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CYCLOTOMIC POLYNOMIALS AT ROOTS OF UNITY

BARTLOMIEJ BZDEGA, ANDRES HERRERA-POYATOS AND PIETER MOREE

ABSTRACT. The n'" cyclotomic polynomial ®,, (z) is the minimal polynomial of an n*" prim-
itive root of unity. Hence ®,(x) is trivially zero at primitive n*" roots of unity. Using finite
Fourier analysis we derive a formula for ®,(z) at the other roots of unity. This allows one
to explicitly evaluate ®,(e2™/™) with m € {3,4,5,6,8,10,12}. We use this evaluation with
m = 5 to give a simple reproof of a result of Vaughan (1975) on the maximum coefficient (in
absolute value) of @, (x). We also obtain a formula for ®/, (e2™"/™)/®,, (*™/™) with n # m,
which is effectively applied to m € {3,4,6}. Furthermore, we compute the resultant of two
cyclotomic polynomials in a novel very short way.

1. INTRODUCTION

The study of cyclotomic polynomials ®, has a long and venerable history'. In this paper
we mainly focus on two aspects: values at roots of unity and heights. These two aspects
are related. In order to explain the connection we have to recall the notion of height. Let
f(z) = ap + a1z + asa® + ... + agz? be a polynomial of degree d = deg f. Then its height
H(f) is defined as H(f) = maxo<j<q|a;|. Now if z is on the unit circle, then for n > 1 we
obviously have

S > o<j<d lan()] S |Pn(2)] S | (2)]

(1) An = H(®n) 2 d+1 “om+1- n

where @, (x) = Z?:o a,(j)z? and d = deg ®,, = ©(n), with ¢ Euler’s totient function. This
inequality shows that if we can pinpoint any z on the unit circle for which |®,,(z)] is large,
then we can obtain a non-trivial lower bound for A,, (cf. Bzdega [3]).

In this paper we show that there is an infinite sequence of integers n such that |®,,(z,)| is
large, with z, an appropriately chosen primitive fifth root of unity. It is easy to deduce (see
the proof of Theorem 33) that for this sequence loglog A, > (log2 + o(1))logn/loglogn as
n tends to infinity, which reproves a result of Vaughan [17]. The infinite sequence is found
using Theorem 1, our main result.

We evaluate ®,,(e2™/™) for m € {1,2,3,4,5,6} and every n > 1 in, respectively, Lemmas
4,7, 23, 24, 28 and 25. For m € {1,2} these results are folklore and we recapitulate them
for the convenience of the reader. For m € {3,4,6} the results were obtained by Motose [14],
but they need some small corrections (for details see the beginning of Section 5). We reprove
these results using a different method which has the advantage of reducing the number of cases
being considered. Using a computer algebra package we verified our results for n < 5000. We
note that the field Q(eQ’”/m) is of degree at most 2 if and only if m € {1,2,3,4,6}.

Our main result expresses ®,(&,), with &, an arbitrary primitive m®* root of unity, in
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Even involving poems, e.g. I. Schur’s proof of the irreducibility of ®,(z) set to rhyme [5, pp. 38-41].
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2 BARTLOMIEJ BZDEGA, ANDRES HERRERA-POYATOS AND PIETER MOREE

terms of the set of Dirichlet characters modulo m. This result allows one to explicitly evaluate
®,, (&) also for m € {5,8,10,12} (values of m not covered in the literature so far).

Theorem 1. Let n,m > 1 be coprime integers. By G(m) we denote the multiplicative group
modulo m and by G(m) = Hom((Z/mZ)*,C*) the set of Dirichlet characters modulo m. For
all x € G(m) let
Cylém) = > Xl(g)log(1 —&5,),
geG(m)
where we take the logarithm with imaginary part in (—m,7]. Then

D) = exp @(1m) S O [0 - x0)

xeG(m) pln

The theorem is especially easy to use if @(m) only consists of the trivial and quadratic
characters. This occurs precisely if (Z/mZ)* is a direct product of cyclic groups of order two.
It is elementary to classify those m and one finds that m € {1,2,3,4,6,8,12,24}.

A variant of Theorem 1 for @/ (&,,)/®n(&n) is also obtained (Theorem 31). It is used to
evaluate @) (£,,)/ P (&) for m € {3,4,6}.

Kronecker polynomials are monic products of cyclotomic polynomials and a monomial. For
them some of our results can be applied (see Section 8).

A question related to computing ®,(&,,) is that of determining its degree as an algebraic
integer. This was considered in extenso by Kurshan and Odlyzko [9]. Their work uses Gauss
and Ramanujan sums, the non-vanishing of Dirichlet L-series at 1, and the construction of
Dirichlet characters with special properties.

2. PRELIMINARIES

We recall some relevant material on cyclotomic fields as several of our results can be re-
formulated in terms of cyclotomic fields. Most books on algebraic number theory contain a
chapter on cyclotomic fields, for the advanced theory see, e.g., Lang [10]. Furthermore we
consider elementary properties of self-reciprocal polynomials and the (generalized) Jordan
totient function.

