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Abstract

\/\,'e propose a. new conjectural version or the McKay correspondence which

enables llS to llnderstand the "Hodge IlU l1l bers" assigned to singular Goren

stein varieties by physicists. Our reslIlts lead Lo the conjecture that strillg

theory indicates thc cxistcnce of some ncw cohomology thcory Ils"'tC'Y) for

algebraic varietics with C:ol'cnstcin singularitics. \'Ve givc a formal mathcmat

ical definition of the Hodgc llul1lbers h~t~q (X) inspired from the considel'ation

of strings on orbifolds anel from this Hew conjectural version of the JvlcKay

corrcspondence. Tlte llurnbers h~t(X) are cxpected to givc the spectrum of

orbifoldized Landau-Ginzbul'g models anel Illirror cluality rela.tions for higher

dimensional Calabi- Ya.u varietics with C:ol'cnstein toroidal 01' quotient singu

laritics.
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1 Introduction

Throughout this paper by an algcbraic varicly (01' sirnply variely) we 1l1ean an In

tegral, separated algebl'aic schenlc ove1' C. By a. compacl algebrm:c variely we n1ean

the representa,tive of Cl. c01nplete variety within the ana.lytic category. The singular

locus of an algcbraic variety ~"'.\ is dcnoted by Si ng X. The words snlooth variäy anel

1nanifold are used intcrchangeably. By thc word sillgularity we sOlnetilnes intinlate a

singular point anel sornetilllcs thc undcrlying space or a neighbourhood or the genn

of a singular point, but its Illealling will be a.lways clear fr0111 the contcxt. Following

Danilov [9], §1:3.:3, we shall say that an x E X is a loroidal 8ingularity of X, if there

is an analytic isoll1orphis111 between the gernl (~\'", x) and the genl1 corresponding to

the toric singularity (Aa,J)a) (see also §4).

Our Illain tool will be cCl'tain algebl'aic val'icties with special Gorenstein singu

lal'ities, prinlarily having in lllind thc Calabi-Yau varicties. A Calabi- Yau variety is

defined to be a norI1lal projective algebraic variety )( with trivial canonical sheaf

Wx anel Hi(X,Ox) = 0, °< i < dinlC .\'", which, in addition, can have at Inost

canonical Gorenstein singu!aritics. (Fol' the notion of canonica! f:dngularity wc refer

to [41].) If Sing ~\' = 0, then .\' is called, as usual, Calabi- Yau 'Tnanifold.

In this paper we shall atteIn pt to l'ealize sonle Hoclge-theoretical invariants

usecl by physicists for singular va,l'ieties being relatccl to the rnirror syrlllnetry phe

nonlenon. The necessity of working with singular varietics bec0111es unavoidable

frol11 the fact that, in Inany exanlples or pairs X, X'" of rnirror synlnletric Ca.labi

Yau 11lanifolds, at least one of thc two ll1anifolds )( 01' X" is obtained as a crcpant

desingulaTizalion of a singular Calabi-Yau variety [4, :32]. Here, by a crcpant desin

gularization of a Gorenstein variety Z, wc 111ean a, birational 1110rphisln rr : Z' --+ Z,

such that rr'" (wz) ~ WZ!, where Wz and wz' denote the canonical sheavcs on Z anel

Z' respectively. 3-dilllensional Gorenstein quotient singularities anel their crcpant

elesingularizations have been stuelicd in [6, 24, 25, 29, :30, :36, 37, :38, 39, ?, 42, 50].

The Inost known physical cohOlllological invariant of singular val'ieties obtained

as quotient-spaces of certain cOl1lpact Illanifolds by actions of finite groups is the so

calleel physicists Eule.,. nUlnber [12]. It has been invcstigated by scveral ll1atheI11ati

cians in [1, 16,23,35,37,42].

Let X be a SI1100th sinlplectic Inanifold Qver C having an action of a finite group

G such that the simplcctic VOIUIllC [OrIn w is G-invariant. 1701' any 9 E GI, we set

X 9 := {x E X I g(x) = x}. Physicists have proposeel thc following fonnula for
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conlputing the orbifold Euler number [12]:

e()(, G) = I ~: I L eC\,9 n )(h).
9h=h9

(1)

It is expected that e(~\', G) coincides with the llsual Elller 11llll1bcr e(~\' /G) of a-crepant elesingularization )(/ Gf of thc quotient space .\'/ G provideel such a, desin-

gula,rization cxists. For a voluJ11c-invariant linear fiction on CH of a finite group

C, the corresponding conjecturalloca.1 propcrties of crcpant desingularizations were

fonnulated by lVI. !leid [42]:

Conjecture 1.1 (gencl'alized lvlcKay corresponclcllce) Let. X = cn) G an arbit.rary

finde subgroup in 8L(n, C). Assume lhal )/ = .\'/G adrnils a crepant. desingula1'üa

tion ?T : Y -+ Y. Then ff·( ?T-
1(0), C) has (l. basis cOllsisl.ing oJ classes oJ algeb'raic

cycles Zc C ?T-
1(0) which are in 1-to-1 cO"1'respondencc wdh conjugacy classes c oJ

G. In pa'1'ticula'1') we obtain JOT the Euler IHUnbe'l'

e(}» = e(rr-1(0)) = #{conjugacy classes in G}.

Relnark 1.2 For 11, = 2 an one-to-onc corrcspondencc between the llontrivial irre

ducible represcntations of a subgrollp Gf C S' L(2, C) anel thc irrcclucible cOinponents

of rr-1(O) was discovered by Ivlcl(ay [3.1] ancl invcstigated in [14, 28, 43].

Our first purposc is to use sonlC stronger version of Conjccturc 1.1 in order to give

an analogous interpretation for the physicisf.8 flodge lHtmbers hp,q(X, G) of orbifolds

considered by C. Vafa [48] anel E. Zaslow [49]. Let ){ be a slnooth C0I11pact Kähler

111anifolcl of dinlension 11 over C being equippcel with an action or a finite group

G, such that X has aG-invariant voltll11e rOnll. Let C(g) := {h E Gf I 11.9 = 9h}.

Then the action of C(g) on .\" ca.n be restrictcd on .\,9. For a.ny point x E )(9, thc

eigenvalucs of 9 in the tangent space 'J~ are I'oots of lll\ity:

e21rio 1 e21rio d, ... ,

where 0 :::; Üj < 1 (j = 1, ... ,d) a.re locally constant fllllctions on .\,,9 with valucs in

Q. 'vVe write .\,9 = .\'J(9) u ... U '\'r
9
(g): where .\'1(9), .. " ')("9(9) are thc s1l10oth

connectecl cOlnponents of X9. For each "1: E {I, ... , 1"g}, the fermion ShlJt. nUll~be.,.

Fi(g) is c1efined to be equa.l to thc valuc of Ll<j<n O'j on the connected CotllpOnent



Xi(g). We denote by h~;(9)(.\'i(g)) the clilnension of the subspace of C(g)-invariant

elements in HP,q(Xj(g)). vVe set

r g ~

h~,q(~\" G) := L h~~~i(g),q-l,;(g)(~\'i(9))'

i=l

The o'rbifold flodge 11u'mbeT8 of X / G' a.re clcfincd by thc forll1ula (3.21) in [49J:

hP,q(_\" G) := L h~,q()(, G)
{g}

(2)

where {g} runs over thc conjugacy c1asscs of G', so that 9 represents {g}. As we

shall see in CoroUary 6.15, these nUlnbers Coillcide with thc usual Hodge lllllnbers

of a crepant desingularization of )(Je.
One of our next intentions is to convince the reader of the existence of sonle

nc'W coholnology theoiy Hs*t,()';) of n101'e gencral algcbraic varicties X with Inild

Gorenstein singularities. Since this COhOlllology is inspil'ed froll1 the string theory,

we caU H:t(X) the 5t'1'l:l1g cohonLology 01)(. For COlllpact varieties X, we expect that

the string COhOl1l0logy groups H:t ()';) will satisfy the Poincare duality anel will be

cneloweel with a pure Hodge structure. Thc rolc of crcpant resolutions for the string

cohonl010gy H:,,(X) is analogous to that one of sInall resolutions for the interscction

cohol110logy I H-C\') with 111iddlc pcrversity. Physicists conlpute orbifold Bodge

nurnbers without using crepant desingularizations. Fr0l11 111athe111atical point of

vicw, howcver, cl'epant desingularizations sccm to be rather hclpful, although they

ha,ve some disaclvantages. First]y, thcy might llOt cxist (at least in clilnension ~ 4)

anel ,sccanelly, even if they exist, thcy 111ight be not unique. The consistency of

the physical approach naturally suggests the fonnulation af the following conjecture

(which can be verificd for thc toric ca.<;e by Thcorclll 4.4):

Conjecture 1.3 flor/ge llumbcrs of 8'lnooth crcpant resolutions do not depend 011

the choice of such aresolution.

Let us briefty review thc rest of thc paper. In Section 2, we consider an exanl

pIe showing the inlportance of thc "physical Hodge nunlbers" in connection with

the mitTor duality. In Scction 3, we I'cnlincl basic prapcrtics af E-polynotllials. In

Section 4, we study the Badge structurc of thc cxceptianal lod of locaJ crepant

toric resolutions. In Section 5, we fOl'll1ulate the conjecture concerning the strong

i\1cKay corl'esponelence anel we prove that it is true for 2- and 3-dilnensional Goren

stein quotient singularitics, as welt as for abelian Gorenstein quotient singularities

of arbitrary dinlension. This correspondence will be llsed in Section 6 in order to
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give the fonnal definition of the string-thcol'ctie Hodgc nUlnbcrs and to study thcil'

nlain properties. In Seetioll 7, we givc some applieations rclating to the lnirror

synlnletryand fOrIllulate thc string-theoretic I-Iodge elianlond-nürror conjeeture for

Calabi- Yau eOlnplete interscetions in d-elilncnsional torie Fano val'ietics. This C011

jeeture will be pl'oved in Seetion 8 for thc case of ~-regular hypersurfaces in torie

Fano varieties P ~ whieh are elefi ned by d-elilllensional reflexive Silll pli ces ~ (for ar

bi trary d); i t gi ves the 111 inor duali ty !or nll st.'I'ing-f,heorctic Hodge nll1nbers h~tq

of abelian quotients of Calabi- '{au Fer111a.t-typc hypersurfaces whieh are enlbedded

in d-dilnensional weighteel pl'ojectivc spaces. This duality agl'ees with the tnirror

construetion proposed by Greellc allel Plcsscl' [19, 20, 21] anel thc polar duality of

reflexive polyhcdra, proposed in [4].

