and the

functor Rpg.q —modx —— Rpca|[S —modx.
On the other hand, the universal property of the algebra Rpg g gives rise to a

commutative square
s
I — S

l l

Rgc —— Rpsc
of algebra morphisms; and, by the universal property of a coproduct, this square determines

©
a unique unital algebra morphism Rgo[[S —— REgs.¢. By a standard argument,
the algebra morphisms 1 and ¢ are inverse to each other. m

4.7. Finiteness conditions.

4.7.1. Proposition. Suppose that the action ®~ of the monoidal category A~ on
the category Cx is finitely presentable (see 3.6.0). Let B and D be finite categories and

BED a functor, which is essentially bijective on objects. Let B £, Cx be a functor,
which maps all objects of B to finitely presentable objects of the category Cx and satisfies
the property
(1) the pair of objects (E(M),E(L)) is admissible, if D(G(M),G(L)) # 0.
Then the presheaf of sets . is locally finitely copresentable.
Proof. The presheaf §g ¢ is the limit of the presheaves

Hpon,B(L)

AfFY. = AlgA~ ———— Sets, S+— S —modx(s*(E(M)),s"(E(L))),
where D(G(M),G(L)) # 0. If the condition (}) holds, then it follows from 2.4.1 that
SE.¢ is the limit of the presheaves representable by the vector bundles V(E(L)"E(M))
with D(G(M),G(L)) # 0. Since each E(M), M € ObB, is a finitely presentable object
of the category Cx, it follows from 2.3.5 that E(L)"E(M) is a finitely presentable object
of the category A; hence V(E(L)"E(M)) is a finitely corepresentable affine scheme.

Therefore, since the categories B and D are finite, the presheaf §g g is the limit of
a finite diagram of locally finitely corepresentable presheaves. By I1.1.4, this implies that
the presheaf §g ¢ is locally finitely copresentable. m

4.7.2. Note. Suppose that the conditions of 4.7.1 hold. Then it follows from
4.4.2 that, if the category A has colimits of finite diagrams, then the presheaf §g ¢ is
representable.
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5. Grassmannians.

5.1. The presheaf Gr, . For a pair (M,V) of objects of the category Cx,
consider the presheaf of sets

GT’M’V
AfFY. = AlgA~ —— Sets

which assigns to every associative unital algebra R in A~ the set of isomorphism classes
of split epimorphisms 77 (M) — 1% (V) and to any unital algebra morphism R =S
the map

Gry v (@)
GTM,V(R) E— GTM,V(S)

*

©
induced by the inverse image functor R — modx S —mod X-

5.1.1. The presheaf G, . We denote by G, |, the presheaf of sets
AfFY. = AlgA~ — Sets

which assigns to every associative unital algebra R in A~ the set of pairs of morphisms
ns (V) = % (M) LN n% (V) such that uov = idn;(V) and acts naturally on morphisms.
The map

us

M,V
GM,V B— GTM,V7 (v,u) — [u]a (1)
is an epimorphism of presheaves.

5.1.2. Relations. Let R, , denote the "presheaf of relations”, which is, by defi-
nition, the kernel pair Kera(m Gy H G, of the morphism (1). Explicitly,

G'/‘M,V

R,, v is a subpresheaf of the product G, ,, X G, ,, which assigns to each associative unital
algebra R in A™ the set of all 4-tuples (ui,v1;u2,v2) € Gy, (R) X G,, . (R) such that

ul

M,V) -

the split epimorphisms 7% (M) . 1% (V) are equivalent. The latter means that there
u2
P
exists an isomorphism 7} (V) —— n% (V) such that wus = 1 ouy, or, equivalently,
Y™l ous =wu;y. Since w;ov; =id, i = 1,2, these equalities imply that 1 = us ov; and
Yt =wuyovy. Thus R, (R) is asubset of all (u1,vi;u2,v2) € G, (R) x G, (R)

satisfying the following relations:

uzz(quvl)oul, Ui :(U1OU2)OU2 (2)
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in addition to the relations describing G,, ;. (R) x G, . (R):

uy; 0] = id = Uy 0 Uy (3)

P1

Let Ry, ; G, denote the canonical projections. It follows from the surjec-

P2

T, v

tivity of the projection G,,,, —— Gr that the diagram

M,V

Pl
e
mM,V — GM,V

P2

M, v

— Gryy (4)

is exact.

5.1.3. Remark. Let A~ = R® — mod™ acting on the category R — mod of left
modules over an associative unital k-algebra R. This is the setting of Chapter III (starting
from Section 5). Notice, however, that the presheaves Gr, , and G,,, are defined
for arbitrary pairs of R-modules (M,V), while in Chapter III, we required that V is a
projective R-module (cf. II1.6.0).

5.1.4. Proposition. Suppose that the category A has limits of finite diagrams.
If the pairs of objects (M, V'), (V,M) and (V,V) are admissible, then the presheaves

G, and R, |, are representable.

Proof. The argument follows the lines of the argument of I11.6.3.
The presheaf G, |, is the kernel of the pair

c

HM,V X HV,M - 7_tv,v (5)

of presheaf morphisms, where, for every unital associative algebra S in A~ the map ¢(.5)
is the composition of morphisms and the map p(S) sends the whole set to the identical
morphism of 7§ (V). If the pairs of objects (M, V'), (V, M) and (V, V) are admissible, then
the presheaves in (5) are representable. Therefore, since A has limits of finite diagrams,
the presheaf GG, |, is representable.

The representability of the presheaf R, |, follows from the representability of G
the description of R
left to the reader. m

M,V

Ay i terms of relations (cf. 5.1.2), and Proposition 2.4.2. Details are

5.1.4.1. Note. The representability of the presheaf G, is a consequence of 4.1
applied to the following setting: D is a category with two objects, x and y, and arrows
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z L y, y > z such that fog = idy; B is the discrete subcategory of D (i.e. it has only

identical morphisms) with objects = and y; and the functor B AN maps the object x to
M and the object y to V.

5.1.5. Finiteness conditions. There is the following generalization of I11.6.3.1:

5.1.5.1. Proposition. Let the action ®~ of the monoidal category A~ on the cate-
gory Cx be finitely presentable. Suppose that the pairs (M,V), (V,M) and (V,V) are
admissible and M is a finitely presentable object of the category Cx . Then the presheaves
Ry, G and Gr,, ., are locally finitely copresentable.

Proof. Notice that if M is a finitely presentable object of Cx, then n§(M) is a
finitely presentable object of the category S — modx; and n§(V) is finitely presentable
object of S —modx, if G, (S) # 0. This implies that G, is the kernel of a pair
of morphisms between locally finitely copresentable presheaves. Therefore, the presheaf
G, islocally finitely copresentable. One of the consequences of the latter fact is that the
presheaf of relations R, | is the limit of a finite diagram of locally finitely copresentable
presheaves, hence it is locally finitely copresentable. The presheaf Gr,, |, is locally finitely
copresentable, because it is the cokernel of a pair of morphisms between locally finitely
copresentable presheaves. m

M,V

5.2. Generic Grassmannians. Fix an object E of the category Cx. For any
associative unital algebra S in A™~, we denote by Grg(S) the set of isomorphism classes
of split epimorphisms S(E) — L. The map & +— Grg(S) extends naturally to a
presheaf of sets

Grg
AfFY. = AlgA~ —— Sets.

p
For any L € ObA, there is a natural presheaf morphism Gg . SN Grg.

5.2.1. The presheaf Prp. Let

o Fre
AfFY. = AlgA~ —— Sets

be presheaf of sets which assigns to any associative unital algebra S in A~ the set of
projectors of n%(E), i.e. morphisms 7} (E) RLAN n%(E) such that p* = p.

5.2.1.1. Lemma. Suppose that the category Cx is Karoubian; i.e. every idempotent
splits. Then, for any monad F = (F,ur) on Cx, the category (F/X) — mod of
F-modules is Karoubian too.

Proof. Let M = (M,&x) be an F-module and M 2y M an idempotent such

that the idempotent M 25 M of the object M is the composition of an epimorphism
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M —» L and a monomorphism L —» M. The fact that p = p? can be expressed as
jo(eoj)oe=joe, which implies that jo (¢oj) =) (because ¢ is an epimorphism) and
¢oj =1idy, because jis a monomorphism. The fact that p = joe is an F-module morphism
is expressed by

joeolm =Emo F(j) o Fle).
Set & =¢o&p o F(j). It follows that

eolp=cojoeolpy = (eoépoF(j))oF(e)=E&-0F(e) and
jose=jo(ecipmoF(j)) =8mo F(j) o F(e) o F(j) = a0 F(j),

which shows that j is a morphism from the action £ = (L,{;) to M = (M,{x) and ¢ is a
morphism from M to the action L. It remains to observe that

EcoF(Ee) =eoépmo F(j) o Fle) o F(Em) o F2(j) =
cobpmoF(joe)o F(Em) o F2(j) =eo(joe)oépo F(Em) o F2(j) =
eoépopu(M)oF?(j) =eoba o F(j)ou(L) =& opu(L) and
Econp(L) =ceolpmoF(j)onr(L) =colmonr(M)oj=coj=1dy,
§c

where Idc, JZ, F is the unit of the monad F. This shows that F(L) == L is an
F-module structure. m

5.2.1.2. Remark. The object L in the decomposition M — L s M of the idem-

p
potent p is isomorphic to the kernel and the cokernel of the pair of morphisms M —< M.
id
Since the both arrows are endomorphisms of the F-module M, the action £ = (L,{) is
p
the kernel of the pair M X M of F-module morphisms. This also shows, by passing,
id

that F(L) 22, I is an F-module structure.

5.2.1.3. Corollary. Suppose that the category Cx is Karoubian. Then there is a

natural presheaf epimorphism

‘BtE —E> GT‘E (1)

Proof. 1t follows from 5.2.1.1 that, for any associative unital algebra S in A", there

is a well defined map
7 (S)
Prp(S) —— Gru(S),
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which assigns to every idempotent 7% (M) LI ne(M) of %, (S)-module n%(M) the
P

isomorphism class of the cokernel 7%(M) — L of the pair n%(M) = n%(M). =
id

P1

5.2.2. Relations. Two projectors, n5(E) —= n%(E) are equivalent, if their images
p2

by (1) are isomorphic. The latter can be expressed by the equalities
pipep1 =p1 and  papip2 = po. (2)

Thus, the functor of relations Rg f g ere(my) = Prg H Prgr of the morphism (1)
Grg
assigns to each associative unital algebra S in A~ the subset of all elements (p1,p2) of
the set Prp(S) x Pre(S) satisfying the relations (2) above (in addition to the relations
p? = p;, i = 1,2 describing Prg(S)).
We have an exact diagram

P1 T

Rp — Prp —— Grp (3)

5.2.3. Proposition. Suppose that the category Cx is Karoubian and the category
A has limits of finite diagrams. Let M be an object of Cx such that the pair (M, M) is
admissible. Then the presheaves Pryr and Ry; are representable.

Proof. The argument below mimics the corresponding part of the proof of I11.8.5.
(a) For any associative unital algebra S in A™, the set Pra(.S) is the kernel of the
pair of maps

s(S)

S — mOdX(U;(M)aWE(M)) = HM,M (S) : HM,M<S)7 (1)

id

where s is the "taking square” — the composition of the diagonal map

A
%M,M(S) — HMM(S) X HMM(S)

and the composition of endomorphisms. The diagram (1) is functorial in S; i.e. it is the
value at S of the pair

5

HM,M B HM,M (2)
id
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of morphisms of presheaves. If (M, M) is an admissible pair, then the presheaf H,, ,, is
representable by the vector fiber of M M. Therefore, the presheaf Bt is representable
by the cokernel of the pair of unital algebra morphisms

o

T(M"M) — T(M M),

id

where o is the morphism of algebras corresponding to the presheaf morphism s in (2).
(b) For any associative unital algebra S in A™, the set Sr((S) is the limit of the
diagram

Pear(S) x Pear(S) 3 Prar(S)
s | | id (3)
Peur(S) x Pear(9) 3 Prar(S)

where m is the composition map, 7o is the projection on the first component, (z,y) — x;
and the left vertical map is the standard symmetry: (z,y) — (y,x).

If the pair (M, M) is admissible, then, by (a) above, the presheaf Pry; is repre-
sentable. Therefore, since, by hypothesis, the category A has finite limits, the presheaf
M) is representable. m

5.2.4. Finiteness conditions.

5.2.4.1. Proposition. Suppose that the category Cx is Karoubian and the action ®~
of the monoidal category A~ on Cx is finitely presentable. Let M be a finitely presentable
object of the category Cx such that the pair (M, M) is admissible. Then the presheaves
Rar, Prar and Gryr  are locally finitely copresentable.

Proof. By the argument of 5.2.3, the presheaf ‘Prj; is the kernel of the pair

Horar { H,pa of presheaf morphisms. If (M, M) is an admissible pair, then the
id

presheaf 7{,, ,, is presentable by the vector fiber of the object MM of the category A. If,
in addition, M is a finitely presentable object of the category Cx, then the object MM
of A is finitely presentable, hence the presheaf #, ,, is a locally finitely copresentable
presheaf of sets. Therefore the presheaf Pt,; is locally finitely copresentable.

Therefore, the presheaf of relations PR, is the limit of a finite diagram (- the diagram
(3) in the argument of 5.2.3) formed by finitely corepresentable presheaves. Therefore, 2Ry,
is locally finitely corepresentable.
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The presheaf Grj, is locally finitely corepresentable, because it is the cokernel of a
pair of morphisms between locally finitely corepresentable presheaves. m

5.3. Some properties of Grassmannians.

5.3.1. Functoriality. One can see that the maps F —— Grg and E +— Grgr
are functorial for split epimorphisms. Moreover, we have the following

5.3.1.1. Proposition. For any split epimorphism E' — E, the corresponding
morphisms Grg — Grg: and Grg — Grg.; are closed immersions.

Proof. An adaptation of the argument of II1.8.6, which is left to the reader. m

P
5.3.1.2. Proposition. The canonical morphism Grg p, —E> Grg s functorial
in E. Moreover, for any locally split epimorphism E' — E, the square

PE
GTE,L —_— GTE

l cart l (1)

PE’
GTE/,L —_— GTE/

18 cartesian.
Proof. See 111.8.6. m

5.3.2. Proposition. Grassmannians are separated.
ul

Proof. Let RY be an arbitrary affine scheme, and let RY = Grg,r, be a pair of

ug
morphisms. The claim is that the kernel of the pair (uq,us) is representable.

Let 7 (E) N L; be a split morphism corresponding to u;, i = 1,2. Let (vi,v3) be

Ui o
a pair of arrows M; —X n% (E) such that u; is a cokernel of (v{,v5), i = 1,2. Consider
V3

the compositions

2 1
517)1 527)1

— —
MQ - 3 L1 and M1 - N L2 (1)
€1v5 €205

By 2.4.2, there exists a universal affine scheme morphism &Y Y. RV such that the
image of each of the pairs (1) by ¥* belongs to the diagonal. This morphism % is a closed
immersion. m
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5.4. Vector bundles and Grassmannians. Fix a morphism L %, E. For any
algebra S, consider the set Fy, g 1,(S) of all morphisms 7% (E) — L’ such that von?(¢) is
an isomorphism.

5.4.1. Proposition. (a) The map S +—— Fy.p,(S) is naturally extended to a
subpresheaf Fy.p 1 : Aff). = AlgA~ — Sets of the presheaf Grg,p.

(b) Suppose that the pairs (E, L) and (L, L) are admissible. Then the presheaf Fy.p 1,
1s representable.

(¢) The canonical morphism Fy.p 1 — Grg is an affine localization.

Proof. (a) (i) In fact, if ns (E) s belongs to Fy.p 1(S), ie. wvo n (¢) is an
isomorphism, then for any morphism & BN T, the composition h*(v) o h*n%(¢) is an
isomorphism. There is a natural morphism Fy.p 1 — Grg L.

(ii) One can identify Fyp,(S) with the set of morphisms n*(E) — n%(L) such

that voni(¢) = idn;(L). In fact, if 7%(F) 4 I/ s such that
w=1v ons(¢p) :ns(L) — L

is an isomorphism, then v = w™! o v’ has the required property.

(iii) One of the consequences of the observation (ii) is that the canonical morphism
Fy.p.r, — Grg,r is a monomorphism.

