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ON POINCARE SERIES ON Sp,,

Andrzej Dabrowski

Introduction

In this paper we compute the Fourier-Jacobi expansion of (holomorphic) Poincaré
series on the Siegel modular group I'y, = Sp(m,Z). The case of I'; was treated in
[Kol], where also the possibility of generalisation to Iy, was indicated.

Let’s briefly describe the main result of this paper. Given even integer £ > 2m,
and T a positive definite symmetric half-integral (rm, m)-matrix, we denote by Py T
the T** Poincaré series of exponential type and of weight k¥ on I';,. Now fix a
decomposition m = n 4+ r of m into sum of two integers n,7 > 1. Then we show
(Theorem, sect.3) that the Fourier-Jacobi coeficients of P 7 can be written as an
infinite linear combination of Jacobi-Poincaré series P7™" and P7™" on the Jacobi
groups F,{‘r and I’ ,f . respectively; the coefficients of these combinations involve the
Fourier coefficients of P%™" only.

In preliminary section 1 we recall some basic facts about Siegel- and Jacobi-
Poincaré series. In section 2 we compute the Fourier expansion of some Jacobi-
Poincaré series; we use it in an appendix to justify the change in order of summation
made in the proof of main result. As an application we give, in case m = 2n, n = r,
an explicit description of the adjoints w.r.t. the Petersson scalar products of the
maps which send a Siegel modular form to its various Fourier-Jacobi coeflicients
(sect.4).

We hope that our results will have some further applications as suggested by W.
Kohnen, namely to the problem of meromorphic continuation of non-holomorphic
Siegel-Poincaré series and to improve the estimates for the Fourier coefficients of
Siegel cusp forms.

The starting point for this paper is the coset decomposition for I'm oo \ I'n given
by S. Bécherer [Bol,2].

. Preliminaries on Siegel- and Jacobi-Poincaré series
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Notations

For a commutative ring A4 with 1 we denote by A9 the set of (p,q)-matrices
with components in A.

The transpose of a matrix X will be denoted by X*. For matrices X and YV (of
appropriate sizes) we set X[Y] :=Y*'XY.

If X,Y € R are symmetric we write X > Y if X — Y is positive definite.

If Z € CPP) we set ¢(Z) := e2™ 7(2),

Typeset by AapS-TEX



We write Si(T';n) for the space of Siegel cusp forms of weight k € Z on I',.
1. Preliminaries on Siegel- and Jacobi-Poincaré series

We start with recalling some facts about Jacobi groups and Jacobi and Siegel
forms. For details the reader is referred to [Kli], [Zie].

Throughout the paper we fix natural numbers m,n,r with m =n +r.

Let Hy, = {Z € C'™™)|Z = Z*,Im(Z) > 0} denote the Siegel upper half-space

t

of degree m and let T',, = Sp(m,Z). We usually write Z = (: f_,) with 7 €
Hyp_r, 7' € H, and z € C{»™=7)  The natural action of I',, on H,, is denoted by
(é g) (Z) = (AZ + B)(CZ + D).

Fix an even integer £ > 2m + 1 and a positive definite symmetric half-integral
(m, m)-matrix T

Let A C TI',, be the subgroup consisting of matrices of the form (lm S )

0 1,
with § € Z(m™) and St = S.
Let

(1) Por(Z):= Y j(v:2)*e(Tv(2)), (Z€Hn)
YEA\T

be T** Poincaré series of weight k on I',,. It is absolutely uniformly convergent on
compact subsets of H,,,. Also it is well known that Py 7 € Si(Tn).
We consider the Heisenberg group

H,, := {((,\,p),n)lz\,,u e RT™ ke R, 4 pat sy-mmetric}
with group law
(sp)sr) - (A 1), 8"y = (A + Np+ )k + 6T+ A" = ).