The results in Section 2.6 and Lemma 14 in Section 2.7 are our own, but given their el-
ementary nature they have been quite likely observed before. The proof of Theorem 9 is
new.

2.1. Important notation. We write double exponents not as a®’, but as (@) b in those
cases where we think it enhances the readability.

Throughout we use the letters p and g to denote primes. For a natural number n we will
refer to the exponent of p in the prime factorization of n by v,(n), i.e., pr(™ || n.

A primitive n" root of unity is a complex number z satisfying z” = 1, but not zfl =1
for any d < n. We let &, denote any primitive n*” root of unity. It is of the form ¢ with
1<j<n, (j,n)=1and (, = >/,

2.2. Cyclotomic polynomials. In this section we recall some material on cyclotomic poly-
nomials we will need later in the paper. For proofs see, e.g., Thangadurai [16].
A definition of the n** cyclotomic polynomial is

(2) O, (2) = II @-¢)ech.

1<j<n, (jn)=1
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It is monic of degree ¢(n), has integer coefficients and is irreducible over Q. In Q[z] we have
the factorization into irreducibles

(3) " —1= H Dy(x).
dln
By Mobius inversion we obtain from this that
(4) &, (2) = [[(* = /D,
dn
with p the Mobius function.
Lemma 2 and Corollary 3 summarize some further properties of ®,,(z).

Lemma 2. We have

a) (I)pn(x) = (I)n(xp) ifp ’ n;

b) ®pp(x) = p(al)/Pn(z) if ptn;
¢) ®p(z) = 2™, (1/x) forn > 1.

Corollary 3. We have

(=1)¥M Dy, (z)  if 21 n;
Pn(—2) = § (=17, po(x) if 2| m;
,,(x) if 4| n.
2.3. Calculation of ®,,(£+1). The evaluation of ®,(1) is a classical result. For completeness

we formulate the result and give two proofs of it, the first taken from Lang [11, p. 74].

Lemma 4. We have
0 ifn=1,;

Pn(1) =qp if n=p
1 otherwise,

with p a prime number and e > 1.

Proof. By (3) we have
" =1
() = [ u).

rz—1
dn, d>1
Thus
(6) n= [] @)
dln, d>1

We see that p = ®,(1). Furthermore, p/ = ®,(1)®,2(1)---®,s(1). Hence, by induction
®,7(1) = p. We infer that [J,cq 4, Pa(l) = n, where Q is the set of all prime powers > 1.
Thus for the composite divisors d of n, we have ®4(1) = +1. Assume inductively that for
d | n and d < n we have ®4(1) = 1. Then we see from our product that ®,(1) =1 too. O

The reader might recognize the von Mangoldt function A in Lemma 4. Recall that the von
Mangoldt function A is defined as

An) = logp ifn :1')6, e>1;
0 otherwise.

In terms of the von Mangoldt function we can reformulate Lemma 4 in the following way.
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Lemma 5. We have ®1(1) = 0. Forn > 1 we have ®,(1) = M),
We will give a reproof of this lemma in which the von Mangoldt function arises naturally.

Proof of Lemma 5. By Mobius inversion the identity (6) for all n > 1 determines ®,,(1)
uniquely for all > 1. This means that it is enough to verify that logn =3_;,, 4., A(d) for
all n > 1. Since A(1) = 0 it is enough to verify that logn = }_;,, A(d) for all n > 1. This is
a well known identity in elementary prime number theory. O

The Prime Number Theorem in the equivalent form > __ A(n) ~ x yields in combination
with Lemma 5 the following proposition.

Proposition 6. The Prime Number Theorem is equivalent with the statement that
> log(®n(1)) ~ z, & — oo
2<n<zx

In a similar vein, Amoroso [1] considered a variant h of the Mahler measure and established
that the estimate h([], -, ®,) < x'/?*¢ for every € > 0 is equivalent with the Riemann
Hypothesis.

n<x

2.4. Calculation of ®,(—1). Once one has calculated ®,,(1), the evaluation of ®,,(—1) fol-
lows on invoking Corollary 3.

Lemma 7. We have

-2 ifn=1,;

0 if n=2;
@, (=30 I

p  ifn=2p%

1 otherwise.

with p a prime number and e > 1.

Remark 8. It is also possible to prove this lemma along the lines of the proof of Lemma 4,
see Motose [14].

2.5. Cyclotomic fields. Several of the results in this paper can be rephrased in terms of
cyclotomic fields. A field is said to be cyclotomic if it is of the form Q[x]/(®,,(x)) for some
m > 1. It is isomorphic to Q((,,) which is the one obtained by adjoining (,, to Q. It satisfies
[Q(Gm) : Q] = deg @, = p(m) and has Z[(,,] as its ring of integers.

A field automorphism o of Q((,,) is completely determined by the image of (,,,. This has
to be root of unity of order m and hence o((y) = ¢, with 1 < 5 < m and (j,m) = 1. It
follows that Gal(Q((,)/Q) = (Z/mZ)* and that the norm of an algebraic number « in Q((,)
satisfies

(7) No(em) /o) = 11 oj(a),

1<j<m,(j,m)=1

where o; denotes the automorphism that sends ¢, to (7. It also follows that ®,,(x), the
minimal polynomial of (,,, satisfies (2).