(b) There are two maps,

s

S —modx (% (E),n5(L)) 2 8 —modx (n®(L),n% (L)),

Bs

defined by v ~3 v o ni(¢), v LN idn;(L). The maps as and SBs are functorial in S,
hence they define morphisms, resp. a and g, from the presheaf

8V & — modx (ifs (B), 15 (L)) = A(E, (L)

to the presheaf
§Y 8 —modx (ng (L), n; (L)) = AL, ng(L)).

The first presheaf is representable by V(L"E), the second one is representable by
V(LML). Let o and 8’ be morphisms from V(L"E) to V(L"L) corresponding to resp. «a
and . The presheaf Fy.p 1 is the kernel of the pair (, ), hence it is representable by
the kernel, Fy. g 1, of the pair (¢/, 3').
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(c) The presheaf morphism Fy.p 1, — Grg 1 is representable by an affine morphism;
i.e. for any affine A~-scheme ¥ and any morphism SY — Grg 1, the presheaf

AfFY. —— Sets, T +— Fup,(T) H SY(T)
G'I”EyL(T)

is representable by an affine subscheme of SV.
In fact, any morphism &Y — Grg is uniquely determined by an element of

Gre,r(S), ie. by the equivalence class, [v], of a split epimorphism 7% (FE) - L.
The corresponding map SY(Z) — Grg (Z) sends any morphism S 5T to [t*(v)].
The fiber product Fy.g 1(7T) H SY(T) consists of all pairs (w,t), where t € SV (T)
Gre,.(T)
and [T(E) — T(L)] are such that woT(¢) = idp) and w = t*(v). Since v and ¢
here are fixed, the fiber product Fy.g 1(7T) H SY(T) can be identified with the set
Gre,.(T)
of all morphisms & , T such that t*(voT(¢)) = idn;(L)' In other words, the fiber

product Fy.p r(T) H SY(T) is identified with the kernel of the pair of morphisms

Gre,.(T)
SY(T) _= T —modx(T(L),T(L))
BT

defined by
Br i t—> idT(L), ar :t— t*(vo T(9)).

The morphisms 87, a7 are functorial in 7, and the presheaf
TV +— T —modx (n}(L),n:(L))

is representable by the vector fiber V(L"L). Therefore, the morphisms S = (87), a =
() define a pair of morphisms

(X/

SV T V(LL),
B/

and the presheaf of sets T — Fy.p,.(T) H SY(T) is representable by the kernel
Gre,.(T)
of the pair (o/,0'). =
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5.4.2. Projective completion of a vector bundle. Let E” = EJ[L; and let

L 25 E" be the coprojection. The presheaf Fj, g~ 1 is isomorphic to the presheaf, which
assigns to an affine A~-scheme SY the set S — modx(n%(E),n5(L)) = H, ,(S) (see
(ii) and (b) in the argument of 5.4.1). If the pair (£, L) is admissible, then the presheaf
H, . Iis representable by the vector fiber V(L"E) of the object L"L of the category
A. By 5.4.1 we have an affine embedding (an open immersion) V(L"E) — Grg,. In
particular, taking L =1, we obtain a canonical immersion V(E) — P g. The projective
space Pg 1 can be regarded (as in the commutative case) as the projective completion of
the vector bundle V(E).

6. Generic flags and generalized Stiefel varieties.

6.1. Generic flags. Let J be a preordered set with initial object *. Fix an object,
E, of the category Cx. For any associative unital algebra S in A~, we denote by FI%(S)
the set of isomorphism classes of functors 3 — Cx which map all arrows * — ¢ to split
epimorphisms 7% (E) — L;. The map S+ §3(S) is functorial in S; i.e. it defines a
presheaf of sets

313
AR, = AlgA™ — Sets, (1)
which we call the variety of generic flags.

6.2. Generalized Stiefel varieties. Let E be an object of the category Cx. Con-
sider the presheaf

33
AfFP. = Alg A~ —" 5 Sets, (2)

which assigns to every associative unital algebra S in the monoidal category A"~ the set of
projectors 7% (E) Ly, n:(E) such that pip; = p;, if i <j.

J

5
6.2.1. Definition. We call the presheaf Aff%. — ", Sets the generalized Stiefel
variety of the object E, or, more precisely, the Stiefel J-variety of the object E.

The reason for this terminology is provided by II1.11.1.

6.3. Note. If A~ is the monoidal category of R°-modules acting on the category
R —mod of left R-modules for some associative unital k-algebra R and F is a projective R-
module of finite type, then the definition 6.2.1 gives the same notion as I11.11.3. Otherwise,
these two notions are different.

6.4. The canonical projection and the relations. Suppose that all projectors
of the object E split (say, Cx is a Karoubian category). Then there is a natural presheaf
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morphism
J
TE
5 —— Sl (2)
1,3
E
and its kernel pair 9‘{% ; SJE The presheaf of relations Ry = S‘ZJ H S% consists
2.7
"B J1Z

of all ({p;|i € 3}, {pili € T}) € %, x T3 satisfying the relations
pipipi = pi  and  piplip; = P (3)

(see the argument of 5.2.1).
If 3=1{0,1,2,...,7} with the natural order, we shall write §}, instead of FI3, and F%,
instead of S%

6.4.1. Proposition. Suppose that (E,FE) is an admissible pair and the category A
has coproducts of sets of copies of the object E™E of the cardinality < 4|3|. Then the
presheaves §x and Ry are representable.

Proof. The argument (mimicking that of I11.9.2(c)) is as follows.
(a) The presheaf §3 is the limit of the diagram

m

~  PiXPpj
xJ _—
7-LE,E HE,E HHE,E _— HE,E
P1

(4)

for all ¢,5 € 3—{e} such that i<y,

where the left arrow is the projection of the product of J copies of H, ., on the product
of i*" and j** components, the upper right arrow is the composition and the lower one is
the projection on the first component. The limit of the diagram (4) is the kernel of the
corresponding pair of arrows

mJ

Jg — Hom(J—{e

Py

Here the preorder J is regarded as a category; so that Hom(J — {e}) can be identified
with the set of all pairs (4, 7) such that i < j and i # e.

If the pair (FE, F) is admissible, then ”H;jE is representable by the vector fiber of

the coproduct of J copies of ENE. Similarly, Hggom(j_“}) is representable by the
vector fiber of the coproduct of Hom(J — {e}) copies of E"E. Both coproducts exist
by hypothesis. Therefore, the presheaf §3 is representable.
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(b) The presheaf 7, is the limit of the diagram

. PiXpj
xXJ
HE,E ’ HE,E X HE,E SN HE,E

wﬂ

~ ~ piXp;
xJ xJ 5 —_—

S l? o l? (5)

~ piXPp;
xJ xJ \ —_—
HE,E H HE,E HEE X HE,E —_ ,HE,E

wgl

piXpj
xXJ _—

HE,E — HE,E XHE,E = H, o,

icJ—{e} 35 and i<y

Here G denotes the standard symmetry; the vertical arrow 7§ and the (four times repeated)
horizontal arrow 71 in the right column are projections to the first component, and the
m
(four times repeated) arrow H, , X H, , — H, , is the composition map.
The limit of the diagram (5) is isomorphic to the kernel of the pair of arrows between

presheaves representable by the vector fibers of coproducts of sets of copies of the object
EE associated with the diagram (5). Hence the representability of the presheaf R7,. =

6.5. Proposition. Suppose that the category A has limits of finite diagrams, J is

finite, and the pair (E,FE) is admissible. Then the presheaf of sets HGTE 1s locally
1€T
representable and the natural embedding

5 — []Gre (3)
i€d
18 a closed immersion.

Proof. The argument is an adaptation of the proof of 111.9.3 left to the reader. m

6.6. An action of GLg on generic flag varieties. The presheaf of groups GLg acts
naturally on the presheaf 3 and on (%, and the canonical morphism 6.1(1) is compatible
with these actions.In particular, the induced action of GLg on S% X %’% preserves the
subpresheaf of relations Ry,.
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7. General Grassmannian type spaces.

7.1. The combinatorial data. We fix an action of the monoidal category A~ on a

*

S
category Cx . For any unital associative algebra S in A™, we denote by Cx —— S—modx

Sx
the canonical left adjoint to the restriction of scalars functor S —modx —— Cx.
We denote by € the diagram

B, 2% B T, ey
Gll l G l s*
D, i> Dy S — modx

obtained from €& by ’extension of scalars’.

7.2. The presheaf §l¢. Let (£,7c), (£L',72/) be objects of the category gz 4(5)
introduced in 4.4. Recall £ is a functor from Dy to & — modx and v, is a functor
isomorphism £ —» s* o E. We say that the objects (L£,7z), (L',yc/) are equivalent, if
there is a functor isomorphism

A
£OG2—>£/OG2

satisfying the equality
Y Go 0 AG1 = 7£Go. (1)

This is, indeed, an equivalence relation such that isomorphic objects belong to the
same equivalence class. We denote by Fle(S) the set of equivalence classes of objects of
the category Fp.c(S)™ and by me(S) the natural surjection Fg a(S) — Fle(S).

The equivalence relation is functorial in S. So that S —— §le(S) is a presheaf of

sets and S — 7 (.9) is a presheaf epimorphism §g ¢ e, Fle.

7.3. Relations. We complement the projection §g g L) Sle with its kernel

pair — the relations:

1
Pe

Re — Spa —— 3le. (1)

Pe



Noncommutative Grassmannians and Related Constructions 303

By definition, ¢ (S) consists of all pairs ([(£,v2)], [(L',72)]) € Te,c(S) X Fe,c(5)

A
such that there exists an isomorphism LoGy —— L'oG5 satisfying v,/ Goo G = v, Gp.

7.4. Remark. Suppose that the functor B N D5 in the data € is injective and
essentially surjective on objects. The latter means that G induces a surjection (hence
bijection) of isomorphism classes of objects. Then it follows from 4.3 that each object
(L£,7c) of the category §% o(S) is isomorphic to an object of the form (£,id), that is
L£oG =s*o E. (Evidently, such representative is unique, if G is bijective on objects.)

Therefore, in this case, elements of the set §l3 (S) are equivalence classes of the objects
of the form (L, id), where (L, id) and (L', id) are equivalent, if there exists an isomorphism

A
LoGy —— L oGy such that NGy = id.

7.5. Representability and finiteness conditions.

7.5.1. Proposition. (a) Suppose that the functor B <, D5 in the data € induces

bijective map on isomorphism classes of objects and the pair of functors Do & pE Cx
satisfies the condition

(1) the pair of objects (E(M), E(L)) is admissible, if Do(G(M),G(L)) # 0.
Then the presheaf §g ¢ is representable, provided the category A has colimits.
(b) If, in addition, the functor Dy <N Dy in the data € induces a bijective map on
isomorphism classes of objects, then the presheaf Re of relations is representable too.
Proof. (a) The assertion follows from Proposition 4.4 applied to the pair of functors

Dy << B Eicx.
(b1) We consider the data

~ Go E
By —— — Cx
E=1 Gy l cart J G
Go

D1 E— D2

obtained via replacing the square in € with the canonical cartesian (in pseudo-sense)
square. The fact that the functors B i> Dy and D, % D5 induce bijections on

objects implies that the functors By Y% B and By RGN D; have the same property.
Besides, they are surjective on objects. It follows from the surjectivity of the functor

By 5% B on objects that the condition (}) for the pair Dy & BEey implies the

G1 ~ ano ~ ~
condition (}) for the pair D, By Cx. Set E = E o Gy.
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(b2) For every associative unital algebra S is A™, there is a natural functor

$r.c(S) — 5.G (S)
which maps every object (£,7c) of the category §% o(S) to (Lo G2,7,Go) and acts
accordingly on morphisms. This functor induces a map

§8,6(8) — F55,(S)

between the sets of isomorphism classes of objects, which is functorial in §. So that we
have a presheaf morphism

Se.c — 3g’51~

(b3) If the functor B EN Dy is essentially bijective on objects, then the functor

Eo G, D, is surjective on objects, which implies that the natural map from Re(S) to
the kernel pair of the map §r.c(S) —— F3 &, (S) defined in (b2) is an isomorphism
for any associative unital algebra S in A™.

(b4) Suppose now that the functor D; G, D> is essentially bijective on objects.

G ~  EoG,
Then the pair of functors D; +—— By % Cyx satisfies the conditions of (a); hence

the presheaf § &, is representable. Therefore, it follows from (b3) that the presheaf of

relations R is the kernel pair of a morphism between representable presheaves. Therefore,
since, by hypothesis, the category A~ has colimits (in particular, the cokernel pairs of
morphisms), the presheaf of relations Re is representable. m

7.5.2. Proposition. Suppose that the categories B, D1, Do in the data

are finite, the functors B N D> and D; EEN D5 are essentially bijective on objects,
and the pair of functors Dy & pE Cx satisfies the condition
(1) the pair of objects (E(M),E(L)) is admissible, if Do(G(M),G(L)) # 0.
Then the presheaves §g.c, Re, and §le are locally finitely corepresentable.

Proof. 1t follows from 4.7.1 that the presheaf §g ¢ is locally finitely copresentable.
By the argument of 7.5.1, the presheaf R¢ is the limit of a square formed by presheaves,
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which, by the same 4.7.1, are locally finitely copresentable. Therefore, R¢ is locally finitely
copresentable. Finally, §l¢ is locally finitely copresentable, because it is the cokernel of a
pair of arrows between locally finitely copresentable presheaves. m

7.5.3. Note. It follows from 7.5.1 that, under the conditions of 7.5.2, the presheaves
SE,¢ and Fe¢ are representable, if the category A has colimits of finite diagrams.

7.6. Functorialities. A morphism from the data

Go E
BO —— B e CX

e=| G| | e

Go
Dy —— Dy

to the data
G{ E'
By —— B — Cx

¢ = gl JG

/ G /
Dl D2

is a 1-morphism of the diagram €& to the diagram ¢’ identical on Cx. Explicitly, it is given
by the commutative diagram

Go E
By —— B — Cx
U, l ot l Ide,
Yo , Gy , E’
By —— By —— B — Cx
G | e | @ 1)
Y1 / G2 /
Dy —— Dy —— Dy
vy T vy

Dy —— Dy

The composition of morphisms is defined in a natural way.

To each morphism € —— ¢ (that is the diagram (1) above) and every algebra S in
A~ there corresponds a functor

§3(S)
55 . (8) —— S5c(S), (L,vr)— (Lo ¥,y V), (27)
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which induces maps

Se(9) Flg (S)
Serc(S) —— Sec(S) and Fle(S) —— Fle(5)

functorially depending on S and such that the diagram

mer (S)
Serar(S) —— Fle(S)

Fals) | | S1as)
FralS) 2 Fe(s)

commutes. The latter implies the existence of a unique morphism

Ry (9)
9%@/(5) E— %@(S)

which makes the diagram

P s (S)

wer(S)
Re(S) — 2 Fepa(S) —— Fle(9)
pi,(s)
%y (5) | §a(9) | | 3a(9)
pL(s)
€ we (S)
Re(S) —  FwalS) —b Fle(S)
P2 (5)

Chapter 5

commute. This diagram depends functorially on S; i.e. it is the value at S of the commu-

tative diagram

e/

Re - FIpae — 3l
p2,
%@l &pl JS[@
i} Te
Re _ { Fpe —— Sle

Pe

of presheaves and presheaf morphisms.
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7.6.1. Reduction. We call a data

Go E
By —— B —>CX

e=|c | | e

Go
D1 EE— D2

reduced if the functors G and G5 are injective — that is they are faithful and injective on
objects. Let

Go E
By —— B — Cx

e=| G| |

G2
D1 e DQ

be arbitrary and S an associative unital algebra in A™ such that the category §g ¢ (S)™
is non-empty. Then we have an obvious morphism

Go s*oF

By —— B — S —modx
Idp, l vl l Ide,

Idg, Gl El

By —— By —— G(B) —— S—modx
G | a | G @)

Ty Gy

D1 e GQ(Dl) e DQ
7, T Idp,

from the data

GO S*OE
By —— B — S —modx
e-fal 1o
Go

By —— G(B) —— S—mody
e =| ¢ | Ke 3)

G2(D1) —_— Dg
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It follows that the morphism (3) induces isomorphisms
Ses,c — Fpc. and Fles — Flgs
of presheaves of sets on Aff 4.