The group Sp(n,R) acts on H, , from the right by (M, u), k) o M = ((A, )M, K).
The Jacobi group is by definition the semi-direct product

Gy, = Sp(n,R) x Ha
The mapping
b pu

(2 9) @m) =

with (A, i) € R x RU™) given by

ety = o (¢ 8)
’ ’ c d

d =N
0 1.

o0 >a
oot o
=
=



defines an embedding Gy . = Sp(m, R).
We will denote by M7 the image of M € G} . under this embedding.

t

Let Z = (: j_,) € H,,. Then

@ (¢ D) @= (e rdn ),

with
b
d) € Sp(n,R)
and

t t 14
A1 _ T 2P+ TA b
B '@ = (3o g en i e

where ((A, ), %) € Hy ,

Set I‘;{,r =G} ().
We denote by Ji'yf, . the (finite-dimensional) linear space of Jacobi forms of

weight k € Z and index a positive definite half-integral matrix M of size r on T'] .
It is Hilbert space under the Petersson inner product

<fg>= [ Flr, )30, 2) det(v)te= ™M™ W lqy],
F.I'II r\Hn xc(r,n) '

where
T =u+iv, z =z +iy and dV,] | = det(v) """ dudvdzdy.
Define the T** Poincaré series of weight k on I'JT, by

(4) PMET(Z):= Y i(1,2)*e(Tv(2), (Z € Hy)
‘7€A\Fﬂ,Tr

It is absolutely uniformly convergent on compact subsets of H,, [Ko02]. One can
cusp

prove that Pd‘;‘r € Ji Mo,

Set
F:,oo = Fn,m/{ifzn}

Then the elements ((A,0),0)T AT, where A € Z(m—"" M € I'f o\ Tr, form a
complete set of representatives for A\ T'1,. :

Hence

¢ $
(5) PlET(2)= > (MY, Z)" e (T(IO A ) MT(Z))

17"'—7'
MEDT \T,, A€Z(n )



where

b U'-l 0
U»——)U._(O U)

denotes a monomorphism GL(m,Z) — Sp(m,Z).

2. Fourier expansion of Jacobi-Poincaré series
Notation: we put, forn’ <n
Ty v i={M € I'n/|Cym has mazimal rank}.

The purpose of this section is to compute the Fourier expansion of the series
6.) P)m"(Z) = ot z)y e (T (N ﬂMT Z
(6.) P7"(2) = > i) e (T 1) MYZ)

MGF:J'm\Fn',tr AZimr)

We use similar arguments as in [GKZ], [BoK]|, where particular cases were treated.

Proposition 1. The series P;‘;"r’*(Z) has the following Fourter ezpansion

(7)
PR T(2) = e(MT') > 9t ry(N', R))e(N' + R'z)
N'e Z(n,n), R e Z(n,r)
N'— M“[-Rz;t] >0

where

Gintin (N R o= in =50 g~k det( M)~ %

r—hk—1

- det(c)* 7" det ((N - M‘l[%])(N' — M—l[%})_l)

> HuoN,RN',R)
c: det(c)#0

<

kg (2 ((N - MV - [5,’—1))

and

Hyr o N,R,N',R') := det(¢)™ 77! Z ec ((Mz + Rz + N)j+ N'y + R'z)
z(¢), y(o)*

ceg(R'MTRY)



18 a Kloosterman-type sum
(here z resp. y run over a complete set of representatives for Z(™7) [cZ(™7) resp.

(Z(7'\n) g (n'in) )y

and
1C+oco iC+oo ”
Je—g-1(X) = / j det(s)T Fezp (tr X(s —s71))ds
iC—~co tC =00
13 a generalized matriz Bessel function.

1 R
N' 5

Remarks 1. Given T = ( R ), N',R', M as in the Proposition, the con-
2

dition N’ — M~} 52'—] > 0 is equivalent to T > 0 as follows from the Jacobi
decomposition

v )= (Y 8 (ke O]
o) U T T ) (L 1))

2. Ji—z-1(X) is essentially the matrix Bessel function considered in [Her].

Proof (of Prop.1): First, from (2) and (3) we deduce the explicit expression

(8)
PR T (Z) = e(MT) 3 det (cr +d)™*

b
(a €rt, \T..,, AgZm")
¢ d)STee

-e(N(at +b)(cr +d)™" + Rz(er + d)~!
+ RAM(ar + b)(er + )™ + M(ar +b)(er +d) 7' [N]
+ 2)\‘::114(01' + (1)"1 _ Mc[z‘](cr +a’)"1) :

here we identify X € Sp(n’) with its image in Sp(n) via

a 0 b 0

a b 01 0 0
(c (I)H c 0 d 0
0 0 0 1

Also note the following identities
(a) (a7 + D)(er + d)™F = ac™! — (er +d)t e}
(b) tr (z(cr + d)" + Mar + D)(cr +d)™') =tr ((z = A7) (e + &)™ + Aac™!)