Let (j,m) = 1. We have ®,,(¢h) = Pn(0;(Gn)) = 0j(®n(¢n)) and so in order to compute
®,,(¢h) it is enough to compute ®,,(¢,,). In particular if and only if one of the values ®,,(¢,)
is rational, then all of them are equal.

Let k be an integer. On combining (7) and (2) we infer that

(8) NQ(Cm)/Q(k - Cm) = (I)m(k)
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The resultant of two monic polynomials f and g having roots ag,...,qx, respectively
B1, ..., 0 is given by
k1 k
=111 = 8) =] 9(e).
i=1j=1 i=1
In particular it follows from (2) that
9) p(@m, @)= J[  ®u(d)

1<j<m, (4,m)=1

E. Lehmer (1930) [12], Diederichsen (1940) [7], Apostol (1970) and Louboutin (1997) [13] all
computed the resultant of cyclotomic polynomials (see also Sivaramakrishnan [15, Chapter
X]). More recently Dresden (2012) [8] gave yet another proof. Here we present a very short
new proof.

Theorem 9. Ifn >m > 1, then

pe(m)  f n/m = pF for some prime p and k > 1;
p(Pn, Pm) = :
1 otherwise.

Proof. Assume that n > m > 1. Then there exist a prime p such that v,(n) > vp(m). Put
n = Np® and m = Mp/ with p{ M, N. Obviously e > f > 0.

Note that by the Chinese Remainder Theorem every primitive residue 7 modulo m can be
uniquely written as

j=ap’ +bM (mod m),

where a and b are primitive residues respectively modulo M and p/. We will use this fact.
In order to make the notation shorter we will write Hj, [I, and [], for the product over
primitive residues respectively modulo m, M and pf.

First we consider the case M # N. We have

jpe=!
p(Dp, @1) H(I) () _H(CMpf):H(I)N()

e (Gl ) en(cr ")
e— e f)
(I)N ap c+bMp f) (I)N( ap ) W(p
_IZIH ape T bMpe—I— 1) = H(I)N(Capel) =1.

For M = N we need to replace the quotients by their limits. Using the ’Hopital rule and
the substitution j = ap/ + bM, we obtain
Do) = tim 2N eeor) P(GiF)
D, B M @f(ap“)
After taking the product over all primitive a modulo m, the derivatives cancel out. So for
M = N we have

a m © f a @ m
p(D, D,,) HH (p¢aetP)y = pelm) ¢oPIED 2a _ pip(m)

where we used that M | > a for M > 2. If M = 2 then 3y = —1, p > 2 and p(p°) is
even. ]

Corollary 10. Let n > m > 1. The algebraic integer ®,((p) is not a unit in Z[(y,] if and
only if n/m is a prime power.
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2.6. Self-reciprocal polynomials. A polynomial f of degree d is said to be self-reciprocal
if f(x)=a2%f(1/x). If f(x) = —2%f(1/x), then f is said to be anti-self-reciprocal. Lemma 2c
says that ®,, is self-reciprocal for n > 2. Note that ®; is anti-self-reciprocal.

Lemma 11. Let f € R[z] be a self-reciprocal polynomial Then for |z| =1 we have

f(2) = £[f(2)]=".

If f € R[z] is an anti-self-reciprocal polynomial, then for |z| = 1 we have

. f
f() = il f(2)|="5".
Proof. Let d = deg f. If f is self-reciprocal and |z| = 1 we have f(z) = 2%f(1/2) = 2%f(2).
Multiplying both sides by f(z) and taking the square root we obtain the first claim.
If f is anti-self-reciprocal and |z| = 1 we have f(z) = —29f(1/2) = —2%f(2) and the proof
is analogous. O

The behaviour of a self-reciprocal f and its first derivative at +1 is easily determined.

Proposition 12. Let f be a polynomial of degree d > 1.

Suppose that f is self-reciprocal.

a) We have f'(1) = f(1)d/2;

b) If 2td, then f(—1)=0. If2|d, then f'(—1) = —f(—1)d/2.

Suppose that f is anti-self-reciprocal.

a) We have f(1) = 0;

b) If 2| d, then f(—1)=0. If24d, then f'(—1) = —f(—1)d/2.

Proof. If f is self-reciprocal, then f(z) = z%f(1/z). If f is anti-self-reciprocal we have f(z) =
—2%f(1/2). Differentiating both sides and substituting z = 41 gives the result. O

The next result concerns the behaviour of self-reciprocal polynomials in roots of unity other
than +1.
Lemma 13. Let f € Z[z| be a self-reciprocal polynomial of even degree d and m € {3,4,6}.
—d/2 : .
Then &n '~ f(&mn) is an integer.