7.6.2. Cutting off objects. Let

Go E
By —— B — Cx

e=| 6| | e

G2
Dy — D2

be a reduced data; that is G and G5 are injective functors. Then we have a morphism

Go E
By —— B B CX
W, l ot l Ide,
Idpy Go E'
By —— By —— B’ — Cx
il e | ¢ (4)
\I/]_ G2
Dt —— Dy —— D;
\1/1 T \112
G5

D —— Dj§

where D3 is the full subcategory of Dy generated by the image of ObB and D} = G5 L(Dy).
Therefore, we have canonical morphisms

Rs S5 Sls
9{@ e ‘ﬁ@r, SE,G —_— SIE7Gt and 3[@3 —_— S[@r . (5)

making the diagram

Pe
SN Te
Re I Se.a —— Sl

J T wl e

% 7T@v:
Re«e _  Fpag —— Sle
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commute.

7.7. Proposition. (a) Let the functor G in the data

Go E;
By —— B — Cx
¢ = Gl l l G ’ i = 17 27

G2
D1 —_— D2

be faithful and bijective on objects; and let E; N Ey 25 By be functor morphisms such
that

pof =idp, and Ey(£)=[B(b)o Ei(E)op(a)

for every arrow a LIy of G(HomB) such that G(§) is a composition of arrows from
HomDy — G(HomB).
Then the pair (B, ¢) determines a presheaf morphism

Sﬁ,so
SEl,Gl E— SEQ,GQ . (6)

(b) Suppose, in addition, that p(a) (hence B(a)) is an isomorphism for every a €
G2(ObD1) — Go 0 G1(ObBy). then the pair (5,¢) determines a presheaf morphism

SIB&
Sle, —— Sle,

making the diagram

oo — Bl
Soe | | Sts.c (7)

Sma, —— Sle,
commute.
Proof. (a) Let the conditions of (a) hold.
(i) Let (£,vz) be any object of the category §%, o, (5); that is £ is a functor from

Dy to S —modx and v, a functor isomorphism Lo G — s* o Ej.
The bijectivity of the functor G on objects implies that there exists a unique functor

Dy, %5 S —mody such that L(G(a) = s* o Ey(a) for all a € ObB and the object (L, id)

is isomorphic to (£,7,). The functor L maps a morphism a i> b to the composition of

~ vz (G a) L(€) (G~ (b) ~
L(a) =50 El(G_l(a)) SN L(a) > L(b) i s*o El(G‘l(b)) = L(b).
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(ii) It follows from (i) that the category Fe,(S)™ is equivalent to its discrete sub-
category consisting of the objects of the form (L£,id). In other words, the set Fe, (S) is

realized as the set of all functors Do i) S —modx such that LoG = s*o Ej.
Since this fact is based on bijectivity of the functor G on objects, same holds for the

category §e,(5)™.
(iii) For any object a of Dy, we set (using the condition that G is identical on objects)

Ls ,(a) = s* o E3(G™1(a)). For a morphism a N b, of Do, set

Ls (&) =s"0Ey(¢), if £=G(&) forsome ¢ € HomB;
L3,,(8) = s7(B(b)) 0 L(E) 0 57(p(a))

It follows that

Lpp(61) 0 Lpp(E2) = s7(B(b)) 0 L(&1) 0 5™ (p(a)) 0 57 (B(b)) 0 L(E2) 0 5™ (0(a)) =
s"(B(b)) o L(&1) 0 L(E2) 0 s™(p(a)) = s™(B(b)) 0 L(E1 0 &2) 0 57(p(a)) = L (610 &)

otherwise.

for any pair a S5 22 ¢ of arrows from  HomDs — (G(HomB).
Suppose that &; o0& = G(¢) for some ¢ € G(HomB). Then, by hypothesis,

LppoG(Q) = Lpp(€108&) = s (B(b) o L(&0&) 087 (so(a)):
s"(B(b)) o Lo G(C) o s (p(a)) = s*(B(b)) 0 5™ 0 E1(C) 0 s™(p(a
s"(B(b) 0 Ev1(¢) 0 p(a)) = 5™ 0 Ex(().

~—

Ls
Altogether shows that Do —> S — modyx is a well defined functor and the pair

(L0, Ls,p,0G Uy o E) is an object of the category Fg, (S); or, what is the same,
the functor Lg, is an element of the set Fg, (5).
(b) Let £, £ be two elements of Fe, (S). By definition, they are equivalent iff there

A
is a functor isomorphism £ oGy —— L' oGy such that G = idg,¢,q, -
For a € ObD, we set

Asp(a) =idg,a), if a€ Go(ObBy);
As,p(a) = s"(B(a)) o AMa) o s*(p(a)) otherwise.

One can see that Mg, = {Ag,,(a) | a € ObDsy} is a functor morphism

,Cg,gp o G2—>£»/3,4P o GQ
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such that )\57¢G1 = idE2G2G1.
If the conditions (b) hold, than the morphism Mg, is an isomorphism; i.e. it
establishes equivalence between Lz, and E’B’@. n

7.7.1. Remarks. (a) In the condition (a) of Proposition 7.7, it suffices to require the
essential bijectivity of the functor G on objects: that is G induces a bijective map between
the sets of isomorphism classes of objects of the categories B and D.

(b) The commutativity of the diagram (7) implies that there exists a unique morphism
R,
Re, — Re, making the diagram

DC{61 _ 361 —1> 3[61
pil
Moo | Soe | | S1s.0 (8)
n1€2
; Te
m@z R 362 —2> 3[62
PZE2

commute. o o
(c) Let the functors B —» Dy = D7 in the assumptions of 7.7 be injective. Then,
by 7.6.1, there are canonical morphisms

Rs s Sls
%@2 s 9%;, 3@2 —_— S@c and 3[62 e S[@t
R/ Far ke (9)

Re, —— Rer, Fe, —— Fer and Fle, —— Fles

corresponding to the morphism €* 3. ¢ of the data. The data & and ¢} satisfy the
assumptions (a) of 7.7. Therefore, under assumptions (b), we have a commutative diagram

RURY Ra,e Rg
9{@1 —_— %@{ e %@5 — %@2
1 2 1 2 1 2 1 2
v | | ¥, e | | ¥y per | | v pe. | | v,
Ts/ $8,0 S
Se, — Ser — Sex — Se,
W@ll ﬂ—@il lﬂ'@c J/’]TQQ
Ss/ Sls,e Slg
Se, — Sler — Sle: — Sle,

of presheaves of sets on Aff 4~.



312 Chapter 5

7.8. Non-generic, generic and partly generic flag varieties.

7.8.1. Grassmannians. Let Dy be the category with two objects, xp, x1, and three
non-identical morphisms: xg o = xp, and moe such that eom =id,,. Let B
be the discrete subcategory of Dy with objects xg, x1, By the discrete subcategory of Do
generated by object z, and D; the subcategory of Dy generated by the arrow z; — .
The functors

are natural embeddings. Fix a functor
E :
B—Cx z;+— FE;, 1=0,1.

The presheaf of sets §g g corresponding to the data
Go E
By —— B — Cx
c= | & l l G

G2
Dl e D2

coincides with the Grassmannian Grg, g, .

7.8.2. Flag varieties. Let J = (I, <) be a preorder with an initial object o, B the
discrete subcategory of J with the set of objects I and By the subcategory of B generated
by e. Let D; coincide with (7, <). Finally, let D5 be the category with ObDy = I and the

set of morphisms generated by morphisms y “% o oand @ %3 y defined for all x,y €
such that x <y, which satisfy the following relations:

CxyMyy = idy, and, for any = <y <z, epyly. = €zz, MayMys = Myy.

In particular, there are projections mygezy : y — y. The functors
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are natural embeddings. Fix a functor B £, Cx, * — FE,. The presheaf of sets
corresponding to the data

Go E
By —— B — Cx

e=| 6| ke

G2
D1 —_— D2

will be denoted by §lg 7z and called the flag variety corresponding to the preorder Z =

(I,<) and the functor I s ex.
Taking Z = (21 < xg), we recover Grassmannians.

7.8.3. From flag varieties to the varieties of generic flags. Let Z = (I, <) be a
preorder with an initial object e. Let the categories By, D, and D5 be like in 7.8.3; and

let B = By. The functors G;, ¢ = 0,1,2, are natural embeddings. The functor B Fc X
maps the initial object e to an object E of the category Cx.

Applying the procedures of 7.6.1 ("reduction”) and 7.6.2 (”cutting objects off”), we
obtain the data consisting of the full subcategory D) of the category Dy generated by the
object e and its trivial subcategories By = B = Dj. One can see that HomD), is the set
{pz| z € I} of endomorphisms of e satisfying the conditions: p,p, = p, if = <y. The
corresponding presheaf of sets §¢/ is the generic flag variety §lg of E. We recover generic
Grassmannians taking Z = {0, 1}.

7.8.3.1. Proposition. The canonical presheaf morphism Fleg — S = Flg is an
isomorphism.

Proof. The argument is left to the reader. m

7.8.4. Partly generic flags. Let Z = (I,<) be a preorder, and let Iy be a cofinal
subset of I; that is, for any x € I, there exists y € Iy such that y < x. Let By = B
be the discrete category with the set of objects Ip; and let the categories Dy, D> be
as in 7.8.2. The functors G and G;, i = 1,2, are natural embeddings. Fix a functor
B Cx, ©— E,, x € Iy. Applying the procedure of 7.6.1 and 7.6.2, we obtain the
data

Go E
By —— B — Cx
¢ = Gh l l G’ ,
D, —— D),
where D) is the full subcategory of D;, i = 1,2, such that ObD] = ObDj5 = I. Clearly
the flag variety of 7.8.2 and the generic flag variety of 7.8.3 are particular extreme cases of
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this example. By an obvious reason, we call §¢/ wvariety of partly generic flags. We denote
it by §lg,1,,z. As in the particular case 7.8.3, the canonical morphism Fle — §lg 1,7
is an isomorphism.

7.8.5. Example. Consider the category Dy formed by three objects, z, y, z, and

generating arrows
a

x —_— Yy

INN\b Tc

z

subject to the relations boi =1id,, cob=a, which imply that c=ao7 and e=1i0b
is an idempotent. Let D; be the subcategory of Dy generated by arrows

a

T EE— y

b\, yaxe

z

and B the subcategory of Dy generated by = — y. Finally, the category By is trivial; i.e.
it has only one arrow — id,.. The functors G and G;, ¢ =0,1,2, are natural embeddings.

Fix a functor B -2 C x. Applying the procedure of 7.6.1, we obtain the functors
Gl el
D, <2 D} =B <+ B I ey,

where G is the identical functor and D} is the category generated by z —— = - y

subject to the relations e? = e, aoe = a.

7.8.5.1. Proposition. The canonical morphism Fleg —> Fler is an isomorphism.
Proof. The argument is left to the reader. m

7.9. Base change. Fix a data

Due to the universality of our constructions, the diagram e —X §g,¢ is compatible
with the base change. That is for any affine scheme SV, we have a canonical commutative
diagram with isomorphic horizontal arrows
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SV xReg — Res

1l 1l )

SYxFpeg — Jes

Here
Go E
By — B —_— CX
Ga
Dy —— Dy S — mOdX

This implies that the diagram

-
9{@ s SE,G A 8:[6
is compatible with the base change. In particular, we have a unique isomorphism
SV x Fleg —— Fles

which makes the diagram
SV xRe —— NRAgs

1l 1l

SV xFpag — Tes (2)

!

SV xFle — Flgs

commute.

8. Formal smoothness and smoothness.

8.1. Relatively projective and relatively conservative objects. Fix a functor

Cx f—*> Cy. We call an object L of the category Cx
— {*-projective, if the map

2, m

Cx(L, M) —— Cy(J"(£), " (M),  ar—f(a),

is surjective for all M € ObCs,
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— conservative for f*, if the map

fz,c

Cx(L, L) —— Cy(f*(£),§(L))
reflects isomorphisms.

8.2. Proposition. Let D, R RN Cx be the pair of functors between svelte
categories such that G is essentially bijective on objects and, in addition, the following
condition holds:

(i) HomDs — G(HomB) is generated by a set = of arrows with the relations of
the form £ o = idy, where £ € 2, ( is the composition of arrows of Z — {{} and
G(HomB); and for each & € =, there is at most one such relation.

Let S 25T be a morphism of algebras in A~ such that
(ii) for every relation & o ( = idy, £ € =2, from (i), the object s*(E(V)) s

*

_ @
conservative for S —modxy —— T —modx.

*oF
(iii) the functor B S 8- modx takes values in ¢*-projective objects;

Se,c(e)
Then the map Fr.c(S) —— Tec(T) is surjective.

L
Proof. Let Dy —— T —modx be an object of the category §g.(T); that is
t"oE=¢p"0s*oE=LoG.

The claim is that the functor £ is isomorphic to the composition ¢* o L' for some

Ll
object Dy —— S —modx of the category §% o(95).

We start with constructing a diagram Dy, —— S —modx such that ¢* o L'=r
and then transform it to a functor with the same property.

The restriction of the diagram L’ to the subcategory G(HomB) of D5 is determined
by the equality £/ oG = s*o E. By Zorn Lemma, there exists a maximal subcategory D)
of Dy containing G(B) such that £’ extends to a functor £’ on D) with the property that
©* o L" is the restriction of the functor £ to the subcategory D). If D} # D, then there

exists an arrow Vj i> Vo which belongs to Z— HomD).
By hypothesis, the functor G is bijective on objects. Therefore, it follows from (iii)
that there is a morphism
£(8)
s*o E(Vh) —— s o E(V3)

such that ¢*(L/(€)) = L(€).
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If ¢ enters into the relation £ o =idy of (i) with ¢ € HomDY), then, by (ii), the
object s*(E(V)) is conservative for ¢*. Therefore, the fact that ¢*(£/(€0¢)) is an (identical)
isomorphism implies that £/(o() is an isomorphism. We set £/(£) = £/ (£0¢) Lo L(€).

If £ does not enter into any relation £ o = idy of (i) with ¢ € HomDY), then we
set £/(&) = L£(€). Tt follows from (i) that this produces a well defined extension of £’ to
the subcategory of Dy generated by HomD) and &, which is strictly larger than D) — a
contradiction with the maximality of D). m

8.3. Infinitesimal morphisms. Let S and T be associative unital algebras in the
monoidal category A~. We call a unital algebra morphism S -2 T infinitesimal, if
all finite objects of the category S — modx (with respect to the natural action of the
monoidal category S — bim™ of S-bimodules) are ¢*-projective and p*-conservative.

8.3.1. Strongly infinitesimal morphisms. We say that an infinitesimal morphism
S -5 T of associative unital algebras in A~ is strongly infinitesimal, if every finite object
of the category T —modx 1is isomorphic to ¢*(V) for some finite object V of the category
S —modx.

8.3.2. Formal smoothness. In what follows, formal smoothness is the formal
smoothness with respect to strongly infinitesimal morphisms.

8.4. Proposition. Let the functor G in the data

Go E
By —— B —— Cx

be essentially bijective on objects and the following conditions hold:

(i) HomDs — G(HomB) is generated by a set Z of arrows with the relations of
the form & o = idy, where £ € Z, ( is the composition of arrows of Z — {{} and
G(HomB); and for each & € Z, there is at most one such relation.

(ii) for every relation o =idy, £ € E, from (i), the object E(V') is finite;

(iii) the functor B N Cx maps those objects of B which do not belong to the
essential image of By to finite objects.

Then all presheaves and presheaf morphisms of the diagram
Pe
Re — 3 Fna —— Ble

p2

&
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are formally smooth.

Proof. (a) It follows from 8.2 that the presheaf §g ¢ is formally smooth.

(b) Since Frc LN Sle is a presheaf epimorphism, it follows from the formal
smoothness of §g ¢ that the presheaf Flg is also formally smooth.

(c) The presheaf morphism Fg LN Sle is formally smooth.