(c) tr (M(ar + b)(cr + )7 [N + 2N 2M (cr + d) ™! = Mc[2)(er +d)7!) =



tr (=Mc(er + d)™ [z = Ac™!] + Mac™![)\Y))

Replace (d, \) by (d+ca, A+ ¢3), with the new d and A running over a complete
set of representatives for (Z("""‘)/CZ(""“')) resp. Z(™7 [cZ(™") and o € Z(n'\n)
B € Z(™". We obtain, for ¢ with det(c) # 0, the contribution

e(MT") Z Z det(c)~*det(r + c7'd + a)”*

c: det(e)#0d(c)* M), a€Zin -0}, BeZ(n?)

ce(=M(t + ¢+ @)z = AT = 8] + Mac™ M)
ce(R((z =A™t = B)c~Hr + c7Md+ a)™! + dac™1)))

e(N(ac™' —c7¥r+cld+a)™))

(9) =e(Mr') Y det(c)™* > e ((M\']+ RN+ N)d)

c: det{c¢)#0 d(c)*, Ale)
Fratevr) (T+ 7z = A7)

Here

Sk,i\d,c;(N,R)(Tv Z) = Z det(T + a)_'k € (_JVI(T + a)—l[z - ﬁ])
agZir’' n') geZin.r)

e (=N ¥ (r+a) ' + R(z = B)c 1 + a)™")

The latter function has period 1 in 7 and z, hence an expansion:

> v(N',R') e(N'r + R'z)
N’rez(ﬂ,n)| R:Ez(n.r)
where
1C) +o0 iCy+oo iCotco 1C2+o00
y(N',R) :3/ / det(r)~* e(—N’r)/ /
iCl—OO iC1 —QQ iCQ—OO fCQ—OO

ce(=Mr )= Ne™*77' + Rze™'v7! = R'z) dzdr

We substitute z — z + M1 Rlc™! — %1\4_1}2" 7. Then the inner integral becomes

ere (~R'M7'R') e(N'r) e ((M" [thl — N)e 2l g (M'l[%] - N’)T)

iChyto0 iCa+o0
/ ] e(—771M|[z]) dz

Ch—o0 Ch—oo
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The latter integral is standard and equals det(M)~%det (5)? (cf. [Fre, p.21]).

Hence we find

. " tCy1+o00 iCy1+o00 ™5
v(N',R") = 2'!det(M)"Zegc(—R'M-lR‘)_/ f det (:) det(r)™*

fC1 -_0 Cl—oo

t /*
i ((M_l[%] h N)C_2T_l + (M_I[T] - N’)T) dr
If N"— M-][%i] > 0, we make the substitution

r=ic"! ((N - M“[%])(N’ - M‘ll%’])) % s

We get:

(10)
~(N',R') =278 det(M) ™ Fege(—R'M ' R*) il "1 ~Mndet ()~ 51

r k 1
t rt TITITI LG+ iC}+oo
- det ((N — M E v —M“[R?])“) / /

Ci—oco Cl=o0

- exp (271' tr(((N - NI-'[%])(N' - M_l[%]))%(s - s'l)))
- det(s)T*ds

Now, from the theory of the Laplace transform we obtain that the integral on the
right-hand side of (10) has the value

(2171')"2.]&-;-—1 (2« ((N - Mf_l[%t])(N’ - M—][%l)) ) )

hence

AN’ R') = nn=k=Dpnon®=5 o4 pr)= %
¢ r—‘;—{f
o Rt ' z
- det(c)* T det ((N — .M—l[—‘;-])(N' - M‘l[%—])_l)

. e(—R'l\'f—lRt) Jk—g.—l (2?" ((N - M_I[R%t])(N' - *M—l[%i])) 2)

This proves (7).



3. Fourier-Jacobi expansion of Poincaré series on Sp,,

In this section we show that the Fourier-Jacobi coefficients of Poincaré series
Py 7(Z) on I'y, can be written as an infinite linear combination of Jacobi-Poincaré
series on Jacobi groups I'; | and F;." n (recall we have fixed decomposition m = n+r
with n, r natural numbers).