Acknowiedgelllents. Vlc would like to express our thanks Lo D. Cox, A. Dinlca,

H. Esnault, L. Göttsche, Yu. Ho, D. Kazhdan, Ivl. Kontscvich, D. Markushevieh,

Yu. tvlanin, 1(. Oguiso, fi1. Reid, A. V. Sardo-lnfirl'i, D. van Straten anel E. Viehwcg

for fruitful discussions, suggestions anel rClllarks.

2 Hodge numbers and mirror symmetry

At the beginning wc silall state some illtrodllctory qllestions which could be C011

sielereel also as another 1110tivation for thc pa,per. These questiolls are related to

singular varieties of dilnension 2:: 4 whieh arose as exalnples of thc Ininor eluality

[4, 8, 21, 45, 46, 47]. lf two d-elilncnsional Calabi-Yau lnanifolds )( anel Y fornl a

nlinor pair, then for all °:S p, q :S d theil' Hoelge IHl111bers lnust satisfy the relatio11

(3)

I-Iowever, it might happen that a, l11irror pair consists of two d-eli111cnsional Calabi

Yau varieties )( anel Y having singularitics. 1n this case, the dua.lity (3) is expected

to take place not for ); anel Y thelnselves, but for their crepant desingularizations
... ...

X anel Y, if such dcsingularizations exist. Using the cxistence of sl1100th crepant

dcsigularizatiolls of Gorenstein toroidaJ singularitics in elilnellsion :S 3, olle ean

check the relations (3) for Inany cxalnples of :3-dilnensionallnirror pairs [4, 36]. But

there are difficulties to pl'ove (3) Jo!" aU ]J, q anel cl 2:: 4, even if Olle heuristically

knows a nürror pair of singular Calabi- Yall varietics, for instance, as an orbifold.

The lllain problelll in dimension d 2:: 4 is elue to the existence of Inany terminal

Gorenstein quotient singularities, i.e., to singlliaritics which obviously do l10t adnlit

any crepant resolution. In [4L thc first author constructed the so calleel 'maxi'rnal



]Jrojeetive crepant partial dcsingniarizalioH8 (I\1 PCP-dcsingularizations) of singular

Calabi-Yau hypersurfaces in toric va,rietics. Using NIPCP-dcsingularizations, the

relation (3) was proved for hl ,1 and hel-l.I in [4]. vVc shall show latcr that ß1 PCP

dcsingularizations are sufficicnt to establish (:3) for Cf = '1 and arbitrar)' p in the case

of d-dilnensional Calabi-Yau hypcrsurfaces in toric va,rietics (see 7.6, 7.7). Although

lvi PCP-desingularizatiolls always cxist, it is inl portant to stress that they are not

sufficient to prove (3) for all p, q, anel d ~ 4, because of the following two properties

which can be easily illustrated by rlleans of various exarnples:

• In general, a ?vl PCP-dcsingularization of a Gorenstein toroidal singularity is

not a Inanifold, but a varicty with Gorcllstein tCl'1ninal abclian quotient sin

gulari ties .

• COh0I110logy and Bodge llllIl1bers of differcnt I\1PCP-desingularizations I1light

be different.

lt turns out that, evcn for :3-dilllclisional Ca.labi-Vau lnanifolds, thc I11irror con

struction inspircd [rom thc supcrconfornlal field thcory denlands consideration of

higher dinlcnsional lllanifolds wi th sillgularities [.5, 8, 45, 46, 47). In this case, we

again Ineet difficulties if we wish to obtain analogucs of thc cluality in (3). Let us

explain thenl for thc exarnplc which was disCllsscd in [8J.
Let Ea be the uniquc elliptic Cllrve having a.n auth01l10rphisI11 of order 3 with 3

fixed points Pa,]Jt, P2 E Ba. vVe considcr thc natura.l diagona.l action of G ~ Z/3Z

on Z = Ea X Ea X Ea. Thc quotient _\'" = Z / G is a singular Calabi-Yau variety

whose srnooth crcpant rcsolution )( has Badge Iltllllbers

As the Inirror partner of ){, it has been proposed thc 7-dill1CllSional orbifold Y

obtained frolll the quotient of thc F'el'll1at-cu bic (H/ : zg + ... z~ = 0) in pS by the

order 3 cyclic group action dcfinecl by the matrix

g = diag( 1, 1, 1, e2rri
/ 3 , e2rri

/
3

: e2rri/ 3 : e-2rri / 3 : e- 2rri/ 3 , e-2rri/ 3 ).

By standard mcthods, counting G-invariant I110nOlllials in t.he Jacobian ring, one

inlI11ediately verifies that h4 ,3(}/) = 30. OllC could cxpect tha.t a crepant resolution

of singularities of Y a.long thc :3 clliptic curves

Co = {Z3 = ... = Zs = O} n Y,
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C\ = {Zo = Z 1 = Z2 = Z6 = Z7 = Zs = o} n Y,

C2 = {ZO = ... = Zs = O} n y'

wOllld givc thc Inissing ß dil11ensions to h'1,3(y) in ordcr to obtain 36 (this would bc

the analogue of (3)). But also this hope must be given up because of a vcry sil11ple

reason: all singularitics along Co, Cl, C2 arc tcrl11inal, i.e., thcy do not adnlit any

Slllooth crepant resolution.

Question 2.1 Hflud cOH/d bc tha.l. s-ui!.ablc mafhematica/ rensoning which wou/d give

back the ntissing 6 Ü1 ihe abovc c:cample?

~From the viewpoint of physicists, one ShOldd consielcr Y as an orbifolel quotient

of I,V by G = {e, g, g-I}. By physicists: fOl'lllUla (2),

h4,3( H! 0) = h4,3( IV G) + h4,3( 1V G,') + h 4,3 (~,y G,'), e' ~ '9 ' 'g-I,·

It is deal' that h4,3(Hf C:) = h,I,31 (1V G) anel h4,3(1'lf G) = h'I,3(y) = 30 So it'g' 9-' e' '. ,

renlains ta C01l1putC h;,3(111, G). Notice that Hl9 = Co u G\ u C2 ; i.c., 11/,(g) = Ci
Ci = 0,1, 2). ~'lloreover, 9 acts on thc tangent space 1~u of a point w E Hl9 by thc

l11atrix

Therefol'e, Fi(g) = 3 (for i = 0, J, 2). So h~,3(1'V, G) = L7=0 h4 - F;(9),3-F;(g)(Ci ) = 3

anel the required 6 is indeeel prescllt!

Question 2.2 [8 i.here fl /oeal version of lhe formula (2) JO'1' the 'ltllder/ying space

of a quoi.ienl singu!a.,-if,y ext.ending thal oJ f.1?

\Ve shall answer both questions in Sections .5 a,nd 6.

3 E-polynomials of algebraic varieties

In this section we recall S0111e basic propcrties of the E -polynonlia/s of (not neces

sarily SlllOOth 01' C0111pact) a!gebraic varicl.ies. E-polynoillials are defined by I11eanS

of the l11ixed Bodge structurc (I\1 HS) of rational COhOlllOlogy groups with cOIllpact

supports [10). As wc shall sec below, thesc POlYllolllials obey to sinlilar additive anel

11llIltiplicative la\vs as those of thc 'Ilsua{ Euler characteristic, which enables llS to

cOlllpute all the Hoelge nUIllbcl's cOIlling into qucstion in a vcry convcnient way.

As Deligne shows in [11], the cohol11010gy groups lf k
(){, Q) of a (not necessarily

S11100th 01' C0111pact) a.lgebraic variety ){ ca,rry a. natural NIH S. By silnilal' lllethods,
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one ca.n determine a, ca.nonica.I ~'IHS by considering H;(X, Q), i.c., the cohmTIology

grollps with COlnpaet supports. COinparcd with lI k ()(, Q), the I'vIHS on [[;(X, Q)
presents S0111e additional tecllincal advantages. One of theIn is the existence of the

following exact sequence:

Proposition 3.1 Lel:K bc an alycbnl'ic v(l'1'/ely und Y C X a closed subvariety.

Then the're is an exaet sequenec

consisti11g oJ !v/ll S'-'Ino'rpllism,8.

Definition 3.2 Let)'; be an algcbraic variety over C which is not necessarily COll1

pact 01' s1110oth. Denote by hp,q ([[;C'K, C)) thc cli ll1ension of thc (p, q)- Hoclge COll1

ponent of the k-th COh01l10logy with cOll1pact supports. v\Te clefine:

eP,q(~X) := L(_I)khF,IJ( H: (~X, C)),
k>O

The polynoll1ial

E(X; ll, v) := L eP,q(X')upvq

p,q

is callecl the E-polynomial of )(.

Reillark 3.3 If the Hoclge structul'c of )( in :3,2 is pure, then the coefficients eP,q(~X")

of the E-polynoinial of X are relatcd to thc usual Hodgc nU111bcrs by eP,q(X) =

(-l)p+qhP,q(X). In fact, the E-polynoll1ial (in thc general case) can be regarcled

as a notiona.l refinenlent of thc virf:ual Poineure jJolynornial E()(; -'ll, -1[) al1d, of

course, of the Euler charaderisf,-ic wif,h c(J'lnpad supports cc(.X) := E()(, -1, -1). It

should be also ll1cntionecl, that cc()() = e();), i.e., that ec(X) is cqual to the 1lsual

Euler characteristic of ~'K (cL [1:3], pp. 14]-142).

Using Proposition :3.1, one obtains:

Proposition 3.4 Lel 4'K be a disjoinl union oJ local/y c10scd subvarieUC8 Xi (i E J).