Let S -2 T be an infinitesimal algebra morphism and

¢
TV —— 3JEc

" | | e M

13
sV — S[@

L
a commutative diagram of presheaf morphisms. Let D, =% T —modx be the functor

c
corresponding to the morphism ¢ and D =5 S —modx a representative of the element
of Flg corresponding to £. The commutativity of the diagram (1) means that there is a

A
functor isomorphism ¢* o L¢ 0o Gy —— L o Gy such that AG; = idgog,-
By (a), the presheaf §g ¢ is formally smooth. Therefore, there exists a functor

L
Dy —— S — modx

which is an element of Fg ¢(S) satisfying the equality ¢* o Eg = L.
(d) Since formally smooth morphisms are stable under pull-backs, it follows from (c)
Pe
that the morphisms ‘Re { Se,¢ are formally smooth. This and the fact that the
Pe
presheaf §g ¢ is formally smooth imply that the presheaf of relations e is formally
smooth too. m

8.5. Smoothness. Smoothness is understood as above, as the smoothness with
respect to strongly infinitesimal morphisms (see 8.3.1).

8.5.1. Proposition. Suppose that the categories B, D1, Dy in the data
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are finite, the functors B N D> and D; EEN D5 are essentially bijective on objects,
and the pair of functors Do & pE Cx satisfies the condition
(1) the pair of objects (E(M),E(L)) is admissible, if Do(G(M),G(L)) # 0.
Suppose, in addition, that the conditions (i), (ii) and (iii) of 8.4 hold. Then all
presheaves and presheaf morphisms of the diagram

1
Pe

Re —_ ) Fne —— Ble (1)
2

Pe

are smooth.

Proof. Tt follows from 8.4 that all presheaves and presheaf morphisms of the diagram
(1) are formally smooth. By 7.5.2; all presheaves of the diagram (1) are locally finitely
copresentable. Therefore they are smooth. m

9. Quasi-coherent modules and bimodules.

9.0. The A~-ringed categories. We call this way pairs (8, Og), where B is a
category and Osgy is a presheaf of associative unital algebras in 4™ on the category B.

9.1. The cofibred categories associated with an action. Fix an A~-ringed
category (B, Og). Given an action @~ of A™ on a svelte category Cx, we associate with
the pair (28, Og) a pseudo-functor from the category 8 to the bicategory of actions of the
monoidal categories, which assigns to every object Z of 98 the category Om(Z) — modx
endowed with the action of the monoidal category On(Z) — bim™ of Og(Z)-bimodules
and to every morphism ) —> Z the restriction of scalars functors

O (SO)X*
Ox(Y) —modxy ——— Op(Z) —modx and

_ Oss ()7 ,
Ox(Y) — bim™~ ——— Oxp(2) —bim™.

(1)

(see A2.10.1). This defines a pair of pseudo-functor: the first one from the category B
to Cat and the second one to the category 9€at of monoidal categories and monoidal
functors. In addition, the second one acts on the first one.

These pseudo-functors define a cofibred category and, respectively, a cofibred monoidal
category. Therefore, we have a monoidal category Oy — Mod™ of modules on the latter,
which acts on the category Oy — Modx of modules on the former.

Under our standard hypothesis on the monoidal category A"~ and its action ™, both
the cofibred category and the cofibred monoidal category are bifibred. In this case, the
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category Qcoh(B,Ox)~ of quasi-coherent Og-bimodules is a monoidal subcategory of
Ox — Mod™, which acts on the subcategory Qcoh(8,Ox)x of quasi-coherent Om-
modules in Cx.

9.2. Remark. A presheaf of associative unital algebras in A™ on a category ‘B is,
\2

o
by definition, the dual to a functor the category B —— Aff 4~ from B to the category
Aff 4~ of affine schemes in A~. We have canonical bifibred category of modules in Cx
and the monoidal fibred category of bimodules with the base Aff 4~, which acts on the

bifibred category of modules. The actions described above are pull-backs along the functor

B AfF A~ of the similar actions over Aff 4~.

9.3. Quasi-coherent modules and bimodules over a presheaf of sets. For
every presheaf of sets X on the category Aff 4~, we take as B the category Aff 4~ /X and
apply the generalities above to the forgetful functor

Ox
Aﬂ'A~/% B AffAN

corresponding to a presheaf Ox of associative unital algebras in A™.

We denote by Ox — Mod™ the corresponding monoidal category of Ox-bimodules on
Aff 4~ /X; and we denote by Qcoh(X,Ox)™ its monoidal subcategory formed by quasi-
coherent Ox-bimodules. The monoidal category Qcoh(X,Ox)~ acts on the category
Qcoh(X,Ox)x of quasi-coherent Ox-modules in Cx.

If the presheaf X is representable by an affine scheme RY, then it follows from IV.1.3
that the category Qcoh(X,Ox)x is naturally equivalent to the category R — modx of
R-modules in Cx, the monoidal category Qcoh(X,Ox)~ is equivalent to the monoidal
category R — bim”™ of R-bimodules, amd the action of Qcoh(X,Ox)™~ on Qcoh(X,Ox)x
corresponds, via these equivalences, to the standard action of R — bim™ on the category
R — modx (see A2.10.1).

9.4. Quasi-coherent sheaves of modules and bimodules. Let 7 be a quasi-

topology on the category B and O a sheaf of associative unital algebras on (B, 7).

F
Thanks to the fact that the forgetful functor AlgA~ —— A is conservative and

preserves limits, this means, precisely, that the composition of the presheaf
On N
BP — AlgA

f*
with the forgetful functor AlgA~ —— A is a presheaf on the quasi-site (8, 7) with the
values in the category A.
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Applying the generalities of Sections 3 and 4 of Chapter IV, we obtain the monoidal
category Oy — ShrMod™~, which acts on the category Ogp — Sh.Modx of sheaves
of Og-modules in Cx, and its monoidal subcategory Qcoh((B,7),0%)~ acting on the
category Qcoh((B,7),Ox)x of quasi-coherent sheaves of modules in Cx.

9.4.1. Quasi-coherent sheaves of modules and bimodules on a presheaf of
sets. Let 7 be a quasi-topology on the category Aff 4~ of affine schemes in A~ such that
the canonical presheaf of algebras on Aff 4~ (- the identical functor Aff%. ——AlgA™)
is a sheaf. For any presheaf of sets X on the category Aff 4~ and the forgetful functor

vV

O
Aff /X — 2 Aff 4~

the corresponding to a presheaf Ox of associative unital algebras in A~ is a sheaf with
respect to the induced quasi-topology 7x on the category Aff 4~ /X. Thus, we obtain the
monoidal category Qcoh((X,7),Ox)~ of quasi-coherent sheaves of Ox-bimodules on the
quasi-site (Aff 4~ /X, 7x) acting on the category Qcoh((B,7),0Ox)x of quasi-coherent
sheaves of modules in Cx.

If the 7 is a quasi-topology of 1-descent (which holds for all canonical pretopologies,
starting from the most important smooth pretopology, which is, even, of effective descent)
the categories of quasi-coherent sheaves of bimodules and modules defined above, coincide
with the corresponding categories of presheaves; so that the choice of the quasi-topology
7 does not matter, as long as the quasi-topology is of effective descent.

We leave to the reader the description of these categories and the action for the
varieties described in this Chapter.



Appendix 1: Fibred Categories.

Main references are Exposé VI in [SGA1] and Exposé VI in [SGA4]. The purpose of
this appendix is to recall basic notions and fix notations. All categories we consider here
belong to a fixed universum, l.

Al.1. Categories over a category. Fix a category £. Let (A, A LN £) and

(B,B 4 €) be objects of the category Cat/E. For any two morphisms, ®, ¥ from (A, F)
to (B, G) (called E-functors), an E-morphism & — VU is defined as any functor morphism
¢ : ® — W such that G(¢(r)) = idp(,) for all z € ObA. This defines a subcategory,
Homg((A, F), (B,G)), of the category Hom(A, B) of all functors from A to B. The
composition

Hom(A, B) x Hom(B,C)——Hom(A,C)
induces a composition
HomS((A7 F)7 (B7 G)) X HOTTLg((B, G)a (Ca H))—>Hom5((A, F)7 (07 H))
The map ((A, F), (B,G)) — Homg((A, F), (B, G)) defines a functor

(Cat/E)? x Cat/E —— Cat.

A1.2. Inner hom. For any two categories F, G over £ and any category H, there
is an isomorphism

Hom(H,Homeg(F,G)) — Homg(F x H,G)

functorial in all three arguments).

A1.3. Base change. If F and &£’ are two categories over £, F x¢ £ denotes their
product in Cat/E. Recall that Ob(F xg £') = ObF xope ObE" and Hom(F xg &) =
HomF X gome HomE'. Fixing v : &' — &£, we obtain the base change functor

Cat/E — Cat/S', (F— F Xg 5',%5/),

where 7¢: is the canonical projection.
For any two categories, F, G, over &, the projection G x¢g &’ — G induces a category
isomorphism
Homg/ (F xg £',G xg &) —— Homg(F xg &',G).
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The inverse morphism sends any E-functor ® to the &'-functor ® x¢ &£'.

A1.3.1. Proposition. If an E-functor ® : F — G s fully faithful, then for any
base change &' — &, the corresponding E'-functor ® xg £ : F xg &' — G xg & is fully
faithful too.

A1.3.2. Definition. An &-functor ® : F — G is called an &-equivalence if there
exists E-functor ¥ : G — F and E-isomorphisms ® o U = Idg, Yo & = [dr.

A1.3.3. Proposition. The following conditions on an E-functor ® : F — G are
equivalent:

(i) ® is an E-equivalence.

(ii) For any category £ over £, the functor ® xg & + F xg & — G xg & is an
equivalence of categories.

(iii) ® is an equivalence of categories, and for any X € ObE, the functor ®x : Fx —
Gx induced by ® is an equivalence of categories.

A1l.4. Cartesian morphisms. Inverse image functors. Fix a category £ and an

object A = (A4, A LN E) of the category Cat/E. For any X € ObE, we denote by Ax the
fiber of F' in X which is the subcategory F~!(idx) of A. For any f : X — Y of £ and
z,y € ObA such that F(x) =X, F(y) =Y, we set Af(z,y) :={{:x —y| F(&) = f}.

A1.4.1. Cartesian morphisms. A morphism ¢ € A(x,y) is called cartesian if for
any ' € ObAx and any &' : 2’ — y such that F(£') = f := F(£), there exists a unique
X -morphism u : ' — x (that is Fu = idx) such that ¢ = £ o u. In other words, for any
(TS .Ap(x), the map

Ax (@', 2)——As(2)y), v Eou,

is bijective. This means also that the pair (z, &) represents the functor
A — Sets, 2/ — Ag(2,y).

If for a morphism f € £(X,Y), there exists a cartesian morphism £ :  — y such that
F(&) = f, then the object x is defined uniquely up to isomorphism and is called inverse
image of y by f. The standard notation: x = f*(y). The morphism & : f*(y) — y is then
denoted by &, or by &¢(y).

A1.4.2. Inverse image functor. Suppose an inverse image exists for all y € Ay.
Then the map y — (f*(y),&s(y)) defines a functor f*: Ay — Ax.

In fact, fix objects y, y’ of Ay and a cartesian morphisms &¢(y) : f*(y) — y and
Er(y') : f*(y') — v'. For any morphism ¢ : y — 3’ of Ay, there exists a unique morphism,
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f*(®) : f*(y) — f*(/), such that the diagram

Er(y)
(y) —— vy
() | | o (1)
Er(y)

commutes.

A1.4.3. Note. Let

x i) Y
v | | o
¢

be a commutative diagram in A such that ¢ € IsoAx and ¢ € IsoAy. Then £ is cartesian
iff ¢’ is cartesian.

A1l.5. Cartesian functors. Let A = (A, F), B = (B,G) be E-categories. An &-
functor ® : A — B is called a cartesian functor if it transforms cartesian morphisms to

cartesian morphisms. The full subcategory of Homg (A, B) formed by cartesian functors
is denoted by Carte(A, B).

A1.5.1. Proposition. (a) Any E-equivalence is a cartesian functor.

(a’) Given an E-equivalence ® : A = (A, F) — B, a morphism £ of A is cartesian iff
®(&) is cartesian.

(b) Any E-functor which is isomorphic to a cartesian functor is cartesian.

(c) Composition of cartesian functors is a cartesian functor.

A1.5.2. Corollary. Let ® : A= (A, F) — B be an E-equivalence. Then for any
E-category C, the functors ¥ +—— Wo ® and ¥ —— ® o U induce equivalence of categories:

Cartg(B,C) —— Carte(A,C)

Carte(C, A) —— Carte(C, B).

A1.5.3. The category Carte. We denote by Carte the category objects of which
are same as objects of Cat/E and morphisms are cartesian functors.
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A1.5.3.1. The category Cart. For a given universum i, we denote by Carty, or
by Cart, the subcategory of the category Caty, whose objects are same as objects of Cat?,

— functors, and morphisms from A’ N £ to A L £ are commutative diagrams
G
Al —— A
P | F
G/
g — &
such that G is a cartesian functor from (A’, G’ o F') to (A, F).

A1.5.4. Colimits. Let B, C be categories and § a family of morphisms of B.
Denote by Homgs(B, C') the category of functors B — C which transform morphisms of S
into isomorphisms.

Let A= (A, F) be a category over £ and S4 the family of cartesian morphisms of A.
The E-category A defines two functors Cat — Sets:

C+—— Homs,(A,C), (1)

C+— Cartg(A, (C x &, Pg)). (2)
Here Pg is the natural projection C' x £ — €.
A1.5.4.1. Lemma. The functors (1) and (2) are canonically isomorphic.

Proof. Cartesian morphisms of C' x £ are all morphisms of the form (m, f), where m
is an isomorphism of A. m

A1.5.4.2. Corollary. For any E-category A = (A, F), the functor
Cat — Sets, C+—— Cartg(A,(C x &, Pg)), (2)

is representable by the category (S4) 1 A.

A1.5.4.3. Definition. The functor (2) and the category (S4)~'A representing it
are denoted by Colim.A/E and are called a colimit of A over £.

A1.5.5. Limits.
A1.5.5.1. Proposition. Let A= (A, F) be a category over E. The functor

Cat — Sets, C+— Cartg((C x €, Pg), A),

is representable by the category Cartg(E,A) of E-cartesian functors € — A.
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Proof. Let A be a category and G : (C x £) — A a cartesian functor. For any
z € ObC, the functor
E— A X r— G(z2,X),

is cartesian. This gives a map Carte((C x €, Pe) — Cartg(E, A) functorial in A. This
map is a bijection. m

A1.5.5.2. Definition. The category Cartgs(E, F) is called the category of cartesian
sections of A over €. It is also called a limit of A over £ and is denoted by Lim.A/E.

A1l.6. Fibred and prefibred categories.

A1.6.1. Definitions. (a) A category A = (A, A EN &) over & is called prefibred if for
any morphism f: X — Y of £, an inverse image functor exists.

(b) A prefibred category A over &£ is called fibred if the composition of cartesian
morphisms is a cartesian morphism.

A1.6.1.1. The 2-category of fibred categories over £. We denote by F'ib,¢
the 2-category of fibred categories over £. Its l-morphisms are cartesian functors and
2-morphisms natural transformation of (cartesian) functors.

A1.6.2. Fibred and prefibred subcategories. Let A = (A, F') be a fibred (resp.
prefibred) category over £. A subcategory B of A is called a fibred subcategory of A (resp.
a prefibred subcategory of A) if B = (B, F|p) is a fibred (resp. prefibred) category and the
inclusion functor is a cartesian functor B — A.

A1.6.2.1. Lemma. Let A = (A, F) be a fibred (resp. prefibred) category over E.
If B is a full subcategory of A, then B is a fibred (resp. prefibred) subcategory of A iff
for any morphism f : X =Y of £ and for any y € ObBy, the inverse image, f%(y) is
Ax -isomorphic to an object of Bx .

A1.6.2.2. Example. Let A = (A, F) be a fibred category over £. And let B be
a subcategory of A having same objects; morphisms of B are cartesian morphisms of A.
In particular, for any X € ObE, morphisms of Bx are all isomorphisms of Ax. The
subcategory B is a fibred subcategory of A.

A1.6.3. Proposition. Let F': A — £ be a functor. The following conditions are
equivalent:

(a) All morphisms of A are cartesian.

(b) A= (A, F) is a fibred category and all fibers are groupoids.

If the equivalent conditions (a), (b) hold, (A, F) is called fibred category of groupoids.
If £ is a groupoid, then the conditions (a), (b) are equivalent to the condition
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(c¢) The category A is a groupoid, and the functor F : A — & is transportable. The
latter means that for any isomorphism f : X — Y of £ and any object x of Ax, there
exists an isomorphism & :  — y such that F(§) = f.