Proof. For any m with ¢(m) = 2 the field Q(&,,) is quadratic. Hence we can write §;1d/2f(§m) =
a + b&, with @ and b integers. Since by assumption f is self-reciprocal we have a + b¢,! =

Y2 re-1) = 6,92 F (&) = a + béyy. Hence b= 0 and the result follows. O

2.7. The (generalized) Jordan totient function. Let k¥ > 1 be an integer. The k** Jordan
totient function is defined by
n
n) = Z M(E)dk

d|n
As J;. is a Dirichlet convolution of multiplicative functions, it is itself multiplicative. One has
—nk H
pln
Given a character x and an integer k > 0 we define

(10) Jk(x; ZM

d|n
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Since Ji(x;-) is a Dirichlet convolution of multiplicative functions, it is a multiplicative func-
tion itself. The next lemma demonstrates that it is an analogue of the Jordan totient function.
Recall that rad(n) =[], p is the radical, sometimes also called the squarefree kernel, of n.

Lemma 14. Let x be a character modulo m and k > 0 an integer. We have

k
= [T »"“ "x" H0"xp) - 1) = <ra§(n)> X <m§(n)> [T ) —1).

peln pln

If n is squarefree, then Ji(x;n) = len(p x(p) —1). If (m,n) =1, then

Ju(x;n) = kH(l—)

pln

Proof. The proof follows by the usual arguments from the elementary theory of arithmetic
functions. O

3. CYCLOTOMIC VALUES IN ARBITRARY ROOTS OF UNITY

Let us consider two positive integers n, m with n > 1 and m > 1. In this section we present
general facts about the value ®,,(§,,). Clearly &, (&) = 0 if and only if n = m. Hence we
study the case n # m.

The next result is due to Kurshan and Odlyzko [9, Corollary 2.3]. We give a simpler reproof
of it (suggested to us by Peter Stevenhagen).

Lemma 15. Let n > 2. The cyclotomic value (&) is non-zero and real if and only if
m | ¢(n).

Proof. The number ®,,(&,,) is real if and only if ®,(&,) = @ (fm)

<I>
self-reciprocity of ®, we see that this is equivalent with ®,(&,) = &n'" ) (fm) which is
equivalent with n = m or m|p(n). On noting that n { p(n) and ®,(&,) = 0 if and only if
n = m, the proof is completed. O

n(&n'). By the

/—\

Lemma 11 shows that for n > 2 we have ®,(§,,) = i|¢n(§m)|£ﬁ(n)/2,

shows that the sign is given by (—1)?("/™") where o(z;n) is the number of positive integers
Jj <z with (j,n) = 1.

The next result

Lemma 16. Write &, = Qjﬁ. For n > 2 we have ®,(&,) = (—1)50(”j/m§”)](I)n(fm)\gfl(”)/z

Proof. Let us consider the function g(t) = e~ #(™/2®, (e) with t € [0,27). The self reci-
procity of ®,, ensures that ¢(t) is invariant under conjugation and hence real. Note that g is
differentiable. Furthermore, the set of roots of g equals {27j/n : 1 < j < n,(j,n) = 1}. All
of the roots are simple. Since g(0) = ®,,(1) > 0 we infer that g(t) = (—1)¥"/Cmm)|p,, ()],
which by substituting ¢t = 27j/m yields the result. O

Corollary 17. Write & = Gh. In case @y (&) € {—1,1} for some n > 2, then we have
D (Em) = (—1)¢(”j/m§n)+jgo(n)/m'

Proof. Write &, = G If @y (&) € {—1,11, then @, (&) = (—1)#(i/mm)¢£(M/2 By Lemnma
15 we obtain that m | ¢(n). The result now follows on noting that fﬁ(n)m = (=1)f¢m/m O
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Lemma 18. Let us assume that there exists p = 1 (mod m) and k > 1 such that n = pFn’
with ptn'.

a) If n' #m, then ®,(&,) = 1.

b) If n’ = m, then ®,(&,) =p

Proof.
a) We have ®,,(z) = q)n/(xpk)/q)n/ (mpkil) due to Lemma 2. By noting that &5, = &, it follows
that
k
Dy (gfn )
n(lm) = — - = L.
P,y (fm )

b) We apply L’Hopital’s rule and obtain
k__ k
e 2, (Eh)

P g e " i

A version of Lemma 18 has already been stated by Motose [14, Section 4]. Nonetheless, it
contains a mistake since his lemma claims that ®,,(&,,) = 1 for case b).