Then

E(.X ; lL: v) = L E( .'Ki; U, v).
iE!

Definition 3.5 Let )( be a. disjoint union of loca,lly closed subvarieties X j (i EI).

v\Te shall write );jl < .\"i, if .'Kil =J:. .\"j and .\"il is contained in the Zariski closure ){ i

of Xi.
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Proposition 3.6 For any i o EI) OHC has

EC:\i o ; 'll, v) = L (-1 )k L E(.~ i k ; u, v).
k2: 0 X;k <···<X i l <x;o

Proof. By 3.4, we get

Moreover,

EC:\io \);io;'ll,V) = L EC'Yi l ;1l,V).
Xij<Xio

Repeating thc sanle proceelure for 'lI E f, wc obtain:

E(X i I ; 1l, v) = E(X i I ; u, v) - E (.'Y i l \ _X"i I ; u, V),

E()C I \ Xii; U, v) = L E( ."Ki2 ; U, v), ctc....
X;2<Xi l

This leaels to the claill1eel fonnula.

Applying the Künncth fonnula, wc get:

o

Proposition 3.7 Let 7T" : .'Y --+ V bc (J local/y I:rivial fibe'l'ing in Zariski topology.

Denote by F the fiber over a closerl poin.t in Y. Then.

E()';; u, v) = E(Y; 1l, v). E(F; 'U, v).

'Ne shall use 3.4 anel :3.7 in thc following situation. Let 7r : X' --+ _:\ be a proper

birational Il1ol'phisl1l of algebraic varicties .'Y' anel );. Let us further aSSU111e that

X' is snl00th and .~ has a stratificatioll by locally c10seel subvarietics Xi (i E J),

such that each )';i is sl1looth anel the restrietion of 7T" on 7r-
I(-"d is a locally trivial

fibering over .'Y j in Zariski topology. Using :3.4 anel 3.7, wc can conlpute all Hoelge

IlUI1lbers of X' as folIows:

Proposition 3.8 Let Fi (i E J) denoie lhe fiber ove'" a closed ]Joint of Xi. Then

E()('; 'U, v) = L E(X i ; u, v) . E( Fi; u, v).
iE!

'Ne shall next eleal with thc casc in which 7r : ); --+ ~"K repl'escnts a crepant resolu

tion of singulal'itics of an algebraic varicty .'Y having only Gorenstein singularities.

Thc problenl of Inain interest is to charactcrize the E-polynolnials E( Fi ; U, v) in

tenns of singulari ties of ~'Y along the --\i 'so This problenl will bc solvcd ill the case

when X has Gorenstein toroiclal 01' quotient singularities.
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4 Local crepant toric resolutions

vVe shall C0J11pute here the E-polynomia.ls of the fibers of crepant toric resolution

rnappings of GOl'enstein toric singulal'itics by using thcil' cornbillatorial deseription

in terolS of convex cones. Tt is assull1cd tha.t the reader is fa.nliliar with the theory

of torie varieties as it is presenteel, for instance, in the expository article of Danilov

[9], 01' in thc books of Geiet [34] allel Fulton [1:3].
Let !v!, 1V be bvo free abclian grollps of rank d, which are dual to each other,

anel let 1\1R and lVR be their rea.l sca.lar extensions. The type of every d-dinlensional

Gorenstein toroidal singulari ty eall be elcsel'i bed eOln binatorially by a d-dinlensiona.l

eone a = (j~ C !'lR whieh supports a (cl-I )-dinlcnsional lattice poIyhedron ß C !\lR

[41]. This lattiee polyhedron ß ean be c1efined as {:c E a I (x,rn(1).= l} for

sOlne uniquely detennincd elenlent r11.(1 E 1\1. Let a C 1\1R be dual to a and set

A(1 := Spec e[a n k/]. 1'hen A(1 is a cl-dinlclisional affine toric varicty with onIy

Gorenstein singularities. V./e denote by p = ]1(1 the unique torus invariant c10sed

point in Au'

Definition 4.1 A finite eollcetioll T = {O} of sirnpliees with vcrtiees in ß n lV is

ca.llcd a t.Tiangulrdio71 of ß if the follo\ving propertics are satisfied:

(i) if B' is a face of 0 E T, thcn B' E T;
(ii) the interseetion of any two sinlpliees O~, 0; E 'T is either en1pty, 01' a C01111110n

face of both of theIn;

(iii) ß = UOETO.

Every triangulation T of ß gives risc to a partial crepant torie desingulariza

tion 7ry : XT --+ Au of A(1' so that )\T has at nlost ahelian quotient Gorenstein

si ngulari ties.

Definition 4.2 A silnplcx 0 C ~ C {x E NR I (x, 771.(1) = I} is ealled regular if its

vertiees fOrIn apart of a Z-basis of lV.

It is known (see, for instanee, [34], Tlun. 1.10, p.15) that Xy is sl1100th if and only

if a.ll sinlpliees in T are regular.

Theoren1 4.3 Assu'me lhat ß adrnits fl triangulation T into reg1.dar shnpliees; i.e.}

that the eorresponding t.orie varict.y X T in t.he crepant 'fcsolul.ion

is smooth. Then F = 7rTl (p) can bc s!:"atificd by affin e spaces.

10



Proof. Let 00 be a,n a,rbitrary (cl - 1)-cliIllensional simplex in T with vertices

el, ... ,ed. Choose an 1-pal'anleter 11lultiplicative subgroup Gw c (C·)d whose action

on Au is defined by a, weight-vector w E (J" n f\l, so that w = WI Cl +... +WdCd, where

Wl, •.. 1 wd are positive integers. Thc action of Gw on Au cxteJlds natura.1ly to an

action on ~){T' If {Ba, 01 , ••• , Os} elellotes the set of a11 (d - l)-diIllensional silnplices

in T, then a = Ui=o ao j , anel ~'KT is canonica11y covercd by thc corresponding Gw 

invariant opcn subsets Ua, ... , U~, ~o that Ui ~ Cd. Denote by Pi Ci = 0,1, ... , s)
thc unique torus invariant point in Ui . \;Ve aSSUIlle that W has been already cho

sen in such a \Vay, that Pi is the uniq~tc G'w-invariant point in Ui. \;Ve consieler a

Inultiplicative paranlcter t on Gw for which the action of Gw on Ua is defined as

follows:

Fu rthernl0re, wc set:

Since JrT(pd = p, we havc )[i CF. By conl pactllcss of F, for cvery point x E F,

thcre exists Iin1t-+oo t(x) which is a Gw-inva.riant point; i.c., 1iIl1t-+oo t(x) = Pi for

SOIlle i (0 ~ i ~ s). So Ui=o -){j = F. Obviously, .'Ki C Ui. ~'Ioreover, ..\'i n Xj = 0
for i :I j.

Ir we now choose appropriate torus coord inatcs VI, ... , Yd on Ui , so that Gw acts

by

t . (' , , ) - (t'\L t'\k, 'l'\ktl. 'lAd )VI, ... ,Yk, Yk+l, ... ,Ud - , YI,···, Yk, Yk+l, ... , Yd

with AI, ... , Ak positive anel Ak+l, ... , Ad negative, )(j is defined by the equations

YI = ... = Yk = 0. Therefore, Xi is iS0l110rphic to an affine space. 0

Let l(kb..) denote the nlllllbcr or latticc points of l~b... Then the EhrhaTt power

series

P6.(l) := L l(k6.)t k

k2: 0

can be considered as a nutnel'ical characteristic of the toric singulari ty at Pu' 1t is

well-known (see, for instance, [41: Thln 2.11, p.:J.56) that P:).(t) can be always written

in the farIn:
P (t) = 't/Jo( b..) +t/JI (b..)t +... + 't/Jd-I (b.. )td- I

~ (1 - l)d 1

whcl'c 7,bo( b..) = 1 and 4' 1(~), ••• , 'tPd-l (~) are certain nonnegative integers.

Theorenl 4.4 Lel b.. be as in 4.:3: und F = JrT1(}J). Then lhe cohom,ology gro'ups

H2i (F, C), i = 0, ... , d - 1 are genera/cd by lhe Ci, i)-classes 0/ algcbraic cyclcs}

11



and lIj(F, C) = 0 Jor odd vahLes of j i\loreovc'l'" hi,i(F) = 'l/Ji(i3.) i = 0, ... ,d - l.

In partic'U.larJ thc din~ensions hi,i( F) = din1 f-/2i( F, C) (0 :; i :; d -1) da not depend

on the choice 0/ the triangulation T.

Proof. Thc first staten1cnt follows in1I11edia,tely frolll Theorenl 4.:3. Since F is

cOInpact , we have Jl i ( F, C) = II~( F, C). Therefore, it is sufficient to cOlnpute the

E-polynon1 ial

E( F; 'U, v) = L eP•
q

( F)upvq.
p.q

Sincc .)(y is a toric variety, it ac1mits a natural stratification by strata which are

isolnorphic to algebraic tori Ta corresponding to regular subsilnplices 0 E T, such

that

di111 To + eI i111 0 = d - 1.

Thc natural stratification of )(y ind uccs a strati fication of F. Notice that 7fy(To) =

Pu (i.e., To E F) if and only if 0 eIoes not belong LO thc boundary of i3.. If ai elenotes

the nUInber of -i-eIilnensional regular sinlplices of T which do not belong to the

boundal'Y of ~, then ai can be icIeIltified \Vi th thc nUll1ber of (d - 1 - i)-dimcnsional

tori in thc natural stratificatioll of 7fT
1(p). l3y :3.4, we gel;;

E(F; '/l, v) = L E(To;u, v).
1l'T(Ta)=p

Since E((C",)k;'ll,v) = (uv _l)k, we obtain

Now we COIl1pute P,6,(t) by using thc nurnbers ai. [[ 0 E T is a i-clil11cnsionall'egular

Sil11plex , then

l(kO) = (k + .j);
h:

l.e· l

1
Po (-l) = ( r I·1- 'l t+

Applying thc usual inclusion-exc1usion principle for the counting of lattice points of

k.0.~ we obtain:
ti-I

l(k.0.) = L
i=O dilll O=d-I-i

where 0 runs ove!' all regular silnplices in T which do not belong to thc boundary

of .0.. Thus,

P ( ) Ud-l
,6, t = (1 _ t)d

anel the polynol11ial

ad-2 d-l ao
(1 - l) d-I + ... + (-1) (1 - t)

12



is equal to

fld-l + (ld-z(l- 1) + ... + ClO(t - J)d-l.