A1.6.4. Proposition. Let ® : A — B be an E-equivalence. Then A is a fibred
(resp. prefibred) category over £ iff B is such.

Proof. The assertion follows from the fact that a morphism £ of A is cartesian iff ®(¢)
is cartesian. m

A1.6.5. Proposition. Let A;, Az be categories over £ and let & = (£1,&2) be a
morphism of A = Ay xXg As. The morphism £ is cartesian iff &1, & are cartesian.

A1.6.6. Proposition. Let A = Ay xg Ay, and let ¥V = (Vq,Vs) be an E-functor
B — A. The functor V is cartesian iff 1 and Yo are cartesian. Thus one has a category
isomorphism

CCLTtg(B, A1 Xg AQ) — CCLTtg(B,A1) X CCLT‘tg(B, AQ)
In particular, there is a natural isomorphism of categories

Lim(.Al Xg .Ag/g) ;> Lzm(.Al/E) X Lzm(Ag/S)

Proof. The assertion follows from A1.6.5. m

A1.6.6.1. Corollary. Let Ay, As be fibred (resp. prefibred) categories over €. Then
Ay Xe As is a fibred (resp. prefibred) category over £.

A1.6.6.2. Remark. The results above hold for fibred products of any (small) set of
categories over &.

A1.6.7. Proposition. Let A = (A, F) be a category over € and G : &' — & a
functor. Let A" = (A',F'), where A’ = A x¢ & and F’ is the projection A’ — &'. A
morphism, &', of A’ is cartesian iff its image, &, in A is cartesian.

A1.6.7.1. Corollary. For any cartesian functor F : A — B of categories over &
and any functor G : &' — &, the functor F' = F xg &' : A = Axg &'——B =B xg &’
18 cartesian.

Thus the functor Homg (A, B)——Homg/ (A’, B") induces a functor

Carte(A, B)——Cartg/ (A", B').
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Taking into consideration the canonical isomorphism
Homg (A, B') —— Home(A x¢ &', B),

one can see that cartesian £’-functors correspond to E-functors Ax ¢’ —— B transforming
any morphism the first projection of which is cartesian into a cartesian morphism of B.

A1.6.7.2. Corollary. The category Lim(A’/E") is isomorphic to the full subcategory
of Homg (&', A) formed by E-functors which transform any morphism into a cartesian
morphism.

In particular, if A is a fibred category over £ and A, is the subcategory of A morphisms
of which are all cartesian morphisms of A, then there is a bijection

ObLim(A' /€'Y —— ObHome(E', A.).

A1.6.8. Proposition. Let A be a fibred (resp. prefibred) category over £. Then for
any functor &' — £, A" := A xg & is a fibred (resp. prefibred) category over E'.

A1.6.9. Proposition. Let A and B be prefibred categories over £, ® a cartesian
functor A — B. The functor ® is faithful (resp. fully faithful, resp. E-equivalence) iff for
any X € ObE, the induced functor x : Ax — Bx is faithful (resp. fully faithful, resp.
an equivalence).

Proof. The fact follows from definitions. =

A1.6.10. Proposition. Let A = (A, F) be a prefibred category over . It is fibred
iff the following condition holds:

(Fib) Let € : x — y be a cartesian morphism over f : X — Y (i.e. F(§) = f). For
any morphism g : V — X and any v € ObAy,, the map

Homgy(v,z)——Homy¢y(v,z), u+—&ou,

1S bijective.
A1.6.10.1. Corollary. Let A= (A, F) be a category over £, & a morphism of A.

(a) If & an isomorphism, then & is cartesian and F (&) is an isomorphism.
(b) If A is fibred, then the inverse is true.

A1.6.10.2. Corollary. Let & : x — y and a : v — x be morphisms of a fibred
category A over €. Suppose & is cartesian. Then « is cartesian iff £ o « is cartesian.
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A1.7. Fibred categories and pseudo-functors. A pseudo-functor £ — Clat is
given by the following data:

(i) A map ObE — ObCat, X — Ax.

(ii)) A map Hom& — HomCat which associates to any f : X — Y a functor
f* : .AY — Ax.

(iii) A map which associates to any pair of composable morphisms, S i) T-2U a
functor morphism ¢4 ¢ @ f*g* — (gf)*.

This data should satisfy the following conditions:

(a) ¢fidg = id+ = Ciqp,f for any morphism f : S — T of &,

(b) For any composable morphisms, f: S - T, g: T — U, h: U — V of &, the
diagram

cg gh”
frgh —— (gf)h*
[ Chg l l Chgf

Chg,f

fr(hg)® —— (hgf)”"

commutes.
Pseudo-functors £°? — Clat form a category defined in a natural way.

A1.7.1. Prefibred categories and pseudo-functors. Let A = (A, F') be a prefi-
bred category over £. Then there is a function which assigns to any morphism f of & its
inverse image functor, f* in such a way that (idx)* = Id 4, for all X € ObE.

Let f: X - Y and g : V — X be morphisms of £ and y an object of Ay. There
exists a unique V-morphism

crgy) g " (y) — (f9)" (y)

such that the diagram
£a(f"(v)
g fy) —— )
¢f.9(y) l l £r ()
§rg(v)
(foy'ty)  —— v

is commutative. These morphisms are functorial in y, i.e. ¢f 4 = {cr4(y)|ly € ObAy} is
a morphism ¢* f* — (fg)* of functors Ay — Ay. One can check that they satisfy the
conditions (a), (b) of A1.7.1.

Conversely, let £ — Cat, X — Ax, f+— f* be a pseudo-functor. Set ObA =
Hxcopre Ax = {(X,z)| X € Ob&, x € ObAx}. A morphism from Z = (X, z) toy = (Y, y)
is a pair (f,£), where f is a morphism X — Y, ¢ a morphism z — f*(y). A composition
is defined by

(f:€) o (g, 1) == cf4(y) 0 g™ (§) o p. (1)
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Set hy(z,y) := Homay (z, f*(y)) and A(Z,9) = [1;ce(x.v) hr(Z, 7). The composition
(1) defines the composition on A. The projection functor, F' : A — &, is given by the
maps (X,z) — X, (f,&) — f.

The E-category F': A — £ is fibred iff all morphisms cy , are isomorphisms.

A1.8. Limits, Colimits, and pseudo-functors. Let A = (A, F') be a prefibred
category corresponding to a pseudo-functor £ — Clat,

ObE 5 X — Ax, HomE 3 f+—— f*, Hom& xope HomE 3 (f,g9) — cp 4. (1)

A1.8.1. Colimits of pseudo-functors. The composition of inclusion functors
Ax — A and the canonical functor A — Colim.A/E provide for any X € Ob€E a functor
qgx : Ax — ColimA/E, and for any morphism f : X — Y of £ a diagram commutative
up to isomorphism: )

Ay f—) .AX
v N\ ax
ColimA/E

Thus ColimA/E is a colimit in the sense of pseudo-functors of the pseudo-functor
&P — Cat.

Note that if X — Ax, f +—— f* is a functor, the category ColimA/E is not, in
general, the colimit of this functor.

A1.8.2. Limits of pseudo-functors. Fix a pseudo-functor
EP — Cat, X — AX7 f L f*7 (fvg) = Cf,g-

For any X € Ob€, denote by px the functor LimA/E — Ax of evaluation at X.
For any morphism f: X — Y of £, there is a diagram
f*
.Ay —_— .AX

Py ™\ /' px
LimA/E

commutative up to isomorphism. This means that Lim.A/E is a limit in the sense of
pseudo-functors of the pseudo-functor £ — Cat.

If X — Ax, f+—— f*is a functor, the category Lim.A/E is not, in general, the limit
of this functor.

A1.9. Cofibred and bifibred categories. Fix a category A = (A4, A LN &),
over £. A morphism £ : x — y of A is called cocartesian if it is a cartesian morphism
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of the category A% := (A°P F°P) over £°°. This means that for any =’ € ObAy, the
map Ax(y,y') — Homg(z,y'), u — wo, is bijective. In this case, (y,&) is called
a direct image of x by f. If it exists for any x € Ax, then there exists a direct image
functor f. : Ax — Ay. It is defined (uniquely up to isomorphism) by an isomorphism
of bifunctors

Ay (fe(x),y) = Homy(z,y).

A1.9.1. Suppose f, exists. Then f* exists iff f, has a right adjoint.
In fact, the functor f* is defined (uniquely up to isomorphism) by a functorial iso-
morphism Ax (z, f*(y)) — Homy(x,y). Therefore we have a functorial isomorphism

Ax (@, [*(y) = Ay (f«(2), y)-



Appendix 2: Monoidal categories and their actions.

The main practical purpose here is to fix notations and give an overview of the subject
in the form convenient for its use in Chapter V. The reader might look shortly at this text
and then return to its specific parts when needed.

A2.1. Categories with multiplication and morphisms between them. A
category with multiplication is a pair (A, ®), where A is a category and @ is a functor
Ax A — A. Categories with multiplications form a category: a morphism from (A, ®)
to (A, @) is a pair (P, ¢), where ® is a functor A — A’ and ¢ is a functor morphism
@ o (P x P) — ®o®. The composition of

(®,¢) I ’ ! I (W) " "
(A,6) —— (A,0") and (A,0) —— (A", 0")

is (Wod Upoh(P x P)).
A2.1.1. Strict morphisms. A morphism

@o)

of categories with multiplication is called strict if ¢ is the identical morphism; that is
@ o (P xP)=Po@. It follows that strict morphisms are closed under composition.

A2.1.2. Associative multiplications. The category with multiplication (A, ®)
is called strict if the functor

£
A2 End(A), ar—a® —, (1)

is a strict morphism from (A,®) to (End(A),o). The latter means precisely that the
multiplication ® is associative: ®o (® X Idg) = ®o (Idg X ®).

A2.2. Strict monoidal categories. A strict category with multiplication (A, ®)
is called a strict monoidal category, if there exists an object I of A such that

16— =1Idy=-0L

Notice that the unit object I is uniquely determined by these equalities.
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A standard example of a strict monoidal category is the category Endc of endofunctors
of a category C with the composition as multiplication.
A strict monoidal functor from a strict monoidal category (A, ®,I) to a strict

monoidal category (A’,®',T') is a functor A 2y A" such that
O o(®x®)=Po® and () =T.

A2.2.1. If (A,®,I) is a strict monoidal category, then the canonical functors
Lo
A —— End(A), ar—a® —,

A & End(A), a— —0©a,
are strict monoidal functors from (A, ®,I) to (End(A),o,Id4).
A2.3. Actions. An action of a category with multiplication (A, ®) on a category
Cx is a morphism (A, ®) ﬂ (End(Cx),0).

A2.3.1. Associativity constraints. Every extension (£,a) of the canonical
functor

A L End(A), xz+—z0 —, (1)

to an action of (A,®) on the category A is a choice of a morphism

®o(Ids x ®) BN ©o (O xIdy). (2)

of functors from Ax . Ax A to A. If the morphism a in (2) is an isomorphism, it is called
an associativity constraint. Every associativity constraint a on (A, ®) gives an extension
(Re,a"1) of the functor

R
A —2 End(A), z+— —0Oux,

to an action of (A, ®) on the category A.
Triples (A, ®;a), where a is an associativity constraint, are objects of a category

(®.¢)
whose morphisms (A, ®;a) —— (A’,®’;ad’) are morphisms (A4A,0) —— (A, @),
which are compatible with associativity constraints in the sense that the diagram

O’ (ide x¢) d(Idax0O)
o(Px@o(dPxP) ——— o(PXxPo®) ——— DPo®o(ldy X O)
a'P l l da
O (¢xids) $(OxIda)
Qo (@0 (PXP)xP) — o (PoOXP) ——— DPoGo(® X Idy)

(3)
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commutes. It is immediate that the compatibility with associativity constraints — that is
the commutativity of the diagram (3), survives composition.

A2.3.2. Associative actions. An action of (A, ®;a) on a category Cx (sometimes

(®,9)
called an associative action) is a morphism (A, ®;a) —— (End(Cx),o;id).
In other words, the diagram

() ¢y, bz,y0=

O(z)o (®(y)o®(2)) —— P(r)oP(yoz) —— P(zO(YO=2)

id l l Ba (4)

Pa,yP(2) Pa0y,z

(2(z) 0 @(y)) 0 @(2)) —— P@@OYod(z)) — 2((z0y)©2)

commutes for all objects x, y, z of the category A.
A2.3.3. Unital actions.

A2.3.3.1. Categories with multiplication and ’unit’ objects. Those are triples
(A, ®;T), where I is an object of the category A. A morphism from (A, ®;I) to (A, &";T)
is a triple (@, ¢, ¢g), where (P, ¢) is a morphism (A, ®) — (A’,®") and ¢ is a morphism
I" — ®(I). The composition is defined naturally.

A2.3.3.2. Unital actions. Suppose that (®, ¢, @) is a morphism from (A, ®;1T)
to (End(Cx),o;1dcy ), ie. (®,¢) is an action of (A,®) on the category Cx and ¢g is a
4

¢
morphism Idc, — ®(I). We denote by &(—) —— ®(I ® —) the composition of

B(—) 0 B(T)od(—) and B(I) o B(-) BESR d(Io )

T

¢
and by ®(—) —— ®(— ®I) the composition of

B-) " sMod(~) and B(I)od(~) — s B(— T,

We call the action (®, ¢, ¢g) ‘unital’ if ¢*(I) = ¢*(I).

A2.3.3.3. Associative unital actions. Consider now categories with multiplica-
tion, associativity constraint and a ’unit’ object. Let (A,®;a,I) be one of them and
(®,¢,¢0) a morphism of (A,®;I) to (End(Cx),o;Idc,). We call this morphism an
associative unital action if (®,¢) is an associative action of (A, ®;a) on the category
Cx (i.e. the diagram 3.2.2(4) commutes for all z. y, z in ObA) and (P, ¢, ¢o) is unital:

¢'(I) = ¢*(I).
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A2.4. Monoidal categories and their actions. A monoidal category is a data
(A, ®;a;1,t), where (£o,a,1) and (Rg,a"!,t) are associative unital actions of
(A, ®;a;I) on the category A such that

[
1o Idy ¢ Tdg —— Idy o1
are functor isomorphisms making the diagram
[
ToIdy —— Idg —— Idaol
Tor | | ror (1)
10 ([Ids0l) —— v  (10Id) ol

commute.

A2.4.1. Monoidal functors. A morphism from a monoidal category (A, ®;a; L, [, t)
to a monoidal category (A, ®';a’;T, ;') (otherwise called a monoidal functor) is a
morphism (®, ¢, ¢g) from (A,®;a;1) to (A, @';d/;1") such that the diagram

e (=) o & 2 e(o)o'T
d)]l,—l l idg l O-1 (2)
IO —-) 0 & 0 B0l

commutes. The composition of monoidal functors is a monoidal functor.

A2.4.2. Morphisms of monoidal functors. Let A~ = (A, ®;a;1,[,t) be a svelte
monoidal category; and let (®, ¢, ) and (¥,1),1y) be monoidal functors from A~ to

a monoidal category A~ = (A, ®;a;1,1,T). A morphism from (®,¢, o) to (¥, 1, )
is a functor morphism & 4 ¥ such that the diagrams

B@)FB(y) — Bz o) o) — w(n)
C@)ECW) | [ceoy ad LN
Y()DU(y) s W oy) i

commute for all z,y € ObA.

A2.4.3. The 2-category of monoidal categories. We denote by 92)€at the 2-
category whose objects are svelte monoidal categories, 1-morphisms are monoidal functors
and 2-morphisms are morphisms of monoidal functors.
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A2.4.4. Actions of monoidal categories. An action of a monoidal category

A~ = (A, ®;a;1,[[t) on a category Cx is a morphism (®, ¢, ¢g) of A~ to the the strict

monoidal category (End(Cx),o,Idc, ). It follows that (®,¢,dp) is an assoicative unital
[

¢
action of (A,®;a;I) on Cx such that the morphism & —— ®(I ® —) (defined in

T

¢
A2.3.3.2) coincides with ®([) and ® —— &(— ® 1) coincides with ().