Lemma 19. Let us assume that there exists p= —1 (mod m) and k > 1 such that n = pFn’
with ptn'.

a) If n’ =1, then ®,(&,,) = — ﬁn_l)k.

b) If n’ # m, then ®,(&y,) = fﬁ;l)%(n/). Furthermore, if n' > 3, then ®, (&) = fﬁ(n)ﬁ,

c) If n' =m, then ®,(&,) = —pé{l)k“’(m)_

Proof.
a) By (3) we have
k
-1
<I>pk(§m) = 75%971 T

_N\k
Assertion a) is easily established on noting that fﬁf = f,(n s

b) We have ®,(z) = &,/ (xpk)/q)n/ (:z:pkfl). In light of the self-reciprocity of ®,, we find that

o (657
o (67

Furthermore, if n’ > 3, then (n)/2 = p*~1(p — 1)p(n’)/2 = (—=1)*¢(n’) (mod m).
c) L’Hopital’s rule yields

P (&m) = = &({1)’%(71’)_

k__ k _1\k
ou(e,) = —PE U)oy )
T gl Ta@ ) e

Assertion c) follows on differentiating the equality ®,,(z) = 2¥"™®,,(1/z) giving rise to

& (DY) = DR =2 g (DM O

m
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4. THE VALUES - GENERAL METHOD

In this section we present a general method of computing ®,,(§,,). Our first step is to
reduce to the case where m is coprime to n. In order to do this, we write n = nino, where
ny = Hpeun, » *mpe is the largest divisor of n which is coprime to m. By the equations of
Lemma 2 and by an induction on ns we have

(11) ®(6mn) = ] By (€5)12/9).
d|n2
For small ny this formula is quite effective.

Therefore throughout this section we assume that m,n > 1 are coprime.

Proof of Theorem 1. Note that log(1 — &%) considered as a function d is periodic with period
m and so it can be treated as a function G(m) — C. It follows that

1
log(1 - &f,) = Z O (€m)x
XGG( )
We find that log ®,,(&), up to a multiple of 27, equals

Zu log 1 - Em) = So(l) Z Cx(fm)JO(X; 77,)

d|n xe@G(m)
The proof is completed by invoking Lemma 14 with k = 0. 0

Remark 20. A character y may be omitted if there exists a prime p | n for which Y (p) = 1.
In particular, the principal character may be omitted. It makes computing ®,,(&,,) using
Theorem 1 a less daunting task.

If we wish only to compute |®,,(&,,)|, then in addition we may omit all characters x satis-

fying x(—1) = —1, since for such characters we have
1 _ _ _ .
Cxlem) =5 > (x(9)log(l - &) +X(—9) log(1 - £,9)) € iR.
geG(m)

Corollary 21. Let (m,n) =1 and n > 1.
a) If n has any prime divisor q congruent to 1 modulo m, then ®,(&,) = 1.
b) If m € {3,4,6} and n has no prime divisor congruent to 1 modulo m then

B (bm) = = (6m) (= (=271,
Proof.

a) As X(p) = X(1) = 1 we have J[,,,(1 = X(p)) =0, so ®n(&m) = eV = 1.
b) Note that there is only one non-principal character x and that it satisfies x(—1) = —1.

Therefore JT,,,(1 —X(p)) = 29(") and Oy (&) = log(1 — &) —log(1 — &,1). Tt follows that
a(6n) = exp ( 0108(1 = &) ~ og(1 = X2 ) = () (-2,
as desired. 0

Corollary 22. Let m € {5,8,10,12} and n > 1 be coprime with m. Suppose that n has no
prime divisor £1 (mod m). Then

log @, ()] = (=1)* 71200 og |,
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where
14+&m if m = 5;
Ym = 1+&m+ &2 if m € {8,10};
L+&n+E+8 +&8 ifm=12.

Proof. The only non-principal character for which Cy (&) has non-zero real part is the qua-
dratic character x. We have RC, (&) = —2log |y, | and by Theorem 1

log [ (60)| = — 5 (log ) x(m) T[(1 —X(w).

pln

The assumption on 7 we made implies that X(p) = —1 for all p | n and hence y(n) = (—1)%®
and so [[,,(1 —X(p)) = 2¢(n), O

5. CYCLOTOMIC VALUES IN ROOTS OF UNITY OF LOW ORDER

In this section we apply the obtained results in order to easily compute ®,,((y,) for m €
{3,4,5,6}. For m € {3,4,6} these values have already been computed by Motose [14]. How-
ever, some of the results in Section 3 allow us to provide shorter proofs. For m € {1,2} the
computation is folklore and it was discussed in Section 2.3.

In [14], there are some inaccuracies. As we mention in Section 3 in part (1) of the first
lemma one has also to require that m # [. This oversight leads to the incorrect assertion in
Proposition 3 that if p =1 (mod 3) for some prime divisor p of m, then ®,({3) = 1. This is
false as ®3x(¢3) = p. A similar remark applies to Proposition 4, where ®4,x((s) = p, rather
than 1 as claimed. In the statement of Proposition 3 part (2) one has to read [ + k instead of
[+ k — 1. As the proof is carried out correctly, this is a typo. As consequence of the typo in
Proposition 3, the exponent in case (6) in Proposition 4 is computed to be | 4+ s + k instead
of [ +s+k—1.

5.1. Calculation of ®,(i). Lemma 18 and Lemma 19 reduce the number of possible cases.
Hence it is not difficult to establish the following result.

Lemma 23. We have ®,(i) = 1 except for the cases listed in the table below.

n D, (7)

1 i—1

2 i+ 1

1 0
4pF p

p]gf (—1)k+1i
2pk (—DFi
i, 25k | 1

Here p,ps and q3 are primes such that ps # q3 and p3 = q3 = 3 (mod 4). Furthermore, k and
[ are arbitrary positive integers.