The latter coincides with the E-polynolnifl,l E( F; H, v) after rnaking the substitution

t = uv. Hence, -ljJi(6.) = ei,i(F) (0 ::; ·i ::; cl - 1). 0

Definition 4.5 Let 6. be a (cl - 1)-clilncnsiona.l lattice polyhedron dcfining a. cl

dimensional Gorenstein tOl'ic singularity p E A(1' Then

will be called the S' -polyrto17üal of the C:orenstein toric singularity at p.

Corollary 4.6 The Eulcr number e(F) cquals 5(6.,1) = (d -1)1vol(6.).

Proof. By definition of P.6.(t):

1/;0(6.) + ·ljJd6.) + ... + ·ljJd-1(6.) = (cl -l)!vol(~).

Obviously, the left hand side equa.Is e( F). o

Relllark 4.7 It is known that thc coefficient. 'ljJd-l(~) cquals l·(~), i.e., the ntllnber

of rational points in thc interiol' of ~ (see [10], pp. 292-293).

5 Gorenstein quotient singularities

Let G bc a finite subgroup of S'L(d, C). 'A'e shall usc thc fact that any elclnent

9 E G' is obviously conjuga.te to a diagona.l 111atrix.

Definition 5.1 If an elClncnt .r; E G is conj ugate to

cl ' g(e21l"D:1 e21l"D:d)Ia , ... ,

with Q:i E Q n [0, 1), then the SU1I1

wt(g) := 0'1 + ... + O'd

will be called the wCl:ght of thc clelncnt .rJ E G. Thc nUlnbel' ht(g) := l'k(g - e) will

bc called thc hcighl. of g.

Proposition 5.2 for any 9 E G) orte !las

1.Ot(g) + wt(g-l) = ht(g) = ht(g-l).

13



Proo/. Let 9 = diag( e21fQ1
, ••• , e21f

O'd) , g-1 = diag(e21fß1 , .•. ,e21fßd ). Then ht(g)

equah thc llUll1ber of nonzero elenlcnts in {O' [, ... , O'd}. On the othcr ha.nd, O'i +ßi =

1 if O'i ::I 0, allel O'i + ßi = °otherwise. I-Iencc Eil=l (O'i + ßi) = hl(g). 0

Conjecture 5.3 (strang fVlcl\ay corrcspollclencc) Let. G C 5' L( cl, C) be a finite

group. Assu'lne thaI. ); = Cd jG admit.s a sm.ool.h crepan!, desingulrl'rization 7T :

)( -r )( and F := rr-I(O). Thcn [1"'(F:C) has a basis consisUny 0/ classes 0/
algebraic cycles Z{g} C F which are -lll I-f,o-l correspondence with "he conjugacy

classes {g} 01 G) so that

dilnlI2i (F,C) = #{conjugacy classes {g} C G, such that wt(g) = i}.

Now we givc sevcral cvidcnccs in support of Conjecture ,5.3.

Theoren1 5.4 Let. C: c 5' L(cl, C) bc a fin.ite abclian g'/YJUp. Suppose that ~\' = Cd j G

ad1nifs a smooth c7'epanl loric dcsingu/al'izalion rr : .:\'" -r ); and P := rr- I (0). Thcn

H"'( P, C) has a basis consisting 0/ classes 0/ algcbraic cycles Zg C P which are in

I-to-l correspondcnce wilh fhc elc'lttenls 9 oJ G: so thal

diln lI~h(F, C) = #{elclnents 9 E G, such that wl(g) = i}.

In pa1'licula..r, fhe Euler numher 0/ F e(j'uals IGI I.

Proo]. Let 1V C R d bc the free abelia,n group generateel by Zd C R d anel all

vectors (0'1, ... , O'd) whcre 9 = eliag( e21feq
, ••• l e21fL1d

) runs over all thc ele111ents of

G. Then 1V is a full sublattice of R d = NR., Zd is a sllbgroup of finit.e index in N,

anel 1VjZd is canonically iS0l110rphic to G. Let 1\4 = H0I11(lV, Z). \,Ve identify Zd

with H0111(Zd, Z) by using thc dua.l basis. l\l is a, canonical sublattice of Zd and

can be identified with thc set of all Laurcnt ll1onomials in variables iI, ... ,id which

are G-invariant. T'herefore~ the conc a defining the affine toric variety X = Au

is thc positive d-dilnensiollal octallt R~o eRd = Nn.. Furthcl'll1ore, the element

7nu E Ni, which was 111cntioJlcel a.t thc begillning of the prcvious section, equals

(1, ... ,1) E Zd. Now if S' := C[a n 1V] allel if for any x E an 1V, we define a degree

eleg x := (:r, 711. U ) , S beCOll1eS a graclcel l'i ng, so that

71.1:= (1,0, ... :0), .. -,nd:= (0, ... ,0,1)

fonn a regular sequence of eleinents of elcgree 1 in S. This 111eans that 5'/(71.1,' .. , Hd)

has a 1110nOlniai basis COlTcspondillg to tllOse clcnlcnts of IV which are not in

14



Zd. The eletllent (al, ... ,Ud) E 1V cOl'rcsponds prccise1y Lo thc elerllent 9 =

d iag(e27rcq
, ••. , e27rod) E G. !vl o1'cove1',

Thus, thc Poinca1'c series of thc quoticnt ring 5'/(nl, ... ,nd) equals

with coefficients

'ljJi(ß) = #{elenlentsg E G such that wI(g) = 'i}

and a = ab. a.s in §4. The proof is cOInplcted after rnaking use of 1'heo1'e1n 4.4 anc!

Co1'olla1'Y 4.6. 0

Proposition 5.5 Thc Conjecture 5.8 i.~ I.tue J01' d ::; :3.

Proof. If cl = 2, then wt(g) = 1 unlcss 9 = e. Thc nunlbcr of thc conjugacy classcs

with weight 1 is equal to thc nUl11ber of llontrivial irreducible 1'cpresentations of G.
Since the exceptional locus F of a crepant resolution is a tree of rational curves,

dirn HO(P, C)= 1, and diln H 2 ( P, C) is thc nurnber of irreduciblc cOinponents of F'.

By thc classical NlcKay cor1'espondence [14, 28, 3J], wc obtain the statenlcnt 5.3.

If cl = 3, we use the rcsult of Roan [:39] ahout the existence of crepant resolutions

anel the Euler nUlnber of thc exccptional locus. Let F' be thc exceptional locus over

o of a crepant resolution 1f : ~:\' ---+ ~'K. Thcn F is a strong defol'lnation retract

of 4k; i.e., Hi(F', C) = IIi(J;, C). On thc other hand, [J'I(X, C) is Poincarc dual

to H;(X, C). Note that dilll lJ'I(F, C) is nothing but thc lHllnber of irreducible

2-dilnensional cOlllponents of F. Since ff2 (.f(, Z) is isonlorphic to thc Picarcl grou p

of ~i(, dilll H 2(X, C) is cqual to thc inunber or 1f-cxceptional divisors. ~1oreovcrl

thc subspace IJ';(X, C) c l[2(J;, C) is spaniled cxactly by thc c1asses of thosc

exceptionaJ divisors whose ilnagc uncler 1f is O. Thcl"e[ol"c,

= #{exceptiona.l divisors E c ~k, such that 1f( E) is a curve on X}.

By the classical f\1cKay corrcspondence in dimcnsion 2,

= #{conjugacy classes {g} C C, such that wt(g) = 1 allel ht(g) = 2}.
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By [39],

1 +dirn H 2 Ck, C) + el iIn Ij" (_\' , C) = # {all conj lIgacy classcs {g} c G}. (4)

By 5.2,

#{conjugacy classes {g} C C, with wt(g) = 1 allel ht(g) = 3} =

= #{conjugacy classcs {g} C C, with wl(g) = 2 n,nel IIl(g) = 3}.

Hence,

#{conjugacy classes {g} C G', with wl(g) = 2 anel hl(g) = 3 } = diln Jrl(~\" C).

Notice that if wt(g) = 2, then the height of 9 Il1l1st be equa,1 to :3. Thus,

dirn H 4 (F, C) = #{conjugacy classes {g} C C, such that wi(g) = 2 }.

Finally,

eliln Jj2(F, C) = #{conjugacy classes {g} C G, such thai; wI(g) = 1 }

follows ilnIncdiately fron1 (4). o

Definition 5.6 Let C' be a finite subgroup of S' L(cl, C) anel 0 E Cd jG' the cor

responding d-diIllensional Gorcnstein toric singularity. Ir we denote by .1/;i ( C') thc

nUIllber of thc conjugacy c1asses of C having the weight i, then

8(G; 'UV) := '1/;0 (C) + 'I/J[ (C)'Uv +... + 'I/Jd-l (C) (uv )d-l

will be calleel thc S-polynonlial of thc regardcd Gorenstein quotient singularity at O.

Definition 5.7 Let G' be 30 fini te subgl'oup of SL(d, C) and 0 E Cd / G the cor

responding cl-dilnensional Gorenstein toric sillgula.rity. If we denote by ,(f;i(G) thc

nUI11ber of the conjugacy c1asscs of G having the weight i and the hcight d, then

will be calleel the S -polynO'lnial of tlie GOl'enstcin quotient singularity at O.

By 5.2, wc casily obtain:

Proposition 5.8 The S-polynomial snLisfics lhc Jollowing reciprocily 1'elation:
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6 String-theoretic Hodge numbers

Let X be a, C0l11pact d-clill1ensional Corcnstcin val'icty with Sing.X consisting of at

most toroiclal 01' quotient singula,rities.