A2.4.5. Morphisms between actions of monoidal categories. Let &~ =
(®, 9, 9) be an action of a monoidal category A~ = (A,®;a;1,[,t) on the category
Cx and &~ = (213,5, 50) be an action of a monoidal category A~ = («Z,@;E;EE?} on
the category Cy. A morphism from &~ = (®,¢,¢) to o~ = (&),EE, (ZO) is a triple
(U™; gs,7y), where U™ = (U, 4),19) is a monoidal functor from A~ to A~ g« 18 a
functor Cx —» Cy, ~ is a morphism ® o ¥(—)o g,— ¢, ®(—) of functors from A
to Hom(Cx,Cy) satisfying natural compatibility conditions.

A2.4.6. Examples of actions.

A2.4.6.1. Bimodules and modules. A standard noncommutative example is the
monoidal category R® — mod™~ = (R® — mod, g, R) of left R°-modules acting on the
category of left modules over an associative k-algebra R.

A2.4.6.2. Continuous endofunctors. Let Cx be a svelte k-linear category and
End;,(Cx) the category of continuous k-linear endofunctors of the category Cx. It is the
monoidal subcategory of the strict monoidal category End(Cx)~ = (End(Cx),o,Idc, )
naturally acting on the category Cx. It follows from Eilenberg-Moore theorem that, it
Cx = R —mod, this example is naturally equivalent to A2.4.6.1.

A2.4.6.3. Weakly continuous functors. Let Cx be a svelte category with coker-
nels of reflexive pairs of arrows, and let End™ (Cx ) denote the category of weakly continuous
(that is preserving cokernels of reflexive pairs of arrows) endofunctors of the category Cx.
The monoidal category End"(Cx)~ = (End”(Cx),o,Idc,) acts on the category Cx.

A2.4.6.4. One of the main examples. Let Cx be a svelte category with cokernels
of reflexive pairs of arrows and countable coproducts; and let €nd™(Cx) denote the full
subcategory of End"(Cx) generated by all endofinctors of Cx which preserve countable
coproducts. The monoidal subcategory €nd™(Cx)~ = (Emd™(Cx),0,Idc, ) is one of our
main examples: the actions of other monoidal categories on Cx are usually required to be
monoidal functors to the monoidal End™(Cx)™.

A2.5. Algebras in monoidal categories. An algebra in a monoidal category
A~ = (A, ©;a;L, [ v) is a pair (R,u), where R is an object of the category A and p is
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a morphism R ® R — R. A morphism of algebras (R,ur) — (S, u1s) is given by a
morphism R —= S of the category A such that the diagram

®
ROR —2% S6S8

NRl l Us
R — S

®
commutes. If (R, ) LN (S,pg) and (S,pus) —— (T, pur) are algebra morphisms,

po o
then the composition R BN T is an algebra morphism (R, ur) 7, (T, 7).

This defines the category 2AlgA~ of algebras in the monoidal category A™.

A2.5.1. Unital algebras. An algebra (R, ) is called unital if there is a morphism
— the unit element, I % R such that the diagram

[ t

[OR +—" R ., ROl
e @idy, | | it | i © e (2)
ROR —s R ' ROR

commutes. There is at most one unit element, because if I —» R - I are unit elements,
then it follows from the commutativity of the diagram (2) that

n=(uoM®idy)oly)on=po(noOn) ol =
po(non)or = (uo (idy ®@N) 0ty )on =1.

A2.5.1.1. Unital algebra morphisms. Let (R,u,) and (S,ug) be unital
algebras with the unit elements R IR 1758 An algebra morphism

(R i) —— (S, 1)

is called unitalif pon, =n,. The composition of unital morphisms is a unital morphism.
Unital algebras and unital algebra morphisms form a subcategory of the category of
Alg A~ of algebras in A~, which we denote by lg".A™.

A2.5.2. The category of associative unital algebras. An algebra (R, ) in the
monoidal category A~ = (A, ®;a;1,[,t) is called associative if the diagram

ROMROR) ——s (ROR)OR
idr O 1 | | noidr (1)
ROR — R+ ROR
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commutes.
We denote by AlgA™ the full subcategory of the category 2Alg¥.A~ whose objects are
associative unital algebras in the monoidal category A™.

A2.5.2.1. Note. Associative unital algebras in a monoidal category A~ are oftenly
called monoids in A~. We prefer to use 'monoids’ in the traditional meaning — as algebras
in the monoidal category of sets.

A2.5.3. Monoidal functors and algebras.

A2.5.3.1. Functors between algebras induced by monoidal functors. Every
morphism &~ = (¥, ¢, ¢g) from a monoidal category A~ = (A, ®;a;1, [, t) to a monoidal
category A~ = (A, ®;a’;T', ;') induces a functor

(PN !
WA~ — AgA™, (R, 1) — (B(R), (1) © d.R), (1)

which maps an algebra morphism (R, ) AN (S,ps) to

()
((I)(R)7 Mg © QSR,R) — (@(8)7 Hs © QSR,R)'
o
It follows that the functor AlgA~ & AlgA ~ maps associative algebras to
associative algebras and unital algebra morphisms to unital algebra morphisms.
In particular, the functor ®y;, induces a functor

(leg ’
AlgA~™ —— AlgA ™ (2)

from the category of associative unital algebras in A~ to the category of associative unital
algebras in A ™.

A2.5.3.2. Actions and monads. The category of associative unital algebras in
the strict monoidal category (End(Cx),o,Idc,) of endofunctors of a svelte category
Cx coincides with the category 2Mon(X) of monads on Cx. So that every action &~ =
(®,0,¢0) of a monoidal category A~ on the category Cx induces a functor

q>:4/lg

AlgA~ —— Mon(X). (3)

A2.5.3.3. Elements of algebras. Let A~ = (A,®;a;L,[,t) be a monoidal cate-
gory. For every object V of the category A, we denote by |V| the set A(I, V). The elements
of |V| are called elements of the object V. The functor

A(lL,—)
A —— Sets, V+—|V|,
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assigning to each object the set of its elements has a natural structure of a monoidal functor
| =1~ =(—1,¢,¢0) from A~ to the monoidal category Sets™ = (Sets, x,®) of sets.

Here o is a one element set — the unit object of Sets™. The morphism e 2o, I = A(LT)
assigns to the unique element of e the identical morphism 1 — I.
For any pair of objects V, W of the category A, the morphism

Py
V| x W] —— [VoW|

©
is defined by ¢, ,,(v,10) = (0 ®w)oly — the composition of IO I P VoW and

the canonical isomorphism I L oL

By the generality A2.5.3.1, the monoidal functor |— |~ = (] —|,¢,¢9) from A~ to
Sets™ induces a functor | — |73, , from the category Alg A~ of associative unital algebras
in A~ to the category of monoids, which is precisely the category of associative unital
algebras in the monoidal category Sets™.

A2.5.3.3.1. Invertible elements of algebras. Let R be an associative unital
algebra in a monoidal category A~ and |R| the monoid of its elements. We denote by |R|*
the group of all invertible elements of the monoid |R| and call it the group of invertible
elements of the algebra R.

A2.5.4. Reflection of monoidal categories and opposite algebras.

A2.5.4.1. Reflection of monoidal categories. Let A~ = (A, ®;a;1,[t) be a

O]
monoidal category. We denote by ®7 the composition of the functor A x A —— A
with the standard symmetry

AxA—— Ax A, (z,y) — (y,1),

and set
o 1

0 =t, t©v=I a =a, for all x,y,z € ObA. (1)

x y m’yVZ Z’y7w

One can see that Ay = (A,®%;a%;1,17,t7) is a monoidal category, which we call
the reflection of A~. Evidently, the map A~ +—— A7 is involutive: (AY)y = A™.

A2.5.4.2. Reflection of monoidal functors. If &~ = (®,¢,¢p) is a monoidal
functor from A~ = (A, ;L L) to A~ = (A ;@ LLT), then &) = (O, 47, ¢p),

where ¢7 = ¢, forall z,y € ObA, is a monoidal functor from AZ to Az
The map which assigns to monoidal categories and monoidal functors their respective
reflections is an involutive automorphism of the category (actually the 2-category) 9MCat

of svelte monoidal categories and monoidal functors.
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A2.5.4.3. Opposite algebras. Every algebra R = (R,pu,) in A~ defines an
algebra R° = (R, ft,,) in the monoidal category A, which we call the algebra opposite
to R.

If R=(R,pny) s = (S, pg) is a morphism of algebras in A™~, then the same
R %+ S defines a morphism R° = (R, Horo) 7L So= (S, pso) of opposite algebras.

This produces an isomorphism between the category lgA~ of algebras in the
monoidal category A~ and the category 2AlgA of algebras in the monoidal cate-
gory A — the reflection of A™~. Since R —— R° maps unital (resp. associative)
algebras to unital (resp. associative) algebras, the isomorphism

Alg A~ — Alg AT
induces an isomorphism

Alg A~ = Alg A7
between the categories of associative unital algebras.

A2.5.5. Digression: braidings, symmetries and commutative algebras.

A2.5.5.1. Morphisms to the reflection. Let A~ = (A, ®;a;1,[,t) be a monoidal
category and (Id4,3,id;) a monoidal functor from the monoidal category A~ to its
reflection Ay = (A,0%;a%;L17,t7) (see A2.5.4.1). This means that § is a functor
morphism ®7 — ©» making commute the diagram

©7(Idaxp) B(Idax©®)
©7o(Idy x©7) ——— O70ldyx©®) ——— ©o(ldy x0O)
a” |2 2| @ (1)
O7(BxIda) B(OxIda)
@70 (07 xIdy) —— O%0(OxIdy) ———— ©o(®xIdy)

obtained via specialization of the diagram A2.3.1(3) and the diagram

o

[O'
16° Idy —— Idg —— Idgo° 1
5H,—l l id l Bt (2)
[ v
[oldy +— Idy —— I1dygqol)
which is a special case of A2.4.1(2). Or, what is the same, the diagrams

ﬁy,z@idac ﬁx,y@z
(z0y)oz) —— [YO2)0z ——— O (YO2)

az7ya$ TZ ZJ/ axayvz (3)

id, OB,y Bzoy,=
20yor) ———— 20@0yYy) ———— (@0Y) o=
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and [
T x
Ol +— =z — oz
5]1,;10 l l 'Ld:c J{ Bw,]l (4)
[y m
Ilox +— =z t—> Ol

commute for all z,y,z € ObA.
The commutativity of the diagram (4) means that

Brz=lzot;! and Byr=rt,0l ' foral z¢& ObA. (5)

A2.5.5.2. Note. Applying A2.5.5.1 to a monoidal functor (Idu,f’,id;) from the
reflection AY = (A,®%;a%;1,17,t7) of the monoidal category A~ = (A, ®;a;1, [ v)
to A~, we obtain that (Ida,’,id;) being a monoidal functor is equivalent to the
commutativity of the diagram

Bloy,. ids OB,
(zOYy) o) +——— 020y +—— xO (yo z)

aZ:zJax TZ 2l a:I},y,Z (6)
Byow, Bay Otd=

20@yoz) ——— [YOT)02z —— (rOYy) Oz
for all z,y,z € ObA together with the equalities
Bri=leot,' and B, =rt,0l;" forall z€ ObA. (7)

A2.5.5.3. The action on algebras. As any monoidal functor, a monoidal functor
B~ = (Ida,B,id;) from a monoidal category A~ = (A, ©@;a;1, [ t) to its reflection
AY = (A,0%;a%; 1 17,¢7) gives rise to a functor

/B‘;l/[g
Alg A~ —— AlgAY

which maps an algebra R = (R,u,) in A™ to the algebra R® = (R, ui), where
1 = fir © BR,R-

A2.5.5.4. Definition. Let S~ = (Idu,S,id;) be a monoidal functor from a
monoidal category A~ = (A, ®; ;1 [ t) to its reflection AY = (A, ®%;a%; 1 17,¢7).

We say that an algebra R = (R,p,) in A~ is B-commutative if R = (R, ,ug) =
(R, 1 © Br,r) coincides with the algebra R° (see A2.5.4.3).
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A2.5.5.5. Braidings. A monoidal functor S~ = (Idg4,[,id;) from a monoidal
category A~ = (A, O;a; 1 Lt) to its reflection AY = (A, &%;a%;117,t7) is called a
braiding if it has the inverse monoidal functor. Equivalently, (Id,[57!,id;) is a monoidal

functor from AY to A~. Here 3,1 L

ry = (Bya) ™
Applying A2.5.5.2(6) to 5’ = B_%, we obtain the diagram

Ba:,z@y idz@ﬁy,z

(zOy) o) ———m— 2020y ——— O (YO 2)

Gy |2 2| Gaye (8)
By@x,z Bw,y@idz

20yor) ——— (Yor)0z —m— (20y) Oz

which commutes for all z,y,z € ObA.

Thus, a braiding 8~ is identified with a morphism © N ®? such that the diagrams
(8) and

By,z@idw Bw,y@z

(zoy)or) —— (YO2)0r ——— TO([YO2)

Uy ]z zl Uoys (3)
id; OB,y Bzoy,=

20 Yyor) — z20(x0y) — (zOyY)O=z

commute for all z,y,z € ObA and

Brz=Ilot;’ and Byr=rtyol ' forall z & ObA. (5)

A2.5.5.6. Symmetries. We call a monoidal functor 5~ = (Idu,f,id;) from a
monoidal category A~ = (A, @;a;1,[v) to its reflection AY = (A4, 0%;a%;1,17,t7) a
symmetry if the reflection B° = (Ida,?,idy) of B~ (cf. A2.4.3) is the inverse of 5~.

In other words, By, 0 By« = idye, for any z,y € ObA.

A2.5.5.7. Note. Evidently, every symmetry is a braiding. Moreover, if [~ =
(Id 4, B,idy) is a symmetry, then the commutativity of the diagram (8) is equivalent to
the commutativity of the diagram (3). So that symmetries are identified with morphisms

® i) ©7 such that B, 08y . =idyoy and B, =1, OtQj1 for all =,y € ObA and the
diagram (8) (or (3)) commutes for all z,y,z € ObA.

A2.5.6. Digression: operads and algebras over operads. Fix a symmetric

Bx,
monoidal k-linear category C™~ = (C,®,1,a,l,t;3); here § = (X RY Ty ® X) is a
symmetry. Let S denote the category whose objects are sets [n] = {1,...,n}, n > 1, and
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[0] = () and morphisms are bijections. Denote by CS the category of functors S°? — C.
In other words, objects of CS are collections M = (M (n)| n > 0), where M, is an object
of C with an action of the symmetric group 5,,.

The category CS acts on the category C by polynomial functors:

M:Vi— M(V) =@ M(n) s, VO (1)

The composition of polynomial functors is again a polynomial functor. This defines
a tensor product, ®, on CS called the plethism product. We denote the corresponding
monoidal category (C5,®,Is) by C~5. Here Ig is the unit object Is. One can see that
I[s(n) =0if n # 1 and Ig(1) is the unit object of the category C™.

Thus, we have a natural action of the monoidal category CS on the category C.

Associative unital algebras in the monoidal category C™~S are called operads in the
monoidal category C~, or C~-operads. Modules in C over an operad P are traditionally
called algebras.

A2.6. Actions and modules. Fix an action &~ = (®,¢,¢9) of a monoidal

category A~ = (A,®; ;L [;r) on a category Cx such that the functor A 2, End(Cx)

takes values in the full monoidal subcategory End"(Cx) of the category End(Cx) whose
objects are weakly continuous (that is preserving cokernels of reflexive pairs of arrows)
endofunctors. For any unital associative algebra R in A™~, we denote by R —modx the
category of modules over the monad %, (R).

A2.6.1. The left standard action and left modules. Consider the standard left
action of the monoidal category A~ on the category .A:

(£®>a7[)
A~ —— (End(A),o,Idy), z+— 20O —.

For any associative unital algebra R = (R, 1, ), we denote the corresponding category
of R-modules by R — mod and call its objects left R-modules. 1t follows that objects of
R — mod are pairs (M,&n), where M is an object of the category A and &y a left
R-module structure — a morphism R ® M — M such that the diagrams

AR R,M Em
RO(RGOM) _ (ROR)OM RoM —— M
Rotu | [ meoM and w0y,
Em Em
RoOM M RoOM IoM

commute. Here I -2 R is the unit of the algebra R = (R, i, ).
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A morphism from a left R-module £ = (L,,) to a left R-module M = (M,¢,,) is
given by a morphism L -2+ M such that the diagram

RoL —% RoM
Ecl lfM

L 2 M

commutes.