Proof. The first three entries of the table follow by direct computation and hence we may

assume that n # 1,2, 4.

e In case 4 | n we have ®,(i) = ®,/5(—1) and, by applying Lemma 7, ®,(i) is seen to equal
p if n = 4p* and 1 otherwise.

e In case 4 1 n, we separately consider three subcases:
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a) The integer n has a prime factor p =1 (mod 4).
By Lemma 18 we have ®,(i) = 1.

b) The integer n is odd and has no prime factor p =1 (mod 4).
Thus we can write n = g7 - - - ¢&* with ¢; = 3 (mod 4) and e; > 1 for every 1 < j <r.
By Lemma 19 it follows that ®,(i) = (=1)*i if r = 1, ®,(i) = —1 if »r = 2 and
®,,(i) = 1 otherwise.

c¢) The integer n is even and has no prime factor p =1 (mod 4).
Note that ®,(i) = ®,,/5(—4) = ®,,/2(i) and hence the result follows from subcase b).

Since we have covered all cases, the proof is concluded. O

5.2. Calculation of ®,((3).

Lemma 24. We have ®,((3) = 1 except for the cases listed in the table below.

n P (C3)
1 G- 1
3 0
3p" p
" -1/¢
3¢F —qC
a' g, r>2 | 1/¢
3" ...qpr, T>2] ¢

Here p # 2 (mod 3) is a prime. The integers q and qi,...,q- are primes congruent to 2
modulo 3 with r > 2 and q1,...,q, distinct. Furthermore, k and e1,...,e,. are arbitrary
positive integers and ¢ = (¢3)"(—1)% with s = Q(n) — w(n) = Q(n/rad(n)).

Proof. The first two entries of the table follow by direct computation and hence we may
assume that n # 1, 3.

e In case 9 | n we have ®,((3) = ®,/3(1) by invoking Lemma 2. This yields 3 if n is a power
of 3 and 1 otherwise.
e In case 9 1 n we separately consider three subcases:
a) The integer n has a prime factor p =1 (mod 3).
Lemma 18 yields ®,,((3) = p if n = 3p* and 1 otherwise.
b) The integer n has no prime factor p =1 (mod 3) and 3 { n.
Thus we can write n = ¢7' - - - ¢¢" with ¢; =2 (mod 3) and e; > 1 for every 1 < j <r.
We distinguish two cases:
r =1. By Lemma 19a it follows that ® e (¢3) = — ()N =1t = -1/¢C.

r > 2. On applying Lemma 19b we obtain ®,,((3) = (¢3)"(—1)**! =1/¢.

c¢) The integer n has no prime factor p =1 (mod 3) and 3 | n.
Note that ®,((3) = ®,/3(1)/®,/3(¢3) as a consequence of Lemma 2. Hence the result
follows from the subcase b) and Lemma 4. O

5.3. Calculation of ®,((s). In our computation of ®,((s) we make freely use of the fact
that —C3 = (5 '

Lemma 25. We have ®,((s) = 1 except for the cases listed in the table below.
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n P, (o)
1 G
2 G+ 1
3 2(g
6 0
6p" p
2¢" —(
64" —q/¢
qit...q¢ (different from 2 and 2q~) ¢
3¢5" ... ¢ (different from 6 and 6¢%) | 1/

Here p is 3 or a prime number congruent to 1 modulo 6. The integers q and q1,...,q, are
2 or primes congruent to 5 modulo 6 with r > 1 and q1,...,q, distinct. Furthermore k
and e1,...,e, are arbitrary positive integers and ¢ = ((3)"(—=1)% with s = Q(n) — w(n) =
Q(n/rad(n)).

Proof. The first four entries of the table follow by direct computation and hence we may
assume that n # 1,2, 3, 6.

e In case v3(n) > 2 we have ®,((s) = ®,,/3(—1), which yields 3 if n =6 - 3% and 1 otherwise.
e In case v3(n) < 1 we separately consider three subcases:
a) The integer n has a prime factor p =1 (mod 6).
By Lemma 18 we obtain p if n = 6p*¥ and 1 otherwise.
b) The integer n has no prime factor p = +1 (mod 6).
There are two possibilities:
i) n = 251 We have @,(s) = B,a(Cs) = —(Go) (—1)F = —C.
ii) n=6-2% We have ®,(Gs) = Ppn/2(G) = —2(¢)" (-1 = —2/¢.
c¢) The integer n has no prime factor p = 1 (mod 6) and it has a prime factor ¢ = —1
(mod 6).
There are three possibilities:
i) n = ¢*. Lemma 19a yields ®,,((s) = —(¢6)"(—=1)* = ¢.
ii) n = ¢*n’ with 1 < n’ # 6 and ¢  n’. Lemma 19b implies ®,,(¢s) = (¢6)((—1)Fp(n')).
Thus we have @4, (¢s) = —(. Let us assume n' > 2. Now we compute Cép(n ).
— 16340, then ¢f™) = £ = (¢)(~1)20) =44 and B, (Gg) = ¢,
— If 3 |/, then (2™ = £ = ()N —1)¥M)=w () and D, (Cg) = 1/C.
iii) n = 6¢F. We have ®,((s) = ®,,/3(—1)/®,,/3(Cs) = —q/¢. O

Lemma 26. Let m € {1,2,3,4,6} and n > m be integers. Then

p ifn/m= p¥ is a prime power;
|©n(&m)| = .