Definition 6.1 Let x E Sing)\. 'Ne say that tbc d-c1in1ensionaJ singularity at x

has thc spliUing codimen8ion k, if h; is thc 111axil11a.1 l1llInber for which thc analytic

gel"ll1 at x is locally iSOI110rphic to thc pl'oduct of C d- k a,ncl a k-clilnensional toric

singularity defincd by a (k - 1)-di mcnsionaI ]a,tticc polyhedron ß.' 01', correspond

ingly, to thc product of C d-
k and thc underlying spacc C k IG" of a k-dill1ensional

quotient singularity e1cHned by a. finite subgroup G' c sr L(k, C). For simplicity, we

also say that thc singularity at :1; is dcfincd by ß.', 01' by G'.

Using standard argllnlcnts, wc can cfisily show that X is alwa,ys stratified by

locally closed subvarieties ~){i (i E J), such that the gerIns of the singularitics of

X along Xi are analytically iS01110rphic to that of a Corcnstein toric singularity

dcfined by nlCans of a (k-l )-dirnensionalla.ttice polytope ßi 01' to that of a quotient

singularity e1efined by 111eanS of a, fini te su bgrollp Gi of SL(k, C), rcspcctivcly, where

k denotes the splitting coclilnension of singularitics on )\i.

Definition 6.2 1,Ve denolc by S'()\i;UV) the 8-polynomial 8(ß.i;llV) 01' S(Gi ;1lV).

Analogously, SC\'i; llV) will denol.c I.hc ,S'-polynomia/ S(Gi ; uv) if ~)(i has on/y Goren

stein quotient, singularilies.

Definition 6.3 Sllppose that ); has at lnost quotient Gorensteill singularities. A

stl'atification X = UiEI .){i, as above, is ca.lled cunonical, if for every i E 1 anel cvery

x E ~)(i: there exists an open subset (j ~ Cd fGi in .)( anel an elel11ent 9 E Gi, such

that Xi n U = (C d )9IC(g), wherc (Cd)Y is thc set of g-invariant points of Cd.

Relnark 6.4 An algcbraic varicty is callcd V-va7"iel.y if it has at 1110St quotient sin

gularities. A Gorenstein V-va'l'ict.y (ahbreviateel GV-variety) is a V-variety having

at I110st Gorenstein quotient singularities. Thc notion of V-variety (01' V-Inanifolel)

was first introduccd by Satake [44]. The cxistence Cl,nd the uniqueness of the canon

ical stratificatiol1 for a, V-va,riety was proved by Kawasaki in [26]. ( Notc that our

canonical stratification in 6.3 is not the first, but thc second stratification of X

defined by Kawasaki in [26], p. 77.)

Proposition 6.5 S1lPPOSC thal ){ is (f GV-variety und 4\" = UiEI Xi is üs canonical

stralification. Thcn fo1' any io E J) onc lras:

8 (~\"io ; U v) = ,5'():io ; U v) + L S'C\"i I ; U V ) .

X;o<X;\
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Proof. It is sufficient to prove the corresponding loca.! statenlent; i.c., we can assumc,

without loss of genera.lity, that ~Kio = C k /(;io ' For sinlplicity, we set Y = C k ,

Z = X io ' Denote by 1r thc natural Inapping )/" ---+ Z. Fol' 9 E Gio ' the il11agc

Z(g) := 1r(Y9) C Z depends only on the conjugacy dass of g. Billce ht(g) equals

the codirnension of Z(g) in Z, we obtain

5'( X io ;'Uv) = ,5'( )(io ; uv) + L ,5'( .)(i 1 ; llv).
Xio<Xil

o

Corollary 6.6 SltppOSC thal X 'is a G\I-va..,-iely aru! ~)( = UiEI Xi is Üs canonl:cal

slralijicalio71. Then fOT any -lo E I onc has:

S'(.\'io ; 1tv) = L (- .1 )k L S' (Xi k ; UV) .
k2: 0 Xio <",<Xi"

Fraof. By 6.5, wc havc

S(~\'iO;'llV) = S'(Xio;uv) - L S'(~)(il;llV).
Xio<X;]

After that we a,pply 6..5 to .>\i] :

S(Xi1 ; uv) = S'(.>\i 1 ; uv) - L S(.>\i2 ; uv), etc ...
Xi] <Xi2

Thc repetition of this pl'ocedure cOlllpletes the proof of the assertion. o

Definition 6.7 Let )( be a stratified variety wi th at 1110st Gorenstein toroidal OI"

quotient singularities. 'vVe sha11 cal1 tlie polynolllial

Est.(.\'; '/l, v) := L E()\i; '/l, '0). S'(Xi ; '/lv)
iEI

the sl'ring-thco1'etic E -polynonüal of .>\. Let us wri tc Est (.K; 'll, v) in the following

expanded fonn:

Est.(){; U, v) = L CLp,q'll'pV
q

.

p,q

The Ilulnbers h~~q(){) := (-l)p+qup,q will be callcd thc sl'l'ing-lheorclic Ilodgc nun~

hers of )(. Correspondingly,

Cst. (.>\) := Est. (.'\; - I , -1) = L (-1 )p+q h~~q (~'\)
p,q

will be called the slring-thcoreUc Eulc'!" nll'mber of X.
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Ren1ark 6.8 If X adnlits a slnooth crcpant toroidal desinglliarization rr _"k --+ X,

then, by 3.8 and 4.4, the E-polYllOlnial of .\' equals

EC"k i 'll, v) = L E(.\'i; 'U, v) . E( l'ii 'U, v)
iEl

\\'here fi denotes a the specia.l fiber rr-1(x) over a point x E Xi'

By 6.8, we obtain:

Theoren1 6.9 If X adrnits fl. smooth crepanl tO'l'oidal desingula'rization X) then the

string-theoTetic Hodge nU'lrlbers h~,~q()\) coincide -wilh the ordl:nary Hodge nU'mbers

hP,q (.\:). In partic'1l1ar) the numbers h~ti (){) are lwnnegative and satisfy the Poincare

d I 't jp,q(,,) ja-p,d- q(,,)ua 1. ,y lst ./\ = l,st. ./\ .

'T'he next theorern will play a.n irnportant role in thc forthcorning staternents:

Theoren1 6.10 Supposc thaI. )( is a CV -variety and X = UiEI ~>\i denolcs üs

canonical stnttificalion. Then.

Es(,(X; '/I, v) = L E(){i; U, v) . 5'C\'i; 'llv).
iE I

Proof. By 3.6, we gct

E(.>\iO;U,V) = L(-l)k L E()(ik;U,V).
k2 0 -'Y;k <· ..<x i 1 <x;o

Thcrefore,

= '~l E(X.,; 1/, 11)' (~( _I)k x;, <-'~;l <x;o S(Xio j 1/11)) .

By 6.6, we have

5'(Xik ; uv) =' L (_l)k L 5'(~\'io; uv).
k2 0 Xi", <",<Xi l <Xio

This implies thc required formula.. o

Corollary 6.11 Suppose thai X is (f CV -variely. Thcn lhc nn'lllbers h~t~q(X) are
. d 'J h /)' .; 1· /' jpq(,,) ha- pd- q(,,)nonnegat.we an . salls y t e OlnCal'C (,I/.a ,1ly 1s ; ~/\ = st.' ~/\.
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Pl'oof. Since Xi itself is a V-varicty, one has hP,q(Xi) ~ 0, as weil as the Poincare

dua.lity

On the other hand, by 5.8, we obtaill

This iInplies

"
(V' ) ( )dimX E (V -1 -1)Jst. .."-; u, v = UV Jst. f\; H , '/} .

Since S(X j ; uv) is a polynolnio.l of HV with llolillegative coefficients, wc conclude

that h~t~q()() ~ O. 0

Theoren1 6.12 Suppose thaI. )( has at lllost loroidal GOTenslein singulal'ities. Lel

IT : J' ---7 )( be a kl pe p -desingulal'izalion o/){. Then

Jl10reovel'J

I p.1 ( ") - J p,l ( '''')l'st. ~'\ - I ~'\: for all p.

Proof. Let); = UiEI ~'>;j be a stratification of ){, such tho.t

E t (X' u v) = , E ( \' .. u v)· c,'(~ .' uv)
S, " L.- ~ 1" '- I,

JEI

anel rr : X ---7 ~'>; be a rvl PCP-desi ngulal'ization of )(. '0le set .);i := rr- 1(Xd.
Then Xi has the natural stro.tification by prodllcts ~':\i X (C*)codimB indllced by thc

triangulation

'T'hus,

Est.C:\'"; 'U, v) = L(L (uv - 1rodimB EC'>;i; u, v) . 8(0; '1.1.V)) .
JEI BETi

By counting la.ttice points in k~j, we obtain

S'(~i; uv) = L (uv - ] rodimB8(O; uv).
BETi

Hence,
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Since X has only termina.l Q-factüria} singllla,ritics, für any 0 E ~ wc obtain

There[ore, thc coefficicnt of u P'/} in EstCk; 'U, '/}) coincides with the coefficient of 1lFv

in the usual E-polynomial E(~k; u, v). As _:X" is a V-variety, thc Hoelge structure in

H*(X, C) is pure, anel

o

Corollary 6.13 SUPIJOSC lha.!.)( has al m,oslloToidal GOTcnstcin sing"ula7'ilies. Thcn

the 1Hunbers h~(l ()() are nonnega.!.ive and $alisJy the Poincarc (hUt,ldy h~tq(X) =
h:,~p,d-q(X).

Proof. By 6.12, it is sufficient to prove the staten1cllt fol' a kl pe P-elesinglllarization

~X- of X. The lattcr follows froll1 6.11. 0

Theoren1 6.14 Let)( be a smooth contpacl [{ri/der mani/o/d of dhnension n ovcr

C bein!! equipped with an action oJ a finil.c Y'l'oUP G, such thai. )( has a G-invarianl

vohune fonn. Then the orbifold Hot/ge H'mnbers hP,q()(, G) which werc defined 'in the

inIl'od1.tct.ion coincide with lhe sl.,.ing-lheo'l'elic EIoelge nU'lnbcTs h~t,.q ()(/ G). J11oTeOver,

eCX'", G) = eSj,(.X'"/G).