A2.6.2. The right standard action and right modules. The right standard
action of the monoidal category A~ = (A, ®;a;1,[,t) on the category A is given by

(m®va717t)
AY ——— (End(A),o0,Idy), z+— —0Oux.

For any associative unital algebra R = (R, u,), we denote the corresponding category
of R-modules by mod — R and call its objects right R-modules. It follows that objects of
R —mod are pairs (M,(n), where M is an object of the category A and (y¢ a morphism
M ©® R — M making the diagrams

%M, R, R M
(MOR)OR e M® (ROR) MGR — M
(MOR | | Mou, and  weon, N e
Cm Cm
MoR >y M < MoOR Mol

commute.

A2.6.3. Note. The right action of the monoidal category A~ = (A, ®;a;1,[,t) on
A is the same as the left action of the monoidal category AY = (A, ®7;a%;1,17,t7) — the
reflection of A™.

A2.6.4. Monoidal functors and left and right modules. Let R = (R, ) be
an associative unital algebra in a monoidal category A~ = (A, ®;a; 1, [,t). Any monoidal
functor ®~ = (®, ¢, ¢g) from A~ to A~ = (A, ®;a;L,[,%) induces a functor

o
R —mod —— ®},(R) —mod

which maps an R-module £ = (L,&,) to the 7, (R)-module (®(L),&s(r)), where the
action g (r) is the composition of

B(RGD(L) % B(ROL) and S(ROL) —2 &(L).
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Simmetrically, the monoidal functor &~ induces a functor

R<I>N

mod — R —— mod — @7, (R)

from the category of right R-modules to the category of right ®7, g(R)—modules.

A2.6.5. Digression: inner homs related to an action. Let &~ = (®,¢,¢g) be
an action of the monoidal category A~ = (A, ®;a;1,[,t) on a category Cx. So that, for
any associative unital algebra R in A™, we have a functor

.
R —mod — ®%1,(R) — mod

from the category of left R-modules to the category of left @7, (R)-modules.

Notice that every @7, (R)-module can be viewed as a functor from Cx to the category
R —modx of modules over the monad ®7%; (R). In particular, for every left R-module £
and any M € ObR — modyx, we have a functor R — modx (®%(L)(—), M) from CY to
Sets. If this functor is representable, we call an object of Cx representing it inner hom
from the left R-module £ to the module M over the monad @7, (R) and denote it by

HomE (L, M).
A2.6.5.1. The standard inner hom. If &~ is the standard left action of the

monoidal category A~ on the category A, then both £ and M are left R-modules and

HomE (L, M) = Homg (L, M) coincides with the standard notion of inner hom — the

object representing the presheaf Homg (L © —, M) L mod(L ® —, M).

A2.6.5.2. Finite objects of a monoidal category. An object £ of the category

A is called finite if the functor A i> A has a right adjoint of the form £'® — for
some object £' of the category A. Notice that the object £' is unique up to isomorphism,
because L£'®1~ L'. It follows from the definitions that the inner hom $Hom(L, M) exists
for all M € ObA and is isomorphic to £'® M. In particular, we have an isomorphism
L' =5 Hom(L,1); that is £' is isomorphic to the object dual to L.

A2.6.5.2.1. Note. Let £ and M be objects of the category A such that there exist

o Hom(L,I) and $Hom(L, M). Then there is a natural morphism

L'LOM —— Hom(L,M) (1)

constructed as follows. Let .
Lof —251 (2)
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denote the evaluation morphism, which is, by definition, the image of the identical arrow
L' — L' by the adjunction isomorphism A(L', £') == A(L ® L' 1).
The composition £® (L' ® M) — M of the morphisms

a | e, OM (%
LoOLOM) —s (LoLhYoM—SToM—L5 M

determines, by the adjunction A(L® —, M) = A(—, Hom(L, M)), the morphism (1).

A2.6.5.2.1. Digression: traces. Let [~ = (Idy4,[,id;) be a monoidal functor
from the monoidal category A™ to its reflection A7. Let £ be an object of the category A
such that £'= $om(L, 1) exists. The composition

trB
oL ——1

of the morphism
B L

Lo — c£ocr

4
and the evaluation morphism £ ® L' — % . T is called the B-trace on L.
If £ is a finite object, then the canonical morphism £'® £ —— $Hom(L, L) is an
isomorphism. So, in this case, the S-trace is defined (for any ) on the object of inner
endomorphisms of the object L.

A2.6.6. Bimodules. Let R = (R,u,) and S = (S,us) be associative unital
algebras in the monoidal category A~ = (A, ®;a;1, [ ).

An (R,S)-bimodule is a triple (En, M, (aq), where (M, Epnq) is a left R-module and
(M,(n) is aright S-module and the diagram

AR, M,S

RoOMoS) —" . (RoeM)oS
RO Cu | |ewos

Em M
RoM —— M +— MOS

commutes. A morphism (§,,L, () — (Em, M, (aq) is given by a morphism L M
such that the diagram

RO f | |/ | ros
RoM - M & Moes
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commutes. In other words, L s m gives a morphism (L,&,) — (M,En) of left
R-modules and a morphism (L,(z) — (M, {y) of right S-modules.

A2.6.6.1. Notations. We denote the category of (R, S)-bimodules by (R,S)—bim
and will write R — bim instead of (R, R) — bim.

Notice that the category R — mod is naturally isomorphic to the category of (R,I)-
bimodules and the category mod — S is isomorphic to the category of (I, S)-bimodules.

g1
A2.7. The bicategory of algebras. Recall that a pair of arrows M X L of a

g2
category is called reflexive, if there exists a morphism L Ny Vs splitting both of them,
that is gioh = idy; = gooh. A functor is called weakly continuous, if it preserves cokernels
of reflexive pairs of arrows (see 1.4.2.1).
Fix a monoidal category A~ = (A, ®; ;1 [,v). We assume that the category A has
cokernels of reflexive pairs of arrows and, for every object M of A, the functors

MO-— —OM

A A A

are weakly continuous.

Notice that, for any pair R, S of associative unital algebras in A~ the category
(S,R) — bim of (S, R)-bimodules has cokernels of reflexive pairs of arrows.

Let L= (¢,,L,(,) bean (S,R)-bimodule and M = (¢,,,M,(,,) a(7T,S)-bimodule.
Then M ®S®L and M ® L have natural structures of (7, S)-bimodules and

¢ OL

MoSoOL 3 Mol

MOE,

is a reflexive pair of morphisms of (7, S)-bimodules. Its cokernel is a (7, R)-bimodule,
which is denoted by M ©s L (cf. 1.4.2.2).

We denote by B2AlgA~ the bicategory whose objects are associative unital alge-
bras in the monoidal category A~ and, for any pair R, S of such algebras, the category
Homy~(R,S) of morphisms from R to S is the category (S, R)—bim of (S, R)-bimodules.

The composition is given by the 'tensor’ product:

Hom 4~ (Sa T) X Hom g4~ (R78> &) Hom 4~ <R7 T)7 (M, E) — M Gs L. (1)

In particular, for every assoicative unital algebra R in A~, we have the monoidal
category €ndy~(R) = (R — bim,Or,a; R,[,r) of "endomorphisms” of R, whose unit
object is the algebra R.
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A2.8. The bicategory Cat” of weakly cocomplete categories and weakly
continuous functors. We call a category Cx weakly cocomplete it has cokernels of reflex-
ive pairs of arrows. The objects of Cat” are svelte weakly cocomplete categories. Given
two such categories, Cx and Cy, the category of morphisms from Cx and Cy is the cat-
egory $HHom”(Cx,Cy) of weakly continuous functors Cx — Cy. The composition of
1-morphisms is the composition of functors. Two-morphisms are, as usual, morphisms of
functors.

A2.9. Bimodules and actions.

A2.9.1. Assumptions. Fix a monoidal category A~ = (A, ®;a;1,[,v) and its
action &~ = (@, ¢, ¢g) on a category Cx. We assume that the categories A and Cx have
cokernels of reflexive pairs of arrows (see 1.4.2.1) and, for every M € ObA, the functors

Mo- —-OM (M)
A A < A and Cx ——Cx

are weakly continuous, i.e. they preserve cokernels of reflexive pairs.

A2.9.2. The action of bimodules. Let R and S be assoicative unital algebras
in A~. The action ®~ induces a functor from the category of (S,R)-bimodules to the
category of weakly continuous functors from R — modx to & — modx which assigns to

every (S, R)-bimodule M = (¢,,,M,(,,) the endofunctor

MoT
R—modx —— S —modx

mapping each R-module £ = (L,&,) to the cokernel M @;{; L of the reflexive pair

(M€,

(M)(R)(L) —= S(M)(L)

éarr(L) N /B (L)
®(M ® R)(L)

of ®73;,(S)-module morphisms (see the argument of 1.4.2.2).

A2.9.3. The canonical functor. The map which assigns to every associative
algebra R in A~ the category R — modx and to every (S, R)-bimodule M the functor

MOT
R—mody —— S —modx
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is a 2-functor from the bicategory BUAlgA™~ of algebras in A~ (defined in A2.7) to the
bicategory Cat®™ of svelte categories with cokernels of reflexive pairs of arrows and weakly
continuous functors (see A2.8).

A2.10. Bimodules and restriction of scalars. It follows that, for every associative
unital algebra R in the monoidal category A~ = (A, ©@;a;1,[t), an action &~ =
(®, P, 09) of A~ on a category Cx, which satisfies the conditions A2.9.1 gives rise to an
action @5 = (®R, ¢, ¢X) of the monoidal category

End g~ (R) = R — bim™ = (R — bim, O, &; R, 7, t7)

of R-bimodules on the category R — modx of R-modules in Cx.
Notice that any morphism R — S of unital associative algebras makes the algebra
S a unital associative algebra in the monoidal category €nd4~(R) of R-bimodules.

A2.10.1. Restrictions of scalars. We assume that the monoidal category A~ =
(A, ®;a;L [ v), the category Cx and the action &~ = (®,¢,¢9) of A~ on Cx satisfy
the conditions A2.9.1; that is A and Cx have cokernels of reflexive pairs of arrows and the
monoidal structure ® and the functor ® preserve them.

Let R and S be associative unital algebras in the monoidal category A~ and R -2 S
a unital algebra morphism. Then we have restriction of scalars functors

P 5 *
S — modx L> R —modx and

S — bim BN R — bim.
together with the canonical strict epimorphisms
- IVRY
Px(M) OR 9+ (V) —— ©xx(MOsV) and
AN

P+(M) Or Gx(N) —— @ (MEsN)

for any S-bimodules M, N and any R-module V in Cx, which depend functorially on
respectively (M,V) and (M, N). The triple (p.,\?, ¢) is a monoidal functor

S — bim”™ w—*> R —bim”™

which we call, naturally, the monoidal functor of restrictions of scalars along R -2 S.
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A2.10.1.1. Note. The triple (¢}; ¢+, ¢¥) is a morphism from the action @3 =
(®5,¢°,¢5) of the monoidal category S — bim™ on the category S — modx to the
action ®% of the monoidal category R —bim™ on the category R —modx (see A2.4.5).

A2.10.2. Digression: inner hom and restriction of scalars. Let R = (R, i)

and S = (S, ug) be associative unital algebras in the monoidal category A~ and R BN
a unital algebra morphism. Under the assumptions of A2.9.1, the restriction of scalars
functor

P x*
S —modx —— R —modx

is weakly continuous and has a left adjoint, % . That is ¢, . and 7 can be regarded as
respectively direct and inverse images of a weakly affine morphism
Sp(®%,(5)/X) —— Sp(®%,(R)/X). (1)

A2.10.2.1. Proposition. The direct image functor

(‘DX*
S —modx —— R —modx
of the morphism (1) has a right adjoint, go!x (that is the morphism (1) is affine) iff the
inner hom $Hom$ (p.(S), M) ezists for every M € ObR — modx.

Proof. (i) Suppose that the inner hom $om% (p.(S), M) exists for every object M
of the category R — modx. That is, for every V € ObCx, there is an isomorphism

Cx(V, Homy (94(S), M)) —— R — modx (2 (¢+(S))(V), M) =
R = modx (¢ (25 (S)(V)), M) =R — modx ((px+(ns)y V), M),

X

(2)

where 7s is the unit 1 — S of the algebra S regarded as an algebra morphism.
(ii) We have natural morphisms

Cx (V. Homz” (+(S), M) — R —modx(®%(¢+(5))(V), M)
(3)
Cx (P(S)(V), HomE ™ (9.(S), M) —— R —modx(P%(¢+(S)(2(S)(V)), M)

Here the vertical arrow is induced by the multiplication morphism

5 (V)
(S)°(V) —— D(S)(V).
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Taking V = Hom$ (p«(S), M), we obtain a canonical morphism

B(S) (HomE” (.(S), M) —— Hom% (p.(S), M), (4)

which is the image of the identical morphism

o id N
Homy (£+(S8), M) —— Homy (p.(S), M).
The morphism (4) is a canonical ®7,; (S)-module structure on Homy (p.(S), M).
We denote the @73, (S)-module (Homy (0«(S), M), () by ¢ (M).
Therefore, for an arbitrary object V of Cx, there is an adjunction isomorphism

Cx(V, Hhomy (0.(S), M)) —— S — modx (®3(V), ¢, (M)).
(iii) For any £ = (L,&¢) € ObS —modx, there is a canonical exact diagram

(L)
" éc

((ns)5 (ns)x+)(L) = D5 (S)*(L) T ®F(S)(L) = (ns)y (ns)+(L) —— L (5)

®(5)(EL)
of @7, (S)-modules. Since the pair of arrows in (3) is reflexive and the functor

SDX*
S—modx —— R —modx

preserves cokernels of reflexive pairs of morphisms, the diagram

n(L)
o (BF(SP(L) T 83(S)(L) —=s 1) (6)
D(S)(&r)

is exact. It follows from (i) and (ii) that we have a commutative diagram

S —modx (L, ¢ (M)) R —modx (o «(L), M)

|

S - modx(fl’gﬁ)(fl)» PM) —— R- mOdX(QOX](fg(S)(L))’ M) (7)
S —modx (23 (S)*(L), ¢}, (M) —— R —modx(p+(P5(S5)*(L)), M)

functorial in £ and M, whose horizontal arrows are isomorphisms and columns are exact
diagrams. Therefore, there exists a unique (hence functorial in £ and M) isomorphism

S—mOdX(,C,QO!X(M)) —— R —modx(p, (L), M)
making the diagram
S —modx (L, ' (M)) — R — modx (¢ «(L), M)

|

S —modx (®5(S)(L), ¢ (M) —— R —modx (¢,+(25(S)(L)), M)

commute. m
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1.3.2
f
) G Sp(I'xO) ’global sections’ morphism, 1.3.3.1
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Chapter I1

A5, B "local data’, I1.1.0
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11.3.0.2
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Aff, & Ass??  11.3.0.4
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M o the class of 9-open immersions, 11.4.1.2
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Proj;(R#U,(g)) quantum D-scheme associated with the Lie algebra g, I1.8.5
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I1.8.5

Chapter III

PA the class of morphisms representable by morphisms of P, II1.1.1

M = M (A" the class of closed immersions of presheaves of sets on A, I11.2.1
Ca(f) the cokernel pair of a morphism f, I11.2.4
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Mem (A) the class of strict monomorphisms stable under push-forwards along strict
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T.(M) = @ M the tensor algebra of the R®-module M, 111.5.1
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GLy the presheaf of automorphisms of the R-module V, 111.5.4.2

Gry, the Grassmannian, II1.6.0
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9‘{3\4 = 37\4 H 3?\/1 the relations, 111.9.2.1
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Chapter IV and Appendix 1

Mod(F) the category of modules on § = (F, F 5 &), IV.1.1

Lim§ def Cartg(E,7) the category of cartesian sections of § = (F,F = &), IV.1.1.1
Qcoh(F) = (Limg)°P the category of quasi-coherent modules on §, IV.1.1

Cartg the category of cartesian functors over &£, IV.1.1.1
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0 and each fiber in U € 7, IV.1.4.2
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on fibers, IV.1.4.2
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Mod(F,T) the category of sheaves of modules on a cofibred category §, IV.3.1
Mod(F,%) the category of sheaves of modules on a fibred category §, IV.3.2.1
Qcoh(F, %) & Qcoh(F) (Y Mod(F, F) the category of quasi-coherent sheaves of mod-
ules on (§,%), 3.2.2