A B
Then we have

RN
Lm0 ={(1(’)" 15 ) (v) Isezmm, 5=, UEGL(m,Z)}

Set

Pir(Z) = ¥ j ((U“‘)‘v, z) ~. (T (U‘")ﬂ 7(2))

UeGL(mZ), €l 1, co\['m

= >, 30 2) " e(TUH2))

’ UEGL(m,Z)| ')’ervn,m\rrn

For M = | ¢ b € Tpiy, 1 <n' <m, we put
¢ d
lm—u‘ 0 0 0
. 0 a 0 b
IVI e 0 O lyn-n' 0
0 c 0 d

Now we describe a set of representatives for I'm oo \ I'm.

Let ', | ».» C GL(m,Z) be the subset consisting of such matrices, for which

the blocks determined by the first n’ rows and n columns are of maximal rank.

We decompose T, as follows
T =Un—olmnn
with
Coonn ={M €T, |the first n columns of Cp are of rank n'}.

'y 00 acts on each 'y noor from the left. For M € Ty nonv let M™ denote special
representative in its I'), oo-class with the property

(*) C!"I"' e ((Caacﬁ) *) 1 ((Ca’cﬁ) c Z(n:‘na) v Z(n;,”_ul))

Om—u',u *



Let I'), . . be the subset of all M~ with the property (x).

One can check that
Fm,oo \ Fm,n,n’ = Gm,n’ \F?n',.l,;:

where

_ _{(Am Bum /
Gmun = {M_ (CM Dm) €Tlmo | DM € GL(m,n )}

with
6zimm)={vecrmaiv=(, * 1)}

Om—n‘,n'

Proposition 2. [Bol],[Bo2] A complete set of representatives for G \ T}, ,
13 given by {M‘V‘NT}, where M resp. V resp N run through a fized set of repre-
sentatives for T'ui oo \ Tnr s resp. GL(m,n')\T7; | . resp. oo\ s

Therefore we can write

(12) Per =Py + zn: PR
n‘=1
where
(13) PIN(Z) = > Y (N, 2)re (TIVINT(2))
UeGL(m,Z) (N}
and
(14) PIF™(2) = > Yo JMYVEINT Z)re (TIUIMAVENT(Z))

UeGL(m,Z) {M},[V},{N}

and M resp. V resp. N run through a fixed set of representatives for Iy oo \ T'n/ 1«
resp. GL{m,n' )\ T, resp. I'roo \ T

i
m,n.nf

First let’s consider P .
kT

Set
~  _ 1, 0 (n,r)
= {e(% 2) 1reann]
I, 0\/-1, 0 (nr)
=5 n) (o 0) nezen)

Write U = U Uy with U; € T, o, and Uy € GL(m,Z)/T7 . .. We obtain

(15) Pir(Z)=2% > (N, 2)7*

{Ur} agzlnn) (N}
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Jewn (3 Dwren vz (0 (7 1 )]

Now using the following identity

w(sl( 7"y JIMHE)) = r(S(-M)1(2)

(M € Sp(r,Z), S € RI™™ symmetric)
and (5), we obtain

(16) PrUZy=2% > > Ntz

{U1} AeZirim) NeTF  \T,

%
.e(:r[Ul](lor 1’1) N(2))
=2 > Py ri,(2)

U EG'L(m,Z)/l"r";'.',luo

.
Now let’s treat P 0™ .

For Z € H,, we set

/\,n' i O ln'
z T Z[(lm—n' 0 )]

Lemma. We have the following identities

) SORVINZ) = de v ,2) 508, vN(E) | (O )]

(i) itz [0 )] = ot 20

(iii) tr(S(i ?)ﬁi\/fi(Z))ztr(S’\'"’(é );YMT(Z))

Proof: (i) follows from the cocycle relation for j(-, Z) and the observation that

(MY, 2)=§(M, 2 [(Omz:"-"’)] ).