P'l'oof. 'vVe llse thc canonicaJ stratification of }/ = _'K/G:

For evcry stl'atuIl1 r;·, there exists a.n element gj E C, such that Y j = )(9i /C(gd.
'vVc note that

E(Yi ; 'U, v) = L( -ly+qcliIl1HP,q(){9i)C'{9;)upvq.
p,q

Now the equality

follows fro111 Theore111 6.10.

In order to get e(~\', C,') = est(~.\ /(,') , it rCll1ains to provc the equality

e(•.\, C') = L( -l)p+fJhp,q()(, G).
p,q
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"Ve shall Inake use of thc notation whieh was iIltroduced in §l. Since {g} expresses

a systcm of rcpl'csclltativcs for GIC(g) allel thc IlUlnbel' of cOlljugacy classes of G
equals

1
fGI ~; IC(g) I,

one ean rewrite the physieists Euler llul11bcr (1) as

e(~\'", er') = -ICl, I L ]C(g)]' eC\,"9IC(g)) = L e(XY /C(g)),
, Y {g}

where {g} runs over all eonj ugacy cl asses of G wit h 9 represcnting {g}. "\Te show

that

p,q

This fo11ows fron1 thc equalitics

r g

L( -l)p+qh~,q(X,G) = L L( -:I )P+q-2Fi(9)h~~:~;(g),q-F;(Y)(~\'"i(g))=
p,q i=l p,q

= L( -l)p+qh~:(g)();g) = cC\,"9IC(g)).
p,q

o

-Corollary 6.15 S7lppose t.hat. .\'"1G' has a cTepanl desingulariznhon ~\'"/ G and lhat

lhe sh'ong J\Icf\"ay corresjJondence (Conjecl71TC 5.3) holds I:rue J01' the sing'llla'1"ihes

occ7l'l'ing nlong eve'J'Y st'l'at.'Il:m of ){1G. ThcH

Exalllple 6.16 Let us first gi vc a :3-dirncnsional exalnple of a.n orbit space (with

a sinl pIe aeting groll p) contain ing both (lhclian and non-abelian quotient singular

ities, and which was proposeel by F. Hirzcbruch. \·\,c cOllsider the Fennat quintic

~\'" = {[Zl, ... , Z5] E p4 I 2:r=l zr = O} anel let the alternating group As act on it

coordinatcwise. Thc group As has fivc conjugacy classcs: the trivial, one consisting

of all 20 3-eycles, one consisting of the 1,5 prodllcts of disjoint transpositions, and

two 1110re conjugacy c1asscs of .5-cyclcs, caeh of whieh has 12 c1eIl1Cnts. Note that the

action of the elements of these last two cOlljugacy c1asses is fixed point free. Each

of thc 20 3-cycles fixes a plane Cjllintic and two additional points. Correspondingly,

cach of the 15 pl'Odllets of disjoillt tra~positions fixes a planc quintic and a projective
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Ene (without COll11110n points). As)(/ A s is a. Calabi- '(au variety, the gcneric points

of the 1-dilnensional cornponcnts of Sing){/ As arc C01l1pound Du Val points [41].

Up to the above ll1entioneel 40 additional points cOll1ing fr0111 the :3-cycles allel hav

ing isotropy grollps ~ Z/3Z, Liiere cxist 17.5 1110rC fixed points on _X' cl'cating (after

appropriate grollp identifica.tions) dissident points on _X' / As (wc follow here the ter

Illi nology of M. Reid). Nar11e]y, thc 2.5 poi nts of thc intcrscetioll loeus of the 20 plane

quinties (with isotropy groups ~ A"L further 12.5 points lying in the interseetion

locus of the 15 plane quinties (with isotropy gl'OUPS ~ 53), as welt as 1.5 + 10 = 25

points cOllling froll1 the intcrsection of thc projccti ve lines (with isotropy gl'oups

isol11orphic to the l\leinian four-group anel to 53 respectively). USillg Ito's results--[24, 25], \vc can construct globa.l crepant clcsingularizations 7r : )(/ As --+ )(/A s. By

6.15, hp,q(X/)..s) = h~t:q(_"'.\/A5)' Thus, for the cOI11putation of hP,q(){/)..s), we just

neecl to choose two representatives, say (12:3) anel (12)(:34), of the two non-freely

acting conjugacy classcs. V/c havc:

• hP,q(X/As ) = h{'IIJ}C-X, A s) equals Op,q ( = I\ronecker syrnbol) for p + q i- 3,

h{iq} (X, A s ) = 1 for (p, q) E {(::~, 0), (0, :3)} and h{'lq} (X, As ) = .5 for (p, q) E

{(2, 1), (1, 2)};

• h{(i23)}(X, A s) equals 2 for (fJ, 'I) E {(1, J), (2, 2)}, h{(i23)} (X, A s) 6 for

(p, q) E {(2, 1L(l, 2)}, h{(i23)} (.\', A s) = 0 otherwisc;

• h{(i2)(34)}(4.\" As ) equals 2 fol' 1 :::; ]1, 'I :::; 2 anel Ootherwisc.

Thus, we get:

h;t~l (_X"/ A s ) = h~t,"2()\./A s ) = 1:3,

h;,~1 (.\'/As ) = h:t,2 (.':\/ As ) = .5.

--In particular, e(4':\/As) = est(.X'/As ) = -16, in agreenlent with the calculations of

physicists (cL [27], p. 57).

Exall1ple 6.17 Let ~\,(n) := xn /5n be the n-th sYI111l1etric power of a SI1100th

projective surface _"'.\. As it is knowil (sec, fol' instance, [16], p.54 01' [23], p.258),

x(n) is endoweel with a. canonieal crepant dcsingularization ..\'[n] := Hilbn(X) --+ x(n)

given by the I-lilbert scheIne of finite subschCInes of length" n. In [15, 16], Göttsche

C0I11puted the Poincarc polynOinial of .\,[nl. In particulal', his fornlula for the Euler

number gives:
00 00L c( ..\'[nJ)/,'l = Il (1 - j,k)-e(X).

n=O k=1



Using power series COIl1parison anel thc above fornllda, Hirzebruch anel Hörer gave

in [23] a fonnal proof of thc cqual ity c( .\'''[n]) = c( .\,(n), Sn)' In fact, fol' thc proof of

the valielity of orbijolrl Eule'!' forlnulae of this kind, it is enough to check locally that

the Conjecture 1.1 of NI. Reid is true (cL [:39], Lenlllla 1). Our rcsults 6.14 anel 6.15
say ,nore: in order to obtain the equality hP,qc\,[n]) = hp,q().;(n) , er') it is suff-icient to

verify locally our "strong" ßilcKay corrcspolldence. Thc latter has been checked by

Göttschc in [17]. 'The nUll1bcrs hP,q(~\,[nJ) can be C0111puted by 111cans of thc Hodge

polynoll1ial hc\,[nJ; u, v) := E(~\,[n]; -ll., -v).

lf TI(n) dCllOtcs the set of 0.11 finite series (0') = (0'1,0'2,"') of nonncgative

integers with Liini = '11., then the conjugacy class of a pernlutation a E Sn is

deternlincd by its type (0') = (0'1,0'2, ... ) E n('11.), where O'i expresses the nurnber of

cycles of lengthi in a. Gättsche anel Socrgcl [18, J6] provcd that

co

h(~\,[n]; u, v) = L (uv t- 1ol TI h(X(od; u, v),
(0 )en(n) k='

where 10' 1:= 0'1 + 0'2 + ... dCllotes the Slll11 of thc Ine1nbers of (0') E rI(n).

(Sinlilar fonnulae call bc obtaiIlcd fol' the evell-dinlcllsional KU111111cr varieties of

higher order, cf. [16,17, '18].)

7 Applications to quantum cohomology

and mirror symmetry

LFro1l1 now on, anel throughout this scction, wc usc thc notation being introduced

in [4]. "Ve start with the descri ption of thc following relation beb....ccn thc polar

duality of lattice polyhedl'a and stl'ing-tlleorctic COh01110logy:

Theorenl 7.1 Let P.6. be a d-di1l1cnsl:onal GO'l'Cl'UJtel:n tO'l'1:c Fano v(].'l'iety COT'/'e

sponding to a d-dl:·mensional reflexive polyhcdron 6.. Then

where .6.'" is the dual reflexive polyh.cdron.

Proof. P.6. has a natural stratification bcing defincel by the strata To, ~vhere 0 runs

over all the faces of.6.. On thc other hand, thc Gorcllstein singularities along Te are

detcrlllined by the dual face 0* of the dua.l polyhcdron .6.* (cf. [4], 4.2.4). "\Te set

5(0'" ;uv) = 1 if 0 = 6.. Then

Es t.(P.6.; u, v) = L E(lo;u, v) . 5(0*; llv).
Oeo.
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Note that

E( rl~ ) ( l)dimB, ,- Bi 1.l, v = uv - ,

anel that, for dilll0 < d, one has by elefin ition:

8(0"'; uv) = (1 - 'tlv)dilllB"'+1 PB",(uv).

Since clin10 + cl i111 0'" = d - 1, wc obtain

Est(P~;ll,V)=(uv-l)d+(l-'uV)dL( L (_l)dimOI(kO-)) (llV)k.
k2: 0 ()CD.,B:f.~

vVe renlark that

L (_l)dilllBl(kO-) = L (_l)codimB"'I(kO*)
Bc~.B:f.t::" B*CD.-

is equal to the J1tlInber l(k . 8.6."') of fattice points on the bounclary of the lattice

polytope kD. *. "Vc set 1(0 . aD..) = 1. It re11lai ns to usc thc 0bviotls relation

(1 - t) Ptl "' (L) = L I(k . aD.-}t k •

k~O

o

Corollary 7.2 'The s/'ring-theo'!'etic Eulc'!' number 0/ PD. is equal /'0 d! (vol.6. -).