Mod™ (F,T) fibred category of sheaves of modules over presheaves of sets, IV.3.4
Mod(F, %) the restriction of the fibred category Mod™ (F, <) to £, 1V.3.4.1

(A,0) a ringed category, IV.4.0

M(A,O) a (bi)fibred category associated with a ringed category (A, O), IV.4.0

O — mod & Mo d(M(A, O)) the category of modules on 9M(A, O), IV.4.2

Qcoh(A,0) = et Qcoh(IM(A, O)) the category of quasi-coherent modules on (A, O),
1IvV.4.3
Modx = Ox — mod the category of presheaves of Ox-modules, I1V.4.6

Qcoh x def Qcoh(A/X,Ox) category of quasi-coherent O x-modules, IV.4.6
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Qcoh(A, O) fibred category of quasi-coherent modules on A", IV.4.6.2
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Chapter V and Appendix 2

(2,9)
(A,0) — (A, 0) morphism of categories with multiplication, A2.1
g
A 2 End(A) the standard left action, a — a ® —, A2.1.2

(®.¢)
(A,0) —— (End(Cx),0) an action of (A, ®) on a category Cx, A2.3

(A, ;1) a category with multiplication and a ’unit’ object, A2.3.3.1

(2,6, )
(A,6,I) —— ; (A, &\ T) unital morphism, A2.3.3.1

A~ = (A, 0; 01 ) a monoidal category, A2.4
~ = (P, ¢, ¢0) a monoidal functor, A2.4.1

SﬁQ:at the 2-category of monoidal categories, A2.4.3

@,4,90)
.AN ; —— (End(Cx),o0,Idc,) an action of a monoidal category, A2.4.4

R —mod™~ = (R® — mod,®p, R) the monoidal category of left R¢-modules, A2.4.6.1
End;,(Cx) the category of continuous k-linear endofunctors of the category Cx, A2.4.6.2
End”(Cx)~ = (End”(Cx),o,Idc, ) the monoidal category of weakly continuous end-
ofunctors of Cx, A2.4.6.3

End™(Cx)~ = (End™(Cx), 0, Idcy ) the monoidal category of weakly continuous func-
tors preserving countable coproducts, A2.4.6.4

Alg. A~ the category of algebras in the monoidal category A~, A2.5
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Alg" A~ the category of unital algebras and unital morphisms in A™~, A2.5.1.1
AlgA~ the category of associative unital algebras in a monoidal category A™~, A2.5.2

Y ~ ’
AlgA~ L AlgA™  the functor induced by a monoidal functor A~ 25 A ~, A2.5.3.2

V| € AT, Y) the elements of the object V, A2.5.3.3

|R|*  the group of invertible elements of a unital associative algebra R in A™~, A2.5.3.3.1
AY = (A,0%;a%;1,17,t7)  the reflection of a monoidal category A™~, A2.5.4.1

O~ = (P,07, ) the reflection of a monoidal functor ®~ = (P, ¢, ¢g), A2.5.4.2

R° = (R, o) the algebra in A}’ opposite to an algebra R in A~, A2.5.4.3
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(R, py 0Brr),  A2553
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(L£e,a,0)
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>
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A2.6.4
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MOT
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»-lp 2, Ry, — modx  the universal localization at ¥ C HomB corresponding to a
functor B — Cx and an action of A~ on Cx, V.4.2.1

§%.c  the pseudo-functor associated with a diagram D Y ; BECN Cx, V.44

Se,c  the presheaf of sets on Aff 4~ associated with the pseudo-functor §3 4, V.4.4.1
Gr

AfF7. = AlgA™ - Sets the Grassmannian related to an action of A~ on Cx and a

pair of objects (M, V) of the category Cx, V.5.1

M,V
Gy —— Gry,, the canonical cover of the Grassmannian, V.5.1.1
G
AfFY. = AlgA™ ", Sets  the generic Grassmannian of an object E of Cx, V.5.2

P
A ", Sets  the presheaf of projecttors of an object F, V.5.2.1
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AfFP. = Alg A~ — ", Sets the variety of generic flags, V.6.1
J

5
AfF7. "%, Sets the generalized Stiefel variety of an object E, V.6.2

5

3% —, §1%  the canonical cover, V.6.2.1

1.3

E
RE { §%.  the relations, V.6.2.1
2.3

B

S[% —_— HGTE a natural embedding, V.6.3

i€J
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¢=| Gy l l G the combinatorial data, V.7.1

Dy —— Do
Cx — S —modx the left adjoint to the restriction of scalars S — modx LN Cx, V.71
@S the combinatorial data obtained by extension of scalars Cx 258 —modx, V.7.1

~

Ty
AfF7. — %+ Sets the generalized flag variety associated with the data &, V.7.2

p

&

Re  Se L Sle  the canonical exact diagram, V.7.3

By _°, G(B) ., §- modx
foed =| G} l l G’ the reduced data correspond-
Gy
GQ(Dl) —_— _D2
Go E
By —— B — Cx
ing to the data €% = | G l l G J s* , V.7.6.1
Go
Dy —— Dy S —modx

(B,0%) an A™-ringed category, V.9.0

Ox — Modyx  the category of Og-modules in Cx, V.9.1

Qcoh(*B,Oxp)x  the category of quasi-coherent Og-modules in Cx, V.9.1

Oy — Mod™~  the monoidal category of Og-bimodules, V.9.1

Qcoh(B,Ox)~  the monoidal category of quasi-coherent Og-bimodules, V.9.1

Vv

Aff 4~ /X N Aff 4~  the forgetful functor for a presheaf of sets X on Aff 4~, V.9.3

Ox  the presheaf of associative unital algebras in A~ corresponding to the forgetful
\2

functor Aff 4~ /X N Aff 4~, V.9.3
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action
of a monoid on a ’space’, 1.7.4.2
of a category with multiplication
on a category A2.3
of a monoidal category, A2.4.4
finitely presentable, V.3.6.0
of a bimodule induced by an action
of a monoidal category, A2.9.2
of the monoidal category of
R-bimodules on the category
of R-modules, A2.10
affine morphisms, 1.1.0.1
affine schemes
commutative over k, 11.4.4.1
noncommutative over k, 11.1.0.3
in a monoidal category, V.2.1
over a ’space’, 1.5.4
formally smooth, 11.3.0.3
formally étale, 11.3.0.3
algebras
quasi-free, 11.3.0.3.3
separable, 11.3.0.4
algebraic spaces (in a local data), I1.6.5.1
base affine 'space’ of a reductive
Lie algebra, 1.1.6
Beck’s Theorem, 1.4.4.1, 4.4.2
canonical cover
of the base quantum affine ’space’,
[.1.7.1, I1.8.5
of the quantum flag variety, 1.1.7.1
of a flag variety, 111.9.2.1
canonical exact diagram, V.6.2.3
canonical right exact structure
on a category, 11.5.1.3
canonical semiseparated pretopology,

11.6.4.1
categoric spectrum
of a unital ring, I1.1.1
of a monad, 1.4.1
category
of ’spaces’, 1.1.0.3
of Z-’spaces’, 1.3.3.2
of associative albebras and
conjugation classes of algebra
morphisms, 1.3.3.5, 11.3.0.4
of monads on a ’space’ X, 1.4.1
of weakly continuous monads on a
‘space’ X, 1.4.2.1
of comonads on a ’space’ X, 1.4.3
of weakly flat comonads on
a 'space’ X, 1.4.5
of weakly affine ’spaces’ over
a 'space’, [.4.5
of weakly flat ’spaces’ under
a 'space’, [.4.5
of associative unital algebras
in a monoidal category,
[.4.6.1, A2.5.2
of associative unital algebras
of conjugation classes of unital
algebra morphisms in a
monoidal category, 1.4.6.1
of weakly continuous endofunctors,
[.4.6.1
of weakly continuous monads
and conjugation classes of
monad morphisms, 1.4.6.2.2
of affine schemes over a ’space’, 1.5.4
of continuous monads on a ’space’,
1.5.7
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of conjugation classes of monad
morphisms, 1.5.7

of commutative unital algebras,
I1.1.0.1

of sheaves of sets on a presite,
I1.1.0.1

of noncommutative affine k-schemes,

I1.1.0.3

of commutative affine k-schemes,
11.4.4.1

of sheaves of sets on Aff; for
fpqc quasi-topology, 11.7.5.3

of modules on a category over a
category, IV.1.1

of cartesian sections of a functor,
IV.1.1

of quasi-coherent modules on a
category over a category, IV.1.1

of cartesian functors over a
category, IV.1.1.1

of sheaves of modules on a cofibred
category, IV.3.1

of sheaves of modules on a fibred
category, I1V.3.2.1

of quasi-coherent sheaves of
modules on a fibred category,
IV.3.2.2

of quasi-coherent modules
on a ringed category, 1V.4.0

of quasi-coherent left
Ox-modules, 1V.4.6

of sheaves of left modules
on a ringed site, IV.4.8

of monoidal categories, A2.4.3

of algebras in a monoidal category,
A2.5

of unital algebras in a monoidal
category, A2.5.1.1

of left modules over an algebra
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in a monoidal category, A2.6.1
of right modules over an algebra
in a monoidal category, A2.6.2
of bimodules in a monoidal
category, A2.6.6.1

of arrows, which a functor F' maps
to isomorphisms, 1.7.1

nilpotent closed immersions of affine
schemes, 11.3.0.3.2

of strict epimorphisms, I1.1.5

of strict monomorphisms, 11.2.8.1

of (A, §)-finitely copresentable
morphisms, 11.1.11.1

of morphisms of (2, §)-cofinite type,
II.1.11.1

of morphisms of 8 representable by
morphisms of P C Hom, 11.2.0

of representable morphisms, I1.2.5

of all pairs of arrows equalizing a
given morphism, I1.2.8.1

of radical closed immersions of affine
schemes, 11.3.8.1

of 9M-open immersions, 11.4.1.2

of arrows of a presite, which locally
belong to a given class, 11.5.2

of morphisms representable by
morphisms of a class P, I11.1.1

of closed immersions of presheaves
of sets, I11.2.1

of universally strict monomorphisms,
I11.2.5

of strict monomorphisms
stable under push-forwards along
strict monomorphisms, 111.2.5

cokernel pair of a morphism, I11.2.4
comonad

on a ’space’, 1.4.3
weakly flat, 1.4.5
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associated with a cover, I11.8.4
compatibility with a localization,
[.7.1.1,7.1.2
cone
of a non-unital ring, 1.1.3
of a non-unital monad, 1.7.2.3
conjugation classes
of ring morphisms, 1.3.3.5
of unital algebra morphisms,
1.4.6.1, 11.3.0.4
of monad morphisms, 1.4.6.2.2, 5.7
continuous
morphisms, 1.1.0.3
monads, 1.5.7
k-linear endofunctors, A2.4.6.2
cospectrum of a comonad, 1.4.3
cover
of a pretopology 7 formed by arrows
from a class P, 11.6.1
weakly flat, 11.8.1
fpqc, 11.8.1.1
semiseparated, 11.8.1.2
weakly semiseparated, I1.7.1.3
deflations, I111.1.4.0
descent, 1.6
direct image functor, 1.1.0.3
flag variety of a reductive Lie algebra,
1.7.5.2
flat Zariski covers, 11.8.2.2
exact localizations, 1.7.2.3
formally étale morphisms of
noncommutative affine schemes 11.3.6
formally smooth morphisms of
noncommutative affine schemes I1.3.6
fpqc-locally affine spaces, 11.7.5.4
fpqc quasi-pretopology on Aff, 11.7.5.1
functor
(left, right) exact, 1.1.0.1
strictly exact, 1.4.1.3

Index

finitely presentable, V.3.6.0
global sections functor, 1.7.3
graded monads, [.7.4.2.1
Grothendieck category, 1.5.5, 6.2.1, 7.2.2
inverse image functor, 1.1.1
locally affine spaces (in a local data),
11.6.5.3
locally affine Z-spaces, 11.8.3.1
locally affine 'spaces’
the structure of, 11.8.4
localizations of modules, 1.4.1.3
lqgc pretopology, 11.7.5.1.1
morphisms
affine, 1.1.0.1
conservative, [.1.0.1
comonadic, 1.4.5.3
continuous, 1.1.0.1
flat, 1.1.0.1
formally 99t-smooth, I1.3.1
formally 91-étale, 11.3.1
formally 9-unramified, 11.3.1
formally (90, 7)-étale, 11.5.3.3
formally (90, 7)-smooth, 11.5.3.3
infinitesimal, 11.3.0
MN-infinitesimal, 11.3.2
M-étale, 11.4.1
locally affine, I1.8.2
locally finitely presentable (- locally
affine), 11.5.3.2
locally finitely presentable, I11.1.11
locally of finite type, I1.1.11
locally finitely copresentable, 11.1.11.1
locally of cofinite type, I11.1.11.1
of locally strictly finite type, 11.1.11.3
locally formally 9t-smooth, 11.5.3.3
monadic, 1.4.5.3
semiseparated, 11.2.6.4
M-smooth, 11.4.1
M-unramified, 11.4.1
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multiplicative sets, 1.1.7.1
naive finiteness conditions, 11.8.1.1
natural cover of the Grassmannian, I11.6.1
noncommutative Grassmannians, I11.6.0
noncommutative Kahler differentials
of an associative algebra, 11.3.0.3.3
noncommutative projective ”spectra’”,
[.7.4.1
projective completion, I11.6.7.5.1
noncommutative projective space,
I11.6.7.5.1
object
cofinite, 11.1.1.1
finitely copresentable, 11.1.1.1
finite, 11.1.2.1
finitely presentable, 11.1.2.1
formally 9-étale, 11.3.0
formally 9-smooth, 11.3.0
formally 9-unramified, 11.3.0
formally smooth, I1.3.0.3.2
formally étale, 11.3.0.3.2
formally unramified, 11.3.0.3.2
locally cofinite (or (2, §)-cofinite),
I1.1.1
locally finitely copresentable (or
(A, §)-finitely copresentable), I1.1.1
locally (2, §)-representable, 11.7.2.3
locally finite, I1.1.2
locally finitely presentable, 11.1.2
locally weakly cofinite, 11.1.7.1
locally weakly finite, 11.1.7.1
of locally (co)finite type, I1.1.9
of locally strictly finite type, 11.1.10.1
semiseparated, 11.2.6.1
weakly cofinite, I1.1.7.1
weakly finite, I1.1.7.1
open immersions, 11.4.1.2
pretopology
coinduced, I1.7.3
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étale, 11.6.3.1
Iqc, I1.7.5.1.1
semiseparated, 11.6.4
semiseparated étale, 11.6.4.2
semiseparated Zariski, 11.6.4.2
semiseparated smooth, 11.6.4.2
Zariski, 11.6.3.2

Proj, 1.1.4
of a Z,-graded algebra, 1.1.4.1
of a G-graded monad, 1.7.4.1
of a G-graded associative algebra,

1.7.4.3.3
projective g-’space’, 1.1.5.1
quantum

base affine ’space’, 1.1.7

flag variety, 1.1.7

quantum D-scheme associated with

the Lie algebra g, I1.8.5

quasi-affine schemes, 1.7.3.3
quasi-coherent modules, IV.1.1.1

on presheaves of sets, IV.1.5

on Grassmannians, 1V.4.9.3
quasi-finite locally (2, §)-affine objects,

I1.7.1.1
quasi-pretopology, 11.7.1

fppf, 11.7.5.2
quasi-topology, I1.7.0.1

subcanonical, 11.7.0.1.2

associated with a local data, I1.7.0.2
relative locally affine spaces, 11.6.8.1
relative schemes, 11.6.8.2, 11.8.2.4
relative algebraic spaces, 11.6.8.2
relative semiseparated schemes, 11.6.9
relative semiseparated locally affine spaces,

I1.6.9
schemes (in a local data), I11.6.5.2
semiseparated algebraic spaces, 11.6.6.1

semiseparated locally affine ’spaces’,
11.6.6.3
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semiseparated schemes, 11.6.6.2, 7.4.1.1
Serre subcategories, 1.7.2.2

thick subcategories, 1.7.2.2
topologizing subcategories, 1.7.4.3
2-(A, §)-covers, 11.7.1.2

2-locally (2, §)-affine objects, 11.7.1.2
Z-schemes, 11.8.3.1

Zariski topology, 11.2.4.2
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