(i1) and (iii) are simple calculations.
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Set

I = {i (10 11) IAe z‘r’")}
1, A -1, 0 (r,n)
U{:t:(o 1,.)(0 1n)|,\ez }

Using the Lemma, we obtain

an  Ppt@=2y > > itz

{U} aezlnm) (M} {V}{N}

(M, VINY(Z) Koml—:,n')])_k

' §
ery(Yy )0 ) i)
=23 Y Nt z)rplns L (VAN

{UY{V}{N)

where U resp. M resp. V resp. N run through a fixed set of representatives for
GL(m, Z)/F resp. yrooo \ [ resp. GL(m,n')\ T resp. I'r oo \ I'r.

mnn x

Now insert the Fourier expansion (7) of P, Jm'ir* - ond interchange the order of
k T‘[U]A R g

summation (see Appendix). We obtain
n r,n Jn' e
(18) - 22 Z gk'T[U]A,n’ (T,)

(U} * *
T( T[U]A'"‘[(”;;)l)”

SN, z) ke (VNI
{VIAN)

Do = {(10 f) IPGZ(”"’}

acts (from the right) on the set G, o \ T/,

The group

LT, TI *

Note also the identity

(T VY Z)) = t(T'[VY)2).
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Using above remarks, (18) can be rewritten as

(19)
Prpm(Z)=2) > gimpin(T')

{U} * *
(. T[U]A-"‘[("f;)l)”

2. 2.

VEGL(mn\T= [Tk o NETr oo\Ty, p€ZmT)

m,n,nf x

¢
ezt (2 ) N

2 5\ Do )| Pl

VEGL(m ' )\I7, . /T e T \{U}

Note that we use here the Jacobi-Poincaré series on I' ;" n
Now from (12),(16),(19) we obtain the following

Theorem. The Poincaré series Py 1 defined by (1) has the ezpansion

(20)

Per(Z)=2 Z PL‘_I";['{,I](Z) +
Ur€GL(m Z) /T

J,n',r,* J,T‘,ﬂ
2> > 2\ 2 GG (T ) P (2)
n'=1yeGLima N\l fTh.e T \{U)

m,n,n’ x

where U run through a fized set of representatives for GL(m,Z) /T2 and T' run
through all symmetric half-integral matrices of the form

= (: T[Ul“":[("?;')l) >0

4. Concluding remarks

In this section we will discuss some application of the Theorem. Namely, we will
give an explicit description of the adjoints w.r.t. the Petersson scalar products of
the maps which send a Siegel modular form to its various Fourier-Jacobi coefficients.
Recall that the case m = 2 was treated in [Kol].
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More precisely, let py @ Sk(T'm) = Ji'\f, . be the map which sends a Siegel

cusp

cusp form to its M** Fourier-Jacobi coefficients. Let p}s : Ji'sfp » = Skl

the adjoint map w.r.t. the Petersson scalar products.
First let’s state the following result.

Proposition 3. VF(Z) =3 rar(T)e(TZ) € S¢(I'm) one has

(i) < F, Py T >=c; det(T)_k+E_;ﬂ'ap(T)

where ¢, =7 lntn (4m) it - mk HT:] r (k - m2 U)‘
(i) Vo € J;‘";I’?n,r one has

Jr
< ¢, PL A:[,;N R) == Ak,r,n,M,N,R cg(IN, R)
where

Akron, M N R = 27 det(M)™ %det(d..N - M1 [Rt])-k-'-z— e

-Trnn— —ﬂ(L 2_{_n_-_{:l r)HF( _2+n+1—r_ll—1

2

=

Proof: (i) It is well known, cf [Kli];
(ii) Let ¢ € J('3f .. Then, by the unfolding argument, we have

< ¢ Plhiinm > = / \, xCrm) A7 2)en (T, 2)

. (let(v)" exp(—tr(dnMv[y')) dV,’

n,r

We choose
{(T,Z) e ]H[n X C(r‘")|0 S gy S 1, 7»,] = 1’ ey T U > 0,
0 S Tst S 1, s =.1,...,'I‘, t=1,...,n; Y€ ]R(":")}

as the fundamental domain for the action of I',{ -

Insertmg the Fourier expansion of ¢, we obtain

<& P viing > = cs(N,R) / / e~Am VD) get(y) k=2

. (/ 4T tr(Ry+v~ ' M[y* ])(1y> dv
Rrm)

27" det( M)~ ¥ det(v)Fe™ M TR

The inner integral equals

Fn) be
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Now, using the above and [Kli, p.88], we find
<O PIM N ry > = co(N,R) 27 det(M)™
. / i v(4N—vM'1[R'])det(u)k—§—2dv
v>0
n:t;—r

= cy 27" det(M)™ ¥ det(4N — MV[R])~FHE-

. "I"—ll_n(k_2+nil—r) = r{x—29 n+1-—-7‘_1/—1
T =1 T3 2

v=1
It proves (ii).