Rell1ark 7.3 Thc qua,ntU111 COh0l110logy ring of a. s11100th toric variety was clescribecl

in [3}. It was proved tha.t the tlsua.l cohOlnology of a Sl1looth toric lnanifolel can be

obtainecl as a linlit of the quanttlIll cohonlology ring. On the other hand, one can

inlInediately extend the clcscription of thc quantum cohornology ring to arbitrary

(possibly singular) toric variety (cf. [:3], 5.1). In particular, one can easily show

that ditnQII;(PtJ.,C) = d!(volD.*), for any d-clirnensional reflexive polyhedron.

COlnpari ng di tnensiolls, we see that, for si ngular toric Fano varictics PD., the li tnit

of the quanttUll coholnology ring is not the usual COh0l11010gy ring, but rather the

COhOll1010gy of a sI1100th crcpant desingufarization, if such a desingularization exists

(er. [3], 6.5). By our general philosophy, we shOtdd consider the string-theorctic

Hodge numbcrs h~,~P(P.:.\) as thc I3cttj nunlbcrs or a Jin1it of thc quantulll COh0l110logy

ring Q fl;(P tl, C).

Let Z1 := Z 11 n ... n ZIr be a. gencl'ic (d - 'I')-dilnensional Calabi-Yau C0I11

plete intersection varicty, which is ernbeddccl ill a Gorenstein toric Fano variety PD.
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corresponcling to a d-clinlensiona.l reflexive polyhedron ~ = ~) + ... ~r, where ~i

is the Newton polyhedron of Ji Ci = l, ... , 1'). ASSUI11e that the lattice polyhedra

6 1 , ... , 6 r a.re clefined by a neJ-partil,jol1 of vertices of thc dual reflexi ve polyhedron

6· = Conv{\7), ... , \7r}' (1701' definitions and notations thc reader is referrcd to

[5, 7].) Denote by Z9 := Zgl n ... n Zgr a genel'ic Calabi-Yau complete interscction

variety in the GOl'enstcin toric Fano variety P~., which is defined by the reflex

ive polyhcdron \7'" = Conv{6 1 , ... , ß ,.}, wherc \7 i is thc Newton polyhcdron of !Ji

(i=l, ... ,r).

Conjecture 7.4 (lvlirror d ua.li ty of string-theoretic Hodge nllln bers) The string

theO'tel.,le E -polynornials oJ Z f unr/ Z9 obey to th e /0//0101119 reciproeity law:

E (Z ) ( )J - ,- L' ( Z - 1 )
'st j;U,V = -1[ üst. 9;11 :V.

Equivalent/YJ the stn:ng-theoTel.ic [[ar/ge numbe.".., 0/ Z j and Z9 are reIat.ed io eaeh

othe.,. by:

/ P,q(Z) /d-r-p,q(z)l'st 'J j = 1s t. 'J9 , for all p, q.

'Ne want to show SOl11e evidences in support of Conjcctul'c 7.4 for Ca.labi-Yau hyper

surfaces (r = 1). For this purposc, wc use thc duality al110ng the faces of 6 anel .6.*.

Für a face 0 of .6., we denote by v(0) the nonnal ized voltllne of (): (dirn 0) !vol(0).

Theorenl 7.5 Let 6 be a cl-dimensional refie:cilJc jJolyhed'l'ol1. Then

d-2

est.(ZJ)=L L (-l)iv(O).v(O*).
i=l dimB=i

By dinl 0 + dinl 0" = d - 1, we obl,ain as a conscquenee 0/ the conjec/.ural dualily in

(7.4):

Proof. Since

Est(ZJ) = L E(Zj,o;u,v). 8(0·,uv),
BC6.

we have

est(Zj) = L e(Zj,B)' 8(0*,1).
OCii.

By 4.6,8(0·,1) = v(O"'). Nlorcover, it is knowll that e(Zj,B) = (_l)dimB-Iv(O).

Observe that Zj,8 is enlpty if dirll 0 = O. It renla.ins to show the equa.lity

v(.6) = L v(O).
dim O=d-l
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This follows easily from thc l'eflexivity of ~ (see [4], p. 522). o

\,Ve relnark that 7.4 is evident if q = 0, bccausc h~t(Zj) = I, for q = 0, cl - 1

and h~to(Zf) = °otherwise. ror q = 1 ('1' = I), and]J E {l,d- 2}, Conjecture 7.4

is proved by Theorenl 6.12 c0111bincd \vith Thlll. 4.4.:3 froll1 [4]. 'vVe gcneralizc this

for arbitrary va.lues of p.

Theorenl 7.6 FO'1' a face 0 of .6 -' we dcnole by [* (0) lhe nu'mbcr of lattice points in

the relaf.ive interiO'J' of O. Assumc "hat rl2 5, Then fO'/' 2 ::; p ::; d - 3 on.e has

h~t~l(Zf)= L 1"(0).1'"(0'").
codimO=p

By the duality a-mong faces} one has

I P,I(Z ) - I d-l-p,l (Z )
l,st. :J f - l· Fi t. Y •

Proof. By the Poincare duality, it is enough to cOlllpute h~;~-I-P,d-2(Zj) = h~t~1 (Z j).

'Ne use

Est (Zf;1l,v) = L E(Zj,o;u,v)' S(O'";uv).
oe!:::.

By 4.7,

5'(0*; 1lv) = 1*(D*)(uv)dimO· +{lower order tCl'lllS in 'llv}.

On the other hand, by [10], Prop. :3.9,

eP,q(Zf,e) = 0 if p + q > dim 0 - ] = dirn Zf,O alld ]J =1= q.

Hence, the only possible case in wiIich we can meet thc rnollOlnia,l of type ud-I-pvd-2

within thc product E(Zj,e; 'Il, v)· 8(0'"; 'll: v) is that occuring by consideration of thc

product of the ternl [·(O'")(uv)diIllO· fro1l1 8(0'"; uv) anel the ternl

O,diIllB-1 (Z ) dimO-le :J f,O v ,

where dilll 0'" = cl - 1 - p. As it is known (cf. [l0L Prop. 5.8.):

rl'herefore,

o
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Corollary 7.7 Let 2;f be a 1HPCP-dcsingularization oJ Z f. Assum,c that cl 2: 5.

Then} for 2 ::; p ::; d - :3} one has

hP,I(Zf) = I: /*(0) ·1*(0*).
codimO=p

Proof. It follows fron1 Theorcm 7.6 anel Thcorcl11 6.12. o

8 Duality üf string-theüretic Hodge numbers für

the Greene-Plesser cünstruction

In [19, 20] B. Grecnc anel R. Plcsscr proposcel an cxplicit construction of 111 inor

pairs of Calabi-Yau orbifolels which are obtaineel as abelian quotients of Fel'lnat

hypersurfaces in weightcel projective spaces. As it was shown in [4], .5.5, the Gl'cene

Plesser constrllction can be interpretcel in tenns of the polar elllality of reflexive

si'rnplices. The I11a,in purposc of this scction is to vcrify thc l11irror dllality of all

string-theoretic Hoelge nUl11bers for this construction.

Frotn now on, we aSSlune that .ß and .ß'" are d-elirnensiona,l reflexive sin1plices .

....,Ve shall prove Conjccture 7.4 for ~-I'egulal' Calabi-Yau hYPcl'surfaccs in P ~ anel

P ~'"' (....,Ve renlind that, for this kind of hypersurfaces and for cl = 4, Conjecturc 7.4

was proveel in [:36,4).)

Definition 8.1 Let e be a k-din1ensionallattice sin1plex. vVc denote by S'(8; llv)

the S-polynornial of thc (k +1)-diI11ensiona.I abelian quotient singulari ty defined by

e. 'vVe denote the corresponding finite abelian subgroup of S'L(k + 1, C) by G'e (in

the sence of §4,.5).

Dur 111ain staten1cnt is a.n innnediate consequence of the following:

Theorenl 8.2 Let. Z f be a ~-regu/(lr Calabi- Vau hypeTS"lI,",jace in P ll' Then

- 1 ~ . d 1 'I,d - I
Est(Zf;u:v) = -5'(ß'";uv) + (-1) - -S'(ß;ll- v)+

HV V

+
1Sdim 0Sd-2

. ('lldiIll8 _ _ )
(_l)dnnO-l -V-S'(0;11,-I V)' S(O'";llV) .
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+

Ineleed, if we apply Theorcln 8.2 to thc dual polyhcdron 6.*, then we gct

I d
- ~ . d I U ~ I

Est,(Zg; 'Il, v) = -5'(6.; uv) +(-1) - -5'(6."; u- v)+
uv v

(-1 )dim rr -I (udim
o· S-'(O- -I) S~'(O ))v j ; U v . j ; tlV .

I ::;dim o· ::;d-2

O· Cf},·

Now the required equality

Est.(Zj;U,v) = (-u)cl-IEst.(Zg;'ll-I,V)

follows evidently froll1 the l-to-I COlTcspolldcnce 0 H 0* (1 ~ di 111 0, diln 0" ~ d - 1)

and fro1l1 the property: dim 0 + diln 0* = cl - 1.

For the proof of Theorelll 8.2, \....c lleed S01l1C preli 1l1inary facts.

Proposition 8.3 Lei. 0 be a face oJ 6. anti din1 0 2 1. Then

( UV - l)dimO _ (_l)dimO ,
E(Zj,Oi u, v) = + (_l)dltllO-1

UV

dim r>l

Proof. By [10], Prop. :3.9, the natural lnapping

Hi(Z ) -t Hi+1(T )c j,O c· 0

lldim r _

--8(7; 'li-lV)
V

is an iSOlnOrphisI11 if ,j > dill1 0 - 1 anel surjective if i = din10 - 1. ~10reover,

H~(ZJ,o) = 0 if·i < dinlO -I. 111 order to COIllputc thc mixed Hodgc struc

ture in H~im 0-1 (Z j,O), wc tlse the cxplicit descri ption of the wcight filtration in

H~imO-l(Zj,o) (see (2]). Note that if we choose a O-regular Laurent polyn0111ia.1 f
containing only dinl e+1 1l101l0l11 ials associatcd wi t;h vertices of 0 (such a polynolll iaJ

f defines a Fernlat-type hypcrsurface ZJ in Po), then the corresponding Jacobian

ring Rj has a IllonoIllial basis. Thus, thc wcight filtration Oll Hj can be describcd

in tenns of the partition of InonOlnials in Hj which is defined by the faces 7 C e. 1'0

get thc c1ailned forllntla, it suffices to identify thc partition of 1110nomials in RJ with

the hcight-partition of c1erllcnts of thc finite abelian group Ge C S' L( dinl 0 + 1, C)

ancl its subroups GT C (;0.