1 otherwise.
Proof. For m = 1, 2 the result follows by Lemma 4, respectively Lemma 7. So we may assume
that m € {3,4,6} (and so n > m > 3). Since deg®,, = ¢(n) is even for n > 4, it follows
by Lemma 13 that ®,((,) = C;fl(”)/ 2a, with a an integer. Letting the Galois automorphisms
of Q(¢m)/Q act on both sides of this identity we see that |®,(&,,)| is an integer that is

independent of the specific choice of &,,. The result now follows from Theorem 9 and the
identity (9). O

Remark 27. Lemma 26 can also be deduced from Lemmas 4, 7, 23, 24 and 25.
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5.4. Calculation of ®,((s5). We use Corollary 22 and Lemma 16 to compute ®,((5). One
can also compute ®,((y,) for m € {8,10,12} by a similar procedure. Nonetheless, the number
of possible cases significantly increases for those values of m.

Lemma 28. We have ®,((5) = 1 except for the cases listed in the table below.

n (I)n(c5)
1 G —1
5 0
5p’c P
T —(G) 1
il (G (=D ()
e | (-1 "/5"4’“’(" Lt G ()P
5711 A1) /CI) 1( )

Here p is 5 or a prime number congruent to 1 modulo 5 and q is a prime congruent to —1
modulo 5. The integers ni,ne > 2 are not divisible by 5 and verify

e p) £ 1 (mod 5) for every prime p' dividing ni;

e p) #Z +1 (mod 5) for every prime p' dividing ns.

Furthermore, k is an arbitrary positive integer.

Proof. The first two entries of the table follow by direct computation and hence we may
assume that n # 1, 5.

e In case v5(n) > 2 we have ®,,((5) = ®,,/5(1), which yields 5 if n = 5+1 and 1 otherwise.
e In case v5(n) = 0 we separately consider three subcases:
a) The integer n has a prime factor p =1 (mod 5).
By Lemma 18 we obtain p if n = 5p* and 1 otherwise.
b) The integer n has no prime factor p = 1 (mod 5) and it has a prime factor ¢ = —1
(mod 5). There are two possibilities:
i) n = ¢*. Lemma 19a yields ®,((5) = —(¢5)" (—1)*.
ii) n = ¢*n/ with ¢ {n}. Lemma 19b implies ®,(¢5) = (¢5)"((—1)Fp(n')).
c¢) The integer n has no prime factor p = +1 (mod 5).
Corollary 22 shows |®,,((5)| = [14¢5|" ((—1)2W+129()=1)  The value ®,,(¢5) is obtained
by Lemma 16.
e In case v5(n) = 1 we have ®,,((5) = ®,,/5(1)/ Py /5(C5) = eA(”/5)/<I>n/5((5). O

6. THE LOGARITHMIC DERIVATIVE f,(z) OF ®,(2)

In this section we consider the logarithmic derivative f,(z) of ®,(z). Thus

! (2
fn(2) = (log ®,(2)) = ‘I’ZEZ§
If we compute f,(&,), then we can use the value ®,(&,,) to obtain @/ (&,,). First, we
calculate f,,(£1) with elementary methods. Later, we apply the ideas presented in Section
4 to develop a general method for computing f,((,) when (n,m) = 1. Note that as a
consequence of (11) we can reduce the computation of f,((y) to the case when n and m are
coprime. Indeed for n = ning, where ny = HpeHn, mmpe, we have

(12) fn(m) = Z p(n2/d) fr, (ggz)

d|n2
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This method will be used to easily obtain f,((,,) for m € {3,4,6}.
Lemma 29. We have f,(1) = ¢(n)/2 forn > 1 and f,(—1) = —p(n)/2 for every n # 2.
Proof. The proof follows from applying Lemma 12 with f = ®,, and d = ¢(n). O
Corollary 30. We have

1 ifn=1; 1 ifn=2;
(1) = 9pp(n)/2 ifn=p%  u(=1) =1 —pp(n)/2 ifn=p%
w(n)/2  otherwise. —p(n)/2  otherwise.

Theorem 31. Let us assume that n,m > 1 are coprime. For all x € @(m) put

Eml &m
= Z

geG(m

ltn) =~ ¥ cx<fm>x<n>H<1—@>.

xeG(m) pln

Then

Proof. Logarithmic differentiation of (4) yields
Z n dZ
M 1 1— 24
d|n

The function £471/(1 — £2) of variable d can be treated as a function G(m) — C. Therefore
for all d | n we have

d—1
LS @)

1-¢&4 m)
&no e(m) <o)
Applying this to the above formula on f, we obtain
1 n 1
Fa(Gm) = =—— > exlém) Don()dx(d) = ———< Y ex(ém)ixn).
p(m) = d p(m) =
x€G(m) d|n x€G(m)

The proof is completed by invoking Lemma 14 with k£ = 1. 0

Corollary 32. Set m € {3,4,6} and n > 1 coprime. We have

f(sm>—2gf 1— (1) ’””&”Hp ,

where n_ is the product of the prime powers p* || n with p= —1 (mod m).