Now assumen = r, som = 2n. From (i) it follows that the T** Fourier coefficient
of p3s(9) is equal to

e et(TYF < p3(8), Pur >= et det(T)*~ "5 < ¢, pra(Par) >

Now use (ii) and (20); we find that the 7** Fourier coefficient of p3,(4) is expressed
as the sum of the following two terms. The first one has the value

cydet(M)~ 3 det(4N — M~'[RY])~*+1

> w(mwn(gh(} o) men(i))

Ui TIL(77))=M

for some constant ¢}’ depending on k.
The second term is equal to

det(M)™% > Ap7(T') det(4N — M™'[RY))7+3
T'>0

where Ap 7(T') involve the Fourier coefficients of certain of the Poincaré series on
['J  and the Fourier coefficients

(o)1 (9 §) T (S

and where [V ][(3)] = M.

Appendix

We show that the series

(21) S el (M 2) e (T 1 2))
yea\rJt, uv,T
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with U, V,T' as in the Theorem, is absolutely convergent. It will justify the change
in order of summation made in the proof above.

First, by the same argument as in [Kol] it is sufficient to show that for any C' > 0
the series

(22) Y RGN E (il - eap (=C tr Im(TVY yilm)) )
vea\ril,

is finite.

Let's brie fly sketch the proof.

Using (2) and (3) it is easily seen that (22) is equal to

(23) > S g3 i (T1)] - |det (ci + )~

@ b VT
M:( EF:m\Fr,pGZ("v')
c d

- exp (—C tr((cct + dd‘)’lT'[V'-ll[(I;)])) exp (—c tr(T'(V*"] (g (1)>))

g Q4
q € R g4 € R(M™, Then one has, for p € Z™7, ||p|| >y, 0

b
’ 1r det Q 1+—5—+¢
o (- ol ) < (Z)
Also, we have

Z e:vp(—tr(yQ[(1p> )( Z detyQ[( )]) ke

pez(""') Ez(n r)

K det(j;,r)l_’,:r*'E (

Fixe >0 Lety € RO y > 0and Q € RIm™ Q = (‘h Q2) > 0,

r—Fk
(let Q 1+"‘2'_+€
det ¢4

Now take
y=C(cct +dd), Q=T

We obtain that the sum (23} is

It ore det T'
< ¥ e @l (e
uv, T

+r;h+eemp (—c-tr(fr'[v"‘](g ‘1’)))

i,k € ' -1 0 0
< Z ](L]T[U]A AT - det(T W7 Ea e.rp( Cy - tr(T'[V' ] (0 1)))
uvT
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for some Cy > 0.

Now we use the trivial bound
|Hao(N,R,N', R")| « det(c)! ™%

the estimate
Je—g—1(X) € det(X)*7571 (det(X) > 0)

and Hadamard’s inequality
to give

— ¥

n',r« I INk— L = n' 0 -
(T < det(TV =5 det(TIUP [ )4 552,

Therefore the sum in (23) is

< Z det(T')‘f“*“det(T[U]A.n' [(0) ])—L-+L?2—"+1
uv,T 1

. ezp (—cl (T [V (8 (1’) ))

< Z det(T')’}"'fdet(T[U]A'"'[(0)])_"""—:"4'1
vv,rr 1

ezp (_02 det(((l] g) TV (8 ‘1)))1/"*) .

The latter can be written as

(24) > (Z det (T')"lf’f‘) ¢ k+ TR+ o= Caal/ ™

i, t>0

where the inner sum is over U, V,T" satisfying (20) and

det(T[UIM [(D]) =1,
det(((l) g)w'[v'“‘](g (1)))=u.

Now it is sufficient to show that the inner sum is < t“l"'*"'aﬂk, for some o, 3 € R.
The latter can be given by similar arguments as in [KKol]. Namely, first we have to
check that

t-a>det(T') f(V),

for f(V) some positive integer depending on V; then the inner sum in (24) will be

at
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We omit the details.

I would like cordially to thank Winfried Kohnen for suggestion this problem to me
and for helpful discussions. I also thank the Maz-Planck-Institut fuir Mathematik
in Bonn, where this work was done, for hospitality and support.
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