Anothel' way to obtain the salllC I'csult is to usc the fot'll1ulae of Danilov alld

Khovanskii (cL [10], §5.6,5.7) which (l,re valid for an arbitrary simple polyhcdron ~.

o
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Proposition 8.4 Lel 0 be a face oJ .6. an.d dinl e 2: 1. Then

S(B; l) = 1 + L S'(I}; t).

di1ll112:: I

1/CB

Proo/. It is similal' to tha.t of 6..5. o

Proposition 8.5 l'\le fix a face T C .6. and a face 1} C .6..) s"/lch thai: T is a face of

'1}*. Then.

L (-1 )dilll 0 = (-1 )dilll T1f T = 1)*

8, TC8C1/*

and

L (-] )di1ll8 = 0 11 T -# 1)*,

8, TC8C1/*

Proo/. 1f 1}* = T, this is obvious. For k := din1 'Il'" - di1l1 T > 0, the lllunber of faces

B Ar I . 1 0 .' I (dilll O-dim T) I' h I'C u, 101' W llC I Tee "} l 15 cqua to k ,t rClnalns to usc t e cqua Ity

L 7=0 (- ])i (~) = 0, 0

Proposition 8.6

~S'(6;uv) = (llv)d - 1
llV UV - 1

Proo/. Since

+ (
(av )dilllT •. - 1) _

. 8(1}; llv).
llV - ]

l(k. aß) = L (_I)d-l-di1l181(kB), für A: > 0,
O::;dimO::;d-l

anel the Euler nUlnber üf a (cl - 1)-diIncllsiünal sphere is 1 + (-1 )d-l , we übtain

(_l)d-I + (1 - i)P6.(t) (_l)d-l L (_1)dim8 Pe el) ,
O::;dim BSd-1

l.e.,

(_l)d-I + S(.6.;t)
(1 - t)d

(_-l)rI-l L (_l)dimO. S(O;t)
( I - t)dime+l'

O::;dimO::;d-l
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Applying Proposition 8.4 to both sieles of this equality, wc get

( 1)d-1 1- + (1 - l)d +
dilllT>1

,5'(7i t)
(l-t)d =

( _1)dim8
= (_l)d-1 L

' . (1 - -l)dim8+1 +
0:Sdim 8:Sd-1

+ (_l)d-l L (-] )dim8

O<dilll O<d-I
(l - I )dim 8+ 1 .

As the nunlbcl' of k-elilnensiona.l fa.ccs of ~ cquaJs (t~~) l wc havc

I (_l)dimO
(_l)d-1 _ + (_I)d-l '" =

(1 - t)d L.J (1 _ l)dimB+l
OSß~rl-1

1 d-l (-1 ) k (d + ])_ (_l)d-l _ + '" _
(l-t)d 6(1-t)k+l k+l

anel we can deducc that:

t d+1 -l
(

l)d _
(t _l)d+l

S'(~ ,t) '" ,5'(7: l) ~ S' (7, t)
( l-t)d + L.J (l~l)d + L.J (l-t)d =

dim T~d-l 1<dilll T<d-2- -

ld+1 - l_ (_])d _
- (t - l)d+1

+ L
dim()~d-l

L: S'(T, t)
+ dilllT~d-1 (1 - t)d +

L: S(T,t)
(1 - t)d +

I ~dilll T~d-2

+ (-1 )d-I L (-1 )dim ()

1~dilll 0Sd-2
dimT~l

(1 - t)dim()+l .

Thc tenllS containing ,5'(7, I), with elirn 7 = cl - J, have tohe sanlC contribution to the

right ancl left hand sielcs. The cocfficient of .5'(7, l) (1 ::; dinl 7 ::; cl - 2) in thc right

hanel siele of the last equa.lity is

(_l)d-l

dim O~d-2

(~1)ditIlO 1
(1 - t)dilllB+1

=



( _l)d
---'--- (td-diIllT - 1 - (cl - dirn 7)(t - 1)) .
(l- 1)d+l

Correspondingly, the cocfficient of ,5'( 7, I) (J ~ dim 7 ~ d - 2) in the Jert hand siele

eqlla.ls
d - "I - dirn 7

(1 - t)d

Finally, using din17 + dinl T* = d - 1: we obLain:

5'(~, l)
(1 - l)d

d l d+1 - l d ~, Cl d iIII T·+1 - t)
= (-1) (l- l)d+l + (-1) L 5(7, t) (t _ 1)d+1 .

1<T<d-2 .

o

Proof of Theorenl 8.2. By definition:

E(Zj.Bj1r,v) +
dim B;d-l

oe!:!.

+
1Sdilll Osd-2

Be!:!.

E(Zj,B; 'Il, v) . 8(0"'j uv).

Sllbstituting thc expressiolls which were found out in 8.:3 for the E-polynonlials

of thc above three SUlll1l1ands, wc get:

"

(Z ) ('ltv-I) d - ( -1) d ( ) d-1
~ j,6.; 'lt, v = + -1

uv

dirn B;;d-l

E(Zj,O;U,v)

dilll T21

(uv - l)dimB _ (_l)dimB

+uv

+ ( _1)diIllO-1

dim B=d-l

Be!:!.

:32
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and

l:SdimO:Sd-2

E(Zj,B; U , v) ·8(0*; llV)

I:S cl im B:Sd- 2

BC6.

('/lV - l)dimB _ (_l)dimB

+
UV

2: ( _l)dilllB-l 2:
lldim i' ~

2: 5'(17; 'Uv)+ --8(T;U- IV) 1+
V

I :Sdilll B:SIl-2 dilll T 2: I dilll 112: I

Be6. TeB 11eO·

Hence, Est ( Z j; U, v) can be wri tten as thc SUlll of thc following 4 tCl'1l1S Ei (i
1,2,3,4):

'UV

Ben

2: (_l)dimB-l

1:Sdim B dirn T> 1

and

(
(llV - l)dimB _ (_l)'limO)

uv
1:Sdim 8:Sd-2

OCn

dim112:1

E" = (-1 )dilll 8-1

1:Sdim B:Sd- 2

nco.

dillli'2: 1

Udim T ~

--S'(T; 'll-I v )
V

di1Il71~1



By 8..5, we can silnplify the 111111tiple SUI11lnation into a. single Stlln:

. (udim8
~ _ )(_l)dllllO-l -v-'-8(0; u-1v)' 8(0*; uv) .

1<dilll 8<d-2- -

OC6.

If we Inake USC of thc cot11binatoria.l idcntity

2:: a<!;mO =E('I: 1)ak
-

1 = a- 1 ((a + l)d+1 -1 - (d + l)a) ,

l:Sdim B

we obtain:
(U'/J - l)dilliB - (-'1 )dilllB

/IV

1$dilll 0

( )
(uv)d-1

= [UV(VV - 1)]-1 (VV)d+1 - 1 - (d + l)(uv - 1) + d(uv)-l = .
uv -1

By 8..5, we get

L (_l)dimB-l

1<dimB

OC6.

dilllT>1

It rClnains to C0I11pute E3 • As above for EI, we have

(llV - ] )dimB _ (-I ylimB

vv
1$diIll 0

Hence, by 8.6,

(uvylilll'f/* - 1

lLV - 1

(
(llV)dinl'f/O_l) ~ 1 - (uv)d-l
----.- 'S'("I;lLV)=-S(~*;'llv)- .

lLV - 1 uv 'uv - 1
1$dim t}$d-2

Finally, we get a.ltogether

_ 1 _ ud _

Est.( ZJ; 'll, v) = -S'(~ *; uv) + (_l)d-l -S'(~;v-Iv)+
uv v



+
I ::;dim BSd-2

(

, ditliO )
(_l)dimB-l _U-,5'(0; u-Iv)' .5'(0*; uv) .

v

o

Exan1ple 8.7 'Jlhe pola.r dua.li ty betwccn rcflexi vc sinl pliccs shows (cf. [4], Th n1.

5.1.1.) that the [al11ily of a,ll sll100th Calabi-Yau hypel'surfaces _.\d+l of degl'ee d + 1

in pd has as its 111 i!Tor pa.rt 11 Cl' t he one- pararneter fan1 i1y {Q d+ 1 ()..,) / G'd+ 1 }, w here

d d

Qd+t{)..,) ;= {[ZO:'" 1 Zd] E pd IL zt+ 1 - (d + 1).., rr Zj = O}
i=O j=O

denotes the so called Dwork peneil ancl Gd+1 thc acting finitc abe1ian group

d

G'd+1 := {(uo, .. . ,O'rI) E (Z/(d + l)Z)d+1 Irr O'j = l}/{sca.lal's},
i=O

which is abstractly isol110rphic to (Z/(d+ l)Z)d-l. 11hc 1l10duli space pI \ {O, 1, oo}

of {Qd+d)"')/Gd+1 }.\ can be describcd by 1l1eanS of the pal'alneter )..,d+l (cf. [21], §3.1,

[32], §5, and [3:3] §11).

Since Conjecture 7.4 is true for the case bcing undel' consideration, the quotient

Qd+1 ()"')/Gd+1 has the following string-theorctic Bodge nunlbers;

= ~(_ )i (d +1) ((]J +1- i)d +p) r
L..J 1. l + (J2p,d-l·
j=o 1. (

In particular, the string-theoretic Euler nUIllbel' is given by:

= _1_. ((_I)d+2 .dd+1 +1) -d-l.
d+1

11he first two cquali ties follow froll1 LcfschetJ~ hyperplanc scctioll theorCll1 allel fr0l11

the "four-tenn fornnda" (cL [22L §2.2 ). 'fhe thil'd one ca.n be obtaincel dil'cctly by

C0I11puting the (d - 1)-th Chern dass of --\d+l'
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