Proof. In case m € {3,4,6} there are precisely two characters: the principal character x; and
the non-principal character y2. A simple computation gives

1— -1 1 —1
Cx1 (&m) = 1 in; = _S;le sz(gm) = 1+%:1 ’
Theorem 31 yields
1 _
Fullm) = ”H _ _‘__égl)n)(z(n) T - X2;§p))’
pln " pln
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which is easily rewritten in the desired way by noting that ya(n) = (—1)%(-). O

7. THE RESULT OF VAUGHAN
We use Corollary 22 to give an alternative proof of the following theorem by Vaughan [17].

Theorem 33. Let A, denote the height of ®,. There exist infinitely many integers n for

which |

ogn
loglog A,, > (log2 1)) ———.
oglog Ay > (log 2 + of ))loglogn

Proof. Let x be large and n be a product of all primes p < x satisfying p = +£2 (mod 5). By
two equivalent versions of the prime number theorem for arithmetic progressions we have

X

1 = 1 ~ —

ogmn E ogp 9’
p<z, p=12 (mod 5)

respectively

X
w(n) = > 1~ TTons"

p<z, p=1+2 (mod b5)
It follows that loglogn ~ logx and so

(13) w(n)
as = (and hence n) tends to infinity. Recall that by Corollary 22 we have

log | €, (&5)| = (=2)“" " log 1 + &

One checks that there is a primitive fifth root of unity ¢ for which log |1 + ¢| > 0, but also
one for which log |1 4 (| < 0. Thus we can choose a primitive fifth root of unity z, for which
log |®,,(2,)| > 0. By Corollary 22 and the asymptotic equality (13) we infer that there is an
xo such that for all z > ¢ the corresponding n satisfies log |9y, (z,)| > logn. It follows that
for > x¢ (and hence n) tending to infinity the asymptotic inequality

logn
loglogn

P 1
loglog A,, > loglog <|n(zn)’> = (log2 + 0(1))ﬂ
n log logn
holds true, where the first inequality is a consequence of (1). O

8. APPLICATION TO KRONECKER POLYNOMIALS

A Kronecker polynomial is a monic polynomial with integer coefficients having all of its roots
on or inside the unit disc. The following result of Kronecker relates Kronecker polynomials
with cyclotomic polynomials.

Lemma 34 (Kronecker, 1857; cf. [6]). If f is a Kronecker polynomial with f(0) # 0, then
all roots of f are actually on the unit circle and f factorizes over the rationals as a product of
cyclotomic polynomials.

By this result and the fact that cyclotomic polynomials are monic and irreducible we can
factorize a Kronecker polynomial f(x) into irreducibles as

(14) fla) =a® ] ®ala),
deD
with e > 0, D a finite set and each eg > 1.
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Corollary 35. Let f be a Kronecker polynomial with f(0) # 0. Let k be such that ®% || f. If
k is even, then f is self-reciprocal, otherwise f is anti self-reciprocal.

Proof. Recall that ®; is anti self-reciprocal and ®, is self-reciprocal for d > 2. O
In light of Corollary 35 one can apply the results of Section 2.6 to Kronecker polynomials.

Proposition 36. Let f be a Kronecker polynomial with f(0) # 0. Then

a) f(1) > 0.
b) If f(1) # 0, then f(—1) > 0. Furthermore, if f(—1) > 0, then f(x) > 0 for all z € R.

Proof.

a) We have f(1) > 0 by (14) and Lemma 4.

b) If f(1) # 0, then 1 € D. We have ®,(—1) > 0 for every n > 1 by Lemma 7. Hence we
obtain f(—1) > 0. Furthermore, if f(—1) > 0, then 2 ¢ D. Let x € R. We have ®,(z) > 0
for every n > 2 and, consequently, f(x) > 0. O

Using Lemma 34 and the results of Section 5 one can obtain some information about the
factorization and the values of Kronecker polynomials.

Lemma 37. Letm € {1,2,3,4,6}. Suppose that f is of the form (14) and, moreover, satisfies
min® > m. Then

fEn)l= T[] 1@l =exp( > esh(d/m)) € Zso.

deo de®, m|d
ml|d, A(d/m)#0

The following result is a reformulation of the latter, but with ® assumed to be unknown.

Lemma 38. Let f be a Kronecker polynomial and m € {1,2,3,4,6}. Let us also assume that
f(Cq) # 0 for every d < m. Then |f(&m)| is an integer and each of its prime factors q is
contributed by a divisor ®4 of f with d = mq' for some t > 1.

These lemmas are easily proved on using Lemma 26 and weaker versions of them have
already been applied to cyclotomic numerical semigroups [4].
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